
Lecture Notes in Mathematics 1821
Editors:
J.--M. Morel, Cachan
F. Takens, Groningen
B. Teissier, Paris



3
Berlin
Heidelberg
New York
Hong Kong
London
Milan
Paris
Tokyo



Stefan Teufel

Adiabatic Perturbation Theory

in Quantum Dynamics

1 3



Author

Stefan Teufel

Zentrum Mathematik
Technische Universität München
Boltzmannstr. 3
85747 Garching bei München, Germany
e-mail: teufel@ma.tum.de

Cataloging-in-Publication Data applied for
Bibliographic information published by Die Deutsche Bibliothek

Die Deutsche Bibliothek lists this publication in the Deutsche Nationalbibliografie;
detailed bibliographic data is available in the Internet at http://dnb.ddb.de

Mathematics Subject Classification (2000):
81-02, 81Q15, 47G30, 35Q40

ISSN 0075-8434
ISBN 3-540-40723-5 Springer-Verlag Berlin Heidelberg New York

This work is subject to copyright. All rights are reserved, whether the whole or part of the material is
concerned, specif ically the rights of translation, reprinting, reuse of illustrations, recitation, broadcasting,
reproduction on microf ilm or in any other way, and storage in data banks. Duplication of this publication
or parts thereof is permitted only under the provisions of the German Copyright Law of September 9, 1965,
in its current version, and permission for use must always be obtained from Springer-Verlag. Violations are
liable for prosecution under the German Copyright Law.

Springer-Verlag Berlin Heidelberg New York a member of BertelsmannSpringer
Science + Business Media GmbH

springer.de

c© Springer-Verlag Berlin Heidelberg 2003
Printed in Germany

The use of general descriptive names, registered names, trademarks, etc. in this publication does not imply,
even in the absence of a specif ic statement, that such names are exempt from the relevant protective laws
and regulations and therefore free for general use.

Typesetting: Camera-ready TEX output by the author

SPIN: 10951750 41/3142/du-543210 - Printed on acid-free paper



Table of Contents

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1 The time-adiabatic theorem of quantum mechanics . . . . . . . . . 6
1.2 Space-adiabatic decoupling: examples from physics . . . . . . . . . . 15

1.2.1 Molecular dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
1.2.2 The Dirac equation with slowly varying potentials . . . . 21

1.3 Outline of contents and some left out topics . . . . . . . . . . . . . . . . 27

2 First order adiabatic theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
2.1 The classical time-adiabatic result . . . . . . . . . . . . . . . . . . . . . . . . 33
2.2 Perturbations of fibered Hamiltonians . . . . . . . . . . . . . . . . . . . . . 39
2.3 Time-dependent Born-Oppenheimer theory: Part I . . . . . . . . . . 44

2.3.1 A global result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
2.3.2 Local results and effective dynamics . . . . . . . . . . . . . . . . 50
2.3.3 The semiclassical limit: first remarks . . . . . . . . . . . . . . . . 57
2.3.4 Born-Oppenheimer approximation in a magnetic field

and Berry’s connection . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
2.4 Constrained quantum motion . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

2.4.1 The classical problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
2.4.2 A quantum mechanical result . . . . . . . . . . . . . . . . . . . . . . 65
2.4.3 Comparison . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

3 Space-adiabatic perturbation theory . . . . . . . . . . . . . . . . . . . . . . 71
3.1 Almost invariant subspaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
3.2 Mapping to the reference space . . . . . . . . . . . . . . . . . . . . . . . . . . . 83
3.3 Effective dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

3.3.1 Expanding the effective Hamiltonian . . . . . . . . . . . . . . . . 92
3.4 Semiclassical limit for effective Hamiltonians . . . . . . . . . . . . . . . 95

3.4.1 Semiclassical analysis for matrix-valued symbols . . . . . . 96
3.4.2 Geometrical interpretation: the generalized Berry

connection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101
3.4.3 Semiclassical observables and an Egorov theorem . . . . . 102

4 Applications and extensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105
4.1 The Dirac equation with slowly varying potentials . . . . . . . . . . 105

4.1.1 Decoupling electrons and positrons . . . . . . . . . . . . . . . . . 106



VI Table of Contents

4.1.2 Semiclassical limit for electrons: the T-BMT equation . 111
4.1.3 Back-reaction of spin onto the translational motion . . . 115

4.2 Time-dependent Born-Oppenheimer theory: Part II . . . . . . . . . 124
4.3 The time-adiabatic theorem revisited . . . . . . . . . . . . . . . . . . . . . 127
4.4 How good is the adiabatic approximation? . . . . . . . . . . . . . . . . . 131
4.5 The B.-O. approximation near a conical eigenvalue crossing . . 136

5 Quantum dynamics in periodic media . . . . . . . . . . . . . . . . . . . . . 141
5.1 The periodic Hamiltonian . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145
5.2 Adiabatic perturbation theory for Bloch bands . . . . . . . . . . . . . 151

5.2.1 The almost invariant subspace . . . . . . . . . . . . . . . . . . . . . 155
5.2.2 The intertwining unitaries . . . . . . . . . . . . . . . . . . . . . . . . . 159
5.2.3 The effective Hamiltonian . . . . . . . . . . . . . . . . . . . . . . . . . 161

5.3 Semiclassical dynamics for Bloch electrons . . . . . . . . . . . . . . . . . 163

6 Adiabatic decoupling without spectral gap . . . . . . . . . . . . . . . . 173
6.1 Time-adiabatic theory without gap condition . . . . . . . . . . . . . . 174
6.2 Space-adiabatic theory without gap condition . . . . . . . . . . . . . . 178
6.3 Effective N -body dynamics in the massless Nelson model . . . . 185

6.3.1 Formulation of the problem . . . . . . . . . . . . . . . . . . . . . . . . 185
6.3.2 Mathematical results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 193

A Pseudodifferential operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 203
A.1 Weyl quantization and symbol classes . . . . . . . . . . . . . . . . . . . . . 203
A.2 Composition of symbols: the Weyl-Moyal product . . . . . . . . . . 208

B Operator-valued Weyl calculus for τ -equivariant symbols . 215

C Related approaches . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 221
C.1 Locally isospectral effective Hamiltonians . . . . . . . . . . . . . . . . . . 221
C.2 Simultaneous adiabatic and semiclassical limit . . . . . . . . . . . . . 223
C.3 The work of Blount and of Littlejohn et al. . . . . . . . . . . . . . . . . 224

List of symbols . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 225

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 227

Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 235



1 Introduction

Separation of scales plays a fundamental role in the understanding of the
dynamical behavior of complex systems in physics and other natural sciences.
It is often possible to derive simple laws for certain slow variables from the
underlying fast dynamics whenever the scales are well separated. Clearly the
manifestations of this basic idea and the precise meaning of slow and fast
may differ widely. A spinning top may serve as a simple example for the
kind of situation we shall consider. While it is spinning at a high frequency,
the rotation axis is usually precessing much slower. The orientation of the
rotation axis is thus the slow degree of freedom, while the angle of rotation
with respect to the axis is the fast degree of freedom. The earth is an example
of a top where these scales are well separated. It turns once a day, but the
frequency of precession is about once in 25700 years.

In this monograph we consider quantum mechanical systems which display
such a separation of scales. The prototypic example are molecules, i.e. systems
consisting of two types of particles with very different masses. Electrons are
lighter than nuclei by at least a factor of 2 · 103, depending on the type of
nucleus. Therefore, assuming equal distribution of kinetic energies inside a
molecule, the electrons are moving at least 50 times faster than the nuclei.
The effective dynamics for the slow degrees of freedom, i.e. for the nuclei, is
known as the Born-Oppenheimer approximation and it is of extraordinary
importance for understanding molecular dynamics. Roughly speaking, in the
Born-Oppenheimer approximation the nuclei evolve in an effective potential
generated by one energy level of the electrons, while the state of the electrons
instantaneously adjusts to an eigenstate corresponding to the momentary
configuration of the nuclei. The phenomenon that fast degrees of freedom
become slaved by slow degrees of freedom which in turn evolve autonomously
is called adiabatic decoupling.

We will find that there is a variety of physical systems which have the
same mathematical structure as molecular dynamics and for which similar
mathematical methods can be applied in order to derive effective equations of
motion for the slow degrees of freedom. The unifying characteristic, which is
reflected in the common mathematical structure described below, is that the
fast scale is always also the quantum mechanical time scale defined through
Planck’s constant � and the relevant energies. The slow scale is “slow” with
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2 1 Introduction

respect to the fast quantum scale. However, the underlying physical mech-
anisms responsible for scale separation and the qualitative features of the
arising effective dynamics may differ widely.

The abstract mathematical question we are led to when considering the
problem of adiabatic decoupling in quantum dynamics, is the singular limit
ε → 0 in Schrödinger’s equation

i ε
∂

∂t
ψε(t, x) = H(x,−iε∇x)ψε(t, x) (1.1)

with a special type of Hamiltonian H . For fixed time t ∈ R the wave function
ψ(t, ·) of the system is an element of the Hilbert space H = L2(Rd) ⊗ Hf ,
where L2(Rd) is the state space for the slow degrees of freedom and Hf is the
state space for the fast degrees of freedom. The Hamiltonian H(x,−iε∇x) is a
linear operator acting on this Hilbert space and generates the time-evolution
of states in H. As indicated by the notation, the Hamiltonian is a pseudodif-
ferential operator. More precisely, H(x,−iε∇x) is the Weyl quantization of a
function H : R

2d → Lsa(Hf) with values in the self-adjoint operators on Hf .
As needs to be explained, the parameter 0 < ε � 1 controls the separation
of scales: the smaller ε the better is the slow time scale separated from the
fixed fast time scale.

Equation (1.1) provides a complete description of the quantum dynamics
of the entire system. However, in many interesting situations the complexity
of the full system makes a numerical treatment of (1.1) impossible, today and
in the foreseeable future. Even a qualitative understanding of the dynamics
can often not be based on the full equations of motion (1.1) alone. It is
therefore of major interest to find simpler effective equations of motion that
yield at least approximate solutions to (1.1) whenever ε is sufficiently small.

This monograph reviews and extends a quite recent approach to adiabatic
perturbation theory in quantum dynamics. Roughly speaking the goal of this
approach is to find asymptotic solutions to the initial value problem (1.1) as
solutions of an effective Schrödinger equation for the slow degrees of freedom
alone. It turns out that in many situations this effective Schrödinger equation
is not only simpler than (1.1), but can be further analyzed using methods
of semiclassical approximation. Indeed, in other approaches the limit ε → 0
in (1.1) is understood as a partial semiclassical limit for certain degrees of
freedom only, namely for the slow degrees of freedom. We believe that one
main insight of our approach is the clear separation of the adiabatic limit
from the semiclassical limit. Indeed, it turns out that adiabatic decoupling is a
necessary condition for semiclassical behavior of the slow degrees of freedom.
Semiclassical behavior is, however, not a necessary consequence of adiabatic
decoupling. This is exemplified by the double slit experiment for electrons
as Dirac particles. While the coupling to the positrons can be neglected in
very good approximation, because of interference effects the electronic part
behaves by no means semiclassical.
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A closely related feature of our approach – worth stressing – is the clear
emphasis on effective equations of motion throughout all stages of the con-
struction. As opposed to the direct construction of approximate solutions to
(1.1) based on the WKB Ansatz or on semiclassical wave packets, this has
two advantages. The obvious point is that effective equations of motion allow
one to prove results for general states, not only for those within some class
of nice Ansatz functions. More important is, however, that the higher order
corrections in the effective equations of motion allow for a straightforward
physical interpretation. In contrast it is not obvious how to gain the same
physical picture from the higher order corrections to the special solutions.
This last point is illustrated e.g. by the derivation of corrections to the semi-
classical model of solid state physics based on coherent states in [SuNi]. There
it is not obvious how to conclude from the corrections to the solution on the
corrections to the dynamical equations. As a consequence in [SuNi] one ε-
dependent force term was missed in the semiclassical equations of motion, cf.
Sections 5.1 and 5.3.

Adiabatic perturbation theory constitutes an example where techniques of
mathematical physics yield more than just a rigorous confirmation of results
well known to physicists. To the contrary, the results provide new physical
insights into adiabatic problems and yield novel effective equations, as wit-
nessed, for example, by the corrections to the semiclassical model of solid
state physics as derived in Section 5.3 or by the non-perturbative formula
for the g-factor in non-relativistic QED as presented in [PST2]. However,
the physics literature on adiabatic problems is extensive and we mention
at this point the work of Blount [Bl1, Bl2, Bl3] and of Littlejohn et. al.
[LiFl1, LiFl2, LiWe1, LiWe2], since their ideas are in part quite close to ours.
A very recent survey of adiabatic problems in physics is the book of Bohm,
Mostafazadeh, Koizumi, Niu and Zwanziger [BMKNZ].

Apart from this introductory chapter the book at hand contains three
main parts. First order adiabatic theory for a certain type of problems,
namely for perturbations of fibered Hamiltonians, is discussed and applied
in Chapter 2. Here and in the following “order” refers to the order of ap-
proximation with respect to the parameter ε. The mathematical tools used
in Chapter 2 are those contained in any standard course dealing with un-
bounded self-adjoint operators on Hilbert spaces, e.g. [ReSi1]. The proofs are
motivated by strategies developed in the context of the time-adiabatic theo-
rem of quantum mechanics by Kato [Ka2], Nenciu [Nen4] and Avron, Seiler
and Yaffe [ASY1]. Several results presented in Chapter 2 emerged from joint
work of the author with H. Spohn [SpTe, TeSp].

In Chapter 3 we attack the general problem in the form of Equation
(1.1) on an abstract level and develop a theory, which allows for approxi-
mations to arbitrary order. Chapter 4 and Chapter 5 contain applications
and extensions of this general scheme, which we term adiabatic perturbation
theory. As can be seen already from the formulation of the problem in (1.1),
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the main mathematical tool of Chapters 3–5 are pseudodifferential operators
with operator-valued symbols. For the convenience of the reader, we collect
in Appendix A the necessary definitions and results and give references to the
literature. In our context pseudodifferential operators with operator-valued
symbols were first considered by Balazard-Konlein [Ba] and applied many
times to related problems, most prominently by Helffer and Sjöstrand [HeSj],
by Klein, Martinez, Seiler and Wang [KMSW] and by Gérard, Martinez and
Sjöstrand [GMS]. While more detailed references are given within the text,
we mention that the basal construction of Section 3.1 appeared already sev-
eral times in the literature. Special cases were considered by Emmrich and
Weinstein [EmWe], Brummelhuis and Nourrigat [BrNo] and by Martinez and
Sordoni [MaSo], while the general case is due to Nenciu and Sordoni [NeSo].
Many of the original results presented in Chapters 3–5 stem from a collabo-
ration of the author with G. Panati and H. Spohn [PST1, PST2, PST3].

The first five chapters deal with adiabatic decoupling in the presence of
a gap in the spectrum of the symbol H(q, p) ∈ Lsa(Hf) of the Hamiltonian.
Chapter 6 is concerned with adiabatic theory without spectral gap, which
was started, in a general setting, only recently by Avron and Elgart [AvEl1]
and by Bornemann [Bor]. Most results presented in Chapter 6 appeared in
[Te1, Te2].

The reader might know that adiabatic theory is well developed also for
classical mechanics, see e.g. [LoMe]. Although a careful comparison of the
quantum mechanical results with those of classical adiabatic theory would
seem an interesting enterprize, this is beyond the scope of this monograph.
We will remain entirely in the framework of quantum mechanics with the ex-
ception of Section 2.4, where some aspects of such a comparison are discussed
in a special example.

Since it requires considerable preparation to enter into more details, we
postpone a detailed outline and discussion of the contents of this book to the
end of the introductory chapter.

In order to get a feeling for adiabatic problems in quantum mechanics
and for the concepts involved in their solution, we recall in Section 1.1 the
“adiabatic theorem of quantum mechanics” which can be found in many
textbooks on theoretical physics. For reasons that become clear later on we
shall refer to it as the time-adiabatic theorem. Afterwards in Section 1.2 two
examples from physics are discussed, where instead of a time-adiabatic theo-
rem a space-adiabatic theorem can be formulated. While molecular dynam-
ics and the Born-Oppenheimer approximation motivate the investigations of
Chapter 2, adiabatic decoupling for the Dirac equation with slowly varying
external fields will lead us directly to the general formulation of the problem
as in (1.1).
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1.1 The time-adiabatic theorem of quantum mechanics

The purpose of this section is to introduce a number of concepts that will
accompany us throughout this monograph. This is done in the context of
the time-adiabatic theorem, which is the simplest and at the same time the
prototype of adiabatic theorems in quantum mechanics. Indeed, the prefix
time is often omitted and the time-adiabatic theorem is what one usually
means by the adiabatic theorem. As a consequence, most of the mathematical
investigations were concerned with the time-adiabatic setting and a deep and
general understanding has been achieved since the first formulation of the idea
by Ehrenfest [Eh] in 1916 and the pioneering work by Born and Fock [BoFo]
from 1928.

However, since the present section is mostly concerned with a simple
outline of basic concepts, we will not aim at the broadest generality. To the
contrary, we will avoid technicalities as much as possible for the moment and
postpone bibliographical remarks to the end of this section and to Chapter 2.
Our presentation of the time-adiabatic theorem is neither the most concise
one nor the standard one, but allows for the most direct generalization to the
space-adiabatic setting.

The time-adiabatic theorem is concerned with quantum systems described
by a Hamiltonian explicitly but slowly depending on time. The explicit time-
dependence of the Hamiltonian stems in some applications from a time-
dependence of external parameters such as an electric field, which is slowly
turned on. However, often the slowly varying parameters come from an ideal-
ization of the coupling to another quantum system. The idealization consists
in prescribing the time-dependent configurations of the other system in the
Hamiltonian of the full quantum system. It is the content of space-adiabatic
theory to understand adiabatic decoupling without relying on this idealiza-
tion, as to be explained in detail in the next section.

Let H(s), s ∈ R, be a family of bounded self-adjoint operators on some
Hilbert space H. One is interested in the solution of the initial value problem

i
d
ds

Ũε(s, s0) = H(εs) Ũε(s, s0) , Ũε(s0, s0) = 1H . (1.2)

The small parameter ε controls the time-scale on which H(εs) varies and is
discussed below. If the map s �→ H(s) is strongly continuous, then it is easy
to construct the unitary propagator Ũε(s, s0) solving (1.2) by means of a
Dyson expansion, cf. [ReSi2].

Definition 1.1. A unitary propagator is a jointly strongly continuous family
U(s, t) of unitary operators satisfying

(i) U(s, r)U(r, t) = U(s, t) for all s, r, t ∈ R

(ii) U(s, s) = 1H for all s ∈ R.
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Clearly, if Ũε(s, s0) solves (1.2), then ψ(s) = Ũε(s, s0)ψ0 solves the
Schrödinger equation

i
d
ds

ψ(s) = H(εs)ψ(s) with initial condition ψ(s0) = ψ0 . (1.3)

The parameter ε > 0 in (1.2) resp. (1.3) is the adiabatic parameter and
controls the separation of time-scales. Note that the smaller ε, the slower is
the variation of H(εs) on the a priori fixed fast or microscopic time-scale.
The time-scale t = εs on which H varies is called the slow or macroscopic
time-scale. Throughout this monograph we adopt the following conventions.

– Times measured in fast or microscopic units are denoted by the letter s.
– Times measured in slow or macroscopic units are denoted by the letter t.
– The fast and the slow time-scales are related as

t = εs

through the scale parameter 0 < ε � 1.

The notions macro- and microscopic might appear somewhat out of place
here. At the moment we use them synonymously for slow and fast. However,
in many applications the appearance of different time scales is closely re-
lated to the existence of different spatial scales. Then the use of micro- and
macroscopic becomes more natural.

On the slow time-scale (1.2) reads

i ε
d
dt

Uε(t, t0) = H(t)Uε(t, t0) , Uε(t0, t0) = 1 , (1.4)

where Uε(t, t0) = Ũε(t/ε, t0/ε). Since H varies on the slow time-scale, one
expects nontrivial effects to happen on this time-scale and thus the object of
the following investigations are solutions to (1.4) at finite macroscopic times.

The content of the time-adiabatic theorem is that Uε(t, t0) approximately
transports the time-dependent spectral subspaces of H(t) which vary suffi-
ciently smoothly as t changes. In the classical result one considers spectral
subspaces associated with parts of the spectrum which are separated by a gap
from the remainder. More precisely, assume that the spectrum σ(t) of H(t)
contains a subset σ∗(t) ⊂ σ(t), such that there are two bounded continuous
functions f± ∈ Cb(R,R) defining an interval I(t) = [f−(t), f+(t)] with

σ∗(t) ⊂ I(t) and inf
t∈R

dist
(
I(t), σ(t) \ σ∗(t)

)
=: g > 0 . (1.5)

The previous definition of “separated by a gap” might look slightly compli-
cated, but encodes exactly the simple picture displayed in Figure 1.1.

Let P∗(t) be the spectral projection of H(t) on σ∗(t), then, assuming
sufficient regularity for H(t), the time-adiabatic theorem of quantum
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Fig. 1.1. Spectrum which is locally isolated by a gap.

mechanics in its simplest form states that there is a constant C < ∞ such
that ∥

∥
(
1− P∗(t)

)
Uε(t, t0)P∗(t0)

∥
∥
L(H)

≤ C ε (1 + |t− t0|) . (1.6)

Physically speaking, if a system is initially in the state ψ0 ∈ P∗(t0)H, then
the state of the system at later times ψ(t) given through the solution of (1.3)
stays in the subspace P∗(t)H up to an error of order O(ε(1 + |t− t0|)‖ψ0‖).
The analogous assertion holds true if one starts in the orthogonal complement
of P∗(t0)H.

The mechanism that spectral subspaces which depend in some sense
slowly on some parameter are approximately invariant under the quantum
mechanical time-evolution is called adiabatic decoupling.

While the time-adiabatic theorem is often stated in the form (1.6), its
proof as going back to Kato [Ka2] yields actually a stronger statement than
(1.6). Let

Ha(t) = H(t) − i εP∗(t) Ṗ∗(t) − i εP⊥∗ (t) Ṗ⊥∗ (t) (1.7)

be the adiabatic Hamiltonian, where P⊥∗ (t) = 1−P∗(t), and let Uεa (t, t0) be
the adiabatic propagator given as the solution of

i ε
d
dt

Uεa (t, t0) = Ha(t)Uεa (t, t0) , Uεa (t0, t0) = 1 . (1.8)

As to be shown, the adiabatic propagator is constructed such that it inter-
twines the spectral subspaces P∗(t) at different times exactly, i.e.

P∗(t)Uεa (t, t0) = Uεa (t, t0)P∗(t0) for all t, t0 ∈ R . (1.9)

We are now in a position to state the strong version of the time-adiabatic
theorem.

(H(t))σ

 (t)σ

t

*

f  (t)

f  (t)

+

−
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Theorem 1.2. Let H(·) ∈ C2
b(R,Lsa(H)) and let σ∗(t) ⊂ σ(H(t)) satisfy the

gap condition (1.5). Then P∗ ∈ C2
b(R,L(H)) and there is a constant C < ∞

such that for all t, t0 ∈ R

‖Uε(t, t0) − Uεa (t, t0)‖ ≤ C ε (1 + |t− t0|) . (1.10)

By virtue of (1.9), (1.10) implies (1.6). Statement (1.10) is stronger than
(1.6) since it yields not only approximate invariance of the spectral subspace,
but gives also information about the effective time-evolution inside the de-
coupled subspace, a feature that will occupy us throughout this monograph.

While the detailed proof of Theorem 1.2 is postponed to the beginning
of Chapter 2, let us shortly explain the mechanism. A straightforward cal-
culation shows that the difference Uε(t, t0) − Uεa (t, t0) can be written as an
integral

Uε(t, t0) − Uεa (t, t0) =
∫ t

t0

dt′Aε(t′) . (1.11)

However, since the quantity Aε(t′) is O(1), a naive estimate would give that
Uε(t, t0) − Uεa (t, t0) = O(1)|t − t0|. The key observation for getting (1.10) is
that Aε(t′) is oscillating at a frequency proportional to 1/ε. Hence a careful
estimate of the right hand side of (1.11) yields (1.10) as in the simple example

∫ t

t0

dt′ eit′/ε = −iε
(

eit0/ε − eit/ε
)

= O(ε) .

The spectral gap condition enters in two ways. It is not only crucial in order to
show that A is oscillating with a frequency uniformly larger than a constant
times 1/ε, but it is also essential to conclude the regularity of P∗(·) from the
regularity of H(·).

It remains to check (1.9). Naively one could think that Uε(t, t0) itself
satisfies (1.9), or equivalently that

Uε(t0, t)P∗(t)Uε(t, t0) = P∗(t0) (NOT TRUE) . (1.12)

After all, P∗(t) are spectral projections of H(t) and thus [H(t), P∗(t)] = 0.
However, taking a derivative with respect to t of the left hand side in (1.12)
yields

d
dt

(
Uε(t0, t)P∗(t)Uε(t, t0)

)
= (1.13)

= − i
ε
Uε(t0, t) [H(t), P∗(t)]Uε(t, t0) + Uε(t0, t) Ṗ∗(t)Uε(t, t0) =

= Uε(t0, t) Ṗ∗(t)Uε(t, t0) �= 0

and thus (1.12) cannot hold for t �= t0. But from (1.13) we easily read off
what to do. In order to define a propagator satisfying (1.12) one has to add
an operator M(t) to the generator H(t) such that
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Ṗ∗(t) =
i
ε
[M(t), P∗(t)] . (1.14)

Hence we are left to check that the choice of M(t) made in (1.7) satisfies
(1.14). To this end observe that

Ṗ∗(t) =
d
dt

(P∗(t))2 = Ṗ∗(t)P∗(t) + P∗(t)Ṗ∗(t)

implies
Ṗ∗(t) = P⊥∗ (t) Ṗ∗(t)P∗(t) + P∗(t) Ṗ∗(t)P⊥∗ (t) . (1.15)

Although quite obvious, the fact that the derivative of a family of orthogo-
nal projections is block diagonal with respect to the block decomposition it
induces, turns out to be crucial for all what follows. With (1.15) we find that

Ha(t) = H(t) + i ε [Ṗ∗(t), P∗(t)] (1.16)

and that (1.14) is satisfied for M(t) = i ε [Ṗ∗(t), P∗(t)],

Ṗ∗(t) =
[
[Ṗ∗(t), P∗(t)], P∗(t)

]
= − i

ε

[
i ε [Ṗ∗(t), P∗(t)], P∗(t)

]
.

Remark 1.3. In some applications one has more than two parts of the spec-
trum which are mutually separated by a gap. As observed by Nenciu [Nen4],
the generalization to this case is straightforward and the adiabatic Hamilto-
nian would take the form

Ha(t) = H(t) − i ε
N∑

j=1

Pj(t) Ṗj(t) ,

where Pj(t) is the spectral projection on the jth separated component of the
spectrum. ♦

Effective dynamics

In many situations one is interested only in the dynamics inside the subspaces
P∗(t)H, which might be of particular interest for physical reasons or just be
selected by the initial condition. If, for example, σ∗(t) = {E(t)} is a single
eigenvalue of finite multiplicity �, then P∗(t)H ∼= C

� for all t ∈ R and the
adiabatic evolution Uεa (t, t0) restricted to P∗(t)H can be mapped unitarily to
an evolution on the time-independent space C

�. The effective dynamics on
the reference space C

� takes an especially simple form.
To see this let {ϕα(t)}�α=1 be an orthonormal basis of P∗(t)H such that

ϕα(t) ∈ C1
b(R,H) for all α. Such a basis always exists under the conditions

of Theorem 1.2, take for example {Uε=1
a (t, t0)ϕα(t0)}�α=1 for some fixed or-

thonormal basis {ϕα(t0)}�α=1 of P∗(t0)H. Let {χα}�α=1 be an orthonormal
basis of C

� and define the time-dependent unitary U(t) : P∗(t)H → C
� as



1.1 The time-adiabatic theorem of quantum mechanics 11

U(t) =
�∑

α=1

|χα〉〈ϕα(t)| . (1.17)

We use the physicist’s notation |χ〉〈ϕ|ψ := 〈ϕ, ψ〉H χ. Then

Uεeff(t, t0) = U(t)Uεa (t, t0)U∗(t0) (1.18)

defines a unitary propagator on the reference space C
�. As we will show, it

can be obtained as the solution of the Schrödinger equation

i ε
d
dt

Uεeff(t, t0) = Hε
eff(t)Uεeff(t, t0) , Uεeff(t0, t0) = 1C� (1.19)

with effective Hamiltonian

Hε
eff(t)αβ = E(t) δαβ − i ε 〈ϕα(t), ϕ̇β(t)〉H , (1.20)

where α, β = 1, . . . , � are matrix-indices with respect to the basis {χα}�α=1.

Theorem 1.4. Assume the conditions of Theorem 1.2 and, in addition, that
σ∗(t) = {E(t)} is a single eigenvalue of finite multiplicity �. Then there is a
constant C < ∞ such that the solution of (1.19) satisfies

∥
∥
(
Uε(t, t0) − U∗(t)Uεeff(t, t0)U(t0)

)
P∗(t0)

∥
∥ ≤ C ε (1 + |t− t0|) . (1.21)

While Theorem 1.4 is mathematically not deep at all, conceptually it is a
very important step. The observation that the subspaces P∗(t)H are not only
adiabatically decoupled from the remainder of the Hilbert space, but that
the dynamics inside of them can be formulated in terms of a much simpler
Schrödinger equation as (1.19), turns out to produce many interesting results.
In Section 1.2 of the introduction, we obtain, e.g., the famous Thomas-BMT
equation for the spin-dynamics of a relativistic spin- 1

2 particle from (1.20)
and (1.21).

Proof (of Theorem 1.4). Knowing already that (1.10) holds, all we need to
show is that Uεeff(t, t0) defined through (1.18) is indeed given as the unique
solution of (1.19). To this end we differentiate (1.18) with respect to t and
find

i ε
d
dt

Uεeff(t, t0) = U(t)Hε
a (t)Uεa (t, t0)U∗(t0) + i ε U̇(t)Uεa (t, t0)U∗(t0)

=
(U(t)Hε

a (t)U∗(t) + i ε U̇(t)U∗(t))Uεeff(t, t0) . (1.22)

Hence Uεeff(t, t0) satisfies (1.19) with

Hε
eff(t) = U(t)Hε

a (t)U∗(t) + i ε U̇(t)U∗(t)
= U(t)Hε(t)U∗(t) + i ε U̇(t)U∗(t)

and a straightforward calculation yields the matrix-representation (1.20). ��
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Generalizations

In summary Theorem 1.2 and Theorem 1.4 contain what we will call first
order time-adiabatic theory with gap condition. The terminology sug-
gests already that there are several ways of generalizing this theory.

(i) Adiabatic theorems with higher order error estimates and higher order
asymptotic expansions in the adiabatic parameter ε.

(ii) Adiabatic theorems without a gap condition.
(iii) Space-adiabatic theorems, where the slow variation is of dynamical

origin and not put in “by hand” through a Hamiltonian depending slowly
on time.

Time-adiabatic theorems with improved error estimates were extensively ex-
plored in the literature and we will sketch the type of results available shortly.
Time-adiabatic theorems without gap condition are only quite recent and
their understanding is much less developed. We will comment no further on
how to remove the gap condition in this section, but refer to Chapter 6, which
is devoted to adiabatic decoupling without spectral gap. Space-adiabatic the-
ory in the general form to be presented in this monograph is quite recent and
will be motivated and set up in Section 1.2.

We close this introductory section on the time-adiabatic theorem with
some remarks on higher order estimates. Going back to the beginning of this
section, the error estimate in (1.6) is undoubtedly correct, but it really begs
the question, since the nature of O(ε) is left unspecified. There are basically
two alternatives.

(a) There is a piece of the wave function ψ(t) = Uε(t, t0)ψ(t0) of order ε that
“leaks out” into the complement of P∗(t)H. More precisely (1.6) could
be optimal in the sense that the error really grows like ε|t− t0|.

(b) The state ψ(t) remains for much longer times in a subspace P ε∗ (t)H which
is only slightly tilted with respect to P∗(t)H, in the sense that ‖P∗(t) −
P ε∗ (t)‖ = O(ε).

As first recognized by Lenard [Le], and on a more refined level by Garrido
[Ga], Avron, Seiler and Yaffe [ASY1], Nenciu [Nen1] and by Joye, Kunz and
Pfister [JKP], it is the latter option which is realized by the solution to (1.4).
If H(·) ∈ C∞b (R,Lsa(H)) then there is an iterative procedure for constructing
a projection P ε∗ (t) such that for every n ∈ N there is a constant Cn < ∞
improving (1.6) to

∥
∥
(
1− P ε∗ (t)

)
Uε(t, t0)P ε∗ (t0)

∥
∥ ≤ Cn ε

n (1 + |t− t0|) . (1.23)

The projector P ε∗ (t) satisfies

‖P∗(t) − P ε∗ (t)‖ ≤ C ε (1.24)

for some constant C < ε and allows for an asymptotic series expansion in ε,
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P ε∗ (t) � P∗(t) +
∞∑

n=1

εn Pn(t) . (1.25)

Remark 1.5. Note that we use Poincaré’s definition of asymptotic power se-
ries throughout this monograph: the formal power series

∑∞
n=0 ε

nan is said
to be the asymptotic power series for a function f(ε) if for all N ∈ N there
is a constant CN < ∞ such that

|f(ε) −
N−1∑

n=0

εnan| ≤ εN CN ,

where this relation is expressed symbolically through

f(ε) �
∞∑

n=0

εnan .

♦
Remark 1.6. Whenever dn

dtnH(τ) = 0 for some τ ∈ R and all n ∈ N, then
P ε∗ (τ) = P∗(τ). ♦
Remark 1.7. Note that combining (1.23) and (1.24) yields

∥
∥
(
1− P∗(t)

)
Uε(t, t0)P∗(t0)

∥
∥ ≤ Cn (ε+ εn |t− t0|)

for the non-tilted projectors P∗(t). While the error O(ε) in (1.6) can not be
improved without tilting the subspaces, the first order result for the non-tilted
subspaces holds for much longer times. ♦

In concrete applications one can only compute a few leading terms in the
expansion (1.25) of P ε∗ (t). However, one is often not interested in explicitly
determining P ε∗ (t) for all t ∈ R. Assume, e.g., that H(t) varies only on some
compact time interval [t1, t2] ⊂ R, that the initial condition ψ(t0) ⊂ P∗(t0)H
is specified at some time t0 < t1 and that one is interested in the solution
of the Schrödinger equation ψ(t3) = Uε(t3, t0)ψ(t0) for times t3 > t2. Then
according to (1.23) and Remark 1.6 one finds that

‖(1− P∗(t3))ψ(t3)‖ ≤ Cn ε
n (1 + |t3 − t0|) ‖ψ(t0)‖ .

This observation is due to [ASY1], see also [ASY2] and [KlSe], who consider
the quantum Hall effect. Put differently, the part of the wave function that
leaves the spectral subspace P∗(t)H of the Hamiltonian H(t) during a com-
pactly supported change in time is asymptotically smaller than any power of
ε. For such a conclusion no explicit knowledge of P ε∗ (t) is needed. However,
one would like to obtain information on ψ(t3) beyond the mere fact that
ψ(t3) ∈ P∗(t3)H up to small errors. To this end one approximates Uε(t, t0)
as in (1.21) through an effective time evolution
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Uε(t)Uεeff(t, t0)Uε∗(t0) . (1.26)

Uε(t) now maps P ε∗ (t)H unitarily to the reference subspace C
� and thus the

effective evolution (1.26) exactly transports the subspaces P ε∗ (t)H.
The central object of adiabatic perturbation theory is the effective Hamil-

tonian Hε
eff(t) generating Uεeff(t, t0) as in (1.26). Hε

eff(t) allows for an asymp-
totic expansion as

Hε
eff(t)αβ � E(t) δαβ − i ε 〈ϕα(t), ϕ̇β(t)〉H +

∞∑

n=2

εnHn(t)αβ ,

starting with the first two orders as found in (1.20). In Chapter 4 we shall
show that

H2(t)αβ =
1
2
〈
ϕ̇α(t),

(
H(t) − E(t)

)−1
ϕ̇β(t)

〉

H
and also explain how to calculate even higher orders.

As a net result we obtain the following. Consider the nth order approxi-
mation to Hε

eff(t),

H
(n)
eff (t) =

n∑

j=0

εnHn(t) ,

and the corresponding effective evolution U
(n)
eff (t, t0) on the reference space

C
�,

i ε
d
dt

U
(n)
eff (t, t0) = H

(n)
eff (t)U (n)

eff (t, t0) , U
(n)
eff (t0, t0) = 1C� . (1.27)

Then there is a constant Cn such that
∥
∥
(
Uε(t, t0)−Uε∗(t)U (n)

eff (t, t0)Uε(t0)
)
P ε∗ (t0)

∥
∥ ≤ Cn ε

n (1 + |t− t0|) . (1.28)

If we are in the situation where H(t) varies on the compact time interval
[t1, t2] only, then, according to (1.6), P ε∗ (t) = P∗(t) and Uε(t) = U(t) are
explicitly known for t /∈ [t1, t2]. Hence it suffices to solve for the effective
dynamics (1.27) on the reference subspace in order to obtain approximate
solutions to the full Schrödinger equation up to any desired order in ε.

The scheme of computing asymptotic expansions for the projectors P ε∗ (t),
for the unitaries Uε(t) and, in particular, for the effective Hamiltonian Hε

eff(t)
is called time-adiabatic perturbation theory.

Remark 1.8. We note that if H(t) has an analytic continuation to some strip
in the complex plane, then the error estimate in (1.23) can be improved to

∥
∥
(
1− P ε∗ (t)

)
Uε(t, t0)P ε∗ (t0)

∥
∥ ≤ C e−1/ε (1 + |t− t0|) . (1.29)

Rigorous accounts of this statement were first given in [JoPf2, Nen1]. In
this monograph we will not be concerned with exponential estimates. This
is because our focus is not on optimal asymptotic error estimates, but we
will establish a general perturbative framework, which allows to calculate
effective Hamiltonians up to any finite order. ♦
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1.2 Space-adiabatic decoupling: examples from physics

Applications of the time-adiabatic theorem of quantum mechanics can be
found in many different fields of physics. Indeed, the importance of a good
understanding of adiabatic theory is founded in the fact that whenever a
physical system contains degrees of freedom with well separated time-scales,
or, equivalently, with well separated energy-scales, then adiabatic decoupling
can be observed. A prominent application for the time-adiabatic theorem in
mathematical physics is the quantum Hall effect [ASY1, ASY2].

In this section we discuss two examples from physics where the time-
adiabatic theorem can be applied, but, as we shall argue, a space-adiabatic
theorem provides a more natural and more detailed understanding of the
physics. The first example is dynamics of molecules and usually comes under
the name of time-dependent Born-Oppenheimer theory [BoOp, Ha1, HaJo2,
SpTe, MaSo]. The second example is a single Dirac particle subject to weak
external forces, modelling, e.g., an electron resp. positron in an accelerator,
a cloud chamber or a similar device.

1.2.1 Molecular dynamics

Molecules consist of light electrons, mass me, and heavy nuclei, mass mn

which depends on the type of nucleus. Born and Oppenheimer [BoOp] wanted
to explain some general features of molecular spectra and realized that, since
the ratio me/mn is small, it could be used as an expansion parameter for
the energy levels of the molecular Hamiltonian. This time-independent Born-
Oppenheimer theory has been put on firm mathematical grounds by Combes,
Duclos, and Seiler [Co, CDS], Hagedorn [Ha2], and more recently by Klein,
Martinez, Seiler and Wang [KMSW]. For a comparison of the methods and
results we refer to Appendix C.

With the development of tailored state preparation and ultra precise time
resolution there is a growing interest in understanding and controlling the
dynamics of molecules, which requires an analysis of the solutions to the
time-dependent Schrödinger equation, again exploiting that me/mn is small.
For l nuclei with positions x = {x1, . . . , xl} and k electrons with positions
y = {y1, . . . , yk} the molecular Hamiltonian is of the form

Hmol = − �
2

2mn
∆x − �

2

2me
∆y + Ve(y) + Ven(x, y) + Vn(x) (1.30)

with dense domain H2(R3(l+k)) ⊂ L2(R3(l+k)). For notational simplicity we
ignore spin degrees of freedom and assume that all nuclei have the same mass
mn. The first and second term of Hmol are the kinetic energies of the nuclei
and of the electrons, respectively. Electrons and nuclei interact via the static
Coulomb potential. Therefore Ve is the electronic, Vn the nucleonic repulsion,
and Ven the attraction between electrons and nuclei. Ve and Vn may also
contain an external electrostatic potential.
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Even for simple molecules as CO2, which contains 3 nuclei and 22 elec-
trons, a direct numerical treatment of the time-dependent Schrödinger equa-
tion

i �
d
ds

ψ(s) = Hmol ψ(s) , ψ(s0) = ψ0 ∈ L2(R3(l+k)) , (1.31)

is far beyond the capabilities of today’s computers and will stay so for the
foreseeable future. This is because of the high dimension of the configuration
space, e.g. 3(l+k) = 75 in the case of CO2, and because of the fact that long
microscopic times s must be considered in order to observe finite motion of the
nuclei. As a consequence, good approximation schemes for solving (1.31) are
of great interest for many fields of chemistry, chemical physics and biophysics.
In the following we shall explain how the mechanism of adiabatic decoupling
leads to such an approximation scheme in many relevant situations.

In atomic units (me = � = 1) the Hamiltonian (1.30) can be written more
concisely as

Hε
mol = − ε2

2
∆x +He(x) , (1.32)

where we introduced the small dimensionless parameter

ε =
√

me/mn . (1.33)

In (1.32) it is emphasized already that the nuclear kinetic energy will be
treated as a “small perturbation”. He(x) is the electronic Hamiltonian for
given position x of the nuclei,

He(x) = −1
2

∆y + Ve(y) + Ven(x, y) + Vn(x) . (1.34)

He(x) is a self-adjoint operator on the electronic Hilbert space He = L2(R3k).
Later on we shall assume some smoothness of He(x), which can be estab-
lished easily if the electrons are treated as point-like and the nuclei have an
extended, rigid charge distribution. Generically He(x) has, possibly degener-
ate, eigenvalues

E1(x) < E2(x) < E3(x) < . . . ,

which may terminate at the continuum edge Σ(x). Thereby one obtains the
band structure as plotted schematically in Figure 1.2. The discrete bands
Ej(x) may cross and possibly merge into the continuous spectrum as indi-
cated in Figure 2.2.

If the kinetic energies of the nuclei and the electrons are of comparable
magnitude, then one finds for the speeds

|vn| ≈ (me/mn)1/2|ve| = ε |ve| ,

which means that the nuclei move much slower than the electrons.
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Fig. 1.2. The schematic spectrum of He(R) for a diatomic molecule as a function
of the separation R of the two nuclei.

One might now argue that because of their large mass the nuclei are
not only slow, but behave like classical particles with a configuration q ∈ R

3l

moving slowly along some trajectory q(t) = q(εs). For the moment, we assume
q(t) to be given a priori. Then He(q(εs)) is a Hamiltonian with slow time
variation and the time-adiabatic theory of Section 1.1 is applicable. If initially
the electronic state is an eigenstate χj(q(0)) of the electronic Hamiltonian
He(q(0)) corresponding to an isolated energy Ej(q(0)), i.e.

He(q(0))χj(q(0)) = Ej(q(0))χj(q(0)) ,

then the time-adiabatic theorem states that at later times the solution ψ(t)
of

i ε
d
dt

ψ(t) = He(q(t))ψ(t) , ψ(0) = χj(q(0)) ∈ L2(R3k) (1.35)

remains approximately an eigenstate ofHe(q(t)) to the energy Ej(q(t)) also at
later times, provided that Ej(q(t)) is separated by a gap from the remainder
of the spectrum along the trajectory q(t). The state of the electrons follows
adiabatically the motion of the nuclei. Hence one argues that because of
conservation of energy the influence of the electrons on the motion of the
nuclei is well approximated through the effective potential energy Ej(q) and
that q(t) is given as a solution to the classical equations of motion

q̈(t) = −∇Ej(q(t)) . (1.36)

The description of the dynamics of the nuclei inside molecules in terms of the
simple classical equation of motion (1.36) is often called Born-Oppenheimer
approximation in the chemical physics literature.

(R)

RR
0

H (R)σ(        )e

E  (R)2

E  (R)3

E  (R)1

Σ
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However, a priori the nuclei are quantum mechanical degrees of freedom
and an approximation scheme as the one just described has to be derived
starting from the full Schrödinger equation (1.31). But the Hamiltonian Hε

mol

of (1.32) is time-independent and we can only exploit that the nucleonic
Laplacian carries a small prefactor. Since the nuclei are expected to move
with a speed of order ε, their dynamics must be followed over microscopic
times of order ε−1 to observe motion over finite distances. Hence, (1.31)
becomes

i ε
d
dt

ψ(t) = Hε
mol ψ(t) , ψ(t0) = ψ0 ∈ L2(R3(l+k)) , (1.37)

where, as in (1.35), the factor ε in front of the time-derivative means that we
switched to the slow time-scale.

The mathematical investigation of the time-dependent Born-Oppenheimer
theory starting from (1.37) was initiated and carried out in great detail by
Hagedorn. In his pioneering work [Ha1] he constructs approximate solutions
to (1.37), which are essentially of the form

φεq(t) ⊗ χj(q(t)) , (1.38)

where φ εq(t) is a suitable Gaussian wave packet sharply localized along a given
classical trajectory q(t) solving (1.36), and χj(x) ∈ He is an eigenfunction of
He(x) for all x ∈ R

3l.
More precisely, let ψε(t) be the true solution of (1.37) with the same initial

condition as the approximate wave function (1.38), i.e. ψε(t0) = φ εq(t0) ⊗
χj(q(t0)). It follows from the results in [Ha1] that, as long as the gap condition
holds along q(t), for each bounded time interval I � t0 there is a constant
CI < ∞ such that for t ∈ I

‖ψε(t) − φ εq(t) ⊗ χj(q(t))‖ ≤ CI
√
ε . (1.39)

This result rigorously confirms the heuristic arguments involving the time-
adiabatic theorem leading to (1.36), as it relates the “true” quantum me-
chanical description to the classical approximation. However, in Hagedorn’s
approach the “adiabatic and semiclassical limits are being taken simultane-
ously, and they are coupled [HaJo2]”.

Indeed, the proof of (1.39) relies on the time-adiabatic theorem, which,
however, can only be applied because of the sharp localization of the nucleonic
wave function. On the other hand there is no reason why adiabatic decoupling
should only happen for well localized wave functions. After all, the underlying
physical insight that the separation of time respectively energy scales leads to
the adiabatic decoupling is completely unrelated to semiclassical behavior or
localization of wave packets. Thus the concept of time-adiabatic decoupling as
explained in Section 1.1 needs to be generalized to what was termed space-
adiabatic decoupling in [SpTe].
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Let us roughly explain the results of first order space-adiabatic theory for
molecular dynamics as described by (1.37). Assume that Ej(x) is isolated
from the remainder of the spectrum of He(x) for some fixed j and, for sim-
plicity, for all x ∈ R

3l. Let P∗(x) be the projection onto the eigenspace of
He(x) corresponding to Ej(x). Then

P∗ =
∫ ⊕

R3l

dxP∗(x)

defines a projection on the full Hilbert space

H = L2(R3l) ⊗ L2(R3k) = L2(R3l, L2(R3k)) .

We term the subspace P∗H the band subspace corresponding to the energy
band Ej(·). Note that P∗H is invariant for He, i.e. [P∗, He] = 0, although it
is, in general, not a spectral subspace for He.

However, P∗H is not invariant for the full molecular Hamiltonian, since

[Hε
mol, P∗] = [−ε2

2
∆x, P∗] = −ε2

2
(
∆P∗ + 2∇P∗ · ∇x

) �= 0 . (1.40)

But, because of the spectral gap, one expects that the band subspace P∗H
decouples from its orthogonal complement for small ε, i.e. for slow motion of
the nuclei. Let

Hε
diag = P∗Hε

mol P∗ + P⊥∗ Hε
mol P

⊥
∗ , (1.41)

then [Hε
diag, P∗] = 0 and thus also

[

e−iHε
diagt/ε, P∗

]

= 0 .

We shall show in Section 2.3 that for each λ ∈ R there is a constant C < ∞
such that

∥
∥
∥

(

e−iHε
molt/ε − e−iHε

diagt/ε
)

P (Hε
mol ≤ λ)

∥
∥
∥ ≤ C ε (1 + |t|) . (1.42)

Here P (Hε
mol ≤ λ) denotes the spectral projection of Hε

mol on energies smaller
than λ. In particular, (1.42) shows that P∗H is an approximately invariant
subspace of the full dynamics, i.e.

∥
∥
∥

[

e−iHε
molt/ε, P∗

]

P (Hε
mol ≤ λ)

∥
∥
∥ ≤ C ε (1 + |t|) . (1.43)

Remark 1.9. The projection on finite total energies in (1.42) and in (1.43)
is necessary, since otherwise the adiabatic decoupling could not be uniform.
This is because no matter how small ε is, i.e. how heavy the nuclei are,
without a bound on their kinetic energy they are not uniformly slow. ♦
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Note the analogy between the space-adiabatic result (1.42) and the time-
adiabatic result (1.10). The diagonal Hamiltonian Hε

diag in (1.42) corresponds
to the adiabatic Hamiltonian Hε

a(t). Indeed, Hε
a (t) as defined in (1.7) can be

obtained, in complete analogy to (1.41), as

Hε
a(t) = P∗(t)

(− i ε
d
dt

+H(t)
)
P∗(t) + P⊥∗ (t)

(− i ε
d
dt

+H(t)
)
P⊥∗ (t) .

The kinetic energy of the nuclei in Hε
mol plays the same role as the time-

derivative played in the time-adiabatic setting. As we shall see in Chapter 2,
also the structure of the proof of the space-adiabatic result (1.42) is analogous
to the one of the time-adiabatic theorem.

Formally the only difference between the two settings, as presented up to
now, is that in the time-adiabatic case one considers Hamiltonians fibered
over the time-axis and in the space-adiabatic case one considers Hamiltoni-
ans fibered over the configuration space of the slow degrees of freedom. The
terminology space-adiabatic partly originates in the latter observation.

Also in the space-adiabatic setting effective dynamics on the decoupled
subspace P∗H are of primary interest. As in the time-adiabatic case one can
map the subspace P∗H in a natural way to a reference space. Assume, for
simplicity, that the eigenvalue Ej(x) under consideration is simple, then the
natural reference space is L2(R3l). The unitary U : P∗H → L2(R3l) is given
analogous to (1.17) as

U =
∫ ⊕

R3l

dxU(x) =
∫ ⊕

R3l

dx 〈χj(x), · 〉 , (1.44)

where χj(x) is the eigenvector of He(x) to the eigenvalue Ej(x). χj(x) is
determined up to a x-dependent phase factor and for the moment we chose
χj(x, y) real-valued, which fixes χj(x) up to a sign. This is possible, since
He(x) is real.

The effective Hamiltonian for the nuclei now acts on the reference space
L2(R3l) and is obtained by unitarily mapping the on-band diagonal part of
Hε

mol to L2(R3l),

Hε
eff = U P∗Hε

mol P∗ U∗ = −ε2

2
∆x + Ej(x) + O(ε2) .

In analogy with (1.21) we shall find in Chapter 2 that
∥
∥
∥

(

e−iHε
molt/ε − U∗ e−iHε

eff t/ε U
)

P∗ P (Hε
mol ≤ λ)

∥
∥
∥ ≤ C ε (1 + |t|) (1.45)

for some constant C < ∞. Thus, in the presence of a spectral gap, the
influence of the electrons on the dynamics of the nuclei is given through the
effective potential energy Ej(x). Put differently, (1.45) shows that if φ(t) is
a solution of the Schrödinger equation
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i ε
d
dt

φ(t) = Hε
eff φ(t) , φ(t0) = φ0 ∈ Hn , (1.46)

for the nuclei only, then an approximate solution of the full Schrödinger
equation (1.37) can be obtained by multiplying φ(t) with the corresponding
electronic eigenstate χj(x), i.e. through

ψ(t, x, y) = (U∗φ)(t, x, y) = φ(t, x)χj(x, y) .

Note that ψ(t) ∈ H constructed this way is not a product wave function as
(1.38) is.

Remark 1.10. It is straight forward to obtain approximate solutions of the
effective Schrödinger equation (1.46) by means of standard semiclassical tech-
niques, since Hε

eff is a standard semiclassical operator, cf. Chapter 2 and
Chapter 3. In particular, one can recover the results of Hagedorn [Ha1] by
constructing semiclassical wave packets for (1.46). ♦

In summary we found that first-order space-adiabatic theory for molecu-
lar Hamiltonians can be formulated in close analogy to the first-order time-
adiabatic theory of Section 1.1. However, it turns out that this is not possible
anymore for higher order space-adiabatic decoupling and new concepts and
tools are needed. Indeed, once the general framework of Chapter 3 is devel-
oped, it becomes clear why time-adiabatic theory is special and, in particular,
simple, when it comes to higher orders. As the next example from physics
will show, even first-order space-adiabatic theory requires new concepts, in
general.

1.2.2 The Dirac equation with slowly varying potentials

While there is still no complete agreement on the physical significance of the
one particle Dirac equation, it can certainly be used to describe the motion
of electrons or positrons in sufficiently weak external electromagnetic fields
in good approximation. We have in mind situations as in storage rings, accel-
erators, mass spectrometers or cloud chambers. This is the physical regime
which we consider in the following and as standard reference for the mathe-
matics and the physics of the Dirac equation we refer to the book by Thaller
[Th].

The free Dirac Hamiltonian

HD0 = −i α · ∇y + βm (1.47)

with domain H1(R3,C4) ⊂ H := L2(R3,C4) is self-adjoint. We use units
where � = c = 1 and m is the mass of an electron. For the Dirac matrices α,
β we chose the standard representation

α =
(

0 σ
σ 0

)

, β =
(

1C2 0
0 −1C2

)

,
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F i g. 1. 3. The spectrum of the free Dirac Hamiltonian H  D0 as projection of the
fibered spectrum of HD0(p) on the energy axis.

where σ = (σ1,σ2,σ3) denotes the vector of the Pauli spin matrices,

σ1 =
(

0 1
1 0

)

, σ2 =
(

0 −i
i 0

)

, σ3 =
(

1 0
0 −1

)

. (1.48)

The free Dirac Hamiltonian is most conveniently studied in Fourier rep-
resentation and with F : L2(R3

y) → L2(R3
p) denoting Fourier transformation

one finds
HD0(p) := F HD0 F−1 = α · p+ βm.

Hence HD0(p) acts as multiplication with a hermitian matrix valued function.
The eigenvalues of the four by four matrix HD0(p) are easily found to be

E0
±(p) = ±

√

p2 +m2 ,

both two-fold degenerate. The corresponding eigenprojections are

P 0
±(p) =

1
2

(

1 +
HD0(p)
E0±(p)

)

.

The energy bands E0
+(p) and E0−(p) are not only separated by a gap pointwise

in p, but their projections on the energy axis are, as indicated in Figure 1.3,
disjoint,

inf
p∈R3

E0
+(p) = m > −m = sup

p∈R3
E0
−(p) . (1.49)

Thus, in contrast to the situation of the electronic Hamiltonian He(x) of the
previous section, the band subspaces P 0

± are spectral subspaces of HD0.

HD0

p

−

−m

m

σ(          ) +
0

0

E   (p)

E   (p)
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States in P 0
+H are called electronic states or just electrons and states in

P 0−H are called positronic states or just positrons. For the free Dirac dynamics
this notion makes perfectly sense, since P 0

+H and P 0
−H are invariant under

the dynamics generated by HD0. Electrons stay electrons and positrons stay
positrons.

In order to describe the dynamics of electrons and positrons in a weak
and slowly varying external electric field E = −∇φ one adds to (1.47) the
potential φ : R

3 → R,

Hε
Dφ = −i α · ∇y + βm + φ(ε y) , (1.50)

where ε > 0 now controls the scale of variation of the potential φ. To keep
formulas short we absorbed the charge of the electron into the potential.
Switching again to Fourier representation, we obtain

Hε
Dφ = HD0(p) + φ(i ε∇p) (1.51)

and recover a structure quite similar to the one found in (1.32) for the molecu-
lar Hamiltonian, but with the roles of position and momentum interchanged.

One could now proceed as in the Born-Oppenheimer example. We would
find that the spectral subspaces P 0

±H of HD0 are still approximately invariant
under the dynamics generated by Hε

Dφ, although P 0
±H are no longer spectral

subspaces of Hε
Dφ once the gap in the spectrum of Hε

Dφ closes. More precisely,
the result of such an analysis would be that

[

e−iHε
Dφt/ε, P 0

±
]

= O(ε(1 + |t|)) ,

and that on the electronic resp. positronic subspaces the dynamics are gen-
erated by effective Hamiltonians given through

Hε
eff ± = ±

√

p2 +m2 + φ(i ε∇p) .

However, eventually one would like to consider also slowly varying external
magnetic fields and then (1.51) becomes

Hε
D = HD0

(
p−A(i ε∇p)

)
+ φ(i ε∇p) , (1.52)

where A : R
3 → R

3 is the vector potential of an external magnetic field
B = ∇×A. The Hamiltonian (1.52) does not have the same structure

Hε =
∫ ⊕

Rn

dξ H0(ξ) + f(i ε∇ξ) ⊗ 1

as Hmol or HDφ anymore. I.e., it is not the sum of an operator which is
fibered over some configuration space plus a perturbation which acts on the
slow degrees of freedom only.
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The natural way to think of (1.52) is that of being “fibered” over phase
space in the sense that

HD(q, p) = α · ( p−A(q)
)

+ βm + φ(q) (1.53)

is an operator valued function on phase space, HD(·) : R
6 → L(C4), i.e. it

depends on position q and momentum p of the particle. The full Hamiltonian
Hε

D acting on L2(R3,C4) is obtained by replacing in HD(q, p) each occurrence
of q with the operator i ε∇p and each p with the operator of multiplication
by p. The operator ĤD = Hε

D obtained this way is called the quantization
of the symbol HD, a relation graphically expressed through the ̂ . Note,
in particular, that all operators with a ̂ depend on ε by construction. For
the special case of HD(q, p) no ambiguities from operator ordering arise. In
general, however, one has to specify a rule and we shall adopt the Weyl-
ordering throughout, cf. Appendix A.

The eigenvalues of the symbol HD(q, p) are now functions on phase space
R

6 and explicitly given as

E±(q, p) = E0
±
(
p− A(q)

)
+ φ(q) = ±

√

(p−A(q))2 +m2 + φ(q) .

While, in general, the situation will not be as in (1.49) anymore, i.e. the
full Hamiltonian ĤD will not have a spectral gap, still the eigenvalues of the
symbol HD(q, p) are separated uniformly over phase space by a gap,

inf
(q,p)∈R6

(
E+(q, p) − E−(q, p)

)
= 2m > 0 .

Naively one might hope that the subspaces P 0
±H which we identified with

electrons and positrons are approximately invariant also under the dynamics
generated by ĤD. But not only that the space-adiabatic theory as developed
up to now is not applicable anymore, it turns out that this naive hope is
actually wrong.

However, a slightly more educated guess gives the correct result. Let
P±(q, p) be the spectral projections of HD(q, p) corresponding to E±(q, p)
and P̂± their Weyl-quantizations. And indeed, we shall show in Chapter 4
that for arbitrary n ∈ N

[

e−iĤDs, P̂±
]

= O(ε + εn|s|) . (1.54)

However, while P̂+ and P̂− are self-adjoint operators on H they are only
approximately projectors,

‖ P̂ 2
± − P̂± ‖ = O(ε) ,

and thus do not define subspaces. One can now use a trick due to Nenciu, cf.
Chapter 3, and construct orthogonal projectors Qε± such that



1.2 Space-adiabatic decoupling: examples from physics 25

‖Qε± − P̂± ‖ = O(ε) .

Together with (1.54) we obtain
[

e−iĤDs, Qε±
]

= O(ε + εn|s|) , (1.55)

i.e. Qε±H are approximately invariant subspaces associated with the eigen-
value bands E±(q, p) of the symbol of ĤD.

Remark 1.11. Since the subspaces Qε±H are still associated with the energy
bands E±(q, p), it seems natural to call – in the presence of weak fields –
states in Qε+H electrons and states in Qε−H positrons. In fact we shall see in
Section 4.1 that states in Qε+H have an effective dynamics as expected for
electrons and states in Qε−H as expected for positrons. ♦

Based on the powerful machinery of parameter-dependent pseudodifferen-
tial calculus it is not only possible to generalize the first-order space-adiabatic
theory to situations like the Dirac equation with external magnetic fields, but
it will also be at the basis for a general higher-order space-adiabatic theory.
While this is the topic of Chapter 3, let us end this section with a short
example for the physical relevance of effective Hamiltonians.

The so called T-BMT equation was derived by Thomas [Tho] and, in a
more general form, by Bargmann, Michel and Telegdi [BMT] on purely classi-
cal grounds as the simplest Lorentz invariant equation for the spin dynamics
of a classical relativistic particle. It is of great physical importance, since it
was used to compute the anomalous magnetic moment of the electron from
experimental data before the invention of particle traps. As a consequence the
experimental verification of the outstanding prediction of QED, the anoma-
lous g-factor, relied on the T-BMT equation.

We shall present a rigorous derivation of the T-BMT equation as the
adiabatic and the semiclassical limit of the Dirac equation in Section 4.1.3.
However, in order to give a motivation for our interest in effective Hamiltoni-
ans already at this place, let us apply once again the time-adiabatic theorem,
this time to the Dirac equation. As in the case of molecular dynamics assume
that a classical trajectory (q(t), p(t)) of say a relativistic electron is given.
I.e., (q(t), p(t)) is a solution to the classical equations of motion

q̇(t) = ∇pE+

(
q(t), p(t)

)
, ṗ(t) = −∇qE+

(
q(t), p(t)

)
,

with initial conditions (q(0), p(0)) = (q0, p0) ∈ R
6. If we insert such a solution

into the Dirac Hamiltonian (1.53), we obtain the time-dependent Hamiltonian

HD(t) = α · ( p(t) −A(q(t))
)

+ βm + φ(q(t))

acting on spin-space C
4. Being an electron, its spin state is initially given

through some ψ0 ∈ P+(q0, p0)C4, and, heuristically, its time-evolution should
be given as the solution of
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i ε
d
dt

ψ(t) = HD(t)ψ(t) , ψ(0) = ψ0 . (1.56)

The time-adiabatic theorem asserts that for small ε, i.e. for slowly varying ex-
ternal potentials, the spin-state ψ(t) remains in the subspace P+(q(t), p(t))C4,
i.e. the electron remains an electron and almost no positronic components
are created. However, the subspace P+(q(t), p(t))C4 is two-dimensional and
P+(q(t), p(t))ψ(t) is nothing but the spin of the electron, which, according
to Theorem 1.4 can be approximated through a simple effective dynamics.

The reference space for the effective dynamics is C
2 and the effective

dynamics depends on the way we identify P+(q(t), p(t))C4 with C
2, i.e. on

the choice of an orthonormal basis in P+(q(t), p(t))C4. Such a choice has to
be motivated on physical grounds and a natural choice are the eigenvectors of
the z-component of the “mean-spin” operator S(q, p), which commutes with
HD(q, p), cf. [FoWo, Sp1]. Let e(v) =

√
v2 +m2, v ∈ R

3, and

ψ+z(v) =
1

N(v)







e(v) +m
0
vz

vx + ivy







, ψ−z(v) =
1

N(v)







0
e(v) +m
vx − ivy
−vz







,

where the normalization is given through N(v) =
√

2e(v)(e(v) +m). Then

HD(q, p)ψ±z
(
p−A(q

)
) = E+(q, p)ψ±z

(
p−A(q)

)

and
Sz(q, p)ψ±z

(
p−A(q)

)
= ± 1

2 ψ±z
(
p−A(q)

)
.

Thus we define as in (1.17)

U(t) =
∣
∣

(
1
0

)
〉〈
ψ+z

(
p(t) −A(q(t))

)∣
∣ +

∣
∣

(
0
1

)
〉〈
ψ−z

(
p(t) −A(q(t))

)∣
∣ ,

and obtain as effective Hamiltonian, after a lengthy but straightforward com-
putation,

H+(t) = E+

(
q(t), p(t)

)
1C2 + εΩ

(
q(t), p(t)

) · σ
with

Ω(q, p) =
1

e(v)

(

B(q) − v × E(q)
e(v) + m

)

, v = p−A(q) .

In summary we conclude that we can approximately calculate the spin dy-
namics of an electron along a given classical relativistic trajectory by solving

i
d
dt

χ(t) = Ω
(
q(t), p(t)

) · σ χ(t) , χ(0) = χ0 ∈ C
2 . (1.57)

This is because according to Theorem 1.4

ψ(t) := e−iE+(q(t),p(t))t/ε U∗(t)χ(t)
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is then an approximate solution to (1.56) with ψ0 = U∗(0)χ0. However, (1.57)
is nothing but the T-BMT equation for the spin of a classical relativistic elec-
tron. This derivation of the T-BMT equation (1.57) showed that the effective
Hamiltonian carries important physical information also beyond the leading
order term given through the so called Peierl’s substitution. A severe draw-
back of the derivation of the T-BMT equation via the time-adiabatic theorem
is that, even at higher orders, it is impossible to see a back-reaction of the
spin-dynamics on the translational motion. This is because we must a pri-
ori prescribe the classical trajectory of the particle along which we choose to
compute the evolution of its spin. Such a simple minded adiabatic approxima-
tion thus will never explain why an electron beam is split in a Stern-Gerlach
magnet because of spin. This problem, as we will see in Section 4.1.2, is solved
once we switch to the space-adiabatic setting.

Thus one of our main interests in this monograph will be a general space-
adiabatic perturbation theory which allows us to systematically compute ef-
fective Hamiltonians.

1.3 Outline of contents and some left out topics

We conclude the introduction with a brief outline of the contents of every
chapter and with some remarks on related topics which had to be left out.

Chapter 2: First order adiabatic theory

Section 2.1 contains the proof of the first order time-adiabatic theorem as
going back basically to Kato [Ka2] and Nenciu [Nen4]. The case of regular
eigenvalue crossings is included as a corollary. The presentation is such that
the generalization to the first order space-adiabatic theorem is straightfor-
ward. In Section 2.2 the first order space-adiabatic theorem is formulated
for a certain class of adiabatic problems, namely for perturbations of fibered
Hamiltonians. This is done under simplifying assumptions in order to pro-
vide a pedagogical introduction. The idea to translate the time-adiabatic
theorem to a space-adiabatic version was first used by Hövermann, Spohn
and Teufel [HST] in the context of the semiclassical limit in periodic struc-
tures and subsequently modified and applied to the semiclassical limit of
dressed electrons by Teufel and Spohn [TeSp] and to the derivation of the
time-dependent Born-Oppenheimer approximation in molecular dynamics by
Spohn and Teufel [SpTe]. Since the Born-Oppenheimer approximation is not
only of relevance to many fields, but is at the same time conceptually very
simple, the results from [SpTe] are presented and elaborated on in Section 2.3.
As a new application we discuss the problem of quantum motion constrained
to a submanifold of configuration space in Section 2.4 and compare the results
to those known for the analogous classical problem.
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In principle the method of Chapter 2 becomes obsolete through the intro-
duction of the more general scheme as to be developed in Chapter 3. However,
the method of Chapter 2 is elementary and also more flexible when it comes
to regularity of the symbol of H or to localization in phase space. Last but
not least it is this elementary method which is picked up again in Chapter 6
where adiabatic decoupling without gap-condition is considered.

Chapter 3: Space-adiabatic perturbation theory

This chapter contains the general scheme of space-adiabatic perturbation
theory dealing with the abstract problem formulated in (1.1). The theory uses
in its formulation and its proofs pseudodifferential operators with operator-
valued symbols and a short presentation of the relevant material can be found
in Appendix A. Chapter 3 is based on Panati, Spohn, Teufel [PST1].

In our scheme the construction of the effective dynamics for the slow de-
grees of freedom follows three steps. First the approximately invariant sub-
spaces corresponding to isolated spectral bands of the symbol H are con-
structed in Section 3.1. As to be explained there, this construction has some
history. Here we only mention that we will use an approach to the construc-
tion of the approximately invariant subspace which is due to Nenciu and
Sordoni [NeSo].

As a second step the approximately invariant subspace, which is a rather
complicated and ε-dependent object, is mapped to a reference subspace which
is simple and adapted to the problem. The unitary operator which inter-
twines the almost invariant subspace with the simple reference subspace is
constructed in Section 3.2.

The effective Hamiltonian for the slow degrees of freedom is defined as the
restriction of the full Hamiltonian to the almost invariant subspace mapped
to the reference subspace. This procedure allows to compute the effective
Hamiltonian as acting on the reference subspace to arbitrary order in ε. As
to be shown in Section 3.3 and Section 3.4, the leading orders of this expansion
provide very relevant information about the dynamics of the slow degrees of
freedom.

In many cases the effective Hamiltonian is the quantization of a matrix-
valued symbol with scalar principal symbol. Therefore we review in Sec-
tion 3.4 some results on semiclassics for matrix-valued Hamiltonians. More-
over the geometrical interpretation of the subprincipal symbol of the effective
Hamiltonian as coming partly from the famous Berry connection is most con-
veniently discussed in the context of the semiclassical limit.

Chapter 4: Applications and extensions

Space-adiabatic perturbation theory as developed in Chapter 3 can be di-
rectly applied to the Dirac equation with slowly varying external potentials.
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From the explicit expansion of the effective Hamiltonian to first order we de-
rive, in particular, the T-BMT equation. In addition we also derive the first
order corrections to the semiclassical equations of motion of a Dirac particle
including back-reaction of spin onto the translational dynamics.

As already mentioned in Section 1.2, adiabatic decoupling for the molecu-
lar Hamiltonian can only hold after imposing suitable energy cutoffs. In Sec-
tion 4.2 we briefly discuss how to modify the general theory such that also
the Born-Oppenheimer approximation is covered and calculate the effective
Hamiltonian including second order corrections. Our results generalize the
expression for the effective Hamiltonian for the Born-Oppenheimer approx-
imation found by Littlejohn and Weigert [LiWe1]. We also remark that the
time-dependent Born-Oppenheimer approximation with exponentially small
error estimates was discussed by Martinez and Sordoni in [MaSo].

In Section 4.3 we reconsider the time-adiabatic theorem based on the gen-
eral framework. Also here we are able to compute the effective Hamiltonian
including second order corrections.

We close Chapter 4 with two heuristic sections relevant to applications of
the theory. In Section 4.4 we discuss the question “How good is the adiabatic
approximation in a concrete problem ?” and in Section 4.5 we study the
effective Born-Oppenheimer Hamiltonian near a conical eigenvalue crossing.

Chapter 5: Dynamics in periodic structures

As a not so obvious application of space-adiabatic perturbation theory we
discuss the dynamics of an electron in a periodic potential based on Panati,
Spohn, Teufel [PST3]. Indeed it requires considerable insight into the prob-
lem and some analysis to even formulate this question as a space-adiabatic
problem. More precisely the general form (1.1) is achieved only after a suit-
able Bloch-Floquet transformation, which is discussed in Section 5.1. In Sec-
tion 5.2 the general scheme of Chapter 3 is applied, however, with several
technical innovations. While formally the problem has the general form (1.1),
a rigorous treatment can be based only on a Weyl calculus for a certain class
of equivariant symbols acting on equivariant functions. Such a calculus is de-
veloped in Appendix B. Furthermore the problem of the Bloch electron also
exemplifies the treatment of unbounded-operator-valued symbols within adia-
batic perturbation theory. In Section 5.3 we derive the first order corrections
to the semiclassical model of solid states physics. We do not only rigorously
reproduce the correction terms recently found in [ChNi1, ChNi2, SuNi], but
also find an additional term which has been missed so far.

Chapter 6: Adiabatic decoupling without spectral gap

Adiabatic decoupling without spectral gap has been considered only quite
recently. Time-adiabatic theorems without gap condition were proven inde-
pendently by Bornemann [Bor] and by Avron and Elgart [AvEl1]. Section 6.1
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contains a version of the result from [AvEl1] with improved error estimates,
where, at the same time, the proof is simplified considerably. This result
appeared in [Te2].

In Section 6.2 the techniques from [Te2] are translated to perturbations
of fibered Hamiltonians and a general space-adiabatic theorem without gap
condition is established. As an application of this result effective N -body
dynamics for the massless Nelson model are derived in Section 6.3. The latter
result appeared in [Te1].

Appendices

Appendix A reviews some results from the theory of parameter dependent
pseudodifferential operators with operator-valued symbols. Chapter 3 heavily
relies on the notation and the calculus introduced here.

In order to translate the scheme developed in Chapter 3 to the Schrödinger
equation with a short scale periodic potential, a Weyl calculus for certain τ -
equivariant symbols must be developed. This is the content of Appendix B.

Of course we compare our method to related ones throughout this
monograph whenever appropriate. Still, for the convenience of the inter-
ested reader, we devote Appendix C to a discussion of related approaches.
More precisely in the context of time-independent Born-Oppenheimer the-
ory a powerful method for deriving effective Hamiltonians was developed
in [CDS, KMSW] and also applied to the Bloch electron in [GMS]. For an
abstract account of the method see Martinez [Ma2]. As to be explained in
Appendix C this scheme gives results which are somewhat disjoint from ours.

Mainly in the context of Born-Oppenheimer approximation Hagedorn
[Ha1, Ha3, Ha4] and Hagedorn and Joye [HaJo1, HaJo2] obtained very strong
results on the propagation of coherent states, which we shortly comment in
Appendix C. Since matrix-valued Wigner measures [GMMP] become more
and more popular in the context of the partial semiclassical limit problem
(1.1), we also comment on this approach.

Topics left out

We conclude this summary with a list of closely related topics, which had to
be left out completely in this monograph.

Up to Chapter 6 we always assume a gap condition, at least locally in
the configuration space of the slow degrees of freedom. In the presence of
eigenvalue crossings our results permit to derive an effective Hamiltonian for
a group of bands, inside of which the crossing occurs. However, the study
of such an effective Hamiltonian is in itself a veritable task. Much work has
been spent in order to study model Hamiltonians displaying different types of
eigenvalue crossings, among which we mention only some recent work [Ha3,
HaJo1, CLP, FeGe, FeLa, Col1, Col2, LaTe]. While we shall touch this circle of
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problems only shortly in Section 4.5, we emphasize again that our results give
a rigorous justification for the reduction of a full Hamiltonian, like the one in
molecular dynamics, to the model Hamiltonians as studied in the literature
on crossings. A short discussion of this point can be found in [FeLa].

Physically one expects that transitions between adiabatically decoupled
subspaces are exponentially small in the parameter ε, cf. Remark 1.8. Ex-
ponential error estimates were established first in the time-adiabatic setting
in [JoPf2, Nen1]. For certain model systems it is even possible to study the
exponentially small transition amplitudes explicitly, cf. [LiBe, BeLi1, Be2].
In the space-adiabatic setting exponential error estimates were obtained in
[HaJo2, MaSo, NeSo] for Born-Oppenheimer type Hamiltonians. We refrain
from proving such exponential error estimates, since our focus is on adiabatic
perturbation theory, i.e. we are interested in explicit expansions of effective
Hamiltonians to some finite order, which, as we shall see, carry important
physical information.

Still the applications based on our results on effective Hamiltonians are
multifaceted and we will discuss only a few. An important omission is the
computation of so called g-factors. This is not only of central relevance for
spinning particles coupled to the quantized radiation field, cf. [PST2], but
also in solid state physics, where the details will be given in [PST3]. Also
in scattering theory asymptotic expansions of the S-matrix can be based on
effective Hamiltonians, cf. [NeSo].

Another interesting aspect of adiabatic theory are efficient algorithms
for a numerical treatment of adiabatic problems. Naturally the goal of such
numerical computations is to capture correctly the small but finite transi-
tions between the adiabatically decoupled subspaces. For a careful numerical
analysis and efficient algorithms for the standard time-adiabatic problem in-
cluding avoided crossings we refer to [JaLu]. A semiclassical model for a
Born-Oppenheimer type Hamiltonian with a conical crossing is derived and
tested numerically in [LaTe].
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The present chapter deals with the leading order adiabatic theory, i.e. er-
ror terms are of first order in the parameter ε. As a first step we recall in
Section 2.1 the proof of the classical time-adiabatic theorem as described in
the introduction and its generalization to regular crossings of eigenvalues.
The presentation is such that the generalization to a certain class of space-
adiabatic problems, namely perturbations of fibered Hamiltonians, becomes
straightforward. This is explained in Section 2.2 under rather simplifying as-
sumptions. We refrain from proving the result for perturbations of fibered
Hamiltonians in greater generality for two reasons. On the one hand the gen-
eral theory to be developed in Chapter 3 will in principle cover also this
special class of problems, but requires more stringent assumptions on the
Hamiltonian. Thus the theory to be developed in this chapter can be seen
as a last resort when the general scheme can not be applied directly. This
is the case for the Born-Oppenheimer approximation as explained in the in-
troduction and hence we elaborate on this example in Section 2.3 in order
to demonstrate the flexibility of the present approach. On the other hand
we will return to the setting of perturbations of fibered Hamiltonians once
we remove the gap condition in Chapter 6. There we will establish a general
result, the proof of which can easily be translated back to the case with gap.

We remark that the idea to be developed in this chapter was applied
in a variety of different physical contexts: motion of electrons in periodic
potentials with a weak external electric field [HST], the dynamics of dressed
electrons under the influence of a slowly varying external potential [TeSp]
and the Born-Oppenheimer approximation [SpTe].

2.1 The classical time-adiabatic result

In this section we state and prove a slightly more general version of the time-
adiabatic theorem compared to Theorem 1.2 of the introduction. In particu-
lar, we allow for unbounded Hamiltonians H(t) and start with a proposition
concerning the nontrivial question of the existence of a unitary propagator
in this case.

S. Teufel: LNM 1821, pp. 33–69, 2003.
c© Springer-Verlag Berlin Heidelberg 2003
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Proposition 2.1. For some open interval J ⊆ R let H(t), t ∈ J , be a fam-
ily of self-adjoint operators on some Hilbert space H with a common dense
domain D ⊂ H, equipped with the graph norm of H(t) for some t ∈ J , such
that

(i) H(·) ∈ C1
b(J,L(D,H)),

(ii) H(t) ≥ C for all t ∈ J and some C > −∞.

Then there exists a unitary propagator Uε, cf. Definition 1.1, such that for
t, t0 ∈ J and ψ0 ∈ D a solution to the time-dependent Schrödinger equation

i ε
d
dt

ψ(t) = H(t)ψ(t) , ψ(t0) = ψ0 .

is given through ψ(t) = Uε(t, t0)ψ0.

Proposition 2.1 is an immediate consequence of the general result on contrac-
tion semigroups, cf. Theorem X.70 in [ReSi2].

The first proof of the time-adiabatic theorem is due to Born and Fock
[BoFo] and important advances were achieved by Kato [Ka2], Garrido [Ga]
and Nenciu [Nen4]. For further details on the history the reader is referred
to Section 1.1. We give a formulation and a proof of the time-adiabatic the-
orem, which is maybe not the most concise one, but is best suited for a
generalization to the space-adiabatic setting.

Theorem 2.2. Let H(t) satisfy the assumptions of Proposition 2.1 with
H(·) ∈ C2

b(J,L(D,H)). Let σ∗(t) ⊂ σ(H(t)) satisfy the gap condition (1.5)
on J ⊂ R. Then P∗(·) ∈ C2

b(J,L(H)) and there is a constant C < ∞ such
that for t, t0 ∈ J

‖Uε(t, t0) − Uεa (t, t0)‖ ≤ C ε (1 + |t− t0|) . (2.1)

Here Uεa is the unitary propagator solving (1.8) on D with Ha(t) given through
(1.7).
The right hand side of (2.1) can be replaced by

ε

(

‖F (t) ‖ + ‖F (t0) ‖ +
∣
∣
∣
∣

∫ t

t0

ds
(

‖ Ḟ (s) ‖ + ‖F (s) [Ṗ (s), P (s)] ‖
)∣∣
∣
∣

)

,

(2.2)
where F (t) is defined in (2.10).

It is also worthwhile to give a more explicit bound in Theorem 2.2 than
(2.2) for the simple case of an isolated eigenvalue.

Corollary 2.3. Let H(·) ∈ C2
b(J,L(H)) and σ∗(t) = {E(t)} be an isolated

eigenvalue. Denote by ∆(t) the size of the gap, i.e.

∆(t) = dist(E(t), σ(H(t)) \ E(t)) .
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Then (2.1) holds with the right hand side replaced by

2 ε

(

‖Ṗ (t)‖
∆(t)

+
‖Ṗ (t0)‖
∆(t0)

+ (2.3)

+

∣
∣
∣
∣
∣

∫ t

t0

ds
(2‖Ṗ (s)‖2

∆(s)
+

‖P̈ (s)‖
∆(s)

+
‖Ṗ (s)‖ ‖Ḣ(s)‖

∆(s)2
)
∣
∣
∣
∣
∣

)

.

The special form of the bound in Corollary 2.3 is clearly not optimal.
However, it nicely displays the two mechanisms responsible for adiabatic
decoupling. The size of the error depends on the size of the gap and on the
variation of the eigenspaces. If either the gap is too small or the variation of
the eigenspaces is too large, then adiabatic decoupling breaks down. On the
other hand, if the eigenspaces are constant and only the eigenvalue varies,
the subspaces decouple exactly. Moreover the rough estimate (2.3) suffices
to prove the correct order of the non-adiabatic transitions near a regular
eigenvalue crossing, cf. Corollary 2.5.

Proof (of Theorem 2.2). As the first step we show how the regularity of the
spectral projection P∗(t) as a function of t follows from the regularity of H(t)
and the gap condition. The argument is standard, cf. [Ka1], and uses Riesz’
formula,

P∗(t) =
i

2π

∮

Γ (t)

dζ
(
H(t) − ζ

)−1
. (2.4)

Here Γ (t) ⊂ C is a positively oriented closed curve encircling σ∗(t) once such
that

inf
t∈J

dist
(
Γ (t), σ(H(t))

)
= g/2 .

Such a family of contours Γ (t) exists because of the gap condition (1.5).
Because of the continuity of the functions f± in (1.5), for each τ ∈ J there
exists a neighborhood I(τ) of τ such that

inf
t∈I(τ)

dist
(
Γ (τ), σ(H(t))

) ≥ g/4 .

Hence for t ∈ I(τ) one obtains the representation

P∗(t) =
i

2π

∮

Γ (τ)

dζ
(
H(t) − ζ

)−1
, (2.5)

and it is now easy to differentiate (2.5) with respect to t. We find that for
t ∈ I(τ)

dn

dtn
P∗(t) =

i
2π

∮

Γ (τ)

dζ
dn

dtn
(
H(t) − ζ

)−1 (2.6)

whenever R(ζ, t) := (H(t) − ζ)−1 ∈ Cnb (J,L(H)).
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Lemma 2.4. Let H(t) ∈ Cnb (I,L(D,H)) for some open interval I ⊂ J . Then
R(ζ, ·) ∈ Cnb (I,L(H,D)) for all ζ ∈ C \ ∪t∈Iσ(H(t)).

Proof. First note that R(ζ, t) ∈ L(H,D) for t ∈ I and thus

R(ζ, t) −R(ζ, s) = R(ζ, t)
(
H(s) −H(t)

)
R(ζ, s)

implies together with the assumption H(t) ∈ Cb(I,L(D,H)) that R(ζ, ·) ∈
Cb(I,L(H,D)).

As for differentiability, one obtains from differentiating the identity

1 = (H(t) − ζ)R(ζ, t)

with respect to t that

Ṙ(ζ, t) = −R(ζ, t) Ḣ(t)R(ζ, t) .

Hence H(t) ∈ Cnb (I,L(D,H)) together with R(ζ, ·) ∈ Cb(I,L(H,D)) implies
that R(ζ, t) ∈ Cnb (I,L(H,D)). ��

For n = 2 the claimed regularity of P∗(t) follows from Lemma 2.4. Note
also that P∗(·) ∈ C2

b(J,L(H)) implies that Hε
a(t) satisfies the assumptions of

Proposition 2.1 as well and hence Uεa defines a propagator on D.
We now turn to (2.1). Using the standard Cook’s type argument one

expresses the difference of the unitaries in terms of the difference of the
generators,

Uε(t, t0) − Uεa (t, t0) = −Uε(t, t0)
∫ t

t0

dt′
d
dt′

(

Uε(t0, t′)Uεa (t′, t0)
)

(2.7)

= − i
ε
Uε(t, t0)

∫ t

t0

dt′ Uε(t0, t′)
(
H(t′) −Ha(t′)

)
Uεa (t′, t0)

= −Uε(t, t0)
∫ t

t0

dt′ Uε(t0, t′) [Ṗ∗(t′), P∗(t′)]Uεa (t′, t0) .

In (2.7) one uses that both propagators are strongly differentiable on D and
that Uεa (t, t0)D = D for all t, t0 ∈ J . Although the difference of the generators
H(t) − Ha(t) = i ε [Ṗ∗(t), P∗(t)] is of order ε, on first glance (2.7) suggests
that this difference might add up to a difference of order 1 on the macroscopic
time-scale. The key observation for adiabatic theory is that the integrand in
(2.7) oscillates and can be written as the time-derivative of a function which
is of order ε. In principle the situation is the same as for the function eit/ε,
which is O(1), but integrated yields

∫ t

t0

dt′ eit′/ε = −iε
(

eit0/ε − eit/ε
)

= O(ε) .
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In order to motivate the following definition, consider for the moment the
special case when σ∗(t) = {E(t)} consists of a single eigenvalue E(t). Then

F (t) = −
(

R(E(t), t) Ṗ∗(t)P∗(t) + P∗(t) Ṗ∗(t)R(E(t), t)
)

(2.8)

obviously satisfies
[H(t), F (t)] = [Ṗ∗(t), P∗(t)] . (2.9)

Note that, in view of (1.15), R(E(t), t) acts in (2.8) only on P⊥∗ (t)H, where,
as a consequence of the gap condition, it is bounded uniformly. Equation (2.9)
shows that one part of the integrand in (2.7) can be written as a commutator
of F (t) with H(t) and thus, at least approximately, as the time-derivative of
− i εUε(t0, t)F (t)Uε(t, t0).

Generalizing (2.8) to the case of arbitrary σ∗(t) one defines

F (t) =
1

2πi

∮

Γ (t)

dζ P⊥∗ (t)R(ζ, t) Ṙ(ζ, t) + adj. (2.10)

where here and in the following “±adj.” means that the adjoint of the sum
of all operators to the left is added resp. subtracted. Using H(t)R(ζ, t) =
1 + ζR(ζ, t) and Ṙ(ζ, t) (H(t) − ζ) = −R(ζ, t) Ḣ(t), one computes

[H(t), F (t)] =
1

2πi

∮

Γ (t)

dζ
[
H(t), P⊥∗ (t)R(ζ, t) Ṙ(ζ, t)

]− adj.

=
1

2πi

∮

Γ (t)

dζ P⊥∗ (t)
((

1 + ζR(ζ, t)
)
Ṙ(ζ, t) −R(ζ, t) Ṙ(ζ, t)H(t)

)

− adj.

= P⊥∗ (t) Ṗ∗(t) − 1
2πi

∮

Γ (t)

dζ P⊥∗ (t)R(ζ, t) Ṙ(ζ, t) (H(t) − ζ) − adj.

= P⊥∗ (t) Ṗ∗(t) +
1

2πi

∮

Γ (t)

dζ P⊥∗ (t)R2(ζ, t) Ḣ(t) − adj.

= P⊥∗ (t) Ṗ∗(t) − adj. = [Ṗ∗(t), P∗(t)] . (2.11)

In the second to last equality of (2.11) we used that ζ �→ P⊥∗ (t)R2(ζ, t) is
holomorphic inside of Γ (t) and the last equality is a consequence of (1.15).

Now let
A(t) = − i εUε(t0, t)F (t)Uε(t, t0) .

Since P∗(·) ∈ C2
b(R,L(H)) it follows that F (·) ∈ C1

b(R,L(H)) and thus

d
dt
A(t) = Uε(t0, t) [H(t), F (t)]Uε(t, t0) − i εUε(t0, t) Ḟ (t)Uε(t, t0)

= Uε(t0, t) [Ṗ∗(t), P∗(t)]Uε(t, t0) + O(ε) . (2.12)

Finally we insert (2.12) into (2.7) and integrate by parts,
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∥
∥
∥Uε(t, t0) − Uεa (t, t0)

∥
∥
∥ ≤

≤
∥
∥
∥
∥

∫ t

t0

dt′
(

d
dt′

A(t′)
)

Uε(t0, t′)Uεa (t′, t0)
∥
∥
∥
∥ + ε |t− t0| sup

s∈[t0,t]

‖Ḟ (s)‖

≤ ‖A(t)‖ + ‖A(t0)‖

+
∥
∥
∥
∥

∫ t

t0

dt′A(t′)
(

d
dt′

Uε(t0, t′)Uεa (t′, t0)
)∥
∥
∥
∥ + O(ε|t− t0|)

= O(ε(1 + |t− t0|)) . (2.13)

In (2.13) it was used that ‖A(t)‖ = O(ε) uniformly for t ∈ R and that
‖ d

dt′ U
ε(t0, t′)Uεa (t′, t0)‖ = ‖Uε(t0, t′) [Ṗ∗(t′), P∗(t′)]Uεa (t′, t0)‖ is uniformly

bounded.
The explicit bound (2.2) follows immediately from an examination of the

above argument. ��
We end this section with a simple corollary, which handles the case of

regular eigenvalue crossings. Consider again the situation of Theorem 2.2,
but with σ∗(t) = {E1(t), E2(t)} consisting of two eigenvalues of H(t), H(·) ∈
Cnb (J,L(H)). Assume that on the relevant time-interval J ⊂ R we have

E1(t) = E2(t) ⇔ t = tc ∈ J ,

i.e. the eigenvalues cross exactly once at tc. The labelling of E1(t) and E2(t)
is such that E1(t) and E2(t) are in Cnb (J,R), cf. Figure 2.1. Furthermore we
assume that the corresponding spectral projections P1(t) and P2(t) can be
continued smoothly across the point tc and are thus in Cnb (J,L(H)). The
adiabatic Hamiltonian is now defined as

Ha(t) = H(t) − i ε P1(t) Ṗ1(t) − i ε P2(t) Ṗ2(t) − i ε P⊥∗ (t) Ṗ⊥∗ (t) ,

where P⊥∗ (t) = 1− P1(t) − P2(t).

Corollary 2.5. Let H(·) ∈ Cnb (J,L(H)), n ≥ 2, and σ∗(t) = {E1(t), E2(t)}
be as above. If

∂kt
(
E1(t) − E2(t)

)|t=tc �= 0 for some 1 ≤ k ≤ n ,

then there is a constant C < ∞ such that for all t, t0 ∈ J \ {tc}

‖Uε(t, t0) − Uεa (t, t0)‖ ≤ C ε1/(2k) (1 + |t− t0|) . (2.14)

Proof. The only new situation occurs when the crossing time tc lies between
t and t0. Without restricting generality we can assume that t0 < tc < t.
Splitting the time interval into the region near the crossing and away from
it, we obtain
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Fig. 2.1. Linear crossing of eigenvalues.

‖Uε(t, t0) − Uεa (t, t0) ‖ ≤ ‖Uε(tc − ε1/(2k), t0) − Uεa (tc − ε1/(2k), t0) ‖
+ ‖Uε(tc + ε1/(2k), tc − ε1/(2k)) − Uεa (tc + ε1/(2k), tc − ε1/(2k)) ‖
+ ‖Uε(t, tc + ε1/(2k)) − Uεa (t, tc + ε1/(2k)) ‖ . (2.15)

Since we have that P1(·) and P2(·) are in Cnb (J,L(H)), away from the crossing
the order of the error is completely determined by the size of the gap ∆(s) =
|E1(s) − E2(s)| as in (2.3). Taylor expansion near tc yields that ∆(s) ≥
C |s − tc|k and thus the first term in (2.15) (and analogously the last one)
can be bounded as

‖Uε(tc − ε1/(2k), t0) − Uεa (tc − ε1/(2k), t0) ‖
≤ C ε

(

1 + ε−1/(2k) + ε(−k+1)/(2k) + ε(−2k+1)/(2k)
)

≤ C̃ ε1/(2k) .

The remaining term in (2.15) can be bounded by rewriting it as in (2.7) and
using that the integrand is bounded and that the domain of integration is of
order ε1/(2k). ��

2.2 Perturbations of fibered Hamiltonians

One can think of iε∂t as a perturbation of the family H(t) of self-adjoint op-
erators: the spectral subspaces of H(t) are not invariant under time-evolution
because the commutator [iε∂t, H(t)] �= 0 does not vanish. However, for small
ε the commutator is small and one can show that spectral subspaces corre-
sponding to spectrum which is separated by a gap are approximately invari-
ant.

It turns out that one can generalize the proof of Theorem 2.2 in a straight-
forward way to the case where H0(x) is a family of self-adjoint operators on

σ

E (t)1

E  (t)2

E (t)1

E  (t)2

(H(t))

t
t c
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some Hilbert space Hf depending on the parameter x ∈ R
d and the Hamil-

tonian is given through

Hε = f(−iε∇x) ⊗ 1 +
∫ ⊕

Rd

dxH0(x) . (2.16)

The Hamiltonian Hε now acts on H = L2(Rd) ⊗ Hf = L2(Rd,Hf) and
f(−iε∇x) with f : R

d → R is the perturbation which in a sense replaces
iε∂t.

In physical applications the splitting of the Hilbert space corresponds to
the splitting of the system into slow and fast degrees of freedom. The Hilbert
space for the fast degrees of freedom is Hf and its explicit form is irrelevant
for the following analysis. The Hilbert space for the slow degrees of freedom is
L2(Rd), or, more general, the L2 space over some other configuration space.
While the identification of slow and fast degrees of freedom is obvious in some
cases, as e.g. in molecular dynamics, where the nuclei move slowly compared
to the electrons, in other cases some analysis of the problem is required to
cast a given Hamiltonian into the form (2.16), cf. [HST, TeSp].

Remark 2.6. Recall that a self-adjoint operatorH acting on the Hilbert space

L2(Rd) ⊗Hf =
∫ ⊕

Rd

dxHf

is called fibered, cf. [ReSi4], if there is a family H(x), x ∈ R
d, of self-adjoint

operators on Hf , such that the map x �→ 〈ψ, (H(x) − i
)−1

φ〉 is measurable
for all ψ, φ ∈ Hf and such that

(H − i)−1 =
∫ ⊕

Rd

dx
(
H(x) − i

)−1
.

In this case one writes

H =
∫ ⊕

Rd

dxH(x) .

For a detailed and careful discussion of fibered operators see also the Ap-
pendix of [Hoe]. ♦

We will call the set

Σ =
{
(x, s) ∈ R

d × R : s ∈ σ(H0(x))
}

the fibered spectrum of H0. In the following conditions on the regularity of
H0(·) will be imposed, which ensure that Σ is defined without ambiguities
about null sets.

Let σ∗ ⊂ Σ be such that x �→ P∗(x) is measurable, where P∗(x) de-
notes the spectral projection of H0(x) associated with σ∗(x). Then P∗ =
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∫

Rd dxP∗(x) is an orthogonal projection which commutes with H0, but which
is, in general, not a spectral projection of H0. In particular, the subspace P∗H
is an invariant subspace for the dynamics generated by H0,

[
e−iH0s, P∗

]
= 0 .

We think of (2.16) as “small” perturbation of a fibered Hamiltonian. The
perturbation f(−iε∇x) ⊗ 1 is small in the sense that now

[Hε, P∗ ] = [ f(−iε∇x) ⊗ 1, P∗ ] = O(ε)

and thus the subspaces P∗H are at least approximately invariant for small ε,
[

e−iHεs, P∗
]

= O(ε |s|) . (2.17)

However, as we saw in the example of Section 1.2.1, one is interested in the
dynamics for finite macroscopic times t = εs. For macroscopic times the naive
argument leading to (2.17) gives

[

e−iHεt/ε, P∗
]

= O(|t|) , (2.18)

which does not become small with small ε.
The situation is exactly as in the time-adiabatic case, where the naive

argument yields (2.7), which is of order O(1) at first glance. And indeed, one
can use exactly the same line of arguments as in the time-adiabatic case in
order to improve (2.18) to

[

e−iHεt/ε, P∗
]

= O(ε(1 + |t|))
if σ∗(x) is separated by a gap from the remainder of the spectrum of H0(x)
uniformly for x ∈ R

d. More precisely we assume that the spectrum σ(x)
of H0(x) contains a subset σ∗(x) ⊂ σ(x) such that there are real-valued
functions f± ∈ Cb(Rd) defining an interval I(x) = [f−(x), f+(x)] with

σ∗(x) ⊂ I(x) and inf
x∈Rd

dist
(
I(x), σ(x) \ σ∗(x)

)
=: g > 0 . (2.19)

In the space-adiabatic setting the adiabatic evolution is generated by the
diagonal Hamiltonian

Hε
diag = P∗Hε P∗ + P⊥∗ Hε P⊥∗ ,

which by construction satisfies
[

e−iHε
diagt/ε, P∗

]

= 0 .

We illustrate the general scheme under simplifying and rather restrictive
assumptions. In Section 2.3 we apply the same scheme to molecular dynamics
and prove the time-dependent Born-Oppenheimer approximation. The gen-
eral scheme is reconsidered in Chapter 6 under less restrictive assumptions
and, in particular, without assuming a gap condition.
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Theorem 2.7. Let H0(x), x ∈ R
d, be a family of bounded self-adjoint op-

erators such that H0(·) ∈ C2
b(Rd,L(Hf)) and let σ∗(x) ⊂ σ(x) satisfy the

gap condition (2.19). Let f ∈ S(Rd) be real-valued and Hε be the bounded
self-adjoint operator on H = L2(Rd,Hf) given through (2.16). Then there is
a constant C < ∞ such that for all t ∈ R

∥
∥
∥ e−iHεt/ε − e−iHε

diagt/ε
∥
∥
∥
L(H)

≤ C ε (1 + |t|) . (2.20)

Proof. From the general argument presented in the the proof of Theorem 2.2
it follows that P∗(·) ∈ C2

b(Rd,L(H)) and as in (2.7) we find that

e−iHεt/ε − e−iHε
diagt/ε = − i

ε
e−iHεt/ε

∫ t

0

dt′ eiHεt′/εHε
od e−iHε

diagt
′/ε . (2.21)

The off-diagonal part of the Hamiltonian is defined as

Hε
od := Hε −Hε

diag = P⊥∗
(
f(−iε∇x) ⊗ 1Hf

)
P∗ + adj.

= P⊥∗ [
(
f(−iε∇x) ⊗ 1Hf

)
, P∗ ]P∗ + adj. .

Here and in the following “± adj.” means that the adjoint operator of all
the operators to the left in an expression are added resp. subtracted. While
in the time-adiabatic case we obtained the simple expression [−iε∂t, P∗] =
−iεṖ∗, now the commutator gives an analogous expression, however, with a
remainder term of order O(ε2).

Lemma 2.8. Let g ∈ S(Rd) and A(·) ∈ Cnb (Rd,L(Hf)) and let gε :=
g(−iε∇x) ⊗ 1Hf .

(i) If n = 1, then [ gε, A ] = O(ε).
(ii) If n ≥ 2, then [ gε, A ] = −i ε (∇A) · (∇g)ε + O(ε2).

Here the errors hold in the norm of L(H), ∇A =
∫ ⊕

Rd dx∇A(x) and (∇g)ε =
(∇g)(−iε∇x) ⊗ 1Hf .

Proof. Using Taylor expansion with rest we find that for n ≥ 2

A(x− εy) = A(x) − ε y · ∇A(x) + ε2
∫ 1

0

dη 〈 y, ∇(2)A(x − ηεy) y 〉Rd

=: A(x) − ε y · ∇A(x) + ε2 Rε(x, y) ,

where ∇(2)A denotes the Hessian and ‖Rε(x, y)‖L(Hf ) = O(|y|2). Hence we
find for ψ ∈ H that

(
gεAψ

)
(x) = ((2π)−

d
2

∫

Rd

dy ĝ(y)A(x − εy)ψ(x− εy)

= (2π)−
d
2

∫

Rd

dy ĝ(y)
(
A(x) − ε y · (∇A)(x) +Rε(x, y)

)
ψ(x− εy)

=
(
Agε ψ

)
(x) − i ε

(
(∇A) · (∇g)ε ψ)(x) + ε2

(
Rε ψ

)
(x) ,
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where ‖Rε‖L(H) = O(1). This implies (ii). Stopping the Taylor expansion at
first order for n = 1, one obtains (i). ��

Since P∗(·) ∈ C2
b(Rd,L(Hf)), the Lemma implies that

[ fε, P∗ ] = −i ε (∇P∗) · (∇f)ε + O(ε2)

and thus

Hε
od = −i ε P⊥∗ (∇P∗) · (∇f)ε P∗ + adj.+ O(ε2)

= −i ε P⊥∗ (∇P∗)P∗ · (∇f)ε + adj.+ O(ε2) . (2.22)

For the last equality we used again Lemma 2.8 to commute (∇f)ε through
P∗ Since clearly (1.15) generalizes to

∇P∗ = P⊥∗ (∇P∗)P∗ + P∗ (∇P∗)P⊥∗ ,

we define in analogy to (2.10), but without the adjoint term for the moment,

F (x) =
1

2πi

∮

Γ (x)

dζ P⊥∗ (x)R(ζ, x) (∇R)(ζ, x) . (2.23)

As in (2.11) one concludes that

[H0(x), F (x) ] = (∇P∗)(x)P∗(x) .

Let
G = F · (∇f)ε + adj. ,

then F (·) ∈ C1
b(Rd,L(Hf)⊕d) and Lemma (2.8) (i) yield

[Hε, G ] = [ fε, F ] · (∇f)ε + [H0, F ] · (∇f)ε + F · [Hε, (∇f)ε ] − adj.
= (∇P∗)P∗ · (∇f)ε − adj.+ O(ε) .

As in the time-adiabatic case we define

A(t) = −i ε eiHεt/εG e−iHεt/ε ,

such that
d
dt
A(t) = eiHεt/ε [Hε, G ] e−iHεt/ε =

i
ε

eiHεt/εHε
od e−iHε t

ε + O(ε) . (2.24)

Finally we insert (2.24) into (2.21) and integrate by parts,
∥
∥
∥e−iHεt/ε − e−iHε

diagt/ε
∥
∥
∥ =

=
∥
∥
∥
∥

∫ t

0

dt′
(

d
dt′

A(t′)
)

eiHεt′/ε e−iHε
diagt

′/ε
∥
∥
∥
∥ + O(ε|t|)

≤ ‖A(t)‖ + ‖A(0)‖

+
∥
∥
∥
∥

∫ t

0

dt′ A(t′)
(

d
dt′

eiHεt′/ε e−iHε
diagt

′/ε
)∥
∥
∥
∥

+ O(ε|t|)
= O(ε(1 + |t|)) . (2.25)
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In (2.25) it was used that ‖A(t)‖ = O(ε) uniformly for t ∈ R and that
∥
∥
∥
∥

d
dt′

eiHεt′/ε e−iHε
diagt

′/ε
∥
∥
∥
∥ =

∥
∥
∥
∥

i
ε

eiHεt′/εHε
od e−iHε

diagt
′/ε

∥
∥
∥
∥

is uniformly bounded according to (2.22). ��

2.3 Time-dependent Born-Oppenheimer theory: Part I

The physical background of the time-dependent Born-Oppenheimer approx-
imation was already discussed in the Introduction. In the present section we
apply the first-order space-adiabatic scheme, which was developed in the pre-
vious section, to the full molecular Hamiltonian for l nuclei and k electrons:

Hmol =
1

2mn

l∑

n=1

(−i�∇xn +A(xn)
)2 +

1
2me

k∑

n=1

(−i�∇yn −A(yn)
)2

+Ve(y) + Ven(x, y) + Vn(x) . (2.26)

As compared to (1.30), we added the vector potential A : R
3 → R

3 of an ex-
ternal magnetic field B = ∇×A. The electrons are modelled as point charges
and the electronic repulsion is thus given through the Coulomb potential en-
ergy

Ve(y) =
k−1∑

n=1

k∑

m=n+1

1
|yn − ym| .

For technical and physical reasons, the nuclei are modelled as smeared rigid
charge distributions ρ ∈ C∞0 (R3), ρ ≥ 0 and ‖ρ‖L1 = 1. As a consequence
the potential for nuclear repulsion is

Vn(x) =
l−1∑

n=1

l∑

m=n+1

∫

R6
dz dz′

ρ(z − xn)ρ(z′ − xm)
|z − z′|

and the attractive potential between electrons and nuclei is

Ven(x, y) = −
l∑

n=1

k∑

m=1

∫

R3
dz

ρ(z − xn)
|z − ym| .

Note that Vn and Ven are bounded and the function x �→ Ven(x, ·) ∈ L∞ is
smooth.

As explained in Section 1.2.1, we change units such that � = me = 1,
introduce ε =

√
me/mn and write

Hε
mol =

ε2

2
(− i∇x +A(x)

)2 +
∫ ⊕

R3l

dxHe(x) , (2.27)
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where

He(x) =
1
2
(− i∇y −A(y)

)2 + Ve(y) + Ven(x, y) + Vn(x) (2.28)

is self-adjoint with x-independent domain D(He(x)) = H2(R3k) ⊂ L2(R3k)
under appropriate conditions on A. To simplify notation, we extended A :
R

3 → R
3 to A : R

3l → R
3l by repeating it l times.

The specific form (2.28) of the electronic part of the Hamiltonian will be
of no importance in the following. As in the previous section we take some
arbitrary separable Hilbert space He for the electronic degrees of freedom.
For the electronic Hamiltonian we only assume that

He =
∫ ⊕

Rd

dxHe(x) , He(x) = He0 +He1(x) ,

where He0 is self-adjoint on some dense domain D ⊂ He and bounded from
below and He1(x) ∈ L(He) is a continuous family of self-adjoint operators,
bounded uniformly for x ∈ R

d. Thus He is self-adjoint on D(He) = L2(Rd)⊗
D ⊂ H := L2(Rd)⊗He and bounded from below. To properly define L2(Rd)⊗
D we equip D with the graph-norm ‖ · ‖He0 , i.e., for ψ ∈ D, ‖ψ‖He0 =
‖He0ψ‖ + ‖ψ‖.
Remark 2.9. Note that the general assumptions onHe(x) allow one to include
in addition to (2.28) also the spin of the electrons and relativistic corrections.
♦

Let A ∈ C1
b(Rd,Rd). Then ε2

2

(

− i∇x + A(x)
)2

is self-adjoint on H2(Rd),
the second Sobolev space, since −i∇x is infinitesimally operator bounded
with respect to −∆x. It follows that

Hε =
ε2

2

(

− i∇x + A(x)
)2

⊗ 1He +He (2.29)

is self-adjoint on D(Hε) = H2(Rd) ⊗He ∩D(He).
In Section 2.2 we assumed for simplicity that the relevant part of the

spectrum σ∗(x) of the fibered Hamiltonian is separated by a gap for x in all
of R

d. However, in applications like in the present case, He(x) has isolated
energy bands, in general, only locally in the configuration space of the nuclei,
cf. Figure 2.2. In the following Λ ⊂ R

d denotes the region of configuration
space of the nuclei that we are interested in. The local setting, Λ ⊂ R

d,
for the Born-Oppenheimer approximation will be discussed in Section 2.3.2,
while Section 2.3.1 deals with the global case Λ = R

d. We first treat the
global case, since it allows us to consider arbitrary spectrum in σ∗(x), e.g.
σ∗(x) could consist of a group of energy bands with crossings among the
bands contained in σ∗(x), cf. Figure 2.2.

For x ∈ Λ, Λ ⊂ R
d open, we require some regularity for He(x) as a

function of x:
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Condition Hk. He1(·) ∈ Ckb (Λ,L(He)).

The exact value of k will depend on whether Λ = R
d or Λ ⊂ R

d. For the
molecular Hamiltonian (2.26) with smeared nucleonic charge distribution,
Condition Hk is easily checked and puts constraints only on the smoothness
of the external potentials and on the smoothness and the decay of the charge
distribution of the nuclei. For point nuclei Hk fails and a suitable substitute
would require a generalization of the Hunziker distortion method of [KMSW].

We will be interested in subsets of the fibered spectrum ofHe which satisfy
the local gap condition.

Condition (Gap on Λ). For x ∈ Λ, let σ∗(x) ⊂ σ(He(x)) be such that
there are functions f± ∈ Cb(Λ,R) defining an interval I(x) = [f−(x), f+(x)]
such that

σ∗(x) ⊂ I(x) and inf
x∈Λ

dist
(
I(x), σ(He(x)) \ σ∗(x)

)
=: g > 0.

As before, we set P∗ =
∫ ⊕
Λ

dxP∗(x), where P∗(x) is the spectral projection
of He(x) with respect to σ∗(x).

2.3.1 A global result

We assume Λ = R
d and let

Hε
diag := P∗Hε P∗ + P⊥∗ Hε P⊥∗ . (2.30)

Since we aim at a uniform result for the adiabatic theorem, cf. Remark 2.11,
we introduce the Sobolev spaces H1,ε(Rd) and H2,ε(Rd) with respect to the
ε-scaled gradient, i.e.

H1,ε(Rd) =
{
φ ∈ L2(Rd) : ‖φ‖2

H1,ε := ‖ε |∇φ| ‖2 + ‖φ‖2 < ∞}

and

H2,ε(Rd) =
{
φ ∈ L2(Rd) : ‖φ‖2

H2,ε := ‖ε2∆φ‖2 + ‖φ‖2 < ∞}
.

Alternatively we will project on finite total energies and define E(Hε) :=
1(−∞,E](Hε) as the projection on total energies smaller than E .

Theorem 2.10. Assume Condition H3 and Condition Gap for Λ = R
d.

Then Hε
diag is self-adjoint on the domain of Hε. There are constants C, C̃ <

∞ such that for all t ∈ R

∥
∥
∥e−iHεt/ε − e−iHε

diagt/ε
∥
∥
∥
L(H2,ε⊗He,H)

≤ εC (1 + |t|)3 (2.31)

and for all E ∈ R

∥
∥
∥

(

e−iHεt/ε − e−iHε
diagt/ε

)

E(Hε)
∥
∥
∥
L(H)

≤ ε C̃ (1 + |E|) (1 + |t|) . (2.32)

L(H2,ε⊗He,H) denotes the space of bounded linear operators from H2,ε⊗He

to H equipped with the operator norm.
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Remark 2.11. The bound (2.31) displays an interesting phenomenon. Adia-
batic decoupling relies on a separation of time-scales. In the present setting
this separation comes from the fact that the nuclei move slowly compared
to the electrons. However, this is only true if the kinetic energies of nuclei
and electrons are of the same order of magnitude. But the quadratic dis-
persion allows the nuclei to become arbitrarily fast and as a consequence,
the separation of time scales breaks down and with it adiabatic decoupling.
Hence (2.31) holds only uniformly for bounded kinetic energies of the nuclei
as expressed by the L(H2,ε⊗He,H) norm: Bounding ‖ψ0‖H2,ε for the initial
wave function ψ0 by a constant independent of ε corresponds to bounding
the initial velocities of the nuclei on the macroscopic time-scale by a constant
independent of ε, since

ε2 p2 ∼ const. ⇒ p ∼ 1
ε

⇒ vmicro =
p

mn
∼ ε

⇒ vmacro =
vmicro

ε
∼ const.

The additional factor |t|2 in the growth of the error in time reflects the
possibility that the momenta of the nuclei grow proportional to |t| as they
are subject to bounded forces.

In Chapter 5 we discuss the massless Nelson model, which bears some sim-
ilarities to the Born-Oppenheimer setting. There however, the corresponding
dispersion of the slow degrees of freedom grows only linearly and their ve-
locities are thus uniformly bounded. As a consequence, adiabatic decoupling
holds uniformly for all initial states in this case.

Of course, a bound on the total energy of the system, nuclei plus electrons,
as in (2.32) implies a uniform bound also on the kinetic energy of the nuclei
and thus adiabatic decoupling holds uniformly again on the finite energy
subspaces. ♦
Proof. It follows as in the proof of Theorem 2.2 that P∗(·) ∈ C3

b(Rd,L(He)),
since He(·) ∈ C3

b(Rd,L(D,He)).
We first show that Hε

diag is self-adjoint on the domain of Hε. One has

Hε −Hε
diag = P⊥∗ Hε P∗ + adj.

= P⊥∗

[
ε2

2

(

− i∇x +A(x)
)2

, P∗

]

P∗ + adj. (2.33)

Let DA = −i∇x +A(x). Then the commutator is easily calculated as
[
ε2

2
(DA ⊗ 1)2, P∗

]

= −i ε (∇xP∗) · (εDA ⊗ 1) + O(ε2) (2.34)

= −ε (∇xP∗) · (ε∇x ⊗ 1) + O(ε2) , (2.35)

where O(ε2) holds in the norm of L(H) as ε → 0. For (2.34) and (2.35) it was
used that A(x) and P∗(x) are both differentiable with bounded derivatives
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and that A(x) commutes with P∗. To see that Hε
diag is self-adjoint on D(Hε),

note that −iε∇x is bounded with respect to ε2∆x with relative bound 0 and
thus that for ψ ∈ D(Hε)

‖(ε2∆x ⊗ 1)ψ‖ ≤ c1
(‖(ε2D2

A ⊗ 1)ψ‖ + ‖ψ‖)

≤ c2
(‖(ε2D2

A ⊗ 1 + 1⊗He0)ψ‖ + ‖ψ‖)

≤ c3 (‖Hε ψ‖ + ‖ψ‖) , (2.36)

where we used that also He0 is bounded from below and that He1 is bounded.
Hence Hε − Hε

diag is infinitesimally operator bounded with respect to Hε,
consequently Hε

diag is self-adjoint on D(Hε).
By the standard argument we find for (2.31) on D(Hε) that

e−iHε
diagt/ε − e−iHεt/ε =

i
ε

e−iHε
diagt/ε

∫ t

0

dt′ eiHε
diagt

′/ε (Hε −Hε
diag

)
e−iHεt′/ε .

(2.37)
Equations (2.33) and (2.35) in (2.37) give

P⊥∗
(

e−iHε
diagt/ε − e−iHεt/ε

)

=

= −i e−iHε
diagt/ε

∫ t

0

dt′ eiHε
diagt

′/ε P⊥∗ (∇xP∗)P∗ · (ε∇x ⊗ 1) e−iHεt′/ε

+O(ε|t|) , (2.38)

where we used that the term of order O(ε2) in (2.35) yields a term of or-
der O(ε|t|) after integration, since all other expressions in the integrand are
bounded uniformly in time. In (2.38) and in the following we omit the adjoint
term from (2.33) and thus consider the difference of the groups projected to
P⊥∗ H only. The argument for the difference projected on P∗H goes through
analogously by taking adjoints at the appropriate places.

Compared to (2.22), the situation is slightly more involved this time, since
the integrand is O(ε) not as a bounded operator, but only in the norm of
L(H1,ε ⊗He,H). However, we can still define

F (x) =
1

2πi

∮

Γ (x)

dζ P⊥∗ (x)R(ζ, x) (∇R)(ζ, x)

as in (2.23), where we recall that R(ζ, x) = (He(x) − ζ)−1. As in (2.11) one
concludes that

[He(x), F (x) ] = P⊥∗ (x) (∇P∗)(x)P∗(x) . (2.39)

By assumption we have that He(·) ∈ C3
b(Rd,L(D,He)), which implies

F (x) ∈ C2
b(Rd,L(He)⊕d), cf. Lemma 2.4. As a consequence we obtain that

the commutator
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[
ε2

2
D2
A ⊗ 1, F

]

= −ε (∇xF ) · (ε∇x ⊗ 1) + O(ε2) (2.40)

is O(ε) in the norm of L(H1,ε ⊗ He,H). Combining (2.39) and (2.40) one
finds that

[Hε, F ] = P⊥∗ (∇xP∗)P∗ + O(ε)

with O(ε) in the norm of L(H1,ε ⊗ He,H). Since ∇xHe ∈ L(H), a short
calculation shows that [Hε, ε∇x ⊗ 1] = O(ε) in L(H1,ε ⊗ He,H). Hence we
obtain for

G = F · (ε∇x ⊗ 1)

that

[Hε, G ] = [Hε, F ] · (ε∇x ⊗ 1) + F · [Hε, ε∇x ⊗ 1 ]
= P⊥∗ (∇xP∗)P∗ · (ε∇x ⊗ 1) + O(ε)

with O(ε) in the norm of L(H2,ε ⊗He,H). Let

A(t) = −i ε eiHεt/εG e−iHεt/ε ,

such that on a suitable dense domain

d
dt
A(t) = eiHεt/ε [Hε, G ] e−iHεt/ε (2.41)

= eiHεt/ε P⊥∗ (∇xP∗)P∗ · (ε∇x ⊗ 1) e−iHεt/ε + O(
ε(1 + |t|)2) ,

where O(ε(1 + |t|)2) holds in the norm of L(H2,ε ⊗ He,H). The additional
factor of (1 + |t|)2 comes from the fact that

∥
∥
∥e−iHεt/ε

∥
∥
∥
L(H2,ε⊗He)

≤ c (1 + |t|)2 (2.42)

for some constant c < ∞, i.e. the kinetic energy of the nuclei may grow in
time. Using ‖A‖∞ = C < ∞ and

∥
∥ [ (εDA ⊗ 1), Hε ]

∥
∥
L(H)

≤ C̃ ε ,

the analogous bound to (2.42) in L(H1,ε ⊗He,H) follows from
∥
∥
∥(ε∇x ⊗ 1) e−iHεt/ε ψ

∥
∥
∥ ≤

∥
∥
∥(εDA ⊗ 1) e−iHεt/ε ψ

∥
∥
∥ +

∥
∥
∥(εA⊗ 1) e−iHεt/ε ψ

∥
∥
∥

≤ ‖(εDA ⊗ 1)ψ‖ +
∥
∥
∥

[

(εDA ⊗ 1), e−iHεt/ε
]

ψ
∥
∥
∥ + C ‖ψ‖

≤ ‖(ε∇x ⊗ 1)ψ‖ + C̃ |t| ‖ψ‖ + 2C ‖ψ‖
for ψ ∈ H1 ⊗He. A repetition of the same argument yields (2.42).

For the following we use the abbreviations L̃1 = L(H1,ε ⊗ He,H) and
L̃2 = L(H2,ε ⊗He,H). Notice the natural bounded inclusions L ⊂ L̃1 ⊂ L̃2.
With this in mind we continue (2.38) and find
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∥
∥
∥P⊥∗

(

e−iHε
diagt/ε − e−iHεt/ε

)∥
∥
∥
L̃2

= (2.43)

=
∥
∥
∥
∥

∫ t

0

dt′ eiHε
diagt

′/ε e−iHεt′/ε
(

d
dt′

A(t′)
)∥
∥
∥
∥
L̃2

+ O(
ε|t|(1 + |t|)2) .

Again integration by parts yields
∥
∥
∥P⊥∗

(

e−iHε
diagt/ε − e−iHεt/ε

) ∥
∥
∥
L̃2

= (2.44)

= ε
∥
∥
∥G e−iHεt/ε

∥
∥
∥
L̃2

+ ε
∥
∥
∥ e−iHε

diagt/εG
∥
∥
∥
L̃2

+
∥
∥
∥
∥

∫ t

0

dt′ eiHε
diagt

′/ε (Hε −Hε
diag

)
G e−iHεt′/ε

∥
∥
∥
∥
L̃2

+ O(
ε|t|(1 + |t|)2) .

(2.45)

From the estimate below (2.42) and G ∈ L1 we conclude that

ε
∥
∥
∥G e−iHεt/ε

∥
∥
∥
L̃2

+ ε
∥
∥
∥ e−iHε

diagt/εG
∥
∥
∥
L̃2

≤ ε
∥
∥
∥G e−iHεt/ε

∥
∥
∥
L̃1

+ ε ‖G ‖L̃1

= O(
ε(1 + |t|) .

For the remaining term in (2.44) note that G ∈ L(H2,ε⊗He, H
1,ε⊗He) and

that ‖Hε − Hε
diag ‖L̃1

= O(ε), as we saw in (2.33) and (2.35). Again with
(2.42) we obtain that

∥
∥
∥P⊥∗

(

e−iHε
diagt/ε − e−iHεt/ε

)∥
∥
∥
L̃2

≤ C ε (1 + |t|)3 ,

which gives one half of (2.31). The estimate for the second part follows anal-
ogously.

Finally, (2.32) is a corollary of the previous proof, where one uses that
E(Hε) commutes with e−iHεt/ε and that, according to (2.36),

‖(ε2∆x ⊗ 1) E(Hε)ψ‖ ≤ c3 (‖Hε E(Hε)ψ‖ + ‖ψ‖) ≤ c4 (|E| + 1) ‖ψ‖ .
��

2.3.2 Local results and effective dynamics

In general the eigenvalues of the electronic Hamiltonian He(x) form isolated
energy bands only locally in nucleonic configuration space R

d. This is because
eigenvalues cross or merge into the continuous spectrum, cf. Figure 2.2. For
the following we thus only assume that the gap condition is satisfied locally
for some open region Λ ⊂ R

d and we consider solutions of the Schrödinger
equation which are initially and stay supported in Λ, at least approximately,
for some time.
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In order to control the maximal time for which a given initial wave func-
tion supported in Λ stays supported in Λ, we apply techniques from semiclas-
sical analysis. To this end we have to approximate the diagonal Hamiltonian
by an effective Hamiltonian to which semiclassical analysis can be applied.
We shall see that this is possible whenever σ∗(x) = {E(x)} is an eigenvalue
for all x ∈ Λ.

F i g. 2. 2. The wave function can leave RanP∗ in two different ways. Either by
transitions to other bands (a) or through the boundary of Λ (b).

For the following Λ may thus be any open subset of R
d and for such a

Λ we assume H∞ and Gap with σ∗(x) = {E(x)} an eigenvalue of finite
and necessarily constant multiplicity �. We also assume that Λ is connected.
Otherwise one could treat each connected component separately. In order to
simplify the presentation at this point and not to introduce too many new
complications at one time we also restrict ourselves to the case � = 1. In view
of the results in Section 3.4 the generalization of the following to the case of
any � ∈ N is straightforward. The effective Hamiltonian in the general case
can be found in Section 4.2.

By the general argument given in the proof of Theorem 2.2, H∞ and
Gap on Λ imply that the corresponding family of projections satisfies P∗(·) ∈
C∞b (Λ,L(He)). As explained in Section 1.2., the key idea for constructing an
effective dynamics on the decoupled subspace P∗H is to unitarily map it to the
reference subspace L2(Λ)⊕�, i.e. L2(Λ) for the moment. To this end we need
a smooth version χ(·) ∈ C∞b (Λ,He) of the eigenvectors χ(x) corresponding
to E(x). Such a smooth family of eigenvectors can be regarded as a smooth
section of the complex line bundle over Λ defined by P∗ and it exists whenever
the latter is globally trivial. A sufficient condition for the bundle to be trivial

x
*

σ (   )

σ(         )H (x)e

xΛ

RanP

a)

a)

b)

b)

}

*
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is that the base space Λ is contractible. As to be discussed below, there are
some relevant examples where Λ is not contractible, but the bundle is still
trivial. For a more detailed discussion of the bundle theoretic argument see
Remark 3.17 in Chapter 3.

Given a smooth and normalized family of eigenvectors χ(x) one has
Re〈χ(x),∇xχ(x)〉 = 0, but, in general, Im〈χ(x),∇xχ(x)〉 �= 0. In the fol-
lowing we distinguish two cases: Either it is possible to achieve

Im〈χ̃(x),∇xχ̃(x)〉 = 0

by a smooth gauge transformation χ(x) → χ̃(x) = eiθ(x)χ(x) or not. In the
latter case

A(x) := i〈χ(x),∇xχ(x)〉
is the gauge potential of a connection on the trivial complex line bundle over
Λ, the Berry connection, and has to be taken into account in the definition
of the effective operator

Hε
BO :=

ε2

2

(

− i∇x +A(x) −A(x)
)2

+ E(x) (2.46)

with domain H2(Rd). Thus A acts similar to an external magnetic vector
potential. However, while A comes from a connection of a line bundle over
R

3, A comes from a connection of a line bundle over R
d. Although A and A

appear in Hε
BO with an ε in front only, and therefore are not retained in the

semiclassical limit to leading order, they do contribute to the solution of the
Schrödinger equation for times of order ε−1. If the full Hamiltonian is real
in position representation, as it is the case for the Hamiltonians considered
in the introduction whenever A = 0, then χ(x) can be chosen real-valued.
If, in addition, Λ is contractible, the existence of a smooth version of χ(x)
with Im〈χ(x),∇xχ(x)〉 = 0 follows. In Section 2.3.4 we give an example
showing the importance of the geometric potential in the Born-Oppenheimer
Hamiltonian (2.46).

To define Hε
BO on L2(Rd) through (2.46), the functions E(x) and A(x),

which are a priori defined on Λ only, must be continued to functions on
R
d. Hence we arbitrarily extend E(x) and A(x) to functions in C∞b (Rd) by

modifying them, if necessary, on Λ \ (Λ − δ/5) (cf. (2.50)) for some δ > 0.
The parameter δ will be fixed in the formulation of Theorem 2.14 and will
appear in several places. It controls how close the states are allowed to come
to ∂Λ.

The generic example for the Berry phase is a band crossings of codimen-
sion 2 (cf. [ShWi, Ha3, FeGe, FeLa, LaTe]). If E(x) is an isolated energy band
except for a codimension 2 crossing, then Λ = R

d \ {closed neighborhood of
the crossing} is no longer contractible, but the line bundle is still trivial. Al-
though the underlying Hamiltonian is real, the Berry connection cannot be
gauged away. Within the time-independent Born-Oppenheimer approxima-
tion Herrin and Howland [HeHo] study a model with a nontrivial eigenvector
bundle.
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With the fixed choice for χ(x) we have

P∗H =
{∫ ⊕

Λ

dxφ(x)χ(x) : φ ∈ L2(Λ)
}

⊂ H . (2.47)

Thus there is a natural identification U : P∗H → L2(Rd) connecting the
relevant subspace on which the full quantum evolution takes place and the
Hilbert space L2(Rd) on which the effective Born-Oppenheimer evolution is
defined. According to (2.47), we set

U(φχ) = φ , i.e. (UP∗ ψ )(x) = 〈χ(x) , (P∗ ψ)(x) 〉He .

Its adjoint U∗ : L2(Rd) → P∗H is given by

U∗φ =
∫ ⊕

Λ

dxφ(x)χ(x) .

Clearly U is an isometry and U∗U = 1 on P∗H. But U is not surjective and
thus not unitary.

By construction, e−iHε
BOt/ε can be expected to be a good approximation to

the true dynamics only as long as the wave function of the nuclei is supported
in Λ modulo errors of order ε. Since Hε

BO is a standard semiclassical operator,
the x-support of solutions of the effective Schrödinger equation

i ε
d
dt

φ(t) = Hε
BO φ(t) , φ(0) ∈ L2(Rd) (2.48)

can be calculated approximately from the classical dynamics generated by the
principal symbol Hcl(q, p) = 1

2p
2+E(q) of Hε

BO on phase space Z := R
d×R

d,

d
dt

q = p ,
d
dt

p = −∇E(q) . (2.49)

The solution flow to (2.49) exists for all times and will be denoted by Φt.
In order to make these notions more precise, we need to introduce some

notation. For details we refer to Appendix A. However, for the following only
a few basic results are needed, which we repeat here for the convenience of
the reader.

For the convenience of the reader we recall here that the Weyl quantization
â of a function (= symbol) a ∈ C∞b (Z) is the linear operator

(âφ) (x) = (2π)−d
∫

Rd

dy dk a
(
x+ y

2
, ε k

)

e−i(x−y)·kφ(y) ,

as acting on Schwartz functions. â extends to L(L2(Rd)) with operator norm
bounded uniformly in ε.

Using Weyl quantization, one can define approximate projections on sets
of wave functions with “phase space support” in a compact set Γ ⊂ Z. To
this end let for Γ ⊂ R

m, m ∈ N, and for α > 0
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Γ − α :=
{

z ∈ Γ : inf
w∈Rm\Γ

|w − z| ≥ α

}

. (2.50)

Definition 2.12. An approximate characteristic function 1(Γ,α) ∈ C∞b (Rm)
of a set Γ ⊂ R

m with margin α is defined by the requirement that 1(Γ,α)|Γ−α =
1 and 1(Γ,α)|Rm\Γ = 0.

If 1(Γ,α) is an approximate characteristic function, then the corresponding
approximate projection is defined as its Weyl quantization 1̂(Γ,α). We will say
that functions in 1̂(Γ,α)L

2(Rm) have phase space support in Γ . ♦
For Γ ⊂ Z we will use the abbreviations

Γq :=
{
q ∈ R

d : (q, p) ∈ Γ for somep ∈ R
d
}
,

Γp :=
{
p ∈ R

d : (q, p) ∈ Γ for some q ∈ R
d
}
.

Let the phase space support Γ of the initial wave function be such that
Γq ⊂ Λ − δ. Then the maximal time interval for which the x-support of the
wave function of the nuclei stays in Λ up to errors of order ε can be written
as

Iδmax(Γ,Λ) := [T δ−(Γ,Λ), T δ+(Γ,Λ)] ,

where the “first hitting times” T± are defined by the classical dynamics
through

T δ+(Γ,Λ) := sup
{

t ≥ 0 :
(
Φt

′
(Γ )

)

q
⊆ Λ− δ ∀ t′ ∈ [0, t]

}

and T δ−(Γ,Λ) analogously for negative times. These are just the first times
for a particle starting in Γ to hit the boundary of Λ− δ when dragged along
the classical flow Φt.

The following proposition, which is an immediate consequence of Egorov’s
Theorem, cf. Section 3.4 or e.g. [Ro], shows that for times in Iδmax(Γ,Λ) the
support of the wave function of the nuclei stays indeed in Λ− δ, up to errors
of order ε uniformly on 1̂(Γ,α) for any approximate projection 1̂(Γ,α).

Proposition 2.13. Let Γ ⊂ Z be such that Γq ⊂ Λ− δ and let 1Λ−δ denote
multiplication with the characteristic function of Λ − δ on L2(Rd). For any
approximate projection 1̂(Γ,α) and any bounded interval I ⊆ Iδmax(Γ,Λ) there
is a constant C < ∞ such that for all t ∈ I

∥
∥
∥
(
1− 1Λ−δ

)
e−iHε

BOt/ε 1̂(Γ,α)

∥
∥
∥
L(L2(Rd))

≤ C ε .

An approximate projection on Γ in H is defined as

PαΓ := U∗ 1(Λ,δ) 1̂(Γ,α) U P∗ ,

where 1̂(Γ,α) is an approximate projection on Γ according to Definition 2.12
and 1(Λ,δ) is an approximate characteristic function for Λ. Using the latter
instead of the sharp cutoff from U∗ makes PαΓH a bounded set in H2,ε ⊗He

whenever Γp is a bounded set.



2.3 Time-dependent Born-Oppenheimer theory: Part I 55

Theorem 2.14. Assume H∞ and Gap on Λ with dim(P∗(x)H) = 1 for
some open Λ ⊆ R

d. Let Γ ⊂ Z be such that Γq ⊂ Λ − δ for some δ > 0 and
Γp bounded. For any approximate projection PαΓ and any bounded interval
I ⊆ Iδmax(Γ,Λ) there is a constant C < ∞ such that for all t ∈ I

∥
∥
∥

(

e−iHεt/ε − U∗ e−iHε
BOt/ε U

)

PαΓ

∥
∥
∥
L(H)

≤ Cε . (2.51)

Theorem 2.14 establishes that the electrons adiabatically follow the mo-
tion of the nuclei up to errors of order ε as long as the leaking through the
boundary of Λ is small. The semiclassics was used only to control such a
leaking uniformly. However, for Hε

BO the limit ε → 0 is a semiclassical limit
and beyond the mere support of the wave function more detailed information
is available.

Proof. To prove Theorem 2.14 we proceed along the same lines as in the global
case, with the one modification that we use Proposition 2.13 to control the
flux out of ∂Λ. However, one cannot use P∗ =

∫ ⊕
Λ dxP∗(x) to define Hε

diag

anymore, because the functions in its range would not be in the range of
Hε and some smoothing in the cutoff is needed. For i ∈ {0, 1, 2, 3} let 1i =
1(Λ− 4−i

5 δ, 15 δ)
be approximate characteristic functions according to Definition

2.12. Then the smoothed projections are defined with Pi(x) = 1i(x)P∗(x)
as Pi =

∫ ⊕ dxPi(x). In the following it will be used that for i < j we have
PiPj = PjPi = Pi and hence (1 − Pj)Pi = Pi(1 − Pj) = 0.

As the first step Proposition 2.13 yields
(

e−iHεt/ε − U∗ e−iHε
BOt/ε U

)

PαΓ (2.52)

=
(

e−iHεt/ε − P1 U∗ e−iHε
BOt/ε U

)

PαΓ + O(ε) .

We will also use the fact that the phase space support of the initial wave
function lies in Γ and has thus bounded energy with respect to Hcl. Let
E := supz∈Γ Hcl(z) < ∞, let 1((−∞,E+α),α) be a smooth characteristic func-

tion on R and let E = W
(

1((−∞,E+α),α)(Hcl(·))
)

, where W denotes Weyl
quantization. Then standard results from semiclassical analysis imply the
following relations.

Proposition 2.15. The following equalities hold in the norm of L(L2(Rd)):

(i) 1̂(Γ,α) = E 1̂(Γ,α) + O(ε);
(ii) e−iHε

BOt/ε E = E e−iHε
BOt/ε + O(ε) uniformly for t ∈ I;

(iii) [Hε
BO, E ] = O(ε2);

(iv) E ∈ L(L2(Rd), H2,ε).

Proposition (2.15) (i), (iii) and (iv) are direct consequences of the product
rule for pseudo-differential operators, see Proposition A.15, and (ii) is again
Egorov’s Theorem.
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With the help of Proposition 2.15 (i) and (ii) we can continue (2.52) and
obtain

(

e−iHεt/ε − P1 U∗ e−iHε
BOt/ε U

)

PαΓ

=
(

e−iHεt/ε − P1 U∗ E e−iHε
BOt/ε U

)

PαΓ + O(ε) .

From this we proceed as in the globally isolated band case and write
(

e−iHεt/ε − P1 U∗ E e−iHε
BOt/ε U

)

PαΓ

= −i e−iHεt/ε

∫ t

0

dt′ eiHεt′/ε (Hε P1 U∗ E − P1 U∗ E Hε
BO

)
e−iHε

BOt
′/ε U PαΓ

= −i e−iHεt/ε

∫ t

0

dt′ eiHεt′/ε (Hε − Hε
diag)P1 U∗ E e−iHε

BOt
′/ε U PαΓ (2.53)

− i e−iHεt/ε

∫ t

0

dt′ eiHεt′/ε (Hε
diag P1 U∗ E − P1 U∗ E Hε

BO

)
e−iHε

BOt
′/ε U PαΓ ,

(2.54)

where
Hε

diag := P3 H
ε P3 .

One can now show that (2.53) is bounded in norm by a constant times ε(1+|t|)
using exactly the same sequence of arguments as in the proof in the previous
section. One must only keep track of the “hierarchy” of smoothed projections,
e.g., instead of (2.33) one has

(
Hε − Hε

diag

)
P1 = (1 − P3)

[

−ε2

2
∆x ⊗ 1, P2

]

P1 + O(ε2).

The adjoint part drops out completely, because this time only the difference
on the band, i.e. on P1H, is of interest. Note also that the smoothed projec-
tions Pi are bounded operators on the respective scaled Sobolev spaces and
thus, according to Proposition 2.15 (iv), all estimates hold in the norm of
L(H).

It remains to show that also (2.54) is O(ε). First note that, according to
Proposition 2.15 (iii), commuting E and Hε

BO yields an error of order O(ε2)
in the integrand and thus an error of order O(ε) after integration. For φ ∈ H2

we compute

(Hε
diag P1 U∗φ)(x) = 11(x)E(x)φ(x)χ(x)

+ 11(x)
(
ε2

2
(− i∇x +A

)2
φ

)

(x)χ(x)

+ ε11(x) (−iε∇φ) (x) · (−i〈χ(x),∇xχ(x)〉He) χ(x)
− i ε (∇11)(x) · (−iε∇φ) (x)χ(x) + O(ε2) .
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On the other hand, again for φ ∈ H2,

(P1 U∗Hε
BO φ)(x) = 11(x)E(x)φ(x)χ(x)

+ 11(x)
(
ε2

2
(− i∇x +A

)2
φ

)

(x)χ(x)

− ε11(x) (−iε∇φ) (x) · A(x)χ(x) + O(ε2) .

Hence

Hε
diag P1 U∗E − P1 U∗Hε

BO E = −εU∗ (∇11) · ε∇x E + O(ε2)

Thus the norm of (2.54) is, up to an error of order O(ε), bounded by the
norm of

U∗
∫ t

0

dt′ (∇11) · ε∇x E e−iHε
BOt

′/ε U PαΓ . (2.55)

(∇11) · ε∇x E is a bounded operator and we can apply Proposition 2.13 in
the integrand of (2.55) once more, this time however with the smoothed
projection P0, and obtain

(2.55) = U∗
∫ t

0

dt′ (∇11) · ε∇x E 10 e−iHε
BOt

′/ε U PαΓ +O(ε) = O(ε). (2.56)

The last equality in (2.56) follows from the fact that [ε∇x E ,10] = O(ε) and
that (∇11) and 10 are disjointly supported. ��

2.3.3 The semiclassical limit: first remarks

The semiclassical limit of Equation (2.48) with a Hamiltonian of the form
(2.46) is well understood and there is a variety of different approaches. For
example one can construct approximate solutions φq(t) of (2.48) which are
localized along a classical trajectory q(t), i.e. along a solution of (2.49). Then
it follows from Theorem 2.14 that φq(t)χ is a solution of the full Schrödinger
equation with Hamiltonian (2.27), up to an error of order ε as long as
q(t) ∈ Λ − δ. Roughly speaking, this coincides with the result of Hagedorn
[Ha1]. In applications the assumption that the wave function of the nuclei
is well described by a coherent state can be too restrictive. To cope with
general initial conditions one can consider the distributions of semiclassical
observables, i.e. of operators obtained as Weyl quantization â of classical
phase space functions a : Z → R. In this short section we discuss the lead-
ing order semiclassical limit of the Schrödinger equation (2.48) based on the
latter approach and show how to translate the results to the solutions of the
full molecular Schrödinger equation. More details in the general case and also
higher order approximations can be found in Section 3.4.

Consider a general initial wave function φε ∈ L2(Rd), such that φε corre-
sponds to a probability measure ρcl(dq dp) on phase space in the sense that
for all semiclassical observables with symbols a ∈ C∞b (Z)
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lim
ε→0

∣
∣
∣
∣〈φε, â φε〉 −

∫

Z

a(q, p) ρcl(dq dp)
∣
∣
∣
∣ = 0 . (2.57)

The definition is equivalent to saying that the Wigner transform of φε con-
verges to ρcl weakly on test functions in C∞b (Z) [LiPa]. An immediate appli-
cation of Egorov’s theorem (cf. [Ro, BoRo] and Section 3.4) yields

lim
ε→0

∣
∣
∣
∣〈φε, eiHε

BOt/ε â e−iHε
BOt/ε φε〉 −

∫

Z

(a ◦ Φt)(q, p) ρcl(dq dp)
∣
∣
∣
∣ = 0 (2.58)

uniformly on bounded intervals in time, where we recall that Φt is the flow
generated by (2.49). In (2.58) one can of course shift the time evolution from
the observables to the states on both sides and write instead

lim
ε→0

∣
∣
∣
∣
〈φεt , â φεt 〉 −

∫

Z

a(q, p) ρcl(dq dp, t)
∣
∣
∣
∣
= 0 . (2.59)

Here φεt = e−iHBOt/εφε and ρcl(dq dp, t) =
(
ρcl ◦ Φ−t

)
(dq dp) is the initial

distribution ρcl(dq dp) transported along the classical flow. Thus with respect
to certain type of experiments the system described by the wave function φεt
behaves like a classical system.

For a molecular system the object of real interest is the left hand side of
(2.59) with φεt replaced by the solution ψεt of the full Schrödinger equation
and â =: aεBO as acting on L2(Rd) replaced by â⊗ 1 as acting on H. In order
to compare the expectations of aεBO with the expectations of â⊗ 1, we need
the following proposition.

Proposition 2.16. In addition to the assumptions of Theorem 2.14 let a ∈
C∞b (Z) with

∫

dξ sup
x∈Rd

|ξ| |(F(2)a)(x, ξ)| < ∞ , (2.60)

where F(2) denotes Fourier transformation in the second argument. Then
there is a constant C < ∞ such that

‖(â⊗ 1 − U∗ âU) 1Λ−δ P∗ ‖ ≤ C ε .

We postpone the proof of Proposition 2.16 to the end of this section. With
its help we obtain the semiclassical limit for the nuclei as governed by the
full Hamiltonian.

Corollary 2.17. Let Γ and I be as in Theorem 2.14. Let ψε ∈ H such that
(2.57) is satisfied for φε := UP∗ψε for some ρcl with suppρcl ⊂ Γ − α. Let
ψεt = e−iHεt/εψε then for all a ∈ C∞b (Z) which satisfy (2.60)

lim
ε→0

∣
∣
∣
∣〈ψεt , (â⊗ 1)ψεt 〉 −

∫

Z

a(q, p) ρcl(dq dp, t)
∣
∣
∣
∣ = 0 (2.61)

uniformly for t ∈ I.
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Translated to the language of Wigner measures Corollary 2.17 states the
following. Let us define the marginal Wigner transform for the nuclei as

W ε
nuc(ψ

ε
t )(q, p) := (2π)−d

∫

Rd

dx eix·p 〈ψε∗t (q + εx/2), ψεt (q − εx/2)〉He .

Then, whenever W ε
nuc(P∗ψ

ε
0)(q, p) dq dp converges weakly to some proba-

bility measure ρcl(dq dp), W ε
nuc(P∗ψεt )(q, p) dq dp converges weakly to (ρcl ◦

Φ−t
)
(dq dp).

Corollary 2.17 follows by applying first Proposition 2.16 and then The-
orem 2.14 to the left hand side in the difference (2.61), where we note that
limε→0 ‖(1 − PαΓ )ψε‖ = 0 and thus also limε→0 ‖(1 − PΛ−δ′)ψεt ‖ = 0 for any
δ′ < δ. This yields the left hand side of (2.58) and thus (2.61).

We mention some standard examples of initial wave functions φε of the nu-
clei which approximate certain classical distributions. The initial wave func-
tion for the full system is, as before, recovered as ψε = U∗φε = φε(x)χ(x).
In these examples one regains some control on the rate of convergence with
respect to ε which was lost in (2.57).

(i) Wave packets tracking a classical trajectory.
For φ ∈ L2(Rd) let

φεq0,p0(x) = ε−d/4 e−i(p0·(x−q0))/εφ
(x− q0√

ε

)
.

Then |φεq0,p0(x)|2 is sharply peaked at q0 for ε small and its ε-scaled Fourier
transform is sharply peaked at p0. Thus one expects that the corresponding
classical distribution is given by δ(q−q0)δ(p−p0) dq dp. As was shown, e.g. in
[TeSp], this is indeed true for φ ∈ L2(Rd) such that φ, |x|φ, φ̂, |p|φ̂ ∈ L1(Rd),
where φ̂ denotes the Fourier transform of φ. Then Corollary 2.17 holds with
(2.61) replaced by

|〈ψεt , (â⊗ 1)ψεt 〉 − a(q(t), p(t)) |
= O(

√
ε)

(

‖φ‖2
L2 + ‖φ‖L1 ‖|p|φ̂‖L1 + ‖|x|φ‖L1 ‖φ̂‖L1

)

, (2.62)

where (q(t), p(t)) is the solution of the classical dynamics with initial condi-
tion (q0, p0). Equation (2.62) generalizes Hagedorn’s first order result in [Ha1]
to a larger class of localized wave functions.

(ii) Either sharp momentum or sharp position.
For φ ∈ L2(Rd) let

φ̂εp0(p) = φ̂(p− p0/ε) ,

where ̂ denotes the ε-scaled Fourier transformation, then the corresponding
classical distribution is ρcl(dq dp) = δ(p − p0)|φ(q)|2 dq dp. Note that the
absolute value of φ does not depend on ε in that case. Equivalently one
defines
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φεq0(x) = ε−d/2φ
(x− q0

ε

)

and obtains ρcl(dq dp) = δ(q − q0)|φ̂(p)|2 dq dp. In both cases one finds
that the difference in (2.61) is bounded a constant times either ε

(‖φ‖2
L2 +

‖φ‖L1‖|p|φ̂‖L1

)
for φεp0 or ε

(‖φ‖2
L2 + ‖|x|φ‖L1‖φ̂‖L1

)
for φεq0 .

(iii) WKB wave functions.
For f ∈ L2(Rd) and S ∈ C1(Rd) both real valued let

φε(x) = f(x) e iS(x)/ε ,

then ρcl(dq dp) = f2(q) δ(p − ∇S(q)) dq dp. In this case one expects that
(2.61) is bounded as

√
ε, which has been shown in [TeSp] for a smaller set of

test functions.

Proof (of Proposition 2.16). For the following calculations we continue χ(·) ∈
C∞b (Λ,He) arbitrarily to a function χ(·) ∈ C∞b (Rn,He) by possibly modifying
it on Λ \ (Λ − δ/2). For φ in a dense subset of L2(Λ − δ) and x ∈ Λ − δ/2,
by making the substitutions k̃ = εk and ỹ = (y − x)/ε and using Taylor
expansion with rest, we have:
((
aW,ε ⊗ 1

)
φχ

)
(x) =

= (2π)−n
∫

dy dk a
(
x+ y

2
, εk

)

e−i(x−y)·k φ(y)χ(y)

= (2π)−n
∫

dỹ â(2)
(

x+
ε

2
ỹ,−ỹ

)

φ(x + εỹ)χ(x)

+ ε (2π)−n
∫

dỹ â(2)
(

x+
ε

2
ỹ,−ỹ

)

φ(x + εỹ) ỹ · (∇xχ
)
(f(x, εỹ))

=
(U∗ aW,ε U φχ

)
(x) + Rε . (2.63)

From (2.63) we conclude that
∥
∥
(
1Λ−δ/2(·) ⊗ 1

) (
aW,ε ⊗ 1 − U∗ aW,ε U)

PΛ−δ
∥
∥ ≤ ‖Rε‖ .

Since
∥
∥
(
1 − 1Λ−δ/2(·) ⊗ 1

) (
aW,ε ⊗ 1 − U∗ aW,ε U)

PΛ−δ
∥
∥

=
∥
∥
(
1− 1Λ−δ/2(·) ⊗ 1

) (
aW,ε ⊗ 1 − U∗ aW,ε U) (

1Λ−δ(·) ⊗ 1
)
PΛ−δ

∥
∥

= O(εn)

for arbitrary n, Proposition 2.16 follows by showing that Rε is of order ε:

‖Rε‖ ≤ ε (2π)−n
∫

dỹ
∥
∥
∥â(2)

(

· + ε

2
ỹ,−ỹ

)

φ(· + εỹ) ỹ · (∇xχ
)
(f(·, εỹ))

∥
∥
∥
H

≤ ε (2π)−n sup
x∈Rn

‖(∇xχ)(x)‖He
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×
∫

dỹ
∥
∥
∥â(2)

(

· + ε

2
ỹ,−ỹ

)

|ỹ|φ(· + εỹ)
∥
∥
∥
L2(Rn)

≤ εC ‖φ‖L2(Rn)

∫

dỹ sup
x∈Rn

|ỹ| |â(2)(x, ỹ)|

= ε C̃ ‖φχ‖H .

��

2.3.4 Born-Oppenheimer approximation in a magnetic field and
Berry’s connection

In this section we exemplify the physical importance of the correction A in
the effective Born-Oppenheimer Hamiltonian (2.46) in a simple but drastic
example. For a more detailed discussion of the geometric origin of Berry’s
connection we refer to Section 3.4.2.

Within a naive Born-Oppenheimer approximation, where Berry’s connec-
tion is neglected, an external magnetic field would act on the nuclei as if
they were naked charges. Clearly this would not describe the physics prop-
erly, since a neutral molecule moving in an external magnetic field would not
be deflected by the Lorentz force. This was first observed by Schmelcher et
al. [SCM], who therefore introduced a screened Born-Oppenheimer approxi-
mation. Mead and Yin [Me, YiMe] realized that the screening of the nuclei
is, in a proper Born-Oppenheimer approximation, provided by the Berry
connection: in such a case the geometric vector potential A approximately
cancels the vector potential A of the external magnetic field. This can be eas-
ily checked for an atom in a constant magnetic field by direct computation,
where the cancellation is indeed exact. The following is taken from the very
recommendable lecture notes of Resta [Re] on Berry’s phase in physics.

Let A(x) = 1
2B × x be the vector potential of a constant magnetic field

B. For a hydrogen atom, i.e. a molecule which contains only one nucleus and
one electron, the electronic Hamiltonian is given through

He(x) =
1
2

(

−i∇y − 1
2
B × y

)2

+ V (|x− y|) ,

where x, y ∈ R
3. Let χ0(0, y) ⊂ He be the ground state of He(0), i.e. the

ground state for the system where the nucleus is at the origin. Then the
ground state at a different location x ∈ R

3 is obtained through a magnetic
translation,

χ0(x, y) = e
i
2 y·B×x χ0(0, y − x) = e

i
2x·y×B χ0(0, y − x) .

Thus one finds for the Berry connection

A(x) = i〈χ0(x, y),∇xχ0(x, y)〉He

= 1
2B × 〈χ0(x, y), y χ0(x, y)〉He − 〈χ0(0, y − x), ∇yχ0(0, y − x)〉He

= 1
2B × x ,
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where one uses the symmetries of the ground state wave function. Hence
A = A and the Berry connection cancels exactly the magnetic potential in
the correct Born-Oppenheimer Hamiltonian (2.46).

2.4 Constrained quantum motion

It is a classical problem of mathematical physics to determine effective equa-
tions of motion for a system which is constrained to a smooth submanifold
of configuration space through strong external forces. The question can be
asked for classical as well as for quantum systems. The classical problem was
rigorously studied by Rubin and Ungar [RuUn] and later by Takens [Ta].
Under suitable conditions the problem of constrained motion for classical
Hamiltonian systems can be formulated as an classical adiabatic problem,
e.g. [LoMe]. A detailed treatment of the classical problem from the point of
view of weak convergence is given in the book of Bornemann [Bor]. In a re-
cent work of Froese and Herbst [FrHe] the authors discuss and compare the
classical and the quantum case.

In this section we reconsider the quantum mechanical problem from the
point of view of adiabatic decoupling. Usually, cf. [Bor, FrHe], the limit of
strong confinement is realized through dilations in the normal direction of the
constrained manifold. On the level of classical mechanics one can equivalently
dilate the tangential direction by the inverse factor and obtains, up to a total
scaling of space-time, the same limit dynamics. However, for the quantum
mechanical problem the two approaches are not equivalent anymore. We shall
argue that the physical problem is best modelled by the second approach, i.e.
by scaling the tangential direction. Formulated in this way, the problem is
similar to the Born-Oppenheimer approximation and can be solved using
exactly the same methods. The same observation was made independently
by Ben Abdallah and Mehats, who announced a result on the semiclassical
limit in partially confining potentials based on Wigner measures [BeMe].

2.4.1 The classical problem

Consider a particle or a system of particles with configuration space R
n+m

whose classical motion is governed by a Hamiltonian function

Hε(q, p) =
1
2
p2 + V (q) +W ε(q) (2.64)

on phase space R
2(n+m), where W ε(q) constrains the motion to near some

submanifold Σ ⊂ R
n+m of configuration space. By constraining one means

that W ε(q) vanishes on Σ and rapidly increases away from Σ. In order to
avoid complications coming from nontrivial geometry, which would cloud the
simple ideas behind the following, we restrict ourselves to the case where
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Σ = R
m is a subspace of configuration space. We split q = (x, y) ∈ R

n
x ×R

m
y

and write the potentials as

W ε(q) = W (x, y/ε) ∈ [0,∞) , V (q) = V (x) , (2.65)

where all dependence on y in the external potentials is absorbed into the
definition of W . The conditions

W (x, y) = 0 ⇔ y = 0 and lim
|y|→∞

W (x, y) = ∞

express the fact that W is confining: in the limit ε → 0 for every point (x, y)
with y �= 0 the potential energy W ε(x, y) = W (x, y/ε) will eventually tend
to plus infinity as ε decreases.

The heuristic picture is as follows. Assume that the initial configuration
q0 lies on the constraint manifold Σ, i.e. y0 = 0 in our setting. For such initial
conditions and for small ε, the solution (qε(t), pε(t)) of the classical equations
of motion

q̇ = p ṗ = −∇V (q) −∇W ε(q) (2.66)

remains near Σ for all times by conservation of energy. The smaller ε is, the
smaller are the maximal deviations from Σ. Hence (qε(t), pε(t)) converges
in the limit ε → 0 to some limiting trajectory which remains completely on
Σ. The interesting question is now whether there are effective equations of
motion for a reduced system, i.e. for a system with configuration space Σ,
which have as solutions exactly the limiting solutions of the full system, and
how they look.

This problem has been attacked on a rigorous level by many authors under
different names and with different emphasis. Recent results including reviews
of the field can be found in [FrHe], who formulate the question of “realizing
holonomic constraints”, and in [Bor], who relies on weak convergence instead
of asymptotic expansions. Since it is instructive to compare the classical and
the quantum mechanical results, we briefly explain a simple version of the
classical results going back to Rubin and Ungar [RuUn] and Takens [Tak].

Assume that W is quadratic in the constraining direction, i.e. that

W ε(x, y) =
1

2ε2
〈y,A(x) y〉Rm , (2.67)

where A(x) is a positive definite m×m-matrix with smooth coefficients. Let
{ω2

α(x)}kα=1 be the set of eigenvalues of A(x) with corresponding spectral
projections Pα(x) and assume that all ω2

α(x) have constant multiplicity as x
varies. In the simplest setup one assumes that the initial condition (q0, p0) lies
on Σ, i.e. that q0 = (x0, 0). The normal component η0 of the initial velocity
p0 = (ξ0, η0) plays a crucial role in the effective dynamics through the action
variables for the oscillatory normal motion defined as

Iα(q0, p0) =
〈η0, Pα(x0) η0〉Rm

2ωα(x0)
.
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The Iα’s are classical adiabatic invariants, cf. [LoMe], i.e. they are approx-
imate constants of motion. Their role is to define the effective potential for
the limiting dynamics on Σ through the total energy stored in the fast oscil-
lations,

Veff(x) = V (x) +
k∑

α=1

Iα ωα(x) . (2.68)

Here Iαωα(x) is the energy stored in the αth oscillator. The following state-
ment is included, e.g., in the results obtained in [FrHe].

Theorem 2.18. Let (qε(t), pε(t)) be the solution of (2.66) with initial con-
dition (q0, p0) satisfying y0 = 0. Then the limits x0(t) = limε→0 x

ε(t) and
ξ0(t) = limε→0 ξ

ε(t) exist pointwise for all t ∈ R and uniformly on any
bounded interval in time. Furthermore (x0(t), ξ0(t)) is given through the
unique solution of the effective equations of motion governed by the Hamilto-
nian

Heff(x, ξ) =
1
2
ξ2 + Veff(x)

with initial condition (x0, ξ0).

Remark 2.19. It should be noted that in the classical results the confining
potential is usually taken to be of the form

W ε(x, y) =
1
ε2

W (x, y) , (2.69)

i.e. the limit of strong confinement is not realized through dilations in the
normal direction, but through a scaling of the size of the potential away
from Σ. As a consequence the limiting behavior is completely determined
by the quadratic part of W (x, ·), more precisely by the Hessian ∇(2)

y W (x, 0)
on Σ. However, formulating the problem as in (2.65) seems more natural
and contains more general limiting behavior, at least in the quantum case.
Moreover, formally (2.69) can be understood as the dilation of an ε dependent
potential given through the Taylor expansion of W , i.e.

1
ε2

W (x, y) = W̃ ε(x, y/ε)

with

W̃ (x, y) =
∞∑

j=2

εj−2 yj

j!
W (j)(x, 0) ,

where we assumed m = 1 to keep notation simple. This also explains why the
Hessian ∇(2)

y W (x, 0) alone determines the limit dynamics when the scaling
(2.69) is used: higher order terms in the Taylor expansion ofW enter at higher
order with respect to an expansion in ε. In the language of the quantum
mechanical result, only the quadratic part of W enters the principal symbol
of the relevant Hamiltonian. ♦
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2.4.2 A quantum mechanical result

We now come to the analogous quantum mechanical problem, which is usually
taken to be the limit ε → 0 for the dynamics generated by the Hamiltonian

Hε
hol = −1

2
∆x − 1

2
∆y + V (x) +W (x, y/ε) (2.70)

acting on L2(Rn+m). This problem was studied for example in [FrHe] in the
context of understanding holonomic constraints in quantum mechanics. The
main problem one encounters in this approach is the divergence in energy
for any initial condition: the smaller ε is, the better the initial wave function
must be localized on Σ in order to keep the potential energy bounded, which
leads to a divergence in kinetic energy.

From a physical point of view such a limit seems therefore somewhat
unnatural. In actual experiments there is always a natural boundary beyond
which the particles can not be further localized. Hence we suggest to put
the question differently. Instead of the limit of strong constraining forces we
consider the limit of weak forces in the non-constraining direction. Indeed, a
simple argument shows that both limits are equivalent, up to a rescaling of
space-time, in the case of classical mechanics.

More precisely, instead of using macroscopic coordinates as in

Hε(q, p) =
1
2
p2 + V (x) +W (x, y/ε) ,

i.e. (2.64), consider the classical Hamiltonian in microscopic coordinates

H̃ε(q̃, p̃) =
1
2
p̃2 + V (εx̃) +W (εx̃, ỹ) ,

where now the potentials are slowly varying in the tangential direction of Σ,
instead of strongly confining in the normal direction. As always, macroscopic
and microscopic space-time coordinates are related through q = εq̃ and t = εt̃.
If (q̃ε(t̃), p̃ε(t̃)) is a solution to the equations of motion generated by H̃ε(q̃, p̃)
then one can check by direct computation that

(
q(t), p (t)

)
:=

(

εq̃

(
t

ε

)

, p̃

(
t

ε

))

is a solution of the equations of motion generated by Hε(q, p). Hence the
motion generated by H̃ε(q̃, p̃) is related to the motion generated by Hε(q, p)
through a rescaling of space-time and the limit ε → 0 can be studied equally
well in microscopic or macroscopic units.

In the quantum mechanical case the limiting behavior is not independent
of the scaling anymore. While for the classical problem it makes no difference
whether one fixes the microscopic or the macroscopic scale and makes the
other one ε-dependent, in quantum mechanics there is an a priori microscopic
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scale defined through �. As a consequence it makes a qualitative difference,
whether one scales this microscopic or a corresponding macroscopic scale
with ε. As argued above, from a physical point of view it seems more natural
to keep the microscopic scale—the scale of the constraining potential—fixed,
and to consider weak tangential forces to Σ and thus to define the macroscopic
scale through ε.

In the special case of constraining to a subspace this leads us to consider
the Hamiltonian

H̃ε = −1
2

∆x̃ − 1
2

∆ỹ + V (εx̃) +W (εx̃, ỹ) (2.71)

as our starting Hamiltonian, where we use microscopic coordinates. Of course
one expects a sensible limiting behavior on the constraint manifold only on
the macroscopic level and thus substitutes x = εx̃. Then (2.71) takes the
Born-Oppenheimer form

Hε = −ε2

2
∆x − 1

2
∆ỹ + V (x) +W (x, ỹ) =: −ε2

2
∆x +He(x) , (2.72)

and one can directly apply the results of Section 2.3 in order to cover very
general potentials W and V .

Remark 2.20. Note that Hε
hol defined in (2.70) and Hε defined in (2.72) are

not related through a rescaling of space-time, as it is true in classical me-
chanics. Thus on the quantum level one has two different scaling problems
to consider. The situation is similar to the one encountered in Section 6.3 for
the massless Nelson model. There it turns out that classically one can equiv-
alently consider the limit of fast photons or the limit if slow particles. In the
corresponding quantum mechanical model the two limits are not equivalent
anymore. ♦

For sake of comparison let us restrict ourselves again to the case of
quadratic confining potential as in (2.67). Then He(x) is just the Hamil-
tonian of the harmonic oscillator plus an x-dependent energy shift,

He(x) = −1
2

∆ỹ +
1
2
〈ỹ, A(x) ỹ〉Rm + V (x) (2.73)

with x-independent domainH2(Rm)∩D(ỹ2). The spectrum of He(x) is purely
discrete and given through

Eγ(x) = V (x) +
k∑

α=1

(γα + 1
2 )ωα(x) , γ ∈ N

k .

Fix a γ ∈ N
k such that the corresponding eigenvalue Eγ(x) is bounded and

globally separated by a gap, i.e. satisfies condition Gap of Section 2.3, and,
for simplicity, assume that Eγ(x) is nondegenerate. Denote by Pγ(x) the pro-
jection on the corresponding eigenspace of He(x) and let Pγ =

∫ ⊕
Rn dxPγ(x).

Then the following result is just a special case of Theorem 2.16.
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Theorem 2.21. Let Hε be as in (2.72) and (2.73) and γ ∈ N
k be chosen as

explained above. Define

Hε
eff = −ε2

2
∆x + Veff(x)

with

Veff(x) = V (x) + Eγ(x) = V (x) +
k∑

α=1

(γα + 1
2 )ωα(x) , (2.74)

and let U be as in Section 2.3. Then there is a constant C < ∞ such that
∥
∥
∥

(

e−iHεt/ε − U∗ e−iHε
eff t/ε U

)

Pγ

∥
∥
∥
L(H2,ε⊗L2(Rm),H)

≤ Cε(1 + |t|) . (2.75)

Note that the results of Section 2.3 and Chapter 4 would allow for a
much larger class of confining potentials, for nondegenerate eigenvalues and
for higher order corrections to the effective Hamiltonian. However, the very
special formulation of Theorem 2.21 allows for a nice comparison with the
classical result presented in Section 2.4.1.

2.4.3 Comparison

When the limit of strong confinement is implemented through dilations in
the confining direction, there are no finite energy solutions of the problem in
the quantum mechanical case. In [FrHe] a comparison of the limit of strong
confinement in classical and quantum mechanics was made possible, because
the authors considered also the classical problem with ε-dependent initial
conditions of diverging energy. On the other hand, by keeping the confining
potential fixed and scaling the non-confining direction instead, we were able
to consider finite energy solutions also in the quantum mechanical case. As
a consequence a comparison with the finite energy solutions in the classical
case is now possible.

In the classical case (2.68) as well as in the quantum mechanical case
(2.74) the effective potentials guiding the motion on the constrained mani-
fold depend on and are determined by the initial conditions. However, the
underlying structure is very different, although the effective potentials have
a quite similar appearance.

In quantum dynamics the state space splits into subspaces which are
approximately invariant under the time-evolution. The adiabatic invariants
are the norms of the wave function projected onto these subspaces, i.e.

Iγ(ψt) := 〈ψt, Pγψt〉 ≈ Iγ(ψ0) .

On each subspace the dynamics is generated by a fixed effective Hamiltonian.
By linearity of Schrödinger’s equation, in a superposition of states from differ-
ent invariant subspaces each component follows its own effective dynamics.
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The different effective potentials corresponding to different eigenvalues are
not added or superimposed in any way.

In classical mechanics the part of the phase space with configuration on Σ
is further foliated into submanifolds with Iα(x, p) = const. for all α. Since Iα
are classical adiabatic invariants, these submanifolds are approximately in-
variant under the classical flow. On each submanifold there is a corresponding
effective potential for the limiting dynamics, which is obtained by adding the
energies in the fast oscillations as

∑

α Iαωα(x). This is in sharp contrast to
the quantum mechanical case described above.

Beyond these simple observations it seems that there is a deeper rela-
tion between the classical and quantum mechanical results, which needs to
be explored. In the remainder of this section we collect a few observations
indicating such a relation.

First of all observe that the possible effective potentials for the quantum
motion

V Q
eff(x) = V (x) +

k∑

α=1

(γα + 1
2 )ωα(x)

are obtained from the classical ones

V C
eff(x) = V (x) +

k∑

α=1

Iα ωα(x)

by restricting the action variables Iα to integer+ 1
2 multiples of �, where the

latter was set equal to one. This is just the Bohr-Sommerfeld quantization
condition of old quantum theory.

Another interesting relation might be the following. In results on the clas-
sical problem where W is not quadratic, there appear so called no-resonance
conditions, cf. [Bor]. A resonance of order j occurs when there is a γ ∈ Z

k

with |γ| = j such that
k∑

α=1

γα ωα(x) = 0 .

If there are no resonances of any order, it follows that there are no accidental
degeneracies of the eigenvalues of the corresponding harmonic oscillator, i.e.
all eigenvalue bands Eγ(x) of the Hamiltonian He(x) are isolated. Indeed, let
γ, γ′ ∈ N

k with γ �= γ′, then

Eγ(x) − Eγ′(x) =
k∑

α=1

(γα − γ′α)ωα(x) �= 0 .

In the classical results one typically assumes that there are no resonances
of order 1, 2 and 3, where the ω’s are, in the general case, the square-roots
of the eigenvalues of the Hessian of the confining potential. In our quantum
mechanical results resonances of order different from 1 play a priori no role: if
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there is an isolated energy band, then the corresponding subspace decouples
and states in the subspace are guided by the corresponding effective Hamil-
tonian. Crossings among other bands, which might be due to resonances, are
irrelevant.

On the other hand, the effective dynamics on a band which is locally iso-
lated, but crosses another band at some submanifold of configuration space,
might break down at the crossing manifold, depending on the type of crossing.
However, the results of Chapter 6 on adiabatic decoupling without gap, cf.
also [AvEl1, Bor], suggest that in the case where He(x) is the Hamiltonian of
an harmonic oscillator, accidental eigenvalue crossings can be ignored, since
the corresponding spectral projections can always be continued smoothly
through the crossings. And, as a matter of fact, also the classical result for
the harmonic potential can do without assuming the non-resonance condition
[FrHe]. Hence it remains to be explored what exactly is the connection be-
tween the no-resonances condition (and a related condition on the existence
of a smooth spectral decomposition of the Hessian appearing in [Bor]) for the
classical results and the condition that a smooth spectral decomposition of
He(x) should exists, which would appear in a general quantum mechanical
result based on adiabatic decoupling without gap.



3 Space-adiabatic perturbation theory

This chapter contains the general framework of space-adiabatic perturbation
theory. As explained in the introduction, even first order space-adiabatic
theory can, in general, not be based on the methods developed for the time-
adiabatic setting and for perturbation of fibered Hamiltonians.

The natural mathematical framework for space-adiabatic theory is that
of pseudodifferential operators with operator-valued symbols. Readers who
are not familiar with the Weyl calculus can find a short review of the results
we will use in Appendix A.

We emphasize that the results presented here are not aimed at most pos-
sible generality. Instead we try to find a balance between making no unnec-
essarily restrictive assumptions and not clouding the underlying structure of
the arguments by technicalities at the present stage of our enterprize. It is
shown in Chapter 4 and Chapter 5 how to generalize respectively modify
the theory in order to cover also those applications from physics, for which
the assumptions of the present chapter are not satisfied. The content of this
chapter is mainly based on Panati, Spohn and Teufel [PST1].

We now come to the general setup for space-adiabatic perturbation theory.
As indicated already in Equation 1.1 in the introduction, there are three
structural ingredients for the theory to be applicable.

(i) The state space of the system decomposes as

H = L2(Rd) ⊗Hf = L2(Rd,Hf) ,

where L2(Rd) is the state space of the slow degrees of freedom and Hf is
an arbitrary separable Hilbert space, the state space for the fast degrees of
freedom. The classical phase space of the slow degrees of freedom is thus
T ∗Rd = R

2d and points in phase space are denoted by z = (q, p) ∈ R
2d.

(ii) The Hamiltonian Ĥ generating the time-evolution of states is given as
the Weyl quantization of a semiclassical symbol H ∈ Smρ (ε,L(Hf)),

H(ε, z) �
∞∑

j=0

εj Hj(z) ,

with values in the bounded self-adjoint operators on Hf .

S. Teufel: LNM 1821, pp. 71–104, 2003.
c© Springer-Verlag Berlin Heidelberg 2003
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Fig. 3.1. Spectrum which is isolated by a gap locally in phase space R
2d.

(iii) The principal symbol H0(z) of H(ε, z) has an pointwise isolated part of
the spectrum:

Condition (Gap)γ . For any z ∈ R
2d the spectrum σ(z) of H0(z) ∈

L(Hf) contains a relevant subset σ∗(z) which is uniformly separated from
the remainder σ(z) \ σ∗(z) by a gap. More precisely there are two contin-
uous functions f± : R

2d → R with f− ≤ f+ such that:
(G1) for every z ∈ R

2d the spectral component σ∗(z) is entirely contained
in the interval I(z) := [f−(z), f+(z)];

(G2) the distance between σ(z) \ σ∗(z) and the interval I(z) is uniformly
bounded away from zero and increasing for large momenta, i.e.

dist
(
σ(z) \ σ∗(z), I(z)

) ≥ Cg 〈p〉γ ;

(G3) the width of the interval I(z) is uniformly bounded, i.e.

sup
z∈R2d

|f+(z) − f−(z)| ≤ Cd < ∞ .

We already encountered several relevant physical systems which display
this general structure. The Dirac Hamiltonian (1.52) discussed in Section 1.2
is probably the simplest example which is the quantization of a bounded-
operator-valued symbol. Clearly also perturbations of fibered Hamiltonians as
discussed in Chapter 2 fall into the general framework. However, the examples
discussed there, namely the molecular Hamiltonian and the Hamiltonian for
constrained quantum motion have symbols with values in the unbounded
operators. The theory to be developed in this chapter applies in principle
also to this case with minor technical modifications. These modifications are,
among more serious ones, discussed in Chapter 5, where the problem of the
Bloch electron, i.e. a particle in a periodic potential with a slowly varying
non-periodic perturbation, is treated.

f  (q,p)

+

*

−

σ

q,p

(H(q,p))

f  (q,p)

σ (q,p)



3 Space-adiabatic perturbation theory 73

At the risk of redundancy we shortly map out again the strategy of space-
adiabatic perturbation theory. Each of the following steps corresponds to a
section in this chapter.

(i) Almost invariant subspace. As the first step one constructs an or-
thogonal projection Πε, which is associated with the isolated spectral
band σ∗, such that the subspace ΠεH of the full Hilbert space H is
approximately invariant under the time-evolution generated by Ĥ . By
“approximately” we always mean “up to errors which are small when ε
is small”. In case of the Dirac equation ΠεL2(R3,C4) would be either
the electronic or the positronic subspace and both of them are invariant
under the time-evolution up to errors smaller than any power of ε.

(ii) Mapping to a reference space. We aim at a simple description of
the dynamics inside the almost invariant subspace ΠεH. However, since
ΠεH is not easy to characterize, we construct a unitary operator Uε,
which maps the “complicated” and ε-dependent subspace ΠεH of the
large Hilbert space H to a “simpler” reference space K. K is chosen in
order to best reflect the physics of the reduced system. In the Dirac
example the natural wave functions for the description of electrons are
C

2-valued functions. Hence the reference space suggested by the physics
would be L2(R3,C2), being “simpler” than ΠεL2(R3,C4), which contains
C

4-valued functions.
(iii) Effective dynamics. Since [Ĥ,Πε] = O(ε∞) according to the first step,

the dynamics for initial conditions inside ΠεH is in good approximation
generated by the diagonal Hamiltonian ΠεĤΠε. However, we aim at
a description of the dynamics inside the subspace, which allows for an
as simple as possible further analysis. This is the reason for mapping
the almost invariant subspace ΠεH to the reference space K and for
defining the effective Hamiltonian as the diagonal Hamiltonian mapped
to this reference space. Up to technical details we thus define the effective
Hamiltonian as h := UεΠεĤΠεUε ∗. For the Dirac equation this yields
an effective Hamiltonian he for electrons acting on the reference space
L2(R3,C2).
Still he is a rather abstract object. However, the effective Hamiltonian
allows for an asymptotic expansion in powers of ε, where the leading
order terms can be computed explicitly. It turns out that the leading
order terms of the effective Hamiltonian yield physically interesting and
nontrivial results about the dynamics inside the decoupled subspace.

(iv) Semiclassical limit. If the isolated part of the spectrum is an eigen-
value E∗ of finite multiplicity, then the effective dynamics in the reference
space allows for a simple semiclassical limit. This is because the princi-
pal symbol of the effective Hamiltonian is in this case just the eigenvalue
E∗(q, p). This fact goes in physics under the name of Peierls’ substitution.
However, the corrections to Peierls’ substitution carry important physical
information. In our running example the subprincipal symbol of the effec-
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tive electron Hamiltonian he describes the leading order spin-dynamics.
The semiclassical limit for he yields the T-BMT equation.

Before we proceed with the details, a few remarks on the literature are
in order. More detailed references can be found within the specific sections.
To our knowledge, the notion “almost invariant subspace” was first coined
by Nenciu [Nen2] in the context of gauge invariant perturbation theory. In
the context of space-adiabatic problems Brummelhuis and Nourrigat [BrNo]
construct Πε for the particular case of the Dirac equation and Martinez and
Sordoni [MaSo] based on [So] consider Born-Oppenheimer type Hamiltonians.
The general scheme for the construction of Πε is sketched in Nenciu and
Sordoni [NeSo] and applied to the matrix-valued Klein-Gordon equation. Our
construction is based on the one in [NeSo], but differs in a few technical
details.

Our approach for the construction of the unitary Uε is specifically de-
signed to deal also with problems as the Dirac equation and the Bloch elec-
tron with external magnetic fields, where the projector Πε has no limit for
ε → 0, see Remark 3.13. While the specific application is new, the general
idea to construct a pseudodifferential operator which is almost unitary and
diagonalizes a given pseudodifferential operator has a long tradition, [Ni]
Section 7 and references therein, [Ta], [HeSj]. The method of successive di-
agonalization is also prominent in the physics literature, for example [FoWo]
in the derivation of the Pauli equation and its corrections, [Bl1, Bl2] for pe-
riodic Schrödinger operators, [Bl3] for the Dirac equation, [LiFl1, LiWe1] for
Born-Oppenheimer type Hamiltonians.

After this informal outline we proceed with the details. For the general
space-adiabatic theory of the present chapter we assume one of the following
conditions.

Condition of increasing gap (IG)m. Let H ∈ Smρ (ε,L(Hf)) be a hermi-
tian symbol with ρ > 0 and m ≥ 0, such that its principal symbol H0 satisfies
condition (Gap)γ with γ = m and assume in addition that Ĥ is essentially
self-adjoint on S(Rd,Hf).

Condition of constant gap (CG). Let H ∈ S0
0(ε,L(Hf)) be a hermitian

symbol such that its principal symbol H0 satisfies condition (Gap)γ with
γ = 0.

Remark 3.1. The gap condition (Gap)γ as a global gap condition is rather
strong and also not satisfied in some relevant applications. We saw in Chap-
ter 2 how to obtain local results for the time-dependent Born-Oppenheimer
approximation in leading order. We emphasize that also the following con-
structions are local, and in principle similar techniques as in Chapter 2 could
be used to obtain local results. ♦



3.1 Almost invariant subspaces 75

3.1 Almost invariant subspaces

The content of this section is the space-adiabatic theorem. It states that there
are subspaces ΠεH associated with isolated spectral bands σ∗(z) of the prin-
cipal symbol H0 of the Hamiltonian Ĥ which are approximately invariant
under the time-evolution.

Constructions similar to the one presented here appeared several times
in the literature. Brummelhuis and Nourrigat [BrNo] gave a proof for the
Dirac equation, Martinez and Sordoni [MaSo] considered Born-Oppenheimer
type Hamiltonians (cf. Section 4.2) based on results from [So], and Nenciu
and Sordoni [NeSo] sketched the general scheme and applied it to a matrix-
valued Klein-Gordon type problem.

From now on we denote the spectral projector of H0(z) corresponding to
σ∗(z) by π0(z). This change of notation compared to the previous chapters
is necessary, since now π0(z) is the principal symbol of the projection on
the the approximately invariant subspace we shall construct. The notation
O0(ε∞) is defined in (A.16), but we recall for the convenience of the reader
that A ∈ L(H) is O0(ε∞) if for all n ∈ N there exists a constant Cn < ∞
such that ‖A ‖L(H) ≤ Cnε

n.

Theorem 3.2 (Space-adiabatic theorem).
Assume either (IG)m or (CG). Let Ĥ be the Weyl quantization of H. Then
there exists an orthogonal projection Πε ∈ L(H) such that

[
Ĥ, Πε

]
= O0(ε∞) (3.1)

and Πε = π̂ + O0(ε∞), where π̂ is the Weyl quantization of a semiclassical
symbol

π �
∑

j≥0

εjπj in S0
ρ(ε) .

The principal symbol π0(z) is the spectral projection of H0(z) corresponding
to σ∗(z).

As an immediate consequence of Theorem 3.2, the subspace ΠεH is an
approximately invariant subspace for the dynamics generated by the Hamil-
tonian Ĥ .

Corollary 3.3. Under the same assumptions as in Theorem 3.2 we have
that [

e−iĤs, Πε
]

= O0(ε∞|s|) .

Proof. Although this is straightforward, we explicitly write out the compu-
tation, since the result is of central importance to us.
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∥
∥
∥

[

e−iĤs, Πε
]∥
∥
∥
L(H)

=
∥
∥
∥
∥

∫ s

0

ds′
d

ds′
(

eiĤs′ Πε e−iĤs′
)∥∥
∥
∥
L(H)

=
∥
∥
∥
∥

∫ s

0

ds′ eiĤs′ [ Ĥ, Πε
]
e−iĤs′

∥
∥
∥
∥
L(H)

≤ |s|
∥
∥
∥
[
Ĥ, Πε

] ∥∥
∥
L(H)

= O(ε∞ |s|) .

��
We emphasize once more that the subspaceΠεH is in general not spectral,

but it is associated with the spectral band σ∗(z).

Remark 3.4. In order to avoid misunderstandings we remind the reader that
all operators which arise as Weyl-quantizations of symbols depending on p are
ε-dependent. This ε-dependence stems from the quantization rule p �→ −iε∇x

and possibly also from an explicit dependence of the symbol on ε. In particular
the Hamiltonian Ĥ is an ε-dependent operator. In order to not overburden
notation, we dropped the index ε for such operators, but keep in mind that
in most cases the ̂ implies also an ε-dependence. ♦
Remark 3.5. The terminology “almost invariant subspace” for ΠεH is bor-
rowed from [Nen2], although ΠεH is, in general, not an almost invariant
subspace in the sense of [Nen2], since Πε need not have a limit as ε → 0. ♦
Remark 3.6. Notice another consequence of Corollary 3.3, which was antici-
pated in Section 1.2.2. Since ‖Πε − π̂0‖ = O(ε), it follows that

[

e−iĤs, π̂0

]

= O0(ε+ ε∞|s|) .

This improves the results of Chapter 2, cf. e.g. (2.20), since it shows that
solutions of the Schrödinger equation approximately remain in the unper-
turbed subspaces for times much longer than expected from the analysis of
Chapter 2. ♦
Remark 3.7. Note that the growth condition on the gap in (IG)m is stronger
than one would expect from the analysis in Chapters 2 and 6 or in [NeSo].
Indeed, in both examples a gap which is bounded globally over phase space
suffices to prove uniform adiabatic decoupling also in the presence of a Hamil-
tonian with principal symbol increasing linearly in momentum. More general
uniform adiabatic decoupling should hold whenever (IG)m is satisfied with
γ = m − ρ. Indeed (3.1) follows from the following proof with slight mod-
ifications under this weaker condition on the growth of the gap. However,
this modified proof does not give π ∈ S0

ρ(ε), a fact we will make use of in
the following sections. To avoid further complications in the presentation, we
decided to state only the stronger result for the stronger growth condition.
♦
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Proof (of Theorem 3.2). We decompose the proof into two steps. First the
symbol π of the Moyal projector is constructed and then its quantization π̂
is modified in order to obtain a true projector Πε.

Step I. Construction of the Moyal projector

In general π0 is not a projector in the Moyal algebra, i.e.

π0 � π0 �= π0 .

The following lemma shows that π0 can be corrected, order by order in ε,
so to obtain a true Moyal projector π which Moyal commutes with H . Simi-
lar constructions appeared in the context of the Schrödinger equation several
times in the literature [HeSj, NeSo, BrNo, EmWe]. Our proof was strongly in-
fluenced by the one in [NeSo], but differs in relevant details, since we consider
different symbol classes. It relies on the construction of the local Moyal resol-
vent of H0(z). The construction of the global inverse of an elliptic symbol,
often called the parametrix, is well known [DiSj, Fo, Ni, Ma1].

Lemma 3.8. Assume either (IG)m or (CG). Then there exists a unique
formal symbol

π =
∑

j≥0

εjπj πj ∈ S−jρρ (L(Hf)) ,

such that π0(z) is the spectral projection of H0(z) corresponding to σ∗(z),
with the following properties:

(i) π � π = π,
(ii) π∗ = π,
(iii) H �π − π �H = 0.

Proof. We give the proof under the assumption (IG)m. The proof under
assumption (CG) is simpler, since all the symbols which appear belong to
S0

0(ε).
We first provide a constructive scheme for the special case where σ∗(z) =

{E∗(z)} is an eigenvalue, which, at the same time, proves uniqueness of π in
the general case. Doing so we follow in principle the construction as given in
[EmWe], differ, however, in the presentation. The reason for including this
scheme is that the aim of adiabatic perturbation theory is, in particular,
to give an as simple as possible recipe for explicitly computing the rele-
vant quantities. The inductive scheme for constructing π in the special case
σ∗(z) = {E∗(z)} is much better suited for explicit computations than the
general construction which will follow later on.

Note that
π0 � π0 − π0 = π0 π0 − π0 + O(ε) = O(ε)

and
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[H0, π0]� = [H0, π0] + O(ε) = O(ε) .

We proceed by induction and assume that we found π(n) =
∑n

j=0 εjπj such
that

π(n) � π(n) − π(n) = εn+1 Gn+1 + O(εn+2) , (3.2)

where (3.2) defines Gn+1. Thus the next order term in the expansion πn+1

must satisfy
πn+1 π0 + π0 πn+1 − πn+1 = −Gn+1 , (3.3)

which uniquely determines the diagonal part of πn+1 to be

πD
n+1 = −π0 Gn+1 π0 + (1 − π0)Gn+1 (1 − π0) . (3.4)

Here and in the following we define the diagonal resp. off-diagonal part of an
operator A with respect to some orthogonal projection P as

AD = P AP + (1− P )A (1 − P ) , AOD = A−AD .

Equation (3.3) puts no constraint on the off-diagonal part of πn+1. In par-
ticular, ω(n) := π(n) + εn+1πD

n+1 satisfies (i) up to an error of order O(εn+2)
if and only if

Gn+1 = π0 Gn+1 π0 + (1 − π0)Gn+1 (1− π0) ,

i.e. GOD
n+1 = 0. This, however, follows from the fact that Gn+1 is the principal

symbol of ε−n−1(π(n) � π(n) − π(n)). Using (3.2) one finds, e.g.,

π0 Gn+1 (1− π0) =
(
ε−n−1 π0(π(n) � π(n) − π(n))(1 − π0)

)

0

=
(
ε−n−1 π(n) � (π(n) � π(n) − π(n)) � (1 − π(n))

)

0

= −(
(π(n) � π(n) − π(n))Gn+1

)

0
= 0 .

As induction assumption we also have that

[H,π(n)]� = O(εn+1)

and thus
[H,ω(n)]� = εn+1Fn+1 + O(εn+2) . (3.5)

The diagonal part of πn+1 being fixed already, the off-diagonal part πOD
n+1

must satisfy [H0, π
OD
n+1] = −Fn+1. In particular,

H0(z) (π0(z)πn+1(z)(1 − π0(z))) − (π0(z)πn+1(z)(1 − π0(z))) H0(z)
= − π0(z)Fn+1(z) (1 − π0(z)) (3.6)

for all z ∈ R
2d.

We first show that if (3.6) has a solution

πOD1
n+1 (z) := π0(z)πn+1(z)(1 − π0(z)) ,
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then it is unique, i.e. that the kernel of the map πOD1
n+1 (z) �→ [H0(z), πOD1

n+1 (z)]
restricted to (1 − π0(z))Hf contains only zero. To see this let

σ̃∗(z) := (supσ∗(z) − inf σ∗(z))/2

and note that, due to the gap condition, H0(z) − σ̃∗(z) is invertible on (1 −
π0(z))H with

‖(H0(z) − σ̃∗(z))−1(1 − π0(z))‖ < 2/diam(σ∗(z)) . (3.7)

Hence

[H0(z), πOD1
n+1 (z)] = 0

⇔ [H0(z) − σ̃∗(z), πOD1
n+1 (z)] = 0

⇔ πOD1
n+1 (z) = (H0(z) − σ̃∗(z))πOD1

n+1 (z)(H0(z) − σ̃∗(z))−1

and therefore

‖πOD1
n+1 (z)‖ ≤

≤ ‖(H0(z) − σ̃∗(z))π0(z)‖ ‖πOD1
n+1 (z)‖ ‖(H0(z) − σ̃∗(z))−1(1 − π0(z))‖

= C ‖πOD1
n+1 (z)‖ .

However, from ‖(H0(z) − σ̃∗(z))π0(z)‖ ≤ diam(σ∗(z))/2 and (3.7) it follows
that C < 1 and thus πOD1

n+1 (z) = 0. We conclude that πn+1 is unique when it
exists.

In the special case that σ∗(z) = {E∗(z)}, (3.6) can be solved, and one
finds

π0πn+1(1 − π0) = π0 Fn+1 (H0 − E∗)−1 (1 − π0) . (3.8)

Using that Fn+1 is the principal symbol of ε−n−1[H,ω(n)]�, that π0 is the
principal symbol of ω(n) and that ω(n) satisfies (i) up to O(εn+2), one finds
that π0Fn+1π0 = (1 − π0)Fn+1(1 − π0) = 0 and thus that π(n+1) defined
through (3.4) and (3.8) satisfies (i) and (iii) up to O(εn+2).

Remark 3.9. For later reference we emphasize that we obtained an explicit,
inductive construction for π when σ∗(z) = {E∗(z)}. The latter one involves
four steps at each order:

(a) Evaluation of Gn+1 as in (3.2).
(b) Computation of πD

n+1 as in (3.4).
(c) Evaluation of Fn+1 as in (3.5).
(d) Computation of πOD

n+1 as in (3.8). ♦
We now turn to the construction of π in the general case. Since the Moyal

product is a local operation (it depends only on the pointwise value of the
symbols and their derivatives) it suffices to construct π locally in phase space
and then uniqueness will liberate us from gluing the local results together.
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Let us fix a point z0 ∈ R
2d. From the continuity of the map z �→ H0(z)

and the gap condition it follows that there exists a neighborhood Uz0 of z0
such that for every z ∈ Uz0 the set σ∗(z) can be enclosed in a positively-
oriented complex circle Γ (z0) independent of z in such a way that Γ (z0) is
symmetric with respect to the real axis,

dist(Γ (z0), σ(z)) ≥ 1
4
Cg 〈p〉γ for all z ∈ Uz0 (3.9)

and
Radius(Γ (z0)) ≤ Cr 〈p〉γ for all z ∈ Uz0 (3.10)

where Radius(Γ (z0)) is the radius of the complex circle Γ = Γ (z0). The
constant Cg in (3.9) is the same as in (G2) and the existence of a constant Cr

independent of z0 such that (3.10) is satisfied follows from assumption (G3).
We keep γ in the notation as a bookkeeping device, in order to distinguish
the contributions related to the gap, although γ = m.

Let us choose any ζ ∈ Γ and restrict all the following expressions to
z ∈ Uz0 . There exist a formal symbol R(ζ) – the local Moyal resolvent of H
– such that

R(ζ) � (H − ζ) = 1 = (H − ζ) �R(ζ) on Uz0 . (3.11)

The symbol R(ζ) can be explicitly constructed. We abbreviate

R0(ζ) = (H0 − ζ)−1

where the inverse is understood in the L(Hf)-sense and exists according to
(3.9). Note that

R0(ζ) � (H − ζ) = 1 + O(ε) .

We proceed by induction and suppose that

R(n)(ζ) =
n∑

j=0

εjRj(ζ)

satisfies the first equality in (3.11) up to O(εn+1), i.e.

R(n)(ζ) � (H − ζ) = 1 + εn+1En+1(ζ) + O(εn+2) .

By choosing
Rn+1(ζ) = −En+1(ζ) (H0 − ζ)−1 ,

we obtain that R(n+1)(ζ) = R(n)(ζ)+εn+1Rn+1(ζ) satisfies the same equality
up to O(εn+2). Then the formal symbol R(ζ) =

∑

j≥0 εjRj(ζ) satisfies the
first equality in (3.11) which – by the associativity of the Moyal product –
implies the second one. More precisely, denote the symbol just constructed
as Rl(ζ), the left resolvent. An analogous construction yields Rr(ζ), the right
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resolvent, which satisfies 1 = (H − ζ) �Rr(ζ). Multiplying this identity with
Rl(ζ) from the left and using associativity of the Moyal product, one obtains

Rl(ζ) = Rl(ζ) �
(
(H − ζ) �Rr(ζ)

)
=

(
Rl(ζ) � (H − ζ)

)
�Rr(ζ) = Rr(ζ) .

Observe that (3.11) implies, as in the case of operators, that R(ζ) satisfies
the resolvent equation

R(ζ) −R(ζ′) = (ζ − ζ′)R(ζ) �R(ζ′) on Uz0 . (3.12)

From the resolvent equation it follows – by using an argument similar to the
standard one in operator theory [Ka1] – that the symbol π =

∑

j≥0 εjπj
defined by

πj(z) =
i

2π

∮

Γ

dζ Rj(ζ, z) , z ∈ Uz0 , (3.13)

is a Moyal projector such that [H,π]� = 0 on Uz0 . Indeed, for every fixed
z ∈ Uz0 and j ∈ N, the map ζ �→ Rj(ζ, z) is holomorphic in a neighborhood
of the circle Γ (z0). Then Γ (z0) can be expanded to a slightly larger circle Γ ′

without changing the left hand side of (3.13) and we obtain

(π � π)j =
(

i
2π

)2 ∮

Γ ′
dζ′

∮

Γ

dζ
(
R(ζ′) �R(ζ)

)

j
(3.14)

=
(

i
2π

)2 ∮

Γ ′
dζ′

∮

Γ

dζ (ζ′ − ζ)−1 (
R(ζ′) −R(ζ)

)

j

=
i

2π

∮

Γ

dζ Rj(ζ) = πj ,

where (3.12) has been used. The first equality in (3.14) follows by noticing
that for every α ∈ N

2d

∂αz πj(z) =
i

2π

∮

Γ

dζ ∂αz Rj(ζ, z) z ∈ Uz0 ,

and by expanding the Moyal product order by order in ε.
Since the circle Γ is symmetric with respect to the real axis one immedi-

ately concludes that π∗ = π, since R(ζ)∗ = R(ζ̄) as a consequence of (3.11).
Recall that according to (3.13) we have that

π =
i

2π

∮

Γ

dζ R(ζ)

on Uz0 and from the resolvent equation is follows that [R(ζ), R(ζ′)]� = 0 for
all ζ, ζ′ ∈ Γ . Hence π Moyal-commutes with R(ζ′) for any ζ′ ∈ Γ . Then, by
multiplying π �R(ζ′) = R(ζ′) � π by (H − ζ′) on both sides, one obtains that
H �π = π �H .
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Up to now we remained purely on a formal series level. In order to obtain
useful results after quantization, one needs to control the growth of the sym-
bols. For the Lemma we have to show that πj ∈ S−jρρ for every j ∈ N. From
the Riesz formula (3.13) it follows that for every α ∈ N

2d one has

‖(∂αz πj) (z)‖L(Hf )
≤ Radius (Γ (z0)) sup

ζ∈Γ (z0)

‖(∂αz Rj) (ζ, z)‖L(Hf )
.

According to (3.10) we are left to prove that

sup
ζ∈Γ (z0)

∥
∥
(
∂αq ∂

β
pRj

)
(ζ, z)

∥
∥
L(Hf )

≤ Cαβj 〈p〉−γ−jρ−|β|ρ , α, β ∈ N
d , j ∈ N ,

(3.15)
where Cαβj must not depend on z0. As for R0, we notice that according to
(3.9) one has

∥
∥(H0(z) − ζ)−1

∥
∥
L(Hf )

≤ 1
dist(ζ, σ(H0(z)))

≤ 4
Cg

〈p〉−γ , (3.16)

and moreover,

‖∇pR0(z)‖L(Hf)
= ‖(R0∇pH0R0)(z)‖L(Hf )

≤
(

4
Cg

)2

〈p〉−2γ ‖∇pH0(z)‖L(Hf )

≤ C 〈p〉−2γ+m−ρ = C 〈p〉−γ−ρ ,
where the last bound follows from the fact that H0 ∈ Smρ (recall that γ = m).
By induction one controls higher order derivatives and (3.15) follows for j = 0.

Again by induction, assume that R0, . . . , Rn satisfy the bound (3.15).
Then, by writing out

En+1 =
(

R(n)(ζ) � (H − ζ) − 1
)

n+1

and using (A.9), one concludes that Rn+1 = −En+1R0 satisfies (3.15) with
γ = m. ��

Step II. Quantization

First of all, by resummation, cf. Proposition A.14, we obtain a semiclassical
symbol π : R

2d × [0, ε0) → L(Hf) whose asymptotic expansion is given by
∑

j≥0 ε
jπj . Then, by Weyl quantization, one gets a bounded operator π̂ ∈

L(Hf), see Proposition A.6, which is an almost-projector, in the sense that

(i) π̂2 = π̂ + O−∞(ε∞),
(ii) π̂∗ = π̂,
(iii) [ Ĥ, π̂ ] = O−∞(ε∞).
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Remark 3.10. Notice that the assumption ρ > 0 is crucial in order to obtain
(iii) for an unbounded Ĥ , i.e. for H ∈ Smρ with m > 0. For ρ = 0 we could, in
general, only conclude that [H,π]̃� = O(ε∞) in Sm0 , which does not imply that
the commutator of the operators is small in the norm of bounded operators.
♦

In order to turn π̂ into a true projector which is O(ε)-close to π̂, we follow
an idea from [NeSo]. Notice that ‖π̂2 − π̂‖ = O(ε∞) and hence the spectral
mapping theorem for self-adjoint operators implies that for each n ∈ N there
is a Cn < ∞ such that

σ(π̂) ⊂ [−Cnεn, Cnεn] ∪ [1 − Cnε
n, 1 + Cnε

n] =: σε0 ∪ σε1 .

For ε ≤ 1/(4C1) one can thus define

Πε =
i

2π

∮

|ζ−1|= 1
2

dζ (π̂ − ζ)−1 .

Then Πε 2 = Πε follows and we claim that Πε = π̂ + O0(ε∞). Indeed,

π̂ =
∫

σε
0∪σε

1

λE(dλ) = O0(εn) +
∫

σε
1

E(dλ) = Πε + O0(εn) for all n ∈ N ,

where E(·) is the projection valued measure of π̂. Finally notice that

[Ĥ,Πε ] =
i

2π

∮

|ζ−1|= 1
2

dζ [Ĥ, (π̂ − ζ)−1]

= − i
2π

∮

|ζ−1|= 1
2

dζ (π̂ − ζ)−1[Ĥ, π̂ ](π̂ − ζ)−1 ,

which implies that
∥
∥[Ĥ,Πε ]

∥
∥
L(H)

≤ C
∥
∥[Ĥ, π̂ ]

∥
∥
L(H)

= O0(ε∞) .

This concludes the proof of the theorem. ��

3.2 Mapping to the reference space

The fact that the subspace associated with an isolated energy band decouples
from its orthogonal complement up to small errors in ε leads immediately to
the following question. Is there a natural way to describe the dynamics of the
system inside the almost invariant subspace ΠεH? The main obstruction for
such a simple description is the fact that the subspace ΠεH depends on ε and
cannot be easily characterized. Even worse, in general the limit limε→0 Π

ε

does not exist, meaning that ΠεH is not even close to an ε-independent



84 3 Space-adiabatic perturbation theory

subspace. In order to obtain a useful description of the effective intraband
dynamics we thus need to map ΠεH to an easily accessible and ε-independent
reference subspace. As a simple example recall the map U : P∗H → L2(R3l)
from the Born-Oppenheimer setting defined in (1.44), which maps the wave
functions in the band subspace P∗H to a wave function for the nuclei only.
In general this “mapping to the reference space” is not so simple anymore,
as we shall see in the following.

The choice of the reference space is canonical even in the general setting.
This is because the smoothness of (q, p) �→ H0(q, p) and the gap condition
imply by the same argument as in Section 2.1 that the map (q, p) �→ π0(q, p)
is smooth. Hence there is a subspace Kf ⊂ Hf independent of (q, p) such that
the subspaces π0(q, p)Hf are all isomorphic to Kf .

Let πr be the projection onto Kf ⊂ Hf , then

Πr := 1⊗ πr (= π̂r)

will serve as the projector onto the reference subspace K := ΠrH ⊂ H. This
reference subspace does not depend on ε and is constant with respect to the
fibration over R

d and as such we will use it as a simple representation of the
almost invariant subspace ΠεH.

Remark 3.11. It is only for convenience and for simpler notation in the follow-
ing statements and proofs that we take Kf as a subspace of Hf . In applications
it will be completely irrelevant how Kf is imbedded in Hf . As a subspace of
Hf clearly Kf is not unique and a convenient choice must be made in concrete
applications. However, apart from the non-uniqueness of this embedding, the
reference space is canonical. ♦

Once the reference Hilbert space is fixed, the goal is to unitarily map
ΠεH to K. To this end we chose a smooth unitary operator valued function
u0(z) which pointwise in phase space intertwines π0(z) and πr, i.e.

u0(z)π0(z)u0(z)∗ = πr . (3.17)

The existence of such a smooth map follows from an argument sketched in
Remark 3.17 at the end of this section. Again u0(z) is not unique and must be
chosen conveniently. In most applications there is a natural choice for u0(z),
which reflects the physics of the problem, as will be explained in detail in the
examples of Chapter 4 and 5.

Unfortunately we are not able to prove that it is possible to choose u0

in S0
ρ(L(Hf )). Indeed, relation (3.17) does not imply any bound at infinity

on the derivatives of u0, as can be seen by multiplying u0 with a highly
oscillating phase. Hence we assume that it is possible to chose u0 such that
u0 ∈ S0

ρ(L(Hf )), as it will be the case in the physical examples.
In the following U(Hf) stands for the group of unitary operators on Hf .
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Theorem 3.12. Assume either (IG)m or (CG) and that there exists a
U(Hf)-valued map u0 ∈ S0

ρ(L(Hf)) which satisfies (3.17). Then there exist a
unitary operator Uε ∈ L(H) such that

UεΠε Uε ∗ = Πr (3.18)

and Uε = û+ O0(ε∞), where u � ∑

j≥0 ε
juj in S0

ρ(ε) with principal symbol
u0.

Remark 3.13. In [NeSo] the Nagy transformation is used in order to map
RanΠε to the ε-independent subspace Ranπ̂0. This is possible because in
their application the symbol π0 depends only on q and, as a consequence, π̂0

is a projector satisfying ‖Πε − π̂0‖ = O(ε). However, in general π0 depends
on q and p and the mapping to the reference space becomes more subtle. ♦
Remark 3.14. Note that no O(ε∞) appears in (3.18). The fact Uε can be
constructed such that (3.18) holds exactly will prove useful when we compare
the true and the effective dynamics in Section 3.3. ♦

Proof. Step I. Construction of the Moyal unitaries

Again u0 fails to be a Moyal unitary, i.e. u∗0 � u0 �= 1, and to intertwine π
and πr. However, the following lemma shows that u0 can be corrected order
by order to reach this goal. The idea of constructing a pseudodifferential
operator which is almost unitary and diagonalizes a given pseudodifferential
operator has a long tradition, cf. [Ni] Section 7 and references therein, and
was applied in different settings many times, e.g. [Ta, HeSj]. It was also used
in the physics literature in a context closely related to ours, cf. Appendix C.

Lemma 3.15. Assume either (IG)m or (CG) and that there exists a U(Hf)-
valued map u0 ∈ S0

ρ(L(Hf)) which satisfies (3.17), where π0 is the princi-
pal symbol of some Moyal projector π ∈ M0

ρ (ε) (e.g. the one constructed
in Lemma 3.8). Then there is a formal symbol u =

∑

j≥0 εjuj, with uj ∈
S−jρρ (L(Hf)), such that

(i) u∗ � u = 1 and u � u∗ = 1 ,
(ii) u � π � u∗ = πr .

Remark 3.16. We emphasize that – as opposed to the Moyal projector π ap-
pearing in Lemma 3.8 – the Moyal unitary u is highly non-unique even for
fixed u0. As it will follow from the proof, all the possible choices of Moyal
unitaries intertwining π and πr with prescribed principal symbol u0 are pa-
rameterized by the antihermitian Moyal symbols which are diagonal in the
πr-splitting. This freedom clearly corresponds to arbitrary unitary transfor-
mations inside πrHf and π⊥r Hf ♦
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Proof (of Lemma 3.15). Observe that u0 satisfies (i) and (ii) on the principal
symbol level. We proceed by induction and assume that we found u(n) =
∑n

j=0 ε
juj satisfying (i) and (ii) up to O(εn+1). We will construct un+1 such

that u(n+1) = u(n) + εn+1un+1 satisfies (i) and (ii) up to O(εn+2). To this
end we write without restriction

un+1 =: (an+1 + bn+1)u0 , (3.19)

with an+1 hermitian and bn+1 anti-hermitian. By induction assumption we
have

u(n) � u(n)∗ − 1 = εn+1An+1 + O(εn+2)

u(n)∗ � u(n) − 1 = εn+1Ãn+1 + O(εn+2) .

Thus un+1 has to solve

u0 u
∗
n+1 + un+1 u

∗
0 = −An+1,

u∗n+1 u0 + u∗0 un+1 = −Ãn+1 .
(3.20)

Inserting (3.19) into the first equation in (3.20) we find that an+1 = − 1
2An+1,

since An+1 is hermitian as it is the principal symbol of ε−n−1(u(n) � u(n)∗−1).
The second equation in (3.20) is then also satisfied, since the compatibility
equation u0 Ãn+1 = An+1 u0 follows from

1
εn+1

u(n) � (u(n)∗ � u(n) − 1) =
1

εn+1
(u(n) � u(n)∗ − 1) � u(n)

by noticing that u0 Ãn+1 (resp. An+1 u0) is the principal symbol of the l.h.s
(resp. r.h.s).

Note that (3.20) puts no constraint on bn+1 and we are left to determine
it using (ii). Let w(n) = u(n) + εn+1an+1u0, then by induction assumption

w(n) � π �w(n)∗ − πr = εn+1Bn+1 + O(εn+2)

and thus

u(n+1) � π � u(n+1)∗ − πr = εn+1 (Bn+1 + [bn+1, πr]) + O(εn+2) .

Hence we need to find an anti-hermitian bn+1 satisfying

Bn+1 + [bn+1, πr] = 0 . (3.21)

A solution to (3.21) is given by

bn+1 = [πr, Bn+1] , (3.22)

provided that Bn+1 is hermitian and off-diagonal in the πr-splitting, i.e.
πr Bn+1 πr and (1 − πr) Bn+1 (1 − πr) vanish. This follows by noticing that
Bn+1 is the principal symbol of ε−(n+1)

(
w(n) � π �w(n)∗ − πr

)
and then
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(1 − πr)Bn+1 (1 − πr) =
(

1
εn+1

(1 − πr)
(

w(n) � π �w(n)∗ − πr

)

(1 − πr)
)

0

=
(

1
εn+1

(1 − πr)
(

w(n) � π �w(n)∗
)

(1 − πr)
)

0

=
(

1
εn+1

(

ε2(n+1)Bn+1

(

w(n) � π �w(n)∗
)

Bn+1 + O(εn+2)
))

0

= 0,

where for the second to last equality we inserted

1 − πr = w(n) � (1 − π) �w(n)∗ + εn+1Bn+1 + O(εn+2)

and used that w(n) solves (i) up to O(εn+2) and that π is a Moyal projector.
A similar argument shows that πr Bn+1 πr vanishes too. Note also that (3.22)
fixes only the off-diagonal part of bn+1 and one is free to choose the diagonal
part of bn+1 arbitrarily, which is exactly the non-uniqueness mentioned in
Remark 3.16.

It remains to show that the assumption u0 ∈ S0
ρ implies that uj belongs

to S−jρρ . Assume by induction that u(n) ∈ M0
ρ (ε). Then the formula

an+1 = −1
2
An+1 = −1

2

(

u(n) � u(n)∗ − 1
)

n+1

shows that an+1 belongs to S−(n+1)ρ
ρ as it is the (n+1)th term of an element of

M0
ρ (ε). By Proposition A.9, an+1u0 ∈ S

−(n+1)ρ
ρ as well. Analogously we have

that Bn+1 ∈ S
−(n+1)ρ
ρ by induction assumption, therefore bn+1 ∈ S

−(n+1)ρ
ρ

and thus bn+1u0 ∈ S
−(n+1)ρ
ρ , which finally gives un+1 ∈ S

−(n+1)ρ
ρ . ��

Step II. Quantization

Now let u denote a resummation of the formal power series u =
∑

j≥0 εjuj
in S0

ρ(ε). Then, by Weyl quantization, one gets a bounded operator û ∈ L(H)
such that:

(i) û ∗û = 1 + O−∞(ε∞) and û û ∗ = 1 + O−∞(ε∞)
(ii) û π̂ û ∗ = Πr + O−∞(ε∞).

As a first step we modify û by an O0(ε∞)-term in order to get a true unitary
operator Ũε ∈ U(H), which, in general, does not correspond to the Weyl
quantization of any semiclassical symbol.

Notice that û ∗û is a self-adjoint positive operator which is O0(ε∞)-close
to the identity operator. Then (û ∗û)−

1
2 is well defined and again self-adjoint

and O0(ε∞)-close to the identity operator. As a consequence

Ũε = û (û ∗û)−
1
2 , (3.23)

is O0(ε∞)-close to û and, moreover, unitary. The latter fact follows from
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Ũε Ũε ∗ = û (û ∗û)−1 û ∗ = û û−1 û ∗−1 û ∗ = 1

and
Ũε ∗ Ũε = (û ∗û)−

1
2 û ∗ û (û ∗û)−

1
2 = 1 .

Finally one can modify Ũε in order to obtain a unitary which exactly
intertwines Πε and Πr. Since ‖ŨεΠε Ũε ∗ −Πr‖ < 1 for ε sufficiently small,
the Nagy formula

W ε =
(

1−
(

ŨεΠε Ũε ∗−Πr

)2
)− 1

2(

Πr Ũ
εΠε Ũε ∗+(1−Πr)(1−ŨεΠε Ũε ∗)

)

defines a unitary operator W ε ∈ U(H) such that W ε ŨεΠε Ũε ∗W ε ∗ = Πr

and W ε = 1 + O0(ε∞). Thus by defining Uε = W ε Ũε one obtains (3.18),
with the desired properties. ��
Remark 3.17. We sketch how to prove the existence of a smooth map u0

satisfying (3.17). Given

E =
{
(z, ψ) ∈ R

2d ×Hf : ψ ∈ π0(z)Hf

}
,

the map PE : E → R
2d, (z, ψ) �→ z defines a fibration of Hilbert spaces over

the base space R
2d.

The fibration is locally trivial. Indeed for any z0 ∈ R
2d there exists a

neighborhood Uz0 such that ‖π0(z) − π0(z0)‖ < 1 for any z ∈ Uz0 , so that
the Nagy formula

w(z) =
(

1 − (π0(z) − π0(z0))
2
)− 1

2
(

π0(z)π0(z0) + (1 − π0(z))(1 − π0(z0))
)

locally defines a unitary operator w(z) such that w(z)∗π0(z)w(z) = π0(z0).
A local trivialization of the fibration is then explicitly given by

Θ : P−1
E (Uz0) → Uz0 × π(z0)Hf → Uz0 ×Kf

(z, ψ) �→ (z, w(z)ψ) �→ (z, φ(z0)w(z)ψ)

where we use the fact that there exists a unitary operator φ(z0) : π(z0)Hf →
Kf . The existence of φ(z0) follows from the fact that the dimension of π(z0)Hf

is independent of z0, but the map z0 �→ φ(z0) may be a priori even discon-
tinuous.

Moreover one can check that any two such trivializations are U(Kf)-
compatible, and the previous data define a linear U(Kf)-bundle.

Since the base space is contractible, the bundle is trivial and the associated
principal U(Kf)-bundle (i.e. the bundle of the orthonormal frames) admits a
global smooth section. This implies the existence of a smooth map u0 : R

2d →
U(Hf) such that (3.17) holds true. ♦
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3.3 Effective dynamics

We are now in a position to determine the effective dynamics on the refer-
ence subspace. In the previous section we constructed a unitary Uε on H
which exactly intertwines the almost invariant subspace ΠεH and the refer-
ence subspace K = ΠrH. Uε and Πε are O0(ε∞)-close to pseudodifferential
operators with symbols u and π both in S0

ρ(ε). As the final step to an effective
description of the dynamics inside the adiabatically decoupled subspace one
also unitarily rotates the diagonal part

Hdiag = ΠεĤΠε +Πε⊥ĤΠε⊥ = Ĥ + O0(ε∞)

of the Hamiltonian to the reference space.

Definition 3.18. Let h be a resummation in Smρ (ε) of the formal symbol

h = u �H � u∗ . (3.24)

Then ĥ is called the effective Hamiltonian on the reference space.

The existence of a resummation of h in Smρ (ε) follows from u ∈ S0
ρ(ε) and

H ∈ Smρ (ε) and the product rule, Proposition A.15.

Remark 3.19. It might seem more natural to define the effective Hamiltonian
as the rotation of the diagonal part of original Hamiltonian projected onto
the almost invariant subspace, i.e. as

H ′ = UεHdiag U
ε ∗ . (3.25)

Clearly one should have H ′ − ĥ = O(ε∞) in some sense. However, if Ĥ is
unbounded, this closeness does not follow in the norm of bounded operators
from our results. As a consequence, it would be not obvious how to obtain
an asymptotic expansion of H ′ in the norm of bounded operators from the
readily available expansion of ĥ.

On the other hand the following theorem for H ′ instead of ĥ would be an
obvious consequence of the construction of the previous two sections, while
for ĥ a short argument is needed.

Of course, if ΠεĤΠε is a bounded operator one can define the effective
Hamiltonian through (3.25). This will be done in Chapter 5. ♦

The following theorem is the basis for the adiabatic perturbation theory,
as it relates the unitary time-evolution generated by the original Hamiltonian
Ĥ to the one generated by the effective Hamiltonian ĥ.

Theorem 3.20. Under the assumptions of Theorem 3.12, one has that h ∈
Smρ (ε) and ĥ is essentially self-adjoint on S(Rd,Hf). Furthermore we have
that
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[ ĥ, Πr ] = 0 , (3.26)

e−iĤs − û ∗ e−iĥs û = O0(ε∞|s|) (3.27)

and
e−iĤs − Uε ∗ e−iĥs Uε = O0(ε∞(1 + |s|)) . (3.28)

Remark 3.21. We emphasize that in most applications we will be interested
only in the effective Hamiltonian restricted to the reference space Kf , i.e. in
Πr ĥ Πr. ♦
Proof. Let h̃ := û Ĥ û∗. Since û ∗ is bounded with bounded inverse, one finds,
by checking definitions, that h̃ is self-adjoint on û ∗−1D(Ĥ) and that h̃ is es-
sentially self-adjoint on û ∗−1S. According to Equation (8.10) in [DiSj], which
generalizes to L(Hf)-valued symbols, û ∗−1 ∈ OPS0(ε) and thus û ∗−1S = S.
Hence S(Rd,Hf) is a core for h̃ and, since ĥ− h̃ ∈ L(H), the same conclusions
hold true for ĥ.

Next observe that, by construction, [hj , πr] = 0 for all j ∈ N and thus
[hj , πr ]̃� = 0 because πr does not depend on (q, p) ∈ R

2d. Hence [ĥj , Πr] = 0
and thus (3.26) follows.

For (3.27) observe that

e−iĤs − û ∗ e−iĥs û

= − i e−iĤs

∫ s

0

ds′ eiĤs′
(

Ĥ û ∗ − û ∗ĥ
)

e−iĥs′ û = O0(ε∞|s|) ,

since, by construction, (Ĥ û ∗ − û ∗ĥ) = O0(ε∞). Finally (3.28) follows from
(3.27) using Uε − û = O0(ε∞). ��

In the remainder of this section we will study the finite order asymptotic
approximations

ĥ(n) :=
n∑

j=0

εj ĥj

to the effective Hamiltonian ĥ. By virtue of (3.26), we can, whenever appro-
priate, restrict our attention to the reduced Hilbert space K = ΠrH. Fur-
thermore we define û(n) =

∑n
j=0 εj ûj and obtain a finite order expansion of

the unitary Uε as ‖Uε − û(n) ‖L(H) = O(εn+1).
Our main interest are approximations to the solution of the time-depen-

dent Schrödinger equation

i
d
ds

ψ(s) = Ĥ ψ(s) (3.29)

over times of order ε−kτ , where τ does not depend on ε and k ∈ N is arbi-
trary. Expansion of (3.27) on the almost invariant subspace yields the central
perturbative result.
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Corollary 3.22. Let ρ(n+ k + 1) ≥ m, then for |s| ≤ ε−kτ

e−iĤsΠε = û (n)∗ e−iĥ(n+k)sΠr û
(n) + (1 + |τ |)O0(εn+1) . (3.30)

Here ρ(n+k+1) ≥ m is assumed in order to have ĥ− ĥ(n+k) ∈ L(H). Hence,
given the level of precision εn and the time scale ε−k, the expansion of ĥ
must be computed up to order ĥn+k and the expansion of Uε up to order
ûn. Put differently, in order to improve the error, a better approximation
to the unitary transformation is necessary. On the other hand, in order to
enlarge the time-scale of validity for the space-adiabatic approximation, only
the effective Hamiltonian ĥ must be computed to higher orders.

Specializing (3.30) to n = 0 and k = 1, one obtains the leading order
solution of the Schrödinger equation as

e−iĤsΠε = û ∗0 e−i(ĥ0+εĥ1)sΠr û0 + (1 + |τ |)O0(ε) , |s| ≤ ε−1τ , (3.31)

where m ≤ 2ρ. Here the choice of k = 1 corresponds to the macroscopic
or semiclassical time-scale t/ε. On this time-scale the effective dynamics
e−iĥt/εΠr on the reference subspace is expected to have a nice semiclassi-
cal limit, under suitable conditions on ĥ.

Note that one can replace in (3.30) and analogously in (3.31) τ by ε−δτ
and obtains

e−iĤsΠε = û(n)∗e−iĥ(n+k)sΠr û
(n) + (1 + |τ |)O0(εn+1−δ) , |s| ≤ ε−(k+δ)τ .

(3.32)
Thus one can enlarge the time-span for which the approximation holds with-
out the need to compute further terms in the expansion. The price to be paid
is a larger error, of course.

Remark 3.23. We emphasize that (3.30) and (3.31) are purely space-adiabatic
expansions with no semiclassical approximation invoked yet. As a conse-
quence one obtains uniform results and a simple bound on the growth of the
error with time. Note in particular that the space-adiabatic approximation
holds on time-scales far beyond the Ehrenfest time-scale, the maximal time-
scale for which semiclassical approximations are expected to hold. For some
particular cases semiclassical expansions of the full propagator e−iĤt/ε have
been derived directly, e.g. in the context of the Dirac equation [Ya, BoKe2].
These expansions hold, in general, only for short times, in the sense that they
must be modified each time a caustic in the corresponding classical flow is
encountered. More important, the clear separation of the space-adiabatic and
the semiclassical expansion is not maintained, which is a severe drawback,
since in many physical situations the space-adiabatic approximation is valid
to high accuracy, while the semiclassical approximation is not, cf. Section 4.1.
On the other hand, a semiclassical expansion of the right hand side of (3.31) is
straightforward in many interesting cases, as will be discussed in Section 3.4.
♦
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Remark 3.24. In parentheses we remark that the space-adiabatic approxima-
tion can be used also in the time-independent setting, i.e. to estimate spectral
properties of Ĥ . If one is able to compute eigenvalues of ĥ(n) up to errors of
order o(εn),

ĥ(n) ψ(n) = E(n) ψ(n) + o(εn) ,

it follows that
Ĥ û∗ ψ(n) = E(n) û∗ ψ(n) + o(εn) .

If in addition one knows from some a priori arguments that Ĥ has pure
point spectrum near E(n), it follows that Ĥ has an eigenvalue o(εn)-close
to E(n). Otherwise one can at least conclude that there is a “resonance”
in the sense of a quasi bound state o(εn)-close to E(n). We stress that no
explicit knowledge of Uε is needed as long as the interest is in approximate
eigenvalues only. For example, the scheme just described can be applied to
the time-independent Born-Oppenheimer theory, where one is interested in
the low lying spectrum of a molecule. The standard approaches to the time-
independent Born-Oppenheimer approximation [CDS, Ha2, KMSW] yield in
some respects mathematically stronger results, cf. Appendix C. However,
our scheme suffices for estimating asymptotic expansions of eigenvalues and
is simpler to handle, in general. ♦

3.3.1 Expanding the effective Hamiltonian

We turn to the explicit determination of the leading order terms hj in the
expansion of ĥ using (3.24). Of course, in concrete applications only H and
u0 are given explicitly, while the higher order terms in the expansion of u
must be calculated using the construction from Section 3.2. For a general
Hamiltonian Ĥ such a program is feasible only for the terms h0, h1 and
possibly h2, which will be our concern in the following.

The principal symbol of h is given by

h0 = u0 H0 u
∗
0 .

Higher order terms can be obtained using (3.24). The double Moyal product
becomes rather awkward to handle, and alternatively we proceed inductively
by observing that

u �H − h0 � u = ε h1 � u+ O(ε2) = ε h1 u0 + O(ε2) , (3.33)

with the subprincipal symbol on the left hand side being

(u �H − h0 � u)1 = u1H0 + u0H1 − h0u1 + (u0 �H0)1 − (h0 � u0)1 . (3.34)

Recall the notation a � b =
∑∞

j=0 εj (a � b)j for the expansion of the Moyal
product. Combining (3.33) and (3.34) one obtains
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h1 =
(
u1H0 + u0H1 − h0u1 + (u0 �H0)1 − (h0 � u0)1

)
u∗0 . (3.35)

The expression (3.35) further simplifies if one specializes to the case where
σ∗(q, p) = {E∗(q, p)} consists of a single eigenvalue of H0(q, p) and one
projects on the relevant subspace,

πrh1πr = πr

(
u0 H1 u

∗
0 + (u0 �H0)1 u∗0 − (E∗ � u0)1 u∗0

)
πr . (3.36)

The right hand side has the nice property to be independent of u1 and thus
to depend only on known quantities.

Along the same lines and under the same condition on σ∗(q, p), one com-
putes

πrh2πr = πr

(

u0H2 + u1H1 − h1u1 (3.37)

+ (u1 �H0)1 + (u0 �H1)1 − (E∗ � u1)1 − (h1 � u0)1

+ (u0 �H0)2 − (E∗ � u0)2
)

u∗0πr .

Again, (3.37) does not depend on u2 for the special case under consideration,
but it does depend on u1, which must now be computed using the construction
from Section 3.2.

Although (3.37) looks still rather innocent, in general, it requires some
work to compute it explicitly. This is partly because the second order expan-
sion of the Moyal product in (3.37) tends to become rather tedious to obtain.
But, in general, also the determination of u1 is nontrivial. To convince the
reader, we state without details that the construction from Sections 3.1 and
3.2 yields

u∗1 = u∗0
(

− i
4
{u0, u

∗
0}+

[
u0 π

OD
1 u∗0, πr

]
+

i
4
[({u0, π0}u∗0 + u0{π0, u

∗
0}

)
, πr

])

,

(3.38)
with

πOD
1 = π0π1(1 − π0) + (1 − π0)π1π0 ,

where we used that (a � b)1 = − i
2{a, b}. Recall Definition A.10 of the Poisson

bracket {·, ·}.
To compute π1 from the given quantities one has to use the construction

explained in Section 3.1. One finds

πOD
1 =

i
2
(
R0(E∗)(1 − π0){H0 + E∗, π0}π0

+ π0 {π0, H0 + E∗}R0(E∗) (1 − π0)
)

+ π0H1R0(E∗)(1 − π0) +R0(E∗)(1 − π0)H1π0 ,

where R0(E∗)(1 − π0) = (H0 − E∗)−1(1 − π0) is uniformly bounded because
of the gap condition. For sake of completeness we mention that
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π1 = πOD
1 − i

2
(π0{π0, π0}π0 − (1 − π0){π0, π0}(1 − π0))

in this case.
For the higher orders in the expansion of h we only remark that, in general,

hn depends on u(n), H(n) and h(n−1). In the special, but interesting case of
an isolated eigenvalue E∗(q, p), hn depends only on u(n−1), H(n) and h(n−1)

and is thus considerably easier to obtain.

Remark 3.25. Note that in the case of σ∗(q, p) = {E∗(q, p)}, the principal
symbol h0(q, p) = E∗(q, p)1Hf and the subprincipal symbol h1(q, p) as given
by (3.36) are well defined regardless of the gap condition, provided that the
spectral projection π0(q, p) is sufficiently regular. Indeed, we shall find in
Chapter 6 that, at least in some special cases, there is still adiabatic decou-
pling to leading order and an effective dynamics generated by ĥ0 + ε ĥ1 even
without a gap condition . ♦

To get even more explicit formulas for h1 and h2, note that in most ap-
plications one has no naturally given transformation u0. Instead one chooses
a smooth basis {ψα(q, p)}α∈I of π0(q, p)Hf and defines

u0(q, p) =
∑

α∈I
|χα〉〈ψα(q, p)| + r(q, p)

where the vectors χα form a basis for πrHf and r(q, p) is some arbitrary
unitary intertwining π0(q, p)⊥Hf and π⊥r Hf . πr hj(q, p)πr is independent of
the choice of the unitary r(q, p) for all j ∈ N.

We recall that such a basis {ψα(q, p)}α∈I of global smooth sections of the
bundle over R

2d defined by π0(q, p) always exists, since R
2d is contractible, see

Remark 3.17. However, we are not aware of a proof which insures u0 ∈ S0
ρ .

The situation changes completely, once one considers local domains in the
base space which are not contractible. Then it might become necessary to
chose as reference space the space of sections of a globally nontrivial bundle.

Assuming that σ∗(q, p) = {E∗(q, p)} consists of a single eigenvalue of
H0(q, p) of multiplicity � (including � = ∞), we obtain the � × �-matrix
πr h

(1)(q, p)πr as

h
(1)
αβ = 〈χα, h(1)χβ〉 = E∗ δαβ + ε h1αβ , (3.39)

with

h1αβ = 〈χα, h1χβ〉 = 〈ψα, H1ψβ〉 − i
2 〈ψα, {(H0 + E∗), ψβ}〉 (3.40)

= 〈ψα, H1ψβ〉 − i〈ψα, {E∗, ψβ}〉 − i
2 〈ψα, {(H0 − E∗), ψβ}〉 .

The indices α and β are matrix-indices, both running from 1 to �. Equations
(3.39) and (3.40) are one of our central results. They are still of a simple form
and mostly suffice to compute the basic physics. The first term in (3.39) is
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referred to as Peierls substitution and the first order correction carries in-
formation on the intraband spinor evolution. E.g., as will be discussed in
Section 4.1, for the Dirac equation h1 governs the spin precession. The rea-
son for the particular splitting of the terms in (3.40) will be discussed in
Section 3.4.2. Here we only remark that the second term in (3.40) is related
to a “generalized” Berry connection. We omit the analogous formula for h2αβ ,
since it is too complicated to be helpful in general.

3.4 Semiclassical limit for effective Hamiltonians

The results of the previous sections are genuine quantum mechanical: semi-
classical symbols have been used only as a tool in order to construct (and,
eventually, to approximate) Πε and Uε. But no attempt was made to ap-
proximate the solutions of Schrödinger’s equation based on some underlying
classical Hamiltonian system, i.e. no semiclassical limit has been performed.

However, under the assumption that σr(q, p) = {Er(q, p)} consists of a sin-
gle eigenvalue of H0(q, p) of necessarily constant multiplicity �, the principal
symbol of ĥ is a scalar multiple of the identity, i.e. h0(q, p)πr = Er(q, p)1Kf ,
and a semiclassical analysis of ĥ can be done in a standard way using e.g.
matrix-valued Wigner transforms or the WKB ansatz. We shall focus on the
dynamics of quantum observables, which can be approximated by quanti-
ties constructed using only the classical flow Φt generated by the (classical,
scalar) Hamiltonian Er(q, p). This result is a standard Egorov theorem for
matrix-valued observables, see Theorem 3.26. We emphasize that for more
general energy bands σr(q, p) one cannot expect a simple semiclassical limit,
at least not in the usual sense. Crossings of eigenvalue bands are the most
prominent example for such a situation, as mentioned in the “left out topics”
section of the introduction and in Section 4.5.

In Section 3.4.2 we shortly comment on the role of the Berry connection
for the semiclassical limit of the effective Hamiltonian.

The results of Section 3.4.1 for the semiclassical limit of the effective
Hamiltonian in the reference representation are just a straightforward ap-
plication of standard techniques. However, in our context the solution of
Schrödingers equation respectively the observables in the original represen-
tation are of physical interest. Hence one needs to translate the results of
the semiclassical analysis in the reference representation back to the physical
one. This is easy at leading order and discussed in Section 3.4.3. If higher
order corrections to the classical flow are taken into account, this change of
representation is much less trivial. As a consequence we discuss this point
only in the context of concrete applications. In particular we derive the first
order corrections to the classical dynamics of physical observables for Dirac
particles in Section 4.1.3, and for the Bloch electron in Section 5.3.



96 3 Space-adiabatic perturbation theory

3.4.1 Semiclassical analysis for matrix-valued symbols

There are many different approaches to the semiclassical limit in quantum me-
chanics. We shortly sketch how some of them naturally generalize to matrix-
valued Hamiltonians, which appear as effective Hamiltonians in adiabatic
perturbation theory.

Egorov’s Theorem. Roughly speaking Egorov’s theorem states that the
quantum mechanical time-evolution of a semiclassical observable is given in
good approximation by transporting the symbol of the observable along the
classical flow generated by the principal symbol of the Hamiltonian. In the
scalar case this follows, as we shall see, directly from the fact (A.11) that
the symbol of the commutator of two operators is given, at leading order,
through the Poisson bracket of the symbols, i.e.

[
aε, bε

]

�̃
� −i ε { aε, bε } + O(ε3) .

In the following we will describe how the matrix-character of the symbols
changes the picture.

For the moment, we identify Kf with C
� and h with πr hπr, an � × �-

matrix-valued formal symbol. At least formally, Egorov’s theorem is obtained
through an expansion of Heisenberg’s equations of motion for semiclassical
observables: Let a(q, p, ε) ∈ S0

1(ε,L(C�)), then the quantum mechanical time
evolution of â is given by

â(t) = eiĥt/ε â e−iĥt/ε

and satisfies
d â(t)

dt
=

i
ε
[ ĥ, â(t)] . (3.41)

Expanding both sides of (3.41) on the level of symbols and using [Er1, an(t)] ≡
0, 1 = 1C� , one obtains the following hierarchy of equations:

d a0(t)
dt

= {Er1, a0(t)} + i [h1, a0(t)] (3.42)

d a1(t)
dt

= {Er1, a1(t)} + i [h1, a1(t)] +
1
2
({h1, a0(t)} − {a0(t), h1}

)

+ i[h2, a0(t)] (3.43)
d a2(t)

dt
= {Er1, a2(t)} + i [h1, a2(t)] + . . . . (3.44)

Since dan(t)/dt does not depend on higher orders, the equations can be solved
iteratively. The solution of (3.42) with initial condition a0(q, p, 0) = a0(q, p)
is given through

a0(q, p, t) = D∗(q, p, t) a0(Φt(q, p))D(q, p, t) , (3.45)
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where Φt : R
2d → R

2d is the solution flow corresponding to the scalar Hamil-
tonian Er(q, p). More precisely, Φt(q0, p0) = (q(t), p(t)), where (q(t), p(t)) is
the solution of the classical equations of motion

q̇ = ∇pEr , ṗ = −∇qEr

with initial condition (q0, p0). D(q, p, t) is the solution of

∂

∂t
D(q, p, t) = − ih1(Φt(q, p))D(q, p, t) . (3.46)

with initial condition D(q, p, 0) = 1. One can think of (3.46) for fixed (q, p) ∈
R

2d as an equation for the Schrödinger-like unitary evolution induced by
the time-dependent Hamiltonian h1(Φt(q, p)) on the Hilbert space C

�. Since
h1(q, p) is self-adjoint for all (q, p) ∈ R

2d, the solution D(q, p, t) of (3.46) is
unitary for all (q, p, t) ∈ R

2d × R.
To see that (3.45) is indeed the solution of (3.42), note that the mappings

U(t) : Cb(R2d,L(C�)) → Cb(R2d,L(C�))

defined through (3.45) for t ∈ R, i.e.
(U(t) a0

)
(q, p) = D∗(q, p, t) a0(Φt(q, p))D(q, p, t) , (3.47)

form a one-parameter group of linear automorphisms on the Banach space
Cb(R2d,L(C�)), since
(U(t′)U(t) a0

)
(q, p) =

= D∗(q, p, t′)D∗(Φt
′
(q, p), t) a0(Φt

′ ◦ Φt(q, p))D(Φt
′
(q, p), t)D(q, p, t′)

= D∗(q, p, t+ t′) a0(Φt+t
′
(q, p))D(q, p, t + t′)

=
(U(t+ t′)a0

)
(q, p) .

Here the group structures of Φt and of the solutions of (3.46) are used. Hence
U(t) is a group and it suffices to check that (3.45) solves (3.42) at time t = 0,
which is easy to see.

Turning to the higher order corrections (3.43), (3.44) etc., they are of the
form

d an(t)
dt

= {Er1, an(t)} + i[h1, an(t)] + In(a0(t), . . . , an−1(t))

with an inhomogeneity In(t) depending only on the known functions a0(t), . . . ,
an−1(t). Thus, assuming an(0) = 0, one finds

an(t) =
∫ t

0

dt′ U(t− t′) In(t′) . (3.48)

In order to solve Equation (3.43) for the subprincipal symbol one needs
to know h2. However, if one is interested in semiclassical observables with a
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principal symbol which is a scalar multiple of the identity, e.g. in the position
a0(0) = q 1, the last term in (3.43) vanishes at all times, since, according to
(3.45), a0(t) is a scalar multiple of the identity for all times. In Section 4.1.3
the back reaction of the spin of an electron on its translational motion will
be discussed on the basis of (3.43).

We summarize the preceding discussion and state a simple first-order
version of Egorov’s theorem.

Theorem 3.26. Let H satisfy either (IG)m for m ≤ 1 and ρ = 1 or (CG)
with ρ = 0. Let σr(q, p) = {Er(q, p)} be an eigenvalue of H0(q, p) of finite
multiplicity �.

Then the classical flow Φt generated by Er(q, p) and the solution of
(3.46) with initial condition D(q, p, 0) = 1 exist globally in time. For a0 ∈
S0
ρ(L(C�)), a0(t) given by (3.45) is a solution of (3.42) and a0(t) ∈ S0

ρ(L(C�))
for all t ∈ R.

For each T < ∞ there is a constant CT < ∞ such that for all t ∈ [−T, T ]
∥
∥
∥eiĥt/ε â0 e−iĥt/ε − â0(t)

∥
∥
∥ ≤ εCT . (3.49)

Proof. Up to the modifications discussed before, the proof follows easily along
the lines of Egorov’s theorem for scalar valued observables (cf. [Ro, BoRo]):
To make the expansion of the Heisenberg equation (3.41) rigorous, note that
Er = πrh0πr ∈ Smρ (R) with m ≤ 1 and thus the corresponding Hamiltonian
vector field is smooth and bounded. It follows by standard ODE techniques
[Ro] that ∂ta0(Φt) ∈ S0

1 and hence also ∂ta0(t) ∈ S0
1 , where a0(t) is given

by (3.45). Thus one can interchange quantization and differentiation with
respect to time and obtains

a(t) − â0(t) =
∫ t

0

dt′
d
dt′

(

eiĥt′/εWε(a0(t− t′)) e−iĥt′/ε
)

=
∫ t

0

dt′ eiĥt′/ε
(

i
ε

[

ĥ,Wε(a0(t− t′))
]

−Wε

(
da0

dt
(t− t′)

))

e−iĥt′/ε .

Now, by construction, i
ε

[

ĥ, ̂a0(t− t′)
]

− Wε

(
da0
dt (t− t′)

)
is a semiclassical

operator in OPS1
1(ε) with vanishing principal symbol. Hence the integrand

is really O(ε) as a bounded operator and (3.49) follows. ��
There are several results for the scalar case, which hold for more gen-

eral Hamiltonians, in particular for the usual Schrödinger Hamiltonian, and
which contain higher orders, cf. [Ro, BoRo]. Also the matrix-valued ver-
sion of Egorov’s theorem has been discussed several times in the literature
[Iv, BrNo, BoGl].

Remark 3.27. Dealing with matrix-valued classical symbols was very natural
from the conceptual viewpoint. However, the physical interpretation would
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become simpler when one could translate the semiclassical time-evolution
of matrix-valued observables given through (3.47) to a (semi)classical time-
evolution for states in some appropriate phase space.

An elegant solution to this problem is given by Várilly and Gracia-Bond́ıa
[GrVa, VaGr] based on a ideas of Stratonovich [St], who developed a semi-
classical calculus for particles with spin. We shortly sketch the construction
for later use in the context of the semiclassical limit of the Dirac equation in
Section 4.1.3 and refer to Bolte and Glaser [BoGl] for a related application
in the context of quantum ergodicity for spinning particles.

Assume that the unitary matrices D(q, p, t) are given via the (2� + 1)-
dimensional unitary irreducible representation π� of SU(2) as D(q, p, t) =
π�(d(q, p, t)) for d(q, p, t) ∈ SU(2). This is naturally the case if the degeneracy
� is related to spin or angular momentum and, as a consequence, h1(q, p)
takes values in the corresponding Lie algebra π�(su(2)). Then, independently
of �, a convenient choice for the classical phase space is R

2d × S2, since
g ∈ SU(2) acts canonically on S2 through its projection π(g) onto SO(3),
i.e. π : SU(2) → SO(3) denotes the covering map. To a matrix valued symbol
A : R

2d → L(C�) one associates a scalar symbol on the larger phase space
R

2d × S2 according to

a(q, p, n) = Tr
(
A(q, p)∆�(n)

)

with a suitable ∆� : S2 → Lsa(C�) such that

A(q, p) = (2�+ 1)
∫

S2
dλ(n) a(q, p, n)∆�(n) .

Here λ denotes normalized Lebesgue measure on S2. Then the Weyl quanti-
zation of a given through

(âϕ)(x) =
2�+ 1
(2πε)d

∫

R2d

∫

S2
dξ dy dλ(n) a

(
1
2 (x+y), ξ, n

)
eiξ·(x−y)/ε∆�(n)ϕ(y) ,

(3.50)
agrees with the one of A, i.e. â = Â. Most important, one can choose ∆� such
that for g ∈ SU(2) one has

π�(g)∆�(n)π�(g)∗ = ∆�(π(g)n) .

This covariance condition guarantees that (3.47) translates into a flow on
phase space R

2d × S2 as

a(q, p, n, t) = Tr
(
A(q, p, t)∆�(n)

)

= Tr
(
A(Φt(q, p))D(q, p, t)∆�(n)D∗(q, p, t

)
)

= Tr
(
A(Φt(q, p))∆�(π(d(q, p, t))n)

)

= a
(
q(t), p(t), n(t)

)
=:

(
a ◦ Φt�

)
(q, p, n) .
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We will show in Section 4.1.3 how this construction leads to a natural semi-
classical limit for the Dirac equation including also back-reaction of the spin-
dynamics onto the translational dynamics. ♦

We shortly mention two other approaches, which can be applied to a
semiclassical analysis of matrix-valued symbols.

Wigner function. The previous results on the time-evolution of semiclassi-
cal observables translate, by the duality expressed through

〈ψ, â0 ψ〉 =
∫

R2d

dq dpTrC�

(
a0(q, p)Wψ(q, p)

)
,

to the time-evolution of the Wigner transform

Wψ(q, p) := Symb(Pψ)(q, p) = (2π)−d
∫

Rd

dξ eiξ·p ψ(q+ εξ/2)⊗ψ∗(q− εξ/2)

(3.51)
as
∫

R2d

dq dpTrC�

(
a0(q, p)Wψt(q, p)

)
= (3.52)

=
∫

R2d

dq dpTrC�

(
a0(q, p)D∗(q, p,−t)Wψ0(Φ−t(q, p))D(q, p,−t)) + O(ε) .

Often in (3.52) the limit ε → 0 is taken, cf. Section 2.3.3, because then
the Wigner transform defines a probability measure on phase space and the
transport equation looks more classical. Note that this step is not necessary,
as one can as well transport the Wigner transform itself along the classical
flow. Although it is in general not a positive function, it reproduces correctly
the quantum mechanical expectation values. The semiclassical analysis based
on matrix-valued Wigner functions and measures was pioneered by Gérard,
Markowich, Mauser and Poupaud [GMMP]. For more details on the relation
between Egorov type theorems and propagation of Wigner functions see [Te3].

Semiclassical propagator. Often one is not only interested in the semi-
classical propagation of observables, but more directly in a semiclassical ex-
pansion of the kernel K(x, y, t) of the unitary group

(
e−iĥt/εψ

)
(x) =

∫

Rd

dy Kε(x, y, t)ψ(y) . (3.53)

As in the case of Egorov’s theorem, generalizing the known results for Hamil-
tonians with scalar symbols to the case of operator-valued symbols is straight-
forward, whenever the principal symbol h0 of h is a scalar multiple of the
identity. As in the scalar case, see [Ro], one makes an ansatz of the form
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Kε(x, y, t) =
1

(2πε)d

∫

Rd

dp ei
(
S(x,p,t)−y·p

)
/ε
( ∞∑

j=0

εjaj(x, p, t)
)

,

where S(x, p, t) is real valued and the aj ’s take values in the bounded linear
operators on C

�. Demanding (3.53) at time t = 0, i.e. Kε(x, y, 0) = δ(x− y),
imposes the following initial conditions on S and {aj}j≥0:

S(x, p, 0) = x · p , a0(x, p, 0) = 1C� and aj(x, p, 0) = 0 for j ≥ 1 .

For later times the coefficients are determined by formally expanding the
Schrödinger equation for Kε(x, y, t)

i ε
∂

∂t
Kε(·, y, t) = ĥKε(·, y, t)

in orders of ε. At leading order only ĥ0 = Ê0 contributes and one obtains as
in the scalar case

∂t S(x, p, t) + Er

(
x,∇xS(x, p, t)

)
= 0 , (3.54)

the Hamilton-Jacobi equation for the symbol h0. The next to leading order
equation is the so called transport equation for a0:

i∂ta0(x, p, t) = L(x, p, t) a0(x, p, t) + h1

(
x,∇xS(x, p, t)

)
a0(x, p, t) . (3.55)

The differential operator L(x, p, t) is the same as in the scalar case, see [Ro] for
an explicit formula. Here we just want to point out that the known techniques
from the scalar case apply with one modification: as in (3.42), also in (3.55)
h1 contributes as an additional rotation in the transport equation for the
leading order term. Since the solution of (3.54) exists only until a caustic is
reached, the approximation (3.54), (3.55) to the propagator is a short time
result only. The extension to arbitrary times is a complicated task, in general
[MaFe].

3.4.2 Geometrical interpretation: the generalized Berry
connection

With this preparation we explain the motivation behind the particular split-
ting of the terms in (3.40). It is of geometrical origin and related to the Berry
connection. We will show in Section 4.2 that in the Born-Oppenheimer setting
h1αβ(q, p) = −p · Aαβ(q), a result we obtained already in Chapter 2 for the
case of a one-dimensional fibre. Thus Aαβ(q) acts as a gauge potential of a
connection on the trivial bundle R

d×C
�. Its origin is purely geometrical, since

it comes from the connection which the natural connection on the trivial bun-
dle R

d×Hf �→ R
d induces on the subbundle defined by π0(·)Hf �→ R

d. If one
assumes that π0(q)Hf is 1-dimensional, the internal rotations along classical
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trajectories are just phase changes, the so called Berry phases, and are due
to parallel transport with respect to the Berry connection [Be1, Si, ShWi].

In the general case the second term of h1αβ(q, p) in (3.40), which we
denote by

hBeαβ(q, p) = −i〈ψα(q, p), {Er, ψβ}(q, p)〉,
corresponds exactly to this parallel transport along the generalized Berry
connection. More precisely, the trivial connection on the trivial bundle R

2d×
Hf �→ R

2d induces an U(�)-connection on the subbundle π0(·, ·)Hf �→ R
2d.

After unitary rotation u0(q, p) the coefficients of this connection on the bundle
R

2d × C
� �→ R

2d are

Aαβ(q, p) = i
( 〈ψα(q, p),∇qψβ(q, p)〉
〈ψα(q, p),∇pψβ(q, p)〉

)

,

in the sense that a section ϕ(q, p) is parallel if (∇− iA)ϕ = 0. It is parallel
along some curve c(τ) =

(
q(τ), p(τ)

)
in R

2d if
(

∂τ − ċ(τ) · iA(
q(τ), p(τ)

))

ϕ
(
q(τ), p(τ)

)
= 0 .

For classical trajectories, where ċ(t) = (∇pEr,−∇qEr)T, this condition be-
comes (

∂t + ihBe

(
q(t), p(t)

))

ϕ
(
q(t), p(t)

)
= 0 . (3.56)

If h1 = hBe, then the spin transport due to h1, i.e. ϕt
(
q(t), p(t)

)
=

D
(
q, p, t

)
ϕ0 with D the solution of Equation (3.46), yields solutions of (3.56).

Hence, whenever h1 = hBe, then the spin dynamics corresponds to parallel
transport with respect to the Berry connection along classical trajectories.

Emmrich and Weinstein [EmWe] give a geometric meaning also to the
remaining terms in their analog of h1. While this is a natural venture in the
context of geometric WKB approximation, it seems to be less natural in our
approach, since we work in a fixed basis in order to obtain simple analytic
expressions.

3.4.3 Semiclassical observables and an Egorov theorem

Ultimately the goal is to approximate expectation values of observables in the
original Hilbert space H = L2(Rd,Hf) rather than in H = L2(Rd,Kf). Before
stating a theorem an obvious, but important observation should be made,
which seems to have been overlooked, or at least not stressed sufficiently, in
related discussions, e.g., [LiFl2, LiWe2, BoKe2, MaSo]: We proved that in
the case σr(q, p) = {Er(q, p)} the effective Hamiltonian ĥ projected on the
subspace K = ΠrH has a semiclassical limit in the sense of a generalized
Egorov theorem, in principle, to any order in ε. However, the variables q and
p in the rotated representation are not the canonical variables of the slow
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degrees of freedom in the original problem. More precisely, let q̂H = x⊗ 1Hf

and p̂H = −iε∇x⊗1Hf be the position and momentum operators of the slow
degrees of freedom acting on H and let q̂K = x⊗ 1Kf and p̂K = −iε∇x⊗ 1Kf

be the same operators acting on K. Then q̂K = UεΠε q̂HΠε Uε ∗ +O(ε) and
p̂K = UεΠε p̂HΠε Uε ∗+O(ε), with a, in general, nonvanishing ε-correction.
Indeed the transformation formula (3.40) gives

SymbUεΠε q̂HΠε Uε ∗ � q + ε i〈ψα(q, p),∇pψβ(q, p)〉 + O(ε2)
(3.57)

SymbUεΠε p̂HΠε Uε ∗ � p− ε i〈ψα(q, p),∇qψβ(q, p)〉 + O(ε2) ,

where one uses that E∗ in (3.40) was actually h0. Physically this means that
the quantities which behave like position and momentum in the semiclassi-
cal limit are only close to the position and momentum of the slow degrees
of freedom, but not equal. This phenomenon is well known in the case of
the nonrelativistic limit of the Dirac equation. The Newton-Wigner position
operator and not the standard position operator goes over to the position
operator in the Pauli equation. The standard position operator has neither a
nice nonrelativistic limit nor, as we will see, a nice semiclassical limit, because
of the Zitterbewegung. Switching to the Newton-Wigner position operator
corresponds to averaging over the Zitterbewegung, or, in our language, to
use the position operator q̂K in the rotated representation. We remark that
in the Born-Oppenheimer case, and more generally whenever π0 depends on
q only, one has q̂K = UεΠε q̂HΠε Uε ∗ + O(ε2).

The following makes precise the connection between observables on the
reference space and the original observables at leading order.

Corollary 3.28. Let A ∈ S0(L(Hf)), then

Uε Â Uε ∗ = Wε(u0 Au∗0) + O0(ε) .

Let A(q, p) = a(q, p)1Hf with a ∈ S0(R), then

Uε Â Uε ∗ = Â+ O0(ε) .

Proof. Expanding the Moyal products yields

Uε Â Uε ∗ = û Â û∗ + O0(ε∞) = Wε(u �A � u∗) + O0(ε∞)
= Wε(u0Au∗0) + O0(ε) .

For the special case that A = a1 we have Wε(u0 Au∗0) = Wε(A). ��
Hence, at leading order the Egorov theorem for observables on the refer-

ence subspace can be translated back to observables in the original represen-
tation.
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Corollary 3.29. Let H satisfy either (IG)m with m ≤ 1 and ρ = 1 or
(CG) with ρ = 0 and let σr(q, p) = {Er(q, p)} consist of a single eigenvalue
of H0(q, p) of finite multiplicity �. Let b0 ∈ S0

1(L(Hf)) such that [b0, π0] = 0
and B(t) := eiĤt/ε b̂0 e−iĤt/ε. Let a0 := πr u0 b0 u

∗
0 πr and define a0(t) is in

(3.45). Then for each T < ∞ there is a constant CT < ∞ such that for all
t ∈ [−T, T ] ∥

∥
(
B(t) − Wε(u∗0 a0(t)u0)

)
Πε

∥
∥ ≤ εCT . (3.58)

For b0 = f 1Hf , with f ∈ S0
1(R), one obtains as a special case of (3.58) that

∥
∥
∥
(
B(t) − b̂0(Φt)

)
Πε

∥
∥
∥ ≤ εCT . (3.59)

Corollary 3.29 follows from Theorem 3.26 together with Corollary 3.28.

We conclude this Section with some observations, which are not very deep,
but worthwhile to be stated explicitly.

For general observables B(t) = eiĤt/ε b̂0 e−iĤt/ε in the original represen-
tation one has semiclassical behavior to any order in the sense of an Egorov
theorem if and only if they almost commute with the projection onto the
almost invariant subspace, i.e. if

‖ [B(t), Πε] ‖ = ‖ [ b̂0 , Πε] ‖ + O(ε∞) = O(ε∞) . (3.60)

However, observables satisfying (3.60) are exactly the pull-backs of semiclassi-
cal observables in the reference space, for which, as we argued in Section 3.4.1,
an Egorov theorem to arbitrary order can be established. As the bottom line
of this remark we thus notice that we obtain all semiclassical observables by
restricting our considerations to the reference space.

On the other hand one can take the diagonal part ΠεB(t)Πε of an arbi-
trary observable, which then satisfies (3.60) and thus an Egorov theorem to
any order. In this way expectation values with respect to initial conditions
ψ0 ∈ ΠεH can be approximated by means of a weak Egorov theorem, since

〈ψ0, B(t)ψ0〉 = 〈ψ0, Π
εB(t)Πε ψ0〉 . (3.61)

In particular also the original position and momentum operators q̂H and p̂H
satisfy semiclassical equations of motion to arbitrary order if evaluated on
states in the range of Πε. However, in expectations with respect to general
initial conditions the off-diagonal terms will not behave semiclassically and
give rise to phenomena like the so called Zitterbewegung of Dirac particles.
An important example where we compute higher order corrections to the
semiclassical limit of the diagonal parts of q̂H and p̂H is the semiclassical
model of solid states physics presented in Section 5.3.



4 Applications and extensions

Space-adiabatic perturbation theory as developed in Chapter 3 is applicable
to many different physical problems. The simplest example which requires
the full machinery, i.e. which cannot be solved on the basis of the techniques
of Chapter 2, is the Dirac equation with slowly varying external potentials. It
is therefore discussed at considerable detail in Section 4.1. However, while the
general theory is formally applicable to many interesting physical systems,
for rigorous applications extensions are necessary and one must overcome
mostly minor technical problems.

It is shown in Section 4.2 how to include Born-Oppenheimer type Hamil-
tonians, where the growth of the gap as a function of the momentum does
not satisfy the conditions of the previous chapter and thus cutoffs for high
energies are needed. The generalization to Hamiltonians with symbols in the
unbounded operators is left to Chapter 5. However, the basic idea is very
simple, as one considers the unbounded operator as a bounded operator from
its domain to the full space and applies the symbolic calculus for operators
between different Hilbert spaces.

It is also instructive to reconsider the time-adiabatic setting from the
point of view of adiabatic perturbation theory, which is done in Section 4.3.

In Section 4.4 we collect several remarks concerning the validity of the
adiabatic approximation in concrete applications, where not the asymptotic
order of the error but its numerical value are of primary interest. Finally we
discuss in Section 4.5 the Born-Oppenheimer approximation near a conical
eigenvalue crossing.

4.1 The Dirac equation with slowly varying potentials

In this section we apply adiabatic perturbation theory to the one-particle
Dirac equation with slowly varying external potentials. As a result we find
that the full Hilbert space L2(R3,C4) is the orthogonal sum of two sub-
spaces which are almost invariant under the dynamics. It turns out that the
effective Hamiltonians on the two subspaces are associated with electronic
respectively positronic dynamics. In Section 4.1.2 we then consider the lead-
ing order semiclassical limit of the effective electronic dynamics and deduce,
in particular, the T-BMT equation. The latter describes the evolution of a
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spin-vector along the trajectory of a classical relativistic charged point par-
ticle subject to external electro-magnetic fields. However, the translational
motion itself does not depend on the spin. This example nicely shows that
corrections to the effective Hamiltonian beyond leading order carry important
physical information.

Finally, we go one step further in Section 4.1.3 and derive higher order
corrections to the semiclassical translational motion. The resulting classical
equations of motion (4.31) and (4.32) include the relativistic back-reaction
of the spin onto the translational dynamics.

4.1.1 Decoupling electrons and positrons

For the convenience of the reader we shortly recall some basic facts about
Dirac’s equation. We keep track of all physical constants, including �, in
this section. The Hamiltonian of the one-particle Dirac equation with slowly
varying external potentials reads

H̃D = cα ·
(

−i�∇y − e

c
A(εy)

)

+ βmc2 + eφ(εy)

and acts on L2(R3,C4). Here A : R
3 → R

3 is the vector potential of an
external magnetic field B = ∇ × A and φ : R

3 → R the potential of an
external electric field E = −∇φ. For the Dirac matrices α, β we chose the
standard representation

α =
(

0 σ
σ 0

)

, β =
(

1C2 0
0 −1C2

)

,

where σ = (σ1,σ2,σ3) denotes the vector of the Pauli spin matrices defined
in (1.48). For better readability we use boldface letters for 2 × 2 matrices in
this section. The small parameter ε > 0 controls the variation of the external
potentials.

Remark 4.1. In their famous paper [FoWo] Foldy and Wouthuysen consider
the non-relativistic limit v

c � 1 of the Dirac equation. They show that
the electronic and the positronic subspaces decouple at any order in the
asymptotic expansion with respect to v

c . At leading order they find the Pauli
Hamiltonian as the effective Hamiltonian for a non-relativistic electron and at
higher orders they obtain the celebrated relativistic corrections. While Foldy
and Wouthuysen show that electrons and positrons decouple in the limit of
small velocities, our analysis will show that electrons and positrons decouple
in the limit of weak fields. In this sense our resulting effective Hamiltonian
(4.9) for an electron can be thought of as a relativistic Pauli Hamiltonian. ♦

In contrast to the discussion in Section 1.2.2 we will work in the position
representation and switch to the macroscopic space-scale x = εy. On this
scale the Dirac Hamiltonian becomes
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ĤD = cα ·
(

−iε�∇x − e

c
A(x)

)

+ βmc2 + eφ(x) . (4.1)

We are interested in the solution of the time-dependent Dirac equation

i ε�
∂

∂t
ψ(t) = ĤD ψ(t) (4.2)

for |t| = O(1) or even larger time scales. The solutions of (4.2) for small ε
approximately describe the dynamics of electrons, resp. positrons, in weak
fields, as in storage rings, accelerators, or cloud chambers, for example.

The Dirac Hamiltonian ĤD is the Weyl quantization of the matrix-valued
function

HD(q, p) = cα ·
(

p− e

c
A(q)

)

+ βmc2 + eφ(q)

on phase space R
6, where now Weyl quantization is in the sense of p �→

−iε�∇x, i.e. on the right hand side of (A.4) ε must be replaced by ε�. Planck’s
constant � appears here for dimensional reasons and is a fixed physical con-
stant. The small parameter of the space-adiabatic expansion is ε, the varia-
tion of the external potentials. Notation becomes simpler if we introduce the
kinetic momentum

k(q, p) := p− e
c A(q) .

The symbol-matrix HD(q, p) has two two-fold degenerate eigenvalues

E±(q, k) = ±E0(k) + eφ(q)

with the corresponding eigenprojections

P±(k) =
1
2

(

1 ± c

E0(k)
(α · k + βmc)

)

,

where E0(k) = c
√
m2c2 + k2, cf. Figure 1.3. Obviously

E+(q, k(q, p)) − E−(q, k(q, p)) = 2E0(p− e
cA(q)) ≥ C〈p〉 > 0 ,

whenever A is uniformly bounded. Therefore the corresponding subspaces are
adiabatically decoupled and the effective dynamics on each of them can be
computed using the general scheme of Chapter 3. Assuming A ∈ C∞b (R3,R3)
and φ ∈ C∞b (R3,R), one finds that H0 ∈ S1

1 and thus Assumption (IG)1
from Chapter 3 is satisfied. Furthermore, according to Proposition A.8, ĤD

is essentially self-adjoint on S(R4,C4) and Ê± are essentially self-adjoint on
S(R4).

To be consistent with the notation of the previous chapter, let π0(k(q, p))=
P+(k(q, p)) be the projector on the electron band. The reference subspace for
the electrons is K = L2(R3,C2) and it is convenient to define it as the range
of

Πr :=
(

1C2 0
0 0

)
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in L2(R3,C4).
The only choice left is the one of u0(q, p) or, equivalently, of a basis

{ψα(q, p)}α=1,2 of π0(k(q, p))C4. Since the degeneracy of π0(k)C4 is related
to the spin of the electron, a natural choice is the σz-representation with
respect to the “mean”-spin S(k) which commutes with HD(q, k) [FoWo, Th].
The eigenvectors ψ±(k) of the operator e3 · S(k) in π0(k)C4 are

ψ+(k) =
1

√
2E0(k)(E0(k) +mc2)







E0(k) +mc2

0
ck3

c(k1 + ik2)







(4.3)

=

√

E0(k)
2(E0(k) +mc2)







E0(k)−1(E0(k) +mc2)
0

v3(k)/c
(v1(k) + iv2(k))/c







and

ψ−(k) =
1

√
2E0(k)(E0(k) +mc2)







0
E0(k) +mc2

c(k1 − ik2)
−ck3







(4.4)

=

√

E0(k)
2(E0(k) +mc2)







0
E0(k)−1(E0(k) +mc2)

(v1(k) − iv2(k))/c
−v3(k)/c







.

Here we introduced the velocity v(k) := c2 k/E0(k) in order to illustrate that
the lower components of ψ±(k) vanish in the non-relativistic limit v � c.
The relevant part of u0 for the analysis of the electron band is thus given by
u∗0(k) =

(
ψ+(k), ψ−(k), ∗, ∗) with u0 ∈ S0

1 . Of course the positron part indi-
cated by ∗’s would be given through charge conjugation. In our construction
we want to emphasize, however, that no specification is needed in order to
determine the expansion of the effective electron Hamiltonian ĥe := Πr ĥ Πr

up to arbitrary order.
An alternative way to arrive at the same u0(q, p) is to note that the Foldy-

Wouthuysen transformation uFW(p), c.f. [FoWo], diagonalizes the free Dirac
Hamiltonian H0(p), i.e. HD with A, φ ≡ 0. Including the fields u0(q, p) =
uFW(p− e

cA(q)) then diagonalizes HD(q, p).
For the principal symbol of the effective electron Hamiltonian ĥe one finds

of course
he,0(q, p) = E+(q, k(q, p))1C2 .

For the subprincipal symbol after a lengthy but straightforward calculation
our basic formula (3.40) yields
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he,1(q, p) =

= − �ec

2E0(k(q, p))
σ ·

(

B(q) − E0(k(q, p))
c (E0(k(q, p)) +mc2)

v(k(q, p)) × E(q)
)

=: − �

2
σ ·Ω(q, k(q, p)) . (4.5)

Note that the factor � comes from the fact that the nth term in the space-
adiabatic expansion carries a prefactor �

n. Defining

γ(k) = 1/
√

1 − (v(k)/c)2 = E0(k)/(mc2)

one can rewrite

Ω(q, k) =
e

mc

(
1

γ(k)
B(q) − 1

(1 + γ(k))
v(k)
c

× E(q)
)

. (4.6)

Remark 4.2. The expression (4.6) for Ω is well known as the frequency ap-
pearing in the T-BMT equation, see Section 4.1.2. Here we only note that it
yields the Pauli equation in the non-relativistic limit v � c,

ΩPauli(q, k) =
e

mc

(

B(q) − 1
2
v(k)
c

× E(q)
)

,

including the correct spin-orbit coupling as the first relativistic correction. ♦
Remark 4.3. For later use and since the computation leading to (4.5) is not
entirely painless, we note that as an important intermediate step one finds
for the Berry connection that

A(k)αβ = i�〈ψα(k),∇kψβ(k)〉 = − �c2 (σ × k)αβ
2E0(k)(E0(k) +mc2)

= − � (σ × v(k))αβ
2mc2(1 + γ(k))

where α, β ∈ {+,−}. In matrix notation this becomes

A(k) = − �c2

2E0(k)(E0(k) +mc2)
σ × k = − �

2mc2(1 + γ(k))
σ × v(k) .

Hence we can rewrite he,1 in the form

he,1(q, p) = −M(k) · B(q) − eA(k) ·E(q) , (4.7)

where
M(k) =

�ec

2E0(k)
σ .

This expression for h1 will turn out useful when we determine the corrections
to the semiclassical limit of the translational motion in Section 4.1.3. For the
analysis of the spin dynamics in Section 4.1.2 the expression (4.5) is more
convenient. ♦
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We summarize our results on the adiabatic decoupling and the effective
dynamics for the Dirac equation in the following

Theorem 4.4. Let A ∈ C∞b (R3,R3) and φ ∈ C∞b (R3,R). Then there exist
orthogonal projectors Πε

± with Πε
+ +Πε

− = 1 such that [ĤD, Π
ε
±] = O0(ε∞),

and there exists a unitary Uε and ĥ ∈ OPS1
1 with

ĥ =

(

ĥe 0
0 ĥp

)

,

such that
e−iĤDs − Uε ∗ e−iĥs Uε = O0(ε∞(1 + |s|)) . (4.8)

Here ĥe and ĥp are semiclassical operators on L2(R3,C2) with

he(q, p, ε) � E+(q, p)1C2 +
∞∑

j=1

εj he,j(q, p)

and
he,j = πr(u �HD � u∗)jπr ∈ S1−j

1 (L(C2))

for all j ≥ 0, where u ∈ S0
1(ε) is constructed as in Section 3.2. In particular,

he,1(q, p) is given by (4.5) and thus the “relativistic Pauli Hamiltonian” is

ĥe =
(

c

√

m2c2 + (−iε�∇x − e

c
A(x))2 + eφ(x)

)

1C2 − ε
�

2
σ ·Ω(x,−iε�∇x)

+O0(ε2) . (4.9)

Analogous results hold for hp. The errors in (4.8) and (4.9) are in the norm
of bounded operators on L2(R3,C4), resp. on L2(R3,C2).

According to the effective Hamiltonian (4.9) the g-factor of the electron
equals 2. There would be no problem to add to the Dirac Hamiltonian the
standard subprincipal symbol [Th], which accounts for the slightly larger
g-factor of real electrons. Blount [Bl3] computes the second order effective
Hamiltonian he,2, which he finds to be proportional to 1C2 . he,2 is a sum of
terms allowed by dimensional reasoning, i.e. proportional to ∇B, ∇E, B2,
E2, EB. Second order corrections seem to be of interest for the dynamics of
electrons in storage rings. Ignoring the contribution [Bl3], non-rigorous expan-
sions were given in [DeKo] and [HeBa]. Finally also Cordes [Cor1, Cor2] con-
structs a “semiclassical Foldy-Wouthuysen transformation”, which matches
exactly our transformation u and derives from this an algebra of “predictable
observables” for the Dirac equation. The the latter is given through the al-
gebra of those semiclassical observables, which almost commute with Πε

±.
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Remark 4.5. As to be explained in Section 4.3, adiabatic perturbation theory
can be extended in order to also allow for time-dependent external potentials
in the Dirac equation, cf. Remark 4.16. The only change in the effective
Hamiltonian—apart from all potentials being time-dependent—is that the
electric field E(q, t) = −∇φ(q, t) in the expression (4.5) for its subprincipal
symbol is replaced by E(q, t) + Ȧ(q, t)/c. This follows from inserting (4.3)
and (4.4) into Equation (4.44) and a straightforward calculation. ♦

4.1.2 Semiclassical limit for electrons: the T-BMT equation

Equipped with he,0 and he,1 we can apply the general results discussed in
Section 3.4 to the semiclassical limit of the Dirac equation. We first consider
the translational dynamics, i.e. the dynamics of scalar observables. Let Φt±
be the Hamiltonian flows generated by the relativistic energy functions

E±(q, p) = ±c
√

mc2 +
(
p− e

cA(q)
)2

on phase space R
6. Then from Corollary 3.29 we immediately obtain the

following result.

Proposition 4.6. Let B̂ = b̂ 1C4 , b ∈ S0
1(R), i.e. a semiclassical observable

in the original representation which does not test spin. Then for each T < ∞
there exists a constant CT such that for all t ∈ [−T, T ]

∥
∥
∥

(

eiĤDt/(ε�) B̂ e−iĤDt/(ε�) − b̂ ◦ Φt+ 1C4

)

Πε
+

∥
∥
∥ ≤ εCT (4.10)

and ∥
∥
∥

(

eiĤDt/(ε�) B̂ e−iĤDt/(ε�) − b̂ ◦ Φt− 1C4

)

Πε
−
∥
∥
∥ ≤ εCT . (4.11)

Hence, to leading order, states in the range of Πε
+ behave like classical

relativistic electrons and states in the range of Πε
− like classical relativistic

positrons. We emphasize that, in general, Πε
± are not spectral projections of

ĤD, since the variation of φ can be larger than the mass gap 2mc2. Hence in
the limit of slowly varying potentials a natural characterization of “electronic”
and “positronic” subspaces is obtained which does not come from spectral
projections of the free or full Dirac Hamiltonian.

Next we discuss the leading order spin dynamics, which in the first place
requires to figure out which operator represents the spin of the electron. There
has been a considerable discussion on this point, cf. [Th], with no general
consensus reached. We suspect that the problem is void. The wave function
is spinor valued and what is observed is the spatial splitting of different
spinor components in inhomogeneous magnetic fields. Hence we should pick
the “spin observable” Σ such that the splitting can nicely be attributed to it.
E.g., in a magnetic field with gradient along the z-direction the eigenvectors
of Σz should have the property that their spatial support goes either parallel
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to +z or to −z, but should not split. In view of (4.9) a natural choice is to
take as spin operator the vector of Pauli-matrices σ in the electronic reference
subspace. In the original Hilbert space this amounts to

Σ = Uε ∗
(

σ 0
0 σ

)

Uε =
2
�
Ŝ + O(ε) ,

where S(q, p) is the “mean” spin defined before.
The leading order semiclassical approximation for

σ(t) = eiĥet/(ε�) σ e−iĥet/(ε�)

follows from Theorem 3.26. For each T < ∞ there is a constant CT < ∞
such that for t ∈ [−T, T ]

∥
∥σ(t) − σ̂0(t)

∥
∥ ≤ εCT ,

where σ0k(q, p, t), k ∈ {1, 2, 3}, is obtained as the solution of

∂ σ0k(q, p, t)
∂t

= − i
2

[

σ ·Ω(Φt+(q, p)), σ0k(q, p, t)
]

(4.12)

with initial condition σ0k(q, p, 0) = σk. This follows from the Equations
(3.45) and (3.46) by setting σ0k(q, p, t) = D∗(q, p, t)σkD(q, p, t).

To solve Equation (4.12) one makes an ansatz σ0k(q, p, t) = sk(q, p, t) · σ
with sk(q, p, 0) = ek. Using [σn,σm] = 2 i εnmk σk, one finds that the spin-
or “magnetization”-vector sk(q, p, t) is given as the solution of

∂ sk(q, p, t)
∂t

= − sk(q, p, t) × Ω(Φt+(q, p)) . (4.13)

Equation (4.13) is the T-BMT equation [Tho, BMT, Ja] on the level of observ-
ables. It was derived by Thomas and, in a more general form, by Bargmann,
Michel and Telegdi on purely classical grounds as the simplest Lorentz in-
variant equation for the spin dynamics of a classical relativistic particle. For
definiteness we repeat the result as a corollary.

Corollary 4.7. Let sk(q, p, t) be the solution of the T-BMT equation (4.13)
with initial condition sk(q, p, 0) ≡ ek. Then for each T < ∞ there is a CT <
∞ such that for all t ∈ [−T, T ]

∥
∥
∥

(

eiĤDt/(ε�) Ŝk e−iĤDt/(ε�) − �

2
ŝk(t) · Ŝ

)

Πε
+

∥
∥
∥ ≤ εCT

and an analogous result holds for the positronic subspace.

The semiclassical limit of the Dirac equation has been discussed repeat-
edly and we mention only some recent work. Yajima [Ya] considers time-
dependent external fields and proves directly a semiclassical expansion for the
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corresponding propagator. As mentioned already at the end of Section 3.4.1,
this program is mathematically rather involved, since one faces the problem
of caustics in the classical flow, and different expansions have to be glued
together in order to obtain results valid for all macroscopic times. Another
treatment of the same approach is given by Bolte and Keppeler [BoKe2],
who derive a Gutzwiller type trace formula. Since ĤD and Uε ĤD Uε ∗ are
isospectral and since (4.8) holds, a trace formula for the eigenvalue statis-
tics of ĤD could as well be derived from the semiclassical propagator of
ĥ = ĥe ⊗ 1 + 1⊗ ĥp. As argued in Section 3.4, the latter is somewhat easier
to obtain. In [GMMP, Sp1] the semiclassical limit of the Dirac equation is
discussed using matrix-valued Wigner functions.

While Proposition 4.6 and Corollary 4.7 are completely satisfactory for-
mulations of the leading order semiclassical limit for Dirac electrons, we now
discuss an alternative formulation based on the scheme introduced in Re-
mark 3.27. At leading order this formulation will not give much new insight,
however, it allows us to better incorporate higher order corrections into the
classical flow. In the next section we shall see that, in particular, the back-
reaction of the spin onto the translational dynamics becomes visible at sub-
leading order, hence our interest.

In the case of the Dirac electron an alternative natural framework for the
formulation of the semiclassical limit in the electronic reference representa-
tion is that of the classical flow Φt� on phase space R

2d × S2 described in
Remark 3.27. In the present case we have � = 1

2 and

∆ 1
2
(n) =

1
2
1C2 +

√
3
4
n · σ

satisfies all the conditions of Remark 3.27, cf. [BGK]. Recall that in this
setting one associates with a matrix-valued symbol A(q, p) ∈ L(C2) a scalar
symbol a(q, p, n) through

a(q, p, n) = TrA(q, p)∆ 1
2
(n)

and conversely

A(q, p) = 2
∫

S2
dλ(n) a(q, p, n)∆ 1

2
(n) ,

where λ denotes the normalized Lebesgue measure on S2. One finds that the
symbol of σ is

√
3n.

Now one can define the classical flow Φt0 : R
6 × S2 → R

6 × S2 on the
extended phase space as the flow of the vector field

q̇ = ∇pE+(q, p) , ṗ = −∇q E+(q, p) , ṅ = n × Ω(q, p) . (4.14)

The flow Φt0 has the special structure that q(t) and p(t) are independent of n,
hence the spin degree of freedom does not influence the translational degrees
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of freedom and Φt0(q(t), p(t), n(t)) =
(
Φt+(q, p), n(t)

)
, where n(t) solves the

T-BMT equation
ṅ = n × Ω(Φt+(q, p)) (4.15)

along the prescribed trajectories Φt+(q, p). More technically speaking, Φt0 is a
skew-product flow, cf. [BGK]. According to Remark 3.27 we have the follow-
ing Egorov theorem for observables in the reference space.

Corollary 4.8. Let a ∈ C∞(R6 × S2) such that a(·, ·, n) ∈ S0
1(R) for all

n ∈ S2. Then for all T < ∞ there is a constant CT < ∞ such that for all
t ∈ [−T, T ]

‖ eiĥet/(ε�) â e−iĥet/(ε�) − â ◦ Φt0 ‖ ≤ εCT . (4.16)

Proof. This is a direct consequence of Theorem 3.26 and Remark 3.27 . ��
The analogous skew-product Egorov theorem for Pauli Hamiltonians is

proved in [BGK] and in a more general setting in [BoGl].
As long as we are interested in the leading order behavior, it is again

straightforward to translate the result to the original representation. Let

∆ε
1
2
(q, p, n) = u∗ �∆ 1

2
(n) � u ,

where u is the symbol of the unitary Uε, then for A ∈ S0
1(C2) we have that

SymbUε ∗ Â Uε = u∗ �A � u

= 2
∫

S2
dλ(n)u∗ � a(n)∆ 1

2
(n) � u

= 2
∫

S2
dλ(n)u∗ � a(n) � u �∆ε

1
2
(n)

= 2
∫

S2
dλ(n) a(q, p, n)∆ε

1
2
(n, q, p) + O(ε) . (4.17)

Hence for a ∈ C∞(R6×S2) we define its quantization as acting in the original
representation through (3.50) with ∆ 1

2
(n) replaced by ∆ε

1
2
(n, q, p). This is

consistent, since, using spin-quantization with kernel ∆ε
1
2
(n, q, p), one has

�
√

3
2

n̂ = Ŝ + O(ε∞) ,

and the statement of Corollary 4.7 becomes
∥
∥
∥

(

eiĤDt/(ε�) n̂ e−iĤDt/(ε�) − n̂(t)
)

Πε
+

∥
∥
∥ ≤ εCT .

In summary we obtain an Egorov theorem based on the skew-product flow
Φt0 on R

6 × S2 also for observables in the original representation.
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Theorem 4.9. Let a ∈ C∞(R6 × S2) such that a(·, ·, n) ∈ S0
1(R) for all

n ∈ S2. Then for all T < ∞ there is a constant CT < ∞ such that for all
t ∈ [−T, T ]

∥
∥
∥

(

eiĤDt/(ε�) â e−iĤDt/(ε�) − â ◦ Φt0)
)

Πε
+

∥
∥
∥ ≤ εCT .

4.1.3 Back-reaction of spin onto the translational motion

The semiclassical limit for Dirac electrons yields at leading order a transla-
tional dynamics for electrons which is independent of spin. The spin dynam-
ics is given through the T-BMT equation (4.13) resp. (4.15), which is solved
along the spin independent trajectories. The goal of this section is to deter-
mine the first order corrections to the semiclassical limit of the translational
motion and, in particular, to determine its dependence on spin. Physically
speaking, one expects the force due to spin to be of the order of the gradient
of the magnetic field, i.e. of order ε2. Since it acts for times of order ε−1 the
net effect on the trajectories should be of order ε and hence visible in the
first order correction to the classical flow.

For pedagogical reasons we briefly discuss how this question can be at-
tacked along the lines of the higher order Egorov theorem in the reference
space sketched in Section 3.4.1. While in general one would need he,2 in or-
der to solve the equation (3.43) for the time-evolution of the subprincipal
symbol of a semiclassical observable, the semiclassical limit of observables
with scalar principal symbol, i.e. of the type b̂ = b̂01C2 + O(ε), b0 ∈ S0

1(R),
can be determined without this explicit information. For such an observable
the principal symbol b0(t), i.e. the solution to (3.42), will remain scalar and
thus its commutator with he,2 in (3.43) vanishes identically for all times.
The solution b1(t) of (3.43) with initial condition b1(0) = 0, is not scalar,
in general. Hence, at this order there is back reaction of the spin dynamics
on the translational motion. We illustrate this point for the position opera-
tor x(q, p) = x0(q, p) := q 1C2 . Then x0(q, p, t) = x0

(
Φt+(q, p)

)
and x1(t) is

obtained, according to Equation (3.43), as the solution of

dx1(t)
dt

= {E+1, x1(t)} + i[he,1, x1(t)] + {he,1, x0(t)} (4.18)

with initial condition x1(0) = 0. The homogeneous part of this equation is
just the classical translational and spin motion and the inhomogeneity is

{he,1, x0(t)} = −�

2
σ · {Ω, x0(t)} , (4.19)

which is not scalar and thus responsible for the splitting of trajectories of
electrons with distinct spin orientation. Hence, as in (3.48),

x1(t) = −�

2

∫ t

0

dt′ U(t− t′)σ · {Ω, x0(t′)} , (4.20)
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where U(t) is the “classical flow” defined through (3.47).
Without claim of rigor, we observe in (4.6) that for small velocities v(q, p)

one has
Ω(q, p) ≈ e

mc
B(q) .

Let us further assume that B(q) = b qz ez, then

�

2
σ · {Ω, x0(t)} =

�e

2mc
σz

∂B

∂qz

∂Φtq
∂pz

= t
�e

2m2c

(
b 0
0 −b

)

and thus according to (4.18), (4.19) the correction to the velocity is propor-
tional to t, corresponding to a constant force with absolute value

�e/(2mc)|∇B| ,
as expected for a spin- 1

2 particle.
We conclude this extended remark with reemphasizing that the physically

important back-reaction of the fast degrees of freedom, i.e. spin in the present
setting, onto the dynamics of the slow degrees of freedom, i.e. the translational
motion of the electron, can be seen only in a space-adiabatic expansion, but
not in the time-adiabatic approach sketched in Section 1.2.

While the first order correction to the semiclassical dynamics of the posi-
tion operator in terms of (4.20) contains implicitly all relevant information at
this order, its hard to read off any interesting physics from it. In the remain-
der of the section we argue that a better understanding of the first order
corrections to the semiclassical translational dynamics follows from imple-
menting the first order corrections directly in the classical flow Φt0 of (4.14)
by making it ε-dependent. This seems to be a non-standard strategy and we
will discuss the analogous problem for the semiclassics of Bloch electrons in
Section 5.3. The second drawback of (4.20) is that it gives the semiclassical
evolution of the position operator in the reference representation. This agrees
with the position operator of the Dirac equation only at leading order, a fact
we used when deriving (4.10) and (4.11). If we are interested in the first order
corrections to the dynamics of the true position operator, we need to take into
account corrections from the unitary transformation to the reference space.

The main result of this section is Theorem 4.12, an Egorov theorem for ob-
servables in the original representation based on ε-dependent classical equa-
tions of motion on the phase space R

6 ×S2, describing a relativistic electron
with spin. Readers only interested in the result might jump directly to the
paragraph in front of Theorem 4.12 and skip the rather lengthy derivation.

In order to get our hands on the first order corrections to the classical
flow Φt0, we once more attack the problem first in the reference representation.
Our aim is to find a modified flow Φtε : R

6 × S2 → R
6 × S2 such that (4.16)

can be improved to

‖ eiĥet/(ε�) â e−iĥet/(ε�) − â ◦ Φtε ‖ ≤ ε2CT . (4.21)
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To achieve this one has to make sure that the principal symbol a0(t) and the
subprincipal symbol a1(t) of a◦Φtε satisfy the equations (3.42) and (3.43). We
know already that this is possible without knowing ĥ2, if we restrict ourselves
to the case of observables with “spin independent” principal symbol a0, i.e.
a0(q, p, n) = a0(q, p) does not depend on n ∈ S2.

A natural candidate for such a flow Φtε is the Hamiltonian flow of the
symbol of ĥ0 + εĥ1, i.e. of

hε(q, p, n) = E+(q, p) +
ε�

√
3

2
Ω(q, p) · n (4.22)

on R
6 × S2. To make this precise, recall that the area two-form on S2 turns

the latter into a symplectic manifold. Properly normalized the corresponding
Poisson bracket {·, ·}S2 for functions on S2 yields, in particular,

{a · n, n}S2 = 1√
3
a× n .

Hence, defining
{·, ·}R6×S2 := {·, ·}R6 + 1

ε{·, ·}S2 ,

the Hamiltonian equations of motion derived from hε(q, p, n) are

q̇ = {hε, q}R6×S2 = {hε, q}R6 = ∇pE+(q, p) − ε�
√

3
2

∇p

(
n ·Ω(q, p)

)

ṗ = {hε, p}R6×S2 = {hε, p}R6 = −∇q E+(q, p) +
ε�

√
3

2
∇q

(
n ·Ω(q, p)

)

(4.23)
ṅ = {hε, n}R6×S2 = {hε, n}S2 = n × Ω(q, p) .

The equations of motion (4.23) define an ε-dependent Hamiltonian flow Φtε on
the phase space R

6×S2. We emphasize that, in contrast to the skew-product
flow Φt0, the spin degree of freedom now influences the translational motion.

It is not a completely obvious fact that the ε-dependent flow Φtε gives rise
to an improved Egorov theorem for observables independent of spin.

Proposition 4.10. Let Φtε be the solution flow of (4.23) and a(q, p) ∈
S0

1(R6) a classical observable independent of n ∈ S2. Then for all T < ∞
there is a constant CT < ∞ such that for all t ∈ [−T, T ]

‖ eiĥet/(ε�) â e−iĥet/(ε�) − â ◦ Φtε ‖ ≤ ε2CT . (4.24)

Proof. Let (Q(q, p, n, t), P (q, p, n, t), N(q, p, n, t)) be the solution of (4.23)
with initial condition (q, p, n). In view of (3.42) and (3.43) we need to show
that the matrix-valued symbol corresponding to

a(q, p, n, t) := (a ◦ Φtε)(q, p, n) := a
(
Q(q, p, n, t), P (q, p, n, t)

)
,
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which is given through

A(q, p, t) := 2
∫

S2
dλ(n) a(q, p, n, t)∆ 1

2
(n) ,

solves the Moyal-Heisenberg equation

∂tA(t) = {he, A(t)} + i[he, A(t) ]
= {he, A(t)} − i�

2 [ σ ·Ω, A(t) ] (4.25)

up to terms of order ε2. Recall that this equation obtains its simple form
because the principal symbol of â(t) = eiĥet/(ε�) â e−iĥet/(ε�) is a scalar mul-
tiple of 1C2 and remains so under the time evolution. On the other hand it
follows from the equations of motion (4.23) that also

a
(
Q(q, p, n, t), P (q, p, n, t)

)
=: a0(q, p, t) + εa1(q, p, n, t) + O(ε2)

has a principal symbol independent of n for all times.
Using these facts we find for the first term on the right hand side of (4.25)

that

{he, A(t)} = 4
∫

S2
dn

∫

S2
dm

{

E+ + ε
√

3Ω ·m, a0(t) + εa1(n, t)
}

∆(m)∆(n)

= 2
∫

S2
dn

{

E+ + ε
√

3Ω · n, a0(t) + εa1(n, t)
}

∆(n) + O(ε2)

= 2
∫

S2
dn {hε(n), a(n, t)}

R6 ∆(n) + O(ε2) .

For the second term in (4.25) we find

−i�

2 [ σ ·Ω, A(t) ] = −i ε�2 [ σ ·Ω, A1(t) ]

= −iε�
∫

S2
dn a1(n, t) [Ω · σ, ∆(n) ]

= −iε�
√

3
4

∫

S2
dn a1(n, t) [Ω · σ, n · σ ]

= ε�
√

3
∫

S2
dn a1(n, t) (Ω × n) · σ

= 2ε�
∫

S2
dn a1(n, t) (Ω × n) · ∇n∆(n)

= 2ε�
∫

S2
dn (∇na1(n, t)) · (n×Ω)∆(n)

= 2
∫

S2
dn ε {hε1(n), a1(n, t)}S2 ∆(n)

= 2
∫

S2
dn 1

ε {hε(n), a(n, t)}S2 ∆(n) .
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Here ∇n denotes the covariant derivative on the sphere S2 and we used that
∇n · (Ω × n) = 0 for the integration by parts. Since, by construction,

ȧ(t) = {hε, a(t)}R6 + 1
ε{hε, a(t)}S2 ,

A(t) indeed solves (4.25) up to terms of order O(ε2). ��
While as a mathematical statement this Egorov theorem for a flow on

the extended phase space R
6 × S2 is clear enough, the correct physical in-

terpretation requires some care. In particular the factor
√

3 appearing in the
equations of motion (4.23) looks surprising at first sight. For a better under-
standing its helpful to shift the focus from the observables to the states. We
define the scalar Wigner transform of ψ ∈ L2(R3; C2) as

wψ(q, p, n) = TrWψ(q, p)∆ 1
2
(n) ,

where Wψ(q, p) is the matrix-valued Wigner transform defined in (3.51).
Then we obtain a generalized version of the duality relation between observ-
ables and the Wigner transform as

〈ψ, â ψ〉L2(R3,C2) = 2
∫

R2d

dq dp
∫

S2
dλ(n) a(q, p, n)wψ(q, p, n) .

Hence we can reformulate Proposition 4.10 in the following way.

Corollary 4.11. Let ψ(t) = e−iĥet/(ε�)ψ0. Then for each scalar observable
a ∈ S0

1(R6) and all T < ∞ there is a constant CT,a < ∞ such that for all
ψ0 ∈ L2(R3; C2) and t ∈ [−T, T ]
∣
∣
∣
∣

〈
ψ(t), â ψ(t)

〉− 2
∫

R2d

dq dp
∫

S2
dλ(n) a(q, p)

(
wψ0 ◦ Φ−tε

)
(q, p, n)

∣
∣
∣
∣ ≤ CT,a ε

2 .

It is instructive to compute the Wigner transform of a wave function with
constant spin. Let ϕn0 ∈ C

2 be a normalized eigenspinor of n0 · σ with
eigenvalue +1 for some n0 ∈ S2 and let

ψn0(x) = φ(x)ϕn0 , φ ∈ L2(R3) .

Then the Wigner transform of ψn0 is

wψn0 (q, p, n) = wφ(q, p)Trϕn0 ∆ 1
2
(n) = wφ(q, p)

(
1
2 +

√
3
4 n0 · n

)
.

Hence even with a wave function ψn0 having constant spin there is associated
a density wψn0 (q, p, n) which is smeared out all over the sphere S2 and, in
particular, negative near the antipode of n0. Note that for such a state the
equations of motion (4.23) can be simplified. First of all observe that the
evolved Wigner transform will have the form
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(
wψn0 ◦ Φ−tε

)
(q, p, n) = f(q, p, t)

(
1
2 +

√
3
4 n0(q, p, t) · n

)
+ O(ε) ,

where n0(q, p, t) solves the T-BMT equation

ṅ0 = n0 × Ω(Φt+(q, p)) (4.26)

with initial condition n0(q, p, 0) ≡ n0. Reinserting this into the terms of order
ε in (4.23) and integrating out n, we find that, up to errors of order ε2,

q̇ = ∇pE+(q, p) − ε�

2
∇p

(
n0(q, p, t) ·Ω(q, p)

)

(4.27)

ṗ = −∇q E+(q, p) +
ε�

2
∇q

(
n0(q, p, t) ·Ω(q, p)

)
.

Hence for states with constant spin the corrections to the classical equa-
tions of motion have exactly the size as expected from the corrections to the
quantum mechanical Hamiltonian. In particular, the factor

√
3 in (4.23) just

compensates for the fact that with a spinor ϕn0 there is associated a density
1
2 +

√
3/4n0 · n on S2.

After these remarks on the interpretation of the extended phase space
R

6 × S2 we turn back to the original question. As explained above, the ε-
dependent equations of motion (4.23) are only the first step towards higher
order semiclassical equations of motion for a relativistic electron. This is
because q and p are the canonical variables in the reference representation.
What we are interested in are the equations for position and momentum
in the original representation projected onto the almost invariant subspace.
While at leading order we could ignore this difference, at subleading order it
becomes relevant. According to (3.57) we have that

Q(q, p) := SymbUεΠε
+ Q̂C4 Πε

+ Uε ∗ = q 1C2 + εA(
p− e

cA(q)
)

+ O(ε2)

P (q, p) := SymbUεΠε
+ P̂C4 Πε

+ Uε ∗ =

= p1C2 + ε
e

c

3∑

j=1

Aj

(
p− e

cA(q)
)∇q Aj(q) + O(ε2) ,

where

A(π) = − �c2

2E0(π)(E0(π) +mc2)
σ × π

is the coefficient of the Berry connection introduced in Remark 4.3. The scalar
symbols on the extended phase space are thus

Q(q, p, n) = q + εA(
p− e

cA(q), n
)

+ O(ε2)

P (q, p, n) = p+ ε
e

c

3∑

j=1

Aj

(
p− e

cA(q), n
)∇q Aj(q) + O(ε2) ,
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with

A(π, n) = − �c2
√

3
2E0(π)(E0(π) +mc2)

n× π .

In order to obtain the desired equations of motion for Q and P , we just
have to make the change of variables q �→ q(Q,P, n) and p �→ p(Q,P, n) in
the equations of motion (4.23), where we may drop all terms of order ε2.
The computation and the result become simpler, if we work with the kinetic
momenta instead of the canonical momenta. Let

π = p− e
c A(q) and Π = P − e

c A(Q) ,

then one finds

Q(q, π, n) = q + εA(π, n) and Π(q, π, n) = π + ε ec A(π, n) ×B(q) .

The inverse transformation is

q(Q,Π, n) = Q − εA(Π,n) and π(Q,Π, n) = Π − ε ec A(Π,n) ×B(Q) ,
(4.28)

again only up to terms of order ε2. Using

he,1(q, π, n) = −M(π, n) ·B(q) − eA(π, n) ·E(q)

with

M(π) =
�ec

√
3

2E0(π)
n ,

as introduced in Remark 4.3, the canonical equations of motion (4.23) for q
and p read in the new variables

q̇ = ∇E0(π) − ε∇π

(
M(π, n) · B(q) + eA(π, n) ·E(q)

)

(4.29)
π̇ = eE(q) + e

c q̇ ×B(q) + ε∇q

(
M(π, n) · B(q) + eA(π, n) ·E(q)

)
.

We now make the substitution q �→ q(Q,Π, n) and π �→ π(Q,Π, n) in (4.29)
and drop all terms of order ε2 without further notice. In order to assure
readability, we use the convention that summation over indices appearing
twice is implicit and we abbreviate ∂jf = f,j . For Q̇ we find, using Taylor
expansion,

Q̇j = q̇j + εAj,lπ̇l

= E0,j − ε ecE0,jl (A×B)l − εMl,jBl − ε eAl,jEl

+ ε eAj,lEl + ε ecAj,l(∇E0 ×B)l
= E0,j − ε ecE0,jl (A×B)l − εMl,jBl

+ ε eEl(Aj,l −Al,j) + ε ecAj,l(∇E0 ×B)l .

In order to simplify this expression we introduce the curvature of the Berry
connection
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ΩA := ∇×A =
�c2

√
3
(
2 − 1

1+γ

)

2E0(E0 +mc2)
β × (n× β) (4.30)

and write for the leading order velocity v(Π) = ∇E0(Π) = c2Π/E0(Π) and
and abbreviate also β(Π) = v(Π)/c. Then

Q̇ = v + ε eE ×ΩA (4.31)

+ ε
�ec2

√
3

2E0(E0 +mc2)

[

β× (B×n) + β
(

(1 + 1
γ ) (n ·B) − (β×B) · (β×n)

)]

.

We now turn to the equation of motion for Π . Substituting q �→ q(Q,Π, n)
and π �→ π(Q,Π, n) in (4.29) gives

Π̇j = π̇j + ε ec
d
dt (A×B)

= eEj − ε eEj,lAl + e
c (Q̇×B)j − ε ec (Ȧ ×B)j − ε ec

(
Q̇× ((A · ∇)B))

)

j

+ε eAlEl,j + εBl,jMl + ε ec (Ȧ ×B)j + ε ec
(A× ((Q̇ · ∇)B)

)

j

= eEj + e
c (Q̇×B)j + εBl,jMl − ε ecAl(Q̇×B)l,j .

Evaluating the last expression, we finally obtain

Π̇ = eE + e
c Q̇×B + ε

�emc3
√

3
2E2

0

∇(n · B) + ε
�ec

√
3

2(E0 +mc2)
(β · n)∇(β · B) .

(4.32)
The formal derivation of the equations of motion (4.31) and (4.32) starting

from the flow (4.23) and the corresponding Egorov theorem, Proposition 4.10,
can easily be turned into a rigorous result, which we now state in a theorem.
We omit the details of the argument, which are exactly analogous to parts of
the proof of Theorem 5.2 in Section 5.3.

For sake of better readability we change notation back from (Q,Π) to
(q, π). The purpose of the capital letters was only to clearly distinguish the
physical semiclassical observables (Q,Π) from the coordinates (q, π) in the
reference representation. Let

Φtε : R
6 × S2 → R

6 × S2, (q, π, n) �→ (q(t), π(t), n(t)) ,

be the solution flow of

q̇ = v + ε eE ×ΩA

+ ε
�ec2

√
3

2E0(E0 +mc2)

[

β× (B×n) + β
(

(1 + 1
γ ) (n ·B) − (β×B) · (β×n)

)]

π̇ = eE + e
c q̇ ×B + ε

�emc3
√

3
2E2

0

∇(n · B) + ε
�ec

√
3

2(E0 +mc2)
(β · n)∇(β ·B)

ṅ = n×Ω(q, π) ,
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where we recall thatB(q) is the magnetic field, E(q) the electric field, E0(π) =
c
√
m2c2 + π2 the relativistic kinetic energy, v(π) = c2π/E0(π) the velocity,

β(π) = v(π)/c and γ(π) = E0(π)/(mc2). The curvature ΩA(π) of the Berry
connection A(π) is defined in (4.30).

For comparison with the quantum dynamics we need to switch back to
the canonical variables and denote the corresponding flow as

Φ
t

ε(q, p, n) :=





Φtε q
(
q, p− e

cA(q), n
)

Φtε π
(
q, p− e

cA(q), n
)

+ e
cA(q)

Φtε n
(
q, p− e

cA(q), n
)



 .

Then for scalar observables Theorem 4.9 can be improved.

Theorem 4.12. Let a ∈ S0
1(R). Then for all T < ∞ there is a constant

CT < ∞ such that for all t ∈ [−T, T ]
∥
∥
∥Πε

+

(

eiĤDt/(ε�) â e−iĤDt/(ε�) − ̂
a ◦ Φtε

)

Πε
+

∥
∥
∥ ≤ ε2 CT ,

where a ◦ Φtε(q, p, n) := a
(
Φtε q(q, p, n), Φtε p(q, p, n)

)
.

Remark 4.13. For the reader who skipped the derivation, we recall that with
the scalar symbol a ◦ Φtε depending on n ∈ S2 we associate a L(C4)-valued
symbol A ◦ Φtε through

(A ◦ Φtε)(q, p) = 2
∫

S2
dλ(n) (a ◦ Φtε)(q, p, n) ∆̃ 1

2
(n, q, p) ,

where ∆̃ 1
2
(n, q, p) was defined in (4.17). Hence ̂

a ◦ Φtε in the statement of

Theorem 4.12 is understood to be the usual Weyl quantization of A ◦ Φtε.
Furthermore note that for initial states in RanΠε

+ with constant spin, i.e.
states satisfying

n0 · Ŝ Ψ0 = Ψ0 + O(ε2)

for some n0 ∈ S2, the classical equations of motion simplify to

q̇ = v + ε eE ×ΩA(n0(t)) + ε
�ec2

2E0(E0 +mc2)

[

β× (B×n0(t))

+ β
(

(1 + 1
γ ) (n0(t) ·B) − (β×B) · (β×n0(t))

)]

π̇ = eE + e
c q̇ ×B + ε

�emc3

2E2
0

∇(n0(t) ·B)

+ ε
�ec

2(E0 +mc2)
(β · n0(t))∇(β · B) ,

where n0(t) is the solution of the T-BMT equation (4.26). This follows by
the same argument which led to (4.27). The latter showed, in particular,
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that the factor
√

3 appearing in the classical equations (4.31) and (4.32) just
compensates for the fact that with a spinor ϕn0 there is associated a density
1
2 +

√
3/4n0 · n on S2. ♦

Remark 4.14. In the classical limit to leading order all dependence on the
“slow variation parameter” ε disappears. However, when one wants to solve
the classical equations of motion (4.31) and (4.32) in a concrete application,
i.e. for explicitly given external fields, one now faces the problem to read off
a value for ε. As to be discussed in Section 4.4, the solution to this problem
is to set ε = 1 in the final effective equations. More precisely, the equations
of motion (4.31) and (4.32) without ε describe the approximate semiclassical
behavior of a Dirac electron for sufficiently weak and smooth external fields.
♦

4.2 Time-dependent Born-Oppenheimer theory: Part II

We now come back to the paradigmatic system of adiabatic theory, namely
to Born-Oppenheimer type Hamiltonians, cf. (2.29), of the form

HBO(q, p) =
1
2
(
p− εA(q)

)2
1Hf +He(q) . (4.33)

Recall that He(q) is the electronic Hamiltonian for fixed nuclear configuration
q ∈ R

d with an electronic energy band er(q) of constant multiplicity �, i.e.
He(q)π0(q) = er(q)π0(q). To simplify the discussion we assume that He ∈
S0(L(Hf)) and for the magnetic potential A(q) that A ∈ C∞b (Rd,Rd). For
Born-Oppenheimer type Hamiltonians adiabatic decoupling in the spirit of
Chapter 3 is established with exponentially small errors by Martinez and
Sordoni [MaSo], see also [So]. However, in [MaSo, So] no attempt was made
to compute and analyze the effective Hamiltonian beyond leading order.

Note that the quadratic growth of HBO0(q, p) = 1
2p

2+He(q) as a function
of p prevents us from applying the general results of Chapter 3 directly. As
to be discussed below, energy cutoffs need to be introduced. For the moment
we ignore this problem and proceed by working out the perturbative scheme
for computing the effective Hamiltonian formally.

We fix arbitrarily an orthonormal basis {ψα(q)}�α=1 of Ranπ0(q) depend-
ing smoothly on q, which then satisfies HBO 0(q, p)ψα(q) = Er(q, p)ψα(q) with
Er(q, p) = 1

2p
2+er(q) for 1 ≤ α ≤ �. Only the first and second term of formula

(3.40) contributes and yields

h1αβ(q, p) = −p ·A(q) − i p · 〈ψα(q),∇qψβ(q)〉 =: −p ·A(q) − p · Aαβ(q) ,

which is well known in the case of a nondegenerate eigenvalue, [ShWi, LiWe1],
and agrees with (2.46) in Section 2.3. Aαβ(q) has the geometrical meaning
of a gauge potential, i.e. coefficients of a connection on the trivial bundle
R
d × C

�, the Berry connection, cf. Section 2.3.4 and Section 3.4.2.
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For the Born-Oppenheimer Hamiltonian the calculation of h2αβ is still
feasible without much effort and the result is

h2αβ =
1
2
|A(q)|2 +

1
2

�∑

µ=1

Aαµ · Aµβ (4.34)

+
1
2
〈∇qψα, (1 − π0) · ∇qψβ〉 − 〈 p · ∇qψα, R0(Er) p · ∇qψβ〉 .

Recall the definition of R0(Er) = (HBO 0 − Er)−1(1 − π0), which reduces to
R0(Er)(q) = (He(q) − er(q))−1(1 − π0(q)) in the present case. Although we
omit the details of the computation leading to (4.34), we shortly describe
how (3.37) relates to (4.34).

Clearly the first term in (3.37) produces the first term (4.34). Since u0

and π0 are functions of q only, the second term in (3.38) is the only one
contributing to u1, and thus the second and the third term in (3.37) vanish
after projecting with the πr’s from outside the brackets. The last two terms
in (3.37) cancel each other. The seventh term in (3.37) yields the second term
in (4.34) and the fourth and sixth term in (3.37) combine to the third and
the fourth term in (4.34). In particular the calculation yields for the symbol
of the unitary

u∗BO(q, p)πr =
�∑

α=1

(

|ψα(q)〉 + iεR0(Er)(q) | p · ∇qψα(q)〉
)

〈χα| + O(ε2) .

Thus the symbol of the second order effective Born-Oppenheimer Hamilto-
nian reads

hBOαβ(q, p) =
1
2

(

p− εA(q) − εA(q)
)2

αβ
+ er(q)δαβ

+
ε2

2
〈∇qψα(q), (1 − π0(q)) · ∇qψβ(q)〉 (4.35)

− ε2 〈 p · ∇qψα(q), R0(Er)(q) p · ∇qψβ(q)〉 + O(ε3) ,

where the first two terms from (4.34) nicely complete the square in the first
term in (4.35). Note that the third term on the right side of (4.35) depends
on q only and was interpreted in [Be3] as a geometric electric potential in
analogy to the geometric vector potential A(q). For a further discussion of
the role of the different terms in (4.35) within an explicit example we refer
to Section 4.5.

In the special case of a nondegenerate eigenvalue er and a matrix-valued
Hamiltonian H without magnetic potential, (4.35) reduces to the expression
obtained by Littlejohn and Weigert [LiWe1]. They also remark that the previ-
ous studies [ShWi, AhSt] of the expansion of the effective Born-Oppenheimer
Hamiltonian missed the last term in (4.35). Indeed, e.g. in [Be3] the second
order contributions to the effective Hamiltonian were computed from expand-
ing
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H̃eff = π̂0 ĤBO π̂0

to second order in ε, which yields (4.35) without the last term. This is, how-
ever, not the correct second order effective Hamiltonian associated with the
eigenvalue band er(q), since Ranπ̂0 approximates the corresponding almost
invariant subspace only to leading order.

The Born-Oppenheimer type Hamiltonians as well as many other phys-
ically relevant Hamiltonians do not satisfy the general assumptions we im-
posed in Chapter 3. This is so for two reasons. First of all they are quanti-
zations of symbols taking values in the unbounded operators. Secondly, the
gap does not increase as fast as the Hamiltonian for large momenta, e.g.
quadratically in the Born-Oppenheimer setting. The first problem is purely
technical and the domain questions which arise have to be dealt with case by
case, cf. Chapter 5. The second problem causes a qualitative change in the
sense that the adiabatic decoupling is no longer uniform, as can be seen from
the construction of the almost invariant subspace in Section 3.1. To deal with
the second problem one therefore needs a cutoff for large momenta. There are
basically two ways to implement such a cutoff. One possibility is to directly
cut off large momenta as was done in Chapter 2, see also [TeSp, SpTe], but
then one needs to control the times for which no momenta exceeding the
cutoff are produced under the dynamics. However, for a large class of Hamil-
tonians including the Born-Oppenheimer type Hamiltonian (4.33), cutting
off high energies is equivalent to cutting high momenta. Then conservation of
energy immediately ensures that no momenta exceeding the cutoff are pro-
duced over time. This idea was developed in [So] and also used in [MaSo].
We will briefly indicate an alternative way on how to implement such an
energy cutoff in order to fit the Born-Oppenheimer and similar settings into
our general assumptions.

Let H0 ∈ Sm0 be elliptic and positive, i.e. there is a constant C > 0 such
that H0(q, p) ≥ C 〈p〉m. For example the Born-Oppenheimer Hamiltonian
as defined in (4.33) satisfies H0 ∈ S2

0 and it is elliptic provided that He is
positive (otherwise just add a constant to H0 since He ∈ S0). Then we can
prove adiabatic decoupling uniformly for energies below any λ ∈ R, i.e. on
1(−∞,λ](Ĥ0)H.

To see this let Λ = {(q, p) : H0(q, p) < λ}, then bounding the total energy
by λ essentially corresponds to confining the slow degrees of freedom to the
region Λ in phase space. More precisely, let χλ ∈ C∞0 (R) such that χλ|[0,λ] = 1
and χλ|[λ+δ,∞) = 0 for some δ > 0, then χλ(Ĥ0) ∈ OPS−∞0 is a semiclassical
operator. Furthermore, its symbol χ := Symb(χλ(Ĥ0)) has an asymptotic
expansion which is identically equal to 1 on Λ, i.e. χ|Λ � 1 and identically
equal to 0 on the set where H0(q, p) ≥ λ + δ. The statements about χλ(Ĥ0)
and its symbol follow from the functional calculus for semiclassical operators
as developed in [DiSj], Theorem 8.7.

Next we assume that one can define an auxiliary Hamiltonian Haux(q, p) ∈
S0

0 such that
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(i) Haux(q, p) = H0(q, p) for all (q, p) ∈ Λ+ δ := {(q, p) : H0(q, p) < λ+ δ},
(ii) Haux(q, p) > H0(q′, p′) for all (q, p) �∈ Λ+ δ and (q′, p′) ∈ Λ + δ
(iii) and Haux(q, p) satisfies the global gap condition (Gap)0.

This can be easily achieved e.g. in the Born-Oppenheimer setting by replacing
p2 by an appropriate bounded function which flattens at high momenta.

It follows from the previous discussion that ( Ĥ0 − Ĥaux )χλ(Ĥ0) =
O−∞(ε∞) and that χλ(Ĥ0) − χλ(Ĥaux) = O−∞(ε∞).

Using χλ(Ĥ0)1(−∞,λ](Ĥ0) = 1(−∞,λ](Ĥ0), one finds, in particular, that
(

Ĥ0 − Ĥaux

)

1(−∞,λ](Ĥ0) = O0(ε∞) (4.36)

in the norm of bounded operators and thus also
(

e−iĤauxs − e−iĤ0s
)

1(−∞,λ](Ĥ0) (4.37)

= − ie−iĤauxs

∫ s

0

ds′ eiĤauxs
′(

Ĥaux − Ĥ0

)

e−iĤ0s
′
1(−∞,λ](Ĥ0) = O0(ε∞|s|) .

Now the scheme of Chapter 3 can be applied to Haux and by virtue of
(4.36) and (4.37) all results are valid for H0 up to O(ε∞) if one restricts
to energies below λ. In particular one finds that for (q, p) ∈ Λ the leading
order symbols of haux = UεĤauxU

ε ∗ are given by the formulas obtained in
Section 3.3 using the symbol H0(q, p).

4.3 The time-adiabatic theorem revisited

With little additional effort adiabatic perturbation theory can be applied
even to the time-adiabatic setting, cf. Section 2.1. For the convenience of the
reader we recall the basic setup. Given a Hilbert space H and a family Hε(t),
t ∈ R, of self-adjoint operators such that Hε(t) =: H(t, η, ε) ∈ S0(ε,L(H)),
the solutions of the equations

iε∂tUε(t, t′) = Hε(t)Uε(t, t′) , t′ ∈ R , (4.38)

define a unitary propagator, cf. Definition 1.1. Hence we replace the phase
space R

d
q×R

d
p by Rt×Rη in the following. It is assumed again that H0(t), the

principal symbol of Hε(t), has a relevant part σr(t) of its spectrum, which
is separated by a gap from the remainder uniformly for t ∈ R. As before we
denote the spectral projection on σr(t) by π0(t).

The following theorem is a variant of the time-adiabatic theorem of quan-
tum mechanics with higher order estimates, cf. [ASY1, Ga, JoPf1, Nen4],
formulated in the language of adiabatic perturbation theory. Sjöstrand first
recognized the usefulness of pseudodifferential calculus in this context [Sj].
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The proof below can be adapted to the case of a time-dependent operator-
valued classical symbol H(q, p, t), as – for example – the Dirac Hamiltonian
or the Bloch electron with slowly varying time-dependent external potentials,
see Remark 4.16 below.

Theorem 4.15 (Time-adiabatic theorem). Let H(t) and σr(t) be as
above.

(i) Decoupled subspace. There exists a family of orthogonal projectors
Πε(t) such that Πε(·) ∈ S0(ε,L(H)), Πε(t) − π0(t) = O0(ε) and

U(t, t′)∗Πε(t)U(t, t′) = Πε(t′) + O0(ε∞|t− t′|) (4.39)

uniformly for t′, t ∈ R. Whenever ∂αt H(t) = 0 for some t ∈ R and all
α ∈ N, then Πε(t) = π0(t).

(ii) Intertwining unitaries. There exists a family of unitary operators
u0(·) ∈ C∞b (R,L(H)) with u0(t)π0(t)u∗0(t) = π0(0) =: πr and a fam-
ily of unitaries Uε(·) ∈ S0(ε,L(H)) such that

Uε(t)Πε(t)Uε ∗(t) = πr and Uε(t) − u0(t) = O0(ε) .

(iii) Effective dynamics. There exists a family of self-adjoint operators h(t),
h(·) ∈ S0(ε,L(H)), such that

[h(t), πr ] = 0 for all t ∈ R

and the solution of the initial value problem

iε∂tUeff(t, t′) = h(t)Ueff(t, t′) , t′ ∈ R , Ueff(t, t) = 1H

satisfies

U(t, t′) = Uε ∗(t)Ueff(t, t′)Uε(t′) + O0(ε∞|t− t′|) . (4.40)

The asymptotic expansion of h(t) in L(H) reads

h(t) �
∞∑

n=0

εn




∑

j+k+l=n

uj(t)Hk(t)u∗l (t)

+
i
2

∑

j+k+1=n

(uj(t) u̇∗k(t) − u̇j(t)u∗k(t))



 , (4.41)

where
∑

n ε
nHn(t) is the asymptotic expansion of H(t) in L(H) and

∑

n ε
nun is the asymptotic expansion of Uε(t) in L(H).
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Before we turn to the proof we remark that, for σr(t) = {er(t)} and
{ϕα(t)}�α=1 an orthonormal basis of π0(t)H, the effective Hamiltonian in-
cluding second order reads

hαβ(t) = er(t)δαβ − i ε 〈ϕα(t), ϕ̇β(t)〉 +
ε2

2
〈ϕ̇α(t), R0(er) ϕ̇β(t)〉 + O(ε3) ,

where R0(er) = (H(t) − er(t))−1 (1 − π0(t)). For the unitary Uε(t) one finds

Uε ∗(t)πr =
�∑

α=1

(

|ϕα(t)〉 + iεR0(er)(t) |ϕ̇α(t)〉
)

〈ϕα(0)| + O(ε2) .

Proof. In order to apply the general scheme of Chapter 3 it is convenient
to introduce the extended space K = L2(R,H) =

∫ ⊕
R

dtH and to define the
extended Hamiltonian

K̂ = −iε∂t +H(t)

which is self-adjoint on the domain D(K̂) = H1(R,H) ⊆ K. By following
Howland [Ho], we notice that the unitary group e−iK̂σ, σ ∈ R, is related to
the unitary propagator (4.38) through

(

e−iK̂σψ
)

(t) = U(t, t− σ)ψ(t − σ) . (4.42)

Moreover, the unitary group e−iK̂σ can now be studied by means of the
techniques developed in the previous sections, since K̂ is nothing but the
Weyl quantization of the operator-valued function K(t, η) = η + H(t), and
K belongs to S1

1(L(H)).
By assumptionK ∈ S1

1 satisfies assumption (Gap)σ with σ = 0. However,
because of the simple dependence of K(t, η) on η, the conclusion of Theorem
3.2 and of Theorem 3.12 hold still true in a sense to be made precise.

Indeed, by following the proof of Lemma 3.8 one gets a semiclassical
symbol π ∈ S0

0(ε,L(H)), depending on t only, such that [K,π]�̃ � 0 in S1
0(ε).

On the other hand,

[K,π]�̃ = [H,π]�̃ + [η, π]�̃ = [H,π]�̃ − i ε (∂tπ)

where the last equality follows from the fact that [η, π]�̃ is the Weyl symbol
of [−iε∂t, π(t)] = −iε (∂tπ) (t). Since both [H,π]�̃ and ∂tπ belong to S0

0(ε),
one concludes that the asymptotic expansion [K,π]�̃ � 0 holds true in S0

0(ε),
and hence [K̂, π̂] = O0(ε∞). Finally one defines

Πε(t) =
i

2π

∫

|ζ−1|= 1
2

dζ (π(t) − ζ)−1

and finds Πε(·) ∈ S0(ε,L(H)), Πε(t) − π(t) = O0(ε∞) and [e−iK̂σ, Πε] =
O0(ε∞|σ|) as in Section 3.1. Together with (4.42) this implies
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ess sup
t∈R

‖U(t, t− σ)∗Πε(t)U(t, t− σ) −Πε(t− σ)‖L(H) = O0(ε∞|σ|) .

However, since Πε(t) and U(t, t′) are continuous functions of t, the pointwise
statement (4.39) follows.

For u0(t) one can use again Kato’s construction [Ka2] and define u0(t) as
the solution of the initial value problem

d
dt

u∗0(t) = [π̇0(t), π0(t)]u∗0(t) , u0(0) = 1

as was done in Section 1.1 to construct the adiabatic time-evolution Uε=1
a .

Clearly u0(t) belongs to S0(L(H)). Notice that the same construction does
not work in the multidimensional case, since the evolutions in different di-
rections do not commute. Uε can be obtained as in Section 3.2, where the
fact that π(t) and u0(t) both depend on t only and not on η simplifies the
construction considerably and yields, in particular, a fibered unitary Uε(t).

As in the general setting let the effective Hamiltonian be defined as a
resummation of

k(η, t, ε) =
(
u �K � u∗

)
(η, t, ε) =: η + h(t, ε) ,

with the explicit expansion (4.41). According to Theorem 3.20 we then have

e−iK̂σ − Uε ∗ e−ik̂σ Uε = O(ε∞|σ|) ,

which implies according to (4.42) that

ess sup
t∈R

‖U(t, t− σ) − Uε ∗(t)Ueff(t, t− σ)Uε(t− σ)‖L(H) = O0(ε∞|σ|) .

The pointwise statement (4.40) follows again from the continuous dependence
on t of all involved expressions. ��
Remark 4.16. Using the Howland trick one can now easily also treat the case
of a Hamiltonian which is the quantization of a time-dependent operator-
valued classical symbol H(q, p, t). This is relevant for the Dirac equation,
see Section 4.1, or the Bloch electron, see Chapter 5, where the external
potential are time-dependent. In these examples the technical modifications
in the proofs are straightforward. But the formulation of the results would
become even more complicated and hence we treat only the time-independent
cases. However, since the change in the effective Hamiltonian is very simple
even in the general case, we note here that for time-dependent Hamiltonians
Equations (3.39) and (3.40) become

h
(1)
αβ(t) = E∗(t) δαβ + ε h1(t)αβ , (4.43)

with



4.4 How good is the adiabatic approximation? 131

h1(t)αβ = 〈ψα(t), H1(t)ψβ(t)〉 − i
2 〈ψα(t), {(H0(t) + E∗(t)), ψβ(t)}〉

− i 〈ψα(t), ∂t ψβ(t)〉 . (4.44)

Thus for time-dependent Hamiltonians the subprincipal symbol of the effec-
tive Hamiltonian just picks up the additional term − i 〈ψα(t), ∂t ψβ(t)〉. See
Remark 4.5 for how it contributes in the case of the Dirac equation and
Remark 5.15 for the Bloch electron with time-dependent potentials. ♦

4.4 How good is the adiabatic approximation?

In the previous chapters we developed and applied a perturbative scheme to
approximate the full quantum dynamics by an effective adiabatic dynamics
on almost invariant subspaces. Here “approximate” and “almost” are in the
sense of “asymptotically for small ε”. All error estimates are of the form that
for every n ∈ N there is a constant Cn such that

“ error ” < Cn ε
n .

Hence, no matter what the constants Cn are and no matter how fast Cn may
grow as a function of n, one can make the error arbitrarily small at any order
of the expansion by choosing ε small enough. But, in applications to real
physical systems, we are given a Hamiltonian which is fixed once the units
are chosen. In particular, in many examples it does not depend on a small
parameter ε in any obvious way. For example the slowly varying external
potentials in the Dirac Hamiltonian

Hε
D = α · (− i∇y +A(εy)

)
+ βm + φ(εy) , (4.45)

do not come as functions of εy, they are just some functions of y once physical
units are fixed. How can one decide, if some given potentials are varying
sufficiently slowly to justify the adiabatic approximation ? Even if one can
identify and quantify a small parameter, as the mass ratio ε =

√
m/M in

the Born-Oppenheimer approximation, there is typically no freedom to vary
this parameter in order to to make the errors small. One ends up again
with the question: how small must ε be in order to justify the adiabatic
approximation and at which order n should one stop the expansion ? Put
differently, in applications one is not primarily interested in the order of the
error with respect to some parameter, i.e. in the type of mathematical results
we obtained. The quantity of interest is the true numerical value of the error,
or, at least, good upper bounds to it.

Of course the questions formulated above arise in every perturbative the-
ory that yields asymptotic expansions with respect to a small parameter. A
good answer to them makes it necessary to get good bounds on the constants
Cn in the asymptotic expansions. Unfortunately it is usually very hard to
get such “good” bounds. The construction of the adiabatic expansion based
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on pseudodifferential calculus yields, in principle, also the tools to explicitly
obtain upper bounds for the constants Cn. However, the results would be
neither concise nor even close to optimal, cf. Corollary 2.3 for the simplest
case.

Remark 4.17. Using the pseudodifferential calculus for analytic symbols it is
possible to obtain bounds on the growth of Cn as a function of n, which are
basically of the form Cn ≤ Knn! . Sterling’s formula together with the choice
n = [g/ε] then yields

“ error ” < ε
g
εK

g
ε

(g

ε

) g
ε

=
(

1
gK

)− g
ε

≤ e−
g
ε

for 0 < g ≤ 1/(Ke). Hence good control on the growth of Cn allows to prove
even exponentially small error estimates, cf. [NeSo, MaSo, HaJo2]. However,
the error estimates are still in an asymptotic sense and the control on the
numerical value of the constants is even less explicit. Hence this does not
solve the problem of determining the validity of the adiabatic approximation
in a concrete example. ♦

The goal of the present section is very modest. Apart from reminding the
reader of the open questions just formulated, we discuss on a heuristic level
some qualitative aspects of asymptotic expansions and, in particular, of the
adiabatic approximation, which yield some partial answers.

We start by giving a simple answer to the non-problem “What is the exact
value of ε in a particular physical system ?” or, more precisely, “What numer-
ical value is assigned to ε when solving the (ε-dependent) effective equations
that adiabatic perturbation theory yields for a particular physical system ?”.
Given an ε-independent Hamiltonian, as for example a Dirac Hamiltonian of
the form

HD = α · (− i∇y +A(y)
)

+ βm + φ(y) ,

one can always just formally introduce a functional dependence on ε as in
(4.45). Now one goes ahead with the adiabatic expansion with respect to ε
to the desired order n, determines the constant Cn and in the end sets ε = 1.
The numerical error of the adiabatic approximation is then just given by Cn.
This shows again that the real question is not so much to quantify ε in a
particular physical setting, but to get a good understanding of the constants
Cn. But it also shows that in any particular application there will be an
optimal order n at which the expansion should be stopped, namely at the
order n with the smallest Cn.

Lets be more specific. To each isolated energy band of the principal sym-
bol of the full Hamiltonian Hε there corresponds an adiabatically decoupled
subspace ΠεH such that

Hε = Hε
diag + O(ε∞) := ΠεHεΠε + (1 −Πε)Hε (1 −Πε) + O(ε∞) .
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It could happen that adiabatic decoupling holds exactly, i.e. that Hε = Hε
diag.

The Dirac equation with small external potentials which do not close the
spectral gap of the free Dirac Hamiltonian is an example. Then the almost
invariant subspaces, which are usually determined only modulo O(ε∞), can
be identified with spectral subspaces of the Hamiltonian and hence commute
with the latter, see Proposition 4.19 below.

However, in general the adiabatically decoupled subspaces are not spectral
and transitions between the subspaces are observed. Hence the question for
the actual magnitude of such transitions arises. They are governed by the
off-diagonal elements of the Hamiltonian,

Hε
od := (1 −Πε)HεΠε +ΠεHε (1 −Πε) = O(ε∞) ,

which are asymptotically smaller than any power of ε, or, in the case of ana-
lytic symbols, even O(e−c/ε). While this is conceptually important, it doesn’t
answer our question on the small but finite magnitude of the transitions which
actually occur.

We now sketch a strategy which, once successfully concluded, could yield
an answer to this question. Recall that Πε was defined in Chapter 3 basically
as the quantization of a symbol which is obtained through resummation of
the formal symbol

∑∞
n=0 ε

nπn(q, p). Hence for any fixed ε the projector Πε

is basically given as the quantization of a finite sum of symbols,

Πε = Π(N(ε)) ≈
N(ε)
∑

n=0

εnπ̂n .

Following the terminology of Berry [Be2], we call Π(N) the projector on the
N th super-adiabatic subspace. By construction we have for the symbol of the
off-diagonal part of the Hamiltonian in the block-decomposition with respect
to the N th super-adiabatic subspace

H
(N)
od = (1−Π(N))HεΠ(N) +Π(N) Hε (1−Π(N))

that
|H(N)

od (q, p) | ≤ εN+1 CN+1(q, p) .

For any fixed ε there is then a value for N for which εN+1 CN+1(q, p) is
minimal. This value Nopt(ε) for N defines, locally in phase space, the optimal
super-adiabatic subspaceΠ(Nopt(ε))H with respect to which the non-adiabatic
transitions are minimal and generated by H

(Nopt(ε))
od . The transitions in the

optimal super-adiabatic basis presumably describe the “true” non-adiabatic
transitions in the system.

Unfortunately it seems to be very hard to get good control on H
(N)
od

or even on sensible upper bounds for its norm in general. For the time-
adiabatic case we refer to the work of Berry and Lim [BeLi1, BeLi2], where
the non-adiabatic transitions with respect to the optimal super-adiabatic
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basis were analyzed and found to show a universal behavior. In particular
the local-in-time transitions within the optimal super-adiabatic basis add up
to the correct Landau-Zener formulas when integrated over all times. It is
conceivable that also in the general space-adiabatic problem H

(Nopt(ε))
od has a

simple asymptotic form as ε → 0, which should yield precise information on
the true transitions. However, this remains a challenging task for the future.

Remark 4.18. It could happen that the sequence εN+1 CN+1 approaches zero
for N → ∞ and hence, that there is no optimal N . However, then the for-
mal series

∑∞
n=0 ε

nπn(q, p) must be indeed convergent and its quantization
commutes exactly with Hε. ♦

We end this section with an extended remark. Clearly one expects that in
some cases the almost invariant subspaces are exactly invariant. There seem
to be basically two possibilities for this to happen. Either the almost invariant
subspace is a spectral subspace of the Hamiltonian or the Hamiltonian is
fibered, i.e. its symbol is a function either of p or of q only. In the latter
case it can happen because of symmetries that invariant subspaces which are
not spectral exist. As an example consider the Bloch electron of Chapter 5
without non-periodic potentials.

A sufficient condition for ΠεH to be a spectral subspace of Hε is the
existence of λ± ∈ R ∪ {±∞}, such that

(i) λ± /∈ σ(H0(z)) for all z ∈ R
2d

(ii) [λ−, λ+] ∩ σr(z) = σr(z)
(iii) [λ−, λ+] ∩ (

σ
(
H0(z)

) \ σr(z)
)

= ∅,
where we use the notation of Chapter 3. In this case the spectrum of Hε

is expected to have gaps around λ+ and λ− for ε small enough, see Fig-
ure 4.1. Then the projection of the almost invariant subspace associated with
σr should agree with the spectral projection 1[λ−,λ+](Hε).

While we expect this to be a theorem in the general case, we illustrate
the argument in a simple example.

Proposition 4.19. Assume (CG) and that the spectrum of H0(z) consists
of two non-degenerate eigenvalues σ(H0(z)) = E−(z) ∪E+(z) such that

e− := sup
z
E−(z) < λ < e+ := inf

z
E+(z)

for some λ ∈ R. Then, for ε small enough, one has that λ /∈ σ(Ĥ) and that
the projectors Πε

± on the almost invariant subspaces constructed in the space-
adiabatic theorem, Theorem 3.2, agree with the spectral projections of Ĥ:

Πε
− = 1(−∞,λ)(Ĥ) and Πε

+ = 1(λ,∞)(Ĥ) .

In particular we have that the almost invariant subspaces Πε
±H are exactly

invariant.
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Fig. 4.1. The spectrum of Hε, indicated by the thick lines on the vertical axis,
has gaps around λ+ and λ− for sufficiently small ε. Then the almost invariant sub-
space associated with the spectral band Er(q, p) agrees with the spectral subspace
Ran1[λ−,λ+](H

ε).

Remark 4.20. Recall that the projector Πε of Theorem 3.2 is unique only up
to a term of order O0(ε∞). Hence the equality in Proposition 4.19 must be
understood in the sense that it holds for one realization of Πε

±. ♦

Proof. We first show that λ is not in the spectrum of Ĥ if ε is sufficiently
small. Let Uε be the unitary operator constructed in Section 3.2, then

Uε Ĥ Uε ∗ =

(

Ê+ 0
0 Ê−

)

+Rε =: Ĥd +Rε ,

where ‖Rε‖L(H) = O(ε). According to the semiclassical sharp Garding in-
equality (cf. Theorem 7.12 in [DiSj]) there is a constant 0 < C < ∞ such
that for ε small enough and all ψ ∈ L2(Rd)

〈ψ, (±Ê± ∓ e±)ψ〉L2(Rd) ≥ −εC‖ψ‖2 .

Hence σ(Ê+) ≥ e+ − εC and σ(Ê−) ≤ e− + εC and thus

σ(Ĥd) ⊂ (−∞, e− + εC] ∪ [e+ − εC,∞) .

For ε small enough one thus finds, by standard perturbation theory, that
σ(Ĥ) ⊂ I− ∪ I+ with two compact disjoint intervals I±, which contain the
range of E± respectively, but not λ.

Let χ± ∈ C∞0 (R) with χ±|I± = 1 and suppχ±∩I∓ = ∅. Then the spectral
projections of Ĥ corresponding to I± are given through

H(q,p)σ(          )

λ+

E  (q,p)r

λ−

q,p
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1I±(Ĥ) = χ±(Ĥ) .

The functional calculus for pseudodifferential operators (cf. Theorem 8.6
in [DiSj]) implies that χ±(Ĥ) are also semiclassical pseudodifferential op-
erators with principal symbol χ±(H0(z)) = π0,±(z). The uniqueness part
of Lemma 3.8 then insures that the full asymptotic expansion of χ±(Ĥ)
agrees with the one of Πε

± and hence that χ±(Ĥ)−Πε
± = O0(ε∞). However,

since Πε± is unique only up to terms of order O0(ε∞), we can as well pick
Πε
± = χ±(Ĥ). ��

4.5 The Born-Oppenheimer approximation near a
conical eigenvalue crossing

It is well known and clearly expected from the foregoing discussions that
adiabatic decoupling may break down whenever different eigenvalue bands
come too close or cross. In this section we study the Born-Oppenheimer ap-
proximation near a conical eigenvalue crossing. Conical crossings are, in a
sense, the simplest type of crossing where adiabatic decoupling breaks down
at leading order in ε. The generic types of crossings that occur in molecular
systems were classified by Hagedorn [Ha3], who also studies propagation of
coherent states through such crossings. In particular he finds that adiabatic
decoupling breaks down near a conical crossing of the type to be described be-
low. Since then the non-adiabatic propagation of solutions of the Schrödinger
equation through eigenvalue crossings has become an active field of research,
e.g. [HaJo1, FeGe, FeLa, CLP, LaTe]. The goal of this section is, however,
very modest. We will not be concerned with actually determining the non-
adiabatic transitions between otherwise decoupled bands near such crossings.
Instead we show in a model problem how the higher order corrections to the
effective Hamiltonian of the adiabatic approximation become relevant near
the crossing point.

To this end we recall that the full quantum Hamiltonian in the molecular
setting without magnetic field is

ĤBO = −�
2 ε2

2m
∆x +He(x) ,

where He(x) is the electronic Hamiltonian, m is the electron mass and ε2 =
m/M with M the nuclear mass. Since it is always good to remind oneself of
the underlying physics, we keep track of all physical constants in this section
(in contrast to most of the remainder of the book). Then the Weyl symbol of
ĤBO is

HBO(q, p) =
1

2m
p2 +He(q) ,

where quantization is now in the sense of q �→ x and p �→ −iε�∇x.
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If the electronic Hamiltonian He(q) has a (locally) isolated simple eigen-
value band er(q) with eigenfunction χ(q), i.e. He(q)χ(q) = er(q)χ(q), then
the symbol of the effective Born-Oppenheimer Hamiltonian (4.35) on the
corresponding reference space reads

hBO(q, p) =
1

2m
(
p− εA(q)

)2 + er(q) + ε2 Φ(q) + ε2 K(q, p) + O(ε3) ,

with

A(q) = i�〈χ(q),∇χ(q)〉 , (4.46)

Φ(q) =
�

2

2m
〈∇χ(q), π⊥0 (q) · ∇χ(q)〉 , (4.47)

K(q, p) = − �
2

m2
〈 p · ∇χ(q), (He(q) − er(q))−1 π⊥0 (q) p · ∇χ(q)〉 . (4.48)

Here π⊥0 (q) = 1 − π0(q) = 1 − |χ(q)〉〈χ(q)|. Notice that Φ(q), which was
termed electric gauge potential in [Be3], and K(q, p) are gauge invariant, i.e.
they do not depend on the choice for the eigenfunction χ(q). More precisely,
if one chooses for some smooth real-valued function θ(q)

χ̃(q) := eiθ(q)χ(q)

instead of χ(q) for the construction of the unitary mapping to the reference
space, then the symbol of the corresponding effective Hamiltonian has the
form

h̃BO(q, p) =
1

2m
(
p− ε Ã(q)

)2 + er(q) + ε2 Φ̃(q) + ε2 K̃(q, p) + O(ε3) ,

where

Ã(q) = i�〈 χ̃(q),∇χ̃(q)〉 = A(q) − �∇θ(q) ,

Φ̃(q) =
�

2

2m
〈∇χ̃(q), π⊥0 (q) · ∇χ̃(q)〉 = Φ(q) ,

K̃(q, p) = − �
2

m2
〈 p · ∇χ̃(q), (He(q) − er(q))−1 π⊥0 (q) p · ∇χ̃(q)〉 = K(q, p) .

The equalities for Φ and K follow from π⊥0 (q)χ(q) = 0. Hence the change in
A(q) is pure gauge and Φ and K remain unchanged.

Since the adiabatic approximation breaks down near eigenvalue crossings,
one expects that all the adiabatic correction terms A, Φ and K are singular
near such a crossing. It has been demonstrated by Berry and Lim [BeLi2]
that the electric gauge potential Φ, which appears also in the conventional
Born-Oppenheimer theory as remarked in Section 4.2, is repulsive near such
crossings. Obviously Φ(q) is always positive. Hence, if it diverges at an eigen-
value crossing, it necessarily leads to a repulsive force near such a crossing.
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As a consequence, wave functions tend to avoid the crossing region, which
presumably improves the validity of the adiabatic approximation.

In the following we will analyze the behavior of K near a conical crossing.
It is already clear from the general expression (4.48) that there is an im-
portant qualitative difference between the gauge potentials A and Φ and the
dynamical correction K. While the former depend only on the geometry of
the complex line bundle Cχ(q) �→ q, the latter involves the reduced resolvent
(He(q) − er(q))−1π⊥0 (q) and thus directly depends also on the energy gap.
Hence K dominates Φ in regions of the nucleonic configuration space where
the gap between er(q) and neighboring eigenvalues is small, but where the
variation of the eigenfunction χ(q) is also small. As can be seen from the
general expression (4.48), K has, in contrast to Φ, no fixed sign. In particular
it can lead to an attractive force near eigenvalue crossings.

We now compute the effective Hamiltonian for a standard model prob-
lem displaying a conical crossing at q = 0 in order to illustrate the general
observations made above. Let q = (q1, q2) and

He(q) = C

(
q1 q2
q2 −q1

)

= C |q|
(

cosϕ sinϕ
sinϕ − cosϕ

)

acting on vectors in C
2. We freely switch between polar and Cartesian coor-

dinates in the following. The eigenvalues of He(q) are e±(q) = ±C|q| and a
smooth family of eigenfunctions for q �= 0 is given through

φ+(q) = eiϕ/2

(
cos ϕ2
sin ϕ

2

)

and φ−(q) = eiϕ/2

(− sin ϕ
2

cos ϕ2

)

.

A direct computation yields

∇qφ+(q) =
1

2|q|
(

φ−(q) + iφ+(q)
)

eϕ ,

∇qφ−(q) =
1

2|q|
(

− φ+(q) + iφ−(q)
)

eϕ ,

where eϕ = |q|−1(q2,−q1) ∈ R
2 in Cartesian coordinates. It is now a simple

matter to calculate all the objects appearing in the effective Hamiltonian.
One finds

A±(q) = i� 〈φ±(q),∇qφ±(q)〉 = − �

2|q|eϕ ,

Φ±(q) =
�

2

2m
〈∇qφ±(q), ·π⊥±(q)∇qφ±(q)〉 =

�
2

8m|q|2 =
1

2m
|A±(q)|2

and with
(He(q) − e±(q))−1π⊥±(q) = ∓ 1

2C|q|π
⊥
±(q)

that
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K±(q, p) = ± �
2

2m2C|q| 〈p · ∇qφ±(q), π⊥±(q)p · ∇qφ±(q)〉 = ±�
2L(q, p)2

4m2C|q|5 ,

where L(q, p) = q ∧ p = q1p2 − q2p1 is the angular momentum.
In summary the symbols of the effective Hamiltonians on the positive

resp. negative eigenvalue band are

h±(q, p) =
1

2m

(

p+
ε�

2|q|eϕ
)2

± C|q| + ε2
�

2

8m|q|2 ± ε2
�

2 L2(q, p)
4m2C|q|5 + O(ε3) .

Here the inverse-square potential is the Berry-Lim term, which gives rise to
a repulsive inverse-cube force on both bands. The sign of the last term de-
pends on the electronic state. In the positive band it leads to a repulsive force,
which is effectively of order |q|−4 for fixed momentum and nonzero angular
momentum. On the negative band the force is of the same order, but at-
tractive. In both cases it may dominate the contribution from the Berry-Lim
term because of the stronger singularity. We remark that the behavior of the
sign of K is independent of the specific example, as one can see immediately
from (4.48). If two eigenvalue bands en(X) < en+1(X) come very close, the
dominant contribution to Kn respectively Kn+1 comes from the other band.
It is positive for Kn+1 since

−(He(q) − en+1(q))−1π⊥n+1(q) = −
∑

m 
=n+1

(em(q) − en+1(q))−1πm(q)

≈ −(en(q) − en+1(q))−1πn(X) > 0 ,

where πn(X) is the projection onto the eigenspace of en(q), and negative for
Kn by the analogous argument.

The detailed study of the dynamics of wave packets near conical intersec-
tions has attracted considerable interest in the chemical physics literature,
see e.g. [FLV] and references therein. The nuclei are often treated semiclassi-
cally based on the leading order effective Hamiltonian ĥ0 = − ε2�

2

2m ∆x+er(x).
Although the adiabatic corrections Φ and K are of order �

2 with respect to
a semiclassical limit, they still might have a considerable impact on classical
trajectories which come close to a conical crossing, since they diverge as func-
tions of q. Clearly close to the crossing non-negligible transitions between the
two bands occur, an effect which a priori could dominate the influence of the
adiabatic corrections Φ and K within the bands. For a classical trajectory
(q(t), p(t)) passing the crossing at a minimal distance |q0| with momentum
|p0| the micro-local Landau-Zener formula [CLP] yields a transition ratio

T (|q0|, |p0|) = exp
(

−πmC |q0|2
� ε |p0|

)

. (4.49)

On the other hand, the relative change in momentum due to ε2 K for such a
trajectory is of the order of
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∆p0

|p0| ≈ ε2 ∇qK(|q0|, |p0|)∆t
|p0| ≈ ε2�

2

mC |q0|3 , (4.50)

where we chose ∆t = |q0|/v = |q0|m/|p0|. One can now ask if there are
trajectories for which transitions are negligible, i.e. T (|q0|, |p0|) � 1, but the
influence of K is significant, i.e. ∆p0/p0 ≈ O(1). Solving (4.50) ≈ 1 for |q0|
we find that the influence of K is significant for trajectories passing with
|q0| ≈ (ε2�

2/mC)1/3. Inserted into (4.49) this yields that T (|q0|, |p0|) � 1
whenever |p0| � π(mCε�)1/3. This heuristic argument shows that for suitable
choices of parameters it can certainly happen that the higher order adiabatic
correction become relevant in regions of phase space, where the non-adiabatic
transitions are still negligible.

While we plan to investigate the influence of Φ and K on the semiclassical
dynamics near conical crossings in the future, we conclude with the following
observation. Numerical solutions of the time-dependent Schrödinger equation
with the above model Hamiltonian found in [LaTe] show an interesting be-
havior. An initial Gaussian wave packet starting in the positive band moves
across the intersection and, as one expects, splits into a component remain-
ing on the positive band and one emerging and propagating on the negative
band. However, the wave function emerging on the negative band has a rather
pronounced cusp at q = 0. We regard this as a manifestation of the singular
attractive force coming from K−.
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A central problem of solid state physics is to understand the motion of elec-
trons in a periodic potential which is generated by the ionic cores. While this
problem is quantum mechanical, many electronic properties of solids can be
understood already in the semiclassical approximation [AsMe, Ko, Za]. One
argues that for suitable wave packets, which are spread over many lattice
spacings, the main effect of a periodic potential VΓ on the electron dynam-
ics corresponds to changing the dispersion relation from the free kinetic en-
ergy Efree(p) = 1

2 p
2 to the modified kinetic energy En(p) given by the nth

Bloch function. Otherwise the electron responds to slowly varying external
potentials A, φ as in the case of a vanishing periodic potential. Thus the
semiclassical equations of motion are

q̇ = ∇En(π) , π̇ = −∇φ(q) + q̇ ×B(q) , (5.1)

where π = p−A(q) is the kinetic momentum and B = ∇×A is the magnetic
field. (As in the previous chapters we choose units in which the Planck con-
stant �, the speed c of light, and the mass m of the electron are equal to one,
and absorb the charge e into the potentials.) The corresponding equations of
motion for the canonical variables (q, p) are generated by the Hamiltonian

Hsc(q, p) = En
(
p−A(q)

)
+ φ(q) ,

where q is the position and p the quasi-momentum of the electron. Note that
there is a semiclassical evolution for each Bloch band separately.

In this chapter we present results from Panati, Spohn, Teufel [PST3],
where adiabatic perturbation theory is applied in order to understand on a
mathematical level how these semiclassical equations emerge from the under-
lying Schrödinger equation

i ∂s ψ(x, s) =
(

1
2

(− i∇x −A(εx)
)2 + VΓ (x) + φ(εx)

)

ψ(x, s) (5.2)

in the limit ε → 0 at leading order. In addition the order ε correction to
(5.1) is established, see Equation (5.4). As an additional motivation for the
detailed study which follows let us quote from the solid states physics text
book [AsMe], whose authors consider the derivation of (5.1) from (5.2) a
“formidable task”.

S. Teufel: LNM 1821, pp. 141–171, 2003.
c© Springer-Verlag Berlin Heidelberg 2003
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In (5.2) the potential VΓ : R
d → R is periodic with respect to some regular

lattice Γ generated through the basis {γ1, . . . , γd}, γj ∈ R
d, i.e.

Γ =
{

x ∈ R
d : x =

∑d
j=1αj γj for some α ∈ Z

d
}

and VΓ ( · + γ) = VΓ (·) for all γ ∈ Γ . The lattice spacing defines the
microscopic spatial scale. The external potentials A(εx) and φ(εx), with
A : R

d → R
d and φ : R

d → R, are slowly varying on the scale of the
lattice, as expressed through the dimensionless scale parameter ε, ε � 1. In
particular, this means that the external fields are weak compared to the fields
generated by the ionic cores, a condition which is satisfied for real metals even
for the strongest external electrostatic fields available and for a wide range
of magnetic fields, cf. [AsMe], Chapter 12.

Note that, as in the study of the Dirac equation in Section 4.1, the external
forces due to A and φ are of order ε and therefore have to act over a time of
order ε−1 to produce finite changes, which is again taken as the definition of
the macroscopic time scale. Hence, we will be interested in solutions of (5.2)
for macroscopic times, but we will work mostly in the microscopic coordinates
(x, s). For sake of comparison we recall that the macroscopic space-time scale
(x′, t) is defined through x′ = εx and t = εs. With this change of scale
Equation (5.2) reads

i ε ∂t ψε(x′, t) =
(

1
2

(− iε∇x′ −A(x′)
)2 + VΓ (x′/ε) + φ(x′)

)

ψε(x′, t) (5.3)

with initial conditions ψε(x′) = ε−d/2ψ(x′/ε). If VΓ = 0, Equation (5.3) is
the usual semiclassical limit with ε set equal to �.

The problem of deriving (5.1) from the Schrödinger equation (5.2) in the
limit ε → 0 has been attacked along several routes. In the physics literature
(5.1) is usually accounted for by constructing suitable semiclassical wave
packets. We refer to [Lu, Ko, Za, Wa] and Appendix C. The few mathe-
matical approaches to the time-dependent problem (5.3) extend techniques
from semiclassical analysis, as the Gaussian beam construction [GRT, DGR],
or Wigner measures [GMMP, MMP], the latter being carried out only for
vanishing external potential. The large time asymptotics of the solutions
to (5.3) without external potentials is studied in [AsKn] and the scattering
theory is developed in [GeNi].

Although neither (5.2) nor (5.3) has the space-adiabatic form (1.1), the
underlying physics clearly indicate that the step from (5.2) to (5.1) involves
actually two limits. Semiclassical behavior can only emerge if a Bloch band is
separated by a gap from the other bands and thus the corresponding subspace
decouples adiabatically from its orthogonal complement. Hence we must re-
formulate (5.2) as a space-adiabatic problem. This has been done first in
[HST], where the semiclassical model (5.1) is derived for the case of zero
magnetic field using the techniques from Chapter 2.
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The present chapter is, in spirit, a continuation of the program started
in [HST] to the case of both, external magnetic and electric fields. This is
possible by reformulating the problem in such a way that the general scheme
developed in Chapter 3 can be applied with some modifications. The results
we obtain this way constitute the first derivation of the semiclassical model
in this generality. In particular, for non-degenerate bands we are able to com-
pute the first order corrections in the small parameter ε to the semiclassical
equations (5.1) based on a semiclassical analysis of the effective Hamiltonian
on the reference space. The corrected equations including all terms of first
order in ε read

q̇ = ∇π

(

En(π) − εB(q) ·Mn(π)
)

− ε π̇ ×Ωn(π) ,

(5.4)

π̇ = −∇q

(

φ(q) − εB(q) ·Mn(π)
)

+ q̇ ×B(q) .

The Berry connection of the eigenspace-bundle corresponding to the Bloch
band En enters in a gauge-invariant way through its curvature Ωn = dAn

and through the effective magnetic moment Mn. The precise definitions of
the new terms are given below in Corollary 5.12.

The first equation in (5.4) agrees with the expression found by Sundaram
and Niu [SuNi] based on coherent state solutions, while the correction in the
second equation in (5.4) is new. This nicely illustrates our point that it is
advantageous to work with effective equations of motion as much as possible,
as opposed to directly construct approximate solutions. While the higher
order corrections in the equations of motion (5.4) allow for an immediate
physical interpretation, the higher order corrections obtained for coherent
state solutions in [SuNi] or for WKB solutions in [DGR] do not yield (5.4) in
any straightforward way.

The dynamical system (5.1) is of interest in its own, c.f. [MaNo] and ref-
erences therein, due to the nontrivial topology of the underlying phase space,
and we hope that the corrections in (5.4) give rise to further investigations.
We discuss the equations (5.4) only shortly at the beginning of Section 5.3,
where we show in particular, that they are Hamiltonian with respect to a
non-standard symplectic form. One concrete physical application of the re-
fined semiclassical equations (5.4) is a quantitative theory for the anomalous
Hall effect [JNM].

Remark 5.1. In the presence of a strong external magnetic field with rational
flux per unit cell one formally obtains semiclassical equations identical to
(5.4), except that the Bloch band En must be replaced by one of the mag-
netic sub-bands. As on striking consequence they provide the semiclassical
explanation for the quantization of the Hall conductivity. More precisely, for
spatial dimension d = 2, φ(q) = −E · q, B(q) = 0, the equations of motion
(5.4) become q̇ = ∇πEn(π) + E⊥Ωn(π), π̇ = E , where Ωn is now scalar and
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E⊥ is E rotated by π/2. We assume initially π(0) = k and a completely filled
band, which means to integrate with respect to k over the first Brillouin zone.
Then the average current for band n is given by

jn =
∫

dk q̇(k) =
∫

dk
(∇kEn(k) − E⊥Ωn(k)

)
= −E⊥

∫

dk Ωn(k) .

∫
dk Ωn(k) is the Chern number of the magnetic Bloch bundle and as such

an integer. Further applications related to the semiclassical first order cor-
rections are the anomalous Hall effect [JNM] and the thermodynamics of the
Hofstadter model [GaAv]. ♦

Since the precise statements of our results require considerable technical
preparations, they are postponed to Section 5.2. At this point we only give
an informal outline of the results, concluding with the theorem connecting
(5.2) and (5.4).

Under Assumption (A1) the Hamiltonian

Hε = 1
2

(− i∇x −A(εx)
)2 + VΓ (x) + φ(εx) . (5.5)

is self-adjoint on the domain H2(Rd) and hence generates solutions to (5.2)
in H := L2(Rd) through the unitary group e−iHεs, s ∈ R. The natural rep-
resentation for applying space-adiabatic theory along the lines of Chapter 3
is the Bloch-Floquet representation, which is introduced in Section 5.1. In
Section 5.2 we then present and prove the main results of the space-adiabatic
approximation. The key observation for applying space-adiabatic perturba-
tion theory is that the Hamiltonian Hε can be written, after a suitable Bloch-
Floquet transformation, as the Weyl quantization of an operator valued sym-
bol. However, the underlying Hilbert space is not of the form L2(Rd,Hf), as
for usual Weyl quantization, but L2(M∗,Hf), where M∗ is the first Brillouin
zone, the fundamental domain of the dual lattice Γ ∗. And the symbols are
not functions on the phase space R

d×R
d, but on M∗×R

d. Hence a suitable
version of the parameter dependent pseudodifferential calculus needs to be
developed in Appendix B.

Before entering the technical details let us state the theorem relating the
Schrödinger equation (5.2) and the corrected semiclassical model (5.4). To
this end we need a few extra notations. By Γ ∗ we denote the dual lattice of
Γ and Φtn : R

2d → R
2d is the flow corresponding to (5.4). For a comparison

with the quantum dynamics we need to switch back to canonical coordinates
in (5.4). After the change of coordinates (q, π) �→ (q, p) = (q, π + A(q)) the
flow in canonical coordinates is described by

Φ
t

n(q, p) =
(

Φtn q
(
q, p−A(q)

)
, Φtn π

(
q, p−A(q)

)
+A(q)

)

.

Our theorem says that the semiclassical observables are given through pseu-
dodifferential operators with Γ ∗-periodic symbols and that the Heisenberg
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time-evolution of such an observable, projected onto the corresponding adia-
batic subspace Πε

nH, is approximated by transporting the symbol along the
flow (5.4) up to an error of order ε2.

Theorem 5.2. Let En be an isolated, non-degenerate Bloch band, see Defi-
nition 5.7, and let the potentials satisfy Assumption (A1). Let a ∈ C∞b (R2d)
be Γ ∗-periodic in the second argument, i.e. a(q, p + γ∗) = a(q, p) for all
γ∗ ∈ Γ ∗, and â = a(εx,−i∇x) be its Weyl quantization. Then for each finite
time-interval I ⊂ R there is a constant C < ∞ such that for t ∈ I

∥
∥
∥
∥Π

ε
n

(

eiHεt/ε â e−iHεt/ε − ̂
a ◦ Φtn

)

Πε
n

∥
∥
∥
∥
L(L2(Rd))

≤ ε2 C .

In particular, for ψ0 ∈ Πε
nH we have that

∣
∣
〈
ψ0, eiHεt/ε â e−iHεt/ε ψ0

〉− 〈
ψ0,

̂
a ◦ Φtn ψ0

〉 ∣
∣ ≤ ε2 C ‖ψ0‖2 .

To our knowledge, Theorem 5.2 is the first rigorous result relating the
full time-dependent Schrödinger equation (5.2) to the semiclassical model
(5.1) for general external magnetic and electric fields and the first result to
include the first order corrections (5.4). For an elementary discussion on how
this results relates to other approaches to the semiclassical problem (5.3) see
[Te3].

Remark 5.3. Note that the statement of Theorem 5.2 differs from the Egorov
theorem formulated in Corollary 3.29 in two ways. In order to obtain the
improved error estimate in Theorem 5.2, O(ε2) instead of O(ε), we introduced
an ε-dependent classical flow (recall that (5.4) depends on ε). However, since
the classical observables in the original representation commute with Πε

n only
at leading order, we need to project them onto the almost invariant subspace
from both sides, cf. the discussion at the end of Section 3.4.3. ♦
Remark 5.4. The spectral problem for Hε was solved in [GMS], with prede-
cessors [BeRa, Bu, HeSj, Nen3]. In this case the goal is to obtain an effective
Hamiltonian with the same spectrum as Hε closed to some prescribed energy,
see also Appendix C. ♦

The derivation of the semiclassical equations of motion (5.1) from the
effective quantum Hamiltonian of Section 5.2 and the proof of Theorem 5.2
is given in Section 5.3.

5.1 The periodic Hamiltonian

In order to formulate our assumptions and our results we first need to recall
several well known facts about the periodic Hamiltonian



146 5 Quantum dynamics in periodic media

Hper := −1
2
∆ + VΓ ,

i.e. about (5.5) without the non-periodic perturbations A and φ.
The potential VΓ is periodic with respect to the lattice Γ . Its dual lattice

Γ ∗ is defined as the lattice generated by the dual basis {γ∗1 , . . . , γ∗d} deter-
mined through the conditions γi · γ∗j = 2πδij , i, j ∈ {1, . . . , d}. The centered
fundamental domain of Γ is denoted by

M =
{

x ∈ R
d : x =

∑d
j=1αj γj for αj ∈ [− 1

2 ,
1
2 ]
}

,

and analogously the centered fundamental domain of Γ ∗ is denoted by M∗. In
solid state physics the setM∗ is called the first Brillouin zone. In the following
M∗ is always equipped with the normalized Lebesgue measure denoted by
dk. We introduce the notation x = [x] + γ for the a.e. unique decomposition
of x ∈ R

d as a sum of [x] ∈ M and γ ∈ Γ . We use the same brackets for the
analogous splitting k = [k] + γ∗.

The Bloch-Floquet transform of a function ψ ∈ S(Rd) is defined as

(Uψ)(k, y) :=
∑

γ∈Γ
e−i(y+γ)·kψ(y + γ), (k, y) ∈ R

2d (5.6)

and one directly reads off from (5.6) the following periodicity properties:
(Uψ)(k, y + γ) =

(Uψ)(k, y) for all γ ∈ Γ , (5.7)

(Uψ)(k + γ∗, y) = e−iy·γ∗ (Uψ)(k, y) for all γ∗ ∈ Γ ∗ . (5.8)

Remark 5.5. In the present context the Bloch-Floquet transformation is also
called Zak transformation, or Lifshitz-Gelfand-Zak transformation. Since pri-
orities are not obvious here, we stick to the “Bloch-Floquet”-terminology. ♦

From (5.7) it follows that, for any fixed k ∈ R
d,

(Uψ)(k, ·), is a Γ -periodic
function and can then be regarded as an element of L2(Td), T

d being the flat
torus R

d/Γ . For general results on Floquet theory we refer e.g. to [Ku].
Equation (5.8) involves a unitary representation of the group of lattice

translation on Γ ∗ (denoted again as Γ ∗ with a little abuse of notation), given
by

τ : Γ ∗ → U(L2(Td)) , γ∗ �→ τ(γ∗) ,

where τ(γ∗) is given by multiplication with ei y·γ∗ in L2(Td, dy). It will prove
convenient to introduce the Hilbert space

Hτ :=
{

ψ ∈ L2
loc(R

d, L2(Td)) : ψ(k − γ∗) = τ(γ∗)ψ(k)
}

, (5.9)

equipped with the inner product
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〈ψ, ϕ〉Hτ =
∫

M∗
dk 〈ψ(k), ϕ(k)〉L2(T) .

Notice that if one considers the trivial representation, i.e. τ ≡ 1, then Hτ is
nothing but a space of Γ ∗-periodic vector-valued functions over R

d.
Obviously, there is a natural isomorphism to L2(M∗, L2(Td)) from Hτ

given by restriction from R
d to M∗, and with inverse given by τ -equivariant

continuation, as suggested by (5.8). The reason for working with Hτ instead of
L2(M∗, L2(Td)) is twofold. First of all it allows to apply the pseudodifferential
calculus as developed in Appendix B. On the other hand it makes statements
about domains of operators more transparent as we shall see.

The map defined by (5.6) extends to a unitary operator

U : L2(Rd) → Hτ
∼= L2(M∗, L2(Td)) ∼= L2(M∗) ⊗ L2(Td) .

The facts that U is an isometry and that U−1 given through

(U−1ϕ
)
(x) =

∫

M∗
dk eix·k ϕ(k, [x]) (5.10)

satisfies U−1Uψ = ψ for ψ ∈ S(Rd) can be checked by direct calculation. It
is also straightforward to check that U−1 extends to an isometry from Hτ

to L2(Rd). Hence U−1 must be injective and as a consequence U must be
surjective and thus unitary.

In order to determine the Bloch-Floquet transform of operators like the
full Hamiltonian (5.5), we need to discuss how differential and multiplication
operators behave under Bloch-Floquet transformation. The following asser-
tions follow in a straightforward way from the definition (5.6). Let P = −i∇x

with domain H1(Rd) and Q be multiplication with x on the maximal domain,
then

U P U−1 = 1⊗−i∇per
y + k ⊗ 1 (5.11)

U QU−1 = i∇τ
k , (5.12)

where −i∇per
y is equipped with periodic boundary conditions or, equivalently,

operating on the domain H1(Td). The domain of i∇τ
k is Hτ ∩H1

loc(R
d, L2(T)),

i.e. it consists of distributions in H1(M∗, L2(Td)) which satisfy the y-
dependent boundary condition associated with (5.8).

The central feature of the Bloch-Floquet transformation is, however, that
multiplication with a Γ periodic function like VΓ is mapped into multiplica-
tion with the same function, i.e. U VΓ (x)U−1 = 1⊗ VΓ (y).

For later use we remark that the following relations can be checked using
the definitions (5.6) and (5.10):

ψ ∈ Hm(Rd) , m ≥ 0 ⇐⇒ Uψ ∈ L2(M∗, Hm(T))
〈x〉mψ(x) ∈ L2(Rd) , m ≥ 0 ⇐⇒ Uψ ∈ Hτ ∩Hm

loc(R
d, L2(T)) .
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Remark 5.6. Often the Bloch-Floquet transformation is defined for ψ ∈
S(Rd) as

(Ũψ)(k, y) :=
∑

γ∈Γ
e−iy·kψ(y + γ), (k, y) ∈ R

2d . (5.13)

In contrast to (5.6), functions in the range of Ũ are periodic in k and quasi-
periodic in y:

(Ũψ)(k, y + γ) = eik·γ (Ũψ)(k, y) for all γ ∈ Γ (5.14)

(Ũψ)(k + γ∗, y) =
(Ũψ)(k, y) for all γ∗ ∈ Γ ∗ . (5.15)

Our choice of U instead of Ũ comes from the fact, that the transform of the
gradient has a domain which is independent of k ∈ M∗, cf. (5.11). This is, as
we shall see, essential for an application of the pseudodifferential calculus of
Appendix B. ♦

For the Bloch-Floquet transform of the free Hamiltonian one finds

U Hper U−1 =
∫ ⊕

M∗
dkHper(k)

with
Hper(k) =

1
2
(− i∇y + k

)2 + VΓ (y) , k ∈ M∗ . (5.16)

For fixed k ∈ M∗ the operator Hper(k) acts on L2(Td) with domain H2(Td)
independent of k ∈ M∗, whenever the following assumption on the potential
is satisfied.

Assumption (A1). We assume that VΓ is infinitesimally bounded with re-
spect to −∆ and that φ ∈ C∞b (Rd,R) and Aj ∈ C∞b (Rd,R) for any j ∈
{1, . . . , d}.

From this assumption it follows in particular that Hε is self-adjoint on
H2(Rd). The previous assumption excludes the case of globally constant elec-
tric and magnetic field. However, since we are not concerned with the spectral
analysis of Hε, but with the dynamics of states for large but finite times, lo-
cally constant fields serve us as well.

The band structure of the fibered spectrum of Hper is crucial for the
following and a more detailed discussion can be found in [Wi]. The resol-
vent R0

λ = (H0(k) − λ)−1 of the operator H0(k) = 1
2

( − i∇y + k
)2 is

compact for fixed k ∈ M∗. Since, by assumption, RλVΓ is bounded, also
Rλ = (Hper(k)−λ)−1 = R0

λ+RλVΓR
0
λ is compact. As a consequence Hper(k)

has purely discrete spectrum with eigenvalues of finite multiplicity which
accumulate at infinity. For definiteness the eigenvalues are enumerated ac-
cording to their magnitude, E1(k) ≤ E2(k) ≤ E3(k) ≤ . . . and repeated
according to their multiplicity. The corresponding normalized eigenfunctions
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F i g. 5. 1. Schematic view of the Bloch bands: E 1, E  4 and E 5 are isolated bands,
while {E2, E3} is an isolated family of bands.

{ϕn(k)}n∈N ⊂ H2(Td) are called Bloch functions and form, for any fixed k,
an orthonormal basis of L2(Td). We will call En(k) the nth band function
or just the nth band. Notice that, with this choice of the labelling, En(k)
and ϕn(k) are generally not smooth functions of k if eigenvalue crossings are
present. Since

Hper(k − γ∗) = τ(γ∗)Hper(k) τ(γ∗)−1 , (5.17)

the band functions En(k) are periodic with respect to Γ ∗, cf. Figure 5.1.

Definition 5.7. We say that a band En(k) or a family of bands {En(k)}n∈I,
I = [I−, I+] ∩ N, is isolated resp. satisfies the gap condition, if

inf
k∈M∗

dist
( ⋃

n∈I
{En(k)},

⋃

m/∈I
{Em(k)}

)

=: Cg > 0 .

Remark 5.8. A warning concerning the terminology is in order. It is often not
the function En(k) which is called the Bloch band, but its projection onto
the energy axis, cf. Figure 5.1, i.e. the set

En :=
⋃

k∈M∗
En(k) ⊂ σ(Hper) .

Within such a context a band is called isolated whenever En ∩ En±1 = ∅,
i.e. if En is separated by gaps from the remainder of the spectrum of Hper.
Clearly this notion of “isolated bands” is much more restrictive than the one
of Definition 5.7. ♦
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For the following we fix an index set I ⊂ N corresponding to an isolated
family of bands. Let PI(k) be the spectral projector of Hper(k) corresponding
to the eigenvalues {En(k)}n∈I , then PI :=

∫ ⊕
M∗ dk PI(k) is the projector on

the given isolated Bloch band.
In terms of Bloch functions, one has that PI(k) =

∑

n∈I |ϕn(k)〉〈ϕn(k)|.
However, in general, ϕn(k) are not smooth functions of k at eigenvalue cross-
ings, while PI(k) is a smooth function of k because of the gap condition.
Moreover, from (5.17) it follows that

PI(k − γ∗) = τ(γ∗)PI(k) τ(γ∗)−1 .

In the unphysical case of d > 3 we will need an additional assumption in
order to construct the mapping to the reference space.

Assumption (A2). If d > 3 and if the isolated family of Bloch bands
{En(k)}n∈I is degenerate in the sense that � := |I| > 1, then we assume that
there exists an orthonormal basis {ψj(k)}�j=1 of RanPI(k) whose elements
are smooth and τ-equivariant with respect to k, i.e. ψj(k− γ∗) = τ(γ∗)ψj(k)
for all j ∈ {1, . . . , �} and γ∗ ∈ Γ ∗.

As to be discussed in Section 5.3.2, this assumption is a proper reformu-
lation of the assumption on the existence of the unitary u0 in Section 3.2.

In the special but important case in which the family of bands consist of a
single isolated �-fold degenerate eigenvalue (i.e. En(k) = E∗(k) for every n ∈
I, |I| = �), Assumption (A2) is equivalent to the existence of an orthonormal
basis consisting of smooth and τ -equivariant Bloch functions. In the general
case, in which eigenvalue crossings within the isolated family of bands are
present, Assumption (A2) is weaker, since it is not required that ψj(k) is an
eigenfunction of the free Hamiltonian Hper(k), but only of the corresponding
eigenprojection PI(k).

Remark 5.9. From the geometrical viewpoint Assumption (A2) is equivalent
to the triviality of a complex vector bundle over T

d, namely the bundle of
the null spaces of 1 − PI(k) for k ∈ M∗. In this geometrical perspective it is
not difficult to see that Assumption (A2) is always satisfied if either d = 1
or � = 1. Indeed, classification theory for bundles implies that any complex
vector bundle over T

1 = S1 is trivial. As for � = 1, it is a classical result,
due to Kostant and Weil, that smooth complex line bundles are completely
classified by their first integer Chern class. In our case, the time-reversal
symmetry of Hper implies the vanishing of the first integer Chern class, and
therefore the triviality of the bundle. The same, and indeed slightly stronger,
results can be proved with analytical techniques, as in [Nen3] and references
therein. By pushing forward the geometrical approach above, it is shown in
[Pa] that Assumption (A2) is generically satisfied for d ≤ 3. ♦
Remark 5.10. In the presence of a strong external magnetic field the Bloch
bands split into magnetic sub-bands. Generically, their first Chern number
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does not vanish and therefore Assumption (A2) fails. As well understood,
the nonvanishing of the first Chern number is directly linked to the integer
quantum Hall effect [TKNN, Si], hence our interest in extending Theorem 3
to magnetic Bloch bands. The required modifications of our theory will be
discussed in [PST4]. ♦

5.2 Adiabatic perturbation theory for Bloch bands

Let Pn(k) = |ϕn(k)〉〈ϕn(k)|, then the projector on the nth band subspace is
given through Pn =

∫ ⊕
M∗ dk Pn(k). By construction the band subspaces are

invariant under the dynamics generated by Hper,
[

e−iUHperU−1 s, Pn

]

=
[

e−iEn(k)s, Pn

]

= 0 for all n ∈ N , s ∈ R .

Notice, however, that Pn is not a spectral subspace of Hper, in general. This
is because in more than one space dimension it can happen that e.g. En(k) <
En+1(k) for all k ∈ M∗ but infk En+1(k) < supk En(k).

According to the identity (5.11), in the original representation Hper acts
on the nth band subspace as

Hperψ = U−1(En(k) ⊗ 1)U ψ = En(−i∇x)ψ ,

where ψ ∈ U−1Pn U L2(Rd). In other words, under the time evolution gener-
ated by the periodic Hamiltonian wave functions in the nth band subspace
propagate freely but with a modified dispersion relation given through the
nth band function En(p).

In the presence of non-periodic external fields the subspaces PnH are no
longer invariant, since the external fields induce transitions between different
band subspaces. If the potentials are varying slowly, these transitions are
small and one expects that there still exist approximately invariant subspaces
associated with isolated families of Bloch bands. The dynamics of states inside
the decoupled subspaces should be generated by an effective Hamiltonian
given through Peierls substitution.

In this section we apply the general scheme of adiabatic perturbation
theory developed in Chapter 3 to the problem of perturbed Bloch bands in
order to rigorously justify the heuristic picture.

We first present a theorem which summarizes the main results of this
section. The remaining parts give the results and the proofs of the three main
steps in space-adiabatic perturbation theory: In Section 5.2.1 we construct
the almost invariant subspaces associated with isolated families of bands.
In Section 5.2.2 we explain how to unitarily map the decoupled subspace
to the reference Hilbert space. The effective Hamiltonian is constructed in
Section 5.2.3 and we compute its asymptotic expansion explicitly including
the subprincipal symbol. The main technical innovation necessary in order
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to apply the scheme of Chapter 3 to the present case is the development of a
pseudodifferential calculus for operators acting on sections of a bundle over
the flat torus M∗, or, equivalently, acting on the space Hτ . This is done in
Appendix B.

Before going into the details of the construction we present a theorem
which encompasses the main results of this section. Generalizing from (5.9)
it is convenient to introduce the following notation. For any separable Hilbert
space Hf and any unitary representation τ : Γ ∗ → U(Hf), one defines the
Hilbert space

L2
τ (R

d,Hf) :=
{

ψ ∈ L2
loc(R

d,Hf) : ψ(k − γ∗) = τ(γ∗)ψ(k)
}

,

equipped with the inner product

〈ψ, ϕ〉L2
τ

=
∫

M∗
dk 〈ψ(k), ϕ(k)〉Hf .

Using the results of the previous section and imposing Assumption (A1), the
Bloch-Floquet transform of the full Hamiltonian (5.5) is given through

Hε
BF := U Hε U−1 =

1
2

(

− i∇y + k −A
(
iε∇τ

k

))2

+ VΓ (y) + φ
(
iε∇τ

k

)
(5.18)

with domain L2
τ (Rd, H2(Td)).

The application of space-adiabatic perturbation theory to an isolated
family of bands {En(k)}n∈I yields the following result, where the refer-
ence Hilbert space for the effective dynamics is K := L2(Td ∗) ⊗ C

� with
� := dimPI(k).

Theorem 5.11 (Peierls substitution and higher order corrections).
Let {En}n∈I be an isolated family of bands, see Definition 5.7, and let As-
sumptions (A1) and (A2) be satisfied. Then there exist

(i) an orthogonal projection Πε ∈ L(Hτ ),
(ii) a unitary map Uε ∈ L(ΠεHτ ,K), and
(iii) a self-adjoint operator ĥ ∈ L(K)

such that ∥
∥
[
Hε

BF, Π
ε
] ∥
∥ = O(ε∞)

and ∥
∥
(
e−iH

ε
BFt − Uε ∗ e−iĥt Uε

)
Πε

∥
∥ = O(ε∞(1 + |t|)).

The effective Hamiltonian ĥ is the Weyl quantization of a semiclassical sym-
bol h ∈ S1

τ≡1(ε,L(C�)) with an asymptotic expansion which can be computed
to any order. The L(C�)-valued principal symbol h0(k, r) has matrix-elements

h0(k, r)αβ =
〈
ψα(k −A(r)), H0(k, r)ψβ(k −A(r))

〉
, (5.19)

where α, β ∈ {1, . . . , �} and H0(k, r) is defined in (5.23).
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The structure and the interpretation of the effective Hamiltonian are most
transparent for the case of a single isolated band.

Corollary 5.12. For an isolated �-fold degenerate eigenvalue E(k) the
L(C�)-valued symbol h(k, r) = h0(k, r) + εh1(k, r) + O0(ε2) constructed in
Theorem 5.11 has matrix-elements

h0(k, r)αβ =
(
E(k −A(r)) + φ(r)

)
δαβ (5.20)

and

h1(k, r)αβ =
(∇φ(r) −∇E(k̃) ×B(r)

) · A(k̃)αβ −B(r) ·M(k̃)αβ (5.21)

:=
(

∂jφ(r) − ∂lE(k̃)
(
∂jAl(r) − ∂lAj(r)

))Aj(k̃)αβ

−(
∂jAl − ∂lAj

)
(r) Re

[
i
2

〈
∂lψα(k̃), (Hper − E)(k̃) ∂jψβ(k̃)

〉

Hf

]

,

where summation over indices appearing twice is implicit, k̃(k, r) = k−A(r),
and α, β ∈ {1, . . . , �}. The coefficients of the Berry connection are

A(k)αβ = i
〈
ψα(k),∇ψβ(k)

〉

Hf
. (5.22)

In dimension d = 3 the subprincipal symbol (5.21) has a straight forward
physical interpretation. The 2-forms B and M are naturally identified with
the vectors B = curlA and

M(k)αβ = i
2

〈∇ψα(k), ×(Hper(k) − E(k))∇ψβ(k)
〉

Hf
.

Then the symbol of the effective Hamiltonian has a form reminiscent of the
one obtained from a multipole expansion for a classical charge distribution
in weak external fields. In this sense one can interpret A(k) as an effective
electric dipole moment and M(k) as an effective magnetic dipole moment.
We do not know if this analogy carries on to the higher order terms.

Remark 5.13. Our results hold for arbitrary dimension d. However, to sim-
plify presentation, we use a notation motivated by the vector product and
the duality between 1-forms and 2-forms for d = 3. If d �= 3, then B, Ωn and
Mn are 2-forms. The inner product of 2-forms is

B ·M := ∗−1(B ∧ ∗M) =
d∑

j=1

d∑

i=1

BijMij ,

where ∗ denotes the Hodge duality induced by the euclidian metric, and for
a vector field w and a 2-form F the “vector product” is

(w × F )j := (∗−1(w ∧ ∗F ))j =
d∑

i=1

wiFij ,

where the duality between 1-forms and vector fields was used implicitly. ♦
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Remark 5.14. E. I. Blount [Bl1, Bl2] derived the same effective Hamiltonian
for isolated Bloch bands through a formal diagonalization of the full Hamil-
tonian in the Bloch-Floquet representation. It seems that his work remained
largely unnoticed due to its complexity. ♦
Remark 5.15. The results of this chapter hold analogously when the external
fields depend smoothly on time, cf. Remark 4.16. According to (4.44) the
subprincipal symbol (5.21) of the effective Hamiltonian picks up an additional
term

−i
〈
ψα(k −A(r, t)), ∂tψβ(k −A(r, t))

〉
= Ȧ(r, t) · A(k −A(r, t))αβ .

Hence Ȧ contributes, as expected, like an electric field to the Lorentz force
in (5.21). ♦

Theorem 5.11 is a direct consequence of the results proved in Propositions
5.16, 5.18 and 5.19. The proof of Corollary 5.12 is given at the end of this
section.

As explained before, the main idea of the proof is to adapt the gen-
eral scheme of space-adiabatic perturbation theory to the case of the Bloch
electron. While formally this seems straightforward, one must overcome two
mathematical problems. First of all, in the present case the symbols are un-
bounded -operator-valued functions. One can deal with unbounded-operator-
valued symbols by considering them as bounded operators from their domain
equipped with the graph norm into the Hilbert space, cf. e.g. [DiSj].

The second, more serious problem consists in setting up a Weyl calculus
for operators acting on spaces like L2

τ (Rd,Hf). This is done in Appendix B
and we will use in this section the terminology and notations introduced
there.

The results of Appendix B allow us to write the Hamiltonian Hε
BF as the

Weyl quantization H0(k, iε∇k) of the τ -equivariant symbol

H0(k, r) =
1
2

(−i∇x + k −A(r))2 + VΓ (x) + φ(r) (5.23)

acting on the Hilbert space Hf := L2(Tdx, ddx) with constant domain D :=
H2(Td). For sake of clarity, we spend two more words on this point. For any
fixed (k, r) ∈ R

2d, H0(k, r) is regarded as a bounded operator from D to Hf

which is τ -equivariant with respect to the bounded representation τ1 := τ |D
acting on D and the unitary representation τ2 := τ acting on Hf , cf. Definition
B.2. Then the general theory developed in Appendix B can be applied: The
usual Weyl quantization of H0 is an operator from S′(Rd,D) to S′(Rd,Hf)
given by

Ĥ0 =
1
2

(

− i∇y + k −A
(
iε∇k

))2

+ VΓ (y) + φ
(
iε∇k

)
. (5.24)
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Then Ĥ0 can be restricted to L2
loc(R

d,D), since A and φ are smooth and
bounded. Since H0 is a τ -equivariant symbol, Ĥ0 preserves τ -equivariance
and can then be restricted to an operator from L2

τ (Rd,D) to L2
τ (Rd,Hf). To

conclude that (5.24), restricted to L2
τ (R

d,D), agrees with (5.18), it is enough
to recall that i∇τ

k is defined as i∇k restricted to H1 ∩ Hτ and to use the
spectral calculus.

Moreover, if one introduces the order function w(k, r) := (1 + k2), then
H0 ∈ Swτ (L(D,H)). More generally, we will give the proofs for any symbol
H ∈ Swτ (ε,L(D,H)), whose principal symbol is then denoted by H0.

Warning: Note that in this chapter we use different symbol classes as com-
pared to Chapter 3, namely those defined in terms order functions.

Otherwise we now proceed along the lines of the general scheme of Chap-
ter 3. The basic strategy of the proof remains unchanged. However, since
several important technical details are different, we give full proofs in the
following instead of merely commenting on the changes.

5.2.1 The almost invariant subspace

In this section we construct the adiabatically decoupled subspace associ-
ated with an isolated family of bands. Given an isolated family of bands
{En(k)}n∈I , we change notation and define π0(k, r) = PI(k − A(r)). It
follows from the τ -equivariance of H0 and from the gap condition that
π0 ∈ S1

τ (L(Hf)).

Proposition 5.16. Let {En}n∈I be an isolated family of bands and let
Assumption (A1) be satisfied. Then there exists an orthogonal projection
Πε ∈ L(Hτ ) such that

[
Hε

BF, Π
ε
]

= O0(ε∞) (5.25)

and Πε = π̂ + O(ε∞), where π̂ is the Weyl quantization of a τ-equivariant
semiclassical symbol

π �
∑

j≥0

εjπj in S1
τ (ε,L(Hf)) ,

whose principal part π0(k, r) is the spectral projector of H0(k, r) corresponding
to the given isolated family of bands.

We first construct π on a formal symbol level.

Lemma 5.17. Let w(k, r) = (1 + k2). There exists a unique formal symbol

π =
∞∑

j=0

εjπj ∈ M1
τ (ε,L(Hf)) ∩Mw

τ (ε,L(Hf ,D))

such that π0(k, r) = PI
(
k −A(r)

)
and
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(i) π � π = π,
(ii) π∗ = π,
(iii) H �π − π �H = 0.

Proof. We construct the formal symbol π locally in phase space and obtain
by uniqueness, which can be proved as in Chapter 3, a globally defined formal
symbol.

Fix a point z0 = (k0, r0) ∈ R
2d. From the continuity of the map z �→ H(z)

and the gap condition it follows that there exists a neighborhood Uz0 of
z0 such that for every z ∈ Uz0 the set {En(z)}n∈I can be enclosed by a
positively-oriented circle Λ(z0) ⊂ C independent of z in such a way that
Λ(z0) is symmetric with respect to the real axis,

dist
(
Λ(z0), σ(H(z))

) ≥ 1
4
Cg for all z ∈ Uz0 (5.26)

and
Radius(Λ(z0)) ≤ Cr . (5.27)

The constant Cg appearing in (5.26) is the same as in Definition 5.7 and
the existence of a constant Cr independent of z0 such that (5.27) is satisfied
follows from the periodicity of {En(z)}n∈I and the fact that A and φ are
bounded. Indeed, Λ can be chosen Γ ∗-periodic, i.e. such that Λ(k0 +γ∗, r0) =
Λ(k0, r0) for all γ∗ ∈ Γ ∗.

Let us choose any ζ ∈ Λ(z0) and restrict all the following expressions to
z ∈ Uz0 . We will construct a formal symbol R(ζ) with values in L(Hf ,D) —
the local Moyal resolvent of H — such that

(H − ζ) �R(ζ) = 1Hf and R(ζ) � (H − ζ) = 1D on Uz0 . (5.28)

To this end let
R0(ζ) = (H − ζ)−1 ,

where according to (5.26) R0(ζ)(z) ∈ L(Hf ,D) for all z ∈ Uz0 , and, using dif-
ferentiability of H(z), ∂αz R0(ζ)(z) ∈ L(Hf ,D) for all z ∈ Uz0 . By construction
one has

(H − ζ) �R0(ζ) = 1Hf + O0(ε) ,

where the remainder is O(ε) in the L(Hf)-norm. We proceed by induction.
Suppose that

R(n)(ζ) =
n∑

j=0

εjRj(ζ)

with Rj(ζ)(z) ∈ L(Hf ,D) for all z ∈ Uz0 satisfies the first equality in (5.28)
up to O(εn+1), i.e.

(H − ζ) �R(n)(ζ) = 1Hf + εn+1En+1(ζ) + O0(εn+2) , (5.29)
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where En+1(ζ)(z) ∈ L(Hf). By choosing

Rn+1(ζ) = −R0(ζ)En+1 (5.30)

we obtain that R(n+1)(ζ) = R(n)(ζ) + εn+1Rn+1(ζ) takes values in L(Hf ,D)
and satisfies the first equality in (5.28) up to O(εn+2). Hence the formal
symbol R(ζ) =

∑∞
j=0 ε

jRj(ζ) constructed that way satisfies the first equal-
ity in (5.28) exactly. By the same argument one shows that there exists a
formal symbol R̃(ζ) with values in L(Hf ,D) which exactly satisfies the sec-
ond equality in (5.28). By the associativity of the Moyal product, they must
agree:

R̃(ζ) = R̃(ζ) � (H − ζ) �R(ζ) = R(ζ) on Uz0 .
Equations (5.28) imply that R(ζ) satisfies the resolvent equation

R(ζ) −R(ζ′) = (ζ − ζ′)R(ζ) �R(ζ′) on Uz0 (5.31)

for any ζ, ζ′ ∈ Λ(z0). From the resolvent equation it follows as in [PST1] that
the L(Hf ,D)-valued formal symbol π =

∑∞
j=0 ε

jπj defined through

πj(z) :=
i

2π

∮

Λ(z0)

dζ Rj(ζ, z) on Uz0 (5.32)

satisfies (i) and (ii) of Lemma 5.17. As for (iii) a little bit of care is required.
Let J : D → Hf be the continuous injection of D into Hf . Using (5.32)
and (5.31) it follows that π J �R(ζ) = R(ζ)J � π for all ζ ∈ Λ(z0). Moyal-
multiplying from left and from the right with H−ζ one finds H �π J = J π �H
as operators in L(D,Hf). However, by construction H �π takes values in
L(Hf) and, by density of D, the same must be true for π �H .

We are left to show that π ∈ M1
τ (ε,L(Hf)) ∩Mw

τ (ε,L(Hf ,D)). To this
end notice that by construction π inherits the τ -equivariance of H , i.e.

πj(k − γ∗, q) = τ(γ∗)πj(k, q) τ(γ∗)−1 .

From (5.32) and (5.27) we conclude that for each α ∈ N
2d and j ∈ N one has

‖(∂αz πj)(z)‖ ≤ 2πCr sup
ζ∈Λ(z0)

‖(∂αz Rj)(ζ, z)‖ , (5.33)

where ‖ · ‖ stands either for the norm of L(Hf) or for the norm of L(Hf ,D).
In order to show that π ∈ M1

τ (ε,L(Hf)) it suffices to consider z = (k, r) ∈
M∗ × R

d since τ(γ∗) is unitary and thus the L(Hf)-norm of π is periodic.
According to (5.33) we must show that

‖(∂αz Rj)(ζ, z)‖L(Hf ) ≤ Cαj ∀ z ∈ Uz0 , ζ ∈ Λ(z0) (5.34)

with Cαj independent of z0 ∈ M∗ × R
d.
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We prove (5.34) by induction. Assume, by induction hypothesis, that for
any j ≤ n one has that

Rj(ζ) ∈ S1
τ (L(Hf )) ∩ Swτ (L(Hf ,D)) (5.35)

uniformly in ζ, in the sense that the Fréchet semi-norms are bounded by
ζ-independent constants. Then, according to Proposition B.4, En+1(ζ), as
defined by (5.29), belongs to Sw

2

τ (L(Hf )) uniformly in ζ. By τ -equivariance,
the norm of En+1(ζ) is periodic and one concludes that En+1(ζ) ∈ S1

τ (L(Hf))
uniformly in ζ. It follows from (5.30) that (5.35) is satisfied for j = n + 1.

We are left to show that (5.35) is fulfilled for j = 0. We notice that
according to (5.26) one has for all z ∈ R

2d

‖R0(ζ)‖L(Hf ) = ‖(H(z) − ζ)−1‖L(Hf) =
1

dist(ζ, σ(H(z)))
≤ 4

Cg
.

By the chain rule,

‖(∂zR0)(ζ, z)‖L(Hf) = ‖(R0(ζ)(∂zH0)R0(ζ)
)
(z)‖L(Hf ) . (5.36)

Since ∂zH0 R0(ζ) is a τ -equivariant L(Hf)-valued symbol, its norm is pe-
riodic. Therefore it suffices to estimate its norm for z ∈ M∗ × R

d, which
yields the required bound. For a general α ∈ N

2d, the norm of ∂αz R0(ζ) can
be bounded in a similar way. This proves that R0(ζ) belongs to S1

τ (L(Hf))
uniformly in ζ.

On the other hand

‖R0(k, r)‖L(Hf ,D) = ‖(1 + ∆x)R0([k] + γ∗, r)‖L(Hf )

= ‖(1 + ∆x) τ(γ∗)R0([k], r)τ−1(γ∗)‖L(Hf )

≤ C ‖(1 + γ∗2)(1 + ∆x)R0([k], r)‖L(Hf )

≤ C′(1 + γ∗2) ≤ 2C′(1 + k2) ,

where we used the fact that ‖(1+∆x)R0(z)‖L(Hf) is bounded for z ∈ M∗×R
d.

The previous estimate and the fact that ∂zH0 R0(ζ) ∈ S1
τ (L(Hf)) yield

‖(∂zR0)(ζ, z)‖L(Hf ,D) = ‖(R0(ζ)(∂zH0)R0(ζ)
)
(z)‖L(Hf ,D)

≤ C(1 + k2) .

Higher order derivatives, are bounded by the same argument, yielding that
R0(ζ) belongs to Swτ (L(Hf ,D)) uniformly in ζ. This concludes the induction
argument.

From the previous argument it follows moreover that

‖(∂αz Rj)(ζ, z)‖L(Hf ,D) ≤ Cαj w(z) ∀ z ∈ Uz0 , ζ ∈ Λ(z0) (5.37)

with Cαj independent of z0 ∈ R
2d. By (5.33), this implies that π ∈

Mw
τ (ε,L(Hf ,D)) and concludes the proof. ��
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Proof (of Proposition 5.16). From the projector constructed in Lemma 5.17
one obtains, by resummation, a semiclassical symbol π ∈ S1

τ (ε,Hf) whose
asymptotic expansion is given by

∑

j≥0 ε
jπj . Then according to Proposition

B.5 Weyl quantization yields a bounded operator π̂ ∈ L(Hτ ), which is ap-
proximately a projector in the sense that

π̂2 = π̂ + O0(ε∞) and π̂∗ = π̂ .

We notice that Proposition B.4 implies that H �̃ π ∈ Sw
2

τ (ε,L(Hf)). But
τ -equivariance implies that the norm is periodic and then H �̃ π belongs
to S1

τ (ε,L(Hf)). Then π �̃H =
(
H �̃ π

)∗ belongs to the same class, so that
[H,π]̃� ∈ S1

τ (ε,L(Hf)). This a priori information on the symbol class, to-
gether with Lemma 5.17.(iii), assures that

[Ĥ, π̂] = O0(ε∞) (5.38)

with the remainder bounded in the L(Hτ )-norm.
In order to get a true projector, we proceed as in Section 3.1. For ε small

enough, let

Πε :=
i

2π

∫

|ζ−1|= 1
2

dζ (π̂ − ζ)−1 . (5.39)

Then it follows as in Section 3.1 that Πε 2 = Πε, Πε = π̂ + O0(ε∞) and

‖ [Ĥ,Πε] ‖L(Hτ ) ≤ C‖ [Ĥ, π̂] ‖L(Hτ) = O(ε∞) .

��

5.2.2 The intertwining unitaries

After we determined the decoupled subspace associated with an isolated fam-
ily of bands, we aim at an effective description of the dynamics inside this
subspace. In order to get a nice and workable formulation of the effective
dynamics, it is convenient to map the decoupled subspace to a simpler ref-
erence space. The natural reference Hilbert space for the effective dynamics
is K := L2(Td ∗) ⊗ C

� with � := dimPI(k). Notation will be simpler in the
following, if we think of the fibre C

� as a subspace of Hf . In order to con-
struct such a unitary mapping, we reformulate Assumption (A2) to get the
analogue of (3.17) in the general setting.

Assumption (A′
2). Let {En(k)}n∈I be an isolated family of bands and let

πr ∈ L(Hf) be an orthogonal projector with dimπr = �. There is a unitary-
operator-valued map u0 : R

2d → U(Hf) so that

u0(k, r)π0(k, r)u∗0(k, r) = πr (5.40)

for any (k, r) ∈ R
2d,
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u0(k + γ∗, r) = u0(k, r)τ(γ∗)−1 , (5.41)

and u0 belongs to S1(L(Hf)). ♦
Clearly,

u∗0(k + γ∗, r) = τ(γ∗)u∗0(k, r). (5.42)

An operator-valued symbol satisfying (5.42) (resp. (5.41)) is called left τ -
covariant (resp. right τ -covariant).

The equivalence of (A2) and (A′
2) can be seen as follows. According to

Assumption (A2), there exists an orthonormal basis {ψj(k)}�j=1 of RanPI(k)
which is smooth and τ -equivariant with respect to k. Let πr := π0(k0, r0) for
any fixed point (k0, r0). By the gap condition, dimπr = dimPI(k). Then for
any orthonormal basis {χj}�j=1 for Ranπr, the formula

ũ0(k, r) :=
�∑

j=1

|χj〉 〈ψj(k −A(r))| (5.43)

defines a partial isometry which can be extended to a unitary operator
u0(k, r) ∈ U(Hf). The fact that {ψj(k)}�j=1 spans RanPI(k) implies (5.40),
and the τ -equivariance of ψj(k) reflects in (5.41).

Viceversa, given u0 fulfilling Assumption (A′
2), one can check that the

formula
ψj(k −A(r)) := u∗0(k, r)χj ,

with {χj}�j=1 spanning Ranπr, defines an orthonormal basis for RanPI(k)
which satisfies Assumption (A2).

After these remarks recall that the goal of this section is to construct a
unitary operator which allow us to map the intraband dynamics from RanΠε

to an ε-independent reference space K ⊂ Href . Since all the twisting of Hτ

has been absorbed in the τ -equivariant basis {ψj}�j=1, or equivalently in u0,
the space Href can be chosen to be a space of periodic vector-valued functions,
i.e.

Href := L2
τ≡1(R

d,Hf) ∼= L2(Td ∗,Hf).

As in Chapter 3 we introduce the orthogonal projector Πr := π̂r ∈ L(Href)
since the effective intraband dynamics can be described in

K := RanΠr
∼= L2

τ≡1(R
d,C�) ∼= L2(Td ∗,C�)

as it will become apparent later on. Recall that � = dimPI(k) = dimπrand
that Assumption (A2) and therefor also Assumption (A′2) is automatically
satisfied, whenever d ≤ 3 or |I| = 1.

Proposition 5.18. Let {En}n∈I be an isolated family of bands and let As-
sumptions (A1) and (A′

2) be satisfied. Then there exists a unitary operator
Uε : Hτ → Href such that
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UεΠε Uε ∗ = Πr (5.44)

and Uε = û+ O0(ε∞), where u � ∑

j≥0 ε
juj belong to S1(ε,L(Hf)), is right

τ-covariant at any order and has principal symbol u0.

Proof. By using the same argument as in Lemma 3.15 , one constructs first
the formal symbol

∑

j≥0 ε
juj. Since u0 is right τ -covariant, one proves by

induction that the same holds true for any uj . Indeed, by referring to the
notation of Section 3.2, one has that

un+1 = (an+1 + bn+1)u0

with an+1 = − 1
2An+1 and bn+1 = [πr, Bn+1]. From the defining equation

u(n) � u(n)∗ − 1 = εn+1An+1 + O(εn+2)

and the induction hypothesis, it follows that An+1 is a periodic symbol. Then
w(n) := u(n) + εn+1an+1u0 is right τ -covariant. Then the defining equation

w(n) � π � w(n)∗ − πr = εn+1Bn+1 + O(εn+2)

shows that Bn+1 is a periodic symbol, and so is bn+1. Hence uj is right
τ -covariant, and there exists a semiclassical symbol u � ∑

j ε
juj so that

u ∈ S1(ε,L(Hf)).
One notices that right τ -covariance is nothing but a special case of (τ1, τ2)-

equivariance, for τ2 ≡ 1 and τ1 = τ . Thus it follows from Proposition B.5
that the Weyl quantization of u is a bounded operator û ∈ L(Hτ ,Href) such
that:

(i) û û∗ = 1Href + O0(ε∞) and û∗û = 1Hτ + O0(ε∞),
(ii) û Πε û∗ = Πr + O0(ε∞).

Finally we modify û as in Section 3.2 by an O0(ε∞)-term in order to get
the unitary operator Uε ∈ U(Hτ ,Href). ��

5.2.3 The effective Hamiltonian

The final step in space-adiabatic perturbation theory is to compute the ef-
fective Hamiltonian for the intra-band dynamics. This is done, in principle,
by projecting the full Hamiltonian Hε

BF to the decoupled subspace and after-
wards rotating to the reference space.

Proposition 5.19. Let {En}n∈I be an isolated family of bands and assume
(A1) and (A2). Let h be a resummation in S1

τ≡1(ε,L(Hf)) of the formal
symbol

h = u � π �H � π � u∗ ∈ M1
τ≡1(ε,L(Hf)) . (5.45)

Then ĥ ∈ L(Href), [ĥ, Πr] = 0 and
(
e−iHε

BFt − Uε ∗ e−iĥt Uε
)
Πε = O0(ε∞(1 + |t|)) . (5.46)
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Proof. In the proof we denote Hε
BF as Ĥ to emphasize the fact that it is the

Weyl quantization of H ∈ Swτ (ε,L(D,Hf)).
First note that (5.45) follows from the following facts: according to Lemma

5.17 and Proposition B.4 we have that

π �H � π ∈ Mw2

τ (ε,L(Hf)) = M1
τ (ε,L(Hf)) ,

where we used that τ is a unitary representation. With Proposition 5.18
it follows that h ∈ M1

τ≡1(ε,L(Hf)). Therefore ĥ ∈ L(Href) follows from
Proposition B.5, while [ĥ, Πr] = 0 is satisfied by construction.

It remains to check (5.46):

(
e−iĤt − Uε ∗ e−iĥt Uε

)
Πε =

(
e−iĤt − e−iUε ∗ ĥ Uεt

)
π̂ + O0(ε∞)

=
(
e−iπ̂Ĥπ̂t − e−iUε ∗ ĥ Uεt

)
π̂ + O0(ε∞)

= O(ε∞(1 + |t|)) ,

where the last equality follows from the usual Duhammel argument and the
fact that the difference of the generators is O0(ε∞) in the norm of bounded
operators by construction. ��

Since [ĥ, Πr] = 0, the effective Hamiltonian will be regarded, without
differences in notation, either as an element of L(Href) or as an element of
L(K).

We now compute the principal and the subprincipal symbol of ĥ for the
special but most relevant case of an isolated �-fold degenerate eigenvalue,
i.e. En(k) ≡ E(k) for every n ∈ I, |I| = �. Recall that in this special case
Assumption (A2) is equivalent to the existence of an orthonormal system of
smooth and τ -equivariant Bloch functions corresponding to the eigenvalue
E(k). If � = 1 or d ≤ 3, then Assumption (A2) is always satisfied. The part
of u0 intertwining π0 and πr is given by Equation (5.43) where ψj(k) are now
Bloch functions, i.e. eigenvectors of Hper(k) to the eigenvalue E(k).

Proof (of Corollary 5.12). In the following h is identified with πrhπr and
regarded as a L(C�)-valued symbol. We consider the matrix elements

h(k, r)αβ := 〈χα, h(k, r)χβ〉

for α, β ∈ {1, . . . , �}, where we recall that χα = u0(k, r)ψα(k −A(r)). Equa-
tion (5.20) follows immediately from the fact that h0 = u0H0 u

∗
0 and that

ψα are Bloch functions. As for h1, we use the general formula (3.40), which
reads applied to the present setting as

h1αβ(k, r) = −i
〈
ψα(k̃), {E(k̃) + φ(r), ψβ(k̃)}〉

− i
2

〈
ψα(k̃), {(Hper(k̃) − E(k̃)), ψβ(k̃)}

〉
. (5.47)
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Here {A,ϕ} = ∇rA · ∇kϕ − ∇kA · ∇rϕ are the Poisson brackets for an
operator-valued function A(k, r) acting on a vector-valued function ϕ(k, r).
We need to evaluate (5.47). Inserting (5.43) and performing a straightforward
computation the first term in (5.47) gives the first term in (5.21) while the
second term contributes to the αβ matrix element with

i
2

d∑

j,l=1

(
∂jAl − ∂lAj

)
(r)

〈
ψα(k̃), ∂l(Hper − E)(k̃) ∂jψβ(k̃)

〉

Hf
.

The derivative on (Hper−E) can be moved to the first argument of the inner
product by noticing that

0 = ∇〈
ψα, (Hper − E)φ

〉
=

〈∇ψα, (Hper − E)φ
〉

+
〈
ψα,∇(Hper − E)φ

〉

since ψα is in the kernel of (Hper − E). Finally the imaginary part of

i
2

d∑

j,l=1

(
∂jAl − ∂lAj

)
(r)

〈
∂lψα(k̃), (Hper − E)(k̃) ∂jψβ(k̃)

〉

Hf

vanishes, as can be seen by direct computation, concluding the proof. ��

5.3 Semiclassical dynamics for Bloch electrons

In Section 3.4.1 we discussed at length how to use the ε-independent classical
flow generated by the principal symbol of the effective Hamiltonian in order
to propagate semiclassical observables accurately to leading order in ε.

In this section we take a slightly different attitude and show how to in-
corporate the first order correction into the ε-dependent classical flow gen-
erated by the dynamical equations (5.4). The program is performed in two
steps and it constitutes a slightly simpler version of the strategy presented
in Section 4.1.3 for the Dirac equation. We first prove an Egorov theorem for
observables in the reference representation and then, in order to obtain the
result for the physical observables in Theorem 5.2, we translate the results
from the reference representation on Href back to the original representation
on L2(Rd).

Before performing this program, it is worthwhile to show that the semi-
classical equations (5.4) are Hamiltonian equations with respect to a suitable
symplectic structure. The Hamiltonian formulation has the advantage that
the existence of global solutions of (5.4) follows immediately, and that it
becomes straightforward to deal with questions related to symmetries and
conserved quantities.

The dynamical equations (5.4), which define the ε-corrected semiclassical
model, are given by
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q̇ = ∇πHsc(q, π) − ε π̇ ×Ωn(π) ,

π̇ = −∇qHsc(q, π) + q̇ ×B(q)
(5.48)

with Hamiltonian

Hε
sc(q, π) = En(π) + φ(q) − εMn(π) ·B(q).

Recall that we are using the notation introduced in Remark 5.13 and that
B and Ωn are the 2-forms corresponding to the magnetic field and to the
curvature of the Berry connection, i.e. in components

B(q)ij =
(
∂iAj − ∂jAi

)
(q)

for i, j ∈ {1, . . . , d}, and

Ωn(π)ij =
(
∂iAj − ∂jAi

)
(π) .

We fix the system of coordinates z = (q, π) in R
2d. The standard symplectic

form Θ0 = Θ0(z)lm dzm∧dzl, where l,m ∈ {1, . . . , 2d}, has coefficients given
by the constant matrix

Θ0(z) =
(

0 −1Rd

1Rd 0

)

.

The symplectic form, which turns (5.48) into Hamilton’s equation of motion
for Hsc, is given by the 2-form ΘB, ε = ΘB, ε(z)lm dzm ∧ dzl with coefficients

ΘB, ε(q, π) =
(
B(q) −1Rd

1Rd εΩn(π)

)

. (5.49)

For ε = 0 the 2-form ΘB, ε coincides with the magnetic symplectic form
ΘB usually employed to describe in a gauge-invariant way the motion of a
particle in a magnetic field ([MaRa], Section 6.6). For ε small enough, the
matrix (5.49) defines a symplectic form, i.e. a closed non-degenerate 2-form.
Indeed, since detΘB = 1 it follows that, for ε small enough, ΘB, ε is not
degenerate. In particular it is sufficient to choose

ε < sup
q,π∈Rd

(‖B(q)Ωn(π)‖ + ‖Ωn(π)‖).

The closedness of ΘB, ε follows from the fact that B and Ωn correspond to
closed 2-forms over R

d.
With these definitions the corresponding Hamiltonian equations are

ΘB, ε(z) ż = dHsc(z) ,

or equivalently
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(
B(q) −1Rd

1Rd εΩn(π)

)(
q̇
π̇

)

=
(∇qH(q, π)
∇πH(q, π)

)

,

which agrees with (5.48). We notice that our discussion remains valid if Ωn
admits a potential only locally, as it happens generically for magnetic Bloch
bands.

We now turn to the derivation of the semiclassical model (5.4). Hence we
assume that the isolated family of bands consists of a single non-degenerate
Bloch band En(k). We start with Egorov’s theorem for observables in the ref-
erence space. As the only difference to the standard presentation of Egorov’s
theorem as in Section 3.4.1 we treat the first order corrections by considering
an ε-dependent Hamiltonian flow instead of having a separate dynamics for
the subprincipal symbol of an observable.

Proposition 5.20. Let En be an isolated non-degenerate Bloch band and let
ĥ be the effective Hamiltonian constructed in Theorem 5.11, which acts on
the reference space K = L2

τ≡1(R
d) of Γ ∗-periodic L2

loc-functions. Let Φ̃t :
R

2d → R
2d be the Hamiltonian flow generated by the Hamiltonian function

hcl(k, r) = h0(k, r) + εh1(k, r) .

Then for any semiclassical observable â with a ∈ S1(ε,C) we have that

∥
∥ eiĥt/ε â e−iĥt/ε − ̂

a ◦ Φ̃t ∥∥ = O(ε2) (5.50)

uniformly for any finite interval in time.

Proof. Since the Hamiltonian function is bounded with bounded derivatives,
it follows immediately that a ◦ Φ̃t ∈ S1(ε) and that d

dt (a ◦ Φ̃t) ∈ S1(ε).
Therefore the proof is just the standard computation of Theorem 3.26

eiĥt/ε â e−iĥt/ε − ̂
a ◦ Φ̃t =

∫ t

0

dt′
d
dt′

(

eiĥt′/ε ( ̂
a ◦ Φ̃t−t′) e−iĥt′/ε

)

=
∫ t

0

dt′ eiĥt′/ε
(

i
ε

[

ĥ,
( ̂
a ◦ Φ̃t−t′)

]

−
(

d
dt′ (a ◦ Φ̃t−t′)

)̂
)

e−iĥt′/ε ,

together with the fact that the integrand is O(ε2) in the norm of bounded
operators, since by construction

d
dt′

(a ◦ Φ̃t−t′) =
{
hcl, a ◦ Φ̃t−t′

}

and, computing the expansion of the Moyal product according to Equa-
tion (A.11),

i
ε

[

h, a ◦ Φ̃t−t′
]

�̃
=

{
hcl, a ◦ Φ̃t−t′

}
+ O(ε2) .

��
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In order to obtain the Egorov theorem for the physical observables, we
need to undo the transformation to the reference space and the Bloch-Floquet
transformation. We start with the simpler observation on how the Bloch-
Floquet transformation maps semiclassical observables.

Proposition 5.21. Let a ∈ S1(ε,C) be Γ ∗-periodic, i.e. a(q, p+γ∗) = a(q, p)
for all γ∗ ∈ Γ ∗. Let b(k, r) = a(r, k) then b ∈ S1

τ (ε,C) and

â = U∗ b̂U ,

where the Weyl quantization is in the sense of â = a(εx,−i∇x) acting on
L2(Rd) and b̂ = b(k, εi∇k) acting on Hτ .

Remark 5.22. An analogous statement cannot be true for general operator-
valued τ -equivariant symbols. For example, the symbol b(k, r) := Hper(k −
A(r)) is τ -equivariant and in particular a semiclassical observable. However,
the corresponding operator in the original representation is

U∗ b̂U = −1
2
(− i∇x −A(εx)

)2
+ VΓ (x)

which cannot be written as a ε-pseudodifferential operator with scalar sym-
bol. ♦
Proof. We give the proof for a(·, p) ∈ S(Rd). The general result follows from
standard density arguments, cf. [DiSj]. For ψ ∈ S(Rd) we have according to
(B.1) the explicit formula

(
a(εx,−i∇x)ψ

)
(x) =

1
(2π)d/2

∑

γ∈Γ

∫

Rd

dη
(Fa)(η, γ) eiε(η·γ)/2eiεη·xψ(x + γ) .

(5.51)
On the other hand for (Uψ)(k, r) =: ϕ(k, r) by definition it holds that

(
b(k, iε∇k)ϕ

)
(k, r) =

∑

γ∈Γ

∫

Rd

dη
(Fb)(γ, η) e−iε(η·γ)/2eiγ·kϕ(k − εη, r) .

(5.52)
The assumptions on a and ψ guarantee that all the integrals and sums in the
following expressions are absolutely convergent and thus that interchanges in
the order of integration are justified by Fubini’s theorem.

We compute the inverse Bloch-Floquet transform of (5.52) using (5.10),
(U−1b̂ ϕ

)
(x) = (5.53)

=
∑

γ∈Γ

∫

M∗
dk

∫

Rd

dη
(Fb)(γ, η) eik·xe−iε(η·γ)/2eiγ·kϕ(k − εη, [x])

=
∑

γ∈Γ

∫

Rd

dη
(Fb)(γ, η)eiε(η·γ)/2eiεη·x

∫

M∗
dk ei(k−εη)·(x+γ)ϕ(k − εη, [x]) .
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The τ -equivariance of ϕ implies that the function f(k, y) := eik·yϕ(k, [y]) is
exactly periodic in the first variable. Then the integral in dk can be shifted
by an arbitrary amount, so that
∫

M∗
dk ei(k−εη)·(x+γ)ϕ(k−εη, [x]) =

∫

M∗
dk eik·(x+γ)ϕ(k, [x+γ]) = ψ(x+γ) .

Inserting this expression in the last line of (5.53) and comparing with (5.51)
concludes the proof. ��

Before we arrive at the proof of Theorem 5.2, we must also understand
how the unitary map constructed in Section 5.2.2 maps observables in the
Bloch-Floquet representation to observables in the reference representation.

Proposition 5.23. Let b ∈ S1(ε,C) be Γ ∗-periodic in the first argument.
Let Uε : Πε

nHτ → K be the unitary map constructed in Section 5.2.2. Then

UεΠε
n b̂ Π

ε
n U

ε ∗ = ĉ + O(ε2) ,

where c(ε, k, r) =
(
b ◦ T )

(k, r) with

T : R
2d → R

2d , (k, r) �→
(

k+ εAm

(
k−A(r)

)∇Am(r), r+ εA(
k−A(r)

))

.

Here and in the following summation over indices appearing twice is implicitly
assumed.

Proof. In order to compute c = u � π � b � π � u∗, observe that, since b is scalar-
valued, the principal symbol remains unchanged, i.e. c0 = u0 π0 b0 π0 u

∗
0 = b0.

For the subprincipal symbol we use the general transformation formula (3.40)
obtained for the Hamiltonian, which applies to all operators whose principal
symbol commutes with π0. In this case the eigenvalue E in (3.40) must be
replaced by the corresponding principal symbol. Hence we find that

c1(k, r) = −i
〈
ψ(k −A(r)), {b0(k, r), ψ(k −A(r))}〉

+ 〈ψ(k −A(r)), b1(k, r)ψ(k −A(r))〉
= ∂knb0(k, r) i

〈
ψ(k −A(r)), ∂mψ(k −A(r))

〉
∂nAm(r)

+ ∂rnb0(k, r) i
〈
ψ(k −A(r)), ∂nψ(k −A(r))

〉
+ b1(k, r)

= ∂knb0(k, r)Am(k −A(r)) ∂nAm(r)
+ ∂rnb0(k, r)An(k −A(r)) + b1(k, r) ,

where summation over indices appearing twice is implicit. Now a comparison
with the Taylor expansion of

(
b◦T )

(k, r) in powers of ε proves the claim. ��
We have now all the ingredients needed for the
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Proof (of Theorem 5.2). Let a ∈ C∞b (R2d) be Γ ∗-periodic in the second
argument, then according to Proposition 5.21 we have

Πε
n eiHεt/ε â e−iHεt/εΠε

n = U∗Πε
n eiHε

BFt/ε b̂ e−iHε
BFt/εΠε

n U (5.54)

with b(k, r) = a(r, k). With Theorem 5.11 and Proposition 5.23 we find that

Πε
n eiHε

BFt/ε b̂ e−iHε
BFt/εΠε

n = Uε ∗ eiĥt/ε ĉ e−iĥt/ε Uε + O(ε2) , (5.55)

where c(ε, k, r) =
(
b◦T )

(k, r). Now we can apply Proposition 5.20 to conclude
that

eiĥt/ε ĉ e−iĥt/ε = ̂(
c ◦ Φ̃t) + O(ε2).

Since, for ε sufficiently small, T is a diffeomorphism, we can write

c ◦ Φ̃t = c ◦ T−1 ◦ T ◦ Φ̃t ◦ T−1 ◦ T =: c ◦ T−1 ◦ Φt ◦ T = b ◦ Φt ◦ T ,

where the flow Φ
t

ε in the new coordinates will be computed explicitly below.
Inserting the results into (5.55), we obtain

Πε
n eiHε

BFt/ε b̂ e−iHε
BFt/εΠε

n = Uε ∗ ̂(
b ◦ Φt ◦ T )

Uε + O(ε2)

= Πε
n

̂(
b ◦ Φt)Πε

n + O(ε2) ,

where we used Proposition 5.23 for the second equality. Inserting into (5.54)
we finally find that

Πε
n eiHεt/ε â e−iHεt/εΠε

n = Πε
n

̂(
a ◦ Φt)Πε

n + O(ε2) , (5.56)

where we did not make the exchange of the order of the arguments in a
explicit.

Since we can compute the flow only approximately and only through its
vector field, we make use of the following lemma.

Lemma 5.24. Let Φi : R
2d×R → R

2d be the flow associated with the vector
field vi ∈ C∞b (R2d,R2d), i = 1, 2.

(i) If for all α ∈ N
2d there is a cα < ∞ such that

sup
x∈R2d

| ∂α (v1 − v2)(x)| ≤ cα ε
2 ,

then for each bounded interval I ⊂ R there are constants CI,α < ∞ such
that

sup
t∈I,x∈R2d

| ∂α (Φt1 − Φt2)(x)| ≤ CI,α ε
2 . (5.57)
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(ii) Let a ∈ S1(ε,C). If (5.57) holds for the flows Φ1, Φ2, then there is a
constant C < ∞, such that for all t ∈ I

∥
∥ â ◦ Φt1 − â ◦ Φt2

∥
∥
L(L2(Rd))

≤ C ε2 .

Proof. Assertion (i) is just a simple application of Gronwall’s lemma. Asser-
tion (ii) follows from the fact that the norm of the quantization of a symbol in
S1 is bounded by a constant times the sup-norm of finitely many derivatives
of the symbol, which are O(ε2) according to (5.57). ��

According to assertion (ii) of the lemma it suffices to show that

Φ
t
(q, p) =

(

Φtn q(q, p−A(q)), Φtn π(q, p−A(q)) +A(q)
)

+ O(ε2)

in the above sense, where Φtn is the flow of (5.4). And from assertion (i) we
infer that it suffices to prove the analogous properties on the level of the
vector fields.

Through a subsequent change of coordinates we aim at computing the
vector field of Φtn up to an error of order O(ε2). We start with the vector
field of Φ̃t. The effective Hamiltonian on the reference space including first
order terms reads

h(r, k) = En(k −A(r)) + φ(r) (5.58)

− ε
(

FLor(r,∇En(k −A(r))) · A(k −A(r)) +B(r) ·M(k −A(r))
)

,

with the Lorentz force

FLor(r,∇En(k −A(r))) = −∇φ(r) + ∇En(k −A(r)) ×B(r) .

To simplify the computation we switch to the kinetic momentum k̃ = k−A(r).
A straightforward computation, which is explained below, yields

ṙ = ∇En(k̃) − ε∇k̃

(

A(k̃) · FLor(r, k̃) +B(r) ·M(k̃)
)

,
(5.59)

˙̃
k = −∇φ(r) + ṙ × B(r) + ε∇r

(

A(k̃) · FLor(r, k̃) +B(r) ·M(k̃)
)

.

As the next step we perform the change of coordinates induced by T ,

q = r + εA(k̃) , p = k̃ −A(r) + ε∇r

(A(k̃) · A(r)
)
, (5.60)

and then switch to the kinetic momentum

π = p−A(q) = k̃ + εAl(k̃)∇Al(r) − εAl(k̃)∂lA(r) + O(ε2)

= k̃ + εA(k̃) ×B(r) + O(ε2) , (5.61)

where we used Taylor expansion. The inverse transformations are
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r = q − εA(π) + O(ε2) and k̃ = π − εA(π) ×B(q) + O(ε2) ,

which, inserted into (5.59), yield (5.4).
This concludes our proof. However, since the corrected semiclassical equa-

tions (5.4) constitute a novel result, we supply the details of the computations
skipped before. The canonical equations of motion of the Hamiltonian (5.58)
are, componentwise,

ṙj = ∂kjh(r, k) = ∂kjEn(k −A(r))

−ε ∂kj

(

FLor(r, k −A(r)) · A(k −A(r)) +B(r) ·M(k −A(r))
)

,

k̇j = −∂rjh(r, k) = −∂jφ(r) + ∂lEn(k −A(r))∂jAl(r)

− ε ∂kl

(

A(k −A(r)) · FLor(r, k −A(r)) +B(r) ·M(k −A(r))
)

∂jAl(r)

− εAl(k −A(r))
(

∂j∂lφ(r) − (∇En(k −A(r)) × ∂jB(r)
)

l

)

+ ε ∂jB(r) ·M(k −A(r)) ,

with the convention to sum over repeated indices. Substituting k̃ = k−A(r)
one obtains

ṙj = ∂jEn(k̃) − ε ∂k̃j

(

FLor(r, k̃) · A(k̃) +B(r) ·M(k̃)
)

and

˙̃
kj = k̇j − ∂lAj(r) ṙl

= − ∂jφ(r) + ∂lEn(k̃) ∂jAl(r)

− ε ∂kl

(

A(k̃) · FLor(r, k̃) +M(k̃) ·B(r)
)

∂jAl(r)

+ εAl(k̃) ∂rjFLor l(r, k̃) + ε ∂jB(r) ·M(k −A(r)) − ∂lAj(r) ṙl

= − ∂jφ(r) + ṙl

(

∂jAl(r) − ∂lAj(r)
)

+ εAl(k̃) ∂rjFLor l(r, k̃) + ε ∂jB(r) ·M(k̃)

= − ∂jφ(r) +
(
ṙ ×B(r)

)

j
+ εAl(k̃) ∂rjFLor l(r, k̃) + ε ∂jB(r) ·M(k̃) ,

as claimed in (5.59).
Next we substitute (5.60) and (5.61). In the following computations we

frequently use Taylor expansion to first order and drop terms of order ε2

without notice. In particular in the terms of order ε one can replace r by q
and k̃ by π. We find that

q̇j = ṙj + ε Ȧj(π)

= ∂jEn(π) − ε
(

A(π) ×B(q)
)

l
∂l∂jEn(π)
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− ε ∂πj

((−∇φ(q) + ∇En(π) ×B(q)
)

l
Al(π) +B(q) ·M(π)

)

+ ε∂lAj π̇l

= ∂jEn(π) − επ̇l

(

∂jAl − ∂lAj

)

− εB(q) · ∂jM(π)

= ∂jEn(π) − ε
(
π̇ ×Ω(π)

)

j
− εB(q) · ∂jM(π) ,

where we used already that π̇ = FLor + O(ε). Thus we obtained the first
equation of (5.4). For the second equation we find

π̇j = ˙̃
kj + ε

d
dt

(

A(π) ×B(q)
)

= − ∂jφ(q) + εAl(π)∂l∂jφ(q)

+
(
q̇ ×B(q)

)

j
− ε

(Ȧ(π) ×B(q)
)

j
− ε

(

q̇ × (Al(π)∂lB(q)
))

j

+ εAl(π)∂qjFLor l(q, π) + ε ∂jB(q) ·M(π)

+ ε
(Ȧ(π) ×B(q)

)

j
+ ε

(

A(π) × (
q̇l∂lB(q)

))

j

= − ∂jφ(q) +
(
q̇ ×B(q)

)

j
+ ε ∂jB(q) ·M(π) ,

where the fact that

εA�(π)
(

∂qjFLor l(q, π) + ∂l∂jφ(q)
)

= εAl(π)
(

q̇ × ∂jB(q)
)

l
+ O(ε2)

cancels the remaining two terms is not so obvious, but can be checked by
direct computation. ��



6 Adiabatic decoupling without spectral gap

Until recently the gap condition in adiabatic theorems was assumed to be
essential and irreplaceable. Following the proof of the standard first order
time-adiabatic theorem of Section 2.1, one finds that the gap condition enters
in two ways.

(i) It is needed in order to conclude from the regularity of the Hamiltonian
H(t) as a function of t on the regularity of the spectral projection P∗(t)
as a function of t, cf. the argument before Lemma 2.4.

(ii) To show that the difference of the full and the adiabatic time-evolution
stays of order ε even for macroscopic times, this difference was written
as the integral over an oscillating function. The minimal frequency of
this function is proportional to the size of the gap. As a consequence the
averaging argument over long times fails, whenever the gap closes.

In the present chapter we develop a time-adiabatic theorem and a space-
adiabatic theorem without gap condition. Problem (i) in the above list is ba-
sically solved by assumption, i.e. in adiabatic theorems without gap condition
the smoothness of the projections must be assumed. Problem (ii) is solved
by a more careful analysis. The basic idea is very simple: In the presence of
a spectral gap the reduced resolvent R(E) (1 − PE) = (H − E)−1 (1 − PE)
is a bounded operator. Here E is an eigenvalue of H and PE the corre-
sponding spectral projection. The standard proof of the adiabatic theorem
as presented in Section 2.1 basically estimates the non-adiabatic transitions
by ε supt ‖R(E(t)) (1 − PE(t))‖ ≤ εC. Without a spectral gap the reduced
resolvent is not a bounded operator anymore, a failure which can be cured by
moving into the complex plane and considering R(E + iδ) instead. While for
space-adiabatic theory without gap condition some assumptions about the
limiting behavior of R(E + iδ) as δ → 0 must be made, the following variant
of a lemma due to Avron and Elgart [AvEl1] can be used to prove a general
time-adiabatic theorem without gap condition.

Lemma 6.1. Let H be a self-adjoint operator on some Hilbert space H. Let
E be an eigenvalue of H with spectral projection PE. Then for all ψ ∈ H

lim
δ→0

δ ‖ (H − E − iδ)−1 (1− PE)ψ ‖ = 0 . (6.1)

S. Teufel: LNM 1821, pp. 173–201, 2003.
c© Springer-Verlag Berlin Heidelberg 2003
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Notice that this result is not completely obvious, since the simple norm esti-
mate

‖ (H − E − iδ)−1 (1− PE) ‖ ≤ 1/dist
(
E + iδ, σ(H(1 − PE))

) ≤ 1/δ

would not yield the desired convergence.

Proof (of Lemma 6.1). Let ϕ = (1 − PE)ψ, then

lim
δ→0

‖δ R(E + iδ) (1 − PE)ψ‖2 = lim
δ→0

‖ δR(E + i δ, t)ϕ‖2 (6.2)

= lim
δ→0

∫

R

µϕ(dλ)
δ2

(λ− E)2 + δ2
= µϕ(E) ,

where µϕ denotes the spectral measure of H for ϕ. Since ϕ ∈ Ran(1 − PE)
and PE is the spectral projection corresponding to E, µϕ(E) = 0 follows. ��
This lemma allows one to prove a time-adiabatic theorem without gap condi-
tion under very general assumptions. On the other hand, if one is interested in
the rate of convergence of the adiabatic limit, better estimates for the reduced
resolvent are needed, and, as we shall see, available in the main application
discussed in Section 6.3.

While there is no qualitative difference between the time-adiabatic and
the space-adiabatic theorems with gap condition, it turns out that this is
no longer so in the presence of eigenvalue crossings, i.e. a particular case
when the gap condition fails. The reason is, roughly speaking, that in the
time-adiabatic case all states move through the crossing at the same fixed
speed, while in the space-adiabatic setting some states might remain near
the crossing for very long times. As a consequence uniform results require
much stronger assumptions in the space-adiabatic setting than in the time-
adiabatic setting. In particular, a countable number of eigenvalue crossings
is allowed in the time-adiabatic theorem, Theorem 6.2. For further details we
refer to Remark 6.5.

General time-adiabatic results without gap condition are only quite recent
and were obtained independently by Bornemann [Bor] and by Avron and
Elgart [AvEl1]. The material of this chapter is taken from [Te1] and [Te2].
In [Te1] the proof of [AvEl1] is simplified considerably and at the same time
the result is improved. The translation of the method to the space-adiabatic
setting was first done in [Te2].

6.1 Time-adiabatic theory without gap condition

Recall the Schrödinger equation with time dependent Hamiltonian

iε
d
dt

Uε(t, t0) = H(t)Uε(t, t0) , Uε(t0, t0) = 1 . (6.3)
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Here H(t), t ∈ J is a family of self-adjoint operators on some Hilbert space
H with a common dense domain D.

Let Uεa (t, t0) denote again the adiabatic time evolution given as the so-
lution of (6.3) with H(t) replaced by Ha(t) := H(t) + i ε [Ṗ (t), P (t)]. Recall
that the adiabatic evolution exactly intertwines P (t0) and P (t), i.e.

Uε∗a (t, t0)P (t)Uεa (t, t0) = P (t0) . (6.4)

Theorem 6.2. Let H(·) satisfy the assumptions of Proposition 2.1. Suppose
that E(t) is an eigenvalue of H(t) and that P (t) is a family of finite rank
projections such that H(t)P (t) = E(t)P (t) for all t ∈ J , P (·) ∈ C2

b(J,L(H))
and such that P (t) is the spectral projection of H(t) on {E(t)} for almost all
t ∈ J . Then the solution Uε(t, t0) of (6.3) satisfies for each bounded interval
J ′ ⊆ J and t0 ∈ J ′

lim
ε→0

sup
t∈J′

‖Uε(t, t0) − Uεa (t, t0) ‖L(H) = 0 . (6.5)

Note that if E(t) crosses a different eigenvalue E1(t) at some time t = t0,
i.e. E(t) = E1(t) only for t = t0, then the rank of the spectral projection
P{E(t)}(H(t)) jumps and thus it is not even continuous at t = t0. If it is
possible to continue P{E(t)}(H(t)) through the crossing in a differentiable
way, such a crossing (actually a countable number of them) is included in the
above formulation of the theorem.

The proof of Theorem 6.2 will actually yield simple criteria for estimat-
ing the order of the error in (6.5). These criteria are basically assumptions
on the rate of convergence in (6.1) for the reduced resolvent. We omit the
corresponding discussion at this point and refer to [Te1] and to Section 6.2,
where the space-adiabatic theorem without gap condition will be presented
with all details.

A different approach to the adiabatic theorem without gap condition is
due to Bornemann [Bor]. His result was the motivation for relaxing the “spec-
trality” condition from P (t) = P{E(t)}(H(t)) for all t ∈ J , as in [AvEl1], to
P (t) = P{E(t)}(H(t)) for almost all t ∈ J , as in [Bor]. However, while his
approach based on weak convergence arguments is quite flexible and elegant,
it yields only the adiabatic decoupling of the subspace, i.e.

lim
ε→0

sup
t∈J′

‖ (1 − P (t))Uε(t, t0)P (t0) ‖L(H) = 0 , (6.6)

but not the effective dynamics inside the subspace as in (6.5).

Proof (of Theorem 6.2). To simplify notation, we set without loss of general-
ity t0 = 0 and abbreviate Uε(t, 0) as Uε(t). Next note that the adiabatic prop-
agator is well defined and leaves invariant D, since Ha(t) satisfies the assump-
tions of Proposition 2.1. This is the reason for requiring P (·) ∈ C2(J,L(H)),
as for the remainder of the proof P (·) ∈ C1(J,L(H)) would suffice, cf. [Te2].
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We proceed as in Chapter 2 and express the difference of the unitaries in
terms of the difference of the generators,

‖Uε(t) − Uεa (t)‖ = ‖
∫ t

0

dt′
d
dt

(

Uε∗(t′)Uεa (t)
)

‖

= ‖
∫ t

0

dt′ Uε∗(t′)[Ṗ (t′), P (t′)]Uεa (t′)‖ . (6.7)

If one can find bounded operators X(t), Y (t) satisfying

[Ṗ (t), P (t)] = [H(t), X(t)] + Y (t) , (6.8)

then the integrand in (6.7) can be written as a time derivative plus a remain-
der,

Uε∗[Ṗ , P ]Uεa = −i ε
d
dt

(

Uε∗X UεUε∗Uεa
)

+ i ε
(

Uε∗X [Ṗ , P ]Uεa + Uε∗ẊUεa

)

+Uε∗ Y Uεa , (6.9)

and (6.9) in (6.7) yields the bound

sup
t∈J′

‖Uε(t) − Uεa (t)‖ ≤

ε sup
t∈J′

2(1 + ‖Ṗ (t)‖) ‖X(t)‖ +
∫ t

0

dt′
(

ε ‖Ẋ(t′)‖ + ‖Y (t′)‖
)

. (6.10)

The proof as given in Section 2.1 corresponds to the choice

Xgap(t) := R(E(t), t)Ṗ (t)P (t) + P (t)Ṗ (t)R(E(t), t) ,

Ygap(t) ≡ 0 .

Indeed, in the presence of a gap δ separating E(t) from the rest of the spec-
trum of H(t), Xgap(t), Ygap(t) would be a solution of (6.8) with Xgap(·) ∈
C1(J ′,L). This is because

Ṗ (t) = (1 − P (t)) Ṗ (t)P (t) + P (t) Ṗ (t) (1 − P (t)) (6.11)

and thus

‖R(E(t), t)Ṗ (t)P (t)‖ = ‖R(E(t), t)(1 − P (t)) Ṗ (t)P (t)‖ ≤ ‖Ṗ (t)‖/δ .
Hence, in the presence of a gap (6.10) gives the standard result of Section 2.1:

sup
t∈J′

‖Uεa (t) − Uε(t)‖ = O(ε) .

Instead of using a cutoff function g̃ to define R(E(t), t) g̃((H(t)−E(t))/δ)
in absence of a gap as in [AvEl1], we shift the resolvent into the complex
plane and define
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Xδ(t) := R(E(t) − i δ, t) Ṗ (t)P (t) + adj. = Xδ(t)P (t) + adj. ,
Yδ(t) := i δR(E(t) − i δ, t) Ṗ (t)P (t) − adj. = Yδ(t)P (t) − adj. .

Here again “± adj.” means that the adjoint of the first term in the sum is
added resp. subtracted. With our definition the fact that Xδ(t) and Yδ(t)
solve (6.8) is obvious and the following bounds have elementary proofs even
in the case of unbounded H(t).

We will show that Xδ(·), Yδ(·) ∈ C1
b(J ′,L) for δ ∈ (0, 1] and that for some

constant C < ∞

sup
t∈J′

‖Xδ(t)‖ ≤ C

δ
, sup

t∈J′

∥
∥
∥Ẋδ(t)

∥
∥
∥ ≤ C

δ2
, sup

t∈J′,δ∈(0,1]

‖Yδ(t)‖ < ∞ (6.12)

and
‖Yδ(t)‖ → 0 as δ → 0 (6.13)

for almost all t ∈ J ′. Then the theorem follows by inserting (6.12) and
(6.13) into (6.10), using dominated convergence and choosing δ = δ(ε) with
limε→0 δ(ε) = 0 and limε→0 δ

2(ε)/ε = ∞.
It suffices to establish (6.12)–(6.13) for Xδ(t)P (t) resp. Yδ(t)P (t), since

the adjoints have the same norms. The first and the third bound in (6.12)
follow from ‖R(E(t)−i δ, t)‖ ≤ 1/δ and from P (·) ∈ C2

b(J ′,L). For the second
bound observe that

d
ds

R(E(t) − i δ, t) = −R(E(t) − i δ, t)(Ḣ(t) − Ė(t))R(E(t) − i δ, t)

and thus, by inserting 1 = R(i, t) (H(t) − (E(t) − i δ) − i + (E(t) − i δ)),

‖Ṙ(E(t) − i δ, t)‖ ≤
(

‖Ḣ(t)R(i, t)‖(2δ + 1 + |E(t)|)
δ2

+
|Ė(t)|
δ2

)

.

Since E(t) = tr(H(t)P (t))/trP (t), it follows from the differentiability of
P (t) and H(t) that also E(t) is continuously differentiable and therefore
supt∈J′(|E(t)|+ |Ė(t)|) < ∞. According to the assumptions on H(t) we have
supt∈J′ ‖Ḣ(t)R(i, t)‖ = supt∈J′ ‖(H(t) + i)Ṙ(i, t)‖ < ∞.

The crucial step in proving the adiabatic theorem without gap condition
is to establish (6.13). However, this follows from Lemma 6.1. Since P (t) has fi-
nite rank, limδ→0 ‖Yδ(t)P (t)‖ = 0 follows if one can show limδ→0 ‖Yδ(t)P (t)ψ‖
= 0 for all ψ. Let ϕ := Ṗ (t)P (t)ψ, then, whenever P (t) is spectral, Lemma 6.1
implies

lim
δ→0

‖Yδ(t)P (t)ψ‖2 = lim
δ→0

‖ δR(E(t) − i δ, t) (1 − P (t))ϕ‖2 = 0 ,

where we used, as always, that ϕ ∈ Ran(1−P (t)) according to (6.11). Hence,
limδ→0 ‖Yδ(t)P (t)ψ‖ = 0 for almost all t ∈ J ′. ��
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6.2 Space-adiabatic theory without gap condition

The time-adiabatic theorem without gap can be translated to perturbations
of fibered Hamiltonians exactly as in the case of first order time-adiabatic
theorem with gap, cf. Chapter 2. In this section we formulate a general
space-adiabatic theorem without gap condition. However, compared to the
pedagogical Section 2.2 we will drop several simplifying assumptions. As a
consequence the general result can be directly applied to the massless Nelson
model in Section 6.3.

For better readability we denote the configuration space of the slow de-
grees of freedom by M = R

d. Let H0(x), x ∈ M , be a family of self-adjoint
operators on some common dense domain D ⊂ Hf , Hf a separable Hilbert
space. Let ‖ · ‖H0(x) denote the graph norm of H0(x) on D, i.e., for ψ ∈ D,
‖ψ‖H0(x) = ‖H0(x)ψ‖+‖ψ‖. We assume that all the H0(x)-norms are equiv-
alent in the sense that there is an x0 ∈ M and constants C1, C2 < ∞ such
that C1‖ψ‖H0(x0) ≤ ‖ψ‖H0(x) ≤ C2‖ψ‖H0(x0). Then

H0 =
∫ ⊕

M

dxH0(x)

with domain D(H0) = L2(M) ⊗ D is self-adjoint, where here and in the
following D resp. D(H0) are understood to be equipped with the ‖ · ‖H0(x0)

resp. ‖ ·‖H0 norm. Let m ≥ 2 and denote as before R0(ζ, x) = (H0(x)− ζ)−1 .

Condition Hm
0 . Let H0(·) ∈ Cmb (M,L(D,Hf)) and for all x ∈ M let P∗(x)

be an orthogonal projection such that H0(x)P∗(x) = E(x)P∗(x) with P∗(·) ∈
Cm+1

b (M,L(Hf )) and E(·) ∈ Cmb (M,R).
In addition one of the following assertions holds:

(i) For 1 ≤ j ≤ n

lim
δ→0

ess sup
x∈M

‖ δ R0(E(x) − i δ, x) (∂xjP∗)(x)P∗(x)‖L(Hf ) = 0 . (6.14)

(ii) There is a constant δ0 > 0 and a function η : [0, δ0] → [0, δ0] with η(δ) ≥ δ
and a constant C < ∞ such that for δ ∈ (0, δ0] and 1 ≤ j ≤ n

ess sup
x∈M

‖R0(E(x) − i δ, x) (∂xjP∗)(x)P∗(x)‖L(Hf ) ≤ C δ−1 η(δ) . (6.15)

(iii) In addition to (6.15) for 1 ≤ k, j ≤ n also

ess sup
x∈M

∥
∥
∥∂xk

(

R0(E(x) − i δ, x)(∂xjP∗)(x)P∗(x)
)∥
∥
∥
L(Hf )

≤ C δ−1 η(δ)

(6.16)
holds.

A few remarks concerning Condition Hm
0 are in order:
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– It is not assumed that P∗(x) is the spectral projection of H0(x) correspond-
ing to the eigenvalue E(x). However, (6.14) holds pointwise in x whenever
P∗(x) is the spectral projection and has finite rank, cf. Proposition 6.4.

– Inequality (6.15) is always satisfied with η(δ) = 1. For Condition Hm
0 (ii)

and (iii) to have nontrivial consequences on the rate of convergence in the
adiabatic theorem, η(δ) must satisfy limδ→0 η(δ) = 0. These assumptions
might look rather artificial at first sight, but turn out to be very natural
in the proof and also in our application.

– The regularity of P∗(x) has to be assumed, since it does not follow from the
regularity of H0(x) without the gap condition, even if P∗(x) is spectral. The
regularity of E(x) follows from the one of H0(x) and P∗(x) whenever P∗(x)
has finite rank, as can be seen by writing E(x) = tr(H0(x)P∗(x))/trP∗(x).

The “band subspace” P∗H defined through P∗ =
∫ ⊕
M

dxP∗(x) is invariant
under the dynamics generated by H0, since [H0, P∗] = 0 holds by construc-
tion. We will consider perturbations hε of H0 satisfying

Condition hm. For ε ∈ (0, 1] let hε be a self-adjoint operator with do-
main D(h) ⊂ H independent of ε such that H0 + hε is essentially self-
adjoint on D(h) ∩ D(H0). There exists an operator (Dh)ε ∈ Lsa(H)⊕d with
supε∈(0,1] ‖ | (Dh)ε | ‖L(H) < ∞ satisfying:

(i) There is a constant C < ∞ such that for each A ∈ Cmb (M,L(Hf))

‖[hε, A] + i ε∇xA · (Dh)ε‖L(H) ≤ C
m∑

j=2

εj sup
x∈M, |α|=j

‖∂αxA(x)‖L(Hf ) .

(ii) There is a constant C < ∞ such that

‖ | [(Dh)ε, H0] | ‖L(D(H0),H) + ‖ | [(Dh)ε, hε] | ‖L(H) ≤ εC .

By assumption, Hε = H0 + hε is essentially self-adjoint on D(h)∩D(H0)
and we use its closure, again denoted by Hε, to define for t ∈ R

Uε(t) = e−iHεt/ε .

Since, according to Assumption hm (i), [Hε, P∗] = [hε, P∗] = O(ε), the naive
argument gives [Uε(t), P∗] = |t|O(1). Indeed, our aim is again to cure the
failure of the naive argument and to show that P∗H is invariant for Uε(t) in
the limit ε → 0. To this end we will, as in Chapter 2, compare Uε(t) with
the unitary group generated by

Hε
diag = H0 + P∗ hε P∗ + P⊥∗ hε P⊥∗ .

Also Hε
diag is self-adjoint on D(Hε) since P∗(·) ∈ Cmb (M,L(Hf)) and thus

Hε −Hε
diag = P⊥∗ [hε, P∗]P∗ − P∗[hε, P∗]P⊥∗ is bounded according to hm (i).

Again we abbreviate for t ∈ R
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Uεdiag(t) = e−iHε
diagt/ε ,

and we have by construction that
[
P∗, Uεdiag(t)] = 0 ,

i.e. P∗H and P⊥∗ H are invariant subspaces for the dynamics generated by
Hε

diag.

Theorem 6.3. Assume Hm
0 and hm for some m ≥ 2. Let ε ∈ (0, δ0], then

– Hm
0 (i) implies that for t ∈ R

lim
ε→0

∥
∥
∥Uε(t) − Uεdiag(t)

∥
∥
∥
L(H)

= 0 , (6.17)

– Hm
0 (ii) implies that for some constant C < ∞ and all t ∈ R

∥
∥
∥Uε(t) − Uεdiag(t)

∥
∥
∥
L(H)

≤ C η(ε
1
2 ) (1 + |t|) , (6.18)

– Hm
0 (iii) implies that for some constant C < ∞ and all t ∈ R

∥
∥
∥Uε(t) − Uεdiag(t)

∥
∥
∥
L(H)

≤ C η(ε) (1 + |t|) . (6.19)

Note that in Theorem 6.3 the whole spectrum of possible rates of con-
vergence between o(1) and O(ε) as in the case with gap is covered. The
estimates for the massless Nelson model as an application of Theorem 6.3
will show that, in principle, all rates can occur.

The following proposition shows that, assuming the first part of Hm
0 but

neither (i), (ii) or (iii), then Assumption Hm
0 (i) always holds pointwise in x

if P∗(x) is the spectral projection and has finite rank. The proof is again an
application of Lemma 6.1 analogous to the argument at the end of Section 6.1
in the time-adiabatic setting.

Proposition 6.4. Assume H1
0 without (i), (ii) or (iii). If P∗(x) is the spec-

tral projection of H0(x) corresponding to the eigenvalue E(x) and has finite
rank, then

lim
δ→0

‖ δ R0(E(x) − iδ, x) (∇xP∗)(x)P∗(x)‖L(Hf ) = 0 . (6.20)

It is clear from (6.2) that additional information on the regularity of the
spectral measure µϕ provides some control on the rate of convergence in
(6.20). E.g., if µϕ(dλ) = ρϕ(λ)dλ with ρϕ ∈ L∞(R, dλ), then

∫

R

µϕ(dλ)
δ2

(λ− E(x))2 + δ2
≤ ‖ρϕ‖∞

∫

R

dλ
δ2

(λ− E(x))2 + δ2
= O(δ)

and hence (6.15) would hold pointwise in x with η(δ) = δ1/2. In a sense, the
rate O(ε

√
ln(1/ε)) for the massless Nelson model (6.57) is a consequence of

the relevant spectral measure having a density ρ(λ) ∼ λ− E(x).
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Remark 6.5. We emphasize that (6.20) for all x ∈ M does not imply Hm
0 (i),

even in the case of compact M . This is because for pointwise convergence
to imply uniform convergence one would need uniform equicontinuity of a
sequence of functions. However, in the time-adiabatic setting it was sufficient
to have (6.20) for almost all t ∈ J ′, because of the integration over time in
(6.10).

The fact that the uniform condition appears in the space-adiabatic the-
orem can be understood as follows. In the time-adiabatic setting all states
move at a constant speed through points where the rate of convergence in
(6.20) is very slow or where (6.20) fails completely, as e.g. at crossings. Thus,
if they form a null-set, they can be ignored. On the other hand, in the space-
adiabatic case some states may dwell near such bad points for long times and
therefore the adiabatic decoupling can no longer hold uniform in all initial
states. ♦
Proof (of Theorem 6.3). We start with the standard argument and find that
on D(Hε)

Uε(t) − Uεdiag(t) = −Uε(t)
∫ t

0

dt′
d
dt′

(
Uε(−t′)Uεdiag(t

′)
)

(6.21)

= − i
ε
Uε(t)

∫ t

0

dt′ Uε(−t′) (Hε − Hε
diag

)
Uεdiag(t

′) ,

where

Hε − Hε
diag = P⊥∗ hε P∗ + P∗ hε P⊥∗ = P⊥∗

[
hε, P∗

]
P∗ + adj. . (6.22)

Inserting hm (i) into (6.22) and the result back into (6.21) one obtains
∥
∥Uε(t) − Uεdiag(t)

∥
∥
L(H)

= (6.23)

=
∥
∥
∥
∥

∫ t

0

dt′ Uε(−t′) (
P⊥∗ (∇xP∗)P∗ · (Dh)ε P∗ + adj.

)
Uεdiag(t

′)
∥
∥
∥
∥
L(H)

+O(ε)|t| .
In (6.23) we used again

(∇xP∗)(x) = P⊥∗ (x)(∇xP∗)(x)P∗(x) + adj. . (6.24)

In order to control the remaining term on the right hand side of (6.23) we pro-
ceed as in the time-adiabatic setting. In Section 2.2 we defined the operator
F (x), cf. (2.23), where

F (x) = R0(E(x), x) (∇xP∗)(x)P∗(x) (6.25)

in the case of an energy band. F (x) is well defined and bounded if the eigen-
value E(x) is separated from the rest of the spectrum of H0(x) by a gap and
if P∗(x) is spectral.
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Recall that definition (6.25) was made to give [H0, F ] = P⊥∗
(∇xP∗

)
P∗.

However, in absence of a gap (6.25) is not well defined as an operator on
Hf and, as in Section 6.1, we shift the resolvent into the complex plane and
define

Fδ(x) = R0(E(x) − iδ, x)P⊥∗ (x) (∇xP∗)(x)P∗(x) .

One now obtains
[
H0(x) , Fδ(x)

]
= P⊥∗ (x)

(∇xP∗
)
(x)P∗(x) + Yδ(x) (6.26)

with
Yδ(x) = − i δR0(E(x) − iδ, x) (∇xP∗)(x)P∗(x) . (6.27)

Conditions Hm
0 (i), (ii) and (iii) each imply that limδ→0 ‖Yδ‖L(H) = 0. To see

this recall that for A(·) ∈ L∞(M,L(Hf)) one has

‖A‖L(H) = ess sup
x∈M

‖A(x)‖L(Hf ) .

Note that for better readability we omit the Euclidean norm | . . . | in the
notation and understand that ‖A‖ always includes also the Euclidean norm
if A is an operator with d components. Thus with (6.27) we can make the
remainder in (6.26) arbitrarily small by choosing δ small enough. However,
for the time being we let δ > 0 but carefully keep track of the dependence of
all errors on δ.

By assumption H0(·) ∈ Cmb (M,L(D,Hf)) and P∗(·) ∈ Cm+1
b (M,L(Hf)),

which implies Fδ(·) ∈ Cmb (M,L(Hf)⊕d) and hence, according to hm (i),

∥
∥
[
hε, Fδ

] ∥
∥
L(H)

≤ C

m∑

j=1

εj sup
|α|=j

‖ ∂αxFδ ‖L(H) =: f1(ε, δ) . (6.28)

Combining (6.26) and (6.28) we obtain
[
Hε, Fδ

]
= P⊥∗

(∇xP∗
)
P∗ + O(‖Yδ‖, f1(ε, δ)) , (6.29)

where in (6.29) and in the following O(a, b, c, . . .) stands for a sum of operators
whose norm in L(H) is bounded by a constant times a+ b+ c+ . . .. Defining

Bδ = Fδ · (Dh)ε P∗ − adj. ,

one finds with hm (ii) and f2(δ) = ‖Fδ‖L(H,D(H0)) that
[
Hε, Bδ

]
=

[
Hε, Fδ

] · (Dh)ε P∗ + Fδ ·
[
Hε, (Dh)ε

]
P∗ (6.30)

+Fδ · (Dh)ε
[
Hε, P∗

]
+ adj.

= P⊥∗
(∇xP∗

)
P∗ · (Dh)ε + adj. + O(ε, ‖Yδ‖, f1(ε, δ), εf2(δ)) .

Now the integrand in (6.23) can be written as the time-derivative of
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Aδ(t) = − i εUε(−t)Bδ Uε(t) ,
plus a remainder:

d
dt
Aδ(t) = Uε(−t) [Hε, Bδ]Uε(t)

= Uε(−t) (
P⊥∗

(∇xP∗
)
P∗ · (Dh)ε P∗ + adj.

)
Uε(t)

+O(ε, ‖Yδ‖, f1(ε, δ), εf2(δ)) . (6.31)

Inserting (6.31) into (6.23) enables us to do integration by parts,
∥
∥Uε(t) − Uεdiag(t)

∥
∥
L(H)

≤

≤
∥
∥
∥
∥

∫ t

0

dt′
(

d
dt′

Aδ(t′)
)

Uε(−t′)Uεdiag(t
′)
∥
∥
∥
∥
L(H)

+ |t| O
(

ε, ‖Yδ‖, f1(ε, δ), εf2(δ)
)

≤ ‖Aδ(t)‖L(H) + ‖Aδ(0)‖L(H)

+
∥
∥
∥
∥

∫ t

0

dt′Aδ(t′)
(

d
dt′

Uε(−t′)Uεdiag(t
′)
)∥
∥
∥
∥
L(H)

+ |t| O
(

ε, ‖Yδ‖, f1(ε, δ), εf2(δ)
)

≤ C ε (2 + |t|) ‖Fδ‖L(H) + |t| O
(

ε, ‖Yδ‖, f1(ε, δ), εf2(δ)
)

. (6.32)

For the last inequality in (6.32) we used that ‖Aδ(t)‖L(H) ≤ C ε‖Fδ‖L(H)

uniformly for t ∈ R and that

d
dt

Uε(t)Uεdiag(t) = − i
ε
Uε(t)

(
Hε(t) − Hε

diag(t)
)
Uεdiag(t)

is bounded uniformly, according to (6.22) and hm (i).
Writing out the various terms in (6.32) explicitly, we conclude that there

is a constant C < ∞ such that
∥
∥Uε(t) − Uεdiag(t)

∥
∥
L(H)

≤ C ε ‖Fδ‖L(H) + C |t|
(

ε+ ‖Yδ‖L(H)

+ε ‖Fδ‖L(H,D(H0)) + ε ‖Fδ‖L(H) +
m∑

j=1

εj sup
|α|=j

‖∂αxFδ‖L(H)

)

. (6.33)

Hence we are left to establish bounds on Fδ, on its derivatives and on Yδ in
terms of δ, which is the content of the following Lemma.

Lemma 6.6. Assume Hm
0 , then Fδ(·) ∈ Cmb (M,L(Hf)⊕d) and there is a

constant C < ∞ such that for δ ∈ (0, δ0]

‖Fδ‖L(H,D(H0)) ≤
C

δ
η(δ) , (6.34)
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sup
|α|=j

‖ ∂αx Fδ ‖L(H) ≤ C

δj+1
η(δ) for 1 ≤ j ≤ m. (6.35)

In case Hm
0 (i) holds, we have (6.34) and (6.35) with η(δ) = 1. Furthermore,

if Hm
0 (i) holds, then limδ→0 ‖Yδ‖L(H) = 0 and if Hm

0 (ii) or (iii) holds, then
‖Yδ‖L(H) ≤ C η(δ).

If Hm
0 (iii) holds, then (6.35) can be improved to

sup
|α|=j

‖ ∂αx Fδ ‖L(H) ≤ C

δj
η(δ) for 1 ≤ j ≤ m. (6.36)

Before we turn to the proof of Lemma 6.6 we finish the proof of The-
orem 6.3. Assuming Hm

0 (i), (6.17) follows by inserting the bounds from
Lemma 6.6 into (6.33) and choosing δ = δ(ε) such that limε→0 δ(ε) = 0 and
limε→0 ε/δ(ε)2 = 0.

If Hm
0 (ii) holds, then the bounds (6.34) and (6.35) inserted into (6.33)

yield

∥
∥Uε(t) − Uεdiag(t)

∥
∥
L(H)

≤ C ε
η(δ)
δ

+C
(

ε+ η(δ) + ε
η(δ)
δ

+
m∑

j=1

εj
η(δ)
δj+1

)

|t| .

(6.37)
In (6.37) the optimal choice is δ(ε) = ε

1
2 , which gives (6.18). Finally, the

bounds (6.34) and (6.36) inserted into (6.33) yield

∥
∥Uε(t) − Uεdiag(t)

∥
∥
L(H)

≤ C ε
η(δ)
δ

+ C
(

ε+ η(δ) + ε
η(δ)
δ

+
m∑

j=1

εj
η(δ)
δj

)

|t| ,

where the optimal choice δ(ε) = ε gives (6.19). ��
Proof (of Lemma 6.6). We abbreviate R0(E(x)−iδ, x) as R(δ, x) in this proof
and note that R(δ, ·) ∈ Cmb (M,L(Hf)) and thus Fδ(·) ∈ Cmb (M,L(Hf)⊕d) fol-
low from H0(·) ∈ Cmb (M,L(D,Hf)) together with P∗(·) ∈ Cm+1

b (M,L(Hf )).
We start with the case Hm

0 (ii), where (i) is included by making the
obvious changes for η(δ) = 1. Assumption Hm

0 (ii) immediately yields

‖Fδ‖L(H) ≤ C

δ
η(δ) (6.38)

and the bound on Yδ. (6.34) follows fromH0(x)R(δ, x) = 1+(E(x)−iδ)R(δ, x)
and (6.38) together with the assumption that E(x) is uniformly bounded.

For (6.35) we start by observing that

∇xFδ(x) = R(δ, x)∇x

(

(∇xP∗)(x)P∗(x)
)

(6.39)

+
(

∇xR(δ, x)
)

(∇xP∗)(x)P∗(x)

= R(δ, x)∇x

(

(∇xP∗)(x)P∗(x)
)

−R(δ, x)(∇xH0(x) −∇xE(x))Fδ(x).
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Using (6.38) and the fact that |∇xE(x)| is uniformly bounded by assumption,
we infer from (6.39) that

‖ |∇xFδ| ‖L(H) = sup
x∈M

‖ |∇xFδ(x)| ‖L(Hf ) ≤ C(δ−1 + δ−2η(δ)) .

Hence (6.35) follows for j = 1, since δ ≤ η(δ) by assumption.
By differentiating (6.39) again, we find, using a reduced notation with

obvious meaning, that

∇(2)Fδ = −2Rδ(∇H0 −∇E)∇Fδ +Rδ∇(2)
(

(∇P∗)P∗
)

(6.40)

−Rδ(∇(2)H0 −∇(2)E)Fδ .

Hence ‖∇(2)Fδ‖L(H) ≤ C(δ−3η(δ) + δ−1 + δ−2η(δ)) which proves (6.35) for
j = 2. By repeated differentiation one finds inductively (6.35) for j ≤ m.

To show (6.36) assuming Hm
0 (iii), note that (6.36) holds by assumption

for j = 1 and inserted into (6.40) it gives ‖∇(2)Fδ‖L(H) ≤ C(δ−2η(δ)+ δ−1 +
δ−2η(δ)). Analogously the estimates for all larger j ≤ m are improved by a
factor of δ. ��

6.3 Effective N -body dynamics in the massless Nelson
model

The physical picture underlying nonrelativistic quantum electrodynamics is
that of charged particles which interact through the exchange of photons
and dissipate energy through emission of photons. In situations where the
velocities of the particles are small compared to the propagation speed of the
photons the interaction is given through effective, instantaneous pair poten-
tials. If, in addition, also accelerations are small, then dissipation through
radiation can be neglected in good approximation. Instead of full nonrela-
tivistic QED we consider the massless Nelson model. This model describes
N spinless particles coupled to a scalar Bose field of zero mass.

The content of this section is a mathematical derivation of the time-
dependent Schrödinger equation for N particles with Coulombic pair poten-
tials from the massless Nelson model with ultraviolet cutoffs. The key ingre-
dient is the space-adiabatic theorem without gap condition of Section 6.2.

6.3.1 Formulation of the problem

Before we turn to a more careful discussion of the type of scaling we shall con-
sider, notice that the coupling of N noninteracting particles to the radiation
field has three effects.
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– The effective mass, or more precisely, the effective dispersion relation of
the particles is modified. The term “effective” refers to the reaction of the
particles to weak external forces. The physical picture is that each particle
now carries a cloud of photons with it, which makes it heavier.

– The particles feel an interaction mediated through the field. If the propa-
gation speed of the particles is small compared to the one of the photons,
then retardation effects should be negligible and the interaction between
the particles can be described in good approximation by instantaneous pair
potentials.

– Energy is dissipated through photons moving freely to infinity. The motion
of the particles is, in general, no longer of Hamiltonian type. The rate of
energy emitted as photons is proportional to the acceleration of a particle
squared.

The scaling to be studied is most conveniently explained on the classical level.
The classical equations of motion for N particles with positions qj , masses
mj and rigid “charge” distributions ρj coupled to the scalar field φ(x, t) with
propagation speed c are

1
c2

φ̈(x, t) = ∆xφ(x, t) −
N∑

j=1

ρj(x− qj(t)) (6.41)

mj q̈j(t) = −
∫

R3
dx (∇xφ)(x, t) ρj(x− qj(t)) , 1 ≤ j ≤ N . (6.42)

One can think of ρj(x) = ej ϕ(x) as a smeared out point charge ej with a
form factor ϕ ≥ 0 satisfying

∫

R3 dxϕ(x) = 1. Taking the limit c → ∞ in
(6.41) yields the Poisson equation for the field and thus, after elimination of
the field, (6.42) describes N particles interacting through smeared Coulomb
potentials. Mass renormalization for the particles in not visible at leading
order.

Instead of taking c → ∞ one can as well explore for which scaling of the
particle properties one obtains analogous effective equations. Since retarda-
tion effects should be negligible, the initial velocities of the particles are now
assumed to be O(ε) compared to the fixed propagation speed c = 1 of the
field, ε � 1. In order to see motion of the particles over finite distances, we
have to follow this dynamics at least over times of order O(ε−1). To make
sure that the velocities are still of order O(ε) after times of order O(ε−1),
the accelerations must be at most of order O(ε2). The last constraint also
guarantees that the energy dissipated over times of order O(ε−1) is at most
of order O(ε3).

The natural procedure would now be to consider such initial data, for
which the velocities stay of order O(ε) over sufficiently long times. The prob-
lem simplifies if we assume, as we shall do in this work, that the mass of
a particle is of order O(ε−2). As a consequence accelerations are and stay
of order O(ε2) uniformly for all initial conditions. In this scaling limit mass
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renormalization is not visible at leading order. Indeed, if we substitute t′ = εt
and m′

j = ε2mj in (6.41) and (6.42), we find that the limit ε → 0 is equivalent
to the limit c → ∞.

After quantization, however, the two limiting procedures are no longer
equivalent. The limit c → ∞ for the Nelson model was analyzed by Davies
[Da] and later also by Hiroshima [Hi], who removed the ultraviolet cutoff.
A comparison of their results with ours can be found at the end of this
introduction. We will adopt the point of view that it is more natural to explore
the regime of particle properties which gives rise to effective equations than
to take the limit c → ∞.

The deeper reason for our choice is that the more natural procedure of
restricting to appropriate initial conditions gives rise to a similar mathemati-
cal structure. If the bare mass of the particles of order O(1), then the proper
scaling which yields effective equations with renormalized masses was intro-
duced and analyzed for the classical Abraham model by Kunze and Spohn,
see [KuSp, Sp2] and references therein. Denoting again the ratio of the ve-
locities of the particles and the field as ε, they consider charges initially
separated by distances of order O(ε−2) in units of their diameter. Hence the
forces are O(ε4) initially. For times up to order O(ε−3) and for appropri-
ate initial conditions – excluding head on collisions – the separation of the
particles remains of order O(ε−2) and thus the velocities remain of order
O(ε). In particular, the rescaled macroscopic position q′(t′) = ε−2 q(t′/ε3)
satisfies (d/dt′)2 q′(t′) = O(ε4), which matches the order of the forces. As
a consequence one obtains a sensible limiting dynamics for the macroscopic
variables.

One would expect that the same scaling limit applied to the quantum
mechanical model yields in a similar fashion effective dynamics with renor-
malized dispersion. However, inserting this scaling into the massless Nel-
son model, one faces mathematical problems beyond those in the simpler
m = O(ε−2) scaling. Without going into details we remark that the main
problem is that for massless bosons the Hamiltonian at fixed total momen-
tum does not have a ground state in Fock space, cf. [Fr1, Ch]. (As a conse-
quence it is not even clear how to translate the result in [TeSp] for a single
quantum particle coupled to a massive quantized scalar field and subject to
weak external forces to the massless case.) Nevertheless, the simpler scaling
with m = O(ε−2) provides at least a first step in the right direction, since the
mechanism of adiabatic decoupling without gap will certainly play a crucial
role also in a more refined analysis.

In the remainder of this introductory section we briefly present the mass-
less Nelson model, explain our main result and compare it to Davies’ “weak
coupling limit” [Da].

Up to a modified dispersion for the particles, the following model is ob-
tained through canonical quantization of the classical system (6.41) and
(6.42). The state space for N spinless particles is L2(R3N ) and as Hamil-
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tonian we take

Hp =
N∑

j=1

√

−c2max∆xj + c4maxm
2 , (6.43)

where cmax is the maximally attainable speed of the particles and m their
mass, � = 1. As explained before, we consider the scaling limit

ε � 1 with cmax = O(ε) and m = O(ε−2) . (6.44)

It might seem somewhat artificial to have a relativistic dispersion relation
for the particles which does not contain the speed of light, but some other
maximal speed cmax. This is done only for the sake of simple presentation.
We could as well consider the quadratic dispersion Hp = −∑N

j=1
1

2m∆xj

for the particles. However, there would be no maximal speed and we would
be forced to either introduce a cutoff for large momenta or to change the
topology in (6.57). While both strategies are technically straightforward by
using exactly the same methods as in Section 2.3 in the context of Born-
Oppenheimer approximation, they would obscure the simple structure of our
result.

We insert the scaling (6.44) into (6.43) and change units such that the
particle Hamiltonian is now given through

Hε
p =

N∑

j=1

√

−ε2∆xj + 1 . (6.45)

The particles are coupled to a scalar field whose state is an element of the
bosonic Fock space over L2(R3) given as

F = ⊕∞m=0 ⊗m(s) L2(R3) , (6.46)

where ⊗m(s) is the m-times symmetric tensor product and ⊗0
(s)L

2(R3) := C.
The Hamiltonian for the free bosonic field is

Hf = dΓ (|k|) , (6.47)

where k is the boson momentum. In our units the propagation speed of the
bosons is equal to one. The reader who is not familiar with the notation is
asked to consult the beginning of Section 6.3.2, where the model is introduced
in full detail.

In the standard Nelson model the coupling between the jth particle and
the field is given through

HI,j =
∫

R3
dy φ(y) ρj(y − xj) , (6.48)

where φ is the field operator in position representation and xj the position of
the jth particle. The charge density ρj ∈ L1(R3) ∩ L2(R3) of the jth particle
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is assumed to be spherically symmetric and its Fourier transform is denoted
by ρ̂j . For the moment we also assume an infrared condition, namely that

N∑

j=1

ρ̂j(k)
|k|3/2 ∈ L2(R3) . (6.49)

Condition (6.49) constrains the total charge of the system but not that of an
individual particle to zero. The state of the combined particles + field system
is an element of

H = L2(R3N ) ⊗F
and its time evolution is generated by the Hamiltonian

Hε = Hε
p ⊗ 1 + 1⊗ dΓ (|k|) +

N∑

j=1

HI,j . (6.50)

Note that H contains no terms which directly couple different particles. All
interactions between the particles must be mediated through the boson field.

Our goal is the construction of approximate solutions of the time depen-
dent Schrödinger equation

i ε
d
dt

Ψ(t) = HεΨ(t) , Ψ(0) = Ψ0 ∈ H (6.51)

from solutions of an effective Schrödinger equation

i ε
d
dt

ψ(t) = Hε
effψ(t) , ψ(0) = ψ0 ∈ L2(R3N ) (6.52)

for the particles only. Notice the factor ε in front of the time derivative in
(6.51) and (6.52), which means that we switched to a time scale of order ε−1

in microscopic units. As explained before, this is necessary in order to see
nontrivial dynamics of the particles, since their speed is O(ε).

We remark that the scaling (6.44) coincides with the one in time-
dependent Born-Oppenheimer approximation of Section 2.3, where m =
O(ε−2) is the mass of the nuclei and where, at fixed kinetic energy, the
velocities of the nuclei are also of order O(ε). The Hamiltonian (6.50) has the
same structure as the molecular Hamiltonian and the role of the electrons in
the Born-Oppenheimer approximation is now played by the bosons.

The key observation for the following is that the interaction Hamiltonian
depends only on the configuration x of the particles and that the operator

H0(x) = dΓ (|k|) +
N∑

j=1

HI,j(x) ,

which acts on F for fixed x ∈ R
3N , has a unique ground state Ω(x) with

ground state energy
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Fig. 6.1. The spectrum of H0(x) for N = 2. The thick line indicates the eigenvalue
E0(x) sitting at the bottom of continuous spectrum.

E0(x) =
N∑

j=2

j−1∑

i=1

Vij(xi − xj) + e0 , (6.53)

where
Vij(z) = −

∫

R3×R3
dv dw

ρi(v − z)ρj(w)
4π|v − w| (6.54)

and

e0 = −1
2

N∑

j=1

∫

R3×R3
dv dw

ρj(v)ρj(w)
4π|v − w| . (6.55)

Vij(z) is the electrostatic interaction energy of the charge distributions ρi and
ρj at distance z, however, with the “wrong” sign. However, it is a peculiarity
of the electromagnetic field that the interaction between charges with equal
sign is repulsive. e0 is the sum of all self energies. The remainder of the
spectrum is purely absolutely continuous and the ground state energy is not
isolated, cf. Figure 6.1.

Let P∗(x) = |Ω(x)〉〈Ω(x)|, then the states in

P∗H =
{∫ ⊕

R3N

dxψ(x)Ω(x) : ψ ∈ L2(R3N )
}

⊂ H (6.56)

correspond to wave packets without free bosons. These states are sections of
ground states, not sections of vacua, and as such contain what is called “vir-
tual” bosons in physics. States in RanP∗ could be called dressed many-particle
states, since the particles carry a cloud of virtual bosons. If the particles are
moving at small speeds and if the accelerations are also small, one expects

H (x)
0

E (x)
0

e
0

σ(         )

x
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that no free bosons are created, i.e. that P∗H is approximately invariant
under the dynamics generated by Hε. Moreover the wave function ψ(x) of
the particles should approximately be governed by the effective Schrödinger
equation (6.52) with

Hε
eff =

N∑

j=1

√

−ε2∆xj + 1 +
N∑

j=2

j−1∑

i=1

Vij(xi − xj) .

Our main result, Theorem 6.10, states that for Ψ0 =
∫ ⊕ dxψ0(x)Ω(x) ∈ P∗H

we have
∥
∥
∥e−iHεt/εΨ0 −

∫ ⊕

R3N

dx
(

e−iHε
eff t/ε ψ0

)

(x) e−ie0t/εΩ(x)
∥
∥
∥

= O(ε
√

ln(1/ε)) (1 + |t|) ‖Ψ0‖ . (6.57)

Notice that in the approximate solution of the full Schrödinger equation the
state of the field is, up to a fast oscillating global phase e−ie0t/ε, adiabatically
following the motion of the particles. In particular, there are no bosons trav-
elling back and forth between the particles and the phrase that the particles
“interact through the exchange of bosons”, which comes from perturbation
theory, should not be taken literally in the present setting.

Let us stress the physical relevance of the allowed initial conditions in our
result. Heuristically one would expect that any initial state for the Nelson
model radiates its free bosons to infinity and thus effectively becomes a state
in RanP∗. To make even precise this statement is not completely trivial and
it is a hard problem in scattering theory to prove it. In case of the Nelson
model for a single particle and with an infrared cutoff in the interaction,
asymptotic completeness for Compton scattering was proven only recently in
[FGS]. In particular, for a single particle the heuristic expectation formulated
above holds true and every initial state, after a sufficiently long time, follows
the effective dynamics.

As mentioned before, there is a strong similarity to the time-dependent
Born-Oppenheimer approximation, where we obtained an effective Schrödin-
ger equation for the nuclei in a molecule with an effective potential generated
by the electrons in Section 2.3. In both cases the physical mechanism which
leads to the approximate invariance of the subspace RanP∗ is adiabatic de-
coupling. I.e. the separation of time scales for the motion of the different
parts of the system lets the fast degrees of freedom, in our case the bosons,
instantaneously adjust to the motion of the slow degrees of freedom, the
particles.

However, for massless bosons – in contrast to the Born-Oppenheimer ap-
proximation – there is no spectral gap which pointwise separates the energy
band E0 = {(x,E0(x)) : x ∈ R

3N} from the remainder of the spectrum of
H0(x), but E0 lies at the bottom of continuous spectrum. Hence we need to
apply the space-adiabatic theorem without gap, Theorem 6.3.
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We emphasize at this point that, in view of the missing gap condition,
the rate of convergence O(ε

√
ln(1/ε)) in (6.57) is surprisingly fast, since it

is almost as good as in the case with a gap. Moreover, if all particles have
individually total charge equal to zero, then the rate is exactly O(ε) as in the
case with a gap. Hence, the logarithmic correction must be attributed to the
Coulombic long range character of the interparticle interaction.

In contrast to the situation with gap, however, we do not expect that
adiabatic decoupling holds to any order in ε. To the contrary, we expect that
a piece of order εα, α < ∞, of the wave function is “leaking out” of P∗H.
Physical considerations suggest that α = 3/2 for the present problem, see Re-
mark 6.12. As a consequence, the ε2 corrections to the effective Hamiltonian
are still dominating dissipation and can be formally derived from the results
of Section 3.3. The effective Hamiltonian (6.67) then contains a renormalized
mass term and the momentum dependent Darwin interaction.

We remark that in [AvEl2] the time-adiabatic theorem without gap con-
dition was applied to the Dicke model with a constant magnetic field whose
direction changes slowly in time. The Dicke model is a simplified version of
the spin-boson model, i.e. a two-level system coupled to the quantized mass-
less scalar field. In the Dicke model one drops the anti-resonant terms in
the interaction and can, as a consequence, explicitly calculate the ground
state as a function of time. This is very similar to our setting, where we
will obtain a rather explicit expression for the ground state of H0(x) as a
function of x ∈ R

3N . In [AvEl2] the order of the error in the adiabatic limit
is O(ε

√
ln(1/ε)), exactly as in (6.57). As to be explained, in both cases the

specific form of the error can be traced back to the spectral density of the
massless scalar field at zero energy.

Finally let us compare our results to those obtained by Davies [Da], who
considers the limit c → ∞ for the Hamiltonian

Hc = Hp ⊗ 1 + 1⊗ dΓ (c|k|) +
√
cHI .

Notice that Hc is obtained through canonical quantization of (6.41) and
(6.42) if one does not set c = 1 as we did before. Davies proves that for all
t ∈ R

s − lim
c→∞ e−iHct(ψ ⊗Ω) = (e−i(Heff+e0)tψ) ⊗Ω ,

where Ω = {1, 0, 0, . . .} denotes the Fock vacuum and Hp := Hε=1
p and

Heff := Hε=1
eff . This shows that although the limit c → ∞ is equivalent to

our scaling on the classical level, the results for the quantum model differ
qualitatively. While we obtain effective dynamics for states which contain a
nonzero number of bosons independent of ε, cf. (6.57), the c → ∞ limit yields
effective dynamics for states which contain no bosons at all. Furthermore,
the limit ε → 0 is a singular limit as no limiting dynamics for ε = 0 exists.
We thus encounter a situation similar to the one of constrained motion as
discussed in Section 2.4.
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6.3.2 Mathematical results

We now introduce the Nelson model in more detail. As explained, we con-
sider N spinless particles coupled to a scalar, massless, Bose field with an
ultraviolet regularization in the interaction. This class of models is nowadays
called Nelson’s model [Ar, Bz, LMS1, LMS2] after Nelson [Ne], who studied
the ultraviolet problem. We briefly complete the introduction of the model
and collect some basic, well known facts.

A point in the configuration space R
3N of the particles is denoted by

x = (x1, . . . , xN ) and the Hamiltonian Hε
p for the particles is defined in

(6.45). Hε
p is self-adjoint on the domain H1(R3N ), the first Sobolev space.

The Hilbert space for the scalar field is the bosonic Fock space over L2(R3)
defined in (6.46). On D(

√N ), N the number operator, the annihilation op-
erator a(f) acts for f ∈ L2(R3) as

(a(f)ψ)(m)(k1, . . . , km) =
√
m + 1

∫

R3
dk f̄(k)ψ(m+1)(k, k1, . . . , km) ,

where ψ = (ψ(0), ψ(1), ψ(2), . . .) ∈ D(
√N ) if and only if

∑∞
m=0 m‖ψ(m)‖2 <

∞. The adjoint a∗(f), which is also defined on D(
√N ), is the creation oper-

ator and for f, g ∈ L2(R3) the operators a(f) and a∗(g) obey the canonical
commutation relations (CCRs)

[a(f), a∗(g)] =
∫

R3
dk f̄(k) g(k) =: 〈f, g〉 , [a(f), a(g)] = [a∗(f), a∗(g)] = 0 .

(6.58)
It is common to write a(f) =

∫

R3 dk f̄(k) a(k). The Hamiltonian of the field
as defined in (6.47) can formally be written as

Hf =
∫

R3
dk |k| a∗(k) a(k) .

More explicitly, on the m-particle sector the action of Hf is

(Hfψ)(m)(k1, . . . , km) =
m∑

j=1

|kj |ψ(m)(k1, . . . , km) ,

and Hf is self-adjoint on its maximal domain. For f ∈ L2(R3) the Segal field
operator

Φ(f) =
1√
2

(

a(f) + a∗(f)
)

is essentially self-adjoint on D(
√N ). The field operator φ as used in (6.48) is

related to Φ through φ(f) = Φ(f/
√|k|). For the following it turns out to be

more convenient to write the interaction Hamiltonian in terms of Φ, where

HI = Φ
(

|k| v(x, k)
)
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acts on the Hilbert space H = L2(R3N ) ⊗ F of the full system. We will
consider two different choices for v(x, k) in more detail. For the standard
Nelson model (SN), as discussed in the previous section, one has

vSN(x, k) =
N∑

j=1

eik·xj
ρ̂j(k)
|k|3/2 . (6.59)

For the infrared-renormalized models (IR), as considered by Arai [Ar] and,
more generally, by Lörinczi, Minlos and Spohn [LMS2], one has

vIR(x, k) =
N∑

j=1

(
eik·xj − 1

) ρ̂j(k)
|k|3/2 . (6.60)

In both cases, the charge distribution ρj ∈ L1(R3) of the jth particle is
assumed to be real-valued and spherically symmetric. As to be discussed
below, cf. Remarks 6.7 and 6.9, we have to assume the infrared condition
(6.49) for the (SN) model, but not for the (IR) model. The infrared condition
implies, in particular, that the total charge of the system of N particles must
be zero.

The full Hamiltonian is given as the sum

Hε = Hε
p ⊗ 1 + 1⊗Hf +HI + VIR ⊗ 1 (6.61)

and is essentially self-adjoint on D(Hp ⊗ 1)∩D(1⊗Hf) if for s ∈ { 1
2 , 1} one

has supx ‖ |k|sv(x, k) ‖L2(R3) < ∞. Only in the (IR) model a potential VIR is
added, which acts as multiplication with the bounded, real-valued function

VIR(x) =
N∑

j,i=1

∫

R3
dk

ρ̂j(k)ρ̂i(k)∗

|k|2 e−ik·xj +
1
2

∫

R3
dk

∣
∣
∣
∣
∣

∑N
j=1 ρ̂j(k)
|k|

∣
∣
∣
∣
∣

2

. (6.62)

Remark 6.7. If the charge distributions satisfy the infrared condition (6.49),
then the (SN) Hamiltonian and the (IR) Hamiltonian are related by the
unitary transformation

UG = exp



−iΦ



i
N∑

j=1

ρ̂ ∗j (k)
|k|3/2







 ,

cf. [Ar], which is related to the Gross transformation [Ne] for x = 0. If the
infrared condition is not satisfied, the (SN) model and the (IR) model carry
two inequivalent representations of the CCRs for the field operators. Phys-
ically speaking, the transformation UG removes the mean field that the N
charges would generate, if all of them would be moved to the origin. The
vacuum in the (IR) representation corresponds to this removed mean field
in the original representation, a fact which has to be taken care of in the
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interaction: for each particle the interaction term is now evaluated relative to
the interaction at x = 0, cf. (6.60), which makes also necessary the counter
terms VIR. If the total charge of the system is different from zero, then the
mean field is long range and, as a consequence, the corresponding transfor-
mation is no longer unitarily implementable. Indeed, it was shown that the
(SN) Hamiltonian with confining potential does not have a ground state, cf.
[LMS2], while the (IR) Hamiltonian with the same confining potential does
have a ground state, cf. [Ar]. ♦

In order to apply Theorem 6.3 we observe that HI(x) acts for fixed x ∈
R

3N (∼= M) on F (∼= Hf) and with H0(x) = Hf +HI(x) + VIR(x) we have

Hε = Hε
p ⊗ 1 +

∫ ⊕

M

dxH0(x)
( ∼= hε +H0

)

.

The following proposition collects some results about H0(x) and its
ground state. Its proof is postponed to after the presentation of the the main
theorem.

Proposition 6.8. Assume that v(x, ·) ∈ L2(R3) for all x ∈ R
3N and that

for some n ≥ 1

(i) | · |∂αx v(x, ·) ∈ L2(R3) for all x ∈ R
3N and 0 ≤ |α| ≤ n,

(ii) supx∈R3N ‖√| · | ∂αx v(x, ·) ‖L2(R3) < ∞ for 0 ≤ |α| ≤ n,
(iii) supx∈R3N ‖ ∂αx v(x, ·) ‖L2(R3) < ∞ for 1 ≤ |α| ≤ n.

Let Im〈v(x, ·),∇xv(x, ·)〉L2(R3) = 0 for all x ∈ R
3N and VIR(·) ∈ C3

b(R3N ).
Then

1.H0(x) is self adjoint on D = D(Hf) for all x ∈ R
3N and H0(·) ∈ Cnb (R3N ,

L(D,F)), where D is equipped with the graph-norm of Hf .
2.H0(x) has a unique ground state Ω(x) for all x ∈ R

3N and, in particular,
H0(x)Ω(x) = E(x)Ω(x) for

E(x) = −1
2

∫

R3
dk |k| |v(x, k)|2 + VIR(x). (6.63)

Furthermore Ω(·) ∈ Cnb (R3N ,F).

It is straightforward to check that Im〈v(x, ·),∇xv(x, ·)〉L2(R3) = 0 for vSN

defined in (6.59) and vIR defined in (6.60). For the (SN) model as well as
for the (IR) model (6.63) is easily evaluated and one finds E(x) = E0(x) as
given in (6.53).

Remark 6.9. For the (SN) model the assumptions made on v(x, k) in Propo-
sition 6.8 are satisfied, if ρ̂j(k) decays sufficiently fast for large |k| and each
j = 1, . . . , N , or, equivalently, if ρj(x) is sufficiently smooth. This is an ultra-
violet condition individually for each particle. But v(x, ·) ∈ L2(R3) follows
from v(0, ·) ∈ L2(R3), which is exactly the global infrared condition (6.49).
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While the necessity for an ultraviolet regularization remains in the (IR)
model, the infrared condition is replaced by

∑

j |k|−
3
2 ρ̂j(k)(eik·xj − 1) ∈

L2(R3), which can be satisfied without having
∑

j ρ̂j(0) = 0. Thus the (IR)
model allows us to consider particles with total charge different from zero. ♦

Let P∗(x) = |Ω(x)〉〈Ω(x)|, then P∗(·) ∈ Cnb (R3N ,L(F)) and P∗H is a
candidate for an adiabatically decoupled subspace. Indeed, we will show that
hε = Hε

p ⊗ 1 satisfies Condition hm with (Dh)εxj
= −iε∇xj/

√−ε2∆xj + 1
and that H0 and P∗ satisfy Assumption Hm

0 (iii) with η(δ) = δ
√

ln(1/δ)
if particles with charges different from zero are present and η(δ) = δ if all
particles have total charge zero. Hence we can apply Theorem 6.3 to conclude
that for some constant C < ∞

∥
∥
∥e−iHεt/ε − e−iHε

diagt/ε
∥
∥
∥ ≤ C η(ε) (1 + |t|) , (6.64)

with Hε
diag = P∗Hε P∗ + (1− P∗)Hε (1 − P∗).

Next observe that the ground state band subspace P∗H is unitarily equiv-
alent to the Hilbert space L2(R3N ) of the N particles in a natural way. Let

U : P∗H → L2(R3N ) , ψ �→ (Uψ)(x) = 〈Ω(x), ψ(x)〉F , (6.65)

then it is easily checked that for ϕ ∈ L2(R3N )

U∗ϕ = U−1ϕ =
∫ ⊕

R3N

dxϕ(x)Ω(x) .

Hence the part of Hε
diag acting on P∗H is unitarily equivalent to

H̃ε
eff = U P∗Hε P∗ U∗

acting on the Hilbert space of the N particles only. The following theorem
shows that H̃ε

eff has, at leading order, exactly the form expected from the
heuristic “Peierls substitution” argument.

Theorem 6.10. Let Hε be defined as in (6.61) with v(x, k) either vSN(x, k)
as in (6.59) or vIR(x, k) as in (6.60). For 1 ≤ j ≤ N let ρj ∈ L1(R3) such
that ρ̂j satisfies |k|sρ̂j(k) ∈ L2(R3) for s ∈ {−1, 4}. For the (SN) model
assume, in addition, the infrared condition (6.49). Let

Hε
eff = Hε

p +
N∑

j=2

j−1∑

i=1

Vij(xi − xj) + e0 ,

with Vij(z) and e0 as in (6.54) and (6.55). Then there is a constant C < ∞
such that

∥
∥
∥

(

e−iHεt/ε − U∗ e−iHε
eff t/ε U

)

P∗
∥
∥
∥ ≤ C η(ε) (1 + |t|) , (6.66)

where η(ε) = ε
√

ln(1/ε). If all charges satisfy the infrared condition individ-
ually, i.e. if ρ̂j(k)/|k|3/2 ∈ L2(R3) for all j = 1, . . . , N , then (6.66) holds
with η(ε) = ε.
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For sake of better readability the global energy shift e0 was, as opposed
to (6.57), absorbed into the definition of Hε

eff .

Remark 6.11. Exactly as in the adiabatic theory with gap we have the follow-
ing important property of the effective dynamics. The unitary U intertwines
the position operator x⊗ 1 on L2(R3N )⊗F with the position operator x on
L2(R3N ) exactly and the momentum operator −iε∇x ⊗ 1 on L2(R3N ) ⊗ F
with −iε∇x on L2(R3N ) up to an error of order ε. Thus one can directly read
off the position distribution and approximately also the momentum distri-
bution of the particles from the solution ψ(t) = e−iHε

eff t/εψ0 of the effective
dynamics. It is not necessary to transform back to the full Hilbert space using
U∗. ♦
Remark 6.12. From the discussion of Section 6.3.1 one expects, on physical
grounds, that the energy lost through radiation is of order O(ε3) after times
of order O(ε−1). Hence the error of order O(ε

√
ln 1/ε) in (6.66) is not optimal

in the sense that the error does not correspond to emission of free bosons and
thus to dissipation. Indeed, we expect that the situation is similar to adiabatic
perturbation theory with gap, cf. Chapter 3. There should be a subspace P ε∗H
which is ε-close to P∗H and for which the analogous expression to (6.64)
holds with an error of order O(ε

3
2 ), possibly with a logarithmic correction.

The corresponding effective Hamiltonian would then contain two additional
terms of order ε2, which, for the case of quadratic dispersion

Hε
p = −

N∑

j=1

ε2

2
∆xj

for the particles, can be calculated using formula (4.35). As result we obtain
for the Weyl symbol of the effective Hamiltonian including the momentum
dependent Darwin term

Heff(p, q) =
N∑

j=1

1
2mε

j

p2
j + E(q) (6.67)

+
ε2

2

∑

j<i

∫

R3
dk

(pj · κ)(pi · κ)
|k|2 e−ik·(qj−qi)ρ̂∗j (k)ρ̂i(k)

with mε
j = 1/(1 + ε2

2 ej) and

ej =
1
4π

∫

R3×R3
dv dw

ρj(v)ρj(w)
|v − w|

the electromagnetic mass. As explained above, for the rigorous justification
of (6.67) a space-adiabatic theorem without gap but for rotated subspaces
P ε∗ is needed. ♦



198 6 Adiabatic decoupling without spectral gap

Before proving Theorem 6.10 we make up for the

Proof (of Proposition 6.8). A standard estimate (cf. e.g. [Bz] Proposition
1.3.8) shows that for f ∈ L2(R3) and any a > 0

‖Φ(f)ψ‖2
F ≤ a‖Hfψ‖2

F +

(‖f/√| · | ‖4
L2(R3)

a
+ 2

)

‖ψ‖2
F . (6.68)

Hence Φ(f) is infinitesimally Hf -bounded whenever

‖f‖L2(R3) + ‖f/
√

| · |‖L2(R3) < ∞ .

Then Kato-Rellich implies that H0(x) is self-adjoint on D(Hf), since by as-
sumption we have

√| · |v(x, ·) ∈ L2. Using (i), (ii) and VIR(·) ∈ Cnb (R3N ), we
obtain from (6.68) that

∂αxH0(x) = Φ (|k| ∂αx v(x, k)) + ∂αxVIR(x) (6.69)

is relatively bounded with respect to Hf for |α| ≤ n. Moreover, (ii), (6.68)
and (6.69) imply that H0(·) ∈ Cnb (R3N ,L(D,F)).

To compute the ground state energy E(x) observe that from “completing
the square” one finds

H0(x) =
∫

R3
dk |k|

(

a∗(k) +
v∗(k, x)√

2

)(

a(k) +
v(x, k)√

2

)

− 1
2

∫

R3
dk |k| |v(x, k)|2 + VIR(x) .

It is well known that the map a(k) �→ a(k) + v(x, k)/
√

2 comes from the
unitary transformation U(x) = exp

(

iΦ
(
iv(x, ·))

)

, i.e.

U(x) a(f)U∗(x) = a(f) + 〈f, v(x, ·)〉 , (6.70)

whenever v(x, ·) ∈ L2. Equation (6.70) follows from the fact that [A, [A,B]] =
0 implies [exp(iA), B] = exp(iA)[iA,B] and the CCRs. Transformations of the
form (6.70) are called Bogoliubov transformations.

Therefore H0(x) = U(x)Hf U
∗(x) + E(x) with

E(x) = −1
2

∫

R3
dk |k| |v(x, k)|2 + VIR(x) .

Since Hf Ω0 = 0 for the unique ground state Ω0 = (1, 0, 0, . . .) ∈ F , we find

H0(x)Ω(x) = E(x)Ω(x) with Ω(x) = U(x)Ω0 .

Next we need to take derivatives of U(x) with respect to x. It follows from
the CCRs (6.58) that for f, g ∈ L2(R3)
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[
Φ(f), Φ(g)

]
= i Im〈f, g〉 ,

and thus, by assumption, that ∇xΦ(iv(·, x)) = Φ(i∇xv(·, x)) commutes with
Φ(iv(·, x)). Hence we obtain that on D(

√N )

∇xU(x) = U(x) iΦ(i∇xv(·, x)) = iΦ(i∇xv(·, x))U(x) . (6.71)

By further differentiating (6.71) we can get up to nth derivatives since
∂αx v(x, k) ∈ L2(R3) for |α| ≤ n. In particular we find with (iii) that
Ω(x) = U(x)Ω0 ∈ Cnb (R3N ,F). ��
Proof (of Theorem 6.10). We start by showing that the assumptions of The-
orem 6.3 are indeed satisfied and thus (6.64) follows.

It is straightforward to check that the assumptions on ρ̂j imply the as-
sumptions of Proposition 6.8 for n = 5. Hence the first part of H4

0 fol-
lows with P∗(x) = |Ω(x)〉〈Ω(x)|. For H4

0 (iii) observe that, using (6.71),
∇xΩ(x) = ∇xU(x)Ω0 = U(x) iΦ(i∇xv(·, x))Ω0, and thus

〈Ω(x),∇xΩ(x)〉F = 〈Ω0, iΦ(i∇xv(·, x))Ω0〉F = 0 . (6.72)

As a consequence, (∇xP∗)(x)P∗(x) = |∇xΩ(x)〉〈Ω(x)|. Hence we obtain for
1 ≤ j ≤ N

R(δ, x)(∇xjP∗)(x)P∗(x) = i |U(x)Rf(δ)Φ(i∇xjv(·, x))Ω0〉〈Ω(x)| , (6.73)

where Rf(δ) = (Hf − iδ)−1. For (6.15) one therefore finds

‖R(δ, x)(∇xjP∗)(x)P∗(x)‖2
L(F) = ‖Rf(δ)Φ(i∇xjv(x, ·))Ω0‖2

F (6.74)

=
∥
∥
∥(|k| − iδ)−1k eik·xj ρ̂j(k)|k|− 3

2

∥
∥
∥

2

L2(R3)

Whenever ρj satisfies the infrared condition ρ̂j(k)|k|− 3
2 ∈ L2(R3), (6.75) is

bounded uniformly in δ since
∣
∣ |k|/(|k| − iδ)

∣
∣ ≤ 1. In general we only assume

that ρ̂j(k)|k|−1 ∈ L2(R3). Using that ρ̂j(k) is bounded uniformly according
to Riemann-Lebesgue, (6.75) becomes

∥
∥
∥(|k| − iδ)−1k eik·xj ρ̂j(k)|k|− 3

2

∥
∥
∥

2

L2(R3)
≤ C1

∫ 1

0

d|k| |k|
|k|2 + δ2

+ C2

≤ C ln 1/δ , (6.75)

for δ ∈ (0, 1
2 ]. To obtain the estimate (6.16), we differentiate (6.73) and find

∇xi

(

R(δ, x)(∇xjP∗)(x)P∗(x)
)

= i |U(x)Rf(δ)Φ(i∇xjv(x, ·))Ω0〉〈∇xiΩ(x)|
− |U(x)Φ(i∇xiv(x, ·))Rf (δ)Φ(i∇xjv(x, ·))Ω0〉〈Ω(x)|
+ i |U(x)Rf(δ)Φ(i∇(2)

ij v(x, ·))Ω0〉〈Ω(x)| . (6.76)
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All three terms in (6.76) can be bounded by using the same type of arguments
as in (6.75) and (6.75): For the first term use in addition that ‖∇xiΩ(x)‖Hf <
C and for the second term one has to estimate the components in the 0-boson
sector and in the 2-boson sector separately. In summary we showed that H4

0

(iii) is satisfied with η(δ) = δ
√

ln(1/δ), and with η(δ) = δ if all charges satisfy
the infrared condition individually.

We are left to check for Assumption h4. Let

hε = Hε
p ⊗ 1 =

∑

j

h(−iε∇xj) ⊗ 1 ,

with h(p) =
√
p2 + 1. Essential self-adjointness of hε + H0 on D(Hp ⊗ 1) ∩

D(H0) is a standard result, cf. Proposition 2.1 in [Ar]. We define (Dh)εj =
(∇h)(−iε∇xj ) ⊗ 1, with ‖(Dh)ε‖L(H)⊕ 3N ≤ 1, and postpone the technical
proof of the following Lemma to the end of this section.

Lemma 6.13. hε and (Dh)ε satisfy h4 (i) and (ii).

We conclude that all assumptions of Theorem 6.3 are satisfied for the
(SN) and the (IR) model and thus (6.64) holds. However, (6.66) follows from
(6.64) by the following Lemma and an argument like (6.21). ��
Lemma 6.14. There is a constant C < ∞ such that for ε > 0 sufficiently
small ∥

∥
(
Hε

diag − U∗Hε
eff U )

P∗
∥
∥
L(H)

≤ ε2 C .

Proof. In order to apply h4 (i) to U(x), we have to extend U(x) : P∗(x)F →
C defined in (6.65) to a map Ũ(·) ∈ C4

b(R3N ,L(F)) first. To this end let
Ũ(x) = |Ω0〉〈Ω(x)| and note that Ũ∗ Ũ = P∗. With this definition one finds

Hε
diag P∗ = H0 P∗ + P∗ hε P∗ = E P∗ + P∗ Ũ∗ hε Ũ P∗ + P∗ [hε, Ũ∗ ] Ũ P∗

= U∗Hε
eff U P∗ + P∗ [hε, Ũ∗ ] Ũ P∗ ,

and we are left to show that ‖P∗ [hε, Ũ∗ ] Ũ P∗‖ = O(ε2). Using h4 (i) with
A = Ũ∗ we find that

P∗ [hε, Ũ∗ ] Ũ P∗ = −iε P∗ (∇x Ũ∗) · (Dh)ε Ũ P∗ + O(ε2) .

However, according to (6.72)

P∗(x)(∇x Ũ∗)(x) = |Ω(x)〉〈Ω(x), ∇xΩ(x)〉〈Ω0| = 0 ,

and thus the desired result follows. ��
Proof (of Lemma 6.13). Heuristically h4 (i) and (ii) hold, because they are
just special cases of the expansion of a commutator of pseudodifferential op-
erators. However, since hε is unbounded and A is only 4-times differentiable,
we need to check the estimates “by hand”.
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For notational simplicity we restrict ourselves to the case N = 1, from
which the general case follows immediately. Let g(p) = 1/

√
p2 + 1, gε =

g(−iε∇x) ⊗ 1 and A ∈ C4
b(R3,Hf), then | · |sĝ ∈ L1(R3) for s ∈ {0, 4} and

thus for ψ ∈ S
(

gεAψ
)

(x) = (2π)−
3
2

∫

dy ĝ(y)A(x− εy)ψ(x− εy)

=
∫

dy ĝ(y)
(

A(x) − εy ·∇A(x) + ε2
∫ 1

0

ds〈y,∇(2)A(x− sεy)y〉
)

ψ(x− εy)

=
(

Agεψ
)

(x) − i ε
(

∇A · ∇gεψ
)

(x)

+ (2π)−
3
2

∫

dy ĝ(y) ε2
∫ 1

0

ds 〈y,∇(2)A(x − sεy) y〉ψ(x− εy) . (6.77)

From (6.77) one concludes after a lengthy but straightforward computation
involving several integrations by parts that

ε2∆x [gε, A] = −i ε∇A · (∇g)ε (ε2∆x) +R

with

‖R ‖ ≤ C

4∑

j=2

εj sup
x∈R3N , |α|=j

‖∂αxA(x)‖L(Hf ) .

Hence we find

[hε, A] = [(1 − ε2∆x)gε, A] = (1 − ε2∆x)[gε, A] − [ε2∆x, A]gε

= −i ε∇A · (Dh)ε +R′

with

‖R′ ‖ ≤ C′
4∑

j=2

εj sup
x∈R3N , |α|=j

‖∂αxA(x)‖L(Hf ) .

This proves h4 (i). By the same type of arguments one shows also h4 (ii). ��



A Pseudodifferential operators

In this appendix we review those aspects of pseudodifferential calculus
with operator valued symbols, which are used in Chapter 3 and Chap-
ter 4. As emphasized in many textbooks on pseudodifferential calculus, e.g.
[Hö2, Fo, DiSj], it is possible to generalize the theory for scalar valued sym-
bols to large classes of operator valued symbols. For the convenience of the
reader and to settle the notation, we provide a self-contained review of the
basic results. For the proofs we mostly refer to Folland’s book [Fo], because
they all carry over from the scalar case to operator valued symbols with mi-
nor changes. We remark that a slightly different but equivalent formulation
of pseudodifferential calculus with operator valued symbols is contained in
the book of Dimassi and Sjöstrand [DiSj], based on an unpublished work of
Balazard-Konlein [Ba].

A.1 Weyl quantization and symbol classes

Before entering the mathematics, recall that the basic idea of “quantization”
is to turn functions on phase space R

2d = R
d
q × R

d
p into operators acting

on some space of functions over R
d
x, in our case mostly L2(Rd). The basic

requirement is that the function (q, p) �→ q is mapped into multiplication
with x and the function (q, p) �→ p is mapped to the differential opera-
tor −iε∇x, where ε > 0 is some parameter for the moment. For functions
f(q, p) = g(q)+ h(p) this rule is basically unique, since, as acting on L2(Rd),
the operators g(x) and h(−iε∇x) are defined through the functional calculus
for self-adjoint operators. For general functions the non-commutativity of x
and −iε∇x makes a specific choice and a more careful definition necessary. In
the following we adopt the Weyl-quantization rule, which, in particular, has
the advantage that real-valued functions are mapped into self-adjoint oper-
ators. Notice however, that the fundamental Hamiltonians in physics which
we consider in this monograph are all given uniquely, usually in the form of
differential operators. Rewriting them as Weyl-quantizations is purely a con-
venient way to get the analysis started. There is no arbitrariness introduced
here.

With the basic idea in mind we come to the mathematical definitions. Let
H1 and H2 be separable Hilbert spaces and denote by L(H1,H2) the space

S. Teufel: LNM 1821, pp. 203–224, 2003.
c© Springer-Verlag Berlin Heidelberg 2003



204 A Pseudodifferential operators

of bounded linear operators from H1 to H2. Let A be a L(H1,H2)-valued
rapidly decreasing smooth function on R

2d, i.e. A ∈ S(R2d,L(H1,H2)). If we
denote by FA the Fourier transform of A then, by Fourier inversion formula,

A(q, p) =
1

(2π)d

∫

R2d

dη dξ (FA)(η, ξ) ei(η·q+ξ·p) , (A.1)

where the integral is a Bochner integral for L(H1,H2)-valued functions. With

L2(Rd,H) ∼= L2(Rd) ⊗H
in mind, this suggest to define the operator

Â : L2(Rd,H1) → L2(Rd,H2)

called the Weyl quantization of the symbol A, by substituting in (A.1)

ei(η·q+ξ·p) → ei(η·q̂+ξ·p̂) ⊗ 1H1 ,

where q̂ is multiplication by x and p̂ = −iε∇x in L2(Rd). The exponential is
defined by using the spectral theorem and it is explicitly given through

(

ei(η·q̂+ξ·p̂) ψ
)

(x) = eiε(η·ξ)/2 eiη·x ψ(x + εξ) for ψ ∈ L2(Rd). (A.2)

Thus
Â =

1
(2π)d

∫

R2d

dη dξ ei(η·q̂+ξ·p̂) ⊗ (FA)(η, ξ) (A.3)

defines a bounded operator from L2(Rd,H1) to L2(Rd,H2) provided that the
Fourier transform of A belongs to L1(R2d,L(H1,H2)). In particular,

∥
∥Â

∥
∥
L(L2(Rd,H1),L2(Rd,H2))

≤ 1
(2π)d

∫

R2d

dη dξ ‖(FA)(η, ξ)‖L(H1,H2)
.

We also use the notation Wε(A) ≡ Â in order to emphasize the ε-dependence
or if the expression for the symbol is too long to put a hat on it. Substituting
(A.2) in (A.3) one obtains that for every ψ ∈ S(Rd,H1)

(
Âψ

)
(x) =

1
(2πε)d

∫

R2d

dξ dy A
(

1
2 (x+ y), ξ

)
eiξ·(x−y)/ε ψ(y) , (A.4)

i.e. Â is an integral operator with kernel

KA(x, y) =
1

(2πε)d

∫

Rd

dξ A
(

1
2 (x+ y), ξ

)
eiξ·(x−y)/ε .

When applied to functions in S(Rd,H1), the expression (A.4) makes sense
for a much larger class of symbols. There are basically two different types of
classes of symbols, which have different advantages to work with. We shall
make use of both types of symbol classes, which is the reason that the fol-
lowing definitions are somewhat lengthy.

We start with the “old” symbol classes, cf. [Hö2, Fo], for which the pseu-
dodifferential calculus was originally developed.
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Definition A.1. A function A ∈ C∞(R2d,L(H1,H2)) belongs to the symbol
class Smρ (L(H1,H2)) with m ∈ R and 0 ≤ ρ ≤ 1, if for every α, β ∈ N

d there
exists a positive constant Cα,β such that

sup
q∈Rd

∥
∥(∂αq ∂

β
pA)(q, p)

∥
∥
L(H1,H2)

≤ Cα,β 〈p〉m−ρ|β|

for every p ∈ R
d, where 〈p〉 = (1 + |p|2)1/2.

The space Smρ (L(H1,H2)) is a Fréchet space, whose topology is defined by
the (directed) family of semi-norms

‖A‖(m)
k = sup

|α|+|β|≤k
sup
q,p∈Rd

〈p〉−m+ρ|β| ∥∥(∂αq ∂
β
pA)(q, p)

∥
∥
L(H1,H2)

, k ∈ N .

(A.5)
Functions in Smρ with ρ > 0 have the nice property that every derivative

with respect to p improves the decay with respect to p at infinity. This fact
can be used to obtain asymptotic expansions of symbols with respect to
the degree of decay in p. On the other hand, in the context of parameter
dependent or semiclassical pseudodifferential calculus, cf. [DiSj, Ma1], one has
an additional parameter, e.g. � or, as in this monograph, ε, and asymptotic
expansions are with respect to this parameter. As a consequence the symbol
classes predominantly used in semiclassics have ρ = 0 and one allows for more
general bounds than 〈p〉m, called order functions.

Definition A.2. A function w : R
2d → [0,+∞) is said to be an order

function if there exist constants C0 > 0 and N0 > 0 such that

w(x) ≤ C0 〈x− y〉N0 w(y)

for every x, y ∈ R
2d.

It is obvious and will be used implicitly that the product of two order
functions is again an order function.

Definition A.3. A function A ∈ C∞(R2d,L(H1,H2)) belongs to the symbol
class Sw(L(H1,H2)) with order function w, if for every α, β ∈ N

d there exists
a positive constant Cα,β such that

∥
∥(∂αq ∂

β
pA)(q, p)

∥
∥
L(H1,H2)

≤ Cα,β w(q, p) (A.6)

for every q, p ∈ R
d.

Again the spaces Sw(L(H1,H2)) are Fréchet spaces with a family of semi-
norms given through the minimal constants satisfying (A.6).

Clearly the functions w(q, p) = 〈p〉m are order functions and thus Sm0 =
Sw=〈p〉m .

The proof of the following result is a straightforward generalization of the
corresponding result for scalar symbols, cf. Theorem 2.21 in [Fo] and Lemma
7.8 in [DiSj]. We reproduce the proof from [Fo] in order to convince the reader
that nothing changes at this level when considering operator valued symbols.
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Proposition A.4. Let A ∈ Smρ (L(H1,H2)) or A ∈ Sw(L(H1,H2)), then Â
given through the uniformly convergent integral (A.4) defines a continuous
mapping from S(Rd,H1) to S(Rd,H2).

Proof. We give the proof for A ∈ Smρ (L(H1,H2)) and refer to Lemma 7.8 in
[DiSj] for the statement for A ∈ Sw(L(H1,H2)). Given ψ ∈ S(Rd,H1), then

g(x, ξ) =
∫

Rd

dy A
(

1
2 (x+ y), ξ

)
ψ(y) eiξ·(x−y)/ε

converges in norm in H2 as a Bochner integral. Substituting u = y − x and
abbreviating Lu := −ε2∆u, one finds that for any positive integer M

g(x, ξ) =
∫

Rd

duA
(
x+ 1

2u, ξ)ψ(u+ x) e−iξ·u/ε

=
∫

Rd

duA
(
x+ 1

2u, ξ
)
ψ(u+ x) 〈ξ〉−2M (1 + Lu)M e−iξ·u/ε

=
∫

Rd

du
e−iξ·u/ε

〈ξ〉2M (1 + Lu)M
[
A
(
x+ 1

2u, ξ
)
ψ(u+ x)

]

=
∑

|α+β|≤2M

cαβ

∫

Rd

du
e−iξ·u/ε

〈ξ〉2M ∂αxA
(
x+ 1

2u, ξ
)
∂βxψ(u+ x) .

Hence we have for arbitrary M ∈ N that

‖g(x, ξ)‖H2 ≤ CM
∑

|α+β|≤2M

∫

Rd

du 〈ξ〉−2M+m‖∂βxψ(x+ u)‖H1

≤ CM 〈ξ〉−2M+m

∫

Rd

du ‖∂βuψ(u)‖H1

︸ ︷︷ ︸

= ‖∂βψ‖L1(Rd,H1)

,

and therefore g(x, ·) ∈ L1(Rd,H2) uniformly in x. Inserted into (A.4) this
proves that Â ψ(x) is uniformly bounded in H2. It follows from

xα∂βx Âψ(x) =
∫

R2d

dξ du
xαe−iξ·u/ε

〈ξ〉2M (1 + Lu)M∂βx
[
A
(
x+ 1

2u, ξ
)
ψ(u+ x)

]

=
∫

R2d

dξ du
(x+ u− iε∂ξ)αe−iξ·u/ε

〈ξ〉2M (1 + Lu)M∂βx
[
A
(
x+ 1

2u, ξ
)
ψ(u+ x)

]

= (−1)|α|
∫

R2d

dξ du e−iξ·u/ε ×

(x+ u− iε∂ξ)α
(1 + Lu)M

〈ξ〉2M ∂βx
[
A
(
x+ 1

2u, ξ
)
ψ(u+ x)

]
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that one can bound ‖xα∂βx Âψ(x)‖H2 for arbitrary α, β ∈ N
d in a similar

fashion, which shows that Â ψ ∈ S(Rd,H2). Finally the continuity of the em-
bedding S(Rd,H1) ↪→ L1(Rd,H1) implies the continuity of Â : S(Rd,H1) →
S(Rd,H2). ��

As for scalar-valued symbols one can extend the continuous mapping
Â : S(Rd,H1) → S(Rd,H2) by duality to a continuous mapping Â :
S′(Rd,H1) → S′(Rd,H2). Since the most natural inclusion S(Rd,H) ↪→
S′(Rd,H) is the anti-linear one, i.e.

S(Rd,H) � ψ �→ Tψ ∈ S′(Rd,H) with Tψ(ϕ) =
∫

Rd

dx 〈ψ(x), ϕ(x)〉H ,

we define for T ∈ S′(Rd,H1) and ϕ ∈ S(Rd,H2)

(ÂT )(ϕ) = T (Â∗ϕ) .

This poses no problem, since A ∈ Smρ (L(H1,H2)) (resp. A ∈ Sw(L(H1,H2)))
clearly implies that A∗ ∈ Smρ (L(H2,H1)) (resp. A∗ ∈ Sw(L(H2,H1))), where
A∗ denotes the pointwise adjoint. Hence for A ∈ Smρ (L(H1,H2)) or A ∈
Sw(L(H1,H2)), Â extends to a continuous mapping

Â : S′(Rd,H1) → S′(Rd,H2) .

One introduces a special notation for such classes of operators, called pseu-
dodifferential operators,

OPSmρ :=
{Wε(A) : A ∈ Smρ (L(H1,H2))

}
.

or
OPSw := {Wε(A) : A ∈ Sw(L(H1,H2))} .

In the following we will sometimes denote Smρ (L(H1,H2)) simply as Smρ when
no confusion about the Hilbert spaces can arise. We will also use the short-
hand Sm := Sm0 . Notice that Smρ ⊆ Smρ′ for any ρ ≥ ρ′.

Definition A.5. For some Banach space E denote by Ckb (Rd, E) the space of
E-valued, k times continuously differentiable functions on R

d, such that all
the derivatives up to the order k are bounded. Equipped with the norm

‖A‖Ck
b

:= sup
|α|≤k

sup
x∈Rd

‖(∂αxA)(x)‖E

it is a Banach space.

If A belongs to S0(L(H)) = Sw=1(L(H)) then the corresponding Weyl
quantization is a bounded operator on L2(Rd,H). The following proposition
sharpens this statement.
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Proposition A.6 (Calderon-Vaillancourt). There exists a constant Cd <
∞ such that for every A ∈ C2d+1

b (R2d,L(H)) one has
∥
∥Â

∥
∥
L(L2(Rd,H))

≤ Cd ‖A‖C2d+1
b

.

For the proof see Theorem 2.73 in [Fo] or Theorem 2.8.1 in [Ma1], where
the latter one can be translated line by line to the operator valued case.

The Calderon-Vaillancourt theorem implies, in particular, that the Weyl
quantization, regarded as a map Wε : S0(L(H)) → L(L2(Rd,H)), is contin-
uous with respect to the Fréchet topology on S0(L(H)).

Remark A.7. One of the advantages of Weyl quantization is that for A ∈
S0

0(Rd,L(H)) the adjoint of Â as an operator in L(L2(Rd,H)), denoted by
Â∗, agrees with the operator obtained as the quantization of the pointwise
adjoint Â∗. This can be checked by direct computation on the dense subset
S(Rd,H). ♦

If a symbol takes values in the bounded self-adjoint operators, then its
quantization is expected to be self-adjoint too on a suitable domain. It is easy
to see that if A ∈ S0

0(Rd,Lsa(H)), then Â ∈ Lsa(L2(Rd,H)). However, if Â
is unbounded the question of self-adjointness becomes more subtle. We close
this section with a result concerning essential self-adjointness of operators
which are obtained through Weyl-quantization. The following result is taken
from [DiSj], Proposition 8.5.

Proposition A.8. Let A ∈ Sw(L(H)) such that A+i is elliptic in the sense
that ‖A(q, p)+ i‖ ≥ Cw(q, p) for some constant C > 0. Then Â is essentially
self-adjoint on S(Rd,H) for ε sufficiently small.

A.2 Composition of symbols: the Weyl-Moyal product

The behavior of the symbol classes with respect to the pointwise product is
very simple, as can be checked by using the Leibniz rule.

Proposition A.9. (i) If A ∈ Sm1
ρ (L(H2,H3)) and B ∈ Sm2

ρ (L(H1,H2)),
then AB belongs to Sm1+m2

ρ (L(H1,H3)) for every m1,m2 ∈ R.
(ii) If A ∈ Sw1(L(H2,H3)) and B ∈ Sw2(L(H1,H2)), then AB belongs to

Sw1w2(L(H1,H3)) for arbitrary order functions w1, w2.

The crucial observation which makes the pseudodifferential calculus so
useful is that one can define an associative product in the space of classical
symbols which corresponds to the composition of the operators. Given A ∈
Sm1
ρ (L(H2,H3)) and B ∈ Sm2

ρ (L(H1,H2)), then we know that Â B̂ maps
S(Rd,H1) into S(Rd,H3). As in the case of scalar symbols this map is again
a pseudodifferential operator, cf. Theorem 2.47 in [Fo] and Proposition 13.9
in [DiSj].
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Proposition A.10. Let A ∈ Sm1
ρ (L(H2,H3)) and B ∈ Sm2

ρ (L(H1,H2)),
then ÂB̂ = Ĉ, with C ∈ Sm1+m2

ρ (L(H1,H3)) given through

C(q, p) = exp
(

i ε
2

(∇p · ∇x −∇ξ · ∇q)
)

A(q, p)B(x, ξ)
∣
∣
∣
x=q,ξ=p

=: A �̃B .

(A.7)

Note that it is part of the statement of Proposition A.10 that (A.7) really
defines a symbol in Sm1+m2

ρ (L(H1,H3)), since a priori the expression (A.7)
is only well defined as an operator of convolution with the exponential e.g.
for A,B with compact support. The analogous statement holds true for the
classes Sw.

Proposition A.11. Let A ∈ Sw1(L(H2,H3)) and B ∈ Sw2(L(H1,H2)),
then ÂB̂ = Ĉ, with C ∈ Sw1w2(L(H1,H3)) given through (A.7).

The symbol A �̃B is called the Weyl product (or the twisted prod-
uct) of the symbols A and B. Note that S0

ρ(L(H)) and S∞ρ (L(H)) :=
⋃

m∈R
Smρ (L(H)) are algebras with respect to the Weyl product �̃.

Since the product A �̃B depends on ε by construction, one can expand
the Weyl product in orders of ε. To this end, it is convenient to define suit-
able classes of ε-dependent symbols, called semiclassical symbols, which –
roughly speaking – are close to a power series in ε of classical symbols with
nicer and nicer behavior at infinity. Our definition is a special case of the
standard ones (see [Fo, Hö2]).

Definition A.12. A map A : [0, ε0) → Smρ (L(H1,H2)), ε �→ Aε is a semi-
classical symbol of order m and weight ρ if there exists a sequence {Aj}j∈N

with Aj ∈ Sm−jρρ (L(H1,H2)) such that for every n ∈ N one has that

ε−n



Aε −
n−1∑

j=0

εjAj



 ∈ Sm−nρρ (L(H1,H2))

uniformly in ε, in the following sense: For any k ∈ N there exists a constant
Cn,k such that for any ε ∈ [0, ε0) one has

∥
∥
∥Aε −

n−1∑

j=0

εjAj

∥
∥
∥

(m−nρ)

k
≤ Cn,k ε

n , (A.8)

where ‖ · ‖(m)
k is the kth Fréchet semi-norm in Smρ (L(H1,H2)), introduced in

(A.5).
The space of semiclassical symbols of order m and weight ρ is denoted

as Smρ (ε,L(H1,H2)) or, if clear from the context or if no specification is
required, as Smρ (ε).
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A0 is called the principal symbol and A1 is called the subprincipal
symbol of Aε. If condition (A.8) is fulfilled, one writes

Aε �
∑

j≥0

εjAj in Smρ (ε)

and one says that Aε is asymptotically equivalent to the series
∑

j≥0 εjAj
in Smρ (ε). If Aε is asymptotically equivalent to the series in which Aj = 0
for every j ∈ N, we write Aε = O(ε∞). To be precise, we should write
Aε = O(ε∞) in Smρ (ε), but the latter specification is omitted whenever it is
unambiguous from the context.

Again the previous definitions and all the following translate unambigu-
ously to the symbols defined through order functions with the only difference
that the coefficients in an asymptotic expansion of Aε ∈ Sw(ε) are all in the
same space Sw.

Remark A.13. Notice that for Aε ∈ S0
0(ε,L(H)) the Calderon-Vaillancourt

theorem, Proposition A.6, gives immediately that

sup
ε∈[0,ε0)

∥
∥Âε

∥
∥
L(L2(Rd,H))

≤ C < ∞ ,

since all the semi-norms appearing in ‖Aε‖C2d+1
b

are bounded uniformly by
definition of S0

0(ε,L(H)). ♦
In general a formal power series

∑

j≥0 εjAj is not convergent, but it is
always the asymptotic expansion of a (non unique) semiclassical symbol Aε.
This is because one can obtain a semiclassical symbol from a formal power
series through

Aε =
N(ε)
∑

j=0

εjAj ,

with N(ε) → ∞ as ε → 0 chosen in such a way that the semi-norms ‖Aε‖(m)
k

remain uniformly bounded for ε ∈ (0, ε0]. For an explicit construction of N(ε)
see e.g. Proposition 2.26 in [Fo].

Proposition A.14. Let be {Aj}j∈N an arbitrary sequence such that Aj ∈
Sm−jρρ . Then there exists Aε ∈ Smρ (ε) such that Aε � ∑

j≥0 εjAj in Smρ (ε)
and Aε is unique up to O(ε∞), in the sense that the difference of two such
symbols is O(ε∞) in Smρ (ε). The semiclassical symbol Aε is called a resum-
mation of the formal symbol

∑

j≥0 εjAj.

The Weyl product of two semiclassical symbols is again a semiclassical
symbol with an explicit asymptotic expansion. For the proof in the scalar
case see Theorem 2.49 in [Fo], which can be adapted to the operator valued
case with minor changes.
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Proposition A.15 (Product rule). If

Aε �
∑

j≥0

εjAj in Sm1
ρ (ε,L(H3,H2))

and
Bε �

∑

j≥0

εjBj in Sm2
ρ (ε,L(H1,H2)) ,

then Aε �̃ Bε ∈ Sm1+m2
ρ (ε,L(H1,H3)) has an asymptotic expansion given by

(

Aε �̃ Bε

)

k
(q, p) = (2i)−k

∑

|α|+|β|+j+l=k

(−1)|α|

|α|!|β|!
(
(∂αq ∂

β
pAj)(∂

α
p ∂

β
q Bl)

)
(q, p)

(A.9)
where it is understood that k, j, l ∈ N and α, β ∈ N

d.

Most important for our implicit calculations are the leading orders:

(Aε �̃ Bε)0 = A0B0

and
(Aε �̃ Bε)1 = A0B1 +A1B0 − i

2
{A0, B0} ,

where {·, ·} denotes the Poisson bracket defined through

{A,B} =
d∑

j=1

∂A

∂pj

∂B

∂qj
− ∂A

∂qj

∂B

∂pj
. (A.10)

Notice that even for A,B ∈ Smρ (L(H)), in general, {A,B} �= −{B,A} since
operator-valued derivatives do not commute, in particular {A,A} �= 0. The
usual Poisson algebra is recovered in the special case in which one of the
two arguments is a multiple of the identity, i.e. A(z) = a(z)1H. Then a very
useful formula for the commutator follows,

[
aε, Bε

]

�̃
:= aε �̃ Bε −Bε �̃ aε � −i ε { aε, Bε } + O(ε3) . (A.11)

It is convenient to introduce also the space of the formal power series with
coefficients in S∞ρ (L(H1,H2)). Denote by Mm

ρ (ε,L(H1,H2)) the subspace of
the formal power series with a resummation in Smρ (ε,L(H1,H2)), i.e.

Mm
ρ (ε,L(H1,H2)) :=






∑

j≥0

εjAj : Aj ∈ Sm−jρρ (L(H1,H2))





.

In the context of formal power series, the product defined by (A.9) is called
the Moyal product and denoted simply as � . Notice that � defines a map
from
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Mm1
ρ (ε,L(H2,H3)) ×Mm2

ρ (ε,L(H1,H2)) to Mm1+m2
ρ (ε,L(H1,H3)) .

The Moyal product can also be regarded as a map from Mm1
ρ (ε,L(H1,H2))×

Mm2
ρ (ε,H1) to Mm1+m2

ρ (ε,H2), where in (A.9) the operator A and its deriva-
tives act on the vector B and its derivatives.

To sum up the previous discussion, we stress that one can prove state-
ments on three levels: formal symbols (i.e. formal power series), semiclassi-
cal symbols, and operators from S(Rd,H1) ⊆ L2(Rd,H1) to S(Rd,H2) ⊆
L2(Rd,H2). A simple example illustrates the interplay between these levels.
Suppose that two formal symbols A ∈ Mm1

ρ (ε,L(H)) and B ∈ Mm2
ρ (ε,L(H))

Moyal commute, i.e. [A,B]� = A�B − B�A = 0. Let Aε ∈ Sm1
ρ (ε,L(H)) and

Bε ∈ Sm2
ρ (ε,L(H)) be any two resummations of A respectively B. Since

we know a priori from Proposition A.15 that the Weyl product Aε �̃ Bε be-
longs to Sm1+m2

ρ (ε,L(H)), it follows that the Weyl commutator [Aε, Bε ]̃� is
asymptotically close to zero in Sm1+m2

ρ (ε,L(H)), which can be rephrased in
the following way: for any n, k ∈ N there exists a constant Cn,k such that for
any ε ∈ [0, ε0) one has

∥
∥
∥
[
Aε, Bε

]

�̃

∥
∥
∥

(m1+m2−nρ)

k
≤ Cn,k ε

n .

If ρ > 0 we obtain that definitely m1 + m2 − nρ ≤ 0 for some n ∈ N

and then Proposition A.6 assures that the operator commutator [Âε, B̂ε]
can be bounded in the L(L2(Rd,H))-norm. Moreover, for ρ > 0, we can
conclude that [Âε, B̂ε] is a smoothing operator (i.e. it belongs to OPS−∞ρ :=
∩m∈ROPS

m
ρ ) and in particular one can prove that it is a “small” bounded

operator between the Sobolev spaces Hq(Rd,H) and Hq+r(Rd,H) for any
q, r ∈ N. To be precise, for any q, r, n ∈ N there exist a constant Cn,q,r such
that ∥

∥
∥
[
Âε, B̂ε

]∥∥
∥
L(Hq ,Hq+r)

≤ Cn,q,r ε
n

for any ε ∈ [0, ε0), where Hq stands for Hq(Rd,H).
On the other hand, notice that for ρ = 0 and m1 +m2 =: m > 0 it is not

possible to conclude from [A,B]� = 0 that [Âε, B̂ε] is a bounded operator,
since it could happen – for example – that [Aε, Bε ]̃� = e−1/ε〈p〉m, which
is asymptotically close to zero in Smρ (ε). The same problem occurs when
working with semiclassical symbols in Sw(ε).

Hence we introduce the following synthetic notation.

Definition A.16. Let be Aε and Bε semiclassical symbols in Smρ (ε). We say
that Bε = Aε+O−∞(ε∞) if Bε−Aε is asymptotically close to zero in Smρ (ε)
for ρ > 0.

With a little abuse, we employ the same notation for pseudodifferential
operators too, i.e. we write B̂ε = Âε + O−∞(ε∞) if Bε = Aε + O−∞(ε∞).
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As noticed above this is a strong concept of closeness, since it implies
that B̂ε − Âε is a smoothing operator. Compare with the following weaker
concept.

Definition A.17. Let be Rε and Sε two ε-dependent operators on H. We
say that Rε = Sε+O0(ε∞) if for every n ∈ N there exists a constant Cn such
that

‖Rε − Sε‖L(L2(Rd,H1),L2(Rd,H2))
≤ Cnε

n

for every ε ∈ [0, ε0). In such a case we say that Rε is O0(ε∞)-close to Sε.

The notation Aε for a semiclassical symbol was introduced only for sake of
clear presentation in the present section. In the main body of the monograph,
we use the same symbol A for an element in Smρ (ε) and its expansion in
Mm
ρ (ε). In particular, we drop the subscript ε from Aε.





B Operator-valued Weyl calculus for

τ -equivariant symbols

The pseudodifferential calculus for scalar-valued symbols defined on the phase
space T ∗Rd = R

2d can be translated to the phase space T ∗Td = T
d ×R

d, T
d

a flat torus, by restricting to periodic functions and symbols. This approach
is used by Gérard and Nier [GeNi] in the context of scattering theory in
periodic media.

In this appendix we present a similar approach to Weyl quantization of
operator-valued symbols which are not exactly periodic, but τ -equivariant
with respect to some nontrivial representation τ of the group of lattice trans-
lations. We obtain a pseudodifferential and semiclassical calculus which can
be applied to τ -equivariant symbols like the Schrödinger Hamiltonian with
periodic potential in Bloch-Floquet representation of Chapter 5. In particu-
lar, the full computational power of the usual Weyl calculus is retained. The
strategy is to use the strong results available for phase space R

2d by restrict-
ing to functions which are τ -equivariant in the configurational variable.

Let Γ ⊂ R
d be a regular lattice generated through the basis {γ1, . . . , γd},

γj ∈ R
d, i.e.

Γ =






x ∈ R

d : x =
d∑

j=1

αj γj for some α ∈ Z
d






.

Clearly the translations on R
d by elements of Γ form an abelian group iso-

morphic to Z
d. The centered fundamental cell of Γ is denoted as

M =






x ∈ R

d : x =
d∑

j=1

αj γj for αj ∈ [− 1
2 ,

1
2 ]






.

Let H be a separable Hilbert space and let τ be a representation of Γ in
L∗(H), the group of invertible elements of L(H) , i.e. a group homomorphism

τ : Γ → L∗(H), γ �→ τ(γ) .

If more than one Hilbert space appears, then τ denotes a collection of such
representations, i.e. one on each Hilbert space.
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Warning: In the application of the results of this appendix to Bloch electrons
in Chapter 5 the lattice Γ corresponds to the dual lattice Γ ∗ in momentum
space R

d.

Let Lγ be the operator of translation by γ ∈ Γ on S(Rd,H), i.e.
(Lγϕ)(x) = ϕ(x − γ), and extend it by duality to distributions, i.e. for
T ∈ S′(Rd,H) let (LγT )(ϕ) = T (L−γϕ).

Definition B.1. A tempered distribution T ∈ S′(Rd,H) is said to be τ -
equivariant if

LγT = τ(γ)T for all γ ∈ Γ ,

where
(
τ(γ)T

)
(ϕ) = T

(
τ(γ)−1ϕ

)
for ϕ ∈ S(Rd,H). The subspace of τ-

equivariant distributions is denoted as S′τ . Analogously we define

Hτ =
{

ψ ∈ L2
loc(R

d,H) : ψ(x− γ) = τ(γ)ψ(x) for all γ ∈ Γ
}

,

which, equipped with the inner product

〈ϕ, ψ〉Hτ =
∫

M

dx 〈ϕ(x), ψ(x)〉H ,

is a Hilbert space. Clearly

C∞τ =
{

ψ ∈ C∞(Rd,H) : ψ(x− γ) = τ(γ)ψ(x) for all γ ∈ Γ
}

,

is a dense subspace of Hτ .

Notice that if τ is a unitary representation, then for any ϕ, ψ ∈ Hτ the
map x �→ 〈ϕ(x), ψ(x)〉H is periodic, since

〈ϕ(x − γ), ψ(x− γ)〉H = 〈τ(γ)ϕ(x), τ(γ)ψ(x)〉H = 〈ϕ(x), ψ(x)〉H .

Now that we have τ -equivariant functions, we define τ -equivariant symbols.

Definition B.2. A symbol Aε ∈ Sw(ε,L(H1,H2)) is τ -equivariant (more
precisely (τ1, τ2)-equivariant), if

Aε(q − γ, p) = τ2(γ)Aε(q, p) τ1(γ)−1 for all γ ∈ Γ .

The space of τ-equivariant symbols is denoted as Swτ (ε,L(H1,H2)).

Notice that the coefficients in the asymptotic expansion of a τ -equivariant
semiclassical symbol must be as well τ -equivariant, i.e. if Aε � ∑∞

j=0 ε
jAj ,

Aε ∈ Swτ (ε,L(H1,H2)), then Aj ∈ Swτ (L(H1,H2)).
Given any τ -equivariant symbol A ∈ Swτ (L(H1,H2)), one can consider

the usual Weyl quantization Â, regarded as an operator acting on S′(Rd,H1)
with distributional integral kernel
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KA(x, y) =
1

(2πε)d

∫

Rd

dξ A
(

1
2 (x+ y), ξ

)
eiξ·(x−y)/ε . (B.1)

Notice that integral kernel associated to a τ -equivariant symbol A is τ -
equivariant in the following sense:

KA(x− γ, y − γ) = τ2(γ)KA(x, y) τ1(γ)−1 for all γ ∈ Γ . (B.2)

The simple but important observation is that the space of τ -equivariant
distributions is invariant under the action of quantizations of τ -equivariant
symbols.

Proposition B.3. Let A ∈ Swτ (L(H1,H2)), then

ÂS′τ1(Rd,H1) ⊂ S′τ2(Rd,H2) .

Proof. Since Â maps S′(Rd,H1) continuously into S′(Rd,H2), we only need
to show that (LγÂT )(ϕ) = (τ2(γ)ÂT )(ϕ) for all T ∈ S′τ1(Rd,H1) and ϕ ∈
S(Rd,H2).

To this end notice that as acting on S(Rd,H2) one finds by direct
computation using (B.1) that Â∗ Lγ = Lγ (τ1(γ)−1)∗ Â∗ τ2(γ)∗. Indeed, let
ψ ∈ S(Rd,H2), then

(
Â∗ Lγ ψ

)
(x) =

∫

Rd

dy KA∗(x, y)ψ(y − γ) =
∫

Rd

dyKA∗(x, y + γ)ψ(y)

=
∫

Rd

dy (τ1(γ)−1)∗KA∗(x− γ, y) τ2(γ)∗ ψ(y)

=
(
Lγ (τ1(γ)−1)∗ Â∗ τ2(γ)∗ ψ

)

(x)

Hence, using the fact that τ is a representation and that LγT = τ1(γ)T ,

(LγÂT )(ϕ) = T (Â∗ L−γ ϕ) = T (L−γ τ1(γ)∗ Â∗ (τ2(γ)−1)∗ ϕ)

= (τ2(γ) Â τ1(γ)−1 Lγ T )(ϕ) = (τ2(γ) Â T )(ϕ) .

��
Next observe that τ -equivariance of symbols is preserved under the point-

wise product, the Weyl product and the Moyal product.

Proposition B.4. Let Aε ∈ Sw1
τ (ε,L(H2,H3)) and Bε ∈ Sw2

τ (ε,L(H1,H2)),
then AεBε ∈ Sw1w2

τ (ε,L(H1,H3)) and Aε �̃ Bε ∈ Sw1w2
τ (ε,L(H1,H3)).

Proof. One has

Aε(q − γ, p)Bε(q − γ, p) = τ3(γ)Aε(q, p)τ2(γ)−1τ2(γ)Bε(q, p)τ1(γ)−1

= τ3(γ)Aε(q, p)Bε(q, p)τ1(γ)−1 ,

which shows AεBε ∈ Sw1w2
τ (ε,L(H1,H3)) and inserted into (A.7) yields im-

mediately also Aε �̃ Bε ∈ Sw1w2
τ (ε,L(H1,H3)). ��
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As for the Moyal product of formal symbol, an analogous statement holds
true.

A not completely obvious fact is the following variant of the Calderon-
Vaillancourt theorem.

Theorem B.5. Let A ∈ Sw=1
τ (L(H)) and τ1, τ2 unitary representations of

Γ in L(H), then Â ∈ L(Hτ1 ,Hτ2) and for Aε ∈ Sw=1
τ (ε,L(H)) we have that

supε∈[0,ε0) ‖Âε‖L(Hτ1 ,Hτ2) < ∞.

Proof. Fix n > d/2 and let w(x) = 〈x〉−n. We consider the weighted L2-space

L2
w =

{

ψ ∈ L2
loc(R

d,H) :
∫

Rd

dxw(x)2 |ψ(x)|2 < ∞
}

.

Let j = 1, 2, then Hτj ⊂ L2
w and for any ψ ∈ Hτj one has the norm equiva-

lence
C1 ‖ψ‖Hτj

≤ ‖ψ‖L2
w
≤ C2 ‖ψ‖Hτj

(B.3)

for appropriate constants 0 < C1, C2 < ∞. The first inequality in (B.3) is
obvious and the second one follows by exploiting τj-equivariance of ψ and
unitarity of τj :

‖ψ‖2
L2

w
=

∑

γ∈Γ

∫

M+γ

dxw(x)2 ‖τj(γ)−1ψ(x)‖2
H =

∑

γ∈Γ

∫

M+γ

dxw(x)2 ‖ψ(x)‖2
H

≤
∑

γ∈Γ
sup

x∈M+γ

{
w(x)2

}
∫

M

dx ‖ψ(x)‖2
H ≤ C2 ‖ψ‖Hτj

.

According to (B.3) it suffices to show that Â ∈ L(L2
w) and to estimate the

norm of Âε in this space.
Let ψ ∈ C∞τ1 (Rd,H), then by the general theory Âψ is smooth as well

(cf. [Fo], Corollary 2.62) and thus, according to Proposition B.3, Âψ ∈
C∞τ2 (Rd,H). Hence we can use (B.3) and find
∥
∥Âψ

∥
∥
L2

w
=

∥
∥wÂψ

∥
∥
L2 ≤ ∥

∥wÂw−1
∥
∥
L(L2)

∥
∥wψ

∥
∥
L2 =

∥
∥wÂw−1

∥
∥
L(L2)

∥
∥ψ

∥
∥
L2

w
.

However, by Proposition A.10, we have that w �̃A �̃w−1 ∈ Sw=1(ε,L(H)).
Thus from the usual Calderon-Vaillancourt theorem it follows that

∥
∥w Â w−1

∥
∥
L(L2)

≤ Cd
∥
∥w �̃A �̃w−1

∥
∥
C2d+1

b (R2d)
.

This shows that for A ∈ Sw=1
τ (L(H)) we have Â ∈ L(Hτ1 ,Hτ2). Since also

w �̃Aε �̃ w
−1 ∈ Sw=1(ε,L(H)) for Aε ∈ Sw=1

τ (ε,L(H)), we conclude that

sup
ε∈[0,ε0)

‖Âε‖L(Hτ1 ,Hτ2 ) < ∞

by the same argument. ��
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Remark B.6. It is clear from the proof that the previous result still holds
true under the weaker assumption that τ1 and τ2 are uniformly bounded, i.e.
that

sup
γ∈Γ

‖τj(γ)‖L(H) ≤ C , j = 1, 2 .

♦
Finally we would also like to show that for A ∈ Swτ (L(H)) the adjoint of

Â as an operator in L(Hτ ), denoted by Â†, is given through the quantization
of the pointwise adjoint, i.e. through Â∗. Here it is crucial that τ is a unitary
representation.

Proposition B.7. Let Swτ (L(H)) with a unitary representation τ (with τ1 =
τ2 = τ) and let Â† be the adjoint of Â ∈ L(Hτ ), then Â† = Â∗.

Proof. Let ψ ∈ Hτ and ϕ ∈ C∞τ such that ϕ̃ := 1M ϕ ∈ C∞0 (Rd,H), where
1M denotes the characteristic function of the set M . Such ϕ are dense in Hτ

and the corresponding ϕ̃ can be used as a test function:

〈
ϕ, Âψ

〉

Hτ
=

∫

M

dx
〈
ϕ(x), (Âψ)(x)

〉

H =
∫

Rd

dx
〈
ϕ̃(x), (Âψ)(x)

〉

H

=
∫

Rd

dx
〈
(Â∗ϕ̃)(x), ψ(x)

〉

H

=
∫

Rd

dx
〈∫

Rd

dyKA∗(x, y)ϕ̃(y), ψ(x)
〉

H

=
∫

Rd

dx
〈∫

M

dy K∗
A(x, y)ϕ̃(y), ψ(x)

〉

H

=
∫

M

dx
∑

γ∈Γ

〈∫

M

dy K∗
A(x+ γ, y)ϕ̃(y), ψ(x + γ)

〉

H

=
∫

M

dx
∑

γ∈Γ

〈∫

M

dy τ−1(γ)K∗
A(x, y − γ)τ(γ)ϕ̃(y), τ−1(γ)ψ(x)

〉

H

=
∫

M

dx
∑

γ∈Γ

〈∫

M

dy K∗
A(x, y − γ)ϕ(y − γ), ψ(x)

〉

H

=
∫

M

dx
〈∫

Rd

dy K∗
A(x, y)ϕ(y), ψ(x)

〉

H

=
∫

M

dx
〈
(Â∗ϕ)(x), ψ(x)

〉

H =
〈
Â∗ϕ, ψ

〉

Hτ

In particular, we used the τ -equivariance of the kernel (B.2) and of the func-
tions in Hτ and the unitarity of τ . By density we have Â∗ = Â†. ��





C Related approaches

This appendix collects some remarks to work which is closely related to space-
adiabatic perturbation theory and which has partly been discussed already
within the main body of this monograph.

C.1 Locally isospectral effective Hamiltonians

In adiabatic perturbation theory as described in this monograph the goal is
to study the dynamics generated by the Hamiltonian

Hε = H(x,−iε∇x)

with operator valued symbol H by means of constructing effective Hamilto-
nians on certain approximately invariant subspaces.

However, the pioneering work of Born and Oppenheimer [BoOp] and most
of the later work were dealing with the time-independent problem. Here the
goal is the construction of an effective Hamiltonian which has the same spec-
trum as the full Hamiltonian Hε, at least in some interval of the real line.

There are many rigorous results concluding this program for various physi-
cal systems. Most prominently time-independent Born-Oppenheimer approx-
imation was rigorized in [CDS, KMSW] using the Grushin method for con-
structing locally isospectral effective Hamiltonians. The same idea was also
applied to the Bloch electron in [GMS] and a considerably simplified presen-
tation of the general method can be found in [Ma2].

We will not enter in any technical details of this approach. But since it
deals with essentially the same physical systems and since it appears to result
in essentially the same effective Hamiltonians, it is important to clarify the
differences.

To get a rough idea of the approach let us sketch the type of result one
obtains in the following simple example. Let the spectrum of H(q, p) consist
of two eigenvalues E1(q, p) and E2(q, p) and continuous spectrum starting at
Σ(q, p), cf. Figure C.1. For energies λ in the interval Λ1 = (inf E1, inf E2)
the construction yields an effective scalar Hamiltonian Hε

eff(λ) with principal
symbol E1(q, p). One has the following equivalence:

λ ∈ σ(Hε) ⇔ λ ∈ σ(Hε
eff(λ)) . (C.1)
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F i g. C. 1. Schematic spectrum of a molecular Hamiltonian.

This means that a point λ ∈ Λ1 is in the spectrum of the full Hamilto-
nian if and only if it is in the spectrum of the effective Hamiltonian. Fur-
thermore, Hε

eff(λ) is a pseudodifferential operator and its principal sym-
bol is just E1(q, p), i.e. it is given through Peierls’ substitution. For values
λ ∈ (inf E2, inf Σ) the same procedure works with the only difference that
now Hε

eff(λ) is matrix-valued and contains E1 and E2 as well as their spectral
projections. Once the continuous spectrum is reached the construction breaks
down.

The isospectrality (C.1) is mathematically a very strong result. It is espe-
cially useful in the context of Born-Oppenheimer approximation as it allows
for a perturbative study of the discrete spectrum of molecules. However, it
gives almost no information about the dynamics.

We conclude that the two approaches, time-dependent and time-indepen-
dent, give rather disjoint results. In the time-dependent setting we con-
structed subspaces of the full Hilbert space which are approximately invari-
ant under time-evolution and on which the dynamics can be approximated by
means of an effective Hamiltonian. In the time-independent setting to each
energy one constructs an effective Hamiltonian which is isospectral to the
original one.

Despite the differences, however, both approaches make use of the spectral
structure of the symbol H(q, p) and are, in particular, based on a gap con-
dition. Both approaches yield an effective Hamiltonian starting with Peierl’s
substitution as the leading order term and agree, presumably, also at all
higher orders.

(q,p)

2

E  (q,p)1

E  (q,p)

Σ

Λ

Λ2

1

eH (q,p)σ(           )
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C.2 Simultaneous adiabatic and semiclassical limit

As mentioned throughout the text, there are many other rigorous results
available for time-dependent space-adiabatic problems.

The approach of Hagedorn [Ha1, Ha3, Ha4, HaJo1, HaJo2] yields coher-
ent state type solutions of the full Schrödinger equation (1.1), where the slow
degrees of freedom are localized along some classical one-band trajectory and
the fast degrees of freedom are approximately eigenstates of the corresponding
eigenvalue band. The leading order results in the context of time-dependent
Born-Oppenheimer approximation are sketched in Section 1.2.1. Recently
Hagedorn and Joye [HaJo2] succeeded in constructing exponentially accurate
solutions of the full Schrödinger equation, which are still exponentially lo-
calized along the one-band classical trajectories. Moreover the approach of
explicitly constructing solutions based on coherent states was extended to
the case of eigenvalue crossings. In [Ha3, Ha4, HaJo1] possible eigenvalue
crossings in molecular dynamics are classified and solutions passing through
the crossings are constructed. In particular the construction gives precise
information on the transitions between otherwise isolated bands. This list
of results shows that the approach based on coherent states is flexible and
yields very precise results. The main drawback as compared to adiabatic
perturbation theory—whenever the latter applies—is the restricted class of
initial conditions and the fact that the adiabatic and the semiclassical limit
are not separated. Hence in situations where quantum mechanical effects
like tunnelling through small barriers or interference may still be observed,
but adiabatic decoupling holds in good approximation, the coherent state
approach is not applicable.

The time-dependent equation (1.1) with a Hamiltonian with a matrix-
valued symbol was also discussed using matrix-valued Wigner measures. Un-
der appropriate conditions the matrix valued Wigner transforms W ε(ψε) of
a sequence ψε of initial wave functions converge weakly to some positive-
matrix-valued measure on phase space. In [GMMP] it is shown that the
diagonal elements of this measure (in an eigenbasis of the symbol of the
Hamiltonian) satisfy classical transport equations, where the classical flow is
generated by the eigenvalue bands of the symbol of the Hamiltonian. The ad-
vantage of this approach is that (presumably) less regularity of the symbols
is needed. On the other hand only the leading order behavior is captured in
the transport of the Wigner measures and the approach gives no control on
the order of the errors. Again the adiabatic and the semiclassical limit are
taken simultaneously. The Wigner function resp. Wigner measure approach
was mostly used in the context of the Bloch electron [MMP, BFPR, BMP].
For a discussion how these results relate to resp. follow from the results of
Chapter 5 we refer to [Te3].
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C.3 The work of Blount and of Littlejohn et al.

Within the physics literature effective Hamiltonians for certain space-adiaba-
tic problems have been independently derived in a series of papers by Blount
[Bl1, Bl2, Bl3] in 1962 and later in a series of papers by Littlejohn, Flynn and
Weigert [LiFl1, LiFl2, LiWe1, LiWe2] in the 90ties.

While Blount considers the problem of the Bloch electron [Bl1, Bl2] and
the Dirac equation [Bl3], Littlejohn et al. focus on Born-Oppenheimer type
Hamiltonians [LiWe1]. Whenever applicable, their techniques yield the same
effective Hamiltonians as space-adiabatic perturbation theory. However, in
the approach of Blount and of Littlejohn et. al. the full Hamiltonian is “di-
agonalized” at once. More precisely it is assumed that the spectrum of the
symbol of the Hamiltonian consists only of globally isolated eigenvalue bands.
Then a unitary operator is constructed such that the transformed Hamilto-
nian has a symbol which is a diagonal matrix at any order in ε. The clear
advantage of space-adiabatic perturbation theory is that one can construct
to any isolated band an effective Hamiltonian which approximates the full
Hamiltonian on a certain almost invariant subspace. It is not required that
all the spectrum consists of isolated bands, a condition which is not satisfied
in most applications.



List of Symbols

General notation

E a Banach space
‖ · ‖E norm of the Banach space E
H a separable Hilbert space
〈 · , · 〉H inner product of the Hilbert space H
L(H1,H2) Banach space of bounded linear operators A : H1 → H2

A∗ adjoint operator in L(H2,H1) for A ∈ L(H1,H2)
D(A) domain of an densely defined linear operator A on H
σ(A) spectrum of an operator A
TrA trace of a trace-class operator A
[A,B] commutator [A,B] = AB −BA of two operators
1E identity operator on E
1Λ characteristic function of the set Λ
〈 · 〉 the function R

d → [0,∞), x �→ 〈x〉 = (1 + x2)1/2

O(εn) a function f : (0, ε0] → E satisfies f(ε) = O(εn) iff there
is a constant C < ∞ such that ‖ f(ε) ‖ ≤ Cεn.

O(ε∞) f(ε) = O(ε∞) ⇔ f(ε) = O(εn) for all n ∈ N.

� f(ε) � ∑∞
n=0 ε

nan ⇔ ‖f(ε) − ∑N
n=0 ε

nan‖ = O(εN+1)
∀N ∈ N

× Cartesian product of sets or vector product in R
3

Function spaces

C(Ω, E) space of continuous functions on some domain Ω ⊂ R
d

with values in E
Ckb (Ω, E) space of k-times continuously differentiable functions

which are uniformly bounded together with all their
derivatives

C0(Ω, E) continuous functions with compact support
S(Rd,H) Schwartz functions with values in H
S′(Rd,H) the dual space of S(Rd,H)
Lp(Rd, E) Lebesgue-Bochner spaces
Hk Sobolev space of order k ( Hk = W k,2)
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Pseudodifferential calculus

Â or Wε(A) Weyl quantization of the symbol A
Smρ (L(H1,H2)) space of symbols of order m ∈ R and weight ρ ∈ [0, 1]

with values in L(H1,H2)
Sw(L(H1,H2)) space of symbols with order function w with values

in L(H1,H2)
Smρ (ε), Sw(ε) spaces of semiclassical symbols
Mm
ρ (ε), Mw(ε) spaces of formal symbols (= formal power series)

KA integral kernel of the operator Â
(Aε)n nth term in the asymptotic expansion of a semiclas-

sical symbol Aε
#̃ Weyl product #̃ : Sm1

ρ (ε) × Sm2
ρ (ε) → Sm1+m2

ρ (ε)
respectively #̃ : Sw1(ε) × Sw2(ε) → Sw1w2(ε)

# Moyal product # : Mm1
ρ (ε)×Mm2

ρ (ε) → Mm1+m2
ρ (ε)

respectively #̃ : Mw1(ε) ×Mw2(ε) → Mw1w2(ε)
{ · , · } Poisson bracket
O0(ε∞) see Definition A.17
O−∞(ε∞) see Definition A.16
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14203 (2001).

[Col1] Y. Colin de Verdière. The level crossing problem in semiclassical analysis I.
The symmetric case, Math. Phys. Preprint Archive mp arc 02-401 (2002).



References 229

[Col2] Y. Colin de Verdière. The level crossing problem in semiclassical analysis II.
The hermitian case, Math. Phys. Preprint Archive mp arc 03-135 (2003).

[CLP] Y. Colin de Verdière, M. Lombardi and J. Pollet. The microlocal Landau-
Zener formula, Ann. Inst. H. Poincaré Phys. Theor. 71, 95–127 (1999).
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[Sj] J. Sjöstrand. Projecteurs adiabatiques du point de vue pseudodifférentiel, C. R.
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adiabatic propagator, 8
almost invariant subspace, 75
annihilation operator, 193
approximate characteristic function, 54
approximate projections, 53

Berry connection, 52, 61
– generalized, 101
Berry-Lim term, 139
Bloch bands, 149
Bloch functions, 149
Bloch-Floquet transformation, 146
Bogoliubov transformation, 198
Born-Oppenheimer approximation
– screened, 61
– time-dependent, 15, 44, 124
– time-independent, 221
Born-Oppenheimer Hamiltonian, 52
Brillouin zone, 146

Calderon-Vaillancourt theorem, 207
canonical commutation relations

(CCRs), 193
classical phase space, 71
conical crossing, 136
constrained manifold, 62
constrained motion, 62
crossing of eigenvalues, 38, 175

Darwin interaction, 197
Dicke model, 192
Dirac equation, 21, 105
dressed many-particle states, 190

effective dynamics, 10, 89
effective Hamiltonian
– asymptotic expansion, 92
– definition, 89

– semiclassical limit, 95
Egorov theorem, 98, 103
electromagnetic mass, 197
electronic Hamiltonian, 45
elliptic, 126, 208
extended Hilbert space, 129

fast time-scale, 7
fibered Hamiltonian, 40
fibered spectrum, 40
Fock space, 188
Foldy-Wouthuysen transformation, 108
formal power series, 211
fundamental domain, 146

gap condition, 46, 72

Hamilton-Jacobi equation, 101
Heisenberg’s equations of motion, 96
holonomic constraints, 63

infrared condition, 189
infrared-renormalized Nelson model,

194
intertwining unitaries, 84

Landau-Zener formula, 139

macroscopic time-scale, 7
microscopic time-scale, 7
molecular dynamics, 15
molecular Hamiltonian, 15, 44
Moyal product, 211
Moyal projector, 77
– inductive construction, 79
– uniqueness, 77
Moyal unitary, 85

Nagy formula, 88
Nelson model, 185
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non-relativistic QED, 185

order function, 205

Pauli spin matrices, 106
phase space support, 53
Poisson bracket, 211
principal symbol, 210
product rule, 210
pseudodifferential calculus, 203
pseudodifferential operators, 207

reference subspace, 10, 84
regularity of the spectral measure, 180
resummation, 210
Riesz formula, 35

Segal field operator, 193
semiclassical observables, 102
semiclassical propagator, 100
slow time-scale, 7
space-adiabatic theorem, 75
– without gap condition, 178
subprincipal symbol, 210

symbol
– asymptotic equivalence, 210
– classes, 204
– definition, 204
– semiclassical, 209

T-BMT equation, 25, 112
time-adiabatic theorem, 7, 34, 127
– without gap condition, 174

ultraviolet condition, 195
unitary propagator
– definition, 6
– existence, 33

wave packets, 59
weak convergence, 63
Weyl calculus, 203
Weyl product, 208
– asymptotic expansion, 211
Weyl quantization, 204
Wigner function, 59, 100
Wigner measures, 59
WKB wave functions, 60


