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IIPE[ACJ/IOBUE PEZAKTOPA

Haian BHparomerocs coserckoro aarebpadmcra Agex-
caaapa lemmagmesmwa Hypowma mmpoxo msBectHo mate-
MarHKaM Bcero mmpa. Ero mororpadum «Teopms rpymmy
u «Jlexum mo obmelt anreGpe» *), nepeBeleHHBI® HA MHO-
THe ABLIKM, CTANH HACTONBHEIMHM KHMIaMP Ka)KIOTO al-
rebpamcra.

B 1969 rongy A. I'. Kypom Hawaa unTaTh Ha MeXaHMUKO-
MaTeMaTHYecKoM (axyabTeTe MOCKOBCKOro yHEHBepcureTa
cnermadbHeid Kype «O6masn anreGpay. Ileas sToro kypea
COCTOMMA B TOM, 4TOOB 0GOCHOBAHHO IPeJIOKHTH OJWH
U3 BO3MOMKHBIX myTel JadbHelilrero pasBUTHA obmei aji-
Te6pni — 3amONHeHHe MMEIOIEroCA PasphiBa MEKIY Kiac-
CHUCCHUMHU pasfelaMH (TeOPHUA rpPYHH, TeOPHS KOJIen H
Ap.) B HOBEIMH (TeOPHsS YHHBEDCANbHBIX anrebp, Teopis
Kareropmit). Tsenas Goiesuo mpepsana d4TeHHe Kypca
3a,1010 JI0 €70 okoHYaHEA. OHAKO aBTOP HAUKCAX G0OIb-
mre, Yev 1podYel, WM HaOHCAaHHBN Marepman 6HJI magau B
1970 ropy porsupmuTHEM cnocoGom B MIY #%).

B uactosmiedl KEure N0 CymecTBY MOBTOPAETCHA 5TO
uz[aHue ¢ He3HAYUTeNBHOH pefaxkunoHHON npasroi. Ilo-
Gaprena aumb GuGIHOTpadnsA, TOCBAMEHIAA TAKHM aji-
rebpaudeckuM o0pasoBauuAM, KOTOpHe YIIOMHHAIOTCH B
RHUTe, HO KOTODHle TOKA He NPUIATO HA3KBATh KIACCH-
YeCKuMH  (HAOpuMep, ITOJYIPYAL, KOABUONMKS, IIOYTM-
KOIBbIA, MHOJYKOAbNA, MY/JIbTIIONEPATOPHHE TPYONH M
roba B Ap.). Cuucox pabor, orHocammxcs ® 1953—
1970 1r., 6B cocTABIEH ABTOPOM W OMOJHEH MHOIO pa-
Gotavu 1971 —1972 rr. Bubanorpadma moMemeHa B Kou-
00 LUMTH, 10 pacOpefesieHa 1o maparpadan.

*) AT.Kypom Teopus rpynm, 1-e mwsg.,, M.— JI., 1944;
2-e max., M., 1953; 3-e may., M., 1967. A.T. Ky p om, Jlerunn
o obuiel anre pe, 1-e usm., M., 1962 2-0 man., M., 1973.

**) A.T. Rypom, Obman anreSpa (rexums 1969—70
yaefroro ropa), M., MT'VY, 1970.



4 NPEANCIOBHE PEJAHKTOPA

Kumra mammeana Tak Jerko # IPO3PavHO, dYTOo €8
MOKeT UHTATH BCAKMIL, BIAJCKOIuA OOBYHKM YHHUBEPCH-
TETCKAM KypcoM BhIcImeli anare6prr.

Ilo ayxy sra KHuUTa 09eHb GIHM3KA YIOOMAHYTHM «JIek-
upEAM 1o obmeir anrebpe», HO He OHMPAeTCH Ha HHAX H
MMeeT ¢ HEMHI BechbMa Hefoxawmoe mepecedenme. B 6ymy-
nieM aBTOp coGmpainca OOBEeAMHUTH MaTepHal 3THX ABYX
KHUT B OfHY HOBYI0 KHHI'Y. OTUM ITAHaM He CYRIeHO OB
A0 ocymecTBuThCH — Anexcapap [emmanmesws Hypom
cronuasess 18 masa 1971 roua.

Anpenn 1973 r, T. M. Bapanosuy



BBEJIEHUE

Honsaenme u GyprHoe pasBurtme obmeit amreGps, po-
J0JKAIOMEECss, HENPepHBHO HapacTas, VY_e OKOJIO0
UATASECATH JeT, NPeJCTaBiAeT coGOW OJHY H3 CaMbiX
APKHX CTPAHHAN MaTeMaTHKRM [BaJIaToro BeKa. shemas
HaTh HCKOTOpPOe IpejicTaBJeHrme O TOM, YTO Taxkoe o06-
mas anrefpa W Kakme IIeJH npecieiyeT HaCTOMIINIL
LYypC, HaYHeM ¢ BEchbMa CXEMATHYHOTO HCTOPHILCKOIO
o6zopa.

Ha mpormmeunmu croneruit anrefpa 6pma mHaykoil o6
VpasueHHAX. B jeBATHAAIATOM BeKe HOHANM, UTO BMECTO
ypasnenuwi (M cucTeM ypaBHeHHI) MOKHO TOBOPHTH 00
UX JIeBHIX YaCTAX, T. €. 0 (YHKIUAX CHCHHANBHOLO BHAA
(z o cucreMax Takmx QyHRIU), a 5T0 HPHBENO K TOMY,
4T0 aarefpa cTala CYATATHCA HACTBIO MATeMATHIECKOTO
aHanusa, 94acTeio Teopum ¢yuruumii. [layke me B odens
YAaleHnble OT Hac BpeMeHa MOKHO OBIJIO BCTPETATH B He-
KOTOPHIX KHHFAX cCI0Ba «airefpa wim ajrefpamdeckuit
anamuay. ONHOBPeMEHHO, OJHAKO, B HEAPaX TOTHAIUHE:H
anrcOpsl U B CBA3M ¢ ee MOTPeGHOCTAMN BOBHHKANH HE-
KOTOpPLIE HOBEHE TEODUH, B MATeMATHYECKMHA aHAJIU3 HH-
Kax He YKIajgnBaBumeca. VMeHHO, B ¢BA3H ¢ Teopuei
Tanya BosHmKIa Teopusa Tpymm, MemIeHHO pa3BHBAIO-
masgcesa B JeBATHANLATOM BeKe B BUJE T€OPHH KOHEUHBIX
rpymin moJcTaHoBok. Bo BTopoil monmosmme meBATHaAIA-
TOTO BeKa cTajla Pa3pabarhiBATHCA IIPUMBIKABIIAS K TEO-
PHI YHCEN TeOPHA IoJeill, a UMEHHO — TeOpHA MOJeH aj-
redbpangecKnx umced. B sTo ke BpeMa B cBA3W ¢ mOAD-
JeuyeM KBAaTePHHOHOB HAYMHAIOT H3YYarThCHd PAa3JUYHbIO
TUNCPKOMIUICKCHEIe YHCIOBEIE CHCTEMH, T. €., HA COBpe-
MEHHOM f3HKe, KOHeYHOMEDPHEIe JHHeWHbie ajreGps, upn-
geM ¢ HeKOMMYTaTHBHLIM, a HHOTJA H HeacCONUaTHBHHIM
VMHOMEHIIOM,

Bamusiv aramos 6nui mepexof oT JeBATHAAHATOTO K
ABaanaroMy Bexy. Mmeumo B 5T0 BpeMa 6nio IOHATO,
Y70 HPA M3YUSHHN NePEeYHCICHHBIX BHIUE MATEMaTIUECKHX
00BeKIGR HA CAMCM Jlelle M3YYaloTCsi cBONCTBA 3aJaHHHIX
B HMX aarebpamgeckux ouepamuil @ 4To JTH 06TLEKTH cJe-
AyeT OIpelelAaTb AaKCHOMATHUCCKH, VKasnBad ICXO/HEIS
CBOUCTBA ONeparuii ¥ MrHOPHPYA IPHPOAY O5JiEeMCHTOE,
Haji LOTOPHIMH olepaunun npouseofarcsa. Mummu ciaosa-
M, HOABAIOCH HousATHe maoMopdusma. B pesyusrare B



6 BBEJIEHIIE

LCPBEE ABa AECATHJETHA HAUICTO BEKA TCOPHA KOHEUEWX
rpynn paspmsajach y:ke war aGcrpantHam Teopus, GLL1O
TOMOReHO Ha9ado o6meidl Teopry GeCKOHEYHHX TPy,
TEOPHH IOJeH, & TAaK/Ke TeOPHH KOMMYTATHBHO-ACCOIa-
THBHRX KOJeIl.

Jdro 6mIa mMOKa mpejplcTOPI 0bmell aiTe6pH. fe ic-
TOPWS HAYMHACTCA B JBaJUIATHIE FOJBI, KOTJHA BUepLiie 6.
J0 NOIATO, UTO MMEHIO I3YUeliHe ajreGnaldecKuy oOne-
paumi, T. e, U3yUeHHe TAKIX 00Pa3cBammii, KAk TPYHOH,
10JA, KOABbNA, JuHeiiAbe anre6pnl, sABIAeTcd HCTHHEON
sajaueii anrebprl. B ot rofsr B mewrpe BEEMaHHS §nlTa
TEOPHA KONEI, KaK acCONUATHBHO-KOMMYTATHBHEIX, TaK N
11061IX aCCONMATHBHEIX; B HEPBOM CIydae Pas3BHTIE 10
OT TEOPHM MIEaTOB KOJeI[ MeJIHX alrefpamdecRux Umkce:,
BO BTOPOM — OT TEOPHH KOHOUHOMEDPHHIX JMHEOHHHX al-
re6p. Teopus Geckomeunbix rpynm cTajia paspabaTeHBaTh-
€A KAk TeOpHA TPYHI C OnepaTopaMM, B YacTHOCTH, ale-
JEBLIX TPynO ¢ OMepaTopaMm#, T. €. MOLYIeH, KaK CTaln
TOBOPDHUTH IO35Ke.

Hoasaenne B 1930 u 1931 rr. gByxTomuoit «Cospenen-
Hoit anre6psr» Bau-mep-Bapgenma mnorasano immpokmn
KDyraM MaTeMaTHKOB, 4T0 anrebpa, ofHa H3 cTapeimux
ReTEeH MaTeMaTHKHM, PajUKalblo IMePecTponIach, 4To OHA
CTAJIa HAYKOH TEeOPeTHRO-MHOJKECTBEHHOH, aKCHOMAaTH-
viecko#f. Jra HOBas HayKa JI0JTO TaK U HA3HBAJAach ¢COB-
pemennoif anrebpod», xora HeypoGCTBa STOTO HA3BAHNA
BLIABUNINCE JIOBOJNBHO CKOPO, M ceHYac ¢ MOeH Jerkoi
PYKYM yrBepAMIOCh Ha3BaHme «o0mias ainrebpay. Peayias-
TATBl OTOH NEePecTPOHKH MOJKHO HasBaTh B3PHEBOM; 3TO
OTHOCUTCA M XX DPasBHTHIO CaMoH adrebpsl, W K BIINHIO
€e Ha BCIO MaTeMaTHKY. lLicim magars ¢ mocaeumero, 7o
MOJRIIO OTMETHTh XOTA OH BInAHWe obmieit anreGpn Ba
pasBuUTHE TOHOJOIHH, B JaCTHOCTH, €€ POJb B CO3JaHIH
airebpandeckoil TOMOIOTAM; MHOTOCTOPONHEE BIAMANMNE HA
pasButie (QYHKUHOHAABHOTO aHAJM32; HOTIOMEHHE TIPo-
CKTUBHOM TEOMETDHH; OIpeJlelAI0NMYI0 POAb TIPH BO3DOIL-
JIeHUHM aareGpamvecKoil TeOMETPHH; CTHMYJIHEPOBAHHE Io-
ABIEGHHA PAJA HOBHIX Pa3jesoB MaTeMaTHIECKOM JOIMK,
a Taxme MHOroe Apyroe.

PasBurtue camoii obmeil aire6pH M0 MCKIIYHTEILHO
6ypuo. Bee mepeunciiennsie Bhillle BeTBH aAre6pH mpoo-



BBEIEHAR i

Madm TIy60KO W BCECTOPOHHC pazpabaTHBAThCH H BMeCTe
€ 163 BO3HHKAJAN HOBHBE HATIPABIEHHWS, HOBHE 001acTH.
B tpajamarex rogax nosBmiiach TOHOJNOrHYecKaA anrebpa u
HaYalach AKTHBHAA [eATeIhNOCTE B TEOPHH CTPYRTYP,
T. e. 0BJIaCTH, MCTOKW KOTOPOH MOMHO HaWtH B paboTax,
OTHOCANIMXCH ele K HAYAJV Hailero Bexa. B cOpPorOBHIX
rojax pasBHIAcCh TEOPHA HEACCONHATIBHHIX KOJel u GecKo-
HEYHOMEPHHX HeacCOUAATHRHBIX ANHEHHKX anrebp, Teopus
OONyrpynd, HCTOKH KOTOPOH MOJKHO IaiiTk eiwe B ABaj-
HATblX TOAaxX, TeopHA YHOPAROYCHHHIX aJre0pamdecKax
o6pasoBanmil, EAYmAs OT OTHOCAMHUXCH K Haualy BeKa
HCCAE/OBAHMM TI0 OCHOBAaHMAM reomerpuu. B marupgecs-
THIX FOHAX YTBepEHMIAch B Kad4ecTBe CaMOCTOATEIBHOMR
006J1acTH TeOpUA KBASUTPYNN W HAYAJNOCH GYPHOE Pa3BHTHE
TeOPUN KaTeropmit.

JTH Ke TORH MBWIACH TONAMM HAYala CHCTeMaTAYe-
CROTO H3YYeHNA YHHBEPCANBHHX QJrebp, XOTH OCHOBH HX
TEOPUH OBIJIM 3aJI0MKEHH elle B TPHANATHE TOAH, & B
MaTeMATHYeCKOR JIOTHKe OHH IIOABWINCH [(ai® MHOIO
paurme. Ilomatne ymmBepcanpmoil anreGper [JOATO BH-
36iBAJI0 Y MaTeMaTHKOB HACTOPOJKEHHOCTE ~— KAaBalI0Ch,
9T0 LOHATHE MHOKeCTBA, B KOTOPOM 3afaHa HPOM3BOJNB-
Ha#f cucTeMa NPOH3BOJBHHIX ajrefpaudecRax OIepaHi,
MpPOL3ROIALHEM 06pa3oM Mesiy cofol0 CBA3AHHHX, CAANI-
EOM IMHPOKO ¥ MO03TOMY CIAHIIKOM 0efHo CORep;RamueM
nsist Toro, uTobnl crark ofwentoM rayborod Teopum. Pac-
BHTHE TEODHUN 33 TOCTe[HHE JBA JECATHIETHS IOKa3aso
HeocHoBareibHOCTh 3THX omacermit, Teopua yHuBepcannh-
HMX airefp cefitac He TOXBKO OGBENUHAET TO HOMHOTOO
06Ilee, ¢ Yero HAMMHAIOTCS pasjiudmble KOHKPETHBE pas-
mersl o0meit anreGpe, HO U Hamiia cOGCTBEHHYIO IPobie-
MATHRY U CJHOKEJIAcCh KarR CaMOCTOsITCIbHAS BeTBH anred-
per. Hpu aToM ee mOABISHUE HWKAK He OTMeisieT 6osice
KOHK[eTHHIX PasfelNoB obmedl aare6pm, Tar ke Kak Io-
HABJICHIIC TEOPWE KOJel[ He OTMeHWIO TeopHH Neijed, a
HosBieHye TEOPHU MOJIYTPYNI He JIHKBHIHPOBATO TEODPWH
Tpyi.

3ameuy, 4T0 CyiiecTByer Gojee obIdee IOHATHE, YeM
MOHATHG VHUBEPCAIbHOH ajredpH, a MMeHHO — HOHATHO
mogen. Teopus ropenelt Taxwske pasBUBAETCH, HE TUKBM-
AEDYA TEODHH YHHBepPCATBHUIX aare6p. MaremaTunu moxa



8 BBEIEHUE

He MOTOBOPHIHCH, OTHOCHTCA JH OHA R ajrefpe mim ke
MaTEeMATHYECKON JIOTHKe.

Teopust YHHBEDCAJBHBIX anredp yske OKasSHBAaeT H,
HYKHO OJKMAATh, B OnmKaiinme pmecarmiaetnsa 6yjeT ora-
SHBaTh BCe BO3pacralolliee BIHAHAE Ha pasBUTHe Beel
obmeit anreGpr. Boolime, cefivac y4eHmme Beex Ciernalb-
nocreil 3aHMMANITCA IPOTHO3AMY Ha KOHEIN HAllero BeKa,
nogBaAA0TCA faske kuurH 0 Hayke B 2000 roxy. IMonmraem-
¢s1 ¥ MBI ¢OPMYIMPOBATH HEKOTOPHE HPOTHO3H Pa3BHTHSA
ofmeit anreOpH B GIWmaimIve NECATHICTHH.

Tpynuo oxmmaTh, 4TO Te KIACCHICCKHE DPa3feEH, Ko-
TOpPHE PaspadaTHBATCH YiKe HECKOJIBKO JeCATHISTHH, Tak
n OyZyT 0oCTaBaThCSA OCHOBHBKIM HMCTOYHHKOM HOBBHIX Heit
oImeMaTeMaTHYECKOTO 3HaTeHNA. Bosee peposrno (u mpm-
3HAKH HTOT0 Yike HabII0a101Ca), 9T0 OHM, HPOIOIIRASL MPH-
BIIEKaTh MHOTHX MCCIefoBaTejei, 6yayT LepexoauTh B
sTan 3aBepmenns. ['aBubie umHTepecH OyOyT KOUOEHT-
PHPOBATBHCA B HEX HAa DPeNEHHH JABHO HOCTABIEHHEIX
npo6ieM, a 3TO BCerja 03HAYAET HCUYEPIaHWE OOIACTH,
XOTsI pelaTh OTKPHITHE NMPOGiIeME HeoGXO0AMMO, KOHEYHO,
rcerga. Bumecte ¢ TeM ¢ DO3WIME TEOPHH YHHBEPCANBHBIX
aaredp OKABHIBAGTCH, UTO Te TOHATHA, KOTOPHE HCTODH-
YeCKI OKa3aldnch NEePBHMH OOBEKTaMH UBYYEHMA N I10-
DTOMY CTAJIHN HOCHTENAMH Hamboliee paszpaboTaHuBIX TEO-
puil ¥ dYamme BCET0 MCHOJAB3YIOTCHA COCONSIMU,— meaared-
paHcTaM TPYAHO OPHMEHATH Te anrefpaudeckue Teopui,
KOTODHIE aNrefpancTaMi ele He COBNARE, — JOTHISCKH 3Ty
CBOI0 TIEPBOOYEPENHOCTh, U3GPAHHOCTD YiKe YTPaunBalor.

C npyroit cropomb, Me:RAY Teopueil yHHBEpPCATNLHEIX
anrefp m KIaccCHUECKWMIl pasieliaMu obmel amreSpe cy-
HiecTByer Goabinoe HeobpaGorammoe mpocTpamciso. Me-
¢TeJIOBAHUA HATANHCH JIIOb B HEMHOTHX MecTaX, H30JNH-
pPOBaHHEe, HHOrJA CIyYaiiHbie, XOTA CPeI! STHX MECT €CTh
Fakne, pa3paboTka KOTOPHX 0e3yCJ0BHO NeoOXOIHMA.
ily:xuo oskupmars, 4r0 HMENHO B DTO «HHUCTHOEY TPOCTPAK-
cTB0 Oy/lyT HepeABHTaThCA B OAmLaiimine ecsATHISTHS
OCHOBHBIE HHTepechl o0meil aJjre6pur.

B coorsercTBHE ¢ O0mIMMH TEHREHUIIAMI COBPEMEHHON
nayku (HaumpuMmep, (HBHKH) HOBHE OCLEKTH HIYYCHH,
HOELIC TeopHn 6YAYT HOABIATHCH 3HECH 1ié ¢ mepephBaMI
B JiccsiTivierusi, a Bee dWamie u game. OcranoBmATh HTOT
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Hponecc HEBO3MOMKHO, NHTATHCA 3STO HEJIarh — Hepa-
aymEo. MoskHO awmib HanmpaBiaATh sToT mpomece. Mmenno
B TaKOll aKCHOMaTHUecKol Hayke, Kak ofmas anare6pa,
He HY;KHO GONBIIOro yMa HJA TOr0, YTOGH CO3MaBATh HO-
BHE OOBeKTH Haydenms. Tpyjguee mx oupasiate. us
JTOr0 MaJ0 YKa3aTh NPUMEPH, AasKe BAJyKHBIE, BBOTHMEX
nouaTuil. IlomsTHe rpynmbl onpaBAbRBaeTcA He TeM, UTO
¢yMEeCcTBYIOT CUMMETPHYECKHME FPYONB Ha TPOH3BONEBHEIX
MHOKECTBAaX, a TeM, YT0 CHMMETPUUYCCKIMHU FPYIIIIAMH M HX
NOATPYIIaMH ¢ TOYHOCTBIO 10 W3OMOPYN3MA HCIEPIIEIBAIOT-
ca Bce rpynun. [loHATHE accOMUATMBHOIO KOIbIA OIIpPaB-
JHBAETCA He TeM, 4TO0 CYMECTBYIOT KOJbI{a JUHEHHEIX mpe-
06pa30oBanmil, a AU TEM, YTC KONBIAMH BHIOMOPPHIMOB
abelleBHIX TPYNIN M MX IONKOJBIAMH HCYEPIHIBAIOTCH BCE
aCCOMATHBHEI® KOJbIA. BO03MOKHR M Jpyrue cruocobn
ONPABIaHUA BBOJAMMEIX HOBHIX IOHATHH, HO OHI HOJYRHBI
OBITH CTOJD ;Ke yOeRmTeNbHEIMHA,

B mameM Kypce MBI XOTIM JaTh, OONUPAACh a OCHOBHI
TEOPHH YHWBEPCAJALHLIX aaredp, 00630p OCHOBHBIX THUIOB
anre6p, Kak RIaCCHYECKHX, T. €. M3yYaeMHIX YiKe J/[aBHO,
TaK ¥ OMHJAONAX eme [eTajlbHOT0 H3YYeHHA, HO YiKe
BHOJIHE XOPCIIo OmpaBjaHHEIX. Myl ne neiTaeMcsa HII B Of-
HOM CJyYae M3Jarath TEOPHI0 COOTBETCTBYIOMIEIO Kiaceca
anre6p M OrpaHEIUBAEMCH, HOMHMO Pe3yibraTtoB, HeoO-
XOJAUMBIX [ OUPaBAAHHA BHOGOpPA OTOTO KIacca Kak
00BEKTA CAMOCTOSTENBHOI0 W3YYCHIIA, NWINL pPe3y.IhTa-
TaM¥, HO3BOJAIOMMMHE PACCMATPHBATHL HTOT RJIACC KaK
Miiorooopasue axrebp. ItmM ompeneisercss U croeolbpas-
HHI Xaparkrep Kypca, Dasiible Pasfeshl KOTOPOTO MeKAy
co60%0 TOYTH Tie CBA3ANH.

B 1962 r. Boumiaa u3 meuarm Moa numra «Jlermmu mo
obmieii axnredpe», TO33He MOABILINCH €€ MEePEBOAbI Ha &HT-
Fuiicrmii, neMernRui, QpaHy3cKiil, MOIbCKUI, WeUICKIH,
SIMOTCKIR 1 Kuorafickoil saswmru. Hacroammit xype mHe
OUHPAETCS HA DTY KOHTY 1 IMEeT ¢ Helo CPABIHTeIBII0 HeM-
HOTO TepPeKpHTHE, XoTA LACHHO K Heli BechMa OJM3OK.
Hapewoces, 9ro B GyaymeM si CMOTY OOBEIMHHTH Marepual
HTOH KHATH W DTOT0 Kypca B Oy HOBYIO KHHTY.

R comanenmio, arenne xypca 65110 APepBaHO 3a0AT0
JI0 ero oxoHYaHug. X oTdA Hamucano ObIo OoNbmie, YeM A
vemel IpouecTb, OMIIAKO ICROTOpHe IHaparpadsl Tak H
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0CTaluCh HeHaNWCAHUHMA. B 9aciHOCTH, B RYDPC JOJ/KHDL
6Ly BOHTH CBeleHHA O CBOGOIHHIX aiarefpax MHOroos-
pasuit, Teopema Bupkroda o muoroo6pasusx, sompoc o0
SKBUBAIEHTHOCTH MEorooGpasuit m T. . Hexroropme na
9THX BONPOCOB VKO WBJIO0KEHHE, BOPOYEM, B MMEIOIHXCH
HA DPYCCKOM fASHKe KHUTaX IO TEOPHE YHHEBEPCaJibHBIX
anredp *).

*) OOmEpHHi CHECOK MMelom@XcA Kumr W o630pos _mo  ob-
me# anredpe Mo;KHO HafiTH Bo BropoM uapmammm kEurm A, T. Hypo-
ma «Jlexnum 1o ofmeit anreGper.— Ilpun. ped.
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Haunem ¢ monATAA aare0paudeckol Onepamum. n-apHas
onepayus © B MHOKectBe G, n7>1, comocramusmer B ¢ a-
K 0 i1 yOOPAJAOIEHHON CICTEMe M3 1I DIEMEHTOB Gy, dy, . . .

, 0, G OTHOBHAYINO OTUPENENeHHE | DJIEMEHT
alaz oo a,0 & G Aepvu caosamu, 310 g1060e  oT0-
Opasxenne n-# flekaproBoii cremenm G" B G. B cayuse

=1 oro Oyner nboe upeobpasosanue MHO;ecTBa G
(oTobpaskenue G B cebn).

O-apnas onepayus Qurcupyer B Muo;necTBe (G HEKOTO-
PBIHl OIpefeNIeHEHA BIICMCHT.

Xora y Hac 6yAyT BCTpevaThCd TaKyKe ONOPALHH Fac-
THYHLIE, WIH MHOTO3HaYHLie, Miu (eckomeumoMecTHhe ¥),
ofifiako oHM OYAYT MTPATh NHIb cay:ke6EYI0 ponn. Ilpen-
MeTOM HM3y4eHusA Oyler HOHATHE ONEPANEH B YKa3aHEOM
Bumte cMeicae. Toumee, upenverom mayuemmsa OYnyT YHu-
eepcaavhbie adeebpul (Wim aseefpw), T. €. MHOKECTBA, B
KOTOPHIX 3aflaHa HEKOTOpas cHCTeMa omepanmit Q, xoHew-
Hasg mau Geckomeuvasd, MmuojkecTB0 CHMBONOB onepanni
{?, #O7 KOTOPHX YKasaHb UX apHOCTH, O6yaeM HashBaTh
cua,'amypou paccMaTpuBaemMnx anre6p. lna samumcm toro,
Y10 oOepanua o € Q n-apHa, 6yJeT NCNONB30BATLCA CHAE-
BOX W &= Q.

Ilpumepsr anreGp XoOpoNIO M3BECTHH — ' P Y I I M,
KOIXIbIa Moy aHn OJuarko NOHATHE YHUBEPCATLHOH
aareOpH HeW30e/KHO KaKeTCA NOKAa CIHNIKOM HIMPOKHM.
Mp sadYHeM TOSTOMY € paCCrOTPEHHA MHOTOYHCISHHHIX
NpPHMEpPOB, HIPATOM BECHMa eCTECTBEHHBIX, sieldasA NoKa-
3aTh, 9T0 HHKAKHe [ONONHUTEIbLHHE OTPAHHYCHHUA NPH
ONpejieliecHUE NOHATHA YHHBEPCAIbHOH ajreGpsr crepx
TeX, KOTOPHE CHeIaHB IPHU OnpeliejieHHd HOHATHA ouepa-
1nu, He OuIn 0K ompapfaHHLIME. OTHOBPEMEHHO MH X0~
THM NOKA3aTh, YTO Te THOHl ajire6p, KOTOPHe HCTOPHYCCKH
CTaJIN MePBHMM 00BEeRTAME H3YICHHA U ABJIAKTCA HOITOMY
HocHTeNAMH Hambosee pPas3paborTaHHEIX TEOPHH, JIOrwYe-
CKH, B paMKaX Bcelf coBpeMeHHoMH of0mpeit anrebphi, Ve
YTepAIH CBOH XaparTep MCKINUHTENILHOCTH, HNEPBOGYe-
PeRHOCTH.

*) T. e. cooTBeTcTBEHHO OTo0pasKeHHA HOAMHOMECTB G" B G,
0TOOPAIKEHHA MHOMKeCTBA G™ B MHOMKECTBO TIOAMHOKECTR G # oro-
6parxerus G* B @, yie n — NPOU3BONBHOE KAPAUHANBHOEC UUCIO,—-
Hpus. ped.
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Mu me 6ygeM [0KRasHBaTh 00 YHHBEPCAIBHHX aureod-
pax Rakux-1n6o o6IEX TeopeM [0 TeX HOp, MOKa ecTe-
CTBEIHOCTL 9HTOTO IIOHATHS HE CTaHeT yﬁenmeanOH
Begem, OHaKo, YKe Tenepsk HECKOJBKO HOHATHA A
COKpaIIeHHUs pedm.

Eecun panma anrebpa G curHaType €, TO IOJMHOKECTBO
A C G umaspiBaeTcs nodaazebpoti, eClN OHO 3aMKHYTO OT-
HOCHTENDLHO BCex omepammi us Q. Mupimm ciaosamu, AnA
nogoro ® & Q,, > 1, W TOOKX 4, 4y, . . ., 0, E A
JOKHO OHITE

Gay .. Ape E 4.

C jpyrofl CTOpPOHEI, 2JIeMENTH, OTMedaeMpie B G BeeMH
HYAbapHHMA oXepanuaMn U3 Q (ecim Takue CymecTBYIOT),
HDOJKHEL cofiepsRaThest B A. ‘e

Hiepecenenue aoboli cucmemtr nodanzebp a./zee6pbz G
ecaw  oHO He nycmo, O6ydem nodanzebpoli smoil as-
eefpul.

Heicreutensno, ecanm B G B3ATa cucTeMa IOZAIredp
A;, i< 1, ¢ menycreim mepecevenweM D 1 ecam o & Qp,
n>1, ad, d,, ... d,— no6ue anemenTtsr m3 D, To
onement d; d, . . .d,00 COAEPIKUICH B KKAOL M3 mOjam-
re6p A;, a moatomy comepsxurcsa B D, C npyro# cToponn,
B Gasnyoil 3 moganrebp A ;, a mosromy u B D, comepskarcs
M DJIeMENTH, oTMeuaeMbie B (G BCeMH HYJIbaDHEIMH OIe-
parjusaMu u3 Q.

Orciona ciaenyer, qro ecam M — Hemycroe LOJMHO-
sectBo agre6ps G, To B G cymecTByeT MUHNMAJbHad
cpean momaarefp, COXEPIKAIUX LENTWKOM MHOKecTBO M,
a MMEHHO HepecedenHe BCOX TARUX HONAIreOp; ofHOM us
pUX ABiIgerTca caMa aireépa G. dta mopanrebpa obosna-
gaerca wepes {M} m masmBaercsa moganrebpoil, noposc-
dennoii muorectsoM M. Ecan {M} = G, o M nassBaercs
cucmemoti o6pasywwyus nia G.

OtmeruM, 9TO0 mepecedeHue nopanre6p MoKeT OHITH
nycTeIM (eclil, KOHEYHO, CUTHATYpa alre6pHl He COfeP:KUT
HyJIbapHHX omepauumit). Tax, B moayrpynme BcexX IeJiniX
YUCENT 10 CIOKEHAI0 MOIUOAYIPYIIE CTPOTO TOJOKITeNb-
HBIX 1 CTPOTO OTPHUATEILHBIX THCEN HUMeT NycToe mepe-
ceyerne. OTMETHM TaKsKe, 4TO €CIM pPACCMaTPHBAIOTCHA
KOJIbIA ¢ efmuuueii # HyJIbapHAA OHepaluA, oTMeUaUias
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8QUHANY, BRIIYEHA B CHTHATYDPY, To momanreGpavu Bynyr
JUML WONKONBIA, COJAeI:Kaliye eIUHHIY KOJbia.

Ecia G m G' — anre6ps om0l I ToH ke CHUTHATYPH
Q (masoBeM HX 0JHOMURHEMU), TO OTOGpasKeHHe
¢: G— G’ massIBaeTCH 20MOMOPPHUIMOM, €CTH A JI0GOTo
0 E @, n>1, 7 awbex q, a, . . ., 4, & G 6yaer

(@18, . . .020)9 = (a:19)(a,9) . . . (a,9)0, (1)

a 1A awboro o &= Q, saement 0, oTMedaemHi »Tok
ouepanueil B G, nepexogur B siaenment 0,’, sTMevaemuii e
B G,

,

Ow(P = Ow- (2)

O6pas anre6pm G mpm romomopdusme G—»G',
T. €. COBOKYUIHOCTH 06pa3oB Bcex piemeHToB m3 G, Oypek
noganrebpoit 8 G'. [JleficTuTennHo, ecam a; = 4,9,
;=6 as6,i=1,2,...,010EQ,, T0 a10;. .,

a0 =,(“1(P) (a:9) - . . (@@) © = (485 . .. 0,0)0.
dnement 0y, 0@ & Q,, TaKkKe HpHHANIE;RAT IO Ompeje-
JeHuI0 roMoMopdmaMa K obOpasy aire6pu G.

Tomomoppmam ¢ HasmBaeTcsas MOHOMOPPUIMOM, ecIH
OH ABJAETCA B3aHMHO OJJHOBHATHHIM 0TOo6paskeHueM G B G,
T. €. BIOKEHUEM, B JnUMODPUMOM, €clu OH OTOGpaKaeT
G ra G'. Orobpaskenue G ma G, ABAAIOMEeCH OHOBPeMeH-
HO MOHOMOD(YHW3MOM M 5SHAMOPPH3MOM, HABKBAETCH UI0-
MOpPUMOM; €CHH TaKoe OTOOpasKeHHe CyINecTByer, TO
G u G’ usomopgnu, G >~ G'. 3Hadenne WOHATHS H30MOP-
¢mama B roM, uTO JiBe M3oMOp(HBe anreGpH ¢ TOUKH 3pe-
HUS CBOMCTB 3afaHHHX B HHX aarefpamdecKHX oiepauuii
UEPA3AYNAMBI, T. €. MOTYT paccMaTpuBaThCA Kak JBa
SKBEeMIIAPa OFHOL B TOH :Ke aireGpeI.

Tomomopduam anre6psr G B cebs (cayuait G' = &) na-
spBaeTcAa snoomopdusmorn, usomopdusm G Ha ceba —
asmosopgusmon. llpaMepom mocaepmero ABIACTCS TOM-
JectBenHoe orobpaskenne G na cels.

Hycrs 3amana npousponbuas curnarypa . CyuiecyBy-
107 JIH a’reGpHl 9TOM CHIHaTypH? Beerga cymecTByIOT Oj-
HOBIEMEHTHHE aJNreGPh, TAK KaK BO BCAKOM ONHODIEMEHT-
HOM MHOKECTBE MO/KHO OIPeNeNHuTh, IPHTOM efHilCTBEeH-
HEIM  cHocoGoM, Bce omepammm u3 Q. Cymecrayior,
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BOpOYEM, M aare0psl CUTHATYPH €2, HMEIOH{e CKOJIb
yrogro Goabmylo MomHocth. Iloxaskem 5To, mocTpons ast-
reGpsl, B HEKOTOPOM CMBICHE CaMbie CBOGOIHEIE CPeJH BCEX
anTefp CHrHATYDH §; TOUHHIN CMEICI DTOIO BRICKA3HIBAHMAA
BCKOpPE BHACHATCA.

BospryeM nNpoU3BOJIBHOE MHOEECTBO X, O KOTOPOM
JHITb OPeAMmOJIOIKAM, UTO OI0 HE IEePeceKaeTcs ¢ MHOKe-
ctRoM cuMBoaoB omepanwit Q. C gpyroit CTOpPOHE, Kam-
[0if HyJAbapHOU omepamuy o € Q comocrasum cumMBo1 O,
MpIYeM BCE HTH CHMBOJIB PA3JIHYHH U He SABIAKTCA dJie-
meutamu MmMuokects X m Q. OupegenuM IOHATHE 4064
(Toanee, Q-crosa) mapm andasurom X. VIMenHO, diteMemTH
w3 X u saementH O,, o & £, cUUTAOTCA CIOBAMH, 4 3a-
TeM IUIA JA1060T0 o &= Q,, n > 1, u M06HX CI0B Wy, Wy,..-
..., W, BHpaKeUHe W W, ... W, TaKkKe Oyger cuu-
TATBCA CIOBOM.

MuosrkecTBO Beex Q-cuoB mag aiudasuron X CIeRyOMEM
o6Gpa3oM mpespamiaerca B anrebpy curmatyps Q. Ecnu
o & Q,, n>1, 10 pesyarraToM UPHMEHEHNA ITOH ofe-
pAnHE K CJOBAM Wy, Wy, . . ., W, CIUTAEM CIOBO W W, . . .
... 0;,00; €CTIH JKe ) &= €y, TO DTA HYJbApHAsH omeparud Pui-
cupyer ciaopo U,. Ilonygenunas ajiredpa HashBaercsi aa-
2e0poti Q-ca06 Had aargasumon X. Muoskecrso X cayiRut
I 9Todfl aaredpn cucreMoi 0dpasyiomux.

OueBagro, 4ro axrebpnr Q-c7moB majg PaBHOMOINIIBIMM
anaBuTaMH H30MOPEHHEHL.

AnreGpe Q-cioB cs0600HbL B Kiacce Beex anrefp cur-
HATYPH Q B CAeAYIOWEM CMbBICIE: ecance omobpajcernue @,
mHovcecmea obpasyiowyur X & zobyo areedpy G cuzna-
myps.  Q MO¥CHO npodoaxncumsv, RNPUMOM EOUHCTEEHHBLM
oépason, 8o ezomomopgusma ¢ aazebpu Q-caos F (X) 6
aqee6py G. B cavom jeme, o6passl 2JeMEHTOB, OTMeYeH-
HHX HYJbAPHHMHE OOepanuAMH, OMpPeReJAlTCa OJHO3HAT-
HO B coorBeTcTBHE ¢ (2). Ecin ¢ &= Q,, n > 1, u obpasu
OpH OTOOPAKEHHU ¢ CIOB Wy, W,, . . ., W, Y:Ke oupene-
JieHsl, TO 00PaBoM CJIOBA Wiy . . Wyw CYATAEM DIEMEHT
(w1 9)(w,9) . .. (Wy@)o =G B HOAHOM COOTBETCTBHH G

EnpnracrBeHHOCTS DOCTPOEITHOrO HaMH ToMoMmopdIisnma
negyeT M3 eIWHCTBEHHOCTH BalMCH BCAKOTO CJ0BA de-

pes oaeMeHTH adgasmra X 1 CHMBOJH HYJNbLapUBIX ome-
pauuit,
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Oteona menepnenno cuaegyer, daro ecau aseebpa G
cueramypu. Q nopoxcdaemes muoxecmeon M, G = {W},
mo eearull saemenm u3 G romsa 6vy 00HUM cnocobom aaiti-
cugaemes 6 sude Q-ca06a om (KOREUROL CUCHIEMBL) ACMEHINGE
us M.

Huace Beex anre6p pamuoli cursarypw § AbIsercs
CTHITKOM INWPOKNM # amopdiisiv obpasosanmeM, IIparga,
CYINECTBYeT IHeKoTopas NHTepaTypa, NOCBAMEHHAA TPYI-
HomaaM, T. . MHOKECTBAM C OJ{HOM NIPON3BOALHON OmBap-
noll omepanmeii. Tpymwo yraszath. ommano, Kakoi-muGo
BOTpOC, KOTOPHH O OB crelB@UIECKEM HMEHHO A
9TOro ciay4ad, H Mb Oy/ieM cMOTPETh Ha CIOBO «TPYIHON /L)
JMHIb KaKk Ha HPOCTOH TepMHH, a He KAR Ha HOHATHE,
KOTOpoOe JMOJKHO OBIO O ¢TaTh HPEIMETOM CaMOCTOS-
TeNbHOro Wa3ydeHms. OTMeTns 3jech ke, 9T0 KIAcC BCex
anrebp ¢ ny ¢ 1 0 i curHaTypoil (ouepanuu OTCYTCTBYICE)
€CTh TPOCTO KJAGC BCEX MHOGHECTB.

O6HYP0 HPUXOQUTCA paccMaTpHBATh KIACCH OJHOTHII-
HHX 8Jre6p, yIOBICTEOPAIOMIY HEKOTOPEHM FOMOJIHTEIb-
HEIM yeaoBmaM., UYame Bcero sTo jenaeTcs CHeIyIOmpM
obpasoM. @urcrpyeM Herotopmil andaBur, HampEMep
CTAHNAPTHHH adTPaBHT &y, Ly -« o Ly« v oy
3JIeMEHTH KOTOPOTO Ha30BeM HeHM 3B e C T H Kl M H. Ecin
w, w — 1gBa A06EX Q-croBa HajA BTHM alndaBHTOM, TO
(OPMANBHOE PABEHCTBO

w=w'

HazoBeM Q-moscdecmsom. Ilycts A — nwofaa cHcTema
Q-TO;KAECTB, KOHeuHasA WiIM OGecromeumas. Hiace »Beex
anre6p curHaTypH 2, B KOTOPHX BHIOJHAIOTCA BCE TOiK-
gectBa W3 A (T. e. Kaykmoe TO;RIECTBO U3 A mocie HOJ-
CTAHOBKH B HETO BMECTO HEM3BECTHBIX JIOGHIX DIEMEHTOR
MauHOH anreGpH HmpeBpamiaercs B PABSHCTBO, CHpaBeIN-
BOE B 9T0 anrebpe), He ABIAETCHA NYCTHIM — K HeMY 3aBe-
JIoMO TIPDHHAJJIE;KAT Bce ONHOIIEMEHTHBIC ajreGpnl curHa-
TYPH Q. ITOT KIACC HABBIBACTCA MH02006pasuem aurebp
CHATHATYpH Q, onmpejensieMbiM TompaecrBamMu A, u 6yper
sanHcHBaThea depes (Q, A).

OrmernM, 9ro wiace Bcex anre6p curmaTypn Q 6yger
MHOroo0pasmeM, onpefelfAeMHM NIYCTOH CHCTOMOR TO:K-
AecTB (I TosKAeCTBOM ¢ = x). C APYyro#l CTOPOHH, Kiace
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OFHODNeMeHTHHX anre6p »TOH CHTHATYPH TakKyke ABAA-
eTcA MHOT000PAsUeM; BTO afCoMIomHo aupoxcoertoe MH020~
06pasye OUPOTeNAeTCa TOKAECTBOM T = U,

JloBOMIBHO CKOPO MH RO/UKHH Oy/ieM BOCIOAb30BATHCH
CAeNYIOIEM BaMeUaHumeM: 6cakas nodaszebpa aazebpvl
mHozoo6pasus (Q, A) cama npunadaexrcum k smomy mHO-
2006pasuro. B camoM pene, BCAKOE TOKIECTBO m3 A, BH-
moJNHsAsch BO Beeit anreGpe, Gyaer cupaBeiiMBO, B 4acT-
HOCTH, ¥ i 2IeMEeATOR M3 3afaHHON momanreOph.

OTMeTHM TaKsKe, UTO e€carull snumop@ruii obpas as-
2e6pe. mHozoo6pasus (Q, A) cam npunadaexcum v amony
MHozoo6pasuto. B camMoM melie, myCTh 3ajaH SHEMOPPH3M
¢: GG, rne G —u3 muoroo6pasusa (Q, A), m mycrs
w, = w, — ToEAecTBo n3 A. Ecaum B ero 3amuHCh BXOMAT
HOUBBOCTHEE Xy, ..., T K €CIH 1y « « oyln — TOBHIE
saeMenTH M3 G', me o0sg3aTeNIbHO PA3IHMYHEE, TO cymect-

Bylor Takme a; =G, i =1, .. o B, WO 4, = ar Tor-

na [wj(al,...,an)]cp—wj(al,...,an), i=1,2 a
T&aK KaRk

Wy (Agy o o vy Qr) = Wy (Agy « o oy Gp),
TO M

’

wy (g, .« oy @) = Wy (ayy -« oy )

9r0 M TpeboBaloCch AOKasaTh. B wacrTHOCTH, a.4ze6pa, uso-
MopgHas anzebpe GanHo2o MH02000PATUS, CAMA NPUHAlae-
HCUM E smOMY MH02006paA3UN; WHHIMH CIIOBAMH, BCSIKO®
mHOrooGpasme #ABIAETCHE aGCTPaRTHHM KJIac
comM aarebnp.



§ 2. TPYINBI

}i3BecTHO, 9TO 2pYnna eCTH MHOKECTBO G OHMM Aacco-
OUATHBHLM OHHADHEM YMHOJKEHHEM, MPUUYCM JeBOe H IIpa-
BO@ [IeJI6HHA BCEr/ja BHOONHUMLI B ogHo3HauH. O003Ha-
9HM pellieHne ypaBHeHHA az = b depes b \ a, a peimeHue
ypasnenus fa = b —gepes b, a. Moskuo cuyrarn, 4to 3T0
elle jBe OWHADHEE OLEPAWH, ONPEJENEHHEE B TpyIHe.
YMHOIiCHEe M 9TH [Be HOBH OIEPAIld HOJIMHEHH TOMK-
JecTBan:

(Ia) (2y)z = =z (yz),
() z@y N2 =y I @y nz=y,
(Ie) 2y \ z =y, (Ie") yz /x = y.

Hocennme aBa TOXIECTBA KaKk pa3 BHPAKAT OTHO3HAU-
HOCTh OOpaTHEIX omepanmil, TaK Kak €CIH, HAIpPUMep,
ac = b, 10 wo (Ic)

bNa=a \ a=c

Hixacc Bcex rpynm orazaics MHOT00GpasueM OTHOCH-
TeNLHO Tpex OmHapPHBIX onepanuii ab, b\ a, b,/ a. Ussecrro,
OJHAaK0, 4T0 NOHATHE T'PYUNH MOKHO OHpPENelIATh TAKKC
npu noMommy GHHADHOTO YMHOKeHHS, YHAPHOH omepamun
mepexojia K IPaBOMY 0OpaTHOMY JIEMEHTY 4~ M HYJIbap-
HOE omepanmm, (QuKcHpylomeil mpaByio egunmmy 1, mpi-
9eM CHOBA JIONYYaeM MHOTOOOpasHe, TaK Kak yKasaHAbhe
omepanuu IOTIMHAIOTCA TOKIEGCTBAM

(ITa) (zy)z = z (y2),

(IIs) xx™ =1,

(Ile) 21 = =z.

PaBHOCHIBHOCTS STHX [BYX OIpeleJeHHA Tpymmel 06-
memasectHa. Hanmommum smmb, ur0 mpu mepexoje or mep-

BOro ompejejeHnA KO BTOPOMY YMHOKEHHE COXPaHAETCHA
" IPpUHUMAETCA, YTO

t=aNa at=1\a
Ilpm s1oM mpHUXONUTCA [HOKA3BIBATE, YTO AU LIOOHX @ U b

b\ b=a\ aq,
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— NMIIb B DTOM cayuae i 6yIer HyabapHO# onepaiueii.
B CaMOM JieJe, HCIOJIb3yA, INOMHMO aCCOLMAaTHABHOCTIU VM-
HoKennsA, nocuaemoBartenpuo akemomsr (Ib'), (Ib), (1B} u
(Ic), monyaaest

bNb=10b/aal \b =1l aala\ a)l\ b=
=lb(a\ a)l \ b=a\ a

lpopepra arcumont (1) wmporoamr temeps Gez z2arpysi-
EeIi.

Ilpn mepexome or BTOpPOTO onpejelNeuusi K HEPBOMY
COXpPAHAETCH YMHO;KeNe i NpuHNMaercs, 9To

b\ a=a b, a=ba.

Hposepra arcuom (1) mpoxomir Ges sarpyaHeHmii mocie
TOr0, KaK Oyjer JIOKaszauo, Yro s BeeX a

1.a = a, ata=1.

JlelicTBUTENbHO, HCHONL3YH. IOMHMO ACCOMHATIIBHOCTI
YMHOJKEHAA, B MePBOM CJIYUae IOCHENOBATENLHO AKCHOMI
(IIc), (IIb), (IIb), (IIc), (I1b), (Ilb), (IIc), a Bo miO-
pom — (Ile¢), (Ilc), (IIb), (1ic), (1Ib), momyuaenm

la=1qa1=1aa' (@Y '=11(aV)' =
=l {aNt=aa¢l(a)1=0¢1=a0,
atla=qatal=araagtr ()t =
=at At (gt =gt (@) — 1.

AMu BUUM, YTO OGHH M TOT jKe KIace aJredpamicchiix
o0HeKTOB MOJKET 3aJaBATHCH HaR MHOTOO0Opasme yHHBCp-
CAalbHHX ajre0p MHOTHMH PasERMM cnocofaMB. ITO npi-
BOIMT K IOHATHIO SKBHBAJCHTHOCTH MHOT0o0Gpasmii.

IoraTue rpyuns Mo:KeT GHITH OIpEAeNeHO H MHOTHMU
apyrEMm  cmocobamu. HMurepecno 10, 9TO ero MosLuo
ONPeJIeJInTh, B 4JaCTHOCTH, HPH HOMOHIM Beero ofnoi Guuap-
HOIl omepanuy, BHPOYEM, HEACCOIMATHUBHOM, HPHUEM OKa-
SEIBAETCHA, YTO KJACC TPYNI ABAACTCA HEKOTODHM MHOTO-
ofpasmeM TrpynmomgoB. B oToM oupepeseHnm WCIONB3Y-
eTcA y:Ke BCTpevaBHIAfKCS Hax opepauus b, a. OGoziaunn
ee gepes ¢, T. €.

baw = ba >,



§ 2 TPVIIib 14

Ornepanun, NcooIb3yeMED BO BTOPOM U3 YKA3AHHLX  BLLUHIO
OLpefcnieHN# TIPYNIS, 3anNMCHBAIOTCA 4Uepe3 OIepauuio
® creayIOmMM 00pas3oM (HCHONb3yeTcs 6ecCKO0OTHAA 3a-
nmuckh, T. ¢. CIMBOJ o BCerla HNpHUMEHAeTCA K ABYyM HOpen-
HIeCTBYIOIAM DJeMeHnTaM TI'PYIIIH):

1 = aaw, a™ = aawan, ab = abbnboo.

To:kpectsa, ompegelAwIue TPYHNY, TOJYIHM, HEpPEHHA-
caBp momwHBIM obpasom TompectBa (II). Bmpouem, ram
morazain X urmasH u B. Il e i m a v (Publ. Math. 2
(1952), 215—221), paccmarpuBaeyoe MHOTOOGpa3HE MOK-
HO 3a/aTh OJHHM eJUHCTBEIHLIM TOMAECTBOM, a HMEHIO

XXXV YBZOTITOIMOO = Y,

JlioBonsiTHo, 910 KJace TPyUIl He ABIACTCA MHOT000-
pasueM Toxyrpynm (T. e. acCOIMATHBHEIX T['PYHIOHMIOB).
OryersMm, 4r0 KiIace afedeBpix TPYOO Taiike Oymer
MHOT0OUpasueM — JocTatoune ® Habopy rompecrs (I)
(mam {11)) mobaBuTH TOMIACCTBO KOMMYTATHBHOCTH YMHO-
e N
LY — Y.

Iror KIace Gyner MHOr0oGpasiies ¥ OTHOCHTEIBHO YRazall-
HOHi BHIe omepamun baw == ba~, mpmueM 510 MHOTOO -
pasue Tar:e Mo;kerT OLITH 307aU0 OXNHM €HHCiBEHH .21
TORACCTBOM, a MMEHHO

TYI BYT DD = 3.
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B 1mByx nepsnix ompejieiieHUAX IPYINH M3 TIpeiHy-
mero unaparpada ydaciByer OGUHADHOE aACCOI[UATHBHOO
yMuOxerne. MHOKecTBO ¢ OJHOH OwHapHOH accommaTHB-
Hoi omepanueil Ha3HBaeTCA noAyepynnol. ITo0 He MPOCTO
TEPMHUH, BBeJEeHHHHE [if COKPAIeHHSA peIH,— HKIACC
WOJYIPYIN, SMBIAOIMANACA, OTEBHIHO, MHOrooGpasmeM,
y/Ke cTal HOCHTeNeM Ooraroii Teopuw, a TPHUMEHEHHA
NOJYrpydn B MaTeMaTHKe M CMe)KHEIX HayKaX Bce yMHO-
HATOTCH.

Hyuo crasats, uro u J0THYeCKHe OUpAaBAAHHS A
TNOHATHA DOAYTPYNUH KaK DpefMeTa CaMOCTOATeILHOIO
H3Y9eBHA MOTYT OHTH NIPHBEREHE CTOML jKe yOenHTelnh-
HBle, Kak W Aua pouarns rpyunos. lloraskem sto. IIpas-
Ja, 9T0 OymeTr cKopee OTHOCHTHCA K noayzpynnam ¢
eOuHuYyeli, KOTOPHIE COCTABIAIOT MHOrooGpasme aiaredp ¢
CHTHATYPOH, cocTodAmeidl m3 OWHADHOTO YMHOMKEHHA M
HYNbapHOH omepauMm, orMedalomei siaeMenr 1, upuueMm
YMHOKEHNEe ACCONHATABHO M, KPOMe TOro, BHIIOAHAKTCH
TOKECTBA

zl=12=uz 1

Bupouex, a6y noayspynny G dobasacruem 00Ho20 edun-
cmeenHo20 aaemenma t moscro eaoscums 6 noayepynny c edu-
nuyeti. Ilpu sToM yMuHO;enue, 3afandoe B (7, coxpansgercs,
a mpowmsBefeine, XoTA OH OJWH W3 COMHO;RHTENell KoTo-
poro ectb 1, ompenemnsiercsas B coorserctsum ¢ (1). Acco-
IMATUBHOCTH TaK ONPENielIeHHOT0 YMAOKEHHAA NPOBEPACTCH
6e3 BaTpymHeHHi.

Hax mamectno, npeobpasosaruem MuoectsBa A4 11a3Hl-
Baercss Ja0Goe OTOOGPAKKEHME HTOTO MHOIKECTBA B cebd
(1. e. Ha HeKoTOpoe MOAMEOKecTBO). B dwacTnHoCTH, R0D-
cmanoeroti  MuoskectBa M masmBaercs n060e  E3auM-
HO OHO3HAYHOe OTOOpasKeHHe OTOr0 MHOMKeCTha Ha
cebs.

C mpyroit croponsl, ecau japs Muosiectsa M, N, P u
orobpaskernus ¢: M —> N u ¢p: N — P, 10 nocrenosa-
TEJIbHOe BHUIOJXHEHHe THX orToOpasreHuit jmaer oroGpaske-
me ¢p: M — P, nasmBaeMoe uX npoussedenuexn. Tarum
obpasom, masa Bcex a & M

a(gy) = (ap)).
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Cmo  YMHONCEHUE OMOGPAKCEHUL ACCOYUAMUBHO: €CIH
Jaysl orobpaxkenna

¢: M—>N, ¢: N> P, y: P—Q,
TO

(e9)y, = ¢ (Px)s

Tax Kax A jdoboro a & M

alio)y] = la(ep)ly = l(ap) $lx = (a@)py) =
= alo(py))

Yunoxenve oroGpaskennii He sABjIfgeTcs, MOHATHO, ai-
rebpangeckofi omepaunmesr B cmuciae § 1. Oma 6ymer, of-
HaKo, TaKOBOH B clyduae mpeoGpasoBaHUE OHOTO MHOMKe-
crea. Ilpm sroM MHOKecTBO BCeX mpeoGpa3oBanmil HaEHOIO
MuosecTBa M OKassBaeTCs MONYIPYNIO; 5TO CUMMEMPU-
ueckas noayepynna uHa MHokecrnse MM,

Crmmerpudeckas monyrpynma ma M oKaswBaerca
noxyrpynnoii ¢ egunauieii. Poar eqmuuns urpaer moacde-
CMEEHHAA ROJCMAH06KA &y,

agy = a pas seex a &= M.

Boasme Ttoro, maa mwbmx orofpakenmit ¢: M - N m
Y: L — M Gyper, oueBupso,

EMP = @, Py == 1P,

T. e. TOMASCTBEHHAA LOJNCTAHOBKA &y MIPAeT polib efu-
HUOB IO OTHOIIEHUID K YMHOKEHHIO IJIOOHIX oToGpaske-
uni#, eciy, IOHATHO, COOTBETCTBYIONIEE IIPOM3BEJCHUS
MMeeT CMEICI,

Topcramosru wmuoskecrsa M BHASNATCA B CHMMET-
pmueckoil mosyrpynme Ha M kar rTakue ee DIEMEHTH @,
AJA KOTOPHX CYMeEeCTBYIOT 0GpaTHBIE B3NEMEHTH ¢~ 1, yHaoB-
NeTBOPAOMNE YCIOBHAM

Pt = @7l = ey,

O6pamuoe npeobpazosanue ¢~ camo GyAeT HOXCTAHOBKOI,
nepeBoasmeR A1A BCAKOTe g €= M dJIeMEHT 2@ B 3JIeMeHT
a. Tax rax mpomspeneniie HOJACTAHOBOK CaMo Gyaer moj-
CTAHOBKOI M DTO YMHOREHHe aCCOLIIATHBHO, TO MH
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TMOJYYaeM, Yr0 MHOKECTBO BCEX NIONCTAHOBOK [aiiHoro
MHuokectsa [/ OymeT TpynmoH; 9TO CUMMEMPULECKAR
epynna Ha MHOKecTBe M.

Mm BumuM, 4TO cmMMerpHuYecKas rpynma Ha M Bhije-
Jasgeress B CHMMETpHUecKOH moayrpynme Ha M Kax ceLep-
JKamiasgcA B Hell OJHOBHAYHO OIpefeleHHAA MAKCHMalb-
Has TpyOIa ¢ TeM jKe YMHORCHHEM M TOW ke efnaunei.

CymecrBoBanme CHMMETPHYECKMX IPYHI M CIHMMEpH-
YeCcKIIX IOJXYIPYDI B paBHOI Mepe oupaBipBaeT BHEOD
TPYOI ¥ NOJYIpymn B Kauectse OOGBHEKTOB HM3YYCHES.
Hpaspa, ana rpynn masecTHa caepywimaa Teopema Hotm:

Teopema 1. Beakaa spynna G usomopgpro exaadei-
6QEMCA 6 CUMMEMPUNECKYI epYnnY Ha mHoxcecmee G.

Ilapannennias Teopema CIpaBe[iuBa, ONHAKC, W 1A
OONYyrpynn:

Teopewma 1. Beakas noayepynna c edunuyeir G
usomMopgPHo exaadvisaemes & CUMMEMPUUECKYID RoAYepynny
na mrodxcecmee G.

H3 uccnemneli TeopeMi HEGMONJEHHO CIELYET, BBMIY
€KA32HHOTO BHINE, YT0 BeAKaA Hoayrpynuna G msoMopdso
BE.IafBIBAETCA B HEKOTOPYIO CHMMETPHIECKYI0 IOJYTpyH-
ny, XoTd B o6meM cirydae mochaeNusas Geperca Ha HEKO10-
poMm GoxelieMm, weMm G, MHOKeCTBe.

Norasrem, aro teopennt 1 u 1’ ABIAIOTCA HemocpenrcT-
PEHHEIMH CHICTBHAME JBYX [JPYILHX TEOPeM, HpefcTaB-
AMIOMIX U caMocToATeNbHEI mnrTepec. OTMETHM ciepra,
UT0 npoussedenue 20MOMOPPHUIMOE YHUCEPCALLHBLE a12e6D
{B CMBICTE YMHOKEHHUST 0TOGPpaHOHAT) camno 6ydem comomep-
dusnon. [efAcTBHTONBHO, €CIH NAHE ONHOTANHEE ajdrefprl
G, G', G'' ¢ cucremoit omepammii Q H TOMOMOPQHI3MEI
w: G~ G, Vv: G —> G, 10 Aua awboro @ & Q,,
n>1, n m06HxX 9IeMEHTOB day,d, . . ., 4, = G Gyner

(a,a, . . -an(l))(qy‘p) = [(alaz v an(o)(PN? -
= [(al(P)(%(P) o (ang)oly =

= l(a;o1l(a, 0] . . . Wanpiplo =
= la,(¢P)lay(gy)] . . . lay(gh)o.

G apyroit cropousl, ecin oHEpanEA ¢ & o OTMETaeT B
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anrebpax G, G', G’ cooreerctRenno saemertr: O, O,

0L, T0 ’ ”
O“’((Pq)) = (Om({))‘p = Owlp = 0m~

Orciona ciefyer, YTO MHOKECTBO BCEX DHIOMOPGHHIMOB
mammnoit auredfpei G cocraBiAeT MOGUOSIYTPYHOY B CHM-
MeTpH4ecKOH HOJYIpymie una MHOKecTBe G, mPUTOM CO-
TEPAIATIYIO eIUHUIY 9T0W HOTYPPYNIH,— TOMIECTBEHHad
MOJCTATIOBKA ABJAETCH, 0YCBUAHO, Ja/Ke aBTOMOPQHIMONM.
Honyueunasn npoayrpynmna ¢ cfunvieil Ha3HWBACTCH HOAY-
epynnoli (6cex) sndomopgusmos airedpu G.

Adsnornuano BCAKHH asTomMopdusm anrebpm G aABiaA-
eTCs MOACTAaHOBKOH B MHO)KecTBe (. Ilpomsnenenme HBYX
aBToMOpQHU3MOB 9TOH alreGpsl Gy/ieT M TMOACTAHOBKOH, K
SHAOMOPPI3MOM, a HMO3TOMY caMo OVACT aBTOMOP{UZMOM.
O6parnaa mopcrtamoBRa ¢~! mna aBroMopdmamMa ¢ cama
Gyner aBTOMODQHIMOM: ecam o & ., > 1, ma;, a,, . . .

. . @, & G, T0 cymecTBywWT Takue by, by, ..., b, =G,
aro a; = b;p, i =1, 2, ..., n, a nostomy

(@305 . 000)670 = U(019) (029) . .. (b, 0)o lgt ==
== (Z)lb2 .. .Z),,(.))((p(p"l) = blbg N b,l(;) =

= {@ "N a9 ). . . (a9 Ve

Lerw sie @ & Q, otmexaer B G sacment Oy, 10 13 0,9 =
= 0, caeayer 0,9 ! = 0,. Takum obpasom, Bce abro-
MOpdUsMET TarHOM adreSpnt G coCTABIAIOT HOATPYHOY B
cunMerpuuecKkoil rpynme na MuosrecTBe G 210 epynna
(scex) nsmomopdiusmos anrefpn G. OdeBmamHo, UYTO dTaA
Tpymia BEIEENISIOTCA B MOJYTPYIIIE BeeX sHpoMopdusMon
atrebpor (7 Kak cojiepykalliasics B Hedl OAHOBHAYHO OmIpe-
[edenras MaECHMaJbHAA IpyNNa ¢ TeM ke YMHO/KeHHCM
¥ 70l whe egumuned. Momkno ckaszarh raxske, 4To rpyumna
aBToMOD®PHBMOB ecTh I'Dylma Bcex OOPATHMBEIX DJIEMEHTOB
TONYIPYINN  dHACMOPYU3MOB.

CrpasemiiuBe CleIyIONIe TEOPEMBI, W3 KOTOPHX TEO-
pemit 1 v 1’ wemepnenno chegyior:

Teopenra 2. Bearkaa epynna G usomopgia epynne
ecex acmoMOpPuUaM0O8 HEKOMOPOT YHUGEPCAAVHOL aazedpu,
onpedesennoti Ha muoxcecmee G.
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Teopema 2. Bearaa noayspynna ¢ edumuyeir G
usomopgra noayepynne ecex sHIOMOPPHUIMOE HekoMOPOU
YHuUsepcaavHoli aazebpwr, onpedesennoli Ha muoxaecmee G.

OxasrpiBaeTcsi, 4TO TeopeMa 2 caMa CHeyer U3 Teo-
pemit 2', IIpoBefiem cmepBa HEKOTOPHE BCIOMOTaTeILHEIE
PACCMOTpEHMs.

Ilycrs samano smumopdmoe (B wacTHOCTH, M30MOpdIHOE)
orobpaskeEne ¢ moAyrpynusl G ¢ enmHANEH e¢ wa mHOIy-
rpyony G'. Torpa o6pas e eguuuus 6yner enununeii s G,
Ecan snement a obparam B G, To o6pas a ¢ ero oGpar-
HOTO dJieMeHTa @~ ! Gymer B G’ ofpaTHHIM Aisa DiIEMEHTa
ap, T. e. (ag)™! = a~¢. Orcioma cienyer, a0 Roayzpyn-
ra, usomopgras epynne, cama 6ydem epynnoii.

B camom fese, ecam b’ — TPOMBBONBHEIA 3JIEMEHT M3
G', 10 cymecrByer Takoid aiement b = G, uro by = U'.
Torna

b’ (eq) = (bg)(eg) = (be)p = by = b’
1 anmanormaao (eq)d’ = b’. C gpyroil cropouw,

(a@)(a~t) = (aa™ Mg =

w anasorudno (a~1¢)(ag) = ep.

Ilycrs Teneps reopema 2’ yske morasama M IyCTh A@HQ
npousBoxbHasd rpynna G. fIBnssce, B 9acTHOCTH, HONY-
Tpynmoil ¢ eqununeit, G 6yaer n3oMopdia MOAYTPYIme Beex
OUOMOPPE3MOB IEKOTOPOR aire6psi, ompejeiennod Ha
MmIoskecTBe (. Jra TOCHETHAA NMOJAyrpymma OVier, cie-
HOBATeNBHO, Tpynmoit. OTcofla BHITEKAeT, YTO BCe BIL0-
MOPPUBMEL paccMaTpHBAaeMOH anre0pni o0paTHMEI, T. €.
SIBJIAIOTCS HA CAMOM JIele ee aBToMOPPU3MAMH, UT0 AOKa-
3HBaeT TEopeMy 2.

Ocraercss orasarb Teopemy 2'. Ecxnn gama moayrpyn-
na G ¢ enmiumel e, T0 WA BCAKOTO & & G BO3BMEM B MHO-
skecTBe G yH a p H ¥ 10 OHEPAIAID (), ABIAIOITYIOCA B
noxyrpynne G JeBHM YMHOMKEIHEM Ha DIEMeHT 4,

20, = axr mId Bee X z &= G.

MmnosiectBo G co Becemu omepanuamu @4, @ & G, Gyger
anre6poit, Koropymno obosnauum depes G. Hpapoe YMHO-
SReHHEe ¢, B moayrpynue G na siaement b, xg, = &b mia

Bcex x & G, 6ymer sHponMopdusamor agredps G, Tak Kan
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g a0bHx z, a &= G

(20)pp = (ax)b = a(zb) = (z@p) o
Iipu atoMm ecam b=+ ¢, TO ¢, == ¢, TaK Kak
ey, = eb = b, e, = ec = ¢.

SHnOMOpQ)namawm ©p, b S G, ACYEPTLIBAIOTCH BCE IHI0MOD-
¢usMBl anreGpol (7, TaK KAk €CHI (¢ — OPOMBBOJLHHI ee
sujgoMopdusM m e@ = ¢, TO ANA Beex z &= G

= (26)p = (e )P = (¢Plo. = T = 2@,

T. €. @ = (. MB mOTyYWSIW B3aMMUO OJHO3HAYHOE COOT-
BETCTBHE MERAYy BCeMH supoMmopdmaMamm axrebpsi G m
BCceMNM BJIeMeHTaMH moXxyrpynus (, Xoropoe 6ymer Ha
caMoM Jele II30MOPYH3MOM COOTBETCTBYIOINEX HOMYI Py,
TaKk Kak guA scex x, b, c =G

z@y, = a(be) = (xb)e = (20,)9, = z (P, P.),

T. €, @ = PP Ipm dTOM, KaK M AOMKHO OWMTH, exu-
nmge moAyrpynnm G COOTBETCTBYET TO;KHECTBEHHHIA aB-
ToMopdnaM anre6pn G, Tak Kawr Juif Beex ¥ = G

@, = x€ = &

Teopema 2’ pokasana.
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Paccnorpum Temephs ofiH Riacc anrebp, HpoOMeRyTOU-
HBIH Me:xgy IjaccaMn rpynom ¥ TONYIPYOE, a HMEHHO
KIacC BHBEPCHHX moayrpymu. DBmefilesm cmepBa BCIOMG-
rarenvHsie HoHATHA. HMemuo, HazoBex HONYyrpyungy
peeyaapHoli, eciu HEIA BCAKOTO ee DJIeMeHTa @ CYIect-
ByeT X 0T A 6 ® O] MH TakoH dIeMeur xr, 4T

ara = a. (1)

Hazosem, pmagee, saeMenTsl ¢ B b momyrpynuet G o6-
pamuumu ZApyr Apyry, ecun

aba = a, bab = b.

OrasmBaeTca, 9TO PELYAAPHYI NOAY2PYNNY MONCHO ORpeE-
deaumv Kax NOAYePYnnY, 6 KOMOPOL 6CAKUIL daemenm ob-
aqdaem oOpPAmMHBIM IAeMEHIMOM, He 06A3AMEALHO eduncm-
eenupim. IeficTBUTenbHO, €CAM axa@ = @, TO IOJGIHEA
b = zax. Torpma

aba = (axa)zra = axa = a,
bab = z (axa)raz = x (aza)r = zar = b,

7. . b simagerca obpaTHHIM RIA 4.

B cayuae rpynm smeMenrsi, o6paTHble IPYT APYIV B
VRA3aHHOM IOXYTPYNmOBOM cMbiene, OyAyT B TOUHOCHIL
o0paTHEIMH B OOBIYHOM (TPYIIHOBOM) CMbICTIe, HPHIEM
peARAI 2uaemeHT o0najaer eANHCTBOHIIHIM OOPAaTILIM.

HMoayrpynma HaswBaeTCsl UHEEPCHOU, €CIHm  BeAnuil
e¢ pJIeMeHT ¢ o0namaer OOPATHBIM 9JIEMEHTOM, TIPH1o'f
enguCTECHENM, 0003HaUNM €T0 uepes a” ', Tax uro

aa~la = a, ataa™! = at.

damerus, d9T0 TpeGoBaHWe eJUICTBEHHOCTH 06pATiIOTO
3/1eMeHTAa B HTOM clydae, B OT/IWIHe OT CAydasg Ipymm, ie-
00X0IMMO CIIEIMaJIbHO HAKAAABBATH.

Hnace MABePCHMX TOAYTPYOO COAEP:KUT B cebe R.iacc
BceX IPYOO ¥, KAk Mbl CKOpO y3HaeM, MUPe MOCIefIero.

Ilonarre mupepcHo#l WOJAYIpyHnOE AONyCKaer H Hilhie
onpenenenusa. Hanomumy, aro siement a mexortopoil mo-
sAyrpynnsl (Mid rPynHONAa) HA3LIBAETCA UOCMILOMENMOM,
ecnn a? = g, OtrMernM, 9T0 peryaspHas] DOIYyrpyina mei-
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peMenno obJazaeT TACMIOISRTAMU: eCHM BHIONEMCCH
pasencrso (1), To sxesent ar 6ymer HACMIOOTENTOM, Tai
KoK

(ax)® = (aza)r = ax.

OxasmBaercd, 9T0 UHEEPCHBE ROAYePYRNBL — MO MAKUL
pecyaaprile noayepynRny, ¢ Komopwa awbule 0sa udemne-
IMERMA REPECINAHOEOUHYL.

B camoM mese, mycib fana unsepenad HOTyrpymnma .
Hceno, wro oma peryaapsa.

HoraseMm cHa%ala, YTO B UHBEDPCHOH WOJYIpyIime
Hpon3Be/ieHNe MIeMHOTEHTOB TaKmke GY/IeT WIeMIOTeHTOM.
Hyers ¢ u b — gBa ngemmorenta, a? = a, b = b. Hoo-
SKMM

= (ab)™1, t = sa.
Torna

(ab)t(ab) = absa’b = (ab)s(ab) = ab,
Hab)t = sabsa = s(ab)sa = sa = ¢,

Hostomy, BBUAY eAMHCTBEnHOCTH o6paTHOTO 3IeMEHTa,
t = (ab)”l, 1. e. sa = s. Anazormuno, nojaras t = bs,
nonyuam bs = s. Orcrona

s? = (sa)(bs) = s(ab)s = s,

T. €. 3JeMeHT § uaeMmmorented. OJHAKO HAEMIOTCHTHIH
DEMEHT CIYIKHT AAA camoro cebs o6paTHEM, eQWHCTBCH-
HEIM BBAJY MHBEDCHOCTH IIOJYTPYINEL, a MOITOMY § = ab,
MpemnorenTrocTs siementa ab poxasana. Mpemmorenten
caefoBaTeNbao, u dyement ba. Uemonssysa »r1o, moiydaem.

(ab)(ba)(ab) = ab®a®*h = (ab)? = ab
(ba)(ab)(ba) = ba*b’e = (ba)® = ba.

JraM foxazauo, uro ba = (ab)"l. Opmaxo suement ab,
OyAyYll HIEMIIOTeHTOM, COBIIAJZAET CO CBOMM OGPaTHLIM,
OTRYZAa ab = ba, 410 M Tpe6oBagoCh NOKA3ATH.

Ilycrs Temepr G—perynaspuas noayrpynma ¢ mHepe-
CTAHOBOYHLIMI HEMIOTeHTaMl, a — Ja1000# dIeMeHT u3
G, b 1 ¢ — ofparHme sdemenTt Ang a. Torxa sneMeNTH
ab, ac, ba, ca GyAyT HAEMIDOTEHTAMH U, CJeIOBATeIbNo,
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Moy coGoro mepecranosounnt. Orcioga
b = bab = blac)(ab) = (bab)(ac) = bac,
¢ = cac = (ca){ba)e = (ba)(cac) = bac,
1. 8. b = ¢. Teopema foxazana.
Raace uneepcuvx noayepynn ssisemces Ha camox Oeae

MHoecoofpasuem ommuocumesvio onepayuil ab u a~, romo-
poe sadaemes moxrdecmeanu

(xy)z =

Hlorascess menepe, wmo UHeepCHas noayzpynna ydosaem-
eopaem moxcéecmeam

1. (7)™ = =z
2. (xy)™t =y~ a7t
3. xxlyyt = yylaal

a(yz), xa 7tz =1z, ataa™l=a".

fAcuo, uro MEBepCHAA MOXYTPYIIa PeryjsapHA U Y/OB-
netsopacr akcmomam 1 m 3 (mociepgumee moTOMY, UTO Die-
MeHTH aa”! m bb™! DHCMIOTEHTHW M, CJeHOBATENLHO,
OePeCTaHOBOUHK). BHIONHAeTCH U TOMIECTBO 2, KaK IOKA-
3HBAIOT CIHeRYIONNe PaBeHCTBA, B KOTOPHX CHOBA MCHOMb-
3yeTcA NCPEecTaHOBOYHOCTH WeMIIOTEHTOB:

(ab)(b~taV){ab) = a(bb ) a *a)b = (aa*a)(bb~1b) = ab,
(b~ta~ ) ab)(bYaY) = b Ha ta)(bb VHa! =
= (bbb Y a taat) = b ta .

HaoGopor, kax nokasan b. M. Il a it m (c6. «Teopna
moJayrpynn m ee nmpuioskenusy, Caparos, snm. 1 (1960),
286—324), peeyasapHas noayzpynna G, e romopol 048 06-
PAMHBLE d4eMeHmo8 eulnoAHomes paseHemea 1, 2, 3, un-
sepcha. Uns awboro a & G Gyaer, BBHAY aKCHOM peTy-
napHoit moayrpymme, 2 m 1,

al= (ea ey = a W a V) a7t = ataa™.

T. €. DIEMEHTH @ M ! [eHCI1BHTCIABHO OOpatHH JApPYT

ADYYY.
Haxee, BBuny 3,

aYa Y taa~t = aa~ta"Ya )L,
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T. ¢., BREAY 1,
alaaa~t = ag~Ya 1a.

Ecau Temeps @ — HAeMIOTEHT, 42 = a4, TO, ACHOJbIYA
YKA3aHHBE DAaBEHCTBA W 2, MOIYIHM

al = qglaa™! = ataaa! = aa"'a 'a = a (a0)la =
= qa~la = a.
Orciona
ar™! = qa = a.

Ecau b — awo6oii npyroi agemnorenr, To 6yaer bb~t = b,
a mMoaTOMy #3 3 CIeXyeT HepecTaHOBOIHOCTH HASMIOTEH-
TOB @ B b, 9T0 M J0KasHBaeT MHBEPCHOCTb Hamieill moay-
TFPYIIE,

IloxaskeM Temepb, WTO NOHATAC WHEEPCHOH HOJIYTpyN-
Il Ha CAMOM JieJie MMeeT LPABO GHTH IPeIMeTOM CaMOCTOM-
TeAbHOro m3yvemmsa. HasopeMm uacmuunolli nodcmanoskoi
MEO;ecTBa M mio0oe B3auMHO OJHOSHAYHOE OTOOpPAsKEHHNE
Buga @: A - B, rme A u B — HeKOTOPHE MOMHOKECTRA
3 M. K uncay 49acTHUHEIX IIOJCTAHOBOK OTHOCATCA,
B 9aCTHOCTH, BCe IOJCTAHOBKH MuOkectBa M, BCe DOA-
CTAHOBKHA JI000TO €ro LOAMHOMKECTBAa, a TAaK:Ke NIycTas
MOJICTAHOBKA  (TOIKIECTBENNAS  HOACTAIIOBKE HLYCTOTO
TOIMHOIKECTBA), KOTOPYI0 oGosmaauM uepes 0. ‘

Eemy ¢4 —B, ¢:C—>D — e  gacTuuHbX
mOJCTAaHOBKM MHOKecTBa M, TO MX mpousBefenue ¢y oil-
pepensierca rtar. Ecam uepecewenue B [y C mycro, 710
moaaraem ¢y = 0. Ecam me B | C — Hemycroe, TO
oGosmauum uyepes A’ ero mpoobpas upu ¢, wepes D' —
ero o6paz mpm . Torma q¢: A" — D', mpuwdgem nia

moboro a’ &= A4
a’ (g$) = (a’oh).

flcso, uwro 3710 Gymer wacTmuHad mHomcTaHOBRKa. llycras
nopcraneBka O urpaer IS DTOTO YMHOMKOHHA PONhL HY-
agd, T. e. WIS %000 9ACTHYHON HOACTAHOBRI

@0 =0.¢ = 0.

Haa Besaxoit wacTmuHo#l mopcramonkm ¢! A — B cy-
HeCTBYeT, O0YEBHHO, o0paTHAs TACTHUHAsT NOJCTAINOBKA
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ol B— A, upuuem
?

1

et = ey, ¢l = ep,

rie €,4, HampuMep, ecTh TOR/ECTBEHHAA IMOJCTAaHOBKA TO/-
muokectsa A. Mnmenwo, ecnm ag = b, a < A4, 10 bg™* = a.
Henmonbaya ofparnyio 4acTueayio MOACTAaHOBRY, Mbl MOT-
s 651, manpuMep, Bmecto A’ waimcars Bome (B C)e.

IloxamenM, 4TO YMHOMeHIIE YACTHIHHX TOJCTAHOBOR
accommarupuo. Ilycts mannt ¢: A — A', ¢ B—~B’,
y: C—C' m uyers (g¢)y: D — D', ¢(y): E—E'.
Jlerwo mporepuTh, UTO

D = [(A" 1 Byp N Clop) ™
E=14"0B nCy g

Iorasxen, ato D = E. Ecim a = D, 10 a({epp) = C, a
rak xax sasegomo a(gYp) &= B, 1o a(gpPp) &= B'NC,
OTKY NI ap = (B'NCWp1. BMmecte ¢ OueBHOHHIM
ag = A’ aro moxasmBaer, uto D < E. O6parnoe BRIIO-
wenne mposepgerca  amajormumo. Ha momywenmom
nofgaHoKecTBe orobpamkenus (Q)y u ¢ (Py) mehicTBY:OT
0JINNaKoBO, Tak Kak ofa CBOXATCA HA IOCHEN0BATENBI0ES
npuMenenue orobpaskenuii ¢, P m Y.

Toxyuennad woNyrpynia peryiAapHA, TaK Kak |
Mol wacTHUHON mopctaHoBKH ¢ A — B Oyner

JA

il

Gt = e, = q.

J1a mouayrpymma jaske mnnamepcHa. JleficTBHUTeN:blO, ee
NICMIOTEHTAMH CIY3KAT TOKIAECTBENHEE IOACTAHOBKH &4
As Beex mopMuozkecTB 4 M W, Kak IerKo NPOBEPHTH,
tosibKo omm. [eiicTBHTeNbHO, ecim ¢: A -~ B 1 ¢ = ¢,
TO, IO OMPEJIeIeHNI0 YMHOKeRHHA,

(BNAyp™ = A4, (BN4)y = B.
IoaroMy, BBUAY B3amMHOW OHOSHAYHOCTH ¢,
A =BNA =B,

T. e. @ ABIAETCA TMOJCTAHOBROA Ha A, DPHTOM TO.RIECT-
BOHHOMW, TaK Kak APYrHX HIEMUOTCHTOB CHMMe!pHIECKas
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rpyana me cojepirur. Opmano paa mwebmx A, B Y
€48p = E€4nBp = E€RE.

Jra WHBEPCHAMA IOJYIPYIRa HajhBaeTCd CHMMETPHUECKOH
wEBepcHol moxyrpyomoi ma mvmoskecrBe M. Oma me 6y-
AeT TPynmod, TaKk RaK MYJNBTHIJNHAKATUBHAA TpPYHNa e
MO;KeT MMeTh HiVJf, PaBHO Kak H HOTOMY, 49T0 TpylIa
06aa1aeT €NMHCYBOHHLIM IJIEMIIO FeHTOM.

CopasejyinBa cienyiomez reopema B. B, Bar-
nepa—Ilpectouna (JTAH CCCP 84 (1952), 1419—
1122, J. Lond. Math. Soc. 29 (1954), 411—419), mapax-
aenapuax Teopemam 1 m 1’ n3 § 3:

Beakas uneepcnas noayepyrnna G usomopgino erag-
oueacmen ¢ CUMMEIMPUNECKYI0 UHEEPCHYIO noayepynny RHa
mHoxucecmee G.

OrmeTy cmepsa, 4To AIfl BCAROro ¢ & G Gyuer

Ga = Ga'a, (2)

rpe Ga 03HaUaeT MEOMKECTBO BCEX JIIEMEHTOB BHja 4,
z &= G. Umenno, sncuo, uro

Ga~la = (Ga')a = Ga,
110, ¢ APYToil CTOPOHH,
Ga = Gaa*a = (Ga)a™'a = Ga™'a.
flooTony mis Beex e = G
Ga™t = Gaa™. (3)

ComocrasmM, yamThiBag (2), KoMy dIeMeHTy ¢ & G
or¢6pamenne @, Ga=' — Ga, ompesenAeMoe TeM, 4TO
aaa searoro x & Ga™' Gyper

@, = za < Ga. (4)
Ioatomy @g-it Ga — Ga™, mpuuem

YPgr = ya=*

1as Beex y & Ga. Onmaxoe, ecim 2= Ga™t, T. e. 2 = 2’07},
TO

'

2 (@@, ) = 2'aaa™ = et =z
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¥ aBa’OTHYHO 01a ¥y < Ga 6Gymer

Y (o1 90) = Y.

Oro0pakeHAd @, W @, OKa3ajuch o0OPATHBIME DVl
Opyry #, CIeJoBaTeNbHO, B3aUMHO OFHOZHAUHEIMH 0TOH-
PAKCHAAME, T, €. YACTHYHHIMA TMOMCTAHOBKAMH, IPHUCH

Qg = (Pa—l- (9)
HOyers @, = ¢p. Orclopa, B waciHocIw,
Ga™' = Gb1, (6)

1. e. a”laa™t = "' &= GbL, a mOYTOMY, CHOBA BBUAY P -
BeHCcTBA OTOOpaskeHUit @, W @y,

a~la = a~b, ()
Beuny (3) pasencrso (6) MoykHO HepemnncaTth B BUTE

Gaa™ = Gbb™1, (8)
npuaeM aa~t m bb! ABAAIOTCA, KAK MBl 31aeM, IICMILO-
rentamiu. Beumy (&)

aa~' = xbb™1,
OTHY /AR

aa bt = bbb = bbb - paY
AHANOHUHO
bb~laq™t = bb71.

Tar Kakrk, OJHAKO, MIACMIOOTENTLI B G HePecTarnoBodiini, To
H3 3TUX PaBeHCTB CJaenyer

aa™! = bbb~ )
Hcnonpsya (7) u (9), monyuaeu
a = aa"a = aa b = bl"h = b.

Taxum ofpazom, orTobpashensie a —- ¢, ABIALLCA
B3aUMHO OJHO3HAYHLIM BIOYReHIEeM G B CHMMETPHUECKYIO
mpBepcHEy0 moayrpyuny ua G. [lorasmen msomopduocis
sroro pioskenus. Oilobpamenne ¢, ONPeeTeHO, KAk Hhl
auaeM, na MEOMKecTRe G (0b)™l, upomsmejcHne @ (. BBI-
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1y (8), — Ha muomxecre (Ga [} Gb~Y)a~!. Omuako, BBugy
(2), mpumensgemMoro aBasani, u (3),

Ga N Gb™t = Ga™'a ) GbL™ = Ga 'abb™ = Gabb™!,

1aK  Kay, BBUJY NEPeCTAaHOBOYHOCTH HEMIIOTEHTOR,
Gbb~a'a = Gatabb™ < Gala(,Gbb™1, eciu ske DIEMEHT
& TesRHT B DTOM IIEPECedeHUH, TO

x = za~'a = abb™! = za~*abb™? & Ga labb™l.
lovromy, snupy (3),
(Ga } Gb Vet = Gabb~ta! = G(ab)(ab)™' = Glab) .

Taxmn obpasoM, 0TOOpaKeHUA @, A @Q,P;, OUpEAeIeHbH
Ha OJHOM M TOM K€ TIOJMHOKeCTBe, a Tak Rak i (ab) =
= (za)b, TO NOKABAHO, UTO Q,p = Q,Qp. ITO BMECTE C
(5) noxasniBaer TeopeMy.

Mossno Gurio 651 ONPEAeIUTh YACTHUNLIE aBTOMOPQIIM
vunpepcasbmoil anre6pe Kax maoMopduce otobpa.enue
ofmoi ce momanreGpst Ha Apyryo. Jlerxo Bumers, 9io mpo-
HN3Bejlenie YacTHIHHX AaBTOMOPOUBMOB KaK YacTHUHBX
TOJICTAHOBOK ¢aMo 6ygeT YacTUIHBIM aBTOMODP(UBNOM
1 9TO YaCTHIIbie aBTOMOPYUAMBL TanHol axredpnl cocran-
AMI0T MUIBEPCHYI IOAYTpYHny ¢ enmmuneil u myuaem. o
JHAJOTHHA ¢ TeopeMaMu 2 m 2' mu3 § 3 MOKHO OBIO O
TMOCTABHUTh CIEAYIIIHHA BOOPOC: BCAKAA JII NHBEpPCHA
moayrpynna G ¢ eguHubeil w HydeMm mzoMopdHa mmBepe-
HOH HOJYTpyNOe BCeX YaCTHYHRIX aBTOMOPPHBMOB HEKO-
TOpoil YHHIBEpPCANBHOM anreGpsi, ONpENeNeHHOM Ha MHO-
mectse G? O.UW. JlomanoB moxasal, OJHAKO, 4TO
pro me tak (M3B. BHcmmx yuebm. 3aB., Maremarura 8
(1971), 52-—58).
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Ioayrpynna G HasuBaeTeA noayepynnol ¢ UHBOAIOYULETE
eciy B Heil 3ajada, MOMHMO YMHO;KEHHHA, €Ile yHApHAaA
omepanuA @ !, MpHYeM BHIOJHAIOTCA CHOAYIOMHAE TOHTE-
¢TBa (DOMIMO aCCONHATHBHOCTH YMHOKEHH):

(Yt =gz () =yt

Honyrpynos ¢ DHBOJIONHEH COCTAaBIAIT, CIeI0BAaTENb-
Ho, MHOToOOpa3ue, cojep:kamee B cebe MBoroobpasue
BCeX MHBEPCHHX HOXYTPYIIL.

B moxyrpynme ¢ uEBoionueil G clrepyomaM 06pasoM
onpejeIuM TepHapHYylo omepanmio labcli

[abc] = ab™lec.

AcconuaTHBHOCTD YMHOJKEHHAR W ONpefelieHHe WHBOIIO-
nuM JanT

ab-led~te = (ab~l¢)d~le = a (dc~'b)~te = ab~(cd 'e),
T. e. M omepaumu labc] BHHOMHAITCA TOMKAECTBA
Hzyzluvl = [zluzylvl = lzylzuv]l; 1

oOpaiaeM BHEMadHe Ha TO, UTO B CpejHell JacTH Kpai-
HHe MHOKATeIN BHYTpeUHeHd CKOOKH OKasalHCh Hepe-
crapIeHEHMH. Axrefpa ¢ OfHOH TepHapHOH omepanmei,
yjrosaersopaiomeit TokpecraM (1), masmBaerca noay-
2pydoti.

CioBa «moayrpyja, onpedessemas [AaHHOH HOayTrpyn-
noii ¢ MHBOJIOIUEH) MMEIOT HOBATHHIA CMBICI.

Ecam G 6yxer muBepcHoii moxyrpynmoif, To onepauusd
labcl, oupenmenenmmasa Brime, OyAeT Y/AOBIETBOPATh, IO-
MuMo ToaaecTs (1), Tamie TOIECTBAM

lzzz] = z, (2)

Hayylzzl = azzzlyyl, [lzzylyz) = [lyyzlazl; (3)
nocJHefHAE BHTEKAOT HM3 AKCHOME 3 DpeAmecTBYIOHETO
naparpada, [jis HEePBOr0 W3 TOKAECTB (3) mepenucaHHOM

nan ofpaTHBIX 2JeMeHTOB. Axnre6pa ¢ ofHOM TepHapHOH
onepanmeit, ynosiaersopanomeit Toxaecrsam (1), (2) n (3),
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Ha3biBaeTca 0000ujennoli 2pydoii. BHITH MOKeT, TepMuaH
«AHBEPCHAA WoaAyrpyaa» Obui 6l Gojiee OMpaBHaHHBIM,

Haxonen, ecam G Gyfger rpynnoit (4ro Tamke ABJIA-
eTcA HONYTPYUHOH ¢ MHBOMOUNEH OTHOCHTONHHO YMHO:e-
HHUA ¥ B3ATAA OGpaTHOro uieMeHTta), To omepamust label
Gyner yHOBIETBOPSTH, MoMuMO TORAECTB (1), Tarme vou-
mecTBaM

lzyy] = =, lyyz] = z, @

3 nwotophix Toskxectsa (2) u (3) HeMeQmeHHO CIeRYIf.
Anrefpa ¢ ojmoli TepHapHO# omepanueli, YHOBISTBOPSHI-
me#t to:rfecTBam (1) m (4), masmBaercs epydoti.

[nsa ompexenennasx HaMu anre6p JOKaKeM CIEHYIOHLV ™
TteopeMy Bapa-Baruepa (Bapom ona morasana
pns rpyg, B. B. Barmepom pia ofofmenmmx rpyn M
moayrpys; cm. Yuq. sam. Caparosck. ya-ta 70 (1961), 25—
39). Hazosem agement e moayrpynst G 6uynumapnvin, ec-
Iy gas mobex a = G

[aee]l = leea) = a.

Tosxgectsa (4) MOKA3HIBAIOT, 9T0 B IPy/ie BCAKHI 37IeMEHT
ouynuraped. OTMeTHM TaKKe, 410 €CAU MOXYTPYIIIA ¢ UH-
BOMOUMGRA oblazmaeT emmAMIEH, TO B COOTBeTCTBYIONEi
HONyrpyse sTa eqmHUOA OyaeT OTHAM W3 GAVHUTAPHHIX
37€MeHTOB.

Ecau G — noayepyda (uau obobwyennas zpyda), odaa-
dawuyas OUYHUMADHBMU IMEMEHMAMU, UAU e zpyda, ©
ecau e — awboil Guynumapuvil osemenm usz G, mo one-
payui, onpedesnemvle PaAsEHCMEAMU

ab = laebl, a=' = leael,

npeepaiyaiom muHoxcecmeo G 6 noAyzpynny c¢ UHBOADYUEH
(coomecmemeenno, 8 UMHBEDCHY0 ROAYepYnnY usu 6 zpyn-
ny), 0.5 Komopot e cayxcum edunuyel, npuiem onpedease-
mas e noayepyda (coomeemcmeenko, 0600w enHas epyda
uan epyda) cosnadaem ¢ ucrodnolii.

HeficrBuTenpno, sIeMeHT e CHYRUT efuHANEH juIA
yMuosReHuA ab, Tak Kak, BBHAY e€ro GHYHWTAPHOCTH,

ae = laeel = a, ea = leeal = a.
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Hamee, acconmaTHBHOCTh yMIoskenna ab ciepyer 3 (1)
(ab)e = [laeblec] = laelbec]l = a(bc).
Ms (1) m 6myHnTapHOCTH BJIEMEHTA e CIeAyer TaKiKe
(a=1)t = leleaele) = lleealee} = a,
b-la~t = [lebeleleae]] = [l[ebeleelael = [lebelael =
= e laeblel = (ab)™?,

T. . HaMH TOJydeHa WOTYIpynma ¢ prBononmeit. Ecan
we G — oboOmenuas TPyHa, To, TaK Kax

ab™! = [aelebell = [laeelbel = label, (5)
HONYIaeM

aata = [laaeleal = laalecal]l = laaal = a

puAy (2), a raxsne a*ea™ = o', Havnm monyuena, ciefioBa-
TenbHO, wuHBepcHas uonyrpymma. Hawxomen, ecan G —
rpyna, 1o, no (5) u (4),

aa~t = laael = e,

7. €. MaVH TOJyueHa TpPyNIa, TaK KaK yike J[0Ka3aHoO,
gyro e sBiasierca efmmuneid. [locnexnee yTBepiKpeHne TEO~
PeMBl TPOBEPSETCA CIeLyIOmuM 06PasoM Ha 0CHOBaHHN (O):

ab~le = {labelec] = lableec]] = label.

Teopena noxasana.

Jdrta TeopeMa TOKa3HBaer, 4T0 BBEJSHME DOHATHA IPY-
K KaK caMOCTOATENBIOTo 0G'beKTa N3ydenns 6w ourd-
KOH, TaR KaK 5TO BCEro JHIND elle ofuH cmocol ompeeie-
HuA IOHATHS TPYONEH, Ha STOT Pa3 HPH MOMOIMM OABOM
TepHapHO# T ORHOM HyNbapHOE omepamum (TMoCIHeNHAS
¢uECHpyeT MPOMSBONBHENI DIEMENT), cHocol, HKBUBAIENT-
HNE# paccMOTpeRHLIM B § 2. 3ameruM, WT0 TPYLibl, KOTO-
phie TONYUAlOTCA STHM IyTeM U3 JaHHON TPy, Oyayr,
KaK MOJKHO YIOKasaTh, mszomopdmwinm. MMenHo, mycTh B
rpyfe G B3ATH BIEMEHTH ¢ ¥ ¢’ ¥ ONPe/ieJIeHbl YMHOMKeHAA

a b = [aebl, acb = [ae'bl. (6).
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Torpa, pBupy (4) u (1),
acb = laleee’'1b] = [lae’eleb] = lae’e]- b.

Hoxasewm, uro mpeoGpasoBanue ¢ wuosectsa @, ompe-
HeJNAEAMOe PABEHCTROM

ac == lae'el, a = G,

Gyner mopcranoskoil, JleificrBirrensno, mpeobpasosanue T,
av == laee'], a = G,

6yaet MIA HETO o6paTHLIM, Tak Kak

a{o7) = (ao)r = llae'elee’] = lae’leec’]l = lac'e’l — a,
a(to) = (at)o = [laee’le’e] = laele’e’e]] = [aee]l  a.

3Ty [OKasaHo, ITO TPyunsl ¢ omeparusyu (6) Gymayr nao-
TounbiMy (cM. § 6) wu, mo BTOpON Teopeme Anbepra (cm.
rouert § 6), uzoMopdurMy.

Uro e nacaercda HoHATIH o600mieirnoll TPpyan U mo-
AYTPY/L, TO TONOKEHNC Inoe — ceiluac Oyzer morasauo,
TO0 CYIMECTBYIT OGOOHEHNEIe TPYAH, 16 COHeP:RAIMo
puynurapusix  dieMedToB. Moyrrao 610 6H  fjorasarn,
BIpOYeM, UTO BCAKYIO mOJAYyrpyay (Bcakyio obobmemniyio
rPYRY) MOKHO H30MOPPHO BIOHTH B MOAYrpyny (cooi-
BeTCTBONHO, B 0006IMenuyo Ipyay), o0Iafaomyo Ouynu-
JapHHME 3JIeMEHTAME M OIpPeJeNsAeMylo, CIeJ0BaTellbHo,
HEKOTOPOM WONYTrpynnoi ¢ WHBOMONuUeH (HeKOTOpO# uu-
BepcHoil IONYyrpynno).

Hpumep o6o6mennodt rpyan 6ez 6mn-
YOUTAPHHMX DICEMEHTOB MOKHO IOCTPOUTH

caeviomuy o6pasoM. BosbMem MHO:kecTBO M, HOCTpOHM
HA HeM CHMMETPHYECKYI HUBEPCHYI0 HOJYrpynmy H me-
peiizeM 1 ompepessieMoii e oGofmenHoi rpyje; obosma-
gyM nocaegaio uepes G. BospMen, panee, B M mopmuo-
mectsa A m B m obosmaumm yepes G’ MHOKECTBO Beex
90X "aCTHUHHIX MHOACTAHOBOK B M (1. e. Tex JieMeHToR
us G), KoTopHe 0TOGPaKa0T (B3AMMHO OJHO3HAUHO) HEKO-
TOPOe TOAMHOMKECTBO M3 4 Ha HEKOTOpoe MOAMHOKeCTBO
u3 B. 910 MHOXECTBO 3aMKHYTO, 0YeBHJHO, OTHOCHTENb-
wo tepuaproi omepamuu [gyyl = @y~y, T. e. ABAACTCA
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nopanrebpoit o6o0mennoil rpyis G H, CIeRoBaTeAbHO,
camo 6yger o6obmennoit rpypoi. Ilyers e: 44— B, — ee
Guyunrapuni snemenr. Torna aas moboi wacrmauoi mos-
cragoskn ¢ = G', 1.e. ¢: A'>B', A’ S 4, B' T B,
poxKHO OHTH eelgp = @. OTcomga cienpyer, BBAAY Ompe-
HeNeHUsT YMHOKGHNA IaCTUYHHIX HONCTAHOBOR, 4to A’
C. A4,, OTKy[Ha, TaK KaK, B YaCTHOCTH, HOAMHO:xecTBo A’
MOTI0 GHITH JTIOOBIM OT/EABLIBLIM dJIeMEHTOM u3 A, BHTe-
kaer A, = A. Taxum obpason, ecanm moaMHOMecTEa 4 1
B 6ynyr sw6pansl Tak, 910 MOmMHOCTE 4 c¢Tpore Gosibiue
momuocTy B, TOo coorBercrBylomas o0o0meHHas rpyaa
G' me Gyper conep:kaTh OMYHHWTADHBIX DIIEMEHTOR.



§ 6. KBASUTPYIIIbI U JYIIbI

Mo HpHUIIA K DOHATHIO NMOJYTPYNUH, 3aMeTHB, IT0 B
HEROTOPHX M3 OUpeseleniii TPYNNE yIacTByeT OmBapHas
acconmaTuBHag ounepanusa. llepsoe ompegeneHme IpYIHIA
u3 § 2 mocie ypandenmsi W3 Hero TpeGOBaHUA acCOMMATHE-
HOCTH YMHOREHHA OPHBOIUT K APYTOMY BayKHOMY HOHA-
THI0, TAKike CTABINEMY B IIOCJe[Hee BPeMA IPeIMETOM CO-
nepm:aTeAbHOR Teopuu. Vimemmo, rpynmomp, B KOTOPOM
IS JIO0HX DJIeMeIToB @, b OJ{HO3HAUYHO Pa3pelInMLl ypas-
HEHUsA

ax = b, ya=0>,

nassiBaeTca keasuzpynnot. Hax u B § 2, MoKHO yTBEp:Ii-
HaTh. 9T0 KBASATPYUIE COCTaBIAIOT MHOTOOOpasme OTHO-
CATeNBHO TPeX OmHapHHX omepaumit ab, b\ a, b /a,
onpesiesieMoe TOKIECTBAMHA

z(y \ x) =y, y /x)x =y,
Yy \ x =y, yr / x =Y.

Hs oupemenenus KBa3urpynubl HEAL3A BHBECTH Cy-
mecrooBanHe B meil emmHunn. Heasarpynma, obiaagaro-
mad eJUHAICH, HaskBaeTcs «ynot. JIymsl Tawske cocras-
agoT MHOrooGpasme, CHTHATYpPa KOTOPOTO COCTOAT W3
Tpex OWHAPDHHIX W OJHOH HYJbapHOH omepanuu,

Hespss paccumTeiBarh Ha TO, UT0 AJA ONPaBIARHN
BufOpa KBasUIPYUH B KadeCTBe OOGBEKTA CAMOCTOATENb-
HOTO HM3yUeHHA MOKHO GyoeT HCHOJNB30BATH KakaMm-Nubo
crocoGoM mpeobpasosamnst mam orobpaskenma. [lusg aroi
HedH XOpomIo CIEY;KaT, OJHAKO, TaK Ha3sBaeMble CETH.
Ilo ‘o6pasumy reoMeTpHYECKON CETH, COCTOAINEH W3 BCEX
TOUeK ILIOCKOCTH I TpPeX ceMefcTB HpPAMBIX — BCE HIPA-
MBle, mapajlieibHsie ocH adelmce, OCH Op/JHHAT H eme Off-
HO#i UPAMOI,— BBEAEM cllefyommee momaTne. PaceMorpmnm
CHCTEMY 13 YeThpeX HemyCTHIX HONApPHO HellepeceKaomuX-
cqa muomwecrs P, L', L%, L3 osqeMeHTH HePBOT0 MHOKE-
€TBA HA30BEM MOUKAMY, OCTAILHBIX MHOYKECTB —- RPAMbL-
MU, NpHYeM HyMepPamuio MHO:eCTB (wid, Kak MbI OymeMm
rOBOpIUTH, CeMeHCTB) LPAMBIX CUHTaeM (HKCHPOBAHHOM.
Iipumer, 9ro ToYKEm W HPAMEE MOTYT HaXOJHUTBCSI B O1-
HOWCHUN UHYUOeHmHocmy, BHDPAyKaeMOM CIOBAMI «TOYKA
JAeKMT IIa TPAMOH», «HUPAMAA IHPOXORUT UYepes TOUKY»
3 W
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Hazopenm a1y cuereMy cemvio, €cIm BHOONHAIOTCA CAe-
ayiomue TpeOoBamusa;

a) gyepes KA/RAYIO TOYKY NMPOXONHT ONHA M TOILKO Of-
Na mpAMas KasRIOTO M3 TPEX CeMeircTs;

6) nBe mpaAMEle, NPHHANJIEIKAINE K PasAEIHLIM ceMeli-
€TBAM, TePECEKANTCH B OXHOM M TOJBKO OAHON TouKe.

3amernM, uTo BBHAY a) UPAMHE ONHOTO ceMelicTBa He
MOTYT NEPEeceKaThCSH. JaMETAM TaKike, 4YT0 CeMCeHCTBA
I, L%, L3 paBHOMOMHH — MH HOJXYIAM B3aHMHO OJHO3-
naunoe coorpercTsme me;xmy L' m L%, ecim Pmrcupyem
HexoTopyo mpamyio [ mz L% m comocTaBMM JpPYr Ipyry
Te mpaMble u3 L' m L?, KoTOpHe mepecexamTcs B TOUKe,
nexkamei ma 8.

Ecan G — MuoKecTso, PaBHOMONHOE ¢ Ka)XKAHM U3
Li, i =1,2,3, To upAaMEe KaKIOTO M3 BTHX TpeX ce-
MEeHCTB MOJKHO CHAGRUTh HAASKCAMH, TPOGEr aI0IAMH MHO3He-
¢80 G. PUKCEpPOBAB HTH MHAEKCANEHA, NPATOM COBEDINEH-
HO NPOMSBONBHEE, MH CJIEAYIONAM 06pasoM ompejersen
Ha G omepanmio YMHOMeHHA! ab = ¢, eclm uYepes TOUKY
nepecedseHna upaMux I; & L' m I & L* npoxomgmt nps-
Maa b & L3 OTHOCHTeNBHO 3TOH onepanun G OGyner
KRaSWTPYONO#: eIAHCTBEHHHIM peleRneM ypaBHeHHA
axr = b, nanpumep, GyAeT MHAEKC TOW eAMHCTBEHHON mps-
Moit cemeifcTBa L2, KOTOpas DPOXOAMT Tepes TOUKY mepe-
CeUeHHA UpPAMEIX Iy m IS DTa KBasmrpymma HaSHBaeTcs
Koopdunamuoll Keasuspynnoli MCXONHOH CETH.

Bearas weasuepynna G seasemca xoopdumammoli kéa-
augpynnoii Hexomopoii cemu. Ilocrpomm sry cers. Ee
TOUYKAMH CUATaeM YIOPANOYEHHE® mapsl (a, b) sixeMeHTOB
ns G, npamevm i-ro cemeiicTBa, i = 1,2, 3,— campomum L,
ana Beex a & G. Touxa (a, b) cumraercA WHIWJEHTHOMR
npsamoit I; mepBoro cemeiicTea, mpAMO# I BTOPOTO W MpsA-
moii I3, Tpernero. CiegoraTensno, TpeGoBamme 2) BHIOOJ-
naercsa. Bunonngerca m tpeGosanme 6): npsaMee I} m 2
nepeceraiorcsl B T0uKe (@, b), mpamme I m [5 — B TOuKe
(¢, ¢\ a), upsamete It u 2 — 8 Toure (¢ / b, b). Oue-
BUOHO, UTO WUPH YKABaHHOH WHAEKCANUE NPAMHEX HOCT-
POEHBOH CeTH KOODAMHATHON KBasUTPYNNOH CAYIKNT Kak
pas xpasurpynna G.
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JameTmM, WT0 MPUMEHEHUH KBAUIPYII, B UacTHOCTH,
B TEOpHH aarebpamvyecKuX KPHBHIX, CBA3aHH 00m4Ho ¢
YRA32AHHEIM OpefcTaBIeHHeM HKBasUIPYIOEL B KalecTse
KOODJIMHATHONW KBasurpymHIsl nHekoropoidl cern. Hworpa,
Brpodem, Gepercsa monsTie, HBOWCTBEIHOE K CETH (mps-
Mble HasBBAlOTCA TOYKaMH, & TOYKM — IIPAMBIME).

Hooppunartimas Kpasurpyllia ceTH 3aBHCHT, OUGRHAHO,
o7 BHOpANALIX MHAEKCAINN ITPAMHX KakJorTo ceMeiictsa.
Lean i waekcanmn Oyayt uaMeneisl (9T0 PaBHOCHIBHO
TPUMETEHNI0 K HUM HEKOTOPHIX IONCTAHOBOK MHOKecTBA
(), To ma TOM ke MuoskecTBe G GyJeT onmpejenena Hopas
KBa3urpyuna, B obmeM ciydae ¢ HePBOHAYATbHON He N30~
Mop¢nas. ITH KBasHrpynos GYAYT, OMHAKO, N30TOUNNHMEA
B COOTBETCTBHU €O CleAyfouiuM oOIMEM OMPEeAeTenHe.

IBa rpynmoupa, ¢ omepanuamMu a-b ¥ acb, onpenenen-
HHe 1A OMHOM M TOM ;Ke MHOskecTBe (7, Ma3BIBaloTCA UJo-
MoRKHHMU, €CIN CYMEeCcTBYIOT Takue HOACTAHOBKA O, 0 W T
Muo;kecTBa (, uTo And nobux a, b= G

ach = {(ap-bo)T.

Jlerxo npoBepsercss, YT0 OTHOIMEHHE 13omonuu Gyner mia
OumapHLIX omepamuii Ha MHO;eCTBe G OTHOTHEHHEM DKBH-
BAJEHTHOCTH.

Mzomopduam nBYXx OMHAPHHIX omepanuil, 3afanHEnIX
1a OJTHOM M TOM 7K€ MHOKeCTBe, ABJIACTCA JAaCTIBIM CIydaeM
M30TONMAH, A UMeHHO npH p = ¢ == T-'. G apyroii crepo-
HE, M30TOIHA HA3LIBAETCHA 24a6H0l (COOTBETCTBEHHO IOBO-
PAT O 24A6HOM UBOMONE), CHU T ABNALTCA TORACCTBeNHOM
HONICTAaHOBKOM, T. €.

ach = ap-bo.

Bearuii usomon epynnouda usomopgern Heromopomy
e20 zaasnomy usomony. JlefcTBUTEABHO, €CTH HA MHOKe-
crBe G 3ajaHBl TPYOIOWJE ¢ omepammamm a-b u acb,
upuyeM a o b = (ap-bo)r, 10 omepamusd

axb = atp-bro

ompesesder na G TIaBHBI HW30TOI TEPBOT0 TPYOHOHAAs
H30MOPQHEIE BTOPOMY, TaK Kax

(@™ X btV = [(av™)rp+ (b )t0lt = (ap-bo)t = acb.
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Hee woopdunamusle keasuzpynnet o0wol U moik e ce-
mu, onpedeaerivie Ha 00Hom U mom dce muoxnecmee G, Ha
camom Oeae usomonwnbl, JleiicTenTeNbHO, 0603HATUM OIe-
pAamHIo B IePBOil KBasurpymme depes aob, T. e.ach =¢
osmavaer, 4T0 IpAMEe l3, l; m I5 mepeceralorcs B ORuoi
Touke. MemgeM Teneph WANEKCAIHH DPAMBIX KAsKIO0T0
cemedicTBa, MOABEpPraA MX HOJCTAHOBKaM p, ¢ u 7. Te-

1
nepL OTH jKe TPH HpsaMsle GyRAYT obosmaueHs depes lg.
lys, I, mpmuem Ka;KAMA u3 3JEMEHTOB ap, ba, cv mpo-
feraer BCe MHOsKECTBO (¢, a MOOTOMY BO BTOPOR KBasHTPyIi-
ne (¢ omepauueid a-b) Oyper

ap-bo = cr,
ap-bo = (ab)t.

Tax nak MOACTANOBKHA O, G, T OBJIH NPOH3BOJILHLIMH,
10 ACHO, 4TO &c¢ Koopdunammble Kéasuzpynns danHol cemu
cocmasasiom, ¢ moiHocmbl 0o usomopgusma, noanvi
KAQCC USOMONHBL KeAsuzpynn, onpedeiesnvls Ha MHoxce-
cmee G. Orcofa cpasy ciaemyer, 9TO 6CAKul zpynnoud,
usomonunil xeasuzpynne, cam 6ydem weasuzpynnoti. Hc-
HOAB3YA CeTH, JETKO KOKa3aTh TalsKke ¢JefyIomylo T e 0-
pemy Aabeprta (Trans. Amer. Math. Soc. 54
(1943), 507—519):

Beakas keasuzpynna uU30MORHA HEKOmMOpol ayne.

B canom peie, 3ajanHas KBasurpynna G CIYKHT Ko-
opAMHATHON KBasurpynmoi mis cerm (P, L', L?, L3). Or-
MCTHM Temeph B (G HEKOTODHI 3IEMEHT € W CleRyIoIEM
06pa3oM M3MEHHM MHIEKCANNIO NPAMEX: MHHIEGKCALHIO
cemeiictea L3 ocraBmM 0e3 m3MEHEHUA, & HEKOTODPYIO

npamMyio cemeiictBa L' ofozmaumm uepes l., mocie wuero
npamMyno cemeiictBa L? oGosHaumM uepes I}, ecam oma
NPOXOJNT Yepes TOUKY HepecedeHns NPAMHX [y m [} (a1um
onpesiesseTcsa, B UYACTHOCTH, mpaMas lo), u, HanroHei,
npAMyl0 ceMelictBa L' ofosHaymm uepes I, ecum oma
NpOXOXAT depe3 TOUKY mepecevenms mpamux I m .

lipm oToM, Kak JNerko HpoBepuTh, HHAGKC mpamoii I; no
uzmenurcsa. HoopammaTeas kBasmrpynona, COOTBETCTRYIO-
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Mag 3ToH HOBOJ HHAEKCANAHM, AMEET, OYCBHAMHO, JJIOMERT
€ cpoeil egmHMNEH, T. e. 6yper nymoi.

Usorommrie Jaymer MOryT He OHTb N30MOPOHEIMH.
CnpaBepniapa, ogmako, BTOopasd TeopeMa Ax
6epra:

Ecau ayna (8 wacmuocmu, epynna) w30MORHE HEKOMo-
poli zpynite, mo oMU U3OMOPEPHL.

JTa TeopeMa BEITEKaeT, BIpOUYeM. U3 clelylomel T e o-
pemMs Bbpara— Xproo3a (Trans. Amer. Math.
Soc. 60 (1946), 245—354; J. London Math. Soec.
32 (1957), 510—511):

Eecau epynnoud c edunuyeli usomonew noayzpynne, mo
OHU UBOMODPHBL, M. €. 06a A6AAIOMCA ROAYePYRRAMY ¢ e0u-
Huyet.

JeficTBUTENLHO, IYCTh HA MuOKecTBe G 3aflaHbl TPyN-
IOWJ ¢ yMHOKeHWeM a-b ¥ equHHUed e W moJyrpynma ¢
YMHOKeHueM aob, Ipuder ONH M3GTOUNHSH, T. €.

acb = (ap- bo)r,

THe p, 0, T — mofgcranosku B G. Tar Kax pgus J06mx a,
b, c=G

(asb)oc = ac(bec),

TO
[(ap- bo)tp-colr = lap-(bp-co)rolr,
OTKYJa
(ap-bo)tp-co = ap-(bp-co)ro. (1)
Honarag 3nech ap = ¢0 = ¢, TOJNyYaeM A Beex b &= G
bo1p = bpvo. (2)

Ioiaras, aaxee, B (1) ap = e u nenoab3ya (2), nogyvaem
bpto-co = (bp-co)to
uau, saMenan bp Ha a u co Ha b,

216-b = (a-b)1o 3)

sl Beex a, b & G. Amamoruuso, monaras B (1) co =
¥ BcHoaesya (2), moiydaem

(ap- bo)tp = ap-borp
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AN, 3aMeHAA ap Ha ¢ u bo Ha b,
(a:b)y1p = a-brp )

naa Bcex a, b e G. Harouen, mociegoBaTeIsHO HCHOMb-
aya (3), (4) u (2), mosyuaem, 910 [iA MOGHX a, b & G

(aob)otp = (ap- bo)totp = (apro-bo)tp = apto-botp =
= agtp-botp,

T. €. MOJCTAHOBKA OTP ORABLIBAGTCA M30MOPOH3MOM M-
iy BafaHEHHMH TpyHmommoM n momyrpynmmoil. Teopewma
foxasaHa.
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Mnuoroofpasue ayn HaCcTOAbKO IMMpe MHOT00Gpasus
rpyun, 910 6BI0 6H HeDPaBHILHEIM CMOTPETh Ha JTyIbl
KaK, TaK CHa3aTh, Ha «HeacCONHWaTHBHEIEe Ipynme». B ca-
MOM feje, XoTA Jdyma obxafaer egunumedr 1 m, Gymyun
KBasUrpymmo#, [Jf BCAKOTO BIEMEHTA & COACPKUT die-
MEHTH

at=1\auta=1_a,

OJIHaHKO 3T’ «06paTHme JJAEMEHTH) BOBCE He HArpaloT B ayne
poiib o6paTHHX DJIEMEHTOB TpPynub. BgemeMm mosTomy
crenyomuit 6ojiee y3xmil Kirace JaVH.

Jlyna G masmiBaercs aynot ¢ 06pamumocmvio, eC:In NI
mobux a, b &= G

(ba)a™r = b, alab) = b. (1)

IloncraBuas Bo Bropoe w3 pasencts (1) smecto b nie-
MeHT a~}, morygaem ~la = a”!, T. e. 6caruli saemenm Aynw
¢ obpamumocmvio 0baadaem 00HOZHAYHO ONPEDCACHNBIM
deycmoponrum oGpamubly saemenmom a~l:

aa™t = g~ lg = 1.

Panencrea (1) npunmmaoT Temeps Bup

(ba)a™ = a~Yab) = b. (2)
fAcuo, w10 (a™)! = g, orxyna
b\ a=a b,/ a=ba? (3)

JleficTBuTentHO, BBULY (2) 6yder, Hampumep,
a(a™'b) = (a1 (a~1b) = b.
Ha ocuosanum (3) moxaskem, w10
{ab)y™ = b at. (4)

B camom pene, ecam ab = ¢, 10 b = a~'¢, oTRyjAa a”! =
= be~! u, paromen, ¢t = bt g7,

YraeM emie HeROTOpHie cBofictBa ayu ¢ obparmmo-
¢TI0, Heobxomumeie s jganbredmero. Ilyers G — ra-
Kafg Jyma U OyCTh 3ajlal ee TIaBHb M30TON ¢ olepanuei

a°b = ap-bo, )]
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TaK:Ke ABAAIOmMuiica nymo#; nyers 1, — eguHnNnA mMOCTRN-
weit, Torfa, mofcraBiuasa B (D) BMmecto b smement 1, Ho-
AygaeM

a = ap-1,0,
oTKYyAa. BBUAY (2),
ap = a-(iOO')_l.
Auasioruano,
bo = (140)7*-b.
Honosum

(10) =u, (1)t =2

3arernM, uTo B A1060# KBasurpynne G yMHO:REHHE C X P a-
B A BCEX ee HJIeMENTOB HA HeKOTOPHIH »IIeMEHT U Ompeje-
ngeT MONCTAHOBKY MHO:ecTBa (7, KoTopylo MBI 06o3ia-
9uM 4epes r,. AmazorudnHo wepes [, 0603HAYEM TOACTA-
HOBKY, NOIYTalOMYOcd OT YMHOMKEHHS € J € Ba Becex
5JCeMEHTOB KBABHTPYINH Ha 3JAeMEHT v. DBOo3Bpamasch K
nyne ¢ obpatuMocThio (7, MBI IONYYaeM, 4T0 OHepamma ()
H10GOTO ee IJaBIOrO HM30T0Ma, ABIAIIETOcs JIYHOH, MoO-
weT Gr1h 3amucana B BHJE

ach = ar,-bl, (6)

{curMBOT TOACTAHOBKYW, KaK OOHYHO, M5 3aUUCHIBACM
cupasa).

OrsernmM, ¢ Apyro# cropous, WTo WA JAynw ¢ obpa-

TAMOCTBIO G ee TAaBHLIE M30TON ¢ omepanuei (6) mpu mio-

OoHX u, v & G Oyger nyunoir. B camom pgere, enuuumiein
fyner cay:muTh saement v uTl, Tak Kak mas Beex a.= G

vt o a = (vluYr,-ab, = [ Yul-(va) =
= vl (va) = q,

U aHaJOrHYHO C [APYTOH CTOPOME,.
Bepnemca ma MrmyTy X paccmoTpenuio u3oTOTHIH TPy

ponjios (cm. § 6). B rom wactmoMm caywae, worga ofe mzo-
TODHLIe OHePANHUH coBuUAjanT, aob = ab, 1. e.

ab = (ap- bo)x, (7)

TOBODAT 00 aémomonuu pacCMaTPHBAGMOTO TPYNOEAA.
OGoszuaum depes A HOACTanOBRY, ofpatHyd T, T. €.
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A = 172, Torma asrorommio (7) MosKHO HePeUHCATH B BERe
ap-bo = (ab)k.

3amumem ee cumBoloM (p, 8, A). B wacrroctn, ecan © —
aBToMopguaM rpynmonsa, 10 (¢, ¢, ¢) 6yser aBroTonMei,
n obparHo.

Ecam (p, 0, A) u (p’, o', A') — npe aBToTOmmE Tpym-
monfia G, TO WX Hpou3BejeHHE

(p, 0, ) (', 0", M) = (pp’, o0’, AD)
TawKe GyfieT arTOTONHWel, TAK KAK JiA MOOHX a, b = G
app’-boc’ = (ap-bo)r' = (ab)Al'.

ITO YMHOKeHHE aBTOTOLMIl AaCCONMATHBHO, TaK KAK €RO-
MATCA K YMHOMEHWIO TONCTAHOBOK, EAMHHOEH CIY;RHT
TOIKIECTBeHHAA aBTOTONMA (€, €, &), Tie € — TOMKIECTBEN-
Hag TWOJCTAHOBKa, a obparHoit Axa asrorommm (p, o, M)
Gyper asroromms (p~!, o7, A~'). JleiicrBHTenbHO, 31O
Oyaer aBroromms, Tak Kaxk

(ab)h~t = [(ap~")p- (b~ Y)aIA"t = (ap~1-bo HAAL =
= qp~1.bo"1,

Homyuennas rpynma aBrotonmii rpynmouaa CONEpIKAT B
KagYecTBe HOATPYOIH ero rpynny aBTOMOPQH3MOB.

Brosp BosBpamasich X AymaM ¢ 06paTHMOCTHIO, OT-
MeTHM, 49T0 B HHX oTobpaskenme a — a~! 6ypmer mojcra-
HOBKOH; ofosnaduM ee uwepes

a = aq-1,

Jdewma. Eeau (p, 6, A) — aemomonus synw ¢ 06-
pamusocmoio G, mo (i, o, p) u (1P, A, ¢) makauce Gydym
ee asmomonuamu. O6pammuo, cyuecmecsanue aw6oii ua
IMUT HOBHLT A8MOMONUIL 6AEUEM EYIYECE08aAHUEe UCLOOHOT
o8momonuu.

HeficrButensuo, misa mobux a, b = G BuHODoIHAeTCHA
paseuctBo ap-bo == (ab)h. Ilogcrasisas ciona ab BMecTo
a ¥ b~! BMecro b, morydgaem

(ab)p-ba = al,
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OTKYIA
(ab)p = ah-(bio)™* = ak-ba,

7. 0. (A, 101, p), MEHCTBUTENBHO, — ABTOTONHA. AHANO-
FHYHO, NOJCTABIAA B TO ke paBeHcTBo ab BMecto b m a™t
BMECTO g, oJydaeM

ap-(ab)s = bi,
OTKY A
(ab)o = (ap)™*-bA = aipt-bA,

T. e. u (1p1, Ay 0) Gymer asrorommeii. llocneamee yrBepsx-
feHMe AeMMH CJIeyeT M3 TOTO, UTO IPHMEHEHHE yike Ho-
Ka3aHHOrO K aBroromuu (A, LGL, ), HAUPpHMEp, CHOBA Aaer
aproronno (P, 0, A), Tak Kak \? = &,

Ha camoM pneme OCHOBHBIM OOTBEKTOM H3YUEHHA ABIA-
10TCA He AYOH ¢ o6paTEMocThio, a 6ojee y3xmii Kiace My-
¢agroppix aym. Mmenno, Jyma HassiBaetTcs mydanzosod,
eciln BCce JyNH, el M30TONHHeE, SIBIATCA JYyHaMA ¢ 05-
paraMocThio. MydaHroBE NYyHOB TaK:Ke COCTABIAIOT MHO-
rooGpasue BBuAy ciaenyiomefi Teopemu Mydganr
(Math. Ann., 110 (1935), 416—430):

Jyna G mozda v moavko mozda myganeosa, roeda 6 Heil
6UIROAHACICA MOdNCFEeCTB0

(zy) (z2) = [x (y2)lz. ©)

., Morkasateabcrtno. Ilomowum cumepBa, UTO

G — nyna co cpoiictsoM ofparmmoctu. Mur 3maem, d9rto
BCAKME ee W30TON W3oMopdeH T'IaBHOMY HM30TOmY M 970
BO BCEX JyHAaX, ABIAKNIAXCA ITABHEIMH W30TONAME Ny-
usl G, omepamuu sajfaiorcs mo mpasuay (6) npu Heroro-
PHX U H ¥, KOTOpHe MOTYT OHTL HPOH3BOJBHBIMI Dle-
menTamu #3 G. Ilycts G, — opuH m3 HTHX TJIaBHHX #30-
TOHOOB, & OHEPAnHMA B HEM 6CTh

acb = ar, bl,.

Buimonunsoctp B Gy nepsoro u3 toxgects (1) pabnocuun-
A CYMECTBOBAHMAIO TAKOH HOACTAHOBEN Ly, 910 JAA JI0-
6oix a, b= G

(aeb)obry = a,
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9T0 PaBHOCHIBHO PaBOHCTBY
(aob)ry - biol, = a,
PaBHOCHJIBLHOMY, B CBOI 0YePeib, PABOHCTBY
(acb)ry, = a-byylp. 9)

SaMmernyM, 9To B Hamed Jyne G o0paTtHOil AIA mOACTAHOB-
K T, CIY/KAT IOCTAHOBKA Fy-1, T. 8. Iy' == Iy, TAK KAaK
(aw)u™' = a; amamormuso [;' = l. Tax kar suaement
ar;' mpoGeraeT BMecTe ¢ DJIEMEHTOM @ BCe MHOMKeCTBO G

U 0TO :Ke) BepHO A anementos bly' u b, 1o pasenctro (J)
PABHOCHJIBHO PaBEHCTBY

(ari) o BI;Yr, = ary-blj'vl,,
1. e., nonarada l;'vglp = T, — paBeHcTBY
(ab)ry = ary*-br;

HMILIME  CJIOBAMM, OHO pPaBHOCHIBHO CYIECTBOBAHHI B
ayie G aproronmu (ry, T, ry). llocaennee, mo Jemme, paw-
HOCHIBHO CYIECTBOBARMI0 aBTOTONHH (rj't, Iy, T), Pab-
woi (I, ry, T), TAK Kak BBy 3amedasusa Boime u (4),
Jim BCeX a = G

aryty = (a7 = uag = al,.

Ha camom fene, ofmaro, T == [,r,, Tak Kak #iIfA jiofero
a=G
at = (a-1)v = al, Ar, = (aly))u =al,r,.

Haxoren, cymectsopaume astorommm (l,, 1y, [,r,) ©Ho
ONPE/ICICHHI0 O3HAYAeT, UTO0 AAA AO6HX a, b & G

aly - bry, = (ab)l,ry,
T. €.
(ua)(bu) = lu(ab)lu.

D10 03HAMAET, TAK KAK 3JIIEMEHT ¥ MOT GHTH IPOH3BOIBHEM
.pJeMenToM M3 (G, WTO BHIOJIHEHHE BO BCEX AyHaX, H30-
tonnux ayme G, mepsoro us Tosrpects (1), cocraBiasompx
ompejeNenne JYNE ¢ 0GPAaTHMOCTHIO, BJedeT BHIOTHEHIe
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B G ToacpecrBa (8). TarAM ke EyTeM MOKA3HBAeTCs, 970 U
BHIIONHEeRHe BTOPoro |3 TosxaecTs (1) Bo Beex aymax, m3o-
TOMHKX Jayne G, BieueT BHIOJHeHUe B G TOTO KE TOK-
jecrBa (8); upw TPOBEJEHME AOKA3aTONLCTBA HY;KHO JHIID
B HOJKHOM MECTe 3aMEHHTH DIEeMEHTH & W b COOTBeTCTBeH-
no na al;' u bry', a NP OPAMEHOHHWH JEMMEl WCIOJIB30-
parp ee [pyroe YTBEp:KOEHHE.

OctaeTca [OKa3aTh, 9T0 BCAKAA Jynma G ¢ TORAECTBOM
(8) 6ymer aymoit ¢ o6patumocteio. Ha (8) mpm y = 1 pas
Beex z, z &= G caenyer z (z2) = (zz)z. IloaTomy, mea-
crasuag B (8) Bmecto x, ¥, z 2aeMenTH a”%, b, a (r7e a,
b — npousponbREe aneMenTH M3 G m aa”! = 1), meay-
qaemM

a b = [a~Yba)la ' = a~*{(ba)a~1],

orkyfa b = (ba)a, t.e. B G BHUONHSETCA LEpBOE U3
rosrpeers (1). C mpyroii cropoms, moncrasiss B (8) Bume-
CTO Z, J, 2 BeMeHTH ~'a, a, b (rae ~la-a = 1), Hoxydvaem

b("'a) = [a-(ab)(7a),

orkyra b = ~'a (ab), r.e. B G BHIONHAETCA U BTOpCe
n3 tosxpects (1). Teopema norasana.

3avernM, uto TosaecTBo (8) MokHO Omio OB 3ame-
HHTE B DTOH TeopeMe HEKOTOPHMU APYIHMY TO:KIECTBAMH,
PaBHOCHILHHIMI €My B Kiacce JYI, HaupuMmep, TOMAECT-
BOM

lzy)zly = zly(zy)l.

OTMeTHM, 9TO B CRIY Apyroit Teopemst Mygaur my-
$anroBy Iymy MOKHO ONpefelnTh KaK TaKkyw aAyny, Iro
BO BCAKOM JIyHe, eif A30TOMHOH, NOANYHA, HOPOKNCHHAA JIC-
6rME AByMA 9JIEeMEHTaMH, acCONUATABHA, T. €. ABJIAETCA
rpynuoi.
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Iousatue cetu, BBejeHice B § 6, 6HIO MONCKABAHO
HpHMEePOM CeTH, COCTABIEHHOH W3 BCEX TOYEK U Tpex ce-
MEHCTB HOPAMBIX Ha INIOCKOCTH — IPAMEIe, Iapajiienbine
ocu ¥, OCH Y H ellle ogHON npaMo#r. CToab ;Ke ecrecTBeH-
HO, OJ(HAKO, DACCMOTPEHNE B TPEXMEPHOM NPOCTPAHCTBE
MUO;ReCTBa BCEX TOUEK U YETHIPEX CeMeHCTB MJIOCKOCTeH —
HapaIeAbHBX TPEM KOOPHMHATHHRIM IIOCKOCTAM W eHfe
oxHoli miocroctH. lIlepexog K A-MEPHOMY eBKJIH/IOBY
HPOCTPAHCTBY OYEBMMEH. JTMM TIOACKA3HIBACTCH CIEIYIO-
Hiee ompejeIernue.

Cucreiya HENYCTHX TOMAapHO NCHEPECeKAIOMHXCA MHO-
mect P, LY, L2 ., ., L™ (pAeMeHTHE HepBOro MHO/KECTRA
HABBIBAIOTCH MOYKAMU, 8 OCTANDBHLIX — 2UNEPNAOCKOCMAMU)
HA3BIBACTCH N-MEPIOU cemblo, eIy MMy TOUYKaMM W I'M-
NePOIOCKOCTAME 3aJaHO  OTHOUICHHE  HHLHICHTHOCTH,
VAOBIETBOPAIOMEe CJAeAYVIOMAM TPeGoBaHHAM:

a) Yeped KasKAyl0 TOYKY TPOXOAUT OHA H TOILKO
OfjHa THHOePIIOCROCTh Kaskuoro ma n» - 1 ceveiicrs;

6) » rmmepuiocKOCTeHd, MPUIAAIERANIIN K PA3ITWUHBIAL
ceMeHicTBAM, HEPECEKAlTCA B OHOM H TONBLO OJHOM
TOUKE.

Taxum obpasom, ceru, paccMorTpeHmnie B § 6, B cniy
JTOTO ompefielenusa OyAyT ABYMEPHBIMH CETAMH.

3amermM, UTO cemeficrpa rumepmiockocteir LY, L2, . . .
.« ™M1 DaBHOMOUIHEL — MBl IOJYYHM B3RHMHO OJHO3MAY-
Hoe cooTBeTCcTBHE MesKAy L' m L?, ecam urcupyem rumep-
mnockoeTm I' &= LY, i = 3, ..., n -+ 1, ¥ THUEPIIGCROCTH
' = ' comoctaBmM rumepmiockocts ¥ = L2, mpoxojs-
mMyI0 Yepes TOYKY HepeceveHHsA TrHmepmiockocreit [,
B, ..., My

lyers G — mmuosmecrso, pasromommoe ¢ L', i =1,
2, .., n+ 1. Henonpayes ero A HMHAERCALH THOEp-
NIOCKOCTed HTHX ceMeHcIB, Hocjie wero ompemeiuym B G

caegyIomuM o6pas3oM n-apuyo omepammio: a dy . « « Ap® =
== b, ecAH depe3 TOUKY HEPECEUCHHA TIHHePILIOCKOCTeR
L, L i=1,2,... ,n, 0poxour TRICPIIOCKOCTS b+ €=
& L™, Jlns aroii onepannu na kaskmom mamecr 1,2, . . .n
CymiecTByeT ONHO3HAYHO OnpefeldeHHas obparHad omepa-
OUsA: TaK, penieAHeM ypaBHeHUA Ia, .. .a,® = b Gynmer
HHJEKC TOH efUHCTBeHHOM rMEePUIOCKOCTI ceMencTRa [,
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KOTOpasi IPOXOAHT Yepe3 TOURY MePecedeciins Iuueprioc-
o 32 3 n n+1
roereit lo,, Loy . o oy loy b

Anrebpa ¢ ojno#l n-apHOR onepanmei, oOJN03HATHO
06paTHMOA Ha Ka;KJ0M MecTe, Ha3HBACTCH N-Keéasuepynnot.
Tak Kak, Kak # B § 6, MORHO IIOKA3ATh, 9TO BCAKAA N-KBa-
3UTPYINA CIYRUT KOOPAMHATHOHR n-KBASHIPYNMoOil IEKO-
TOPOH 7-MEpHOIl CeTH, TO N-KBABHTPYULLL OKA3HIBAIOTCA
CTOND e ecTECTReHHEM O0BEKTOM HM3ydYeHHA, KaK U KBa-
3ETPYOIE (T. e. 2-KBasUTPYLNH), M HX H3ydYeHnne YiKe
HAYaJOoCh, SICHO, UTO M-KBAaSHIPYNDH NPH (QHKCUPOBAH-
HOM 1 COCTaBISIOT MHOrooGpaszue.

Mgnoro pampuie #agagoch H3Yy4eHHe JACTHOrO CIydas
n-KBasHIPyum, o6o0maromiero Ha h-apHBA ciaydail mo-
maTHe rpynnsl, VMenHo, n-KBasurpymma HasHBaeTca n-
2pynnoti, eciu B Heil BHOONHAKTCA CleAyoOIMe T O K-
fecTBAa acCOMAAaTHBHOCTH:

(2125 - o - Z,0)Tn4y o o« Topog © =
= Xy Ty e Xy (XiaZing « o o ZenOiinsy « « » Tang®y (1)
i=1,2,...,n—1

Kax o6puno, us (1) caegyer, 9To B R-TPYOIE MOKHO
C/HO3HAYHKM 00pPa30M TOBOPHTH O TIPOM3BEJeHHH [ die-
MEHTOB @y, @y, . - ., 0y, B3ATHX B YKa3aHHOM MOpAMIKe, He
3a60TACH O TOM, K&K PacCTaBJeHH CKOOKM, eClii, KOHEYHO,
5T0 TPOU3BENIEHHE BOOONIE MMeeT CMEICH, T. €. ecau i mpH
pexentnn Ha n — 1 maer ocraror 1,

k=1 (mod n— 1).

YCexoBUMCS 3alMCHBATH HTO0 HPOWBBENEHHE HPOCTO B BH.E
a,a, . . .a; (6e3 cuMBOia ©). YcIoBHMCA TAKMKE B Ciiydae,
KoTla B TAKOM HPOMBBEREHNM T7ie-TO CTOAT PARKOM m dje-
MEHTOB, PAaBHLIX OIHOMY ® TOMY jKe 3IeMEHTY d, IHucarh
BMECTO DTHX BIEMEHTOB cuMBOA .

Teopua n-rpynn opu r > 3 CYyIECTBEHHO OTANIALTCH OT
Teopum rpynm (1. e. 2-Tpymnm), TAK KAK IpPH n > 3 HeT
anajora egURHNb. ByxeM cYUTaTh NODTOMY, dYTO Ha R
HAJOKEHO YKazaHHoe ycioBue n > 3.

1
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Oyers pama n-rpymma G. Ecam a & G, 10 pemenne
Ypasuenusa

a"lz = q

0003Ha9aeTCA Yepe3 @ W HA3LIBAETCA DIEMEHTOM, KOCHLM
mas onenenta a. OxaswiBaercs, 9ro mus Beex i, 1 < i< n,

a’lgavit = q (2)

(cunraem, wro @° 03HAUAET OTCYTCTBHE BTOTO MHOZRHTENA).
Jleficteurenpro, u3 a1ad = a ciaenyer

at = (a"a)a™! = @™t (ai"lga™ H)ail,

a WoOTOMY paBeHCTBO (2) BHTEKAeT N3 eJMHCTREHHOCTH
obpatHoii omepammm mHa (n—i-1)-M MecTe.

Boasme Toro, pua awbex a, b & G nMenT MecTo pa-
senerea (i =0, 1,. .,n— 2)

ba'aa™1-* = b, (3)
alaa™ -2 = b. (4)

Joramen mepBoe u3 nnx. Moskno momo6parn 1axme are-
MEHTH €y, Cgy +« .y Cp_g. 9T0 b =c¢i0p . . .,1a. NodTOMy,
BBHAY (2),

iFalt—=2 o i+l =2 —
baida =040y .. €y (@itl@a" ) =

= CIC.Z . e Cn__la == b-

Bropoe paBemCTBO l0KA3LBAEGTCH AHAJOTIIYHO.

Mosrmo 6vta0 661 mokasath (M. T e HXTeBHXT H
I’ 1 a 3 e x, Coll. Math. 17 (1967), 209—219), uro n-rpyn-
oy mpa n > 3 MOKHO OUPefe]nTh KAaK MHOMECTBO C OJf-
HO# n-apuod omepanmueil, ymoBIeTBOPSIOMmEH TORIECTBAM
acconuarpgsroctn (1), u eme oxmoll ynapuoii onepamuei &,
JUIA KOTOPOH BLIMOJHAIOTCA CASAYIOM{HE TOACCTRA, ABIAIO-
Wuecsa YACTHHEIMEU CAyYaAMH Toxkpects (3) m (4):

yatE =y, ya iz =y,
Ty =y, xTa" %y =y,

Ilyets pmasa rpymoma I' ¢ yMHOeHHeM  aob.
Feanu n >3, 1o caenyommm o6pasoM oOnperennM Ha
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MHO;kecTBE I’ n-apHYI0 OHEPANHEI0 d:d, . . Gp!
@y . . Gy = @;-Q50. . . ofy,.

flco, uro Bce TpeboBammsa, BXOASNAe B ONpefielieHHe
n-rpynnsl, suimonssaiorca. Hasosem monydemmyo n-rpyn-
ny onpedeasemoti rpynmoi T'.

Noxaskem, uto n-2pynna G, n > 3, moeda u MOAbLKO
mozda onpedeasemcs epynnod, ecau oxa obaadaem xroms
68 o0Hum saemermon t, YOoeaemeopRIOWUM YCA0BUAM

a) T =1,

6) 04 OBUL @y,0y,. « ., An_y € G U w0600 §, 1 <7<
Kn—1, taa, . .y = Ay .. G105 . . Gpq.

B camom nexe, ecin n-rpynna G ompefeiasiercA TPy~
noit I, To poap snemenrta f wrpaer egunmma rpynom I,
XOTHL MOTYT CYIIECTBOBATH M JIPYTHE JIEMEHTH, 00Iala-
mue cBoiicTBamu a) 1 6). O6patHo, nycts n-rpymoa G o6-
najaer 3MeMEHTOM ¢ ¢ HY;RHHMH cBolicTBamy. Caegylonuu
ofpasom onpenenuM Ha G GnHApHYH omepamumIo: A BCEX
a, b= G

aob = at"th,

JTo yMHO;eHHe AacCoNMaTHBHO BBHAY acCONMATHBHOCTH
omepanMyu B R-Tpymme:
(a-b) o ¢ = (at™2b)t™-2¢c = at"? (bt™2c) = ac(boc).
Posy ejunune HIpaer sjedenTt {: BBumy a) m (3) Gyger
aot = at*t = a. {2)

Haxoneu, ofpaTasiM [iad DleMeHTa & OyHAeT pemepue
ypapHenusa af*%xr = f, CymecTBYKINee B r-rpynne G.
Hamu moerpoena Ha MHOKecTBe G TPyNHa ¢ YMHOJKEHNeM
a o b. Oupepmensemoil €0 n-TPYOHOH CIYKAT MCXOXHAA
n-rpyuna G. B camom pene, ncnoansys 6) B OpuMenAA ne-
CKOJIBKO a3 PaBEHCTBO a,l"! == a, (cM. (J)), morydaem:

3000, . 0@, == 11" 20" 2y . . . @n i, =
= Qg . . . @ D) = qia, . . .ay,.

Teopema mokasaHa.
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Met BuguMm, 4910 Kiace BCeX R-TPYHIH, OUpPeAeTIAeMBIX
TPynnaMyu, OpH QUWKCHPOBAHHOM R, R > O, ORa3HIBAETCH
MHOTOOOpasneM, B CHTHATYPY KOTOPOTO BXOAAT oHepalan
n-TPYNUH ¥ eme ofHa HyIpapuas onepalwa. JTo MHOIO-
o0pasne OKa3KBAaeTCA OKBUBAJEHTHHIM MHOTO06DasHAM,
YKa3aHHBIM B § 2, T. e. Myl mHoxydmiu eme oAny (dopmy
OIIpefeeHUA TPYHIH,

Honartme n-rpynunl Jgonyckaer ciaefywinee pasyMmiroe
oupapparme. HMmenno, Mo;xuH0 OBIO OB TOKa3aTh, YT0
BCAKaa n-ITpynnma mn3oMopduo BRIajbiBaeTcd B H-TPYINY,
onpeje1eMyI0 IPYNIoi. ITo BHITEKAET M3 T E O P € M B
ITocra(Trans. Amer. Math. Soc. 48 (1940), 208—350),
YTBEP;RAAIOMEH, 9T0 BCEe A-TPYNIb MOKHO HOJNYYNTH W3
Tpyun npH HOMOIDM clefylomeil KoucTpykiuu. Bepeics
rpymna G, obiapaiomas HOPMalbHBIM HeiuTeiem A, WH-
JeKC KOTOpOTO KOHewYeH H jgeanrt umeio n — 1, a darrop-
rpynua G/A — nukanueckas. Torga eMmeskHb Kaace Ag,
AsRALIUcCA 00pasyoOIMUM 3JIeMEHTOM dToH  daKIop-
rpynosl, obianaer, BBUAY 2”1 & 4, Tem CBOHCTBOM, 970
npouaBefenHne JO6RX 7 ero 0JeMeHTOB CONep:KHTCH B
camoM aToM Kinacce. Huace 4, okasmBaercs, cleqoBarelb-
HO, N-TPYNOOOH, a HWMEHHO, R-TIOATPYIONOUE R-TPYHHH, OI-
pejpensdemol rpynmoir G.

Hpyrag ¢opma storo oumcamms n-rpynu — B pabo-
tax X occy (Publ. Math, 10 (1963), 87—92) n JI. M.
I'nycxuna (Matem. ¢6. 68 (1965), 444—472).

IlpuBegeMm npuMep 3-rpy O I, He O P e Jie-
iAaemMo#l Rarko#HnumGo rpynmoi Umenno, ger-
KO IMpoBepsAeTcs, 9ro cjieayioimas anrebpa ¢ ommoir Tep-
Hapnoil onepanueit 6yjger 3-rpymmnoii (Ha caMoM Jeje 3Hech
OPHEMENACTCA KOHCTPYKUHs, Yrkasanuasa B Teopeme Ilocra,
K ¢ly4alo, Korga (G — m@KIuYecKas TPyNOa YerBepToro
mopsafka, a 4 — ee HmoArpymniia BTOPOro HOPAAKa): ajreod-
pa COCTOHT M3 [IBYX 3JIeMEHTOB a W b, a TepHapHaa omepa-
HHsAg KOMMYTATHBHA (T. €. NPOU3BEEHUE X,Z,T; He 3aBHU-
CAT OT NOPAAKA COMHOIKHTCICH) M 3ajJaeTCH PaBeHCTBAMHE

a® = b, a®b = a, ab® = b, b = a.
d1a 3-rpynma me OymeT OUpeAelfThCA TPYNNOH B CHIAY

AOKA3AHHOM BHIIE XapaKTepPUsaluum TAKUX 3-TPYNH, Tak
Rak @ = b, b = a.



§ 9. ACCOIIMATHBHBIE KOJIBIA

Hacraiio BpeMA BCHOMHHATH, 4T0 B Kypce BHCIIeH al-
re6pH HApAAY ¢ TMOHATHEM TPYHOLI 3HAYUTEALHOE MECTO
3anUMAaIoT HOHATHA ACCONHMATHBHOIO KOJBIA W MOXYJIs.
HagmeMm ¢ mepsoro m3 HuX. Haoomumy, uro accoyuamus-
Hoe KO04bY0 MO;KHO ONPEeNHnTh KaK MHO/KECTBO, SIBJIAI0NIee-
ca aGeneBoil TPYNOOM HO CIOKEHMIO M TOJYTPYNNoi mo
yMBo;kenn1o (OHM HA3BIBAIOTCA COOTBETCTBEHHO a/IIWINB-
HoOiil TpyNmoit ¥ MYJIBTAINIMKATHBHONR MOJYTrPYyHIOil KOTb-
na), TpWYeM HSTH ONEPAUH ©cBA3aHH 3 aKOMaMH
ANCTPUOYTABHOCTH

z(y + 2) =ay + az,
(x -+ y)z = 2z -+ yz.

ACCONIATHBEEE KOJBIA COCTABJIAIOT, CJIEAOBATENTBHO,
muorooGpasue.

Jwobas abeaesa epynna G moxcem cayscumsv addumue-
HOll 2pYnnoti HEKOmOP020 ACCOYUAMUSEH020 KOALYQ — TOC~
TaTOYHO B3ATH Ha G HyJeBoe yMHOKeHHE, T. €. HOIOIKHTH
ab = 0 nua scex a, b = G, rae 0 — Aynb afAfATABHOM
rpymme. C apyroit CTOpoHEH, He BCAKAaA MOJTY-
FPynNma CAYHMHUTMYJIBTHOINKATABHOIM
DOXYTrpPynOnoid HEKOTOPOILro acCCONNaAa-
TMBHOTO KO JLma. [leficTBuTeJsHO, H3BECTHO, ITO
po BCAKOM Konbme R pus mio6oro ero bieMenTa @ BHITIOI-
HS0TCA PaBeHCTBa

a0 =0.a=0, (4}

7. . MYJILTHILIHKATHBHAA MOJIYrpynma acCONHATHBHOIO
KOMBIIA BCEINA fABIAETCA noayepynnoil ¢ Hysem (Hyib IO-
ayrpymms ompefeisiercs pasencrsamm (1)).

Besras noayepynna G usomopgno eraadvieaemcs 6
MYADMURAUKAMUGHYI0 NOAY2PYRRY HEKOMOPo2o accoyud-
MUgH020 KOALYA.

IlpegnonoyxuM cmepBa, 4ro G y:Ke ABAAETCA IOATNO-
JYrPpyNnoi MyJIBTAINIAKATHBAOH HOJYIPYHIE KOIBILA R.
Torma MOLKONBIO, IOPOKIEHHOE MHOKECTBOM G, oynmer
COCTOATH M3 TeX 9JIEMEHTOB Koxblla R, koTophie xoTa Ont
ONOWM CIIocoGOM 3amMCHBAIOTCA B BHJE CYMMDI

N kqa, 2)

=G
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rfie ¢ npo6eraeT Bce BIEMEHTH U3 G, a KoopPUUNEHTH AB-
nAI0TCA HeJHMH YHCIaMH, OpHIeM He Golee K o-
HEYHOro YHCIa HTHX KodPduimuen-
TOB OTAMIYHO OT HYJI A 3T0 YCIOBHe Ia KOdP-
QUINEHTH OTMEUEHO INTPHXOM Y 3Mana cyMMel. flcrHo, gTo
aleMedT b & G pomycraer sammcs Bupa (2), a mMMenso,
¢chky =1 u ky, =0 nua Bcex a =+~ b. B coorBercTRuT co
CBOcTBAMHU OTIEpAHON B KOMBLE 3JTEMEHTH 3TOI'C BHJA
COCTABJIANOT WOAKOIBNO, TAK Kar

Nkt Dla= N b+ 1) a 3)
a=G ei={¢] a=G
0= N 0.q, (4)
a=G
- ( Zlkaa) == 2’('— k)a, ()
esEG ae=G
NWha Nip = N me, (6)
i=e b=G =G

THe m, ABAAEICH CYMMOH BCeX OTAMYHHIX OT HYJA HpO-
napefeRnit k,l, nns raxux a m b, uro ab = c¢. flcnmo, wro
npaBhie 9acTu paBeHcTB (3) — (6) mmetor Bug (2) ¢ Komew-
HHIM YHCIOM HEHYJIeBHX Kodddummentos. B wacrmocTH,
pasencteo (6) osmauaer, 9T0 KOHEUHBIE CYMME, CTOSMUE
MIIO;KHTEIAME B JIOBOH YacTH HTOT0 PABEHCTBA, MEPEMHO-
JKaloTcA IMOWIEHHO, 3aTEM NPUMEHANITCA PABEHCTHA BHAA

kot b = (ly)(ab),

NPOW3BENIeHNA ab 3aMeHAIOTCA PaBHHIMH UM 3JCMEHTAMHA
¢ DoXyrpynnos G ¥, HAKOHEN, BHIOJHSETCH TpPUBeIeHNe
nofno6HHX wieHoB. llonydenuoe WOAKONBIO TOPOLAAETCS,
OUEBUIHO, MHO;KECTROM @,

IIyers temepp G — mpowmsBoibHas modxyrpynua. Pac-
CMOTPHM MIIOJKECTBO BCEBOBMOJKHEIX (OPMAJIBHEIX CYMM
Bupa (2) ¥ ompemeN MM B 5TOM MHOMKCCTBE ONEPATEM B CO-
OTBeTCTBHE ¢ paBeHcTBamu (3) — (6). Met mosyuam acco-
UMATHRHOE KONBNO. B camoM fele, 1o CIHOKEHHMIO 5TO
O6yner abexeBa rpymnma, Kark 6es BCAKEX 3aTpyXHEHUH
cuenyer u3 (3) — (5). Ilpomepra accommarmeHocTH YM-
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HOKCHHA W 3aKOHOB AECTPUOYTHBHOCTH YKe HECROJIBKO
IPOMO3AKA, HO HE TPeJCTABIAeT HHKAKMX NPHIHHIAATE-
HBIX TPYAHOCTeH, u MH ee omyckaeM. OTMOTHM, 9TO YMHO-
;nenpe B cooteercTBHE ¢ (6) caom Buma (2), mmewmux
JNUH, OOUH HEHYHeBOH KO3GQHIMeHT, IPUTOM paBHLH
eIHHALE, CBORHTCA K YMHOKEHHIO 3XEMEHTOB HOXYTPYIULL
G. dTum ompenenseTCA W30oMOpPHO® BIOKeHHE 3a/AHNON
noayrpynus G B MyJABTHINTMKATHBEYI0 HOJYIPYHNY IO-
CTPOeHHOTO HAMH KOJBIA. JT0 camoe cBobojgHoe M3 BO3-
MO/RMBIX BJOKEHWH Halllell NMOAYyrpymOmel B TOM CMBICIe,
uTO BCHAKAM 5HIEMEHT KOJBIA 3aNHCHBAETCH Hepes o.e-
MeHTHl HONYIpyumst B Buae (2) ogHO3HAUHO.

IlocTpoeHmoe HaMU KOINBUO HARHIBAETCS YEAOUUCAEH-
HWM RoAyEpYRROEHM Koabyom noayrpyuns G, a eciau
G — TpyNma, TO YeAoUUCACHHHM 2DYNNOosHM KOAbYOM ITOU
TPYITIAL,

Ecnn MyapTounakaTHBHAS JOJIYTPYONA AacCOIUATHB-
noro roibua R obiamaer egmuuued (cm. § 3), To R Hasw-
BAGTCA KOabloM ¢ edunuyer. AccomuaTUBHBE KOJILIR
¢ eNUEUIEHd COCTABIAIOT, OYEBHAHO, MHOTooOpasue.

Besaroe accoyuamusnoe roavyo R usomopdro eraadel-
EACMCA 6 ACCOYUAMUEHOE KOAbYO ¢ eduHuyel.

Hpepmonoskam coepsa, 4Yro Koabsmo R yixe cojep-
YRATCH B accommarmpuoM koabne R ¢ emunmneii e. Torga
nofgKOnBNO, mHopo;rdernoe B R MmuomectBoM R { e,
GyHAeT COCTOSATh W3 TeX JJeMEeHTOB, KOTOPHE XOTA Ol
o/(uuM CcIHOCOGOM 3aHUCHIBAIOTCA B BHAE

a -+ ke, (M
rie a = R, k — nesoe uymcao; oGo3HaumM BHpa)Kenue
(7) cumsomom (a, k). Wz cpoficTs omepamuiél B Koible

ciaenyer:
(a, k) + (b H=(a+0b k+1, (8)
= (0, 0), (9)
—(a, la):(—a, —k), (10)
(a, k) (b, ) = (ab + la - kb, kI). (1)

Ilycre  temeps R — Hpon3BOABHOE ACCOLUMATHBIOC
KOIDL0. PaccMOTpHA MHOMCCTBO BCEBO3MORHBX AP BUAA
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(a, k), rne a & R, k — muesnoe 4ncao, W oOHPefeSiAM B HeM
onepamHl B COOTBETCTBEH ¢ pasemcTBamm (8) — (11).
Mu monysuM acconmaTMBHOE KOIBIO — OYEBHMIHO, UTO
aTo Oymer afeseBa rpymma IO CJIO;KEHHIO, a MPOBEPKA
a4CCONHATHBHOCTH YMIOMKEHHA W BaKOHOB JUCTPHOYTHB-
HOCTH XOTA W TPOMO3JIKA, HO He MPEJCTABIAST HAKAKUX
OPUHIMNHAIBHKX TpyAHocTeld. Enuumneil 3Toro KOXbHA
cry;eat mapa (0, 1), rax memepienno ciegyer us (11).
Harouen, uws (8) u (11) cueayer

(@, 0) + (&, 0) = (¢ + b, 0),
(a, 0) (b, 0) = (ab, 0),

T. e. nape Bufa {(a, 0) cocraRAsIOT B DOCTPOGHIIOM HaMu
KOJBHE WOAKONGIC, W3oMopdHoe mexognoMy xoabny R.
Mu moayumam camoe cBOGORHOe BiIO:KeHMe Koubia A
B KOJUBHO € SIUHULEH B TOM CMHICI€, 9T0 3aIlUCH 3I€MEHTOB
xoxwvia B B Bune (7) — sBugy (8) — (11) 6yner

(a7 k) = (a’ 0) ’l" k (01 1)

— OKRA3HIBaeTCA OMHO3IHATHOM.

AcconmaTUBHO-KOMMYTATHBHEE KOIbIa (yMHOReHuUe
He TOJBKO acCOMUATHRHO, HO W KOMMYTATHBHO) Onuin
OOCKA34HN, NOHATHO, KOJBIAMH WCEHd, KOJABIAMH MHO-
roanenor uw Kojeunamm ¢ynrnmit. [loxaskeM, wem ompas-
AsBaercs Goaphiofl MHTepec X UPOMBBOJIBLHHIM accoIma-
THBHHIM KOJBI{aM.

Pacemorpmm romMomopdmuaMe HexkoTopo# rpymmel G,
32UACAHHON MYyJBTHIIAKATABHO, B aleneBy rpyuny G,
3aNACAHAYI0 agmuTuBHO. Ecadm ¢ m ¢ — OBa TAKHX TOMO-
MopdmaMa, To orToGpasKeHme ¢ -}- 1, ompefeaseMoe pa-
BEHCTBOM

a(p +1p) = ap + ap, a& G, (12)
rawsre Oyger romomopdmsiiom &G B G'. [efictBHrenbyo,
BBOAAY KOMMYTATHBHOCTH CIoKenus B G moxydaeMm pis
awobex a,b & G
(ab)(o + ) = (ad)o 3 (ab)p =

= aQ + bg + aP 4 by = (ap + ap) + (bp + by) ==
=a(p -+ -+ b(e -
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flcao, uro 9TO CIOKEHEE TOMOMOPPMU3MOB KOMMYTATHBHO
7 acconuaTuBHO. Polb HYJIA UTpaeT HYaesoli 2oMmoMmopPHusm,
oTo6paskalomuit Belo rpynny G B myns rpymmos G'. G npy-
roit cropoHst, mis Jwo6oro romomoppusma ¢: G — G’
oro0pasKenHne —¢, ONPeAeaeMoe PaBeHCTBOM

a ('_(P) = —ap, a = Gv

Gymer romMoMOpdU3MOM, TaK Rak A1 Hwbex a. bes G

(ab)(—¢) = —(ab)p = —(aq - bg) =
= (—ag) -+ (—bp) = a (—¢) 4 b (—q).

Jror romoMopdnaM GyAeT RPOMUGONOAOHKHUIM ISt
TaKk Kak A a &= G

alep 4+ (—@) = ap +- a (—¢) = ap — ag = 0,

1. e. @ 4 (—¢) paBHO HYJTeBOMY TOMOMODPHU3MY.

Taxum obpason, zomomoppusmu awboii epynne G
(erko mpoBepHTH, YTo B Kauecrse G 8ech MOMKUO Oul10
G B3STL He Tpynimy, a Jio6yo anre6py, OFHOTHIHYIO
¢ rpynmoit) e abeaesy epynny G' cocmasasem no CAOMEHUNW
abeaesy epynny. B uactuoctn, sHmoMopdHaMB afesneBoii
rpynme G COCTABIAT WO CIOKEHUIO, ONIPe/elsieMoMy pa-
percTBoM (12), aGexesy rpyumuy. Bmecte ¢ TeM, B coot-
BOTCTBUN € § 3 OHH COCTABIAIOT HONYTPYANY € eANHHNIEH
[0 VMIOJREHNMI0 B CMLICIE YMHOJKEHHS Tpeo0dpasoBarimii.

IToxasxeM, 9To DT ONEpPAIHUN CBSISAHH 3aROHAMHN JIHC-
tpubytusrocTy. Mmenmo, ana maoGoro @ € G u a06mY
suRoMopdu3MOB @, Y H

alq (p + 0 = (ap)p 4 %) = (ag) Y -+ (a@)y =
= a(gy) + aloy) = alep - ¢x),

al@ + ) ¢l = la + Nl o = (ap + ax)e =
= (a)o + (ax)e = alpe) + a(xe) = a (o + 19)-
Ilna panbHefimero OTMETHM, UTO B JIOKA3aTeNbCTBE Iep-
BOTO BaKOHA AHCTPHOYTHBHOCTH HO HCIOJB30BAIOCH 10,
yro mpeobpasoBauusn ¢, ¢, ¥, ABIAANTCA HHEOMOpPPHaMamH,
TarnM obpasom, sHEoMOpdusMEl aberesoi rpynnit G
COCTABIIAIOT OTHOCHTEJIBHO Omepamlidii CI0/KeHASA U YMHO-
meran ouaoMopdU3MOB ACCONMATHBHOE KOILLHO € eJUHH=
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neii. OHo HasniBaeTca koabyoM sHdomopdusmos abedeBoit
rpynun  G.

Bearoe accoyuamushoe koavyo usomop@hno exaadnsaemen
6 Koavbyo IHdomopygusmos Hexomopoll abenegoli spynnut.

Tak Kak BCAROe ACCOIMATHBHOE KOJbIO0 M30MOpJHO
BRJIAABIBACTCA B ACCOIMATHBHOE KOJBIO ¢ eJuHUIel, To
MB OyneM NOKassBarh CIHENYIOIIYI0 TEOPEMY:

Beaxroe accoyuamuenoe woavyo R ¢ edunuyerr 1 uao-
MOpPHO eraaduwsaemcs 6 Koavyo oHIoMop@uamos ceoel
addumueHoii epynnet.

B camoMm pene, comoctaBEM BeAROMY a & R mpeobpa-
30Banue, IepPeBOJIANMEee BCAKWHA saeMment & & R B dievent
xa. Ito 9HAOMOPPHAEM amAMTHBHOH TPYNOH Koabna R,
TAaK Kak

( + y) a = za + ya.

Cymme u npomsBejleHHI0 9JIeMeHTOB u3 R CcoOTBETCTBYIOT
CyMMa ¥ WpOH3BeReHWe COOTBETCTBYIOIIUX IHIOMOPPUs~
MOB, KaK MOKAa3HBAOT PaBeHCTBA

z(a - b) = za -+ 2b, z(ab) = (za) b.

Haxonern, pasimanmM 2JeMeHTaM u3 [ coOTBeTCTBYIOT
pasamuHEIe DHAOMOPOU3MEL, TaK Kak W3 4 == b ciexyer
1.a==1-5.

B reopus acconmaTUBHBIX KOJeIl, HLIHE BeChMa HNIMPOKO
pazpalorannoii, GOJBIMYIO POJNH UIPAIOT CAEAYIOMIE KIaC-
CH KOJIell, He SBJIAIOIHECHd, BOPOUEM, MHOTOONPa3mAMU:
ROJABIA Ge3 jexurened myas m Teaa. Mmenwmo, woabio R
Ha3pBAETCA Koabyom Oes Oeaumeaeli HYas, eclIu ero die-
MEHTH, OTIHIHBIE® 0T HYJNA, COCTABIAAOT NOAHONYTPYIIY
MYJIbTATLIAKATHEHON MONYIPYIIH KOJABHA, WHBIMH CJO-
BaMH, eCJH IpPOoH3BeJeHHe JI06BX ABYX DICMEHTOB u3 K,
OTAUYHBIX OT HYJA, €CaM0o OTIMYHO OT HYAd. [Leam ke
YKasaHHAS HOANOJYIPYyHNa OTIAYHBIX OT HYJA DIEMEHTOB
ABNAETCA M0 VMHOMKOHMIO [a:ke TPYHNoH, TO KOJABIO
HA3KIBAGTCA ME40M, & B acCOMUaTHBHO-KOMMYTATHBHCM
ciayyae — RoIeM.

fleno, UWTo BCAKOE MOAKOJIBIO Kolbna 0e3 feamnteneil
HYJA, B 4aCTHOCTH, Teja, caMo Oy/ieT KOJBIOM 0e3 felu-
reiet Hylasa. BosHUKaeT ecTecTBEHHBIH BONPOC, BCAKOS
JM ACCONMATHBHOE KOJBIO 6e3 JemuTeNeli HYIA MOKHO
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BIORATH B TeI0? OTOT BOHPOC OKA3AJCH TECHO CBA3AHHBIM
¢ BOIIPOCOM 00 YCIOBUAX, IPH KOTOPHIX MOTYIPYHHA MOKET
fn1Th BHOKeHA B Ipynmy. VI3 cBOECTB Ipynmel HeMeAJIeHNO
cleayeT, 9T0 eCAM monyrpynna G ABjgeTcsa MOAMOIYLpPYIl-
moft Tpynusi, T0 G GYAET NO4Y2PYNNOL € CORPAUEHUAMU,
7. . aug MobLX a, b, ¢ & G u3 ac = be, a TaxiKe U3 ca =
= ¢b caegyer a = b. [loxyrpynma HemyJeBHX dIeMeHTOB
BCAKOTO AaCCONMATHBHOIO KOIbIA Oe3 menmreneii HYHIA
GyneT WOJNYIPYNHOH ¢ COKDAMEHHAMH: eClH B KOJIbLE
Ges mesureneir nyag ac = bc u ¢ == 0, 10 (@ —b) ¢ = 0,
otkyga a — b =0, 1. e. a =

Mo;kHO fOKasarh, 4T0 BCAKAasdg HKOMMYTa-
THBHAA NOAYrpyHIma €C COKpPAamMeARAAMH
nzomMmopodmHO BRKIANLHBAGTCH B abe-
NeBy TPyunmuy, a BCAKOE acCCONHATHR-
HO-KOMMYTaTHBHOe RKOIXIbOo Ges fe-
nanTededi myaa (1. e ob6rTacTh yeuocoT-
wocTH) H30oMOpPOPHO BKIajgbBaeTcsa
r texo. C ppyroi crtopomm, A. WM. Maarnes
(Math. Ann. 113 (1937)) mocrpomn mpmMep accounatus-
HoTO (HO He KOMMYTATHBHOTO) KOJbma 6e3 memmTenei
HyJifg, KOTOpOe He BKIAALIBAGTCA B Telio, HPHIEM HOIY-
rpynma HeHYIeBHX 3JeMeHTOB DTOTO KOMbIA (ABJIAMIA-
sicA, KAK MBL 3HAeM, IOJYIpynmoii ¢ COKpameHAAMM)
e BRIANBBaeTcs B rpymmy. B caMoe mocsiefHee Bpems
eCKOIBKO aBTOPOB, B dactHoct#, Jl. A.BoxryrTs
(HAH CCCP 165 (1965), 555—558), mocrpomnu mpuMepsl
ACCONMATABHEIX Kojien 6e3 jejimrestiell Hyds, KOTODHIE ¢
BRJIAMHBAIOTCA B TeJO, XOTH MOXYIPYHIH HX HeHYJAeBLIX
BICMOHTOB BRJIAJLIBAIOTCA B TpyOmy.
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Xora rpefoBamme AacCCONMATHBHOCTH  YMHOKEHHA
B KOIBIE OKaSHIBAETCH BEChMa ECTECTBEHHBIM, KaK TOALKO
9T0 GHIII0 MOKA34HO, OJHAKO OYEHEL YaCTO OHO HE BHAM-
uaercsa. Ilo srofl mpuumnae kosbyom nA3LIBAOT  celwac
HEacCONMaTHBHOE (T. e. He 00A3aTelbHO ACCONHATHBEOE)
KOIpmo. Jro airebpa, ABIAMagcA afenesoit rpymuoi
0 CHO/KeHHI0 M TPYNHOHJAOM II0 YMHOJKEHHIO, NPHIEM
8TH ONepanub CBA3aHH B3aKOHAMHA [HCTPHGYTHBHOCTHE.
CaoBa «addumusHas epynna kOAbYA» U (MYALIMUNLULEAMUE-
Wul 2pynnoud keabLYAY AMEOT HOHATHHM CMEICIH.

OzmernM, 4T0 A (HeaceoaTHBHEIX) KOJEI, cOXpa-
HATCA (¢ HX AOKa3aTeNbCTBAMH) MHOFRE HpOCTeHDIFe
CBOHCTBAR AaCCONHMATHBHMEIX KOJIeH, B YacTHOCTH, 33KOHH
RHACTPROYTHBHOCTA IUIA PasHOCTH,

alb—c)=ab—ac, (b—c)a=ba— ca,
MYABTHOIAKATHBHOS CBOMCTBO HYyId,
a-0 =0-a =0,
OP3BANO 3HAKOB OPH YMHO/HEHHH,
(—2) b = a(—b) = —ab, (—a)(—bd) = ab.

JocaoBHO Tak e, Kak B OpeAsAymmeM maparpade, fAoxa-
3EIBACTCH, ITO 6Carull epynnoud G usomopdro exsadueaemes
6  MYLMUNAUKGMUSHUT 2DYRnoud HeKomopozo koavya
(a mMeHHO, CTPOHUTCA YEAOUUCAEHHOE 2DYNNOUOHOE KOALYO
rpynmoraa G), a TaKKe 4GTO 6CAKOE KOALYO U0MOPEHHO
6KEAAONEAEMmES 6 KOAbYO ¢ eOuHuyel.

IlomaTHe Koabma Ge3 pelmTeNell Hyjid HEPEHOCHTCA
HA HeaccoNHaTHMBHEE cayda#i 6e3 BCAKWX BaTPyIHERHI.
Uro sxe KacaeTCH MOHATHA TEJIa, TO HPH €r0 MEPEHECERHU
Ha HEacCONMMATHBHHI cIyYail BO3HAKAIOT DPA3ITHIHLIC BO3-
MO}KHOCTH, HpHYEeM DOKA HET YCTAHOBUBIIOHCA TEePMHHO-
aormE. Mul GyneM TOBODHTH O Koable ¢ OeaeHueH, eCAd
ana nobmx a 1 b, rae a == 0, ypasHenus

ax = b, ya=2>=

o0r1amaloT B KOIbIE pemeHHAMH, He 06A3aTeNBHO OfHO-
3HAYHO onpefenenHuMu. HOIBIO ¢ feleHAEM MOKET
ofnanarh, CIeN0BAaTeNbHO, ACHHTENAME HYIA.
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KoupIo, B KOTOPOM YKasanuble YPABHEHNA 00aJaior:
ONHO3HATHKIME PEIICHHUsIMH, Ha3oBeM keasumesom. Ilemw-
Texeil HYJIA KBASHTEJIO COMEP:KATbh HC MOKCT M IIOITOMY
ero OTJIWTHEIE OT HYJIsd 9JI6MEHTH COCTaBIAIOT N[O YMHO-
MOHMIO Ipynmomy, faske kpasurpynny. Haromen, Tepmun
meso menecoofpasHo HPEMEHATh K KOABUY, MYJIBTHILIA-
KATHBHHE TPynmons HEHYJIeBHX DJIEMEHTOB KOTOPOTO
ABJNAGTCA JYNOH WM, OHTH MOKeT, Aake MyQpaHroBoi
Jynooi.

Mo3KHO JIOKA3aTh, 94T0 BCAKOE (HeaccomMuar-
THBHOE) KOIXbhIHO O3 NeXlHTENEN HYIA
pruananuBaercns B kpasureao (B.Heii-
mam, Proc. London. Math. Soc, 1 (1951), 241-—256).
OTMOTHM TaKs ke, YT0 BCAKHM FPYyHNOOH] C CO -
kpamenunamu (cp. § 99 BraIagmBaeTCH
B kBasurpynny (M., nanpmmep, 11. Ko m, Yan-
pepcanpHasa aiareGpa, VII, 4).

TlokakeM HexoTOpHE CIydYal IOABAENNA HEaCCOIHA-
TaBEEX Kojern. Ilyers R — mpomsBOABHOE acconHaTHB-
goe Kojabho. CoXpaHUM ero aggETHBHYIO Tpynmy, a oime-
panuio yMEO:KeHusi ab 3aMenmM onepayueid KoMMymi-
posanus

aob = ab — ba. {nH

910 HOBOe yMHOKEHHE JIHCTPUOYTHBHO OTHOCHTEILHO
CJHOMEHN; Tar, HaIpuMep,

ac(b 4-¢) = a(b-+c)— (b+c)a=ab+- ac—ba— ca=
== (ab — ba) -}- (ac — ca) = acb + a-c.

O6o3naunM monyduennoe kojabno wepes RO. Ecan
koAbo R GHIO M KOMMYTaTHBHEIM, T0 R Gymer mpoctu
KOJBIOM ¢ HYJIEeBHM yMHOKeHHeM. D ofmem ke ciydae
0HO MO;KOT OKa3arhCA HeacCconuaTHBHHM. B HeM BHIOIHA-
oTCA, OIAKO0, CACHYIONUEe TORIECTBA, M3 KOTOPLIX BTOPOE
HasHBaeTCA moxcdecmeon HArobu:

2

I

0, (2)
0. )

A
(zy) z + (yz) & + (z2) ¥
Iporepum Tl TO:KKECTBA:

i

aca = aa — aa = O
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(acb)ec + (boc)ea + (coa)ob = (ab — ba) ¢ —
— ¢ (ab — ba) + (bc — ¢b) a — a (bc — cb) +
+ (ca — ac) b — b (ca — ac) = 0.

Hoareno, ypomaerBopsmomee tommectsam (2) m (3),
HashiBaeTcs aueshim. Tarum obpasom, ecakomy accoyua-
muenomy roavyy R coomeemcmeyem aueso wroavyo R-)
¢ moti sice adOUMUBHOLL 2pYNNOLL U ¢ YMHONCEHUEM, Onpe-
deanenvim pasencmeom (1), Hax moxasan Jlaszap
(C. r. Paris 234 (1952)), nnsa Besikoro nuesa Koxbma [
MOJKHO yKasaTh TaKoe acCOlMaTHBHOe Kouabmo R, uro L
H30MOPQHO BRAAJBIBAETCA B JTHEBO KOJIBLO RO,

s panbHeiimiero oTMeTwM, 9TO IIMeBO KOJBIO, CO-
OTBETCTBYIOMEE B YKA3aHHOM CMEICHE KOJBIY SHIOMOP-
dmamos abeseBoit Tpynne G, ME 6YEEM Has3bIBATh AUCEHM
Koavyom sHdomopgusmose sToH abemeBoil rpynmel.

YrakeM ellle OlMH CIy9ail MOABJIEHHA JHEBHIX KOJIEI.
Ecnm R — mpoussosbHOe (He 00f3aTelIbHO ACCOHMVMATHB-
HOe) KoJbLo, To Jugdeperyuposarnuen Koabna R wHassl-
BaeTCA BCAKoe mpeobpasosanme O mmoskecrsa R, sasaa-
0MMeecsa SHAOMOPPU3IMOM A[NWTHBHON rpynmu kouasua R,
T. e.

(a4 b =ad 4+ 85, a, b= R,
H YAOBIETROPAKINEE VCIOBHIO
(ab)d = (ab)b - a(bb), a,be R.

IIpavepom pmddepennupoBanus mo6oro konabita B exy-
AT HYJEROH 9HAOMODPH3M €ro aNJUTHBHON I'DYNIL!.

Huggepenyupoearus npoussoavhozo koavya R cocmas-
A[IOM AUCEO KEOADYO, 4 UMEHHO NOOKOALYO AUESH KOALYA
sHOomopusmos addumusnoii epynnst kKoavya R.

B camom pene, ecniu §; m 8, — maddepennuponanus
Koana R, To smpomopdusM ajumuTmBHOK Tpymme O, -
-- 8, Tarme Gymer muddepeHmUpoBaHHeM, TaK KaK 1A
awwbwx a, b= R
(ab)(®; -+ 8,) = (ab)d, + (ab)d, =
= (ad,)b + a(bd,) -+ (aby)b + a(b8,) =
= (aby + ady)b 4 a(bd, - b6,) -

=la(, + 8)1 6 - alb @, 1 8,)I.

2
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Hynepoit smpgomopdmaM, Kak y:Ke OTMEYEHO BhiIe, fAB-
gaercs puddepenmuposannen. Jumomopdmsm —O, mpo-
THBOLONOXKEEH muddepernupopanuio 8, cam Gyner nudg-
$epeHIMPOBAHAEM, TAaK Kak mid a, b & R
(ab)(—8) = —I(ab)8] = —[(ad) b 4 a (bd)] =

= [a(—8)1b -+ a [b(—0)].

Haxonen, ameno mpomnsBelenme
8,08, = 8,8, — 6,8,

nnddepennmposanmit 6, m §, camo Gymer amddepenun-
poBaHHeM, Tak Kak g a, b= R
(ab)(8,08,) = (ab)(8,0, — 8,6,) =
= [(ad) 8,1 6, — [(ab)d,} 6, =
= [(ab,)b 4 a(bd,)10, — [(aby)b 4 a(bd,)16, =
= [(a8,)b18; -+ [a(1d,)18, — 1(ad,)b18, — la (68,)16,=
= [(ad,)8,16 + (ad,)(bd,) 4 (ad,)(bd,) + a [(b8,)5,] —
— [(a8,)8,16 — (ad,)(bd,) — (ad,)(bd;) — al(b,)8,]1—=
= [a(6,°8,)] b -+ alb (§;8,)].

3ameTuM, UTO COBOKYHHOCTH AUGPepEeHIHPOBAHHA KOIb-
1a R OofKoEBIOM (aCCOMMATABHOIO) KOJIBIA BHIOMOPPH3-
MOB ero ajiNTHBHOM Tpyuns B obmeM ciydae He Oyjer.

Ilpyroii wiacc MeacCOMMATHBHEIX KOJeH MBIl IOJYIHAM
clelyIOMUM aHANOTHYHBIM HyTeM. B IpPou3BONLHOM ac-
COLHATHBHOM KOJbIle¢ R coxpaumM agfUTHBHYI0 Ipynny,

a OIEPaNHI0 YMHOKEHHS 3aMENHM onepayueli cumiempu-
posarus

ab = ab -} ba. (4)

970 HOBOE YMHOKEHHE JIHCTPHOYTHBHO OTHOCHTETLHO
CIIOKEHAA; HAULPHMED,

a(bt-¢c)y=ua(b-+ )+ (b-+ c)a=ab-+ ac | ba -+
4+ ca = (ab 4 ba) 4~ (ac *- ca) = a-b + a-c.

(O6o3naunM HONY4YeHEHOe Koabmo depes R, Ilonasken,
YTO0 B HEeM BHTOONHAIOTCA CJIEAYIOIEEe TOM{eCTBa!

Ty = y-z, (5)
[(z-2)-yl -z = (z-2)-(y-2). (6)
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B cavowm mene, mua mobux a,b = R
a-b=ab -+ ba = ba -+ ab = b-a,
l(a-a)-bl-a = l(aa -+ aa) b -+ blaa -+ aa)l a +
4 a l(aa 4 aa)b + blaa + aa)l =
= aaba + aaba -- baaa + baaa -+ aaab -+ aaab -+
-+ abaa + abaa = (aa - aa)(ba + ab) +
-+ (ba -+ ab) (aa -+ aa) = (a-a)-(b-a).

Honwsna, ypoBaersopsomue ToxpectsaM (D) u (6),
Ha3HBAWTCA Uopldanosuimu. B oGmem cnydae oHM Heac-
COTMATHBHEL, XOTA K WX YHCAY IPHHAIIEKAT, OTeBHIHO,
BCe aCCONHATHBHO-KOMMYTATHBHLIE Kolpla. Mer moayanns,
qTO 6CAKOMY AcCOYyUAmMUEHOMY kKoabyy R coomsemcmeyem
tiopdanoso koavyo R ¢ moi sce addumuenoil epynnotl u
¢ ymuoxcenuem, onpedessemum pasencmeon (4). Ormerum,
BIIPOYEM, UTO He BCAKOe HOPHAHOBO KONBIO H30MODP{io
BRJAafHBaeTCA B Koabmo R gasa raroro-imbo acconma-
THBHOTO Koabia R.

Mroroobpasus JueBEIX M ODJAHOBEIX KOJeI CTaJH
yike HapAdy ¢ MHOroobpasueM acCONMMATHBHEIX KOJEH
HOCHTeNAMH GOTaTHX W aKTUBHO paspabartbiBaeMblX Teo-
puii. Mayuarorca m MHOTHe ApyTHe KIacCH HeACCOIHa-
TUBHBIX KOJIEN, B YacTHOCTH, KOMMYMAMUEHHE KOALYA,
VIOBJICTBOPAONING TOKAECTBY (D), U QRMUKOMMYMamue-
HBe koabya, YOOBIeTBROpARMue TosmpectBy (2). Hasna-
H¥C HOoCHeNHHX OObBaAcHAercA TeM, 4T0 B JNI000M KOIBI
R u3 rospecrBa (2) BRITEKaeT TOMRIECTBO

Ty = —ya. (7
Heiictourensno, ecim a, b e R, 1o, BBUAY (2),
@ = b = (a + b — 0,
OTRYia
0:==(a+ b)?=a®>4 ab -+ ba - b% = ab + ba.

O6patHo, eciu ajiuTHBHAA Tpymma Koabma R He cofep-
JHT 27eMEeHTOB BTOpOrO mopsagxa, To us (7) cumepyer (2),
Tak Kag s xawboro a & R 6yger euny (7) a® = —a?,
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7. e. 2a2 = 0, oTKy/a, BBUAY CHEIAHHOTO HPEII0I0KenNs,
a? = 0.

Boapmoit wHTEepec HPEICTABIANT HEKOTOPHIC KJIacCh
KoJell, ABAAIMUXCA 0000MEeHNAMU aCCONUATABHLIX KOeH,.
Tak Kak B TOKAECTBE ACCONHATHBHOCTH YYacTBYIOT TpH
HOHM3BECTHEIX, TO BCAKOE KOJBI0, B KOTOPOM accollHaTHB-
HH BCe DOJKOIbIA, MOPOKIEHHBIE TpeM:A DIEMeHTax:H,
camo Gymer accommatuBHEIM. Iloaromy ecrtectsenno Bos-
HIIKaeT NOHATHE QAbMEPHAMUSH020 K0AbYQ, T. €. ROJbIA,
B KOTODPOM aCCONMATHBHEI IOJKOJDIA, HOPOKIEHIILIe
no0nMu AByMa osuaemenrtamMu. CymecTByer Te o P ¢ i a
Apruna, 1O KOTOPOH KOJBIO TOTAA ¥ TOIBKO TOTIA
anbTePHATHBHO, KOTAAa B HEM BHIIOJHAIOTCA TORAECTBA

(xz)y = a(zy), (ya)z = ylzz).

ATbTePHATHBHEIE KOJBIA COCTABIAIT, CHeI0BATENbHO,
MHOroo0pasne; »T0 MOKHO Onio GH yeMOTpeTh, BIPOYEM,
W W3 HCXONHOTO OIPEJeNIeHns.

Eme Golee IHUPOK RIACC KOIEY € ACCOYUAMUSHBMU
CMEeneHaMU, T. €. KoJell, B KOTOPHIX aCCOIHATHBHBEI BCE
NOSKONBIA, HOPOKIEHRBIE ONHAM dJIeMeHTOM. BecbMa
MAPOK TaKiKe KIACC 24ACIMUMHLIX Kojell, yHOBJIETBOps-
JOMAX TOKAECTBY

(ay)r = a(yz).

K »1OoMy RiIaccy Kojden DpuHAIJIe;Rar, O09YeBHIHO, BCe
agbTepHaTABHEE (B YaCTHOCTH, ACCOUMATHBHEIE) KOJNbLA.
K memy mpumajie;zar u Bce KOMMYTaTUBHEIE (B YACTHOCTH,
HOpHaHOBH) KONBIIa, TAaK Kak B 3TOM clyuae

(ab)a = a(ab) = a(ba),

a TakKe BCE AHTHKOMMYTATWBHBIC (B YaCTHOCTH, IHEBHI)
KONBI[a, TaK Kak B 9TOM ciydae, seuay (7),

(ab)a = —a(ab) = —a(—ba) = a(ba).

TlonsTne KOMBNA, KaK ¥ HOHATHE IPYIILL, MOKCT OHTH
OIIPEieJIEeHO MHOTUMY DKBUBRJIEHTHHMHE CIOCO0AMI; HHEIME
CJIOBAMH, CYIHECTRYET MHOTO PAa3IHYHEIX MuOrooOpasmit
ajxre6p, SPKBUBAJEHTHHX MHOT006pasiio Beex roien. Taxk,
B HPOH3BOILHOM KOIBLE PACCMOTPUM RPUCOCIUHEHHOE
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YMHONCEHUE, OUDeAeNAeMoe PaBEHCTBOM
axb = a 4+ b — ab. 8
Tax xax orcionma
ab = a + b — axb, 9)

TO HOHATHE KONBIA MOKeT OLITH ONPEHESeH0 NPH IHOMOLIM
OOBIIHOTO CJOKEHHS W UPUCOEIUHEHHOTO YMHOKEHHS.
SaroHH ZUCTPHOYTHBHOCTH OPHHEMAIOT TeNeph HEempu-
BELIUHBIA BHJ, a WMEHHO

(@ 4+ b)sc = axc 4 bre — ¢, (10)
cx(a + b) = cxa -} exb — c.

ITporepum xoTsa §u1 nepswii W3 BHX:

a4 brce=a+brc—{at+bc=a-+ b
+ec—ac—bc=1(a -+ c—ac) + (b4 ¢c—be) —c =
= axc + bxc — c.

Ob6parno, n3 3aronos mucrpubyrtuerocta (10) mas npm-
£OeNHEeHHOTO YMHOKeHUs cefivac ke cuepyior, BeELy (9),
3aKOHEL AUCTPHGYTHBHOCTH [JifAi OGHYHOTO YMHOMEHWH.

Hyap koxsnma mrpaer Ajig mpHCOCAMHEHHOLO YMHO:KE-
HUA POJb eAHHHIN, Tak Kak, mo (8),

ax0 =a -+ 0 —a-0=a

u arasorugno Oxa = a.

Accoyuamuensle KoAbYA UMEIOM ACCOYUAMUBHOC NP~
coeOuHerHoe YMHOAUCEHUE.

JlefictBuTensno, ecau wonnio R accommaTuBHO, TO

(asbyse == (a + b — ab) + ¢ — (a - b — ab) ¢ =
=a-+ b4 ¢ —ab— ac— be + abe =
=a-+ (b c—be)—a(+ c— be) = ax(bxc),

Hsyuenne woser| ¢ semojap3oBanneM IPHCOSAHHENHOTO
VMIO/RCHIIA OTKPBIBACT HOBbIE BO3MOKHOCTH IS Pasnri-
TuA eopun. Tak, accolnmaTnBObe KOJbLA, ABIAIONICCH
TpVInNoil 1[0 HOPHCOSTMHEHHOMY YMHOKeHUIO, — eIHHuied
D108 Tpyone Oyner, Waw ML 83naeM, HyAb KoAbia, —
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AHAJIOTHYHBL TEllaM, HO YiKe COCTABIAIOT MHOT0OoOpasue.
d10 Koabya, paduraaviuie 6 cmvlcae Jlocerobeona; oln
UIpaloT B TEOPHM ACCOIMATHBHEIX KOJEI[ 0YeHB GObLUIYIO
POIE.

Honbmam 6es penumtesieli HMyJds aHajOTHYHBEL RoAYpa-
JuraivHble KOAbYE, T. €. aCCONWATHBHBIE KOJBNA, IO NpH-
COeJIHHEHHOMY YMHOKEHHIO SBIAOHIMECA IOJYrpyHIol
¢ coxpameruaMa (cM. § 9). Beaxoe momkoxpmo pagurannh-
J0TO0 KONBIA WONYPAAMKATLHO, IOSTOMY BO3HMKAaeT BO-
TIPOC 0 BOBMOYKHOCTH BJIOEHHS HOXYPaJHKAIBHOIO KOJIb-
na B papukansHoe. OrasmBaercsa (cM. B. A, Augpgpy -
naxuesnd, Mss. AH CCCP, cep. marem. 12 (1947)
129—178), wro momosKeHME 37eCH B TOYHOCTH TaKoe JKe,
Kak B BOIIPOCE O BIQKEHUH AacCOHMATHBHEIX KoJel 6e3
neantenei wyaa B rexa {cM. § 9). Honarua pagukanbaoTO
M OOTYPAfMKAIbHOTO KOJbIAa MOTYT OHTh IePEeHeCEeHb!
¥ 114 HeacCONMaTHBHHIM ciiyvuail, uo, Rak mokasax O. 1.
JlomMaHOB, B 9TOM caydae TeopeMa, AHAJNOTHUHAA OTMe-
weHHOH BEHIIe B HacrogmeM maparpade teopeme . Hei-
MaHa, yiKe He HMeeT MecTa.

Orverny eme oA cmocol oupeleleHHA KOJbBIA.
HNmenwo (cm. 10. M. Cop x mwm, VYcumexu marenm. Hayx
12 : 4 (1957)), 310 MOKHO cjedaTh NP DOMONIH ONHOH
TepHapHoO# onepamun. PaccMorpuM B IPOM3BONBHOM KOMb-
ne R omepamumo

abcw = ac — be + a — b. 1

Jlerko npoBepuTh, ITO TEpE3 HTY OMEPAIMI0 MOJKHO 3amu-

€ATH BCe OIlepANMH, BXOAAmMHe B OOHYHYI0O CHrHATYDY
KOJbila:

aabo = 0, 0a0o = —a, abOw = a — b,
2060000 = a - b, a0bwaln = ab.

TosxpecTBa, 3afalomue KOJBIO Kax aire6py ¢ omepamuei
(11), momyd4amoTca HepemHCHBAHUEM TOKIECTB, BXOIAMUX
B 00HYHOE ONpefelleHHe KOJbIa, HO MOKHO MOKa3aTh, 4TO
KOJIBLO MOjKeT OBITh TaK;Ke 3aJaH0 OTHOCHTEJNBHO ITOM
olepallii OJHHM EeAWHCTBEHHBIM TOKIECTBOM.



§ 11. 'PYIIIbI C OIEPATOPAMHI. MOAYN

CymecTByeT, HOMHMO HepeYHCHCHILX BEILIe, MHOTO
APYruX THOOB YHHBEPCAIBHBIX ajre6p, s KOTOPHIX
MOMRHO OBUIO OBl WPHBECTH CTORB e VOequresipHbIE apry-
MCHTH, ONpaBAbIBAWINNE WX BBefenwe u kzydenume. Mur
BLIHYKCHBl OTPAHAIATECA KPATKUM IepedHeM HeKOTOPBIX
M3 HUX — JajleKo He BCeX, He COMPOBOK/AA 3TOT IepeyeHb
0 HEKOTOPOr'0 BPEMEeHH CKOJIbKO-HUGYHAs TIyGOKEME TEO-
pemaMH, XOTHA Cpejji »THX THHOB aarebp GyayT u Tanue,
KOTOphIe yiKke ceflyac mpHHAAIERAT K BasKHeHIUM 06beK-
TaM H3yYeHHA B obmei#l aire6pe (mampmmep, MOJYJH,
auuelinsie anreGpH M CTPYKRTYPH), a TaKmKe Takme, KOTO-
pule  JOMKHE OYAYT BaHATH HNEHTPAJIbHOE IOJNOKeHNe
B auxrebpe B 00603pHAMOM OyAyIHeM.

Eme ma sape pasBuTua obmell Teopmm TPYHOI CTAJH
H3y4aTh ePYnRnLL ¢ onepamopamit, T. €. TPYONL, B KOTOPHIX
3afiala HOKOTODAas CHCTeMa X YHAPHHX omepanui, Jmc-
1pUOYTUBHEIX ~OTHOCHTENBHO I'PYIIOBOTO YMHOEHHA.
Wupimn cioBamu, rpynmna G HashBaeTCA X-0nepamopHoi,
a BIAEMEHTH W3 5 — onepamopamy Kis G, eclum JJis Jo-
6pix a,b=Gu o= X

(ab)r = ao.-ba. 1

Besruii anementr o €= 2 OeficTByer, CIEJOBATONbHO, KAk
sEgoMopdusM rpyunst G. npuieM DPasAHIHbIe SHeMEeHTh
u3 2 MOTYT fielicTROBATH B G KaK OfMH W TOT ke DHAOMOD-
dusn.

Bee rpynmm ¢ faumoii cmeremoli omepartopor X €o-
CTABIAIOT, OUEBHAHO, MHOTo0OpasHe YHHBEPCAIBHBIX
anre6p: CHTHATYpPa COCTOMT M3 TIPYIIOBHIX omepanmit H
3, a cmcTeMa TOKEECTB — U3 COOTBETCTBYOIHHX TIPYyHuo-
Bbm ToxIecTB U ToKAects Buza (1) mua Beex o & .
BamernM, 9T0 mojanreSpE 2 -0mMepaTOpHO# Tpynmbl Ha-
3LBAOTCA  X-0onycmumuMy nodepynnamu, a IOMOMOD-
du3Mpl  Z-omepaTopHbIX rpyum (¢ (EHKCHpPOBaHHOW, IO~
HATHO, CHCTEMOH omepaTopos X) — 2-onepamopHumu 20-
MomMophHusmamu.

IlongTHe Tpynmel ¢ OMEpaTOpPaMH HOACKA3aHO CJIOAY-
IOWAME TPHMEPAMH. Bearaa rpymna G 6yger Z-omepa-
TOPHOIi OTHOCHTEJIBHO HI060H CHCTeMBl Z CBOHX dHAOMOD-
$usmos. OT 3TOTO HACTHOTO CIydYasd NMOHATHE NPOH3BONL-
HO#l OmepAaTOPHOH TPYNIBI OTAMYAETCA JHINL TeM, 9YT0
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p ofmeM ciydae, Kak YyyKe OTMEYEHO BHIIIe, pPa3iIuiHbBe
onmepaToOpH MOLYT NeHCTBOBATH KAK OfMH M TOT ;K& BHJIO-
mop¢uam rpynnel. Ecim B KadecTBe 2 MEI BO3bMeM MHO-
;ReCTBO BCEX BHAOMOPYH3MOB rpyans G, 10 Z-pouycTH-
Mue DOATPYIOH HA3HBAlTCA B TEOPHH TPYHII 6ROAHE
raparmepucmudeckumy. Eciu X GygeT MHOKECTBOM BCeX
aBTOMOPPU3MOB Ipynns G, To Z-HOMYCTUMEE IOATPYITIHL
Ha3HBaOTCA raparmepucmuieckumu. Ecan ske B KadecTBe
2 paccMorperb MHOMKECTBO BCeX BHYTPEHHHX aBTOMOp-
¢usmMoB rpyomsl G, T. e. TpaHc)OPMUPOBAHUI TpPyO-
nsl G TPOH3BONBHHEIME €€ »ieMenTaMu (eClIH  (UKCH-
poBano a & G, To upeobpasoBamme z — a” 'za, z = G,
ABJAETCA, OYeBHAHO, aBTOMOpdmamom rpynms (), TO
S -HoUyCTHMBl HOPMAJBHE® JeJATeJ N I'PYHOE G M TONb-
KO OHH.

C nmpyroit CTOPONEI, ecin B NPOW3BOJBHOM Kojblle R
QuKCHpOBAH JJIEMEHT 4, TO IpaBoe YMHOJKeHHWe Ha 4,
T. e. mpeoGpasoBauue z — za, z & R, 6ymer suAOMOD-
¢u3MOM aAUTHBHOH TIPYNNL KoJABIAa K, Kak BHTEKaeT
N3 3arkoma guctpubyruBHOCTH. Kcmm B3ATh B R BCEBO3-
MOJKHEIE TpaBHe YMHOREHHs, TO MOMKHO CUHTATh ajjiu-
THBHYIO FPYINY KOJbIa /2 OHepaTOPHOM IPYNIOH ¢ caMHM
MHOKeCTBOM H B Ka4eCTBe cmeTeMel omepatopos. [omy-
cTEMBIMA 6YIyT Ipu STOM mOpaBhe Mieads Koasma R,
T. €. DOATPYOUB afMTHBHOM TPYOTH, Bhijlep;RABaONMIKE
YMHOKEHHE cmpaBa Ha 11060 saemenT xoxbma. M 1o-
NYUIHIN UPNMEP OIepaTOPHO TPYIIH, B KOTOPOMH pas-
JMIHEIE OmEpPaTOPRl MOI'YT HeHCTBOBATH Kak OAMH M TOT
e pHAOMopm3M rpynnei. Bags B konsme R JeBnie yM-
JOKEHAA, MBL I OMXOAWM K €Ile OJHOH BO3MOKHOCTH pPac-
CMATPHBATh AANUTHBHYI TPYymOy Kolbia Kak [-omepa-
TOPHYIO; MOUYCTHMEIMEM HOATrpYynOAME OyXyT IpH 9TOM
JeBBle Waeanmbl Koubla. Hakowem, o0bequHAs »TH [iBE
CHCTEMH OTePaTOPOB, ML HpHAEM K TaKOU cicTeMme omepa-
TOPOB HJiA AfOUTHBIION Tpymnsl Kojdbla R, 970 J0OYyCTH-
MBHIMH HoarpynnmamMd OyRyT ABYCTODOHHWE HAEAJILl OHTOTO
KOJBIA W TOJABKO OHH.

OrMeTuM, 4TO TeOpHUA TPyni 6e3 onepatopoB ABIALTCH
Y3CTBI0 TEOPUHW ONEePATOPHBIX IPYON — AOCTATORHO B3ATH
CHCTEMY OHepaTopoB MycToli min ske cocrogmelt H3 ojHoro
TOKJ\CTBEHHOTO aBToMOpduIaMa.
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Wsyuenme rpynm ¢ npoussoiabHOll cucTeMoil omeparo-
POB DABHOCHJIBHO M3YYeHUIO ZDYNR ¢ noayepynnoi onepa-
mopoe: cHCTEMAa OMepaTopoB sapisercs wmoayrpynmoi Il
OTHOCHTeNbHO yMHo;kenusa off, npmaeem mus mo6oro sie-
MEHTa @ PaccMATPUBAEMON rPYIIH W JOGHX ONeparopos
a, f &= Il noaKHO BHHONHATECA PABEHCTRO

a(ap) = (ac)f. (2)

B camom pgexe, myeTh faHa rpynma G ¢ IPoN3BOJIbHOM
cucremoit omeparopoB 2. lIlocrpomm moxyrpymmy I,
JJeMeHTaMA KOTOPO# CJy;KaT BCEBO3MOKHEIE CIOBA BHJA
040y . . Oy, THE Oy, Qg - . ., Oy & 2, > 1, a ymMHO-
JieHHe CJOB OmpefelseTcs PaBeHCTBOM

(g% - - 0)(BiBe - - - By = o1gs . BBy . - B (B)

ACCONMATHBHOCTE BTOT0 YMHOMKeHHA oueBmgHa. OTMeTHmM,
yro Il ects cBOGONHAM MOAYIPYHIA C MHOKECTBOM X
croGonmsx ofpasyomux (cp. § 1). ComocTaBusaa Kammomy
CIOBY Q0 . - &y & I sHEZOMOpOMAM rpynmul G, ABIA-
IOUAHCA TpOU3BefieHHeM JHAOMOPQHU3MOB, COOTBETCTBY-
IOIMEX OHmePaToOPaM oy, Uy, - . ., Oy € 2, MBI IPeBpamaeM
G v -omepatopmyi rpynmy. II cayxmr pas G paxe
HOJNYIPYNIO# ONepaTopoB, TAK Kak CHPaBeIMBOCTEL Tpe-
Gopanua (2) BureKaer n3 (3) W accomuaTHBHOCTH YMHOJe-
nus supoMopdmamos. flcmo Takike, WTO Z-JIOMYCTHMbIE
HoArpymus octawrcs u II-gomycruMeiMi, a £-onepaTopybie
romomopdusmu Gymyr m Il-omeparopubimu.

Veaopme (2) moxaspipaer, 4T0, COMOCTABIAA KaKAOMY
57IeMeHTY IOJYIpynmH omeparopoB II coorBercTByROmMil
emy supoMopduaM rpynnsl G, ME IOZyYaeMm roMoMopdHee
orobpaskenne moxyrpynnet I1 B noxyrpynny sapoMopgus-
MoB rpynun G.

K nmoayrpynme omeparopoB Il Beerga Mosiizo IpHCO-
CIMHHETD CUHHNY €, NeHeTBYIOI[YI0 KaK TOIECTBEHHBIN
aBTOMOp(uM3M ocHOBHOH rpymnns G; ycaosue (2) ue Gyser
npu 5ToM Hapymero. Lcam momyrpynma omeparopor,
obuanaomas efUHuIeH, eiictByer Ha rpynme G rak, 410
eIIHUINA HBIAETCA TOMKIECTBEHHBIM OIepatopoM, To Oy-
IeM TOBOPUTH, 9TO OHa HEHCTBYeT YHUIMAPHO.



T4 § 11, TPYIIULL C OIEPATOPAMIL. MOIVJIH

YacTHHEM CIydaeM DSTOTO ABISAETCA NOBATHE epynns
¢ epynnoti onepamopog. Kcam nama rpynma G ¢ yHMTapHO
neficTylone#l rpynnoil oneparopos I', To Beakmi sreMeHT
n3 T peficTByer Kak aBroMopdusm rpynus G, T. e. Ipynna
T romomopduo orobpaskeHa B TPYHIY aBTOMOD(H3IMOB
rpynust G, Wid, Kak FOBOPAT, npedcmasiena aproMopdus-
mamu rpynnst . Msygenmio mpejicraBieHHH rpynm aBTo-
mopgusmamu nocsamena kaura B. W, Ilnorkuna «I'pynns
asToMopdusMoB anrebpanveckux cucrem», M., «Hayray,
1966.

Teopuio rpynn ¢ rpynmnoil omepaTopoB MOMKHO pac-
CcMATPHBATH BIIPOYEM, KaK Yacth Teopum rpynn Ges ome-
patopos. Mmenmo, rpynma H Ha3BIBaeTCA ROLYNDAMHLM
npouseederuen ceoumx uwoxrpyun A w B, mpuwem B pon-
AHO OHTH HOPMAJBHEIM JexureneM B I, ecau BCAKAHR
anement h & H ofHO3HAYHO 3amuCHIBaeTcH B Bujie i = ab,
a= A, b= B. Tpaucpopvuposanus smementama u3 A
HHAYOHPYIOT B B aBpromMopdusmMsl, HPOM3BEJCHUIO DIEMeN-
TOB H3 A COOTBETCTBYET HPOWM3BEJEHKE COOTBOTCTBYIOMIX
aBroMopdu3MOB, a modToMy B Gyler rpyHmoi ¢ Tpynmoi
omepaTopoB 4.

O6patHo, ecnm gaHa Tpynuoa (G ¢ TPYNOoO# omepaTopos
I'' m ectm @ 6ymer COOTBETCTBYIOIEHM TOMOMODQH3MOM
rpyuns I' B rpynny asTtoMopduamoB rpyunms G, 10 MHO-
mecreo H map smaa aa, o = I', ¢ & G, upespamaercd
B IPYIOY, €CAM YMHOKeHME Iap OHPefeluTh 1o MPaBHIY

oa — b = (@B)(a®),

rie a® = a(fg) (r. e. obpas premenTa a mpH omepaTope
P nxm, aTo TO e camoe, npu aBroMopduase B¢, coorBET-
craywmemM omepatopy P). Jlerko mpoBepsercsa accorna-
TABHOCTH DTOT0 YMHOKEHUs; PONb eUHHUIE HIpaer mapa
ge, I7ie € W € — COOTBETCTBeHHO ejmuHumsl rpyna I' m G
o0paTHLIM JJIS DEMEHTA Old CHYIKHUT dIeMeHT o ! (a~1)*™.
Tar ke mpocTo HpoBepseTCH, YTO IIEMEHTH BHAA Oe,
a =T, cocrapasmior B H wogrpynny I, msomopdmyio
I, a sneMenTH BRHa €4, o< G,— HOPMAJLHBI HENUTENb
G’', nzomopdumi G, ¥ 910 Tpyuma H Gyger mx moayups-
MBIM JIPOM3BENEeHHEeM, a aBTOMODPPHZM, WHIYIHPOBAHHBIH
B G’ TpancdopmaposanueM asnemenToM oe &= [V, coorBer-
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cTeyer upg mzoMmopduame Memgy G m G’ aBroMopdhuEsMy
a@ rpymny G.

BupoueM, mnepexox oOT HOXYOPAMHX MNPOUSBEXEHH
TPYON K TPYHIAM ¢ PPYImol omepaTopos (a Taxme K mpes-
CTABIGHWAM TPyOn apToMopdusMaMd APYTHX Ipyum) oT-
KpPHUI AA PASBHTHA T€ODPHU TAKHE BO3MOKHOCTH, KOTOPHE
6e3 proro me Moram On Bo3HHKEYTh. OrMeTHM XoTA OMi,
9T0 KJIacC BCeX OMEPaTOPHHX rpynn ¢ (HUKCApPOBaHHOM
rpynuo# omepatopos I' ABIAEeTCA MHOTOOOpASEEM: K TOMK-
AecTBAM, ONpefieNalomuM MEOroofpasse rpynu ¢ cucremol
onepatopos I', HYKHO H06aBHTH BCEBO3MOKHEE TOHAECTBA
BHJA

(za)p = v,

ecim B rpynme I' pas saementoB a, f, y BHIOIHAeTCA
paBeHcTBO aff = y. 9T0 Ke yrBep:;kIeHHe COPaBEJIHBO,
HOOHATHO, W [JA Kjacca IPynn ¢ GuKCHPOBAHHOR HOHY-
TPynHofi omepaTopos.

Bepuemcs K Ipow3BOJBLHOHM CHCTeMe OIEpPaTopoB, 110
OrPaHHYMMCH Temeph pacCMOTpeHnmeM albeleBHX TIpyni.
zyuenue afeneBoit rpyummel ¢ IOPOM3BOJNBHOM cHCTEeMOM
ONEPATOPOB PABHOCHIBLHO M3YUGHUIO STOH TPYNOH Kak
OMePaTOPHOE ¢ AacCCOUMATHBHHIM KOJBIOM OHEPaTOpPOB.
Ilpu sroM, ecim G — abenepa rpymma, 3ammcaHHas aj-
NUTHBHO, a R — acconmaTmeHOe KOIbI[0, To G Ha3bBaeTCA
abeaeeoti epynnoll ¢ Koavyom onepamopos R wan (npasvim)
Modyaem nad koavyom R, wnm e, wopoue, R-modyaenm,
ectn G smaserca R-omepartopHo#l rpyunmoi, T. e. AJA
a0bEx a, b= G 1 o & R umeer mecto pasencTBo (1),
3amHCHIBaeMoe TeIephs B BHJE

(a + ba = aax + ba, (4)

n eci|, Kpome Toro, nasa dobwx a = G u o, f & R ru-
NOJHATCA PaBeHCTBA

a(e 4 B) = aa + aB, (9)
a(af) = (a)f, (6)
U3 KOTOPHX IociejHee coBmagaer ¢ (2).

Kak morasmBaeT ompejeienye Konbia YHIOMOPOHIMOR
aGeneBoil TPYNUH, ¢caKan adeacea zpynna 6ydem modyaem
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Ha® abum nodkoavyom ceoezo koibvya Indomopduamos.
C nmpyroft croposm, ecnn 3aman R-monyas G, To, BBHJY
(5) u (6), srEm 3agaH romoMopdmaM Koibia R B KOIBILO
ouIOMOpPHE3MOB amuTUBHOM rpynmst G. OtMerHM TaKike,
4To, pPaccMaTpuBasA BHIle AQJHTHBHYI TPYOOY KOIbIA
R xax R-omepaTopHYI0, HCIOIB3YS HDPaBHe YMHOKEHHA,
Mbl Ha caMOM jelle B CJIyYae accoiuaTHBHOTO KOJbIA £
TpeBpaTHAN DTy Ipynimy B [I-MOAYXb, TaK Kak CIpPaBeji-
aneocTh yexosmit (5) m (6) BHTekaer 3fech M3 CBOMCTB
QCCOIMATHBHOTO KOJBIA.

Fean wonbmo R ob6magaer eguHunes €, To R-Moayns
(G Ha3LIBAeTCH JHUMAPHBM B TOM cjlydae, eclMn € HAeifict-
Byer B (G Kak TO/KIECTBeHNHHI omepaTop,

ae = a, a <= G, (7)

t. e. ecau rpyona G yMeeT MYJILTHOAHKATHBHYIO IOJY-
Ipynmy Koabila R ynurapHOil mOTyrpyunnoil onepaTopos.
Nsyuenne afeneBux TPYNH ¢ NPOH3BOABHOMR CHCTEMOI
onepaTopoB PABHOCHIBLHO W3YYEHMI0 YHHTAPHHX MOAY-
aeit. B caMoM gene, ecau fana abenesa rpynna G ¢ cucre-
MOl OIepPaTOPOB X, TO OMHCAHHEIM BHIINE cHOCOGOM MO3KHO
nepeiite K moxyrpymnue omeparopos II. O6osnazum wepes
R unedouncierHoe MOJYTPYNIOBOe KOJABIO mOAYrpynna Il
(em. § 9) m naua aobore a & G u awGoro oieMenta

o= 2 k.0, peER,

aezll
(cp. § 9) momosmmm

ap = Z ky (act).

eIl

Bes sarpynmenmii uposepsercda, dUro rpyama G mpespa-
maeTcsa 9TuM B R-monyas. BaoskuMm, makonen, koapuo R
B KONBIO ¢ egmuumbeit R cmocoGoM, vkazamamM B § 9,
u paa ao6oro a & G uw awboro oaementa (0, k) = R
(ep. § 9) momomum

a(p, k) = ap 4+ ka.

I'pynua G mpespamaercs DTEM B YHHTApUbE R-MOAVIE,
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fipuYeM ee Z-M0myCTHMHE NOATPYINH oOcTaloTes m -
HOMYyCTHMBIMH, T. €. OYAYT UOAMONYIAME R-Monyqﬂ G,
a Z-omepaTopmsie roMoMopdusmm Oygyr m R-omepa-
TOPHBIMH.

Ha ocmoBanmm takux ke coofpasxennit, Kaxue wc-
TOJb30BAIHACH BHINE B CAyYae MOJXYTPYINS HIN TPYIILH
ONepaTopoB, YycTaHaBAMBAaeTcd, Yro ece R-modysu nad
purcuposarnnum  Koavyorm R (a marice ece ynHumapmwle
R-modysu nad wosvyom R ¢ edunuyeil) cocmasasiom
MHo2006pasue.

Ormerum, 9r0 6cskas abesesa epynna G seasemes
ynumapuunm Mmodyaem Had KOAbYOM Yeablr uucet,— eCan
k — mo6oe meioe 4mciao, TO ero meficTBHE KaK omepartopa
COCTOMT B TOM, YTO BCAKHH dJeMeHT ¢ &= G Nepexojur
B cBoe k-kpartHoe ka.

Yaarapase MOZYIW HAJ AcCONMATHBALIM (He ofAsa-
TeJBHO KOMMYTATHBHEIM) TeloM K HasmBawTcH (npasgumu)
seKmopHulMY npocmpancmearu Hag K; ecim K — moue,
TO H00aBIATH «IPAaBHMH) HOHATHO, HET HeOoGXOmHMOCTH.
Muoroo6pasue BERTOPHBIX NPOCTPAHCTE Ham 7reiaom K
ABIAGTCA ONHHMM W3 HEMHOTWX HPHMEPOR MHOrooGpazwmit,
BCe aire0pH KOTOPHX MOTYT GBITH HOJHOCTHIO OIMCAHBI.
Hmenno, Bcaxoe BexkTopHOe mpocrpamctso Hajx K obxa-
JaeT 6asamu, T. €. MaKCHMAJIHHLIMH JHHOMAO He3aBHCH-
MHIMH HOIMHOKECTBAMH, NpUYeM Bce ero 06a3ni WMenT
OJIHY H Ty Ke MOIIHOCTH; OHA HA3BIBAETCA PA3MEPHOCHLLIO
mpocrparcrBa. C ApYrod CTOPOHHI, [JIA BCAKON MOIMHOCTH
m, KoHeYHo# wim Geckomeunod, Haj TedoM K cymecrByer
BEKTOPHOE TpoCTPamcTBo pasmepmoctn w. Haxomein, nsa
BeKTODHHIX IpocTpaHcTBa maj TeloM K m3oMopdHLL Toria
¥ TOJABKO TOT/Ia, KOTHA OHW MMEIOT OJHY M Ty ke pas-
MEDPHOCTE.



§ 12, IPEJACTABJEHNA YHUBEPCAJIibHBIX
AJITEBP B TIOJAYTPYHITIAX

Mpeppigymuit maparpad fAal HaM HpuMepH aaredp
¢ OeCKOHEYHBIM MHOKeCTBOM omepanuil. Lme paubiie Mbl
BCTpEUAJIUCh € OmEPAL{MSAMH NPOWSBOJLHOM apHOCTH.
Mo:rno cumTaTh, TaKHEM 06pa3oM, YTO IOHATHE YHHBeEp-
cajbHOil aareGpH Y:Ee JIOCTATOTHO XOPOIIO ONMPaBHAHO
BO BCell Toit 06mIHOCTH, B KaKoii 0HO 6bI0 BBemeno B § 1.
CymiecTeyer, OOHAKO, BO3MOKHOCTH CIeJaTh BTO ONpPAaB-
jpaune eme Oojiee yGeMuTeIbHBIM, MOKA3aB, UTO HAa CaMOM
Aelie BCe VHHBEPCAILHLIE aJre0pHl MOIYT OHTH HEKOTOPHIM
€CTeCTBOHHEIM CHOCOGOM TOJAYYeHH OpH HOMOH(H IOMNY-
TPVIIm.

llyers mama moxyrpynma I, 3adurcupyem B Hei drie-
MEHT ¢, BO3BMEM HATYPalbHOe YHCIO 72 M PACCMOTPHM CHOBO

Ty ... Tpa. (1)

Jlwb6oit cucreme smavenmit by, . . ., b, & II HeussecTHHIX
Ty, .., Z ca0BO (1) comocraBisier oHO3HAWIO OWpefie-
aenunii ajxement by ... b,a moayrpynus II, 1. e. cupe-
nensier B Il n-apnyo omepamuwo. Honeuno, n-apusle npo-
N3BOJHBIE OWEpanMuy MOXKHO 3ajarb B moayrpymme (i
M MHOTHME JAPYTHAMH CHOOCO0AMIE, "HO MBI OTpalH4UMCHA
cofiuac onepamEAMH, OIpelesgeMbIMu croBani Buja (1),
T. €. 3aJlaHHEM dYHCJIA R I DIEMEHTa a.

Lciu pama mpomsBodnmag curuarypa €2, To comnocra-
BIM RUEAOMY o < Q,, n > 1, Hereoropei#l biement d,
noayrpyumnst Il (atu smemeursi e 00s3anubl GBHITH PasIHY-
HHMUL s PasNMIHHEX ©) u 3afgajuM Ha [l omepaminio
W OPI IOMOIMU CJIOBA & . .. &,Q,. ILCIU., CBePX TOTO,
wieMEHTH 4, OyayT saduncupoBaunt B II u js peex
© = Ly, 10 wWa muokectze Il Gymer 3ajgana asaredpa
CHTHATYDPH £, KOTOPYI0 HA30BEM CREyualbloll npoussou-
KOl aneebpoti cuenamypsl Q@ na noayepynne I1. I1a anres-
pa ompefieAgeTcsa, KOHEIHO, BHBGOPOM DIEMCHTOB (o,
o e Q

Mur crameM, gwTo amre6pa G curnatrypn Q of1azaet
CREYUALDHBIM MOURBLM npedcmasienuesm B IMONyrpynne
11, ecim ona mzoMopPHO BRIAABIBAETCA B HEKOTOPYIO CHe-
DHAILHYI0 OPOH3BOAHYI0 aaredpy cumraatypst Q ma 57O
posyrpyvome.  JlokameM  cIHexymomyio TeopeMy
Koma—Peb6aune (II. Koun, Yuusepcasibuaa at-
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re6pa, M., «Mup», 1968; 10. K. Pe 6 a 1 e, Cu6. Martem.
. 7 (1966), 878-—885).

Bcearas aazebpa G npoussosvholi cusnamypn Q obaa-
daem cREYUALLHELM MOUHBIM NPEICmasieHUueM 68 HeKomopotl
noayepynne 11,

NHowxasarenscrtno. MexoMas monyrpymma II
6ymer cuMMeTpPHIECKOM moXyrpynmoi (r. e. moayrpynmo#
Beex mpeofpasoBamuil) Ha chefykomeM MHoKecTBe M:
ero JIeMEHTAaMH CIYKAT BCEBO3MOKHEIE TaKue HelycThle
YOOPANOYEHHEE KOHEUHBIe CTPOKE (g, . .+ Ug), WTO
BeAKoe u;, i =1, ..., s, ABIAeTCH AIH HEKOTOPHIM ale-
MeHTOM H3 G, WIH 3Ke HOKOTODPBHIM CHMBOJIOM ®© & £} mo-
NOKATENLHOM apHOCTH, NpUYeM eClIH U; = 0 & Q,,
n>4, mennm n+ 1<{j<{s, TO SIEMEHTH Ujp , . . -
.+« Uj-y ROIUKHEL He Bce OHTh snemenTamm H3 G.

ComoCcTaBAM KaKIOMY O Q sIeMenT o, moayrpynns I1,
T. e. npeoGpasosanne muo;ecTBa M. lMenHo, ecim @
nyiapapHo m oTmeuaer B aarebpe G saement O,, To ANA
awboro suementa (U, .. .,u) = M moromaM

(u17 [ '7us)0w = (111, .. -7us70w); (2)

€TpOKa, cTosmas cOpaBa, CHOBa Gyner sneMenToM u3 M.
Eean e o & Q,, n > 1, To noraraem

(g, .« U)Oo = (Uyy o oo ,Us0), 3)

eCIW CIpaBa CTOMT dIeMenT U3 M; echum sie 8T0 He TaK,
T. €. €CJIH § > N U BCE DIEMEHTH Uy .1, . « «, Us JEKAT
B G, a mooroMy B (G CYImECTBYET BJICMEHT Ug-niy . « «
.« .Hg®, TO JIOJATaeM

(U « + U060 = (Ugy o« o UspUs_ni1 « » U0).  (4)

Venonbaysa 2IAeMEHTH G, © & £, B KadecTBe 3je-
MEHTOB @, MBl, KaK YKa3aHO BEHIIe, MOCTPOMM Ha I0J1Y-
rpynme II cmemmanbHylo IpPOM3BORHYI aiarebpy cursa-
ryper Q. TlokaskeM, 4ro B Hee M30MOP(HO BRIRAHBACTCA
uexopmas aare6pa G. ComocraBdM BCAKOMY BJEMEHTY
a € G cregyomuit anemMent ¢, moxyrpymmsl II (r. e.
npeobpasoBanne MHO;KecTBa M):

(ug,. . - 1us)(Pa = (ula- . 7us’a); )
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CTPOKa, CTOsAMas COpaBa, OyAeT, OUYEBHIHO, SJIEMEHTOM
muoskectBa M. Ecim a,b=G um a==b, T0 @, F @,
TaK Kak, HampEMeD, BBHAY (5)

(@)p = (a,0), (D)o, = (a,b).

[TonyuenHoe B3aMMHO OFHO3HAYHO® oroGpakenne G
g I spssiercs maomopdueiM. B camom fele, eciinm @ & £,
T0, mo (5) m (2),

Pop, = Ow-
Eean nme o = Q,, n > 1, 7o, seuny (5) u (4),
Pa,. . ca, = Qg+ - - (Panom-

Teopema Hona — PeGanme noxasama. dTa Teopema He
[iaeT BO3MOKHOCTH, IIOHATHO, CBOTHTH Bee MpobiieMsl 00 mei
aare6ps K Teopuu moayrpymm. OHa IOKasblBaeT, OXHAKO,
970 BCE TO, YTO MHI H3y4aeM B oGmielt anrebpe, B KOHETHOM
cdeTe COfep;KHTCA B HOAyrpymmax. B nmrie pabor
0. K. Pe6ane (Cu6. marem. sx. 7 (1966), 878—885;
10 (1969), 945—949) yxasaum XxapakTepH3amuH Tex
anre6p, KOTOPHe 0GIaganT TOYHHIM IPEeACTABICHAEM
B KOMMYTAaTMBHHX NOJYIpymmax, B HOJYrpymmax ¢ Co-
KpalleHAAMA, a TaKke B HOJYrpynmax C HEKOTOPHIMH
APYrAME CBOKCTBaMH. ’



§ 13. YHUBEPCAJIBHBIE AJITEBPHI
C ONEPATOPAMU. JUOPEPEHIOUAJBULIE
KOJBIA. JIUHEMHBIE AJITEBPHI.
MYJbTUOIIEPATOPHLIE T'PYIIIbI, KOJbLA
1 JIMHENHBIE AJITEBPHI

Cnenmasibubpe NPOU3BOAHBE AIreOpH CHFEHATYPH
Ha TOJYTrpynnax, KOTOPHME MB IIOIb30BANHCH B Hpefh-
nymen maparpade, GBI CBABAHH ¢ (UKCHPOBAHHEM B I0-
JTYTPYRIE DJIEMEHTOB dn, ©® & Q. VHEMEA clOBaMH, Mbi
paccMaTpuBalll MOAYTPYONY € JOMONHUTENLHOH CcHCTe-
MOl HyJTbapHHX oNepamii, MOIIHOCTH KOTOPOH paBHA
MOWIEOCTH MHO:KecTBa Q. MHorma pacecMaTpHBAIOTCH
W JpyrHe THUNIH anre6p ¢ MONONHHTESBHOH CHCTeMOM
HyAbapHHX omepanuit. TaxoBo, Hampumep, MHOTOOGPasUe
Kollell ¢ e[mHmieil, cojepskameecst B MHOT000pasnu
BCeX KOJem ¢ OfHOH [OmOJHMTeNBHOH HYJIbapHOH ole-
panueii.

CToaB e 9acTo BCTPEYAOTCA ANTeOPH ¢ JOWOJHHUTENb-
Holt cmeremoll yHapuwx omepanuii. Taxk, NoEATHEe TPYyNIE
¢ omepaTopaMm HeMe[JieHHO ofobmaercs [0 MOHATHA
anrebps mHoroobpasus (Q, A) ¢ cmcremo#t omeparo-
poB X: RakAb# omepatop o €= X MOJKeH NedcTBOBATH B
anrebpe G sToro MHOrooGpasma KaK HeKOTODHIH JIHAO-
Mopdusm oTHOcHTenbHO omepanmit Q. Hark m B § 11, or
TPOW3BOJBHON CHCTEMH OIepaTopoB X B HToM ofmem
cIydYae TaKke MOMHO Hepe#iTm K Ioayrpyume omepa-
TOPOB.

B uactROCTH, eclm paccMaTpHBaeTcAa Koavye R ¢ cu-
cmemoli onepamopoe 2, To fisa JAOGHX a,b & R u o &

&= X oOymer
(a + b = aa -+ be, 1)
(ab)or = aox - bou. (2)

YacTo pacecMaTpHBAIOT, OFHAKO, KOJIBIA ¢ TaKO# Ho-
WONHATEALHOR CHCTeMOlt YHAPHBIX ONEpanui, Uro aTH
omepanun JeHCTBYIOT KAk 2HAOMODPPU3MH aJfATABHON
TPYNOH KOJbla, T. €. BhNoaHAercs yexosme (1), HO cBA3L
¢ YMHOKeHHeM B KOJble, BHpaKkaeMas yciaosmeM (2),
3aMeHsIeTCA HEKOTODHM ADYTHM yciosmeM. Tax, momstme
nnpdepennupoparma kodsma (cM. § 10) mopckasmiBacr
clefyiolee oIpeleleHne;
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Hoxpuo R HasnBaercs KoavyoM ¢ cucmemoil dugepen-
yuaavhulr onepamopos A (una dugiepenyuaivhim Koab-
yon), ecim A CIy:KUT cucTeMof omepaTopoB A aljiu-
THBHOH TPpynOH Koabma R W ecidm Mg J06HX a, b &= R
u 6 & A Bmmoausercs ycioBme

(ab) 6 = (ad)b + a(bb). 3)

Hasxpoe 8 = A peiicrByer B R, caefoBaTelIbHO, Kak ero
mugdepenupoBanne. Tak kax [udpdepeHIAPOBAHNA KONb-
na R cocraBagior, Kak MH 3HaeM, JHEBO KOJbio — 060-
3HAYAM ero 4Yeped Ag,— TO 0T NPOM3BONBHON CHCTEMB
JuddepeHINANBHEIX ONEPATOPOR MOKHO IEpPeiTH K JHeBY
xounuy nudpdepernmadbHbX ouepatopos. Ilpm sTom oxa-
3HIBAETCA, YTO TEOPHS KOJel[ ¢ HPOM3BOJNHHOH CHCTEMOMH
JuddepeHHaTBHEX omepaTopoB (uaim nu ddepewu-
nanxnprHaA anxrebpa, Kak OPUHATO FOBOPUTH)
PABHOCHIBHA M3YYEHWIO OOBEKTOB, COCTOMIIHX U3 KPO-
H3BOJBHOI'0 Kolblla R, aueBa Koasma A m roMoMopduaMa
¢: A—> Ap. Uuwmmu caosamm, nommmo tompects (1)
{¢ 3amenoit @ Ha O) u (3) GyAYT BHOOJHATHCA CHCLYIOHINE
TO;RAeCTBa: AuA ni0bex ¢ = R u §,,0, = A

a(®, + 6,) = abd, -+ ad,,
a (8,°8,) = (ab,)8, — (ad,)8,,

Tiie Yepes o 0603HaYEHO YMHOKeHIe B JIHEBOM KOIble A,
a wepez ad, 8 &= A, oGosnauen oGpas omementa o« & R
npu jguddepenruporanun 8¢ = Ag.

YrasreM, HaKOHeI[, elie OJXMH BeChMa 9YacTO BCTPeYa-
OMUACA THO KOJeIl ¢ KOIOJIHUTEIBHOH CHCTEMOR YHAPHEIX
onepanuii, NOACKA3LIBAEMEIll CBA3BI0 VMHOKEHUA B KONb-
IaxX MaTpPHUL M KOJBIAX QYHKOUK ¢ YMHOREHHOM MaTPHIb!
uru Qysxom Ha uwmciao. MmenHo, paccMOTpEM mpou3-
BOJIBHOE KOJBOO R ¢ Takodl JomoJHMTeALHOHM CHCTeMOHR
YHapHEIX omepamuMii X, UYTO BCAKOE O &= X [eHCcTByer
B R Rark dHAOMODPUMSM aJAUTHBHON TpPYNIH, HepecraHno-
BOYHBII B KOJbIe BceX 3SHAOMOPPH3MOB »3T0# Ipymab
€O BCeMU NPaBEIMH W JIeBHIMM YMHO)KReHUAMH Koibila Rj
MHBIMH CJIOBaM®, NoMuMO ycaoBua (1) Bumojnsercs
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TaK/me chaeiyomee yeaosme: mia dobux a,b & R
(ab)a = (ac)b = a{ba). (4)

Te ondomopgusmet addumuenoli epynnur kosvya R,
romopsie ydosaemsopaiom Ycaosuio (4), cocmasasiom nod-
roavio Kp 6 (accoyuamusrnon) woavye scex sndomopdusmos
amoti epynnw.

IleitcTBaTeNBIIO, ecau YHAOMOPPUIMEL ¢ 1§ 00JTaZAOT
crolicteom (4), TO, Hampudyep, Andg Mo06HX a, b= R

(ab)(g == ) = (ab)p = (ab)p = (a@)bt(ay) b =
= (aq =& ap)b = la(p = P)1b,

(ab)(qg) = l(ab)ol b = l(ag)bly = [(agpyplb =
= la(qp)1b.

Beupy ROKazaHHOro OT UPOM3BOIBHON CHCTEMBI X
MOYKHO HA OCHOBAHHME T€X ;Ke Coo0paskeHHil, YTo H BHINIe,
mepefiTii K acCONMMATHBHOMY Koiably K, dieMeHTH KOTO-
poro eHCTBYOT B KOJXBIE R B COOTBETCTBHM ¢ YCIOBHAMH
(1) m {4), mpuuem saman romomopdusm ¢: K — Kg, 7. e.
BpIoanATeA Tarke yexosua (5) n (6) nz § 11. Tarxmm
ofpasoM, amiuTHBHAsA TpyNIa Koiabila KA OKAa3LIBaeTCH
K-vopyanem. Eean woawijo A obnapaer efununeil &, To
eCTECTBCHHO IPEeANOIORHTH, 4TO HodydeHuniit K-MOAYID
YHUTApCH, T. e. BHIoJHAeTcsA Tar:ke ycaosme (7) us § 11.

Ecanm pmamnr mpoumsBoiibioe KojJbio R m accomumaTHs-
Hoe nononno K ¢ epmmmmeil, mpmueM agf{UTHBHAS TPYIIa
ronuiia R sBxmercs yuwtapueim K-MopyldeM ¥ BHEON-
Baerca yeaosue (4), 1o Koabuo R HaswBaeTcH AUHEUHOL
aseeGpoi Hax KoJbioM K.

Roxmyrarneunocrh Ko.1pma KA MBI e HpemoJaraem.
Mo:kio mokasatTh, OffHAKO, UTO eCAM KOIbIo K He cokep-
WRUT AHHYAANMOPO8, T. €. TARHX HeHVJAEBHX 3JIeMeHTOB
b, uto jgusg Becex ¥ &= R

br = rbh =0,

TO (aeficTyionee» Koablo K HempeMeHHO OyAeT KOMMY-
raruBHEM. [lo 3710l mpmumue. a Tawkke W B cuAYy APYIHX
coo0pasKenmMid, ¢ OJHUM H3 KOTOPHIX MHEl BCTPETHMCH B
caepyomen mnaparpade, rerecoobpasino OrpaHEIHTHCA
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PACCMOTPEHHEM JIHHEHHHX ajirebp JIHIML HAX aCCOMMATAB-
HO-KOMMYTATUBHEIME KOJbIIAMH € CHMHHIEIA.

OcoGennEo0 Ba)kHOE MECTO 3aHWMaeT B obmei airebpe
Teopud AupelHbIx anredp Ham moasmu. OHa pasrABRaeTrcA
COBEPIIOHHO TapajileAbHO o0melt Teopumn wojden 6e3
JOTOJHATEABHHX YHAPHHX Omepaiuil, upudeM 9acTo WjeT
MHOTO JaJblie HOocJe[Held, TaK KaK BEKTOPHHE HPOCTPAH-
C¢TBA HAX HOJAMH YCTPOEHH MHOTO LpOINe, 4YeM IPOH3-
BoNbHEIE abeleBH TPYIILHL.

Ceiigac GynyT yKazaHH HEROTOPHIE THIH YHHBepPCalihb-
HHX alre6p, o600manmue Te HIH NHEE U3 PACCMOTPEOHHBIX
paHee «KIaCCHYECKUX» THHNOB aarebp. It o6obmeHus
6ynyT oOHYHO HMATH BechMa [AJEKO B CTOPOHY IIPOH3-
BOJBHHX YHUBEPCAJBHHX ajre6p, ¥ HODTOMY STH THHE
ajare6p ecTecTBEHHO BBOAUTH JIHINL TEleph, KOTHAa obmee
NOHATNE YHABEPCATHHOH aireGpH MOKHO CYUTATH BIOJHE
ONpABJAHHHM, JaMeTaM, 4rofH He OroBapUBaTh 3TOTO
KaILIA pas, Yro BCe pacCMaTPUBAeMEle HAMH KJIACCH
anre6p OyzyT MHOTOOOpasmaMH.

Haunem ¢ monATAA, 06BeINHAIOMEr0 HOHATAA FPYHOE
(npETOM ¢ MPOUBBOJBHOM CUCTEMOM YHAPHHIX OIEPATOPOB)
# xoabma. Ilyets mama rpynma G. Jra rpynna He obszada
OBITH KOMMYTATUBHOM, HO HaM 6yaer yaoOHO ACHONB30BATH
IJIA Hee aNJUTHBHYIO 3aMUCh; B YaCTHOCTH, HYIeBO# ale-
MeHT 3ToM Tpyumsl 6Gymer, Kak oOOHYHO, 0003HAYATHCHA
cumposomM (. I'pynma G naswsiBaercss 2pynnoti ¢ cucmemoi
Myavmuonepamopos Q wuau, Kopode, Q-2pyrnoiu, ecanm
B G moMmMO TPYHNHNOBHIX OHEpALMA 3aJaHa ede HeRoTopas
cucTeMa omepamuii Q MONTOKHETEXBHHX ap-
HoOCTe i, TpRIEM H>TH ONEPANHN CBA3AHE ¢ IPYHIOBEIMUI
OTIePALHAME CACHYIOIINM YCIOBHEM: IS BCAKOTO M €

0...00=0, (5)

FA€ clieBa HYIb CTOHT 1 pas. I'pynny G mazoBeM addumiue-
Hoti epynnoi Q-epynnu G.

Ecam mopmanrebpy Q-rpynne Kak yHHBEPCAJBLHON ajl-
re6psl ML 6yaeM HaswBaTh Q-nodepynnoil, TO YCIOBHE
(5) MoskHO 6HI0 OH 3aMEHNTH CIOBAMM: HYJH Q-rpynusl
G saBagercA ee Q-TOATPYUIO.

Ilonarne Q-rpynmsl mpeBpamaeTcss HPH IIYCTOH cHCTE-
Me MYJbTHONeparopoB B moHATHe Tpynmsl. Besaxas



§ 13. YHUBEPCAJIbHBIE AJITEBPBI C OIIEPATOPAMU 85

Z-omepaTopHag TpPyUla HMeeT 2 cuUCTeMOil (yHAapHBIX)
MYJLTHONEPATOPOB, TAK KaK I BCAKOTO O & X PaBeH-
ctBo O-o = 0 meMemienno BeiTexkaer u3 ycaosusa (1)
§ 11, uepenucamuoro apgnmrusuo. Hawromern, mpomsBoib-
HOE KOJIBI0 MABJIAETCA TACTHBIM CTIYYaeM Q-TpYIIEl —
cHCTEMa MYJIbTHONEPATOPOB €2 COCTOMT B 3TOM ciydae
¥3 0JHOT0 GHHAPHOTO YMHOMEHUSA; CIPABEAIUBOCTH B JIIO-
Gom wxonbue pasenctBa 0.0 = O BolTeKaeT H3 3aKOHOB
IUCTPpUOYTUBHOCTH.

Koneuno, ¢Bs3p MEARAY MYJIBTHOIEPATOPAMH H TpyI-
MOBHIME OTEPAI[isAME, 3ajaBaeMad yciaosmeM (D), YpesBBI-
gafino craba. Oxrasanocs, ofHaKO, 9T0 Bce HapaiielbHO
PASBUBAWINUECSA DPAa3feNkl TeopHY TPYII C OIepaTOPaMu
u Teopud Koyer (Ux, BIOpodYeM, He OYeHb MHOTO) MOTYT
O1Th W3NOJKEHH CPasy Ais JNOOHX MYJIbTHONePAaTOPHEIX
rpymn (X mrrmuc, Proc. London Math. Soc. 6
(1956); pycckmit meperox B c6. «Maremarurar 3, Ne 4
(1959)).

Cienyer oTMeTHTL, 9TO W TPYNOBL ¢ OIEpaTOpaMM, H
KONbIa TMPHHAIEKAT HA CAMOM Jlesle K Uucily Oucmpubl-
muenbir Q-rpyunn. Mmenno, ycropue (D) 3aMeHAETCA Cie-
KYIOmAM MHOTO (0jiee CHJIBHHIM YCJHOBHEM AHUCTPHOYTHB-
HOCTH KayK[oil omepanum us Q Ha KaKAOM MecTe: ecii

0= Q,, 0o miai=1 ..., n
a,...8.1(b+¢)a....aq,0=
=dy ... Qb o .. Qe F Q.. G0y - - - Gre. (6)
Orcroma ciepyer, Kak OOBUHO, UTO @y ... a0 = 0,
ecjim XOTA OH OJMH M3 DIEMEeHTOB 4, . . ., 4, PaBeH HYIIO;

yiKe BTO CBOHMCTBO CaMo MHOrO CHJIbHee yclioBHA (9).
CrmenaeM eme ofpH Iar B CTOPOHY TEOPHH KoJelN, a
HMEeHHO, BHJENIUM Takue [JUCTPUOYTHBHEE -TpYIIOBL,
aAINTHBHbE FPYIIEI KOTOPHX a 6 e 1 e B H, & BCe MYJb-
THOWepaTOpH M3 Q He Menee 4eM O M H a P HB. ITO
ofpazoBaHue HA3HIBAGTCH MYALINMUORECPAMOPHYM -KOoAL-
yom. TlapaiieabHo BBOGHTCA HOHATHE MYAbMUONEPAMOP-
Kol auneinol Q-arze6pvt mam moiaem P; uMeHHo, B Ka-
yecTBe AaNIUTHBHON Tpymnnel GepeTcss BEKTOPHOE IIPO-
CTPAHCTBO Haj wmomeM P, a MyJbTHOUEPaTOpH w3 Q

N
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VIAOBJETBOPAKT HE TOJAbBKO YCJH0BHIO HHCTPHGYTEBHOCTB

(6), HO U ycaoBuo: ecam © & Q,, a &P, ro pan
i=1,...,n

a ... ai(0a;) @iy ... G0
=afa ... @iy Cilisy - - - o).

Moo yTBep:KAaTh Yske, YTO UMEHHO B 3TOH 06IIHOCTH
cAeyeT paccMaTpPMBaTh BOLIPOCH, OTHOCAIMHEECA K 11po-
M3BOJBHEM HEACCOLUATHBHEIM KOJHIAM W HEacCONHaTHB-
HEM JuHeinnM anare6pas (em. ofsop A.I'. Hypoma,
VYenexu mareM. mayk 24 :1 (1969)).
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IepefifeM Temephb K HEKOTOPHM [PYTHM KIaccaMm
anre6p. o006MAMUM HA DTOT PA3 MOHMATHE ACCOIHATHR-
HOro Koibla. 70 MoHgTHe OBUI0 ompaBfano B § 9 mpm
HOMOINT Kolel, 3HAoMopQu3MOB aGeNeBHX TPy, KOTO-
peie BOSHWKJIH BBHAY TOr0, 970 rOMOMOPPHU3BMHI JI0GOMH
rpymust (Ha caMmoM ede mayke NI06oH aAre6pEL, OMHO-
THOHO0H ¢ TPYyIHol) B afexeBy TpyIOy COCTABIAIT
mo cro;keHwi0 roMomopduamoB abemey rpymmy. Ouu-
ureM ajnrebpel OPOMBBOJLHOM CHTHATYPHI, 00Jajgalolue
CROMCTBOM, AaHAJOTHYHBIM 3TOMY CBOMCTBY abeldeBHix
rpyau.

Ilyerp mama anreGpa A curmatypm Q. Craskem, 910
roMoMopduaMsl airebps G 31O jKe CHTHATYPH B auredpy
A cymMMEpyeMH, eciu

a) n1a awboro v = Q,, » > 1, 1 nWOHX TOMOMOp-
fusrsor @, ..., @,: G-> A oroGpazenne @ ... Prw,
OTIPEfieTIAEMOS PABEHCTBOM

g(Pr. . o) = (go) ... (gpa)w, g =G, (1)

caM0 SBIAACTCA TOMOMOPEUIMOM;

6) ana moboro o & Q, upaotem 0, — orMegaeMHi
5TOM omepanueil ojeMeHT aire6psr A, o0ToGpaskeHue
Po: G — A, ompejenseMoe PaBCHCTBOM

£Ps = O(m g = Gv (2)

ABAACTCS TOMOMOPPUIMOM,

Adredpa A curHATYpH Q) HA3LBaeTCH abedesoli (B pas-
IOYHBIX YacTHHX CIAYyYaAax YOOTPeGIA0TCs MHOIHe Apy-
THe Ma3BaHHA), 6CJIII TOMOMOPPUBMBI B Hee a1000H anredpu
3TOH ke CHTHATYPH CYMMHPYeMB.

Aucebpa A cuenamypw S mozda u moavro moeda abe-
aesa, koz20a

a) oaa awbux 0 = Q,, 0 = Q,, n, s>1, ¢ 4 en-
RoamrAemes mosxcdecmeo

(Typ++ T 0) o T .. ) O =
= (e g ) (T ... Z0) @, (3)

ede (v, 1<i<s, 1< j<n) — mampuya us wueus-
GeCMHBIT;
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6) ace © = Q, ommeuaiom 6 A odun w mom e ae-
Mewm U 2MOm daeMenm seasemcs Q-nodarcebpoi ¢ A.

HoxasaTteabcTBo. Iyeth o & Q,, o & Q

n, $>> 1, TycTh JaHB TOMOMOPYU3MBL ¢y, . . ., ¢ aATeOpH
G curmarypsr QB A u mycrs by, . . ., b, &= G. Hoao:xum
big; = ay, 1<<i<s, 1<{j< n (4)

Marpuna (a;;) sBEsgeTcA Ha caMOM Jeje HpPOM3LOIBHOR
MaTpulell {aEHHX PasMepoB M3 dlIeMeHTOB anrebpel 4 —
BBHMJY 3aMeuaHHsA, caenanmoros § 1, mocrarouno 6u110 OHL
B3ATL B KauectBe G aare6py Q-caoB nag aiddaBrtoM
by, ..., b, a B KauecTse ¢, TOMOMOPPH3IM 3TOM anredpsi,
pepeBoAAMUil yKasanuki axdaBuT B j-i cToAOEl MaHHOK
marpuns. Hemonbsysa (4), (1) m romomopgrocTs orodpa-
MeHni @, TOoIyYaem:

(@11 + - 410) « .. (@ . . . G5 OO =
= [(0;¢y) - . . (0i@n)0) . . . [(bgy) . . . (bpr)0)0" =
= [b, (¢y . . . 9, 0) ... [b(p, ... ¢r0)l0";
(@31 - -« @0) . o o (@ -+ v G0 Y0 =
= [(bypy) . . . (b@)o'] . . . [(byn) . . . (bp,)0']e =
= [(by ... 50)] ... [&...06),lo—=
= (by ... 000 py ... W)

ITH paBEHCTRA HOKAZHBAIOT, UTO CHIPABEIIHBOCTL B A4
Beex TomIecTB Bujia (3) paBHOCHJIBHA TOMY, 9TO BCAKOE
oro6paskenne BUga @ . . . 9o, 7 > 1, Beger ceba kak
FOMOMOPQU3M [0 OTHOLIEHUIO KO BCeM HEHYJILAPHHM OIIe-
pamusayM o' = Q.

C apyroit cropoHbi, M3 TOMOMOPQHOCTH OTOOpaikeHNA
G u3 (D), ® & Q,, caeayer, B JaCTHOCTIH, 9TO JIA JF06Oro
® & Q, oiemMenT, oTMeYaeMEIi dTol omepauwend B G,
JIOJGKeH IepexonuTh npu ¢, B snement Oy & A, 1. e.,
BBHAY (2), BCe » & (), [eWCTBHTEJHHO oOTMe¥aldT B A
OJMI H TOT ke DjleMent; ofosumadynM ero npocto depea 0.
U3 oroit iwe roMomopduocTd 0TOGpasKEHAA Qu, & &= 2,
cuejiyer, 9ro A Joboil omepammnm o & Q,, 7 >1,
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n aobux a, ... a, &G 6yner

(@ . .. 0,0") Qo = (1Q0) . . . (@ Qe) ©,

T.e. 0...00" = 0. O6patao, u3 cupaBeIHBOC I YCIO-
BUAg 6) TeOpeMH CJefyeT roMOMODPPHOCTL BCAKOTO OTGC-
6paskennn ¢, o & Q,. Orcooga me caemnyer, Haxo-
HeIl, U ToMOMOP{HOCTH BCAKOrO O0TOOpPa/KeHUA BHJA
Py .. Pp0, O Qy, > 1, OTHOCHTENBHO HYJIbAPHHIX
omepamuii: ecam omepanuA ¢’ € €, oTMedaeT B airebpe
G saement O, To, Mo (1),

0o {11 -+ - 100) = (Owpy) - . . Oupp)o =
=0...00 —0.
Teopema foxazana.

JaMeTHM, YTO MBI HOJAYYNIM OH B TOYHOCTH DTOT iKe
Kaace anredp, eciu Obl B ompemenenuu abeienoil areGpht
TpeGOBANIN CYMMHDPYEMOCTH TOMOMOPHIMOB B auredpy
A JHIB S TAKUX adarebp curnatyps 2, KoTophle IIpH-
HAJJeKaT K HEKOTOPOMY 3aJIaHHOMY MHOT006pasuio, co-
nepsxamemy 4. B orom caydae my:rno 6nuio Gnl TOIBKO
WCHONAb30BATE B IOKA3ATENBCTBE TeopeMbl He anrebpy
Q-cj0B, a COOTBETCTBYIOINYIO CEBOGOAAYIO ajredpy »TOro
MHOr006pasns.

Ecan aare6pa A curmarypu Q abesiesa, To ompefedie-
anA (1) n (2) npespaiaioT MROKECTBO BEEX TOMOMOPPH3-
MoB B A awboit anrebpst G curwevypmt Q B anrebpy
oTOH ske curaalypul,— (1) sajgaer Bce omepanum T010-
JRUTeJBbHBIX apHOcTeil, a romomopduaMm ¢, us (2) oTme-
yaercaA HYJAbapHOH omepaimedl «; 3T0 a.s2e0pa 20MoMOpD-
usmoe G B8 A. U3 ompejesenug onepanuii Haj TOMOMOP-
PusMaMI HeMeJIHIT0 CIeAyeT, 9T0 & aizebpe 20Mmopopdus-
Mmoe a1000l areebpul G 6 abeaesy aacebpy A ewnoansomes
ece moxcdecmea, ewnoansiowyuecs ¢ A; B 4acTHOCTH, T
anre6pa cama Oymer aGemesoil.

U3 ckazannoro ciepyer, uto oumoMopdusril abelreBoi
anreOpE A CHTHATYDPHL £ COCTABIAIOT O YKa3aHHBIM Ofie-
paiumAM abexeBy axrebpy s7oif e carnarypei. C apyroii
CTOPOHLI, OHHM COCTABIAIOT MOJYTLPYNNY II0 YMHOMEHWUIO
(B cuurce yMuoeHnd otoGpaskenni, em. § 3). Smo ymno-
acenUe ce3AH0 ¢ onepayuamu U3 Qaaronamiy ducmpubyntuo-
nocmit. Wsenno, ecnum o & Q,, n > 1, 1o pasa moboro
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ac=A u mobux HAOMOPDUIMOB ¢y,. . .,(,,p OyIer,
Beuay (1),

alpl(gy . . . 9,0)] = (@P)(@; . . . Pr0) =
= [ap)g,l . . . (@)@, lw = lafpe)] . . . [a(gpy,)lo =
= al(Pp,) . . . (ool

al(g;, . . . )] = la(g, . . . @0) =
= [(agy) . . . (app)olp = ap Pl . . . [(a@ )blo =
=la(eP)] . . . la(p.P)lo = al(ey) . . . (pup)ol,

B -+ - Pr0) = WPy - . . (Pon)o, ()
(1« - 9a0) = (¢19) - - . (P00 (6)

C ppyroit cropous!, ecim Mb 0003HAYAM Temeph depes
o HyIeBoli sugoMopduam anreGpsr 4 (1. e. sHEOMOpPPUIM
u3 (2), orobpaskaomuit A B uyasb 0 nroit aGexeBoit anred-
pBt), 10 s awboro a &= A u mwoGoro sHpomopduaMa P
Oyder

a(pqy) = (aP)@, = 0,
a(ogh) = (age)p = 0P = 0,

PPy = Py. (7)
P = Qg (8)

Mol mpmmam B CIeIYOUEMY MHOTO06pasmio anreGp:
u10 abeessl aaredpol curnaiyvpu Q (¢ myaem O, ecam B £2
HNMEIOTCA HyJbapHBe OMepanuil) U B T0 JKe BpeMA IOAY-
rpyOons o GUHAPHOMY YMHOEHHIO0, HpHIeM BLIDONHSA-
01CA 3aKOHH JUCTPUOYTUBHOCTH H, B YACTHOCTH, HYIL
abesieBoil ajreOps Wrpaer podb HYyAd AIA YMHOMICHHA.
B cootBeTcTBHU ¢ TepMUHOIOTHEH, KoTopad 6y/ier BReleHa
B crenyiolieM maparpade, TOTYYeHHBIe ajaTe6pHl MOHO
HA3HBAaTh OJucmMpubymuenluu koavyoudamu wHad abee-
soiMU aazeGpamu.

Paccmorpum meroTopweie mnpumepsl. B muozoodpasuu
epynn abesestimu aszebpami 6yoym 6 mounocmu abeneshl
epynnu. [e#icrBurensHo. To:gectso (3) B rpymme A
ciydas, KOT[a M @, W 0 ABIAATCA YMHOKeHHEM, UMeeT
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[Fel
—

BHJ
(Z12212) (X3809) = (£11%21) (210755), (9

OTKYJIA X15%p; = Z91¥pq, T. €. YMHOKEHHE KOMMYTaTHBHO.
Ecun ;xe oana us onepanuit ®, o ABigerca VMHOKEHHCM,
a Apyrad — HepexofoM K obpaTHoMy biementy, 1o (3)
NPUHUMAET BHI

(Z125) 71 == 35;1‘”;1,

uT0 B abeleBo#l Trpymnme NeHCTBUTENBHO BHIIOTHAETCH.
Haxonen, equauna rpynne Ha caMoM jiejie ABISETCS TOJI-
rpynmoii. JucTpubyTuBHLIE KOJNBLIOUAL COBHAAAIOT B BTOM
cjiydae ¢ acCOIMAaTHBHBIMU KOJBI[AMH.

Haa moayrpynn ¢ efuummeit abeleBOCTh TaKske COB-
nafiaeT ¢ KOMMYTaTHBHOCTBIO, KaK IOKA3HIBAeT TOKIECTBO
(9) mpu z,; = 2, = 1. B muozo06pasuu ecex nosyzpynn
cywyecmeyiom, O0HAR0, HEKOMMYMAMUSHbE, HO abesessl
noayepynne. TakoBa, HampHMep, BCAKAA NOIYrpymnna
€ YMHOXeHuMeM ab = q.

Koavyo 6ydem abeaestin mozda u mosvko mozda, xKozoa
OHO € HYaegblm YMHOJCEHUEM, T. €. B HeM BHIIOJHAETCH
ToKAecTBO xy = (). [leficTBuTenbHO, TORmECTBO (3) mas
cIydas, KOTZAa O — CJIOieHHe, a ®' — yMHOKReHHE, Ipu-
HUMaeT BH]

(T11 + )@y + Top) = 213 %y + T12T099

OTKYJla OPU Zy, = 0 momyuaeM z,,7, = 0. Hoxbma ¢ ny-
JIeBEIM YMHOKEHAEM UTPAIOT B TEOPUM KOJEI Ha CaMoM JlelIe
Ty K€ pOib, KaKaA B o6miell TeOpHH FPpyOO IPHHAIE/RUT
abexeBRIM Tpynmam.

PaccmoTpmm, HaKoHel, yHHTapHEe MOXYJIH Haj ac-
COIMATHBHHM KoJbnoM K ¢ emnumuneii. Bee tpe6osanms,
cojep;Ramideca B IPHBEJEHHON BHIIE XapaKTepH3AMUH
abemeBHIX anrefp, BEITEKAIOT B 2TOM clydae W3 oOIpese-
JeHAA MOAyasd, KpoMe opumoro. Mwmenno, ecam a, P e K,
TO TO;KIECTBO (3) mpuHMMaer MiA ciaydad o == ¢, o' =
BMJ

(z0)p = (zB)a,
T. €.

z(ap) = z(Pa). (10)
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EcrecTBeHHO OTPAHIIUTHCA IOITOMY IPH PACCMOTPEHHN
Monyaeii, sBIAOOEXcA abeleBEMEm anrebpaMm, IpocTo
MOLVAAMA HAJL KOMMYTATHBHO-aCCOIHATHBHBIM  KOJIb-
uom K.

ITpu omom ozpanuuenuu na K ducmpubymusnsie koib-
youdu Had yHumapuolmy K-modysamu — amo é mouHocmuy
accoyuamugnule auHelinve aszebput Had roavyom K. Jleit-
CTBUTENIHHO, ITUCTPUGYTHBHOCTH YMHOKEHMSI HA IEpPBOM
® Ha BTOpOM MecTe (ycaoBust (5) um (6)) oTHOCHTemBIO
yHapHOH omepamuu o0 & K, B3ATOil B KadecTBe ®, U €CTh
Kar pas yciaosme (4) ms § 13.
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B srom maparpade Gymer BBeflen elne OFHH THI a;irebp,
Gosiee mmpoxmii, 9eM PAaCCMOTPEHHBIN BHINE KIace JHC-
TPUGYTUBHBIX KONBIOMIOB HaJ abeIeBHIMH anarefpamy,
1O He MeHee ecTeCTBeNHHIH. A6eseBsl aareGpH MOABIINCH
y Hac DOTOMY, YTO MEL XOTEIH 0GeCHedNTh CYMMUPYEMOCTH
roMoMopQusMOB IPOM3BOJIBHON anredps cargarypsi Q
B fpaHHyi0 aarefpy. 9rta moTpeGHOCTH oTHAfaeT, OTHAKO,
CCNM MBI GYIeM paceMaTpuBath He TOMOMOPEM3MEL, a 1po-
H3BOJIBHHIE OTOOPasKeHHAA.

Wmenno, myers mana anrebpa A curnatype Q. Pac-
CMOTPHM MHOKECTBO BCEBO3MO;KHLIX oOToOpa:renuil (me
TOJBKO TomMoMopduamoB!) anre6psl G curaaTyps QB ai-
re6py A. Ownpepensisi pias Jdwboro o & Q,, n > 1, n
J106EIX oTOGpaIKEHHHA ¢y, . . ., P,: G—>A orobGpasienie
¢ ... ¢,0 pasemctBomM (1) m3 § 14, a mis awboro o &
‘&= Q, orobGpaskenue @, paseHcTBOM (2) M3 § 14, bt npe-
BpalaeM MHOMECTBO Bcex oTobpaskennii G B 4 B aaredpy
curnatyps Q. M3 onpenenennsa onepanuii Hag oTobpaske-
nuAMA cefgac ke ciaeiyer, 4To B oTOoH anrebpe orobpa-
skeHuit G B A BHUIONHAIOTCA BCe TOMKAECTBA, CHPABEIMUBLIE
B A, 7. e. »ra ajirefpa NpURAAIEKAT K MEOrooHpas3nio
(Q, A), eciu B Hem cofep:ruTCa airebpa 4.

B aacrnoctu, Bce mpeofpasoBanmsa aiaredpu A MHO-
roo6pasua (Q, A) cocTaBAAIT MO0 YKA3aHHLIM OIepanuamM
aqrebpy aroro sme MHOr0o00pasma — anre6py npeobpa-
sopanwuii ajirebpul A. C apyroil CTOPOHE, OHH COCTAaRIAIOT
NOJYrPyInly M0 YMHOMKEHHI0O HPeofpazoBaHUil — cHMMer-
puYecKyo moayrpynny aa maoskecrse 4. llpu stom yammpo-
eHNe mpeoOpaszoBauuii CBA3aHO ¢ omepamusMm U3
3QROHAMH JUCTPUOYTABHOCTH HA BTOPOM MecTe: A JII0-
Goro o= Q,, n>1, wu mO6GHX npeodbpazoBaumi
'q)’ P oo P

Y@y -« - o) = (h9y) o - (PPn)o; 6]
anga a06oro o & Q, u Aw6oro npeobpa3zoBaHug P
'qJ(Pm = Q- (2)

JleficTeurensno, opn BwBoje dopmyrn (5) u (7) us § 14
(8 orimume or dopmya (6) m (8)) Ml Ha camoM nede He
WCIGAB30BANM TOTO, YT0 paccMaTpuBaeMipie upeobpaso-
BaHUA ABJIAKTCA YHIAOMOPPU3MaMI.



9% § 15 KOIBNOIIABI

ITo:yaennoe oGpasoBanme HA3LIBAGTES CUMMEMPUie-
cxum  (Q, A)-roavyoudom wa anrebpe A B COOTBETCTBHU
€O CHEIYIOHUM OOUMM OmpefeeHneM:

Anre6pa G, curHatTypa KOTOPOH COCTOMT W3 (2 u emie
OfHOTO OWHAPHOTO YMHO;KeHIS, HA3BIBAGTCA KOAbYOUJOM
Had anzebpoii mruozoobpasus (Q, A) mam (Q. A)-koavyo-
udom, ecnu &, paccmMarpmBaemas Kax airefpa CHTHaTypbl
Q, cogepsrurea B MHoroobpasmu (2, A), a M0 yMHOREHHATO
G ABnNsieTcsA TONYIPYUIOM, M e€clIW YMHOMEHHS CBA3AHO
¢ omepanuAME W3  3aKoHaMd AHCTPHOYTHBHOCTH HA BTO-
pom Mmecrte. Omepanum mz Q HassiBalOTCA a0GUMUBHBIMU
onepayuamu Kojabhouaa G, a G kak anre6pa CHTHATYPHI
Q — addumuernoir ascebpoli woxbuouAa. EcIM 3aKOHbL
RBCTpAOYTABHOCTH I YMHOJREHHA OTHOCWTENDBHO OIepa-
nuit w3 Q BHIOOJHAKTCA M Ha mepBom mecte (cp. (6) u
(8) ma § 14), To KoubIONA HasHBaETCA JUCMPUGYMUSHBIM.

Morasienm caegyiomyio Teopenmy . B.Xnomna
(Tp. Mock. matem. o-Ba 14 (1965), 3—47), xopomo onpas-
MMBAIOMYI0 YOHATHE KOJBIOUA:

Beaxuwii (Q, A)-koavyoud G usomopdro eraadvisaemes
6 cummempuueckuir (Q, A)-xoavyoud S Ha Hexomopou
aacebpe I muozoobpasus (Q, A). B rauecmee ancebper H
MOJCHO 633mb, Hanpumep, aaeedpy npeobpazoeanuil ad-
dumuenoii aazebpur Gt roavyouda G.

Nowxasartemnctno. Ilyers H Bubpano 1aK,
KaK VRasamo B (OPMYJHMPOBKE TeOpeMH. Y cIoBuMcs 06o-
3UAUATh YMHOKeHHe B Koanionmgax G m S CHMBOTOM °
I TOTO, UTOOK HE CMELiMBATH €ro ¢ IPIMeHeHWeM Ipe-
o6 pazoBaHuid,

Cpenu mpeobpasosanuii anre6pyr G* (7. e. MHOKReCTBa
G) mMewTCA cileyioN(e HOCTOAHIbE I1PeobpasoBaHHsA Cy.
g G wis Besworo x e G

g = 8. (3)

Muoskecto € BceX TOCTOAHHBIX HPeoOPa3oBaHMi ABIA-
erca moganreGpoit anreGpst H. eficTBureabno, AIH BCA-

koro o Q,, n>1, u BeAREX 2,4y, ...,0, =G
6yner, seupy (1) ma § 14 u (3),
TCay . ape = g+« + GO = (wcg,) « + « (76q) © =

=2 (Cqy -+ - Ca @)
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OTKYA

Corotpo = Cay v+ + Cq, O (4)
C ppyroét cropomus, eciu omepamma o & Q, oTMeuaer
B & axement 0, To AXA oTMewuaeMoro e B H axemeirta
¢, 6ymer, sBuny (2) us § 14, ¢, = 0 gna Bcex r = G,

OTKYZa, BBEAY (3),
P = Co,- (5)
ComocraBUM KajkmoMy odieMenty a & G 3ieMeur
S, & S, onpenmenseMbiii Kaxk npeofpaszoBanue MHO)KeCTBa

H, caegyomum o6pasom:
ccim he=C, h = ¢ TO

hSa - cgca; (6)

ecin ke h&& C, 10
hs, = ¢, (7
Eenan a, be=G u a == b, 10 s, == s4. JeiricteATensmno,
B 9TOM CiIydae Haijgercsa mpeobpa3oBanue h MHOMkecTBa G,

He wmpAHanne;kamiee K C (Hampumep, NiepecTaHOBKa a
u b), u, wo (7),

hs, = ¢4, hsp, = ¢y,

HO €4 == Cpe

Monyuernoe Biuoskenne G B S ABAAercs MonoMopdus-
MoM KoJabnonnos. Umenno, eciim 0 & Q,, n > 1, 1o mun
A00HX @y, .., 0, =G

Sy e = Sap o o Sg, O

B camom peme, ecnm h = ¢4, To, mpumenas (6), (1), (4),
cuosa (6), a sarem (1) uz § 14, momywaem:

hsax...anw = ch(a,...anw) =
= Cgeay + + + Cgoa O = (hsg) « . - (hsan) o =
= h(sq . .. 5,,0).

Eean e h &£ C, 1o, npumenss (7), (4), caosa (7), a satem
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(1) u3 § 14, raxme moxydvaem:

oo, 0 0= 0C = Cg, .. . Cq O) =
01010 ay... 0,0 ay a,

= (hSa,) - . . (hSa ) © =P (Sa, .. . Sa, ®):

Iagee, ecim omepamusa © & Q, orMedaer B G diaemMent
0w, TO 5o, OyMEeT DIEMEHTOM, OTMETEHHEIM aTOH omeparieit
B 5. B camom fexe. eciu A = ¢4, 10, upnmenas (6) u (2),
HOJYdaeM

hsou) = Cgop,, = o4y
ecam e h &£ C, 1o, no (7), cHOBa

hso, = ¢q,.

Teneps ocraercs cociartbes ma (D), a sarem ua (2) ms § 14.
Haxonen, gng mobwx a, b= G

Sqop = Sa o Sp.

B camom pmeme, ecim h = cg, TO, mcmousays (6), ac-
CONMATHBHOCTD YMHOKeHHA B KoJbiomfe, cHoBa (6) u
onpejenenHe yMHOMKeHWA NpeoOpaseBaHHMil, HOJyYaes:

hSep = Cgoaot = (hsg) sy = h (84 © Sp)-
Ecan swe h & C, 10, BBEAY (7) B (6), cHOBA

BSah = Cap = (BSg) Sy = B (54 0 §p).

Teopema pmoxasaHa.

Eme B TpmAnmaTHX TofaXx HavYaloch H3Y4eHHE KOIbHu-
MAOB HaJ Ipyumamu, T. e. noumu-kosey. M3 toro, 9ro 6m.10
CKa3aHo BHIIe, MOMKHO cHellaTh BAKITeHHe, 9T0 HOHATHE
IOUTA-KOJBIA SBIACTCHA CTOIb 3Ke eCTeCTBEHHEIM 00heKTOM
ABYYCHHA, KAk M MHOTO Goliee y3KOe NOHITUE ACCOUHATHR-
HOTO KOJDLHA. JTO ke CIPaBeNANBO W A ABYX TpOMe-
JKYTOUHHX CIIy9aeB — JJifA JUCTPEOYTHBHBIX HOUTH-KO.1eLL
(aucTpHOYTHBHOCTS BHIONHAETCH HA O6OHX MeCTax, IO
aAINTABHAS Tpymma MokeT OvTH HeabeneBoir) w st
MOYTH-ROJEN ¢ a0esieBoil aJIuTHBHON IpymIol (XoTs muc-
TpUOYTUBHOCTD Ha HEPBOM MECTe MOKET HE BBITIOMHATHCH).
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JlanHo HBYUANOTCA H ROAYKOALYQ, T. €. ROJILIOHIL HAL
modyrpyonaMda. PaccMarpmsaiucs W Heoroabya, T. 6.
RONDLUONIE HAJ AYIaMH, & TAKKe KOJLUOHAb HAX -
Tpynoavg ¥ 7. . BecbMa muTepecHs W JaBHO M3VIAIOTCH
ROJONOMBI HAJ KOJABLAMY; JIA HUX KOHKYDPHPVIOT He-
CROMBRO IIA3BaHHi, B TOM YHCIOe MEHeeposbl aazel poi.
SHadeime MX OCHOBAHO H& TOM, UTO CHAMMETDHYHAA Med-
reposa airebpa ua Koubie R — 5T0 TIPOCTO COBOKYIHOCTH
BCIO/ly OnpemeNeHHbX QYHKIMH OJHOTO HePeMEeHHOTO M3

B R. paccMarpuBaeMas KakK KOJBIO OTHOCHTEHBILO
ouepauuil crosKenusas U yMHOmenwsn QyHKmHi (B cmwmiciac
CIOReTINA 1l YMHOKREHNNs 3HAYeHNA PYHKUMHE IpU KaRI0M
sHadeuln nepemeunoro, cp. (1) us § 14) u B ro ke Bpema
Kan MOAVIPYOIA OTHOCHTENHHO CYNEPHOBUIUK (YHKIHH:

(Feg)(x) = g(f(x))-

Ho cywectsy aTi ke ciloBa UPHMENHMb, HOHATHO, W &
CAYVIAI0 CHMMETPHYECKOTO KOJAblolfa Ha aarebpe aoboro
mioroofpasua  (Q, A).

B aureparype yike mosBmianch pasinyubie 0606menin
KosibioumoB. Tar, paccMaTpHUBAIOTCA HEACCOYUAMUBHHIE
(Q,A) - Koavyouds, — U0  YMHORCHHIO JIMIL TPYIHOMA
(8 9acTHOCTH, KBASUTPYIma), a me IONYIpYINa.

VacematpuBawtea u  n-aphie  (Q,A) -koavyoudu.
B =acTiocrH, cuMMeTpHYECKIE n-apHBIE KOJBIOWID,
n > 2, BOSHHKAKT TAK €, KAK HOABIINCH BBIIG CHM-
MeTpuUecKue GUHADPHLE KONBIOMAH — HYFRHO TOILKO pac-
cMaTpuBarh Ha pganAod aareGpe ¢ymkmuum or n — 1
nepeMelrHOTO, a He oT ojyuoro nepemennoro. [Toka mpe-
MMYMEeCTBOHHO H3YUaIUCh 7-apPHBE KOJBIOMIAS HAX KOJb-
TaMH; a1al0Ch U3YIeHUe UX H HaJ| MyJIbTHONEPATOPHEIMHI
ITPyTIaMa.
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BpenmeM, HAKOHEI[, eMe OJuH KJIacC YHHBEPCaThHHIX
anre6p, saHEMaomui B obmeil anrebpe BechMa BaMeTHOE
mecto. HamoMEMM, 49TO MHOeCTBO S HA3HBaeTCA uac-
muuKo ynopadouenHuM, eciu Ha S 3alaHo OWHApHOE OT-
HOWIEHHMEe <, T. €. JIA HEKOTOPHX YHOPAAOYEHHEIX Hap
a, b & S noaomeno a < b, HpEyeM 310 OTHOINEHHE XOI-
JKHO OBiTh peIeKCWBHEIM, TPAH3UTHUBHHIM H AHTHCHUMMET-
pWUHBIM, T. €. AIA Beex a, b, c E §

a < a,

ecim a < bmb<e, 02, -

ecan a <_bub<a 100 =0
HapoMunyM TaKsKe, 9T0 OTHOIIEHHE > 00PATHO OTHOIMCHEW
<, T. e. b > a Torfa W TOJILKO TOTJa, KOTHA & < b.

YacTHuEO YHOPAMOUEHHOE MHOKECTBO S HazHnaer-
ca cmpyrmypoii (ymorpebisieTcss TalyKe TePMHH «pemieT-
Ka»), eCIM OHO Y/JOBIETBOPAET CJIELYIOMUM HABYM YyCI0-
BHAM.

I,. Nas Beawoir maps sieMentoB a, b § n S cy-
MeCTBYeT Tawroit sieMeHT ¢ = a (| b, nepeceuenue die-
MeHTOB a u b, 9T0 ¢ < @, ¢ < b, mpudueM eclIE HOKGTOPH
aaeMerT ¢’ Tar:me obxamaer cBoMcrBamu ¢’ < @, ¢ < b,
o ¢’ < ¢.

I,. Jlna Bcaxof map smemeHtoB a, be S B S cy-
mecTByeT Takoi oiement d = a |J b, obwedunenue ale-
MenTOB a U b, uto d > a, d > b, npmdeM eCAH HEKOTOPHI
oxement d' Tarkxke obiamaer coiicrBaMim d' > a, d' > b,
0 d’ > d.

Ws s1or0o ompenmenenms caejpyer, UT0 W IepecevicHHE
a N\ b, mo6venuuenme a |) b sAeMeHTOB @ U b ompeseaensl
B cTpyKType S 0AHO3HAYHO. BeaAKaA CTPYKTYpa ABJIAETCA,
clIe0BaTeqbHO, YHEHBepcalibuoit anrebpoir ¢ apymsa Oum-
papasME omepanmama {y m |J. Mcxommaa wacrmaHas
YHOPANOYEHHAOCTh B CTPYKType S MokeT OHTHL 3amaHa
Ipu TOMOIIHM 11060} U3 9THX onepanmii. iMeHRO, 09eBHIHO,
9TO JIS BIEMEHTOB a, b & S Toria m TOABKO TOrma a < b,
rorga a | b = a (a Tamswe xorma a \ b = b).

Cmpyrxmypv kax aa2e6pwt ¢ GUHADHHLMU ONEPAYULMU
N u U cocmasasiom muozoobpasue, aadasaemoe moxcdecm-
eamu

;. z N =

II,. z N vy

I

e U z =1
yNz z2y=yUx

I
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I, (zNy)Nz=
Uy U:z=
H,e0@Uy=2 zU Ny ==z
B camoMm pexe, BHHOdHeHHEe B CTPYKType S TOHIeCTB
II; u II, ouemmano. llposepum II,, xora 6w jgus mepe-
ceuenus. Jus nobnx a, b, ¢ = § Gyner, BBuAy Iy,

(e b NeCan ba,
(@aNdNean by
(anNbne<e
OTKy[a, CHOBa mo I,
(afNbNe<be
a0 Ne<aN BN o)
Amnanorugso
an@@nao<end e,

a mooroMy mmeer Mecro Ifj.
ITposepum Temeps x0T O mepBoe u3 To:KgecTs Il
Beany I,

afay d)<a
Ho a << a W, 1o I,, a<Cal) b, orxyza, wo I,
a<la(l(ay bd);

orcrofa ciaenyer I,

Mycts Temeps S — anrebpa ¢ omepamuamu (1, {J,
yposierpopaiomume  tosrgectBam 11, — Il Ioramenm,
910 AAA ¢, b & § paseHcTBa

afNb=a alJb=">b 1)

OQHOBPEMEHHO BHITONHAOTCA UNH HE BHIIOJHATCA. Heir-
creRTeNEHO, ecan a (} b = a, 1o, mo 11, m 11,

ayb=(@nbyb=5b
ecau xe a |J b = b, 1o, mo I,

aNb=a((ayd=a
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FEecnu pasenctBa (1) muisa 31eMeHTOB @ B b HMEOT MeCTO,
TO WONMO:EUM a < b. ITHM B MHO;KecTBO S BBejeHa 4dac-
THUHa# yunopApouerHocTs. llefticrBurennHo, a < a BBARY
II,. Janee,ecitma << bub<Ce,1.e.a N b=a,b ) ¢c=
= b, To, B cuny Il,,

afe=@NbNc=aN®Ne)=ab=a,

T.e. a << c. Hakonem, ecima << b b <l a, 1.e.a ) b=
= a, b N a = b, 10, BBUAY Il,, a = b.
Ilorasrem, wro Bmmomnserca ycnosme 1,. M3

@eNbNa=aN@nNd=@nNaNdb=and

caeayer a V b << a. Anazormano a | b<< b. Ecam e
B S B3AT NpPOM3BOJLHEIA 3JIEMEHT ¢’, YAOBIETBOPAIOMMIA
yeaoBuaMm ¢ <la, ¢/ Kb, T e. ' Na=¢c,c¢c b=
=¢', 10

“N@NH = Nanb=cnb=c,

otkyma ¢’ <l a [} b. Ounement a (| b ABXsercH, CIEHO-
BaTeJbHO, TlepeceYeHueM dJIEMEHTOB ¢ U b B CMEICHe YCHO-
pusA I,. AHalormuyamM o6pa3oM JIOKaswBaeTCs, 4TO dje-
meHT @ |J' b 6yner o0peuHeHHeM DIIEMEHTOB @ W b B CMul-
cie yeaomusa I,.

Hodcmpyrmypoti cTpykTyps S HaswmBaerca HOJAJTeE-
G6pa S kak axreGpm curnaryps (), U). 3amermm, uro
HOAMHOReCTBO I CTPYKTYPH S MOKET OKa3aThCA CTPYK-
TYPOH OTHOCHTENBIIO TOM YacTHYHON YHOPAAOUEHHOCTH,
KOTOpasd MHAYOHpPYeTCA B HeM YaCTHYHOM YIOPAXOUSHHO-
€TBI0 CTPYKTYDPH S, He ABNAACH MOACTPYKTYPOH CTPYK-
Type S, — mepecedenns (mwin o0beIMHENHA) DIEMEHTOB
usz I B erpykrype I MOTYT OTAUYATECA OT HX nepecevennii
(o6veanuenuii) B crpyxrype S.

IpnMepoM CTPYKTYPHL CIHYIRHT BCAKOE AUHELHO Yno-
padouennoe mHodicecmeo (WIN yenv): IIA TIOOHX DIEMEHTOB
a, b nmeer Mecto uau a << b, uiau ke a > b.

MnosxectBo HaTypalapHBIX uucen 6ygeT CTPYKTYPOit
¢ OTHOIIEHMEM JeJWMOCTH B Ka4eCTBE OTHOIIGHHA YacTHY-
uoro mopaara. Ponp mepecedenns urpaer 3fech HanGolIn-
mui oOmui geauTeNs ABYX UHCeNd, a 00bejuHenuneM Gyier
X HauMenbiee ofmee KpaTHoe.
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HomnoskecTBa A1000T0 MHOKCCTBA COCTABIANT CTPYK-
TYPY OTIOCUTONHHO YACTHIHOM YIOPAZOYOUHOCTH IO Teo-
POTURO-MAOKeCTREHIOMY BRIoogenumo. [is mac ocoben-
110 BA}KHO, TG MOKHO TOBOPHTE O cmpysrmype nodaazeotp
wr060il yauBepcanbioi anrepdst. G. IT0 GyNeT MHOMECTBO
Beex moxanrebp anrebpst G, eciu B G 16T TakuX mojanredp
A, B, uepeccuenme KOTOPHX TyCTO, B TPOTHBIOM KO
cayyac YKasamHOe MHOYReCTBO IHOHOJIACTCH HYCTHIM 10/~
MuoskecTBoM. YacTuuHAA YHOPALOUENHOCTh IOAaIre6p
Geperca 1O TEOPETHKO-MEO/KECTREHIIOMY  BRIIOHEHUIO.
Ilepecevesime A [} B yByx nopaire6p ecTb MX TEOPETHRO-
MU0 KeCTBEHHOE Tepecedeine, a poab obbegunenna 4 () B
nenoausger mogaxrebpa {4, B}, moposjenuas Te0peTHKO-
MHOReCTBeHHEM 00 bequnennen nogauredop 4, B (e. § 1).

Eeay G — rpynna, 10 AnsA J00HX ec 0PMaJIbHbIX Aenu-
veneit A, B moarpymnnt 4 () B u {4, B} cann Oyayr,
RAL UBBECTHO, HOPMAALULIMIT AeIuTeNsiMil B G, npudeMm
{1, B} = AB, 1. e. BcAKU#l diemMent u3 {4, B} mower
OBITh YHTH OB OMIHEM CHOCOOOM BaIUICAH B BHAE IIPOUIBE-
germst ab, a = A, b & B. Hopmaabusie jenareny mpo-
M3BOJLHOI TPYIOH  COCTABIAIT, CHeA0BATENBHO, MOJ(-
CTPYKTYPY B CIPYKType BceX IOAIPYINI ATOH FPYHIEL

Crpyrrypa S HaspBaerca Oedexundoeotr (Mam mody-
ASAPHOY), ecad HiuA J00HX &, b, ¢ & S, yAoBIeTBOPSIOINX
yCA0BUI0 @ > b, BBIIOIHAETCH PABEHCTBO

aN®Ue=0bUlnec). (2)

Cmpyrmypa HOPMALGHBL —Oeaumencti npoussonbHol
epynnol  agasemes  Oedexundoeoli.

JleiicTBuTenbHO, IycTh B Tpynue G AaHEl HOPMaJbHbIE
nennrenn A, B u C, npuuenm A D B. Hymno goxasars,
uvo

AN BC=B4n0). 3

Tak rak B & A u B & BC, 10 B copep:ruicsa B JeBoi
wacti pasescrtsa (3). Taum sxe comepmuren u 4 () C, taK
kax C & BC. Orcropa cnegyer, uTo BeA IpaBasg 4acTh
pasencrsa (3) copepsxurcs B ero mepoit wacrdm. G xpyroi
CTOPOHHI, M1060H BIeMEHT, COfep;KAIUMACA B HOPMAAbHOM
neamrenie A [} BC, ABIAGTCA DIEMEHTOM a &= A, jo-
IyCKAIOmuM 3amuchk a == be, rae b & B, c = C. Orcopa
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e="bblac= A, tak ®ak BT 4, 1. e. c=(4 N 0),
OTHY/1a

a=bee B(ANC).

JTHM [OKa3aHo, UTO eBasg 4acTh paBeHcTBA (3) cofiep:RuTCA
B CBOIO ovYepe[b B ero WPABOH YacCTH.

Jlerxo mokasath, Wro0 CTPYKTypa BCeX NOATPYHI He-
KOMMYTaTUBHOUR Tpyunusl B obmeM caydae me Oymer nefie-
KHUITOBOM.

Hedexurndoest cmpyrmypvl cocmagasiom MHO02000pasue
citpykmyp: cmpyrmypa S moada w moavko mozda dede-
KUHO08Q, €CAU 6 HEell GBNOAHACMCA MOoHCIecmeo

sNIznUsl=ENy U ENa2. (4)

HelicrBurenbHo, ecam CTpyKTypa S OeferunzoRa,
to {(4) crenyer us (2), Tax Kax a > a (| b. O6parno, ecau
B CTPYKTYpe S BHIOJHAETCS TOXRAecTBO (4), To Aag a > b
BHOJHAETCA paBeHCTRO (2), TAaK Kak B 9TOM cjydae
a ) b=b.

Eme Oonee ysxuMm sABIgeTcs MurOTOOOpasme ducmpu-
OYMuUGHHZ CTPYRTYP, T. €. CTPYKTYP, B KOTODHX BEHIHOJI~
HHETCA TOMKIECTBO

zN@Ua=ENyUkna2. (9)

B camom gene, Beaxas AucrpulyTuBHAd CTPYRTYpa SBIA-
eTcd JeleKHHI0BOM, TaK KAk Jid TAKHMX BIEMEHTOB a, b,
¢ CTPYXTYDH, 4T0 @ > b, r.e.a(1b = b, u3(5) caenyer (2).
C apyrofi cTOpoHEI, CTPYRTYpPa HOATPYIO UPAMOH CYMMEL
ABYX OMKJHYECKHX I'PYNO BTOPOTO MOPAKA AeeKHIToBa,
HO He JucTpudyrmBEHA.

Haa cmpyrmyp (B ormigda@e OT KoJjem, HaIpHMep)
moxcdecmeo (D) pasnocuabio deolicmeeRHoMNY emy mocdecmay

zU @ Na=@@yy N @y a2). (6)

He#crsutenpno, mpumerdas (5), a rawxe II, — II,, mo-
aygaeM:

aey@Ne=layu@nagu®@ne=

=alllenagy@neol=aylleaygdnNe=
=leyd)yNalUlleyd Nel=(@U b NI(ayo



§ 16. CTPYHTYPBI 103

JipoiicTBEHHMEe pACCMOTPEHHA MO3BOAAIT BhBecTH (D)
us (6).

Jlerko moOXasaTh, UT0 CTPYKTYpa NOMMHOMKECTB II0-
foro MHOMKeCTBa JuCTPUOYTHBHA,— TPOBEPKA B HTOM
cayuae Tosknectsa (0) (mnm (6)) He mpeAcTaBIAET HEKAKHX
sarpynnenni. Cymecreyer Teopema CroyHna, mo
KOTOpO#t BCAKaA AUCTPEGYTHBHAA CTPYKTYpa H30MOpPHHO
BRIAJLBACTCA B CTPYKTYPY IOAMHOKECTB HEKOTOPOro
muoskectBa (Trans. Amer. Math. Soc. 40 (1936),
37—111).

Epusuneii mexoropoil ¢rpyKryps S HAa3HBAaeTCA Ta-
Ko# oaemenr 1, wro iz aboro o & S BHIOJHASTCA
nepasegctBo a << 1. Hyumem crpyrrypst S masmBaercA
raxoit snement 0, 49ro mas gioboro a & S Gyger a > 0.
Fcnu crpykrypa obmamaer epunnneit (miam Hyjaem), TO
DTOT DIEMEHT OUpPeHeJeH OJHO3HAYHO.

Ecnm crpyxrypa S obiajaer eimuunmedl u HyjeM, 10
ajdeMeHT b & S HasnBaercsa OJonosreHueM K IIIEMEHTY
a= S8, ecan

aNb=0, ayb=1L

B ofmeM cliyuae 3JeMEHT MOKeT UMeTh MHOTO PasJIHMIHBIX
NOMOJHEHWH, OJHAKO B Oucmpubymueroii cmpyrmype
¢ edunuyeli u Hysem écaxuli aiemenm Moxcem obiadamb
He Goavuie wem 0OHUM JonoaHenuem, TAK KAK eCAd CTPYK-
typa S nucTpuGyTHBHA, TO B Heil AIA J0GHX 3eMEHTOB
a, b, ¢ n3

afNc=bNe alc=byc

caenyer a = b. JlelicTeuTeIbHO,

a=ay@and=al Gno=@UbnN@ye=
=@UbhN@yag=odulane=

=b| (bNc)=2b.

O6o3nadgM ROMOJXHEHHAE K 3IeMEHTY @ JACTPEOYTHBHON

CTPYKTYPH ¢ efmHENeil ¥ Hyem uepes d. OgeBupubr Mitit
JEerRo IPOBEPAIOTCA CHeNYIOHEe pPaBeHCTBA:

1=0, 0=1,a=a aNb=ayUb ab=anb
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Tiposepmm Xor1sA OB MOCTeJHEe M3 HMXI

@UdN@nd =leN@nd)uEn@ndl=0y0=0,
(@Ub)U@nd = [aUb) UalNieUd)Ubl =101 = 1.

HuctpmOyTuBHas CTPYKTypa ¢ efHHHIEd n nyaem,
B KOTOPOM Ka:KIBIH DIEMEHT ofiajfaer NONOJIHEHWEM, Ha-
amBaeTcA 6yaesoli cmpykmypoli (uam 6yaesoil aazefpoii).
Crpysrypa Beex ToAMHOMECTB J06oro Muoyrectea M
ABJISAEGTCA Ha caMOM Jieie OyleBOil: POJb eMHALH Hrpact
caMo MHOKeCTBO M, poib HYJA — HyCTOE MOJMHOSLECTBO,
JIOTMONTHEHNEeM K MTOAMHOKECTBY A CIYKHT TeOPeTHKO-
muosmecrsennoe jomonmenwe M \ A. JlokasareiabcTBo
chopMyanpoBaunoii Boime TeopeMn Croyma mo3Bodser
yTBeQIKIATH, UTO BCAKas OyneBa CTPYKTypa m3oMopdHO
BRJIafgHBaeTcH (kak anre6pa curmarypu (1, U, —, 1, 0))
B 6yIeBY CTPYKTYPY HOAMHOKECTB HEKOTOPOTO MHOJKECTBA.

C ppyroii cropous, MAOroo0pasne GyJIeBrIX CTPYKTYP
OKa3LIBAGTCA OHKBMBAJEHTHBIM OZHOMY  CHEIHAJBHOMY
MuOT000pasuio Konern. VMeHHO, accommaTHBHOE KOJIbLO
R ¢ epununein 1 nasviBaerca Gyaesbim K0AbYOM, CCIN BCe
€ro DIEMEeHTH MACMOOTEHTHL, T. €. I Bcex a &= R

a® = a. (N

Bcearoe 6yaeso koavyo R xommymamueno u ydoeremao-
psem  moxcdecmey

2z = 0. )]

Neitcrenrennuo, i mobux a, b & R n3 (7) cneayer
a-+b=(a- b?=a®+ ab - ba - b =

== q -+ ab -} ba }- b,

01Ky
ab + ba = 0. (9
Henarag anecs b = a u yawreiBas (7), ME noaydaem (8),
T. ¢. & = —z, a nodroMy (9) MosHO nepenmcaTh B BHJE
ab — ba = 0,

7. e. ab = ba.
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Bearyo 6yieBy cTpyKTypy MORHO IpeBpatHTh B 6Hy-
JNEBO KOMBIO, €CIAHd HOJNORUTH

a+b=@NBU@N?L, ab=anb  (10)

C nmpyroii cropoHs, Bearoe GyneBO KOABIO MOKHO Ipe-
BpaTuTh B OyHeBY CTPYKTYDPY, €CIH TOJOKHTDH

ayb=at+bt+ab, af{lb=ab (11)

dtm mepexops obparust Apyr Apyry. Ilpm mux nyasr =
eUHUIA CTPYKTYPH COBIAHal0oT COOTBETCTBEHHO ¢ HY&eM
W eImuWUeHl Konbla, —a = a BBUAY (8), 4 Ha OCHOBAHUH
nepsoro u3 pasenct® (10)

i=a-+ 1

Joka3aTenbecTBO BCeX HTHX YTBePKACHHH TPOXOXUT
OpH NOMOIIY KAHATENBHOH, HO He CIOKHOM IIPOBEPKH.
Crour ydYecTb IPE ITOM, UTO OIpejesieHHe CIO;KeHHS U3
(10) moxkmo sammcars, mcmoasaya (6), Taxike B BHAe

a+b=1(Ubn@uybd.

OrmeTnM, uro omepanusa a |J b us (11) coBmapmaer, BBUAY
(8), ¢ mpucoenMHEHEKM YMHO/KEHMEM B PacCMaTPHBaeMOM
koabne (cm. § 10).



§ 17. IIOJHBIE CTPYRTYPHI. COOTBETCTBUA
YHUBEPCAJBHBIX AJITEBP

Mnornme m3 CTPYKTYp, B TOM dUucle CTPYKTIypa HOA-
MHOKeCTB JI000T0 MHOKECTBA H CTPYKTypa mojaxrebp
A1060H YHEBEPCATBHOMA ajreGps, 001aal0T TeM CBOMCTBOM,
9r0 mepecevenns W 00beUHEHHSA onpPefeNieHH B HAX HO
TOABKO JUIA ABYX H IO3TOMY, B CHIY acCONUATHBHOCTH,
A no6oro KOHEYHOTO YHCJIa RIEMEHTOB, HO W AJA BCEX
6eCKOHEUHEIX TOJMHOKECTB. JTO MPUBOAAT K CJIEYIOMEMY
MOHATHIO.

Yactnuno ymopAmouYEHIIOE MHOKECTBO S HA3HIBAETCHA
ROAHOT cmpykmypoli, ecin RAA N060ro0 HEMYCTOro MO~
maosectia A C S B S cymecTByloT 2JeMEHTH ¢ H &
€O CIeRYIOmUME CROHCTBaMM:

I,. Jas Bcex a € A BHIOJHASTCSA HEPABEHCTBO ¢ < @,
OpPUYEM ec/IM HEKOTOPHIH dIIeMeHT ¢’ Taw;Ke YHAOBJIETBODAET
yeaoguio ¢’ <l a mas Beex ae= A, 10 ¢ L.

I,. Jdas Bcex a & A BHIOIHAEGTCA HEDPABEHCTBO
d >> a, UmpuYeM eCIE HEKOTODPHH ajeMeHT d’ TaKKe
yAoBieTBopseT ycaoBuio d' > a nmus Bcex a & 4, 10
d >d.

OnnosHaduo oupefieIeHHEe DIEMEHTH ¢ W d Ha3BIBa-
I0TCA COOTBETCTBEHHO nepeceueruem U 06beduHernueMm sie-
MEHTOB MOAMHOMeCTBa 4. 3aUNCHBAIOTCA OHH CIEXYIONEMA
obpasom: ¢ = (A (mmu ¢ = () a, unm ¢ = () a4, €CAN

asA acl
@y, o & I, mpoberaeT BCe dIEMEHTHI MOAMHOxecTBA A);
aHaJormIHO [3ig d.

fleno, uro monmas cTpyrTypa OymeT M IPOCTO CTPYK-
Typoii,

Becromeunas mosnsas cTPyKTypa He ABIAETCH, OAHA-
KO, YHHABEpCAlAbHOH anreGpoii B TOM CMEICIe, KaK 3To
6115t0 onpesteneno B § 1. Tem He MeHee, 9TO MOHATHE HTPaeT
JAA HAC BAKHYIO CIY/KEeOHYI0 POJIb W MH CHeNaeM 0 HeMm
HECHKOJBKO 3aMedaHwuii,

Beskas noamnas cmpyrmypa S obaadaem edunuyei
U Hysem — 3T0 OYXYT COOTBETCTBEHHO  jeMentH |J S
u 8.

Ecau wacmuuno ynopadowennoe muosxcecmeo S obaadaem
edunuyeli 1 u 6 nem cywecmeyiom nepeceuerus 8aa 4i0-
6ua nenyemuix nodmuoxcecms, mo S 6ydem noaHOU cmpyk-
mypoti.
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Hyxuo pokasars Jmme, 4ro BCAKOE HONYCTOE IOA-
MmHO:kectBO 4 C § obnmajaer obbeguHEHHEM.

O6GosnaunM wepes B MHOKECTBO BCeX TAKHX BICMEHTOB
be= S, aro b > a gusa Beex a & A. Muomecrso B — ne-
nycroe, Tak Kak 1 & B, a nedroMy CYHecTBYeT 3IEeMeNT
d= [\ B.

Hoxa:xem, gro d = [JA.

B camom gmeme, ecam a <= A, To a < b yua Beex
be B, a nosromy a<Zd.

Cpyroil cTOpOHE, ecinm diieMenT s < S TaKoB, YTO
$ > a naa Beex a = A, 10 s &= B, a mosromy d < s.

Hreuno orclofa  BEITeKaer, 4YTO CMPYKMYPaA 6cex
nodanzebp awboli arcebpvt G asasemes hoaHOU,— oODe-
JAMHeHHeM JaHHOM cHeTeMm mopanarelp A, o<1,
ABXAETCA mojairefpa, TOPOKIEHHAs TEOPETHKO-MFC-
JKGCTBEHHEIM o0BefmHeHEEM mopvuosects A, a1
(cm. § 1),

Ecnu pgawnl uacTmdHO YOOPAJOYCHHBIE MHOKecTBa S
u S, T0 B3aMMHO OJHO3HAYHOE 0TOOpasKeHNe (¢ MHOKEeCTBA
S Ha MHO;KecTBO S' HA3BIBaeTcd U30MOPPUIMOM, €CTIH 1A
aobpx a, b= S yeaosEa a<lb m ag << by parHo-
CHABLHH.

Ecau @: S — 8" — usomopusm noanvlr cmpyrmyp
S u 8' kax wacmuuHo ynopadoueHHur MHONCECME, MO Jaa
awboeo Henycmozo nodmuomcecmsea A S

(N ae= 0 (ag),
a=A ac=A
(U aeo= U (ag).
a=A a=A

JHoxrasxeM Xora OH nepBoe H3 3THX YTBeDKICHHI.

Eeam ¢ = Na, ¢’ = (N (ap), To w3 ¢< a, a & A, cie-
aEcA ac=A
ayer ¢ << ag, a mosToMy ¢ < c¢'.

C ppyro# cropous, ¢’ << e, ¢ & A, otkyna ¢’ <L a;
moatoMy ¢'@ '<l ¢, oTryma ¢’ < c@. ITEM [OKa3aHo,
qr0 ¢ = ¢'.

ITm paccMOTpeHHA OPHMEHMMH H K CIy4ail CTPYKTYP,
ne o0g3aTeIbHO MOAHHX. Mu moiydaeM, 910 H30MoODPmEIM
CTPYKTYP KaK YACTHIHO YHOPANCUCHHEX MHOKeCTB Gyrer
ux msoMop@usmoM M Kak aareép cmrsaryps (1, U)-
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O6paTHO® OYEBWAHO, TaK Kak a << b paBHOCHTBAO
alb=a.

dieMeHT a TONHOA CTPYRTYPH S HARLBAGTCA HOM-
naEmubM, €cIM BO BCAKOM moIMHOKecTBe B . S, mis
roroporo a < (U B), HalifiercA Takoe KOHEUToe HOJMHO-
smecTB0 B <X B, wro a << (U B).

B noanoii cmpyrmype nodaszebp npouseosvholi aszebpu
EOMRQKIMHbMIL ACMEHMAMI ABLRIOMCA KOHELHOROPONCHeH-
nue nodaszebpu (m. e. nodascebpul, obaadawiyue KoHeunol
cucmenot o06pasylowuUr) U MOALEO OHU.

B camom mene, myers B axrebpe G cirnaryphl Q Basara
KOHSUHOIODOKIGHNAsE 1ojanredpa

A= {a, ..., a

A IyCTh OHA COAEPIKUTCA B ofmeimHenmu mojatredp B,
o,

A (B, a1}

BuiGupacs 1A Kamsaoro H3 9TEMEHTOB dy, . . . , €, Oy
N3 ero samuceil B Bujae {2-cioBa OT (KOHEUHOHM CHCICMBI)
9JIEMCHTOB, IPUHANJIEIKAMIAX K HEKOTOPHIM H3 lojairedp
B,, ae=1 (cp. § 1). B pesynprare Buijensercs Taroi

KOHeuHH# Habop momanrebp B,, ..., By, o4,
..., 0,1, 90 uepes oleMenTh HTUX TOJAIreOp
33OMCHIBACTCA KaLIB M3 aNeMenToB ap, ..., a,. a
D03TOMY

AC {Bay -, By}

C npyrott cropowm, ecau mopanrebpa C aareGpm G wme
pMeeT KOHETHOH cuereMbl o0pasywoimyx, T0 0OHA coBHAZAC
¢ oGpeammenueM momanre6p {c}, rie anemenr ¢ apoGeraer
pclo mopanrebpy C, Ho obmenmHenue JH000OTO KOMEIHOTG
umabopa srux momanrefp crporo mensnize (.

Ilonnaa crpykrypa S Ha3HBaeTCHA KOMNAKMHONOPOIN -
Oerroli, eCIH BCAKHA ee 2JREMEHT ABIAeTCA o0be-
AMHERNEeM KOMIOAKTHHX 9JeMeHTOB. JIerko BHAeTh, Wi0
noanas cmpykmypa nodaszebp ecaxoli aazebpv. Oydem
romnaxkmuonoposxcdenoii. NeiictBarenbHo, BCAKAA MOJ-
anrefpa sBiagerca o0beiMHEHWEM Nomaire6p ¢ OHHUM
o6pasyIomuM, HOPOIKIEHALIX BCEMH ee DIeMeHTAMN.
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Cymecrsyer 7Teopema Bupkroda-®puuxa,
IO KOTOPOH BCAKaA KOMIAKTHONOPO:KIAEHHAN NOJHAA
CTPYKTYPa U30MOpPHA TOTHOH CTPYKTYpe BCOX monanreGp
nexoropoif axrebpst (Trans. Amer. Math. Soc. 64 (1948),
299-—-316).

Co Besko#d anreGpoil ecrecTBEHHBIM 06DABOM CBABHL-
BaeTcA eljle OJHA MOJAHAA CTPYKTypa, Muoro Goiee mmpo-
KasA, ueM cTpyKTypa mojanrebp. Ona 6ymaer Brefieria B che-
RAymoomeM naparpade, a cefigac yKaKeM OJHY YacTo MCIONb-
3YEMYH0 HKOHCTPYKIUIO.

Ilycts gavo cemeiicto axnrebp G;, i & I, oguoit u Tolt
sKe CHTHaTYpH £, MHO:KecTBO HHAeKcoB I Moswer GLITH KaK
KOHCYHBM, TaK W OecKoHewHHM. PaccMoTpUM MHOKECTBO
G, bIeMEHTaMW KOTODPOTO ABIAITCA BCEBOZMOJKHEIE CHCOTE-
MH a = (a;]|a; & G;, i) srementoB, B3ATHX IO
OJIHOMY B KayKHoi# u3 anredp G,. Muo;xecrso G MO:RHO mpe-
BPATATE B alkreOpy curuaryps £, mojaras, 4To olepaumuu
3 Q BHIOXHATCA B G TOKOMIOHEHTHO: €CIu ¢ &= Q,,
n>1 u B G B34ATH 5IeMeHTH

alk) = (a(ik)), k= 1, 2’ ce 1y
TO
a'a". .. av e = (aa; . .. a"0);

ecln iKe @ £ £y, TO 3T OomepanuA oTMeuaer B G dJeMeHT
e
0 = (0),

rae 0f — pieMeHT, OTMewaeMbiil omepanmeir ® B aiareb-
pe Gi'

Anrebpa G HasBBaeTCA Oerapmosulim RPOUIEEOCHILCH
(niM MONHBIM UPAMHIM NpPOM3BEeNCHMEM, WIM NOJHON THpsa-
MOl cymMmoii) aare6p Gy, [ & I, m 3amucuHBaeTcs B BH/E

G = HGl
ier

MIIH, eCJY MHORECTBO J KOHEeUno i COCTORT K3 HATYPATBHEIX
gucex 1, 2, ..., n,— B Buje

G=G, X Gy X ...XG,.

W3 onpepenenna onepanmit B G HeMeJIeHHO CIEAYeT, 4T0



110 § 17. TIOMHBIE CTPYHTYPBI

ecian Bee auredpsi G;, { & [, npunajieskar OgHOMY U TOMY
sre MEorooGpasuio (€, A), TO ¥ MX [ieKapTOBO MpO I3BC-
NeHHE CONEP:KUTCH B DTOM MHOT00Gpasuu.

Cefigac MBI OTPAHHIHMCH PACCMOTpEHHEM JeKapTOBHIX
npomspefeHnii map airedp. Ecan pams anrebpst G m H
cUTHATYPH , TO B HX JexaproBoM npoussefenmu G X H
BO3bMeM NPOM3BONbHYI0 mofmanrefpy; Ham ymoGHo oGo-
3HaYaTh ee GYKBOH p. Jra MojaireGpa COCTOMT M3 HEKO-
Topex map Bupa (a,d), e =G, b H, npuuem ecim
(a, )= p, 10 Oymem nmcarts Tamike apb. Ha p »Momno
CMOTPeTh Kak Ha OHHAapHOe OTHOIIEHHE MEKAY MHOe-
crBamu G w H, npmyem H3 ompejeneHus mofanredbpul u
ompe/ielIeHIsT OIePalit B leKaPTOROM HpPOU3BEeHHH CJIe-
nyer, uro mojaireépa B G X H — ato Te u TOJBKO 16
GuHEapume oTHomenms p Me:kgy G u I, koropeie yHoBJje-
TBOPAIOT CHACAYIOUHHM YCIOBHAM:

ean 0 = Q,, n>1, u a;pb;, a; =G, b, = H,
i=1, ..., n 7O

(ay . ..a,0)p (b ... Lo

2) ecam ® € Q, u orvedaer B G m /I cootnerciBentio

G H G i
snemertst O, 1 Oy, 70 0, p 04

[lomanreGpn anredper G X H, 1. e. OMEApHBE OT-
gomenna Mexny G m H, obnamatomue cBoiicrBamu 1)
m 2), HaswBaTCa coomeemcmeusny Mexny G m H. Ilns
3a0HCH TOTO, 9TO P €CTh COOTBeTcTBHE MELAY G m H, Mul
6yaeM HCHmOIB30BaTh cuMBOon GpH,

ITpuMepaMu COOTBETCTBHH  CIY:KAT  BCEBO3MOKIILIC
roMomopduamu G B I wim [ajke 9acTHYHBE FOMOMOpPHII3-
MH, T. e, TOMOMOp(HA3MH mojaare6p anre6psl G B anredpy
I, ecim G & G u @: G — H — roMmomopdusm, Tto,
nosttarag ¢’ = b’ puaa’ & G’ u UCOONB3YA CHMBOJ ¢ s
salliclH COOTBETCTBYIOMeEro OWHADHOTO OTHONIIEOHA, T. C.
a‘pb’, Mp moayunm, 4ro ycaosus 1) u 2) DI ¢ BMecTO
0 CAeRYIOT W3 ompefelenysa romomopdasma.

Ha nppomssonbame ke coorBercTBHA Meway G m H
MOKHO CMOTPETH KAaK Ta «MHOTO3HAYHBIe YaCTUYHLE TOMO-
voppuamery G B H.

CooTpetcrBua mesxpy anrebpamum G u H, saBuasasace
BCeBOBMOKERME Toganrebpamnm aare6pst G X I, cocras-
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JAI0T HOJHYIO CTPYKTYPY. VIMenno B ¢MuICae 5T0 noanodl
cmpyrkmype. coomsememsuli mMe:xny G w H Gypmer monm-
MaThcd Jalblle YacTHIHAA YHOPALOYCHHOCTH COOTBET-
CTBUL.

Tarum o6Gpa3oM, p << ¢ pana cooTeercTBmil GpH,
GoH osnagaer, 40 Nin MobnX @ &= G, b= Hus apb
caepyer ach.

C apyroii cTOpPOHH, NYCTh AAUH ONHOTHUIHEE airebpni
G, H u K cumraarypu  u coorsercrsua GoH m HoK.
OupeneauM ciaepywomuM ofpazoM OHHApHOE OTHOLIEHME
po Merpy G u K: a(po)e, a & G, ¢ = K, T0TAa U TOABKO
TOra, KOrja CYIEecTByeT XoTd OH OJMH TAKOM JIeMeHT
be H, wro apb u boc nnm, ropoue, apbac.

mo npoussedenue po coomeememeuii GpH u HoK
camo seasemces coomsememeuen mexcdy G v K. B camom
Jene, eciu ® & Q,, n > 1, ua;(po)e;, a; =G, ¢; = K

i=1, ..., n, 10 cymecrByor Takme b; = H, uro
a;pboe;, t =1, ..., n Iostomy mo 1) m3 onpenexenus
COOTEETCTBUA

(@ ...a,0)p(by...0,0)0(c,...co)),

OTKYa, DO ONDeJelieHHI0 IPOMSBEICHMA COOTBETCTBIHI,
(a;....a8,0) (po) (¢; . . . CLO).

C gpyro# ctoponst, pag o & Q, 6yaer, BBugy 2), 0¢p0 60k,
OTKY /& 0 (ps) 0k,

Crnegyer DOMHHMTh, KOHEYHO, YTO IPOU3BENEHHE COOT-
BETCTBHH OIIPENeIeHO HE BCEIJa; HMEHHO, OHO HE OIpeje-
neno paa coorsercrsuit GpH n H'sK, ecim H == H'.

Yunoncenue coomeemcmeuii accoyuamusero. IeskorBu-
TeALHO, eciam faHn cootsercteus GpH, HoK, KtL, To
misn a = G, d = L yrsepwnenue al(po)tld pasmocmasn-
HO CYIIeCTBOBAHHIO Takoro ¢ € K, wro alpo)ctd, wuTO
PaBHOCHILHEO CyMECTBOBaHWI0 Takoro be H, 4ro
apbsctd. llociegHee ke PABHOCHIBLHO  YIBEDA/ACHMIO
apb(et)d, r. e. yreepsnenmio alp(ot)ld, 4ro m Tpebo-
RAJIOCH [IOKA3aTh.

OTMeTHM, YTO NPOH3BEJEHHE COOTBeTCTBEE B TIpH-
MeHONHM K ToMoMopduamaM npespamgaeTcd, OIeBHMIHO,
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B IpoM3BeeHue rOMOMOPHHEMOB B CMBICIE Ppesyiantata
Wx TOCIeN0BaTebHOTO BHmoauesus (cm. § 3).

VMuoKeHHe COOTRETCTENHA CBA3AHO € HMX TACTHYIOH
1 LOPAOYHHOCTHIO CIEAYIOMUM ofpasoM: ecau Jawsl co-
omeememeus GpH, Gp'H, npuvem p < p’, mo 0as 410081
coomeememeuti HoK, LiG 6ydem

po < p'o, T < TP (U

JlorasreM x0T OB IepBOE yTRCPIRACHIE.

Eemu a(po)e, a = G, ¢ = K, 10 cymecTByer Takoe
I = H, 4yro apboe, 1. e., BBULY O << p', ap'boec, OTHY
coepgver a{p’o)e.

Jlna Beskoro cootsercrBua Goll cymectsyer umeep-
cioe coomeememeue Hp™'G; mvenno, bp~la, tae a & G,
b = H, rorga u ToabKo Torja, worpa apb. Vs ompenc-
qenvs coorBercTBEA (yemoBua 1) i 2)) Hemeenno ciaenyer,
yro p~! pelicreuresibno OyHer COOTBETCTBHEM I ITO Bhi-
NONHAIOTCA CJIGAYIOIIHe CBOHCTRA:

(™1 = p; (2)
ecal IIpOHBBeI(eHI/IO po cymecn*ByeT, TO
(po)™ = o7} (3)
NAKOHEN,
(Neyt= Nots (%)
el H=3)

a moaToMy H3 p <K O caegyer Tt <l o7h

Vemonpsya yMHOMREHHE COOTBETCTBHM, WX WaCTHIHYIO
VHOPANOUCHHOCT, ¥ MHBEPCHOE COOTBETCTBHE, & TaKiLe
VAOATHBAA, 9T0 TOMKACCTBEHHEI aBroMOp(I3M &; anredpnt
G ABIseTCH COOTBETCTBHOM (G ¢ caMuM c000I0, MOKHO
OTMHCATL HEKOTOPbIe CUELMAJbHBIE BHB COOTBETCTBH.
OrMeTnM clepsa, 4dYro eCJIH JAHO JEKAPTOBO IPOM3BE-

HeHHe
G = [IGiv
I=31
TO, CONOCTABIAA RakrjgoMy oaementy (a;, =) =6
DIeMeHT a; & Gy, MBI moaydaeM suumopdusm it G — Gy
o6pas Bearoit momanre6pm A & G mpm wm; Gyger
nofaarebpoit B (;, masniBaemoii mpoerumeit 4 B ;.
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B cornacmm ¢ stuM pus moGoro coorsercrus Gplf
npockouA mojanredpm p & G X H B G nassBaercs
nepeot. npoexyuell coomeememeus P; aHAJIOTUYHO OLPEHE-
AHETCA 6mopas npoeKyus.

bea TpyAa mpoBepdIoTCA CHeJYION[MEe YTBEDMKEHNA:

Ilepsasn (emopas) npoexyus coomgememesus GoH mozda
u moavro moeda cosnadaem ¢ G (H), rozda pp~ > eg
(woeda oY > eg).

Coomeemcmeue GpH mozda u moavko mozda 6ydem
yacmunilm  zomomopgusmom, ecau p"p <l ey; zomomop-
pusnomn,— ecau pp~t > g u p7Yp < e ; monomopgusmom, —
ecau pp~t = gq u PP~ < ey; snumopdusmon,— ecau pp~l >
>eq u plp = ey; usomopgusmom,— ecau ppl = ey u
pp = e
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[pamennm crasaHHOe BHIle K caydaio H = G, . e.
paccMOTpUM cooTBeTcTBHA GPpG aarefpm G ¢ camoil coboit
(1. e., KOpode, coomsemcmeus aszebpu. G). OHEm cocran-
JISAIOT, KAK MBI 8HAEM, OJIHYI0 CTPYKTYPY, IPATOM KOMITaKT-
HOIIOPOKIEHHYI0, TaK KaK OJT0 CTPYKTYpa BCeX Ioj-
aarebp fexaproBa Ksanpata G X G. lssectna rte o-
pema Mcranpgepa (Uss. AH CCCP, cepus
marem. 29 (1965), 1273—1282), no xoropoit BeAKas KoM-
NAKTHONOPOKNEHHRA WOJHAA  CIPYKTypa H3oMopdia
CTPYKTYpe BCeX COOTBETCTBHH HEKOTOpoil ajreGpm; sra
TeopeMa 0600maeT, 0YEBHHO, OTMEUYEHHYI0O B HPE/IECT-
BylomeM maparpage teopemy Buprroda — Opurra.

C 1Ipyroii cTOpoHH, MPOW3BEXEHUE COOTBETCTBHIL BIijIa
GpG Beera OIpeieleHo W MOITOMY COOTBETCTBHA anre6ps
G COCTAaBAAIOT WOTYIPynmy No YMHOKEHHIO; 9Ta 1n04y-
zpynna coomeemcmeuti oblagaer emmmHIel & = g;. Ha-
KOHeIl, B MHO}KEeCTBe COOTBETCTBHI anre6psl G CyirecTByeT
NHBOJIOLAA, & UMEHHO HePexo] K HMHBEPCHOMY COOTBETCT-
BUI0 P71

CoBoxynmHOCTh cooTBeTCTBHIL anrepGr G, paccMaTpi-
BaeMBIX € HX YHOPARZOIEHHOCTHIO, YMHO;KEHHEM M Tiepe-
XOJI0OM K HHBEPCHOMY COOTBETCTBIIO, — CBABH MEMKAY DTHMHA
OTHOWICHAAMH M OUEPANUAMH YKa3aHbl B IPeJIIecTEY-
lomeM maparpade,— Ha30BeM ceA3koli coomeememeuli an-
redopu G.

Ceasra cooTBeTCTBHMI cofep;KHT B cebe MHOrce M3
TOro, 9YTO HDWXONNTCA HCHOJb30BATh MHPH H3YICHNH
anre6pst G. Tak, empykmypa nodaseze6p ascebpw G uso-
Mopgra nodcmpyrmype cmpyrmypw ee coomeemcmeut,
COCTOAY el U3 6Cer MAKUX coomeememeuti p, wmo p << e.
WMnenno, rakamu coorsercTBHAME GYAYT TOMIECTBEHHbE
ABTOMOP(U3MH BCEBOSMOJKHHIX HofganreGp amreGpe G
M TOXBLRO OHM — IOCIefHee HOTOMY, 9TO JIISL COOTBETCTBHA
£, YAOBIETBOPAIOEr0 YCIOBHIO P < €, ofe mpoexium
COBRANAIOT, T. €. ABJAIOTCA ORHOH B TOH iKe IONaNre6poii.
C xpyroii cropomm, sHEOMOpPPE3MEL aaredbpsr G — 370
TaKmne ee COOTBETCTBHA P, 9T0 PPt > &, plp < €, a 7ak
Kak IpOW3BENeHHe TOMOMODPU3MOB COBIAJAeT, KaK Mbl
8HaeM, ¢ HX HPOM3BeJeHHEM KaK COOTBETCTBHH, TO No4y-
Zpynna andomopgusmos aseebpu G 6Gydem nodnoayzpyn-
noit noayespynnw ee coomeememeudl.
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[lpn mayuenum anre6p OYeHH BAKHYIO POABL HIpPaet
emie ONMH TWO cooTBeTcTBmil. MMEHHO, COOTBETCTBHE Tt
anre6psl G Ha3HIBAGTCA KOHepYeryuei, eciu, Kaxk OuHap-
HOE OTHONICHHEe, OHO ABJIACTCH OTHOIICHHEM DKBUBAJCHT-
HOCTH, T. €. pedeKCHBHO, CHMMETPHIHO M TPAHSHTHBIIO,
BHLIME CIOBAMH, €CIH OHO V/OBJETBOPSET CIAeXYIOHIIM
YCAOBHAM:

n>e nwt=agn, an <. hH

Jlna xourpyenumuu mn Gymer paske
T = m, (2)

Tak KAk M3 % > & caeayet, no (1) ms § 17, nn > =.
Ecau 6 ascebpe G zadanw konepyenyuu g;, i< I,
mo Uz nepeceNeHue 8 CmpYrmype coomeememeuti camno 6ydem
KoHepyenyueil.
B camom pele, mokaskes cOpaBeiaHBOCTD YCIOBHHM H

ma wourpyeunuu 7t = () %;. CupasepnuBocth HepBOro
il

H3 OTUX YCIOBHH 0YeBH/HA, BTOPOE clie/[yeT ua paBencTsa (4)
npepmecTRyomero uaparpaga. llyers, naronern, sieMeHTH
a, ¢ & G raxoBw, uto a(nm)e. Torpa cymecrByeT Takoi
saement b & G, aro anb u bne, a modromy aasg Becex { &= [
oymer am;b, bre. Orcrooma alm;m;)e, 7. e., Tak RaK JISA
7, BHOoNHAeTCA Nociegnee w3 ycxosuit (1), To am;e,
ie= 1, a mooroMy asc.

C opyroi ¢cTopoHE, 00 befUHeHNE KOHI pY-
eHHA B CTPYKTYpe COOTBEeTCTBHE HE
ofbsAas3ano OGBMTH KOHIpPYeHIHeH Kak DOKa-
3KBaeT clexyiommit’ TpusHanbELE mpuMmep. Pacemorpmm
MHOKecTBO M, B KOTOPOM 3alaHa TO/KIECTBeHHAA yHADHAA
oepanus

0 = x OAf Beex x &= M.

Bearasi OKBHBAZE@HTHOCTL B Muo;kectBe M Oyner KoH-
rpyennueil moiydenHo# anrebpsi. Bosbpmem jBe HKoHIDY-
eHUuU BTOH aireGpsl 5; W N,. BBUAY TORACCTBEHHOCTH
omepaumu ©® X 00beJHHENHe B CTPYKType COOTBETCTBMIA
COBHAMAeT ¢ HX TeOPETHKO-MHO}KECTBEHHEIM 00TeAuHeHIeM
Kak mopMmuoskects MuokectBa M X M. Ilocnepnee ne
0o06a3an0, ofjHaKo, OMTH KOHIPYeHIHeH, Tak KaK MOKeT He
VAOBICTBOPATH YCIOBHIO TPAHBHTHBHOCTH: €CHN HJIEMEHTH
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a, b, c & M raxoBwl, uto an;b, br,c, HO @ W ¢ Jemar
B PasHBIX KJIaCCax Kak HO i;, TaK M IO fly,— 3Ta CHTYAIUsA
MoskeT OHTH peanmsoBaHa, ecam M COHED:RUT He MeHee
Tpex B3JeMeHTOB,— TO & M ¢ He HaXOJATCA B OTHOWCHHH
iy U my, xo1a @ (my U my) b, b (my Y my) e

MuoskecTBO BCeX KOHIDYeHIMiI TPOMBBOJNBHON aJ-
re6pe G 9aCTHIHO YHOPAMOYEHO KAK NOIMHOKECTBO
CTPYKTYPH COOTBETCTBHH, CONED/KHT eIWHHIY 5TOH NoJ-
HOIl CTPYKTYpHI, T. e. coorBercrtBue G X (, W, HaKoHeI,
3aMKHYTO OTHOCHTeNbHO mnepeceueHmit. Ono camo Gyner,
CeJIOBATENBHO, IIOJHOMK CTPYKTYpoil. Idra cmpyrmypa
KOHepyeHyuti aarebprl G He o6s3ana 6HTHL, KaK MBI 3HaeM,
OOJCTPYKTYPOH CTPYKTYDH COOTBETCTBHIA.

Jlerxo mokasarh, 4TO CTPYKTypa KOHIPYEHHMH BCAKOM
anre6pe  ABASAETCH KOMUAKTHONODO::meHHOH. OTMeTuM
TeopeMy I'penepa—IliMmupgra, mo koropoit
BCAKAS KOMIIAKTHOMOPOKAEGHHASA WOJHAM CTPYKTypa HU30-
mMopgHa CTPYKType KOHTDYEeHHOME HEKoTOpoit ainre6pr
(Acta Sci. Math. (Szeged) 24 (1963), 34—59).

Konrpyennuu gawnoit anre6psr He Bcerga COCTABISIOT
LOJLOJIYTPpynny TOXYTPYNHL e€e COOTBeTCTBHM, TaK Kak
npousfBejienne ABYX KOHIPYeHIMH MoskeT He OLITH KOH-
rpyennyeit. JlokaskeM clieyiomyno TeopeMmy:

I poussedenue mym, deyx komepyeHyuii m, u m, aize6pbi
G moeda u moavko moeda 6ydem woHzpyeHyuel, ecau KOH-
ZpyeHyuL Ty U T, NEPECTIAHOBOMHbL, M. €. MyTy, = Jiyll,.

HeficTBuTenpso, ecam w7, ABIAETCH KOHTPYeHI[Mei,
T0, MCTONB3YA cBoMcrTBa KoHrpyenmuit (1), a raxixe (3)
N3 NpejuiecTBYIoWMero maparpada, moayuaem:

_ -1,_-1 __
Ty = (7)™ = My = .
O6paTro, ecam 7, = 7,7, TO COOTBETCTBHE 7,7, 061a-

RaeT BceMH cBoiicTBaMu (1), BXomAmmMME B onpejcieHMe
konrpyesnuun. Mmenno, seuny (1) us § 17,

T3y > M€ > FE = ¢
nfanee, Beuay (3) ns § 17,

~1 =-1._-1 __ — .
(7)™ = my'my = Tlty == JU3T0y;
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nakonen, cuoba BBumy (1) us § 17,
(0 m) (04 7) = (70,30)(70y7,) < 04715,

Jins HeRoTOpHIX KJaccoB auarebp, B TOM dHCIe ANSA
Tpymi, Kojem W BooOIe MYyNBTHONEPATOPHBIX Tpyum,
MOsReT OBITh JIOKa3aHa TePecTaHOBOYHOCTH BCeX HX KOH-
rpyennniti. CTPYKTYpH KOHrpyeHnmit anrebp, obaaparw-
HIEX OTHM CBOMCTBOM, ABIAAITCA JeleKHHTOBHMH. Moikio
NoKATaTh Jaske HECKOJBKO 6oabine.

Honwas cTPpYKTypa Ha3sbiBaeTcs e6noane Oedexundoeoll,
eciau Ui AO0LIX ee BIEMEHTOB a;, b;, | & [, yaoBaerso-
pawmIiy YCIOBMIO a; > b; npm i == j, HMeeT MecTo pa-
BEHCTBO

(N @) N (UB)= U (a N b 3)
=14 [1=34 i

Braraa snoane Oedexundosa cmpyrmypa S seasemcs
dederuHdocoil.

B camom pexne, uyers B S B3ATH diemeutsl a, b, c,
npuuesm a > b, Ilomoskam

a,=a, a,=alj ¢, by =¢c, b, = b.

Torjia a, >> b, 0 HPEANONOHEHNIO B a, > b, Wo ompepe-
menn© omepanuu o0vemuuenun. [looromMy HoMkmo But-
MOJNNATECA paBeHCTBO (3), 7. €.

@y N a) N (b U by) = (a; N b)) U (a; 1) by)
uau

afeyd=(@nayllayoqnbl,

a Taw Kak ¢ > b, To Mm DoayuaeM paseucrso (2) na § 106,
HNeaesunloBOCTD CTPYRTYPH S JOKasaHa.

Copapepyiuea creayomasgs reopeMa [suurepa
(Proc. Neder. Ac. 20 (1958), 70—76): Ecau B aarebpe &
ROUTPYCHININ II€PECTaIlOBOTNS], TO CTPYRTYpa KOHTpYel-
nuil proit anTe0psl BIOJHE JeReKIINIOBA.

JEavenye KOHPPYEHNUA AN TEOPHH YHUBePCANLUBIX
aareGp oupeensercs, KaK H3BECTHO, CHeAYIOH{IM.

Ecrn o — romrpyenmusa anreOpsl G curaarypm €2,
TO B MiosRecTBe (/1T HeliepeceRaloOMUXCA KIAcCOB, HA KO-
Topsie pasGusaercs G RONTPYeHuued 7, ECTECTBOTILM
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obpasoM ompeniensaiorca Bee onepamun uz Q. Ioayuennan
faxmop-aszebpa G/n oKa3kBaeTCA SHEMOPPHEIM 06pasoM
ajarebpsl G mpm ecrecTBeHHOM 3mmMopdmaMe, COMOCTABIA-
WHEeM KaKIoMy dJIeMeHTY M3 G TOT KiIace KOHIPYeHI[HH
T, K KOTOPOMY B®TOT 3JIeMeHT npuHauue:xar. Obpareo,
sbo# smmMopduaM ¢: G — G’ ompemensier B anrefpe
G KOHTDPYeHNUIO 5T, KIACCAMH KOTOPOH CJIYIKAT NIOJHLIE
upoobpass 3aeMeHTOB ajrebpw G', mpmueM CymecTByer
Takoii maomopduam P axrebpet G’ ma Qaxrop-aarebpy
G/n, uwro mpowmsBeleHUE @ COBHANAET C €CTECTBEHHBIM
snnMopduarom G na G ;.
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