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Preface to the Third Edition

The field of matrix computations continues to grow and mature. In
the Third Edition we have added over 300 new references and 100 new
problems. The LINPACK and EISPACK citations have been replaced with
appropriate pointers to LAPACK with key codes tabulated at the beginning
of appropriate chapters.

In the First Edition and Second Edition we identified a small number
of global references: Wilkineon {1965), Forsythe and Moler (1967), Stewart
(1973), Hanson and Lawson (1974) and Parlett (1980). These volumes are
as important as ever to the research landscape, but there are some mag-
nificent new textbooks and monographs on the scene. See The Litergture
section that follows.

We continue as before with the practice of giving references at the end
of each section and a master bibliography at the end of the book.

The earlier editions suffered from a large number of typographical errors
and we are obliged to the dozens of readers who have brought these to our
attention. Many corrections and clarifications have been made.

Here are some specific highlights of the new edition. Chapter 1 (Matrix
Multiplication Problems) and Chapter 6 (Parallel Matrix Computations)
have been completely rewritten with less formality. We think that this
facilitates the building of intuition for high performance computing and
draws a better line between algorithm and implementation on the printed
page.

In Chapter 2 (Matrix Analysis) we expanded the treatment of CS de-
composition and included a proof. The overview of floating point arithmetic
has been brought up to date. In Chapter 4 (Special Linear Systems) we
embellished the Toeplitz section with connections to circulant matrices and
the fast Fourier {ransform. A subsection on equilibrium systems has been
included in our treatment of indefinite systems.

A more accurate rendition of the modified Gram-Schmidt process is
offered in Chapter 5 (Orthogonalization and Least Squares). Chapter 8
(The Symmetric Eigenproblem) has been extensively rewritten and rear-
ranged so as to minimize its dependence upon Chapter 7 (The Unsymmet-
ric Eigenproblem). Indeed, the coupling between these two chapters is now
80 minimal that it is possible to read either one first.

In Chapter 9 (Lanczos Methods) we have expanded the discussion of
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the unsymmetric Lanczos process and the Arnoldi iteration. The “unsym-
metric component™ of Chapter 10 (Iterative Methods for Linear Systems)
has likewise been broadened with a whole new section devoted to various
Krylov space methods designed to handle the sparse unsymmetric linear
system problem.

In §12.5 (Updating Orthogonsl Decompositions) we included a new sub-
section on ULV updating. Toeplitz matrix eigenproblems and orthogonal
matrix eigenproblems are discussed in §12.6.

Both of us look forward to continuing the dialog with our readers. As
we said in the Preface to the Second Edition, “It has been a pleasure to
deal with such an interested and friendly readership.”

Many individuals made valuable Thind Edition suggestions, but Greg
Ammar, Mike Heath, Nick Trefethen, and Steve Vavasis deserve special
thanks.

Finally, we would like to acknowiedge the support of Cindy Robinson
at Cornell. A dedicated assistant makes a big difference.



Software

LAPACK

Many of the algorithms in this book are implemented in the software pack-
age LAPACK:

E. Anderson, Z. Bai, C. Bischof, J. Demmel, J. Dongarra, J. DuCrcz,
A. Greenbaum, S. Hammarling, A. McKenney, 8. Ostrouchov, and D.
Sorensen (1995). LAPACK Users’ Guide, Release 2.0, nd ed., SIAM
Publications, Philadelphia.

Pointers to some of the wmore important routines in this package are given
at the beginning of selected chapters:

Chapter 1. Level-1, Level-2, Level-3 BLAS

Chapter 3. General Linear Systems

Chapter 4.  Positive Definite and Band Systems

Chapter 5. Orthogonalization and Least Squares Problems
Chapter 7. The Unsymmetric Eigenvalue Problem
Chapter 8. The Symmetric Eigenvalue Problem

Our LAPACK references are spare in detail but rich enough to “get you
started.” Thus, when we say that _TRSV can be used to solve a triangular
system Az = b, we leave it to you to discover through the LAPACK manual
that A can be either upper or lower triangular and that the transposed
system ATx = b can be handled as well. Moreover, the underscore is a
placeholder whose mission is to designate type (single, double, complex,
etc).

LAPACK stands on the shoulders of two other packages that are mile-
stones in the history of software development. EISPACK was developed in
the early 1970s and is dedicated to solving symmetric, unsymmetric, and
generalized eigenproblems:

B.T. Smith, J.M. Boyle, Y. Ikebe, V.C. Klema, and C.B. Moler {1970).

Matriz Bigensystem Routines: EISPACK Guide, 2nd ed., Lecture Notes
in Computer Science, Volume 6, Springer- Verlag, New York.
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B.S. Garbow, J.M. Boyle, J.J. Dongarra, and C.B. Moler (1972). Matriz
Eigensystem Roudines: EISPACK Guide Ertension, Lecture Notes in
Computer Science, Volums 51, Springer-Verlag, New York.

LINPACK was developed in the late 1970s for linear equations and least
squares problems:

EISPACK and LINPACK have their roots in sequence of papers that feature
Algol implementations of some of the key matrix factorizations. These
papers are collected in

J.H. Wilkinson and C. Reinsch, eds. (1971). Handbook for Automatic
Computation, Vol. 2, Linear Algebra, Springer-Verlag, New York.

NETLIB

A wide range of software including LAPACK, EISPACK, and LINPACK is
availabie electronically via Netlib:

World Wide Web: http://www.netlib.org/index.html
Anonymous fip: ftp://ftp.netlib.org

Via email, send a one-line message:

mail netlib@ornl.gov
send index

to get started.
MaTLAB®

Complementing LAPACK and defining a very popular matrix computation
environment is MATLAB:

MarLAB User’s Guide, The MathWorks Inc., Natick, Massachusetta.

M. Marcus (1993). Matrices and MATLAB: A Tutorial Prentice Hall, Up-
per Saddle River, NJ.

R. Pratap (1995). Getting Started with MaTLAB, Saunders College Pub-
lishing, Fort Worth, TX.

Mazy of the problems in Matriz Computations are best posed to students
a8 MATLAB problems. We make extensive use of MATLAB notation in the
presentation of algorithms.



Selected References

Each section in the book concludes with an annotated list of references.
A master bibliography is given at the end of the text.

Useful books that collectively cover the field, are cited below. Chapter
titles are included if appropriate but do not infer too much from the level
of detail because one author's chapter may be another’s subsection. The
citations are classified as follows: ‘

Pre-1670 Classics. Early volumes that set the stage.
Introductory (General). Suitable for the undergraduate classroom.
Advanced (General). Best for practitioners and graduate studentas.
Analytical. For the supporting mathematics.

Linear Fquation Problems. Ax = b,

Linear Fitting Problems. Ax = b,

Eigenvalue Problems, Ar = Az,

High Performance. Parallel/vector issues.

Edited Volumes. Useful, thematic collections.

Within each group the entries are specified in chronclogical order.
Pre-1970 Classics

V.N. Faddeeva {1959). Computational Methods of Linear Algetra, Dover,
New York.
Basic Muterial from Linear Algebra. Systenw of Linear Equations. The Proper
Numbers and Proper Vectors of a Matrix.

E. Bodewig (1959). Matriz Calenlus, North Holland, Amsterdam.

Matrix Calculus. Direct Methods for Linear Equations. Indirect Methods for Linear
Equations. Inversion of Matrices. Geodetic Matrices. Eigenproblems.

R.S. Varga (1962). Matriz [terative Analysis, Prentice-Hall, Englewood
Cliffs, NJ.
Matrix Properties and Concepts. Nonnegative Matrices Basic Iterative Methods
and Comparison Theorems. Successive Overrelaxation [terative Methods. Semi-
Tterative Methods. Derivation and Solution of Elliptic Difference Equations, Alter-
nating Direction Implicit Iterative Methods. Matrix Methods for Parabolic Partial
Differential Equations. Estimation of Acceleration Parameters.
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J.H. Wilkinson (1963). Rounding Errors in Aljebraic Processes, Prentice-
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tion Theorems and Other Inequalities. The Solution of Linear Systerna: Methods of
Successive Approximation. Direct Methods of Inversion. Proper Valuea and Vectom:
Normalization and Reduction of the Matrix. Proper Values and Vectors: Successive
Approximation.
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Theoretical Background. Perturbation Theory. Error Analysis. Solution of Lin-
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trix [oversion. An Example: Hilbert Matrices. Floating Point Round-Off Analysis.
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Chapter 1

Matrix Multiplication
Problems

§1.1 Basic Algorithms and Notation

§1.2 Exploiting Structure

§1.3 Block Matrices and Algorithms

§1.4 Vectorization and Re-Use Issues

The proper study of matrix computations begins with the study of the
matrix-matrix multiplication problem. Although this problem is simple
mathematically it is very rich from the computational point of view. We
begin in §1.1 by lécking at the several ways that the matrix multiplica-
tion problem can be organized. The “language® of partiticned matrices
is established and used to characterize several linear algebraic *leveis” of
computation.

If a matrix bas structure, then it is usually possible to exploit it. For
example, a symmetric matrix can be stored in half the space as a general
matrix. A matrix-vector product that involves a matrix with many zero
entries may require much less time to execute than a full matrix times a
vector. These matters are discussed in §1.2.

In §1.3 block matrix notation is establizhed. A block matrix is & matrix
with matrix entries. This concept is very important from the standpoint, of
both theory and practice. On the theoretical side, block matrix notation
allows us to prove important matrix factorizations very succinctly. These
factorizations are the cornerstone of numerical linear algebra. From the
computational point of view, block algorithms are important because they
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are rich in matrix multiplication, the operation of choice for many new high
performance computer architectures.

These new architectures require the algorithm designer to pay as much
attention to memory traffic as to the actual amount of arithmetic. This
aspect of scientific computation is illustrated in §1.4 where the critical is-
sues of vector pipeline computing are discussed: stride, vector length, the
number of vector loads and stores, and the level of vector re-use.

Before You Begin

It is important to be familiar with the MATLAB language. See the
texts by Pratap(1995) and Van Loan (1996). A richer introduction to high
performance matrix computations is given in Dongarra, Duff, Sorensen, and
Duff {1961). This chapter's LAPACK connections include

LAPACK: Some General Operations

JSCAL | ¢ +— oz Vector scale
Dot | pe—zTy Dot produet
_AXPY | y—ax+y Saxpy

_GEMV | y — adAzr + Py Matrix-vector multiplication
_GER A+— A+ axyT Rank-1 update
_GEMM | C — aAB 4 3C | Matrix multiplication

LAPACK: Some Symmetric Operations
_STMY y = aAx + Sy Matrix-vector multiplication
. SPMY Yy — aAr+ 8y Matrix-vector multiplication (Packed)

-STR A—azxT + A Rank-1 update
Sm2 | A—axyT +oveT + A Rank-2 update
STRE | C — adAT +8C Rank-k update
-STRZK | C — aABT + aBAT +8C Rank-2k update

_SYMM C = aAB + pC or (aBA+ BC) | Symmetric/General Product

LAPACK: Some Band/Triangular Operations

GEMV | y — oAz + By General Baad
SBMY | y +« aAz + Sy Symmetric Band

TPMY | £ — Az Triangular Packsd
TRMM | B — aAB (or BA) | Triangular/General Product

_TBMY | 2z — adz Triangular

1.1 Basic Algorithms and Notation

Matrix computations are built upon a hierarchy of linear algebraic opera-
tions. Dot products invelve the scalar operations of addition and multipli-
cation. Matrix-vector multiplication is made up of dot products. Matrix-
matrix multiplication amounts to a collection of matrix-vector products.
All of these operations can be described in algorithmic form or in the lan-
guage of linear algebra. Qur primary objective in this section is to show
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how these two styles of expression complement each another. Along the way
we pick up notation and acquaint the reader with the kind of thinking that
underpins the matrix computation area. The discussion revolves around
the matrix multiplication problem, a computation that can be organized in
several ways.

1.1.1 Matrix Notation

Let R denote the set of real numbers. We denote the vector space of all
m-by-n resal matrices by R™*":

a1t Oin
AeR™" &= A=(ay)=| : : a; €R.
Gmi ‘" Omn

If a capital letter is used to denote a matrix (e.g. A, B, A), then the
corresponding lower case letter with subscript if refers to the (i, ) entry
{e.g., as; , byj, &;;). As appropriate, we also use the notation { A };; and
A(i, j) to designate the matrix elements.

1.1.2 Matrix Operations
Basic matrix operations include transposition (R™*" — R**™),

C=AT ==h Cij = G44,

addition (R"*" x R™*" — R™*"),

C=A+B = cij = ai; + byj,
scalgr-matriz multiplication, (R x R™*" — R™*"),

C=ad = Gy =6,
and matriz-matric multiplication (R™*P x RP*® — R™™M),

C=AB = Ciyj = 28.}5;,1.
km}

These are the building blocks of matrix computations.
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1.1.3 Vector Notation
Let R"™ denote the vector space of real n-vectors:
I
zxeR? = z=| ¢ L eER.
Tn
We refer to z; as the ith component of . Depending upon coptext, the
alternative notations [z]; and z({) are sometimes used.
Notice that we are identifying IR" with R™*! and so the members of
R" are column vectors. On the other hand, the elements of R**™ are row

vectors:
zeRY™™ &= z=(zy,...,7,).

If z is a column vector, then y = z7 is a row vector.

1.1.4 Vector Operations

Assumea € R,z € R”, and y € R". Basic vector operations include scalar-
vector multiplication,

z = ar 4 zy = axy,

vector addition,

z=x+y = Z = %+ Y

the dot product (or inner product),

n
c=z'y = € = Z.r.-y.—,
inal

and vector multiply (or the Hadamard product)

z=x.*xy = Zy = IiW.

Another very important operation which we write in “update form” is the
sazpy:
y=az+y = yi=aTit+y

Here, the symbol “=" is being used to denote assignment, not mathematical
equality. The vector y is being updated. The name “saxpy” is used in
LAPACK, a software package that implements many of the algorithmas in
this book. One can think of “saxpy” as a mnemonic for “scalar g = plus

"

¥
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1.1.5 The Computation of Dot Products and Saxpys

We have chosen to express algorithms in a stylized version of the MATLAB
language. MATLAB is a powerful interactive system that is ideal for matrix
computation work. We gradually introduce our stylized MATLAB notation
in this chapter beginning with an algorithm for computing dot products.

Algorithm 1.1.1 (Dot Product) If z,y € R", then this algorithm com-
putes their dot product ¢ = zTy.
c=0
fori=1:n
c=c+ z{(Dy(i)
end

The dot preduct of two n~vectors involves n multiplications and n additions.
It is an “O(n)" operation, meaning that the amount of work is linear in
the dimension. The saxpy computation i3 also an O(n) operation, but it
returns a vector instead of a scalar.

Algorithm 1.1.2 (Saxpy} If z,y € R" and a € R, then this algorithm
averwrites y with az 4 y.

for 1= 1:n

(i) = ax(i) + y(3)
end

It must be stressed that the algorithms in this book are encapsulations of
critical computational ideas. amd not “production codes.”

1.1.6 Matrix-Vector Muitiplication and the Gaxpy
Suppose A € R™*™ and that we wish to compute the update
y=Az+y

where z € R® and y € R™ are given. This generalized saxpy operation is
referred to as a gazpy. A standard way that this computation proceeds is
to update the components one at a time:

n
%= Za.—,—z,— + W i=1m.
i=1

This gives the following algorithm.

Algorithm 1.1.3 (Gaxpy: Row Version) If A ¢ R®*", z € R", and
y € IR™, then this algorithm overwrites y with Az + y.
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fori=1m
for j = Lin
y(i) = A3, /)z(F) + y(?)
end
end

An alternative algorithm results if we regard Az as a linear combination of
A's columns, e.g.,

1 2 7 1.7+2-8 1 2 23
3 4 [8]= 3-74+4:8 | =73 ]|4+8| 4| =|53].
5 6 5.7T4+6-8 5 6 83

Algorithm 1,1.4 (Gaxpy: Column Version) If 4 € R™", zeR",
and y € IR™, then this algorithm overwrites y with Az + y.

for § = lin
fori=1Lm
y(i) = A(i, 5)z(JF) + y(i}
end
end

Note that the inner loop in either gaxpy algorithm carries out a saxpy
operation. The column version was derived by rethinking what matrix-
vector multiplication “means” at the vector level, but it could also have
been obtained simply by interchanging the order of the loops in the row
version. In matrix computations, it is important to relate loop interchanges
to the underlying linear algebra.

1.1.7 Partitioning a Matrix into Rows and Columns

Alporithms 1.1.3 and 1.1.4 access the data in A by row and by column
respectively. To highlight these orientations more clearly we introduce the
language of partitioned matrices.

From the row point of view, a matrix is a stack of row vectors:

AeRm™”® — A= ! re e R, (1.1.1)

This is called a row partition of A. Thus, if we row partition

12
3 4],
5 6
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then we are choosing to think of A as a collection of rows with
M=[12], rI=(3 4], and =[5 6].

With the row partitioning (1.1.1) Algorithm 1.1.3 can be expressed as fol-
lows:

fori=1m
vi = Tz +y(i)
end

Alternatively, a matrix is a collection of column vectors:
AeR™™ &= A=[c,...,en}, x€R™. (1.L.2)

We refer to this as a column partition of A. In the 3-by-2 example above, we
thus would set ¢; and ¢ to be the first and second columns of A respectively:

1 2
=1\ 3 ea=14|.
5 6
With (1.1.2) we see that Algorithm 1.1.4 is a saxpy procedure that accesses

A by columns:

for j=1mn
Y=I:G + ¥
end

In this context appreciate y as a running vector sum that undergoes re-
peated saxpy updates.

1.1.8 The Colon Notation

A handy way to speclfy a column or row of a matrix is with the colon
notation. If 4 € R™*", then A(k,:) designates the kth row, i.e.,

A(k,:) = [akt, -, kn) -
The kth column is specified by
G1k
Al k) =
Bk
With these conventions we can rewrite Algorithms 1.1.3 and 1.1.4 as

fori=1m

¥(i) = AL, )z + y(4)
end
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and

for j=1m
v =()A(:5) +3
end

respectively. With the colon notation we are able to suppress iteration
detnils. This frees us to think at the vector level and focus on larger com-
putational issues.

1.1.9 The Quter Product Update

As a preliminary application of the colon notation, we use it to understand
the cuter product update

A=A+zyT, AeR™" zcR" yeR".

The outer product operation zyT “looks funny” but is perfectly legal, e.g.,

1 4 5
[2][4 5]=[3 10].
3 12 15

This is because zy7 is the product of two “skinny” matrices and the aumber
of columns in the left matrix x equals the number of rows in the right matrix
yT. The entries in the outer product update are prescribed by

fori=1m
for j=1n
245 = @y + Tiy;
end
end

The mission of the j loop is to add a multiple of 47 to the i-th row of A,
ie.,

fori=1:m
AQi:) = A6, ) + 2()yT
end

On the other hand, if we make the i-loop the inner loop, then its task is to
add a muitiple of = to the jth column of A:

for j=1mn
AGj)Y = 4G 5) + ()=
end

Note that both outer product algerithms amount to a set of saxpy updates.
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1.1.10 Matrix-Matrix Multiplication

Consider the 2-by-2 matrix-matrix multiplication AB. In the dot product
formulation each entry is computed as a dot product:

1 2][5 6] _[1-5+2-7 1-6+2-8
3 4)|7 8] [35+44-7 3-6+4-8]"

In the saxpy version each column in the product is regarded as a linear
combination of columns of A:

EMIE IR E R B H

Finally, in the outer product version, the result is regarded as the sum of
outer products:

EHIEH R HISGH ISR

Although equivalent mathematically, it turns out that these versions of
matrix multiplication can have very different levels of performance because
of their memory traffic properties. This matter is pursued in §1.4. For now,
it is worth detailing the above three approaches to matrix multiplication
because it gives us a chance to review notation and to practice thinking at
different linear algebraic levels.

1.1.11 Scalar-Level Specifications
To fix the discussion we focus on the following matrix multiplication update:

C=AB4+C AeR" BelR*" CeH™"
The starting point is the familiar triply-nested loop algorithm:
Algorithm 1.1.5 (Matrix Multiplication: ijk Variant) If A ¢ R™*F,

B € BP*™ and C € IR™*™ are given, then this algorithm overwrites C with
AB +C.

fori=1m
for j =1:n
fork=1p
end
end
end
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This is the “ijk variant” because we identify the rows of C (and A} with i,
the columns of C (and B) with 7, and the summation index with k.

We consider the update C' = AB + C instead of just C = AB for two
reasons. We do not have to bother with C' = 0 initializations and updates
of the form €' = AB + C arise more frequently in practice.

The three loops in the matrix multiplication update can be arbitrarily
ordered giving 3! = 6 variations. Thus,

for j=1n
for k=1p
far i=1:m
C(i, j) = A, k)B(k, 5} + C(i, 7)
end
end
end

is the jki variant. Each of the six possibilities (ijk, jik, ikj, jki, kij,
kji} features an inner loop operation (dot product or saxpy) and has its
own pattern of data flow. For example, in the ik variant, the inner loop
oversees a dot product that requires access to a row of A and a column of
B. The jki variant involves a saxpy that requires access to a column of ¢
and a column of A. These attributes are summarized in Table 1.1.1 along
with an interpretation of what is going on when the middie and inner loop
are considered together. Each variant involves the same amount of floating

Loop Inner Middle Inner Loop

Order Loop Loop Data Access
ik dot vector X matrix A by row, B by column
jik dot matrix x vector A by row, B by column
ikj saxpy TOW EaXpy B by row, C by row
ki saxpy column gaxpy A by column, C by column
kij saxpy row outer product B by row, C by row
kji saxpy | column outer product | 4 by column, C by column

TABLE 1.1.1. Matriz Multiplication: Loop Orderings and Properties

point arithmetic, but accesses the A, B, and C data differently.

1.1.12 A Dot Product Formulation

The usual matrix multiplication procedure regards AB as an array of dot
products to be computed one st a time in left-to-right, top-to-bottom order.
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This is the idea behind Algorithm 1.1.5. Using the colon notation we can
highlight this dot-product formulation:

Algorithm 1.1.6 (Matrix Multiplication: Dot Product Version)
If Ac R®*?, B e RP*", and C € R™™" are given, then this algorithm
overwrites C with AB + C.

for i = 1:m
for j=1mn
C(i, 1) = A(4, )B(:, §) + C(i, 5)
end
end
In the language of partitioned matrices, if
af
A= a, € B*
an

and
B=[b,...,0] by ¢ R
then Algorithm 1.1.6 has this interpretation:
for i = 1:m
for j=1Lln
eij = afbj + ¢
end
end

Note that the “mission” of the j-loop is to compute the ith row of the
update. To emphasize this we could write
fori=1:m.
FoofB+d
end

where

C=] :
m
is a row partitioning of C. To say the same thing with the colon notation
we write
fori=1m
C(i,:) = A(i,:)B + C(i,:)
end

Either way we see that the inner two loops of the ijk variant define a
row-oriented gaxpy operation.
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1.1.13 A Saxpy Formulation

Suppose A and C are column-partitioned as follows
A = [ag,...,6p] a; € R™
C = {ey...atn] c; e R™.
By comparing jth columns in C = AB 4 C we see that
P
¢ = Zbk,ak + ¢j, J=1lm,
k=1

These vector sums can be put together with a sequence of saxpy updates.

Algorithm 1.1.7 {Matrix Multiplication: Saxpy Version)} If the ma-
trices A € R™*P, B € R?*", and € € R™*" are given, then this algorithm
overwrites ¢ with AB + C.

for j=1mn
for k= 1:p
C(!J) = A(!k)B(er) + C(IJ)
end
end

Note that the k-lcop oversees a gaxpy operation:
for j =1mn

C(:.j) = AB(.,j) + C(., J)
end

1.1.14 An Outer Product Formulation
Consider the kij variant of Algorithm 1.1.5:

for k=1:p
for j=1in
for i = I:m
Cli,5) = Ali, K)B(k, §) + C(i, j)
end
end
end

‘The inner two loops oversee the outer product update

C=apbf +C
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h:
where o
A=[ay,...,a;] and B=) : (1.1.3)
b

with ax € R™ and by € R". We therefore obtain

Algorithm 1.1.8 (Matrix Multiplication: Outer Product Version)
If Ac R™?, Be RP™™, and C € R™*" are given, then this algorithm
overwrites C' with AB 4+ C.

for k=1p
C = A(L k)B(k,:)+C
end

This implementation revolves around the fact that AB is the sum of p cuter
products.

1.1.15 The Notion of “Level”

The dot product and saxpy operations are examples of “level-1" operations.
Level-1 operations involve an amount of data and an amount of arithmetic
that is linear in the dimension of the operation. An m-by-n outer product
update or gaxpy operation involves a quadratic amount of data (O{mn))
and a quadratic amount of work (O(mn)). They are examples of “levei-2”
operations.

The matrix update C = AB + C i8 a “level-3" operation. Level-3
operations involve a quadratic amount of data and a cubic amount of work.
If A, B, and C are n-by-n matrices, then C = AB + C involves O(n?)
matrix entries and O{n?) arithmetic operations.

The design of matrix algorithms that are rich in high-level linear al-
gebra operations is a recurring theme in the book. For example, a high
performance linear equation solver may require a level-3 organization of
Gaussian elimination. This requires some algorithmic rethinking because
that method is usually specified in level-1 terms, e.g., “multiply row 1 by a
scalar and add the result to row 2.”

1.1.16 A Note on Matrix Equations

In striving to understand matrix multiplication via outer products, we es-
sentially established the matrix equation

p
AB =3 axl]
k=1

where the a; and b are defined by the partitionings in (1.1.3).
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Numerous matrix equations are developed in subsequent chapters. Some-
times they are established algorithmically like the above cuter product ex-
pansion and other times they are proved at the ij-component level. As
an exampie of the latter, we prove an important result that characterizes
transposes of products.

Theorem 1.1.1 If A € R™*? and B € RP*", then (AB)T = BT AT.
Proof. If C = (AB)T, then

P
cij = [(AB)T)y; = [AB]ji = Zajkbki .
(23]

On the other hand, if D = BT AT, then

P ?
dij = [BTA )y = 3 [BT)wlAThe; = ) buiaje.
=l k=l

Since ¢;; = dy; for all ¢ and 7, it follows that C = D. O

Scalar-level proofs such as this one are usually not very insightful. However,
they are sometimes the only way to proceed.

1.1.17 Complex Matrices

From time to time computations that involve complex matrices are dis-
cussed. The vector space of m-by-n complex matrices is designated by
€™*". The scaling, addition, and multiplication of complex matrices corre-
sponds exactly to the real case. However, transposition becomes conjugate
transposition:
C=4¥ = Cij =qy4 .

The vector space of complex n-vectors is designated by €*. The dot product
of complex n-vectors = and y is prescribed by

"
s=zHy= Zfiyi-
im]
Finally, if A = B +1iC € €™*", then we designate the real and imaginary
parts of A by Re(A4) = B and Im({A) = C respectively.
Problems

P1.1.1 Suppose A € B**™ and z € R" are given. Give a saxpy algorithm for computing
the first column of M = (A -z )---{A — 2.0).
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P1.1.3 In the conventional 2-by-2 matrix multiplication ¢ = AB, there are eight
multiplications: 11411, a1:bz, ennbaz, 0310132, a1absy, oizbzz, aazby and aazbey. Make
a table that indicates the order that theme muitiplications are performed for the 5k, jik,
kij, iki, jki, and kji mairix muitiply algorithms,

P1.1.3 Give an algorithm for computing C = (zyT)* where = and y are n-vectors.
P1.1.4 Specify an algorithm for computing (XY T)* where X, Y € R**2

P1.1.5 Formulate an outer product algorithm for the update € = ABT + C where
A€ K™X", B¢ R°%", and C € ™",

P1.1.8 Supposa we have real n-by-n matrices C, D, E, and F. Show how to compute
real n-by-n matrices 4 and B with just three real n-by-n matrix multiplications so that
(A +iB) = (C + iD}{E + iF). Hint: Compute W = (C + D){E — F).

Notes and References for Sec. 1.1

It must be stressed that the development of quality software from any of our “semi-
formal” algorithmic presentations is a long and arduous task. Even the implementation
of the tevel-1,2, and 3 BLLAS require care:

C.L. Lawson, R.J. Hanson, , D.R. Kincaid, aud F.T. Krogh (1979). “Basic Linear
Algebra Subprograms for FORTRAN Usage,” ACM Trana. Math. Soft. 5, 308-323.

C.L. Lawnon, R.J. Henson, D.R. Kincaid, and F.T. Krogh {1979). “Algorithm 539,
Basic Linear Algebra Subprograma for FORTRAN Usage,” ACM Trans. Math. Soft.
5, 324-325.

J.J. Dongarrs, J. Du Cros, S. Hammarling, and R.J. Hanson (1988). “An Extended Set
of Fortran Basic Linear Algebrs Subprograma,” ACM Truns. Math. Seft. 1§, 1-17.

J.J. Dongarra, J. Du Crox, S. Hammarling, and R.J. Hanson (1888). “Algorithm 656 An
Extended Set of Fortran Basic Linear Algebra Subprograms: Model Implementation
and Test Programs,” ACM Trans. Math. Soft. 14, 13-32.

J1.J. Dongarea, J. Du Cros, LS. Duff, and S.). Hammarling (1990). “A Set of Level 3
Basic Linear Algebra Subprograma,” ACM Trans. Math. Soft. 16, 1-17.

J.J. Dongurrs, J. Du Croz, LS. Duff, and 5.J. Hammarling (1990). *Algorithin 679. A
Set of Level 3 Basic Linear Algebra Subprograms: Model Implementation and Test
Programs,” ACM Trans. Math. Seft. 16, 18-28.

Other BLAS references include

B. Kigstrém, P. Ling, and C. Van Loan (1991). *High-Performance Level-3 BLAS:
Sampie Routines for Double Precision Real Data,” in High Performance Computing
1T, M. Durend and F. El Dabaghi (eds}, North-Holland, 269-281.

B. Kbgstrém, P. Ling, and C. Van Loan (1095). “GEMM-Based Level-3 BLAS: High-
Performance Model Implementations and Performance Evaluation Benchmerk,” in
FParollel Programming and Applications, P. Fritzon and L. Finmo {(eds), ISO Press,
184-188.

For an appreciation of the subtleties associated with software development we recommmend

J.R. Rice (1981). Matriz Computations and Mathematical Software, Academic Prem,
New York.

and a browse through the LAPACK manual.
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1.2 Exploiting Structure

The efficiency of a given matrix algorithm depends on many things. Most
obvious and what we treat in this section is the amount of required arith-
metic and storage. We continue to use matrix-vector and matrix-matrix
multiplication as a vehicle for introducing the key ideas. As examples of
exploitable structure we have chosen the properties of bandedness and sym-
metry. Band matrices have many zero entries and so it is no surprise that
band matrix manipulation allows for many arithmetic and storage short-
cuts. Arithmetic complexity and data structures are discussed in this con-
text.

Symmetric matrices provide another set of examples that can be used to
illustrate structure exploitation. Symmetric linear systems and eigenvalue
problems have a very prominent role to play in matrix computations and
so it is important to be familiar with their manipulation.

1.2.1 Band Matrices and the x-0 Notation

We say that A € R™*" has lower bandwidth p if a;; = 0 wheneveri > j+p
and upper bandwidth q if j > i + g implies a;; = 0. Here is an example of
an 8-by-5 matrix that has lower bandwidth 1 and upper bandwidth 2:

D DX K K KOO

DO OO X X X X
DO O X X X X o

coococoox X
cooooX X X

e -

The x’s designates arbitrary nonzero entries. This notation is handy to
indicate the zero-nonzero structure of & matrix and we use it extensively.
Band structures that occur frequently are tabulated in Table 1.2.1.

1.2.2 Diagonal Matrix Manipulation

Matrices with upper and lower bandwidth zero are diagonal If D € R™*"
is diagonal, then

D = diag(d,...,d;), g=min{m,n} <= d; =dy

If D is diagonal and A is a matrix, then D4 is a row scaling of A and AD
is & column acaling of A.
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Type Lower Upper
of Matrix Bandwidth | Bandwidth

diagonal 0 0
upper triangular 0 n-1
lower triangular m-—1 ]
tridiagonal 1 1
upper bidiagonal 0 1
lower bidiagonal 1 o
upper Hessenberg 1 n—1
lower Heasenberg m-1 1

TABLE 1.2.1. Band Terminology for m-by-n Malrices

1.2.3 Triangular Matrix Multiplication

To introduce band matrix “thinking” we look at the matrix multiplication
problem C = AB when A and B are both n-by-n and upper triangular.
The 3-by-3 case is illuminating:

aitby  anbiz +eiobee  aiibyg + arobos +azbn

Cc = 0 agabag 822093 + a23b33

0 )] 0-33633

It suggests that the product is upper triangular and that its upper trian-
gular entries are the result of abbreviated inner products. Indeed, since
@ixbr; = 0 whenever k < ior j < k we see that

i
Cij = Zaikbkj
|

and so we obtain:

Algorithm 1.2.1 (Triangular Matrix Multiplication) If A, B € R™*"
are upper triangular, then this algorithm computes C' = AB.

C=0
fori=1mn
for j =in
for k=13
C(i,5) = A(i,k)B(k, j) + C(i, 5)
and
end
end
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To quantify the savings in this algorithm we need some tools for measuring
the amount of work.

1.2.4 Flops

Obviously, upper triangular matrix muitiplication involves less arithmetic
than when the matrices are full. One way to quantify this is with the notion
of a flop. A flop! is a foating point operation. A dot product or saxpy
operation of length n involves 2n flops because there are n multiplications
and n adds in either of these vector operations,

The gaxpy ¥ = Az + y where A € R™*™ involves 2mn flops as does an
m-by-n outer product update of the form A = 4 + 237,

The matrix multiply update C = AB + C where A € R™*?, B € RP*",
and C € R™*™ jnvolves 2mnp Bops.

Flop counts are usually obtained by summing the amount of arithmetic
associated with the most deeply nested statements in an algorithm. For
matrix-matrix multiplication, this is the statement,

C(i, 7) = Als, k) B(k, j) + C(3, )

which involves two flops and is executed mnp times as a simple loop ac-
counting indicates. Hence the conclusion that general matrix multiplication
requires 2mnp flops.

Now let us investigate the amount of work involved in Algorithm 1.2.1.
Note that ¢;;, (i < 7) requires 2(5 — i + 1) flops. Using the heuristics

and .
2
2 . ¢ a7
;p =g+t~

we find that triangular matrix multiplication requires one-sixth the number
of flops as full matrix multiplication:

n na ) ) nn-i+1. n2 _*.+12 n. 3
ZZ2(J—:+1)=Z z 2332(11_;_)_ =Z:2m%—.

izl jmi fa=xl  jmi is] i=1

We throw away the low order terms since their inclusion does not contribute
to what the flop count “says.” For example, an exact flop count of Algo-
rithm 1.2.1 reveals that precisely n3/3 + n? + 2n/3 flops are involved. For

'In the first edition of this book we defined a flop to be the amount of work associated
with an operation of the form ay; = dij + ageaky, i.e., a floating point add, a floating
point multiply, and some subacripting. Thus, aa “old flop” involves two “new flopa.” In
defining a flop to be a single foating point operation we are opting for a more precise
measure of arithmetic complexity.
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large n (the typical situation of interest) we see that the exact Aop count
offers no insight beyond the n3/3 approximation.

Flop counting is a necessarily crude approach to the measuring of pro-
gram efficiency since it ignores subscripting, memory traffic, and the count-
less other overheads associated with program execution. We must not infer
too much from a comparison of flops counts. We cannot conclude, for ex-
ample, that triangular matrix multiplication is six times faster than square
matrix multiplication. Flop counting is just a “quick and dirty” accounting
method that captures only one of the several dimensions of the efficiency
issue.

1.2.5 The Colon Notation—Again

The dot product that the k-loop performs in Algorithm 1.2.1 can be suc-
cinctly stated if we extend the colon notation introduced in §1.1.8. Suppose
A € R™" and the integersp, g, and rsatisfyl <p<g<nand1 <r<m.
We then define

A(r,p:q) = [appy ..., 8rg | € R*@PHD
Likewise, f 1 < p<g<mand 1 <e¢ < n, then

Qpc
Alpg,e)=| : | e RIPH,
Gge
With this notation we can rewrite Algorithm 1.2.1 as
Cllm,1m) =0
for § = lin
for j =in
C(i, 7} = A(4,1:5) B(izj, 5) + C(4, 5)
end
end

We mention one additional feature of the colon notation. Negative in-
crements are allowed. Thus, if z and y are n-vectors, then s = z7y(n: —1:1)

is the summation ﬂ
8 = Zziyn-i-l-l .
=1
1.2.6 Band Storage

Suppose 4 € B**" has lower bandwidth p and upper bandwidth ¢ and
assume that p and q are much smaller than n. Such a matrix can be stored
in a (p+ g+ 1)-by-n array A.band with the convention that

a; = Aband(i - j +q+1,7) (1.2.1)
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for all (i, j) that fall inside the band. Thus, if

[=]

gy 6172 a3 0 't

@y a8y o33 ay 0 O

0 a3y o33 asq azg O

A= .
0 0 a4z a4 04 a4
a 0 0 dgy 455 4agg
0 0 0 0 ags aes

then
0 0 a3z az a3 G
0 a a G & a
A.bcmd = 12 23 34 45 50
G11 Q22 Gz Q44 G55 OGss
Gz1 Qs Ga3 G54 g5 O

Here, the “0” entries are unused. With this data structure, our column-
oriented gaxpy algorithm transforms to the following:

Algorithm 1.2.2 (Band Gaxpy) Suppose 4 € R™™ has lower band-
width p and upper bandwidth ¢ and is stored in the A.band format (1.2.1).
Ifz,y € R®, then this algorithm overwrites y with Ax + 3.

for j=1mn
Ytop = max(l, j — gq)
Ybot = min(n,j + P)
Geop = max(l,q + 2 ~ j)
Gpot = Gtop + Yoot = Ytop
3 W¥opifoor) = 2(j)Aband(acop:asot, 7} + Y(Ytop:Vsot)
en

Notice that by storing A by column in A.band, we obtain a saxpy, column
access procedure. Indeed, Algorithm 1.2.2 is obtained from Algorithm 1.1.4
by recognizing that each saxpy involves a vector with a small number of
nonzeros. Integer arithmetic is used to identify the location of these nonze-
ros. As a result of this careful zero/nonzero analysis, the algorithm involves
just 2n{p + g+ 1) fope with the assumption that p and ¢ are much smaller
than n.

1.2.7 Symmetry
We say that A € R**"is symmetric if AT = A, Thus,

1 3
A=]2 5
3 6

L= )
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is symmetric. Storage requirements can be halved if we just store the lower
triangle of elements, e.g., Avec=[1 2 3 4 5 6 ]. In general, with
this data structure we agree to store the a;; as follows:

ay = Avec((f - Dn -3~ D/2+9) (i 23) (1.22)

Let us look at the column-oriented gaxpy operation with the matrix 4
represented in A.vec.

Algorithm 1.2.3 (Symmetric Storage Gaxpy) Suppose A € R**"is
symmetric and stored in the A.vec style (1.2.2). If z,y € R", then this
algorithm overwrites y with Az + y.

for j=1n
fori=1j-1
| y(i) = Avec((i - D)n — i(i - 1)/2 + 5)=(5) + (i)
en
for i = j:n
| y(#) = Awvee((j — L)n - (G ~ 1)/2 + i)z(5) + y()
en
end

This algorithm requires the same 2n? flops that an ordinary gaxpy requires.
MNotice that the halving of the storage requirement is purchased with some
awkward subscripting.

1.2.8 Store by Diagonal
Symmetric matrices can also be stored by diagonal. If

1 23
A= |24 5],
356

then in a store-by-diagonal scheme we represent A with the vector
Adisg={1 4 6 2 5 3].
In general, if 1 > j, then
Gisxi = A.diag(i +nk — k(k - 1)/2) {k = 0) {1.2.3)
Some notation simplifies the discussion of how to use this data structure in
a matrix-vector multiplication.

If A € R™*" then let D(A, k) € R™ " designate the kth diagonal of A
a3 follows:

a; j=i+k 1<i<m, 1<j<n
[D(A,k)].—_,—:{ OJ itherwise. ’
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Thus,

g 0 000 0 00
4 6{+72 00/!+1000O0].
0 6 0 5 0 3 00

D(A0) D(4,~1) D(A.~2)

Returning to our store-by-diagonal data structure, we see that the nonzero
parts of D(A,0), D(A,1),..., D{A,n — 1) are sequentially stored in the
A.diag scheme (1.2.3). The gaxpy y = Az + y can then be organized as
follows:

n-1
y = D(ADT + Y_(D(AK) + DA, k)T)z + y.

2]

Working out the details we obtain the following algorithm.

Algorithm 1.2.4 (Store-By-Diagonal Gaxpy) Suppose 4 € R**" is
symmetric and stored in the A.diag style (1.2.3). If z,y € R", then this
algorithm overwrites y with Az +y.

fori=1mn

y(i) = A.diag(i)z(i) + y(i)
end
fork=1n-1

t=nk—k{k-1)/2
{v = D(4,k)z + y}
fori=1ln-k%k
y(i) = Adiag(i + )z (i + k) + y(i)
end
{v = D{A, k)T + y}
fori=1lm—#&
y(i + k) = Adiag(i + )z (@) + y(i + k)
end
end

Note that the inner loops oversee vector multiplications:

y(ln—k) = AA.diag(t +Lt+n—k)lxz(k+ Ln)+y(lin— k)
y(k + 1in) = Adiag(t + 1:t + n — k). # z(1:n ~ k) + y(k + 1:n)
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1.2.9 A Note on Overwriting and Workspaces

An undercurrent in the above discussion has been the economical use of
storage. Overwriting input data is ancther way to control the amount of
memory that a matrix computation requires. Consider the n-by-n matrix
multiplication problem € = AB with the provise that the “input matrix”
B is to be overwritten by the “output matrix” € . We cannot simply
transform

C(lin,1n) =0
for j=1mn
for k=1in
C(:, ) = C(=:Q+ A(:, k)B(k, 5)
end -
end
to
for j=1mn
for k=1mn
B(:,3) = B(:, j) + A(:, k) B(k, j)
end
end

because B(:, j) is needed throughout the entire k-loop. A linear workspace
is needed to hold the jth column of the produet until it is “safe” to overwrite

B(:,j):
forj=1m
w(lmn) =0
for k=1:n
w(:) = w(:) + A(:, k)B(k, 5)
end
B(:,7) = w()

end

A linear workspace overhead is usually not important in a matrix compu-
tation that has a 2-dimensional array of the same order.

Praoblems

P1.2.1 Give an algorithm that overwrites A with A% where 4 ¢ R**™ is {(a) upper
triangular and (b) square. Strive for & minimum workspace in each case.

P1.2.2 Suppose A € R**" ia upper Heasenberg and that scalars Aj,..., A are given,
Give a saxpy algorithm for computing the Rrst column of M = (A~ A1 1) ---(A— Ad).

P1.2.3 Give a column saxpy algorithm for the n-by-n matrix multiplication problem
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C = AB where A is upper triangular and B is lower trisngular,

Pl.2.4 Extend Algorithm 1.2.2 so that it can handle rectangular band matrices. Be
sure to describe the underlying data structure.

P1.2.5 A€ R**"is Hermitian if A = A If A = B+iC, then it is easy to ahow that
BT = B and CT = —C. Suppose we represent A in an array A.herm with the property
that A herm(i, j) houses b;; if i > j and ¢ if 7 > i. Using this data structure write &
matrix-vector multiply function that computes Re{z) and Im(z) from Re{z} and Im{z)
so that z = Ax.

P1.2.8 Supposs X € R*"*P and 4 ¢ R**", with A symmetric and stored by diagonal.
Give an algorithm that computes ¥ = XT AX and stores the result by diagonal. Use
separate arrays for Aand Y.

P1.2.7 Suppose a € R™ in given and that A € "™ has the property that a5 =
)i j|+1. Give an algorithm that overwrites y with Az + y where z,yy € R" are given.
P1.2.8 Suppcose a £ R® is given and that A € R**™ has the property that ay =
O((i4+j—1) mod n}+1- Give au algorithm that overwrites y with Axr + y where z,y € R™
are given,

P'1.2.9 Develop a compact store-by-diagonal scheme for unsymmetric band matrices
and write the corresponding gaxpy algorithm.

P1.2.10 Suppose p and ¢ are n-vectors and that A = (ai;)} is defined by ag; = aj; = peq;
for 1 £ 4 € j € n. How many flops are required to compute y = Az wherez ¢ R" s
given?

Notes and References for Sec. 1.2

Consult the LAPACK manual for a discussion about appropriate data structures when
symmetry and/or bandedness is present. See also

N. Madsen, G. Roderigue, and J. Karush (1976). “Matrix Multiplication by Disgonals
on a Vector Parallel Processor,” mfomation Processing Letters 5, 41-45,

1.3 Block Matrices and Algorithms

Having a facility with block matrix notation is crucial in matrix computa-
tions because it simplifies the derivation of many central algorithms, More-
over, “block algorithms” are increasingly important in high performance
computing. By a block algorithm we essentially mean an algorithm that
is rich in matric-matrix multiplication. Algorithms of this type turn out
to be more efficient in many computing environments than those that are
organized at a iower linear algebraic level.

1.3.1 Block Matrix Notation

Column and row partitionings are special cases of matrix blocking. In
general we can partition both the rows and columns of an m-by-n matrix
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A to obtain
«411 Alr m
A= 1 :
Aql e Aq»f mq
m iy

where my + - +mg = m, ny +---+n, = n, and A,z designates the
(e, B) block or submatrix. With this notation, block A,s has dimension
ma-by-ng and we say that A = (A,z) is a ¢-by-r block matrix.

1.3.2 Block Matrix Manipulation

Block matrices combine just like matrices with scalar entries as long as
- _certain dimension requirements are met. For example, if

By .. By my

B = : . )
By " By M,
ny Ny

then we say that B is partitioned conformably with the matrix 4 above.
The sum € = A+ B can also be regarded as a g-by-r block matrix:
Cu - Cir Aun+Bu -+ A+ By
o= : =] :
Ca o+ Cgr Apn+By -+ Ap+ B,
The multiplication of block matrices is a little trickier. We start with a pair

of lemmas.

Lemma 1.3.1 If A € ™", B ¢ RP*",

Ay mi
A= B = [ B] 1 1 Br ] »
Aq mq ™m Ny
then

Cun ... Gy m)

AB = € =
qu ! Cq,r My
L 2o

where Cog = AgBg for a = 1:q and g = L:r.
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Proof. First we relate scalar entries in block Chg to scalar entries in C.
Forli<a<gq, l1<8<r1<i<m,, andl<j<ngwehave

[Caﬂ]ij = Cadipti
where

= M+ + Mooy
= M4 +ngor

But

] P
Casimts = 9 Oarikbeuss = 3 [Aalic [Bsly; = [AaBsl,;-
k=1 k=1

Thus, Cap = AaBg. O

EY

Lemma 1.3.2 If A € R"*?, B ¢ RP™*",

A= [ Ay ..., A, ] , and B = .
n Ps B, D,

AB=C=§A,,B.,.

y=1

Proof. We set s = 2 and leave the general s case to the reader. (See
P136.) For1 <i<mand 1< j<nwehave

P 4] nte
ci = ) ewbk; = O ouby + D owby
k=] k=1 kupy 41

[AIBIJ.'J; + [A:;Bz]‘-j = [A1B +A2Bﬂlij'
Thus, C = A1B) + A3B,;. 0O

For general bleck matrix multiplication we have the following result:
Theorem 1.3.3 If

Ann ... Ay, iy By ... By, n

A= : : ’ B = : : '
Agq Ag, Mg By 7 By Ps
n Pa m Ny
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and we partition the product C = AB as follows,

Cn ... Cy m)

c= | : :
Ca ™" Cq-,- My
m iy

then .
Caog = E AayBayg a=1q, fB=1r
=1

Proof. See P1.3.7. O

Averyimportantspecialcasearis}}sit'wesets=2,r=1,a.ndn1=1:

A A n | _ Anzy + Ajaxo.
Asp Ax T Anzi + Apeze |

This partitioned matrix-vector product is used over and over again in sub-
sequent chapters.

1.3.3 Submatrix Designation

As with “ordinary” matrix multiplication, block matrix multiplication can
be organized in several ways. To specify the computations precisely, we
need some notation.
Suppose A € R™*" and that i = (iy,...,i,) and j = (jy,...,Jc) are
integer vectors with the property that
Wrevnrly E {1,2,...,171}
fseeade € {1,200}
We let A(1, j) denote the r-by-c submatrix

Alinf) - Al de)
A(ir'j!) A(ifsjc)

If the entries in the subscript vectors i and j are contiguous, then the
“colon” netation can be used to define A(i, §) in terms of the scalar entries
in A, In particular, if 1 € 4) €4 <mand 1 £ 5 £ j2 < n, then
A(%y:d9, J1:Ja) is the submatrix obtained by extracting rows i; through ¢,
and columns j; through js, e.g,

431 Gaz
A(3:5,1:2) = | a4y aaz | -

asy 452
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While on the subject of submatrices, recall from §1.1.8 that if i and j are
scalars, then A(3,:) designates the ith row of A and A(:, j) designates the
jth column of A.

1.3.4 Block Matrix Times Vector

An important situation covered by Theorem 1.3.3 is the case of a block
matrix times vector. Let us consider the details of the gaxpy y = Az + ¥y
where A €¢ R™*", z € R*, y ¢ R™, and
AL omy n | m
4= 1 y=|:

CAq | ™y Yo 1 ™q
We refer to A; as the ith block row. If m.vee = (my,..., m,) is the vector
of block row “heights”, then from

n A n
=] e
I. Ya A, Yq
we obtain
last =0
for i = 1g
first = last +1
last = first + m.vec(i) — 1 (1.3.1)

y{first:last) = A(first:last, )z + y( first:last)
end

Each time through the loop an “ordinary” gaxpy is perforred so Algorithms
1.1.3 and 1.1.4 apply.

Another way to block the gaxpy computation is to partition A and z as
follows:

el 3]

A= [ A, A ] z

m e z, ne

In this case we refer to A; as the jth block column of A. If nvec =
(ry,...,n,) is the veetor of block column widths, then from

I r
+y = ZAjIj +y

Zr jml

y = [A1,..., 4]

we obtain
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last =0
for j =1Ll
Jirst = last + 1
last = first + n.vec(j) — 1 (1.3.2)
y = A(:, first:last)z( first:last) + y
end

Again, the gaxpy’s performed each time through the loop can be carried
out with Algorithm 1.1.3 or 1.1.4.

1.3.5 Block Matrix Multiplication

Just as ordinary, scalar-level matrix multiplication can be arranged in sev-
.eral possible ways, so can the multiplication of block matrices. Different
blockings for A, B, and C can set the stage for block versions of the dot
produet, saxpy,-and outer product algorithms of §1.1. To iHlustrate this
with a minimum of subscript clutter, we assume that these three matrices
are all n-by-n and that n = N¢ where N and £ are positive integers.

If 4 = (Aag), B = (Bag), and C = (C,p) are N-by-N block matrices
with £-by-£ blocks, then from Theorem 1.3.3

N
Cop = ZAWB.Y;J + Cap a=1LN [F=1N.
+=1

If we organize a matrix muitiplication procedure around this summation,
then we obtain a block analog of Algorithm 1.1.5;

fora=1N
i={a- 1)+ liaf
for = LN
i=B-1¢+1:8¢ (1.3.3)
for y=1:N
k= (y—1+ 1y
C(i,3) = A5, k)B(k,7) + C(,7)
end
end
end

Note that if £ = 1, then @ =1, 8 = j, and v = k and we revert to Algorithm
1.1.5.
To obtain a block saxpy matrix multiply, we write C = AB + C as
Bu -+ Bin
[Cl,...,CN}=[A1,...,AN] +[ Cl,...,CN]

Byy -+ Bawn
where A, C, € R™*, and B,g € R**‘. From this we obtain
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for §=1N
i=(@3-14+1p¢
for o = I:N
i=(a-1)¢+ Lol (1.3.4)
C(:j) = AG,i)B(, 1) + C(, 5)
end
end

This is the block version of Algerithm 1.1.7.
A block outer product scheme results if we work with the blockings

BY
A=[A,.,Ay] B=1| :
BY

where A, B, € R**‘. From Lemma 1.3.2 we have

N
C=3 ABT+cC
=l
and so
for v = LN
k= (y-1)f+ 1y
C=A(k)\B(k,:)+C {1.3.5)
end

This is the block version of Algorithm 1.1.8.

1.3.6 Complex Matrix Multiplication
Consider the complex matrix multiplication update
CL+iC; = (A + i42)(By +iB2) + (C) + iCh)

where all the matrices are real and 2 = —1. Comparing the real and
imaginary parta we find

C1 = ABi—-A:B:+C
Cy = ABe+ A8, +Cy

and thiz can be expreased as follows:

al-15 ®n]+la]
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This suggests how real matrix software might be applied to solve complex
matrix problems. The only snag is that the explicit formation of

- [ A -Ag
A‘[A, Al]

requires the “double storage” of the matrices A; and Aj.

1.3.7 A Divide and Conquer Matrix Multiplication

We conclude this section with a completely different approach to the matrix-
matrix muitiplication problem. The starting point in the discussion is the
2-by-2 block matrix multiplication

Cu Cu|_|An An By Bia
Cyn Cn Azt Ax By Bx

where each block is square. In the ordinary algorithm, C; = AaBy; +
Ai2Bs;. There are 8 multiplies and 4 adds. Strassen (1969) has shown how
to compute C with just 7 multiplies and 18 adds:

Py = (Au 4 Agz}(Bn + ng)
P, = (An + Ax)Bn

Py = An(Biz - Bxn)

Py = Ax(Bay — Byi)

Ps = (An+ Au)Bxn

Ps = (An — Au}(Bu + Bi2)
P = (Aiz — An}{Ba + Ba)
Cu = PA+P/-FB+5

Ca = P+5
Cn = PR+5

Cnn = PA+B-P+F

These equations are easily confirmed by substitution. Suppose n = 2m so
that the blocks are m-by-m. Counting adds and multiplies in the compu-
tation C = AB we find that conventional matrix multiplication involves
(2m)® multiplies and (2m)* — (2m)? adds. In contrast, if Strassen's al-
gorithm is applied with conventional multiplication at the block level, then
7m?® multiplies and 7m?® + 11m? adds are required. If m > 1, then the
Strassen method involves about 7/8ths the arithmetic of the fully conven-
tional algorithm.

Now recognize that we can recur on the Strassen idea. In particular, we
can apply the Strassen algorithm to each of the half-sized block multiplica-
tions associated with the P;. Thus, if the original A and B are n-by-n and
n = 29, then we can repeatedly apply the Strassen multiplication algorithm.
At the bottom “level,” the blocks are 1-by-1. Of course, there is no need to
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recur down to the n = 1 level. When the block size gets sufficiently amall,
(n € Nmin), it may be sensible to use conventional matrix multiplication
when finding the F; . Here is the overall procedure:

Algorithm 1.3.1 (Strassen Multiplication) Suppose n = 27 and that
AcR™ and B € B**™. If Aimin = 2% with d < ¢, then this aigorithm
computes C = AB by applying Strassen procedure recursively g — d times.

function: C = strass(A, B, n, fyin)

ifn S Rmin
C=AB

else
m=n/2;u= Lmjpr=m+ L:n;
P, = strass{A{u, u) + A(v,v), B(u, u) + B(v, v}, 7 tmin)
Py = strass(A{v,u) + A(v,v), B(u, ¢}, M, ftmin)
Py = strass(A(u, u), B(u,v) — B(v,v), m, iman)
P, = strass(A(v,v), B(v,u) — B(4,u),m, Nmin)
Ps = strass(A(u, u) + A(u, v}, B{v,v),m, fimin)
P; = strass(A{v, u) — A(u,u), B{u, u) + B(4,v),m, tmin)
Py = strass(A(u, v) - A(v, ), B(v, 1) + B(3, ), ™, Bynin)
Clu,uy=Pi+ P -P+P
C(u,u) =D+ B
C(‘U, u) =P+ Py
C(‘U,‘U‘) =P+ -P+PF

end

Unlike any of our previous algorithms strass is recursive, meaning that
it calls itself. Divide and conquer algorithms are often best described in
this manner. We have presented this algorithm in the style of a MATLAB
function so that the recursive ealls can be stated with precision.

The amount of arithmetic associated with strass is a complicated func-
tion of n and fymin. If Amin 33 1, then it suffices to count multiplications
a3 the number of additions is roughly the same. If we just count the mul-
tiplications, then it suffices to examine the deepest level of the recursion
as that is where all the multiplications occur. In strass there are q — d
subdivisions and thus, 79-¢ conventional matrix-matrix multiplications to
perform. These multiplications have size Rmin and thus strass involves
about s = (2%)377"9 multiplications compared to ¢ = (279), the number
of multiplications in the conventional approach. Notice that

I ] 2d3_d Tq_d
z=(z‘«)7“ =(§) -
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Ifd =0, ie., we recur on down to the 1-by-1 level, then

73
s = (§) ¢ =T = nofa7 a8,

Thus, asymptotically, the number of multiplications in the Strassen proce-

dure is O(n?%7). However, the number of additions (relative to the number
of multiplications) becomes significant as ny;, gets small.

Example 1.8.1 If n = 1024 and ny;, = 64, then strass involves {7/8}19-% = & the
arithmetic of the conventional algorithm.

Problems

P1.3.1 Generalize (1.3.3) so that it can bandle the variable black-size problem covered
by Theorem 1.3.3. *

P1.3.2 Generalize (1.3.4) and (1.3.5) so0 that they can handle the variable block-size
case,

P1.3.3 Adapt strass so that it can handle square matrix multiplication of any order.
Hint: If the “current” A has odd dimension, append a zero row and column.

P1.3.4 Prove that if

An - A
A= : . :
Ag o Agr
is a blocking of the matrix A, then
AT, - AD
AT = : . :
AT AT

P1.3.5 Suppose n ig even and define the following function from R™ to R:
n/1
1) = 2(12m)Te(@0) = D ruorzn
=l
{a}) Show that if x,y € R™ then
nfi
2Ty = 3 (221 +vadzn +v3i-1) - flx) ~ 1)
=l
{b) Now consider the n-by-n matrix multiplication C = AB. Give an algorithm for
computing this product that requires n? /2 multiplies once f is appliad to the rows of A
and the columns of B. See Winograd {1968) for details.
P1.3.8 Prove Lemma 1.3.2 for general 5. Hint. Set

Pr=p Py Y=1s+1
and show that

F Pu+l

cl‘j:’Z Z Sinby;.

yul kepey 41
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P1.3.7 Use Lemmas 1.2.1 and 1.3.2 to prove Theorem 1.3.3. In particular, set
Ay
Ay = and  B,=[Bu - B‘rr]
Agy
and note from Lemma 1.3.2 that

Cc= i AyBy.
T=1

Now analyze each A B~ with the help of Lemma 1.3.1.

Notes and Refarences for Sec. 1.3
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Level 3 B Winograd Variant of Strassen’s Matrix-Matrix Multiply Algorithm,”
J. Comput. Phys. 110, 1-10.

1.4 Vectorization and Re-Use Issues

The matrix manipulations discussed in this book are mostly built upen
dot products and saxpy operations. Vector pipeline computers are able
ta perform vector operations such as these very fast because of special
hardware that is able to exploit the fact that a vector operation is a very
regular sequence of scalar operations. Whether or not high performance
is extracted from such a computer depends upon the lergth of the vector
operands and a number of other factors that pertain to the movement of
data such as vector stride, the number of vector loads and stores, and
the level of data re-use. Our goal is to build a useful awareness of these
issues. We are not trying to build a comprehensive model of vector pipeline
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computing that might be used to predict performance. We simply want to
identify the kind of thinking that goes into the design of an effective vector
pipeline code. We do not mention any particular machine. The literature
is filled with case studies.

1.4.1 Pipelining Arithmetic Operations

The primary reason why vector computers are fast has to do with pipelin-
ing. The concept of pipelining is best understood by making an analogy to
aseembly line production. Suppose the assembly of an individual automo-
bile requires one minute at each of sixty workstations along an assembly
line. If the line is well staffed and able to initiate the assembly of a new car
every minute, then 1000 cars can be produced from scratch in about 1000
+ 60 = 1060 minutes. For a work order of this size the line has an effective
“vector speed” of 1000/1060 automobiles per minute. On the other hand,
if the assembly line is understaffed and a new assembly can be initiated
just once an hour, then 1000 hours are required to produce 1000 cars. In
this case the line has an effective “scalar speed” of 1/60th automobile per
minute.

So it is with a pipelined vector operation such as the vector add 2z = z+y.
The scalar operations z; = r; + y; are the cars. The number of elements
is the size of the work order. If the start-to-finish time required for each
z; is 7, then a pipelined, length n vector add could be completed in time
much less than nr. This gives vector speed. Without the pipelining, the
vector computation would proceed at a scalar rate and would approximately
require time nr for completion.

Let us see how a sequence of floating point operations can be pipelined.
Floating point operations usually require several cycles to complete. For
example, a 3-cycle addition of two scalars z and y may proceed as in
F1G.1.4.1. To visualize the operation, continue with the above metaphor

r—+ Adjust

y—| Exponents Add Normalize —~ z

FIG. 1.4.1 A 3-Cycle Adder

and think of the addition unit as an assembly line with three “work sta-
tions”. The input scalars x and y proceed along the assembly line spending
one cycle at each of three stations. The sum z emerges after three cycles.
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Adjust .
Exponents Add Normalize
- X
10 -+ IXyo s Zr e zg -
Y10 —» Yo s

Fic. 1.4.2 Pipelined Addition

Note that when a single, “free standing™ addition is performed, only one of
the three stations is active during the computation.

Now consider a vector addition z = r+y . With pipelining, the z and y
vectors are streamed through the addition unit. Once the pipeline is filled
and steady state reached, a z; is produced every cycle. In F1¢.1.4.2 we
depict what the pipeline might look like once this steady state is achieved.
In this case, vector speed is about three times scalar speed because the time
for an individual add is three cycles.

1.4.2 Vector Operations

A vector pipeline computer comes with a repertoire of vector instructions,
such as vector add, vector multiply, vector scale, dot product, and saxpy.
We assume for clarity that these operations take place in vector registers.
Vectors travel between the registers and memory by means of vector load
and vector store instructions.

An important attribute of a vector processor is the length of its vector
registers wh.i\ch we designate by v,. A length-n vector operation must be
broken down|into subvector operations of length v, or less. Here is how such
a partitioning might be managed in the case of a vector addition z = z + vy
where £ and y are n-vectors:

first=1
while first <n
last = min{n, first + v, — 1}
Vector load x{ first:last).
Vector load y{ first:last).
Vector add: z(first:last) = z{ first:last) + y{ first:last).
Vector store z{ first:last).
first = last +1
end

A reasonable compiler for a vector computer would automatically generate
these vector instructions from a programmer specified z = z + y command.
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1.4.3 The Vector Length Issue

Suppose the pipeline for the vector operation op takes 7., cycles to “set
up.” Assume that one component of the result is obtained per cycle once
the pipeline is filled. The time required to perform an n-dimensional op is
then given by
Top(n) = (Top + )i n <y,

where p is the cycle time and v, is the length of the vector hardware.

If the vectors to be combined are longer than the vector hardware length,
then as we have seen the overall vector operation must be broken down into
hardware-manageable chunks. Thus, if

n=mv, + Ny 0<rg<v,,
then we assume that
T (ﬂ.) —_ nl(TOp +‘UL)M Ty = 0
op (ni{Top + V) +Top + 1)t no #0

specifies the overall time required to perform a length-n op. This simplifies
to

Top(n) = (n + ropeeil(n/ve)) 4
where ceil(cx) is the smallest integer such that & < ceil{a). If p flops per
component are involved, then the effective rate of computation for general
n is given by

. S S
B T T ATy e ()

{If 1 is in seconds, then R,y is in flops per second.) The asymptotic rate of
performance is given by

" _ 1 p
o, B} = i

As a way of assessing how serious the start-up overhead is for a vector
operation, Hockney and Jesshope (1988) define the quantity n;s2 to be the
smallest n for which half of peak performance is achieved, i.e.,

Py 1p

Top(niy2) 2p°
Machines that have big ny/» factors do not perform well on short vector
operations.

Let us see what the above performance model says about the design
of the matrix multiply update C = AB + C where A € R™*?, B ¢ RP™",
and €' € R™*", Recall from §1.1.11 that there are six possible versions of
the conventional algorithm and they correspond to the six possible loop
orderings of
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fori=1m
for j =1n
for k=1:p
C(i!j) = A(ii k)B(k-J) + C(i, J)
end
end
end

This is the ijk variant and its innermost loop oversees a length-p dot prod-
uct. Thus, our performance model predicts that

Tiik = mnp + mn - ceil(p/v, Vi

cycles are required. A similar analysis for each of the other variants leads
to the following table:

Variant Cycles
ik MRP + M - Taee(p/vL)
ik mnp + mn - Taee(p/vL)

ikj mnp + mp - Taz(njv.)
jki mnp + NP - Tygz(M/v,)
kij mnp + Mp - Teez{n/v.)

kji mnp + np - Tyaz(Mm/v.)

We make a few observations based upon some elementary integer arithmetic
manipulation. Assume that 1,,; and T4, are roughly equal. If m, n, and
p are all less than v, , then the most efficient variants will have the longest
inner loops. If m, n, and p are much bigger than v, then the distinction
between the six options is small.

1.4.4 The Stride Issue

The “layout” of a vector operand in memory often has a bearing on execu-
tion speed. The key factor is stride. The stride of a stored foating point
vector is the distance (in logical memory locations) between the vector’s
components. Accessing a row in a two-dimensional Fortran array is not a
unit stride operation because arrays are stored by column. In C, it is just
the opposite as matrices are stored by row. Nonunit stride vector opera-
tions may interfere with the pipelining capability of a computer degrading
performance.

To clarify the stride issue we consider how the six variants of matrix
multiplication “pull up” data from the A, B, and C matrices in the inner
loop. This is where the vector calculation occurs (dot product or saxpy)
and there are three possibilities:
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jki or kji: fori=1m
C(i,5) = C(i,j) + A(i, k) B(k, j)
end )
ik or kij: for j=1mn
C(i,j) = C(i,j) + A(i, k) B(k, j)
end
ijk or jik: for k=1p
C(i, §) = C(i, j) + A3, k}B(k, j)
end

Here is a table that specifies the A, B, and C strides associated with each
of these possibilities:

Variant A Stride | B Stride | C Stride
Jki or kji Unit 0 Unit
ikj or kij 0 Non-Unit | Non-Unit
ijk or jik | Non-Unit Unit 0

Storage in column-major order is assumed. A stride of zero means that only
a single array element is accessed in the inner loop. From the stride point
of view, it is clear that we should favor the jki and kji variants. This may
not coincide with a preference that is based on vector length considerations.
Dilemmas of this type are typical in high performance computing. One goal
{maximize vector length) can confiict with another (impose unit stride).
Sometimes a vector stride/vector length conflict can s be resolved through
the intellizent choice of data structures. Consider the gaxpy vy = Az +y
where A € R*™" is symmetric. Assume that n < v, for simplicity. If
A is stored conventionally and Algorithm 1.1.4 is used, then the central
computation entails n, unit stride saxpy’s each having length n:

for j=1Llin
v=A(5z0) +y
end
Our simple execution model tells us that
T1 = n{Tses + 1)
cycles are required.

In §1.2.7 we introduced the lower triangular storage scheme for sym-
metric matrices and obtained this version of the gaxpy:
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forj=1n
fori=1j-1
y(3) = Awee((i — )n —i(i — 1)/2 + j)z(4) + y(i)
end
fori=jn
4 4(3) = Avec((j — 1)n - (5 — 1)/2 + i)z(5) + y(3)
en

end

Notice that the first i-loop does not define a unit stride saxpy. If we assume
that a length n, nonunit stride saxpy is equivalent to n unit-length saxpys
(a worst case scenario), then this implementation involves

Ta=n (gfuz + n)

cycles.
In §1.2.8 we developed the store-by-diagonal version:

fori=1n

y(i) = A.diag(i)x(i) + y(i)
end
fork=1lm-1

t =nk - k(k-1)/2
{y = D(A,k)x + y}
fori=1:n-%
y(i) = A.diag(i + t)z(i + k) + y(3)
end
{y = D(A,k) z +y}
fori=1ln—-k
y(i + k) = A.diag(s + t)x (i) + y(i + k)
end
end

In this case both inner loops define a unit stride vector multiply (vm) and
our model of execution predicts

T3 = n(27pm + n}

cycles.

The example showa how the choice of data structure can effect the stride
attributes of an algorithm. Store by diagonal seems attractive because it
represents the matrix compactly and has unit stride. However, a careful
which-is-best analysis would depend upon the values of 744 and 7,y and
the precise penalties for nonunit stride computation and excess storage.
The complexity of the situation would call for careful benchmarking.
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1.4.5 Thinking About Data Motion

Anocther important attribute of a matrix algorithm concerns the actual vol-
ume of data that has to be moved around during execution. Matrices sit
in memory but the computations that involve their entries take place in
functional units. The control of memory traffic is crucial to performance
in many computers. To continue with the factory metaphor used at the
beginning of this section: Can we keep the superfast arithmetic units busy
with enough deliveries of matrix data and can we ship the results back to
memory fast enough to avoid backlog? FiG.1.4.3 depicts the typical situa-
tion in an advanced uniprocessor environment. Details vary from machine

| Functional Units |
[ ! Cache I ]
L MsIm Memolry ]

1

| Disk |

Fic. 1.4.3 Memory Hierarchy

to machine, but two “axioms;; prevail:

» Each level in the hierarchy has a limited capacity and for economic
reasons this capacity is usually smaller as we ascend the hierarchy.

¢ There is & cost, sometimes relatively great, associated with the moving
of data between two levels in the hierarchy.

The design of an efficient matrix algorithm requires careful thinking about
the flow of data in between the various levels of storage. The vector touch
and data re-use issues are important in this regard.

1.4.6 The Vector Touch Issue

In many advanced computers, data is moved around in chunks, e.g., vectors.
The time required to read or write a vector to memory is comparable to
the time required to engage the vector in a dot product or saxpy. Thus, the
number of vector touches associated with a matrix code is a very important
statistic. By a “vector touch” we mean either a vector load or store.
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Let’s count the number of vector touches associated with an m-by-n
outer product. Assume that m = myv, and n = n,v, where v.i3 the vector
hardware length. (See §1.4.3.) In this environment, the outer product
update A = A + zyT would be arranged as follows:

for o = Lim,
i=(a— 1)y, + Liav,
for =1
=@ -1w. +Lpv,
A(i,j) = A4, ) + :r(i)y(j)T
end
end

Each column of the submatrix A(i, 7) must be loaded, updated, and then
stored. Not forgetting to account for the vector touches associated with z
and y we see that approximately

i (1 +i(1 +2u,,)) = 2myn

a=l A=1

vector touches are required. (Low order terms do not contribute to the
analysis.)

Now consider the gaxpy update y = Az + y where y € R™, x € R" and
A€ R™*™, Breaking this computation down into segments of length v,
gives

for a = 1im,
t = (a—1)v, + L,
for G=1:my
J=(f~Yu +1:8v,
u(s) = y(i) + A, 5)z(3)
end
end

Again, each column of submatrix A(%, j) must be read but the only writing
to memory involves subvectors of y. Thus, the number of vector touches
for an m-by-n gaxpy is

i (2+ flZI(I +v;.)) = myn.

a=l B=1

This is half the number required by an identically-sized the outer product.
Thus, if a computation can be arranged in terms of either outer products
or gaxpys, then the former is preferable from the vector touch standpoint.
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1.4.7 Blocking and Re-Use

A cache is a small high-speed memory situated in between the functional
units and main memory. See F1G.1.4.3. Cache utilization colors perfor-
mance because it has a direct bearing upon how data flows in between the
functional units and the lower levels of memory.

To illustrate this we consider the computation of the matrix multiply
update C = AB + C where 4, B,C € R**" reside in main memory?. All
data must pass through the cache on its way to the functional units where
the floating point computations are carried out. If the cache is small and
n is big, then the update must be broken down into smaller parts so that
the cache can “gracefully” process the flow of data.

One strategy is to block the B and ¢ matrices,

B = [Bl,...,BN] C = [Cl,...,CN]
£ 4 £ £

where we assume that n = ¢N. From the expansion

Ca = ABo+Co = Y Al:,k)Ba(k,:) + Ca
k=1

we obtain the following computational framework:

fora=1LN
Load B, and C, into cache.
for k=1mn
Load A(:, k) into cache and update Cl:
Co = A5, k) Ba(k, ) + Ca
end
Store C in main memory.
end

Note that if M is the cache size measured in floating point words, then we
must have
WL +n<M. (1.4.1)

Let I’y be the number of floating point numbers that flow (in either direc-
tion) between cache and main memory. Note that every entry in B is loaded
into cache once, every entry in € is loaded into cache once and stored back
in main memory once, and every entry in A is loaded into cache N = n/f!
times. It follows that

3
F1=3ﬂ2+1:—.

2Thed.iacunionwhichfolhwnwuldahoapplyifthematriceamonadiﬁkmd
needed ta be brought into main memary.
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In the interest of keeping data motion to a minimum, we choose £ to be as
large as possible subject to the constraint (1.4.1). We therefore set

1/ M

ont

M-n
{We use “~” to emphasize the approximate nature of our analysis.) If cache
is large enough to house the entire B and C matrices with room left over
for a column of 4, then £ = n and I'; = 4n?. At the other extreme, if we
can just fit three columns in cache, then £ = 1 and I'; = n3.

Now let us regard A = (Aag) , B = (Bog), and C = (Cag) as N-by-N
block matrices with uniform block size £ = n/N. With this blocking the
computation of

obtaining

r %3‘!’12"'

N
Cap=9 AgyBys a=1N,g=1N

=zl
can be arranged as follows:

for a =1:N
for 3 =1:N
Load €,z into cache.
for v= LN
Load A, and B.,g into cache.
Cop = Cap + AayBys
end
Store Capg in main memory.
end
end

In this case the main memory/cache traffic sums to

3
Tg= m? + '2—"1"'
¢
because each entry in 4 and B is loaded N = n/f times and each entry
in C is loaded once and stored once. We can minimize this by choosing £
to be as large as possible subject to the constraint that three blocks fit in
cache, i.e.,

3 <M
Setting £ = /M /3 gives

3
Tz = 202 + 203/ —.
pRAn I o
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A manipulation shows that

4 2

— == > .
2 amrams/E RN NE

The key quantity here is n?/M, the ratio of matrix size (in floating point
words) to cache size. As this ratio grows the we find that

r
s  V3M

showing that the second blocking strategy is superior from the standpoint
of data motion to and from the cache. The fundamental conclusion to be
reached from all of this is that blocking effects date motion.

1.4.8 Block Matrix Data Structures

We conclude this section with a discussion about block data structures. A
programming language that supports two-dimensional arrays must have a
convention for storing such a structure in memory. For example, Fortran
stores two-dimensional arrays in column major order. This means that the
entries within a column are contiguous in memory. Thus, if 24 storage
locations are allocated for A € R**®, then in traditional store-by-column
format the matrix entries are “lined up” in memory as depicted in F1G.
1.4.4. In other words, if A € R™*" is stored in v(1:mn), then we identify

I ! ! I
an “| B2 13 014 a5 a8
az ax a3 @24 azs Gag
a3 a3z aza a3q ass azs
a4 a4 a43 Ga4 a4 G4

I l l

Fic. 1.4.4 Store by Column ({-by-6 case}

A(t, ) with v{(j — 1)m +i). For algorithms that access matrix data by
column this is a good arrangement since the column entries are contiguous
in memory.
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! } } } )
a1 @12 a3 a14 a5 a18
G31 az G733 G24 a3zs axs

L L .

! [} [
aay a3z d33 2y a3s azs
Q41 a4z a43 Q44 a4y a48

I L | | LI

FIG. 1.4.5 Store-by-Blocks ({-by-6 case with 2-by-2 Blocks)

In certain block matrix algorithms it is sometimes useful to store matri-
ces by blocks rather than by column. Suppose, for example, that the matrix
A above is a 2-by-3 block matrix with 2-by-2 blocks. Ir a store-by-column
block scheme with store-by-column within each block, the 24 entries are
arranged in memory as shown in Fi¢. 1.4.5. This data structure can bhe
attractive for block algorithms because the entries within a given block are
contiguous in memory.

Problems

P1.4.1 Consider the matrix product D = ABC where A€ R™*" , B¢ KF*™ and
C € RI***_ Assume that all the matrices are stored by column and that the time required
to execute & unit-stride saxpy operation of length k is of the form t{k) = {L+k)u where L
is & congtant and u is the cycle time. Based on this model, when is it more economical to
compute D an D = (AB)C instead of as It = A(BC)? Assume that all matrix multiplies
are done using the jki, (gaxpy) algorithm.

P1.4.2 What is the total time spent in jki variant on the saxpy operations asguming
that all the matrices are stored by column and that the time required to execute s unit~
stride saxpy operstion of length & is of the form i(k) = (L + k) where L in 5 constant
and g is the cycle time? Specialize the algorithm so that it efficiently handles the case
when A and B are n-by-n and upper trisngular. Does it follow that the triangular
implementation is six times faster as the flop count suggesta?

P1.4.3 Give an algorithm for computing C = AT BA where A and B are n-by-n and
B 18 symmetric. Arrays should be accessed in unit stride fashion within all innermost
loops.

Pl1.4.4 Suppose A € R™*" i3 stored by column in A.col(1:mn}. Assume that m = £ M
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and n = £2N and that we regard A as an M-by-N block matrix with £;-by-f2 blocks.
Civeni, j, o, a0d Sthat satisfy 1 € i <4, 1 Sj<h, l<a< M. mmdl1<FEN
determine & 30 that A.col{k) houses the (i,j) entry of A,5. Give an algorithm that
overwrites A.col with A stored by block an in Figure 1.4.5. How big of & work array ia
required?

Notes and References for Sec. 1.4
Two excellent expoaitions asbout vector computation are

1.J. Dongarra, F.G. Gustavson, and A. Karp {1984). *Impiementing Linear Algebrs
Algorithms for Dense Matrices on a Vector Pipeline Machine,” S/AM Review 26,
91-112.

JLM. Ortegn and R.G. Voigt (1985). “Solution of Partial Differential Equations on Vector
and Parallel Computers,” SIAM Review £7, 149-240.

A very detailed look at matrix computations in hierarchical memory systems can be
found in

K. Gallivan, W. Jalby, U, Meier, and A.H. Sameh (1988). “Impact of Hierarchicsl Mem-
ory Systems on Linear Algebra Algorithm Design,” Intl J. Supercomputer Applic.
2, 1248

See also

W. Schinauer (1987). Scientific Computing on Vector Computers, North Holland, Am-
sterdam.

R.W. Hockney and C.R. Jesshope (1988). Paruile! Computers 2, Adam Hilger, Bristol
and Philadelphia.

where various models of vector processor performance are set forth. Papers on the prac-

tical aspects of vector computing include

LJ. Dongarrs and A. Hinds {(197%). “Unrolling Loops in Fortran,” Softwere Pruoctice
and Experience 9, 219-229,

J.J. Dongexrs and $. Eisenstat {1984). “Squeezing the Most Out of an Algorithm in
Cray Fortran,” ACM Tyans. Math Soft. 10, 221-230.

B.L. Buzbee {1986) “A Strategy for Vectorizsation,” Parailel Computing 3, 187-192.

K. Gallivan, W. Jalby, and U. Meier (1987). “The Use of BLAS3 in Linear Algebra on a
Parallel Processor with a Hierarchical Memory,” SIAM J. Sci and Sitat. Comp. 8,
1079-1084,

J.J. Dongarra and D. Walker (1995). “Software Librariea for Linear Algebra Computa-
tions on High Performance Computers,” SIAM Review 57, 151-180.

Chapter 2

Matrix Analysis

§2.1 Basic Ideas from Linear Algebra

§2.2 Vector Norms

§2.3 Matrix Norms

§2.4 Finite Precision Matrix Computations
§2.5 Orthogonality and the SVD

§2.6 Projections and the CS Decomposition
§2.7 The Sensitivity of Square Linear Systems

The analysis and derivation of algorithms in the matrix computation
area requires a facility with certain aspects of linear algebra. Some of the
basics are reviewed in §2.1. Norms and their manipulation are covered in
§2.2 and §2.3. In §2.4 we develop & model of finite precision arithmetic and
then use it in a typical roundoff analysis.

The next two sections deal with orthogonality, which has a prominent
role to play in matrix computations. The singular value decomposition
and the CS decomposition are a pair of orthogonal reductions that provide
critical insight into the important notions of rank and distance between
subspaces. In §2.7 we examine how the solution of a linear system Az =
b changes if A and b are perturbed. The important concept of matrix
condition is introduced.

Before You Begin
References that complement this chapter include Forsythe and Moler

(1967}, Stewart (1973), Stewart and Sun (1990), and Higham (1996).
2.1 Basic Ideas from Linear Algebra

"This section is a quick review of linear algebra. Readers who wish a more
detailed coverage should consuit the references at the end of the section.

A
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2.1.1 Independence, Subspace, Basis, and Dimension

A set of vectors {a,,...,as} in R™ is linearly independent ifz‘?=1 aja; =0
implies a{l:n) = 0. Otherwise, a nontrivial combination of the a; is zero
and {ai,...,a,} I8 said to be linearly dependent .

A subspace of R™ is a subset that is also a vector space. Given a
collection of vectors a1, ...,an, € R™, the set of all linear combinations of
these vectors is a subspace referred to as the span of {61,...,a,}:

span{a,...,an} = {Zﬁ_,-a, 185 € ]R} .
Juul
If {a;,...,an} is independent and b € span{a,,...,as}, then b is a unique
linear combination of the a;.

If S1,..., Sk are subspaces of R™, then their sum is the subspace defined
by S={a1+ar+--+ax:a; €5, i=1:k} 5 issaid to be a direct sum
if each v € S has a unique representation v = a; + --- + a; with a; € S;.
In this case we write S = ) @ --- @ Si. The intersection of the S; is also
a subspace, S =81 NS N---NS.

The subset {a,,...,%} i8 & mazimal linearly independent subset of
{ay,..., 85} if it is linearly independent and is not properly contained in any
linearly independent subset of {ay,...,a,}. If {a;,,...,0; } is maximal,
then span{a;,...,an} = span{a;,,...,e;,} and {a;,,....0;} is a basis
for spanf{ay,...,ap} . If § € R™ is a subspace, then it is possible to find
independent basic vectors ay,...,ax € § such that § = span{ay,...,a;} .
All bases for a subspace S have the same number of elements. This number
is the dimension and is denoted by dim(S).

2.1.2 Range, Null Space, and Rank

There are two important subspaces associated with an m-by-n matrix A.
The mnge of A is defined by

ran(A) = {y € R™ : y = Az for some z € R"},
and the null space of A is defined by
mull(4) = {z € R" : Az = 0}.
If A=[ay,...,2s] i8 a column partitioning, then
ran{A) = span{ay,...,a,} .
The renk of a matrix A is defined by
rank(A) = dim (ran(A4)).

1t can be shown that rank(A) = rank{AT). We say that A € R™*" is rank
deficient if rank(A) < min{m, n}. If A € R™ " then

dim(null(A)) + rank(4) = n.
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2.1.3 Matrix Inverse
The n-by-n identity matriz I, is defined by the column partitioning

In={e1,...1en]
where e is the kth “canonical” vector:

ex=(0,...,0,1,0,...,0)T.
N e’ N, et
k-1 n—k

The canonical vectors arise frequently in matrix analysis and if their di-
mension is ever ambiguous, we use superscripts, i.e., ef” € R".

If A and X are in R*™"™ and satisfy AX = I, then X is the inverse of
A and is denoted by A~!. If A~! exists, then A is said to be nonsingular.
Otherwise, we say A is singular.

Several matrix inverse properties have an important role to play in ma-
trix computations. The inverse of a product is the reverse product of the
inverses:

(AB)~! = B~147L (2.1.1)
The transpose of the inverse is the inverse of the transpose:
(A YT = (AT 1= AT, (2.1.2)
The identity
B = A"l B Y(B - A)4"! (2.1.3)

shows how the inverse changes if the matrix changes.
The Sherman-Morrison-Woodbury formula gives a convenient expres-
sion for the inverse of (A+UVT) where A € R"*" and U and V are n-by-k:

(A+0VD)y L= A7 AT+ VT A~ W0)WvT 4L (2.1.4)

A rank k correction to a matrix results in a rank & correction of the inverse.
In (2.1.4) we assume that both A and (I + VTA~'U) are nonsingular.

Any of these facts can be verified by just showing that the “proposed”
inverse does the job. For example, here is how to confirm (2.1.3):

B(A'-B Y B-AA ) =BA ' - (B-A)A™' =1.

2.1.4 The Determinant

If A = (g) € R}, then its determinant is given by det(A) = a. The
determinant of A € R**" is defined in terms of order n — 1 determinants:

det(A) = 3 (=1 ayyder(Asy).

=1
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Here, Ay is an (n — 1)-by-(n — 1) matrix obtained by deleting the first row
and jth column of A. Useful properties of the determinant include

det(AB) = det(d)det(B) A,BeR*"
det(AT}) = det(d) AeR*"
det(cA) = c"det(A) ceR,Ac R
det(A) £0 & A is nonsingular A € R™*"

2.1.5 Differentiation

Suppose a is a scalar and that A{a) is an m-by-n matrix with entries a;; {a).
If ai4(a) is a differentiable function of a for all i and j, then by A(a) we
mean the matrix

Ao = 7 4(@) = (as(@) = Gula)).

The differentiation of a parameterized matrix turns out to be a handy way
to examine the sensitivity of various matrix problems.

Problems

P2.1.1 Show that if A € R™*™ has rank p, then there exists an X ¢ R™*P and a
Y € R**? such that A = XY7T, where mok(X) = rank(Y) = p.

P2.1.2 Suppose A{a) € R™*" and B{a) € K™ are matricen whose entries are differ-
entiable functions of the scalar a. Show

= [A@)B(a)] = [—A(a)] B(a) + Ala) [ 8] -
P32.1.3 Suppose A(a) € R**™ haa entries that are differentiabla functions of the scalar
a. Assuming A(c) is alweys nonsingular, show
3= (A0 = —a@) "t [ L at@)] A,

P2.1.4 Suppose 4 € B**™, b€ R™ and that ¢(z}) = }zT Az —~ £Tb. Show that the
gradient of ¢ is given by Vé{z) = (AT + A)z - 0.

P2.1.5 Assume that both A snd A+uv” are nonsingular wherw 4 € R** * and u,v € Rt
Show that if x solves (A + uoT )z = b, then it also solves a perturbed right band side
problemn of the form Az = b+ ax. Give an expression for a in terms of A, u, and v.

Notes and References for Sec. 2.1

There ars many introductory linesr algebra texts. Among them, the following are par-
ticularly usefuk:

P.R. Halmos (1958). Finite Dimensional Vector Spaces, 2nd od., Van Nostrand-Reinhold,
Princeton.
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$.). Leon (1980). Linesr Algebra with Applications. Macmillan, New York.
G. Stra.ng (1993). Introduction to Linear Algebrr, Wellesley-Cambridge Press, Welleley

b. Lay (1994) Linear Algebra and [ts Applications, Addison-Wesley, Reading, MA.
C. Meyer (1997). A Course in Applisd Linear Algebrs, SIAM Publications, Philadelphin,
PA.

More advanced treatments include Gantmacher (1059}, Horn and Johnaon {1985, 1991},
and

A.S. Householder (1964). The Theory of Matrices in Numerical Analysis, Ginn (Blais-
dell), Boston.

M. Marcus and H. Mine (1964). A Survey of Motriz Theory and Matriz Inequalities,
Allyn and Bacon, Boston.

J.N. Franklin (1968). Matrizx Theory Prentica Hall, Englewood Cliffs, NJ.

R- Bellman (1970). /niroduction to Matrizx Analysis, Second Edition, McGraw-Hill, New
York.

P. Lancaster and M. Tismenetsky (1985). The Theory of Matrices, Second Edition,
Academic Press, New York.

J.M. Ortega (1987). Matriz Theory: A Second Course, Plenum Press, New York.

2.2 Vector Norms

Norms serve the same purpose on vector spaces that absolute value does
on the real line: they furnish a measure of distance. More precisely, R"
together with a norm on R" defines a metric space. Therefore, we have the
familiar notions of neighborhood, open sets, convergence, and continuity
when working with vectors and vector-valued functions.

2.2.1 Definitions

A vector norm on R" is a function f:R® — R that satisfies the following
properties:

flz) 20 : reR", (f(z2)=0ifz=0)
flz+y) £ f(z)+ fly) TyeR"
flaz) = |alf(z) aceRzeR"

We denote such a function with a double bar notation: f(z) = ||z |l. Sub-
scripts on the double bar are used to distinguish between various norms.
A useful class of vector norms are the p-norms defined by
Izl =(nlP + - + (=) p21. (22.1)
Of these the 1, 2, and 0o norms are the most. importaat:
N=ll, = lel+- -+ lzal
izl = (zP+-+zat)? = @72)}

[ max |z
I<i<n
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A unit vector with respect to the norm || - || is a vector x that satisfies
Izl =1

2.2.2 Some Vector Norm Properties
A classic result concerning p-norms is the Holder inequality:

1 1
2Tyl < Nzl lvl, Sto=t (2.2.2)
A very important special case of this is the Cauchy-Schwartz inequality:
=7yl € Nz 2l v lla- (2.2.3)
All norms on R" are equivalent , i.e., if | - ||, and || - |5 are norms on

R", then there exist positive constants, ¢; and ¢z such that
allzll, <zl <alzl, (2.2.4)

for all z € R™. For example, if £ € R™, then

Izll; < lzl, € VBlizl2 - (2.2.5)
Izl < lzlz < Vnllzl, (2.2.6)
lzlle = Izl € nlizi,. (2.2.7)

2.2.3 Absolute and Relative Error

Suppose £ € R" is an approximation to z € R". For a given vector norm
b - || we sey that

€ada = |2z
is the absolute error in . If z # 0, then

o, o 1=z
RN FY

prescribes the relative error in #. Relative error in the oo-norm can be
translated into & statement about the number of correct significant digits
in Z. In particular, if

then the largest component of % has approximately p correct significant
digits.

Example 2.2.1 Ifz = {1.234 05674)T and £ = (1.235 .05128)T, then {2 —z || ./l il
=5 0043 24 102, Nota than #; has about three significant digits that are correct while
only one significant digit in £; is correct.
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2.2.4 Convergence
We say that a sequence {x(*!} of n-vectors converyes to z if

lim || z% -z || =0.
k—voxy

Note that because of (2.2.4), convergence in the a-norm implies convergence
in the A-norm and vice versa.

Problems

P2.2.1 Show that if r € R", then limp.ox [ 2|, = § 2 |-

P2.2.2 Prove the Cauchy-Schwarts inequality (2.2.3) by considering the inequality
0 < (ar + )T (az + by) for suitable scalars a and & .

P1.2.3 Verify that || - ||, || - {ly, and || - ]|, are vector norms.

P2.2.4 Verify (2.2.5)-(2.2.7). When is equality achieved in each regult?

P2.2.5 Show that in R*, () — z if and only if z{") — 2, for k = 1mn.

P2.3.8 Show that any vector norm on ™ is uniformiy continuous by verifying the
inequality [ |z - iyl i<z ~-wl.

P2.2.7 Let || - || be & vector norm on H™ and asume A € E™*™ . Show that if
rank(A) =n, then ||z |, = || Az || is a vector norm on R™.

P2.2.8 Let z and y be in R™ and define :R — R by ¥{c) = [z — ay [|a. Show that
% is minimized when a = zTy/pTy.

P2.2.9 (a) Verify that |t z ||, = (lz1[° +- - - +[2a[P)7 is & vector norm on " (b) Show
that if € € then fiz ), < c{l} Rafz) |, + i Im(z} ). {c) Find a constant ¢, such
tbat cu (|| Re(x) (|2 + || Im{z} [l2) < || z ||z for all 2z & €™,

P2.2.10 Prove or disprove:

1+n
VER > Julylvie < 222

< Jvila.

Notes and References for Sec. 2.2

Although & vactor norm is “just” a generslization of the absolute value concept, there
ars some noteworthy subtleties:

ID. Pryce (1984). “A New Measurs of Relative Ervor for Vectors,” SIAM J. Num.
Anal 21, 202-21.

2.3 Matrix Norms

The analysis of matrix algorithms frequently requires use of matrix norms.
For example, the quality of a linear system solver may be poor if the ma-
trix of coefficients is “nearly singuler.” To quantify the notion of near-
singularity we need a measure of distance on the space of matrices. Matrix
norms provide that measure.
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2.3.1 Definitions

Since R™*™ i isomorphic to R™*, the definition of 8 matrix norm should be
equivalent to the definition of a vector norm. In particular, f:R™*" — R
is a matrix norm if the following three properties hald:

f(Ay 20 AeR™",  (f(A)=0if A=0)
f(A+B) < f(A)+f(B) A BeR™",
flad) = |alf(A) aeR, Ae R

As with vector norms, we use a double bar notation with subacripts to
designate matrix norms, i.e., | A || = f(A).
The most frequently used matrix norms in numerical linear algebra are

the Frobenius norm,
m ”
NAle = |23 lail? (2.3.1)
=l jml

Az,
=,

Note that the matrix p-norms are defined in terms of the vector p-norms
that we discussed in the previous section. The verification that {2.3.1) and
(2.3.2) are matrix norms is left as an exercise. It is clear that || A|f, is
the p-norm of the largest vector obtained by applying A to a unit p-norm

vector:
x
“‘(_u:u,) -

It is important to understand that (2.3.1) and {2.3.2) define families
of norms—the 2-norm on F**? is a different function from the 2-norm on
R®*®, Thus, the easily verified inequality

and the p-norms

A, (2.3.2)

WAz, .

fAl,= sup
50 Isl,-l

lAB|, <l Al lBl, AeR"™BeR™ (2.3.3)

is really an observation about the relationship between three different norms.
Formally, we say that norms f;, fz, and fy on B™*¢ R™*" and R**? are
mudually consistent if for all A € R™*" and B € B**" we have f,(AB) <
f2(A) /s(B).

Not all matrix norms satisfy the submultiplicative property

NAB| < JANNEB]- (2.3.4)
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For example, i || A ||, = max |ay;] and

11
A=B=[1 1]'

then || AB ||, > [l Allsll Bl 5. For the most part we work with norms that
satisfy (2.3.4).

The p-norms have the important property that for every A € R™*" and
geR" we have || Az || BANlz ||, More generally, for any vector
norm || - ||, on R” anrll g on R we have | Azls < 1 Allgpli =,
where || A || a.p 1S @ matrix norm defined by

HAll,5= sup 14z, : (2.3.5)
' zi0 [y
We say that || - ||, 4 is subordinate to the vector norms || - ||, and || - ||
Since the set {z € R" | zll, =1} is compact and || - ||5 is continuous, it
follows that
lAl.zs= naax | Az Iy = || Az |l4 (2.3.6)
2la=

for some z* € R™ having unit a-norm.

2.3.2 Some Matrix Norm Properties

The Frobenius and p-norms (especially p = 1, 2, 0o) satisfy certain inequal-
ities that are frequently used in the analysis of matrix computations. For
A € R™" we have

Al < HAl, < VAT Al @3.7)
max il <l Az € vmn max las;] (2.3.8)
IAl = max Ela.,l (23.9)

I Al = max ,;"‘" (2.3.10)
Tl 4l < 14l < vA) AL, (23.11)
=4 < 14l < VA1 4l (2.3.12)



2.3. MATRIX NorMS 57

FAcR™™ 1<4; <ig<m,and 1 <j; €j2<n, then
k A(iaziz, i), £ A (2.3.13)

The proofs of these relations are not hard and are left as exerciges.
A sequence {A®} € R™*" converges if mg .o | A*) - A = 0.
Choice of norm is irrelevant since all norms on ™™ are equivalent.

2.3.3 The Matrix 2-Norm

A nice feature of the matrix 1-norm and the matrix co-norm is that they
are easily computed from (2.3.9) and {2.3.10). A characterization of the
2-norm is considerably more complicated.

Theorem 2.3.1 If A c R™*", then there erists g unit 2-norm n-vector z
such that AT Az = p%z where u = || Al2.

Proof. Suppose z € R” is a unit vector such that || Az ||z = || A}/2. Since
z maximizes the function

oz = LMAZI _ 12TATA

T2z T2 2z

it follows that it satisfies Vg(z) = 0 where Vg is the gradient of g. But a
tedious differentiation shows that for i = lin

%0() _ (sz)i(A%.-,-z,-—(zTATAz)z.] / (7 2)%.

Jz; et

In vector notation this says AT Az = (zT AT Az)z. The theorem follows by
setting u = | Az [[. O

The theorem implies that || A[]3 is & zero of the polynomial p(\) =
det(ATA — AI). In particular, the 2-norm of A is the square root of the
largest, eigenvalue of AT A. We have much more to say about eigenvalues in
Chapters 7 and 8. For now, we merely cbserve that 2-norm computation
Is iterative and decidedly more complicated than the computation of the
matrix 1-norm or co-norm. Fortunately, if the object is to obtain an order-
of-magmitude estimate of || 4 |{2, then (2.3.7), (2.3.11), or (2.3.12) can be
used.

As another example of “norm analysis,” here is a handy result for 2-
norm estimation.

Corollary 2.3.2 If A€ R™™", then || A llz < /| All || Al -

Proof. If z # 0 is such that AT Az = u2z with 1 = || A |2, ther %] z |, =
HATAzll, < AT ANzl = Al AlLN 21, ©
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2.3.4 Perturbations and the Inverse

We frequently use norms to quantify the effect of perturbations or to prove
that a sequence of matrices converges to a specified limit. As an illustration
of these norm applications, let na quantify the change in A~! as a function
of change in A.

Lemma 2.3.3 If FER™" and || Fll, < 1, then I - F is nonsingular
ond

(I-F)' = f:r-"‘
Je)

with 1
f=-Fy 1, € e
™ = o,
Proof. Suppose I — F is singular. It follows that (I — F)x = 0 for some
nonzero r. But then || z ||, = [{ Fz ||, implies || F [}, > 1, a contradiction.

Thus, I — F is nonsingular. To obtain an expression for its inverse consider

the identity
N
(Z F") (I-F) = I-FN+,
k=0

Since || F ||, < 1 it follows that klin;DF" = 0 because || F* fl, < ||F|]:.
Thus,

(Nli_:gn)if-**) (I-F) = 1.

k=0

N
It follows that (I — F)~! = Nu_ﬂOZf*. From this it is easy to show that
k=0

E-F, < SHFPE = ———.0
p = S0 = T,

Note that || (1~ F)~1 I, < |F[,/(1 - | F|,) s a consequence
of the lemma. Thus, if € < 1, then O(e) perturbations in I induce O(e)

perturbations in the inverse. We next extend this result to general matrices.

Theorem 2.3.4 If A is nonsingular andr = | AT'E | <1, then A+ E

is nonsingular and || (A+E)™' = A7 |), < | Eff, [ A7 I5/(1 - 7).

Proof. Since A is nonsingular A + E = A(] — F) where F = —A~'E .

Since | F [, = r < 1it follows from Lemma 2.3.3 that [ — F ia nonsingular

and [ (- F)"'ll, < 1/(1-r). Now (A+ E}y ' = (I~ F)"'A~! and s0
I

-1 P
A+ B, s =2
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Equation (2.1.3) says that (A + E)~! — A™! = —A"'E(A + E)~! and so
by taking norms we find
A+ By —A7t, < FATHLIENIA+E) ],

—1n2
Il A ‘IlplIEII,_D
1—-r

Problems

P2.3.1 Show [ AB|l, S HAN,] Bl where 1 < p < co.

P2.3.2 Let B be any submatrix of A. Show that | B{l, < | A},

P2.3.3 Show that if D = ding(y,...,px) € R™*™ with k = min{m, n}, then || D}'}j,
= max |-

P2.3.4 Verify (2.3.7) and (2.3.8).

P2.3.5 Verify (2.3.9) and (2.3.10).

P2.3.8 Verify (2.3.11) and (2.3.12).

P2.3.7 Vesify (2.3.13).

P2.3.8 Show that if 0 # & € K" and E € R**", then

asT
P2.3.9 Suppose u € R™ and v € R*. Show that if E = uvT then | Eflp = | Efz =
| lizlf v li2 and thet | Efy < | ullogll v ;-
P2.3.10 Suppase A € R™*™ y € R™, and 0 # s € R*. Show that B = (y— As)aT /5T s
has the smallest 2-norm of all m-by-n matrices £ that satiafy (A + E)a=y.

|t Es |13
aTs

2
= eI} -
F
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2.4 Finite Precision Matrix Computations

In part, rounding errors are what makes the matrix computation area so
nontrivial and interesting. In this section we set up a model of floating point
arithmetic and then use it to develop error bounds for floating point dot
products, saxpy's, matrix-vector products and matrix-matrix products. For
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a more comprehensive treatment than what we cffer, see Higham (1996) or
Wilkinson (1965). The coverage in Forsythe and Moler (1967) and Stewart
(1973) is also excellent.

2.4.1 The Floating Point Numbers

When calculations are performed on a computer, each arithmetic opera-
tion is generally affected by roundoff error. This error arises because the
machine hardware can only represent a subset of the real numbers. We
denote this subset by F and refer to its elements as floating point numbers.
Following conventions set forth in Forsythe, Malcolm, and Moler (1977, pp.
10-29}, the floating point number system on a particular computer is char-
acterized by four integers: the base 8, the precision t, and the ezponent
range (L, U/]. In particular, F consists of all numbers f of the form

f==xddy... dy x3° 0<d;<B, di#0, L<e<U

together with zero. Notice that for a nonzero f € F wehavem < |f|< M
where

m=p"" and M=gY01-08". (2.4.1)
As an example, f 3 = 2,¢ =3, L = 0, and U = 2, then the non-negative

elements of F are represented by hash marks on the axis displayed in FiG.
2.4.1. Notice that the floating point numbers are not equally spaced. A

FIGURE 2.4.1 Sample Floating Point Number System

typical value for (8,t, L, ) might be (2, 56, -64, 64).

2.4.2 A Model of Floating Point Arithmetic

To make general pronouncements about the effect of rounding errors cn a
given algorithm, it is necessary to have a model of computer arithmetic on
F. To this end define the set G by

G={zeR:m<|zi<M}u{0} (2.4.2)
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and the operator fi: G — F by

fi(z) = nearest ¢ € F to z with ties handled
" ]| by rounding away from zero.

The fl operator can be shown to satisfy
fliiz)=2z(1 +¢) le] € (2-4.3)

where u is the unit roundoff defined by
u = %ﬁ"‘. (2.4.4)

Let a and b be any two Boating point numbers and let “op” denote any
of the four arithmetic operations +, —, x, +. Ifa op b € G, then in our
model of floating point arithmetic we assume that the computed version of
{(a op b) is given by fl(a op b). It follows that fl{a op b) = {a op b}(1 + ¢€)
with |¢] < u. Thus,

|fi{a op &) — (a op b)]
a op &

<u aophb#0 (2.4.5)

showing that there is small relative error associated with individual arith-
metic operations'. It is important to realize, however, that this is not
necessarily the case when a sequence of operations is involved.

Example 2.4.1 If 8 =10, ¢t = 3 floating point arithmetic is used, then it can be shown
that fI[fI(10~* + 1) — 1] = 0 implying a relative error of 1. On the other hand the
exact answer is given by fI[fI{(10~* + fI{1 — 1)] = 10~*. Floating point arithmetic is
not always associative

If @ op b ¢ G, then an arithmetic ezception occurs. COverflow and
underflow results whenever |a op 8 > M or 0 < [a op b] < m respectively.
The handling of these and other exceptions is hardware/system dependent.

2.4.3 Cancellation

Another important aspect of finite precision arithmetic is the phenomenon
of catastrophic cancellation. Roughly speaking, this term refers to the ex-
treme loss of correct significant digits when small numbers are additively
computed from large numbers. A well-known example taken from Forsythe,
Malcolm and Moler (1977, pp. 14-16) is the computation of e™* via Tay-
lor series with a > 0. The roundoff error associated with this method is

1There are important exampiles of machines whose additive floating point operations
satisfy flla+4) = (1 + e1)a 4 (1 + eg)b where 61|, [ea] < w In such an environment,
the inaquality |fi{a X b) ~ (a & b)] < uja £ 5 need not hold.
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approximately u times the largest partial sum. For large a, this error can
actually be larger than the exact exponential and there will be no correct
digits in the answer no matter how many terms in the series are summed.
On the other hand, if enough terms in the Taylor series for £* are added and
the result reciprocated, then an estimate of ¢~ to full precision is attained.

2.4.4 The Absolute Value Notation

Before we proceed with the roundoff analysis of some basic matrix calcu-
lations, we acquire some useful notation. Suppose A € IR™*™ and that we
wish to quantify the errors associated with its floating point representation.
Denoting the stored version of A by fI(A), we see that

[F1(A)i; = fl{ai;} = ai5{1 +€5) el S u (2.4.6)

for all ¢ and . A better way to say the same thing resuits if we adopt two
conventions. If A and B are in R™*", then

B =4 = b = la,-ji, i=1lm,j=1Lmn
BSA = b;_,-Sa.—,—,i:l:m,jzl:n.
With this notation we see that (2.4.6) has the form
[fi(4) - Al < ulAl.

A relation such as this can be easily turned into a norm inequality, e.g.,
l fifA) = A}, < u|| A||,. However, when quantifying the rounding errors

in a matrix manipulation, the absoiute value notation can be a lot more
informative because it provides a comment on each (i, §) entry.

2.4.5 Roundoff in Dot Products

We begin our study of finite precision matrix computations by considering
the rounding errors that result in the standard dot product algorithm:

s=10
for k=1mn

s=35+ I (2.4.7)
end

Here, r and y are n-by-1 floating point vectors.

In trying to quantify the rounding errors in this algorithm, we are
immediately confronted with a notational problem: the distinction be-
tween computed and exact quantities. When the underlying computations
are clear, we shall use the fi{-) operator to signify computed quantities.
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Thus, fl(zTy) denotes the computed output of (2.4.7). Let us bound

1T y) - Tyl .
= fl (sz!ﬂ;) ,
kml

then s1 = iy (1l + 6;) with |§1] € u and for p = 2:n

fUsp—1 + fl{zpup))
= (8p-1 +Zpup(1 + 8)) (1 + ¢p) |65], lepl < m.  (2.4.8)

3p

A little algebra shows that

fUzTy) = sn = izm(l + )

k=i

where

n

(1+m) =(1+&) H(l +¢5)

Jumk

with the convention that ¢; = 0. Thus,
|fi(zTy) - =Ty 3 lzeulinl. (249)
k=1

To proceed further, we must bound the quantities [y,| in terms of u. The
following result is useful for this purpose.

™
Lemma 2.4.1 If{l1+a) = H(1+a;,) where |ay| € u end nu < .01, then

k-l
la} < 1.01nu.

Proof. See Higham (1996, p. 75). O
Applying this result to (2.4.9) under the “reasonable” assumption nu < .01
gives

|fU(aTy) — =Ty < 1.0Lnujz{T|yl. (2.4.10)
Notice that if [z7y| < |={T|y|, then the relative error in fi(z7y) may not
be small.
2.4.6 Alternative Ways to Quantify Roundoff Error

An easier but less rigorous way of bounding o in Lemma 2.4.1 mtoaay
lo| < nu + O(u?). With this convention we have

[f1(zTy) — 2T y] < nulz|Tlyl + O(u®). (2.4.11)
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Other ways of expressing the same result include

LFU(zTy) — 27yl < (n)ulz(T|y| (2.4.12)

and
1£1(=7y) — 2Tyl < enulzTly|, (2.4.13)

where in (2.4.12) ¢(n) is a “modest” function of n and in (2.4.13) cis a
constant of order unity.

We shall not express a preference for any of the error bounding styles
shown in (2.4.10)-(2.4.13). This spares us the necessity of transiating the
roundoff results that appear in the literature into a fixed format. Morecver,
paying overly close attention to the details of an error bound is inconsistent
with the “philosophy™ of roundoff analysis. As Wilkinson (1971, p. 567)
Says,

There is still a tendency to attach too much importance to the
precise error hounds obtained by an & priori error analysis. In
my opinion, the bound itself is usuaily the least important part
of it. The main object of such an analysis is to expose the
potential instabilities, if any, of an algorithm so that hopefully
from the insight thus obtained one might be led to improved al-
gorithms, Usually the bound itself is weaker than it might have
been because of the necessity of restricting the mass of detail
to a reasonable level and because of the limitations imposed by
expressing the errors in terms of matrix norms. A priori bounds
are not, in general, quantities that should be used in practice.
Practical error bounds should usually be determined by some
form of A posteriori error analysis, since this takes full advan-
tage of the statistical distribution of rounding errors and of any
special features, suchr as sparseness, in the matrix.

It is important to keep these perspectives in mind.

2.4.7 Dot Product Accumulation

Some computers have provision for accumulating dot products in double
precision. Thia means that if £ and y are floating point vectors with length
¢t mantissas, then the running sum 5 in (2.4.7) is built up in a register with
a 2t digit mantissa. Since the multiplication of two ¢-digit Aoating point
numbers can be stored exactly in a double precision variable, it is only
when s is written to single precision memory that any roundoff oceurs. In
this situation one can usually assert that a computed dot product has good
relative error, i.e., fl(zTy) = zTy(1 + 6) where |5| ~ u. Thus, the ability
to accumulate dot products is very appealing.
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2.4.8 Roundoff in Other Basic Matrix Computations

It is easy to show that if A and B are floating point matrices and a is a
floating point number, then

HaA)=aA+E |E| < ujad| (2.4.14)
and
SllA+B)=(A+B)+E |E|<u|ld+B| (2.4.15)

As a consequence of these two results, it is easy to verify that computed
saxpy’s and outer product updates satisfy

fllax+y)=azs+y+2z |z} Su2lezi+ iy} +Ou?)  (2.4.16)

fiIC+uwN)=C+wl +E  |E| < u(|C] +2/uvT|) + O(u?). (2.4.17)

Using (2.4.10) it is easy to show that a dot product based multiplication of
two floating point matrices A and B satisfies

fl(AB)=AB+E  |E| < nu|A||B| + O(u?). (2.4.18)

The same result applies if a gaxpy or outer product based procedure is used.
Notice that matrix muitiplication does not necessarily give small relative
error since |AB) may be much smaller than jA|| B, e.g.,

11 1 0f_101 0
0 0 -9 0} | 0 O}
It is easy to obtain norm bounds from the roundoff results developed thus
far. If we look at the 1-norm error in floating point matrix multiplication,
then it is easy to show from (2.4.18) that
| fi(AB) - AB|; < null A|lll Bl, +O(u?). (2.4.19)

2.4.9 Forward and Backward Error Analyses

Each roundoff bound given above is the consequence of a forward error
aralysis. An alternative style of characterizing the roundoff errors in an
algorithm is accomplished through a technique known as backwaerd error
analysis. Here, the rounding errors are related to the data of the problem
rather than to its solution. By way of illustration, consider the n = 2
version of triangular matrix multiplication. It can be shown that:

anbu(l+ea) (eubia(l + ) + a1zba(l +€3))(1 + )
fI(AB) =
0 az2092(1 + €s)
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where |¢;| < u, for i = 1:5. However, if we define
X [ a11  a12({l + e3)}{1 + €4) ]
A=

0 aza(l + es)

0 b
then it is easily verified that fI{AB) = AB. Moreover,

A [ n(l+e) bha(l +e(l +ed) }
B:= »

A=A+E |E| £ 2uj4] +0O(u?)
B=B+F |F|<2u|B|+0(u®).

In other words, the computed product is the exact produet of slightly per-
turbed A and B.

2.4.10 Error in Strassen Multiplication

In §1.3.8 we ocutlined an unconventional matrix multiplication procedure
due to Strassen (1969). It is instructive to compare the effect of roundoff
in this method with the effect of roundoff in any of the conventional matrix
multiplication methods of §1.1.

It can be shown that the Strassen approach (Algorithm 1.3.1) produces
a C = fl(AB) that satisfies an inequality of the form (2.4.19). This is
perfectly satisfactory in many applications. However, the C that Strassen’s
method produces does not always satisfy an inequality of the form (2.4.18).
To see this, suppose

99 .0010
A‘B‘[.uom 99 }

and that we execute Algorithm 1.3.1 using 2-digit floating point arithmetic.
Among other thingg, the following quantities are computed:

-

By £1(.99(.001 — .99)) = —.98

A = fI((.99+.001).99) = 98
by = flB+B)=00

Now in exact arithmetic £12 = 2(.001){.99) = .00198 and thus Algorithm 1.3.1
produces a &3 with no correct significant digits. The Strassen approach gets
into trouble in this example because small off-diagonal entries are combined
with large diagonal entries. Note that in conventional matrix multiplication
neither by and byg nor ay; and a3 are summed. Thus the contribution of

]
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the small off-diagonal elements is not lost. Indeed, for the sbove 4 and B
a conventional matrix multiply gives &3 = .0020.

Failure to produce a componentwise accurate C can be a serious short-
coming in some applications. For example, in Markov processes the a4,
bij, and ¢;; are transition probabilities and are therefore nonnegative. It
may be critical to compute ¢;; accurately if it reflects a particularly im-
portant probability in the modeled phenomena. Note that if A > 0 and
B > 0, then conventional matrix multiplication produces a product ' that
has small componentwise relative error:

|C ~ C| € nul|4}|B|+O(u?) = nu|C|+ O(u?).

This follows from (2.4.18). Because we cannot say the same for the Strassen
approach, we conclude that Algorithm 1.3.1 is not attractive for certain
nonnegative matrix multiplication problems if relatively accurate &;; are
required.

Extrapelating from this discussion we reach two fairly obvious but im-
portant conclusions:

+ Different methods for computing the same quantity can produce sub-
stantially different results.

o Whether or not an algorithm produces satisfactory results depends
upon the type of problem soived and the goals of the user.

These observations are clarified in subsequent chapters and are intimately
related to the concepts of algorithm satability and problemn condition.

Problems

P2.4.1 Show that if {2.4.7) is applied with y = z, then fi(xTz) = zT2(1 + o) where
lof < nu+O(?).

P3.4.2 Prove (2.4.3).

P2.4.3 Show that if E € R™*™ with m > n, then { |E] f2 < 7l £ J2. This result is
useful when deriving norm bounds from abaolute value bounds.

P2.4.4 Assume the existence of & aquare root function satisfying fI(v/Z) = vZ(1 + ¢}
with |ef < u. Give an algorithm for computing [ x [}z and bound the rounding errars.
P1.4.5 Suppass A and B are n-by-n upper trisngular flosting point matrices. If € =
fI(AB) ia computed using onn of the conventional §1.1 algorithms, dosm it follow that
€ = AB whexe A and B are close to A and B7

P1.4.6 Suppose A and B are n-by-n fosting point matrices and that A is nonsinguler
with § |[A!]|A] floo = r. Show that if & = fI(AB) is cbisined using sny of the
algorithms in §1.1, then there exists & & 80 C' = AB and § B~ B oo < nur Bl +
H{u?). A

P2.4.7 Prove (2.4.18).
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2.5 Orthogonality and the SVD

Orthogonality has a very prominent role to play in matrix computations.
After establishing n few definitions we prove the extremely useful singular
value decomposition (SVD). Among other things, the SVD enables us to
intelligently handle the matrix rank problem. The concept of rank, though
perfectly clear in the exact arithmetic context, is tricky in the presence of
roundoff error and fuzzy data. With the SVD we can introduce the practical
notion of numerical rank.

2.5.1 Orthogonality

A set of vectors {z1,...,%,} in R™ is orthogonal if z7x; = 0 whenever
i # j and orthonormal if z7z; = 6;;. Intuitively, orthogonal vectors are
maximally independent for they point in totally different directions.

A collection of subspaces §i,...,5; in R™ is mutually orthogonal if
z¥y = 0 whenever z € S; and y € §; for i # j. The orthogonal complement
of a subspace § C R™ is defined by

St={yeBR™:yTz =0for all z € 5}

and it is not hard to show that ran(A)" = pull{ AT). The vectors vy,... , vy
form an orthonormal basis for a subspace § C R™ if they are orthorormal
and span S.

A matrix Q€ R™™ is gaid to be orthogonal £ QTQ =1 U Q =
[91,.--19m ] is orthogonal, then the ¢; form an orthonormal bagis for R™.
It is always possible to extend such a basis to a full orthonormal basis
{v1,..., v} for B™:

Theorem 2.5.1 If V; € B**" has orthonormal columns, then there exists
Va e B**7) such that
V=WV

is orthogonal. Note that ran(Vi)" = ran(Va).

Proof. This is a standard result from introductory linear algebra. It is
also a corollary of the QR [actorization that we present in §5.2. O
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2.5.2 Norms and Orthogonal Transformations

The 2-norm is invariant under orthogonal transformation, for if Q7Q = I,
then | Qz |3 = zTQTQz = z¥Tz = | z|?. The matrix 2-norm and
the Frobenius norm are also invariant with respect to orthogonal transfor-
mations. In particular, it is easy to show that for all orthogonal @ and Z
of appropriate dimensions we have

N QAZ |lp = Allg (2.5.1)
and

I RQAZ 2=} Allz. (2.5.2)
2.5.3 The Singular Value Decomposition

The theory of norma developed in the previous two sections can be used to
prove the extremely useful singular value decomposition.

Theorem 2.5.2 (Singular Value Decomposition (SVD)} IfA is a real
m-by-n mairiz, then there erist orthogonal mairices

U=iut,....um | €ER™™ and V={v,...,vp] € R**"
such that
UTAV = disg(o1,...,0,) € R™*"  p=min{m,n}
whereoy 2 g 2 ... 20, 2 0.

Proof. Let z € R™ and y € R™ be unit 2-norm vectors that satisfy Az =
oy with ¢ = | A[|z. From Theorem 2.5.1 there exist Vo € B**{("~1) and
Uy e R o0 ¥V = {2 B]eR™ and U = [y U;) e ™™ are
orthogonal. It is not hard to show that U7 AV has the following structure:

T
UTAV=[‘; “é]sm.

l«(12])

we have || 4, I} > (0% + wTw). Buto? = | A3 =) A; 2 ,and so we
must have w = 0. An obvious induction argument completes the proof of
the theorem. O

2
> (o +uww)?

2

The o; are the stngular values of A and the vectors u; and v; are the
ith left singular vector and the ith right singular vector respectively. It
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is easy to verify by comparing columns in the equations AV = UYL, and
ATU = VZIT that

Av; = oy N
ATw, = ow; i = L:imin{m, n}

It is convenient to have the following notation for designating singular val-
ues:

ai(A) the ith largest singular value of A,
Omaz{A) the largest singular value of A,
Omin{A) = the smallest singular value of A.

The singular values of a matrix A are precisely the lengths of the semi-axes
of the hyperellipsoid E defined by = { Az: [|z]l2=1}.

It

Example 1.5.1
[ 9 1127 _ r_[6 -81[3 o][8 &7
a=am s ]=vevm=[3 “s][o 1]l 2]

The SVD reveals a great deal about the structure of a matrix. If the
SVD of A is given by Theorem 2.5.2, and we define r by

T2 20> 0= =ap =0,
then
rank(A) = r {2.5.3)
null{4) = span{vry41,...,vn} {2.5.4)
- ran{A) = span{uy,...,ur}, {2.5.5)

and we have the SVD erpansion
-
A= Za‘,-uiuf' . (2.5.6)
im1

Various 2-norm and Frobenius norm properties have connections to the
SVD. If A € B™*", then

|4l = o}+--+02 p=min{m,n} (257)
lAlla = a1 (2.5.8)
min 14z fa = dg (m >n}. (2.5.9)

z#0 lZll2
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2.5.4 The Thin SVD
If A =UZVT € R™*" is the SVD of A and m > n, then

A=U5,vT

wheze
o= U{L1n) = [ur,..., uy | € R

and
) = E(Im,Lin) = diag(oy,...,0n) € B**™.

‘We refer to this much-used, trimmed down version of the SVD as the thin
SVD.

2.5.5 Rank Deficiency and the SVD

One of the most valuable aspects of the SVD is that it enables us to deal
sengibly with the concept of matrix rank. Numerous theorems in linear
algebra have the form “if such-and-such a matrix has full rank, then such-
and-such a property holds.” While neat and aesthetic, results of this flavor
do not help us address the numerical difficulties frequently encountered in
situations where near rank deficiency prevails. Rounding errors and fuzzy
data make rank determination a nontrivial exercise. Indeed, for some small
¢ we may be interested in the ¢-rank of a matrix which we define by

rank{A, ) = min  rank{R).
HA-Blla<e

Thus, if A is obtained in a laboratory with each a¢; correct to within +.001,
then it might make sense to look at rank(A, .001). Along the same lines, if
A is an m-by-n floating point matrix then it is reasonable to regard A as
numerically rank deficient if rank(4,¢) < min{m,n} with ¢ = ulj A {3.

Numerical rank deficiency and &rank are nicely characterized in terms
of the SVD because the singular values indicate how pear a given matrix is
to a matrix of lower rank.

Theorem 2.5.3 Let the SVD of A € R™*" be given by Theorem 2.5.2. If
k < r = rank(A) and

k
Ak = Za’.-u..-v?, (2.5.10)
]
then
mn  JA-Blz = |4A-Acll2 = orsr- (2.5.11)

ra.uk( Bl=k
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Proof. Since UT A,V =diag(oy, ..., 0,...,0) it follows that rank({A;) =
k and that UT(A-A,)V = diag(0,...,0,0k41,-.-,0p)andso || A = Ax |l =
Te41-

Now suppose rank(B) = k for some B ¢ R™*". It follows that we can
find orthonormal vectors zi,...,zs—x so nul{B) = span{zy,...,zn_x} .
A dimension argument shows that

span{zy,...,Zn-x} N span{vy,...,m41} # {0}

Let z be a unit 2-norm vector in this intersection. Since Bz = 0 and

k+1
Az = Y ai(vl 2w
=1
we have
k+1
NA-BI} > N (A-B)z i} =§Azl] = 3 o2 > ofpy

=l
cormpleting the proof of the theorem. O

Theorem 2.5.3 says that the smallest singular value of A is the 2-norm
distance of A to the set of all rank-deficient matrices. It also follows that

the set of full rank matrices in IR™*" is both open and dense.
Finally, if r¢ = rank(A, ¢}, then

T1 2 " 2 Tpe > €2 Opeqr 2 -7 2 Op p = min{m, n}.

We have more to say about the numerical rank issue in §5.5 and §12.2.

2.5.6 Unitary Matrices

Over the compiex Seld the unitary matrices correspond to the orthogonsal
matrices. In particular, Q € C™*™ is unitary if Q¥ Q = QQ¥ = I,,. Unitary
matrices preserve 2-norm. The SVD of a complex matrix involves unitary
matrices. If A € €™*", then there exist unitary matrices U/ € €™*™ and
V € €"*" such that

UH AV = diag(y,...,0,) € R™*®  p= min{m,n}
where gy > 032 ... 20, 2 0.

Problems

P1.5.1 Show that if S is real and ST = ~ 8, then J ~ § is nonsingular and the matrix
{I - 8)~YI + 5) is orthogonal. Thin is known aa the Cayley tronsformof S.
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P21.5.2 Show that a triangular orthogonal matrix is diagonal,
P2.5.3 Show that if @ = Q) + i@ is unitary with @1, Q2 € E**™, then the 2n-by-In
real mattix

Z= [ & -2 ]

QG @

is orthogonal.
P2.5.4 Establish properties (2.5.3)-(2.5.9).
P2.5.5 Prove that
yT Az

HICIA = max ——————
omeslf) = RPzeR Tzllv

P2.5.6 For the 2-by-2 matrix A = [ ‘;’ ’:

Crmin{A) that are functions of w, z, ¥, and z.
P2.5.7 Show that any mairix in R™*™ is the limit of a sequence of full rank matrices.
P2.5.8 Sbow thet if A € K™¥™ han rank n, then || A(ATA)~1AT ||z = 1.

1 M
0 1

], derive expressions for ¢max{A4) and

P2.5.9 What i the nearest rank-one matrix to 4 = [ ] in the Frobenius norm?

P2.5.10 Show that if A € R"*" then || A ||z < /rank(A) || A ||z, thereby sharpening
(2.3.7).

Notes and References for Sec. 2.5

Forsythe and Moler (1967) offer a good account of the SVD’s rois in the analysis of the
Azx = b problem. Their proof of the decomposition is more traditional than ours in that
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E. Beltrami (1873). “Sulle Funzioni Bilineari,” Gionale di Mathematiche 11, 98-106.

C. Eclart and G. Young (1939). “A Principal Axis Transformation for Non-Hermitian
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G.W. Stewart (1993). “On the Early History of the Singular Velus Decomposition,”
SIAM Review 35, 551-566.
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C.B. Moler and D). Morrison (1983). “Singular Value Analysin of Cryptograms,” Amer.
Math. Monthly 90, T8-87.

For generalizations of the SVD to infinite dimensional Hilbert space, see

1.C. Gohberg and M.G. Krein (1969). Introduction o the Theory of Linear Non-Self
Adjoint Operators , Amer. Math. Soc., Providencs, R I

F. Smithies (1970). Integral Equations, Camnbridge University Press, Cambridge.

Reducing the rank of & matrix as in Theorem 2.5.3 when the perturbing matrix s con-

strained is discussed in

J.W. Demmal (1987). “The smalleat perturbation of a submatrix which lowers the rank
and constrained total least squares problems, SIAM J. Numer. Anal 2{, 199-206.
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G.H. Golub, A. Hoffmnan, and G.W. Stewart {1088). “A Generalization of the Eciout-
Young-Mirsky Approximation Theorem.” Lin. Aly. and fis Applic. 88/88, 317-328.

G.A. Wataon (1988). “The Smallent Perturbation of a Submatrix which Lowers the Rank
of the Matrix,” TMA J. Numer. Anal. B, 205-304.

2.6 Projections and the CS Decomposition

If the object of a computation is to compute a matrix or a vector, then
norms are useful for assessing the accuracy of the answer or for measuring
progress during an iteration. If the object of a computation is to compute
a subspace, then to make similar comments we need to be able to quantify
the distance between two subspaces. Orthogonal projections are critical in
this regard. After the elementary concepts are established we discuss the
CS decomposition. This is an SVD-like decomposition that is handy when
having to compare a pair of subspaces. We begin with the notion of an
orthogonal projection.

2.6.1 Orthogonal Projections

Let S C IR" be a subspace. P € R™™™ is the orthogonal projection onto
Sifran(P) = S, P? = P, and PT = P. From this definition it is easy to
show that if z € R", then Pz € S and {f — P)z € §t.

If P, and P; are each orthogonal projections, then for any z ¢ " we
have

1P =Pz} = (P2)TU = Py)z+ (Px) (1 - Pr)a.

If ran(P;) = ran(P;) = 5, then the right-hand side of this expression is
zero showing that the orthogonal projection for a subspace is unique. If the
colurmns of V = [»y,..., vy | are an orthonormal basis for a subspace S, then
it is easy to show that P = VV7 ias the unique orthogonal projection onto
S. Note that if v € R®, then P = w7T /v7v is the orthogonal projection
onto S = span{v}.

2.6.2 S8VD-Related Projections

There are several important orthogonal projections associated with the sin-
gular value decomposition. Suppase A = UZV7T € R™*" is the SVD of A
and that r = rank(A). If we have the U/ and V partitionings

U=[U U | V=(V V]
r m-r r n—r
then
V,¥T = Dprojection on to null{A)" = ran(AT)
V.¥T = projection on to null(4)
UUT = oprojection on to ran(A)

U.0T = projection on to ran(A)* = nuli{AT)
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2.6.3 Distance Between Subspaces

The one-to-one correspondence between subspaces and orthogonal projec-
tions enables us to devise a notion of distance between subspaces. Suppose
Sy and S, are subspaces of R" and that dim(S;) = dim(S;). We define the
distance between these two spaces by

dist(51,52) = A - P2 ||, {(2.6.1)

where P; is the crthogonal projection onto S;. The distance between a
pair of subspaces can be characterized in terms of the blocks of a certain
orthogonal matrix.

Theorem 2.6.1 Suppose

W= [W W] Z={2 2|
k n-k kK n-k

are n-by-n orthegonal matrices. If ) = ran(W,) and Ss = ran(Z,), then
dist(S1,52) = || W Za{l2 = || ZT Wa [la-
Proof.
dist(S1, S2)

it

| WaWT ~ 2,27 [, = | WT(WWT - 2.20)Z |,

0 wl 2z,
-Wlz, o

Note that the matrices WF Z; and W{ Z, are submatrices of the orthogonal

matrix
_fQn Qu]_ [Wlz Wiz, ] _ wT
QH[Qn Qn]“[Wirzi w2z, =Wz

Our goal is to show that || @z ll, = || Quz2 ;. Since @ is orthogonal it
follows from
ol %1 = Qur
0 Qnz

1= Quzi} + I Quz|3
far all unit 2-norm z € R*. Thus,

2

that

]

| Qa3

2 A 2
max [Quzf, =1 - mn | @z,
I = fla=1 | z fla=1

1 - a’min(Qll)z-
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Analogously, by working with QT (which is also orthogonal) it is possible

to show that 2
I Q‘{z ilz =1- "rru’n(QTl)z‘

and therefore .
1@z Iz =1 — Omin(Qu1).
Thus, | Qa1 ll; = | @iz ll;- O
Note that if Sy and S; are subspaces in R™ with the same dimension, then

0 < dist(5,5;) < 1.

The distance is zero if S} = Sz and one if S; [} S3 # {0}.

A more refined analysis of the blocks of the @ matrix above sheds more
light on the difference between a pair of subspaces. This requires a special
SVD-like decomposition for orthogonal matrices.

2.6.4 The CS Decomposition

The blocks of an orthogonal matrix partitioned into 2-by-2 form have highly
related SVDs. This is the gist of the CS decompesition. We prove a very
useful special case first.

Theorem 2.6.2 {The CS Decomposition (Thin Version)) Consider the

matriz

Q2

where my > n and mg > n. If the columns of Q are orthonormal, then there
erist orthogonal matrices U; € R™*™ Uy ¢ R™*™2, and Vi € B™*" such

Q = [ Ql ] Ql € Rn‘.in‘ Q2 < RMxn

that v o 17 2 c
19 all&]n-[5]
where
C = ding(cos(6y),...,c08(6n)),
5§ = diag(sin(8,),...,sn(f)),
and

06 <8 <---L0 L

I T

Proof. Since || Q11 [l; < I @ ll; = 1, the singular values of Q;; are all in
the interval [0,1]. Let

. It 0 t
UTii = C =disgley,...,on) = [(; 5 ] ——
t n—t
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be the SVD of Q; where we sssume
1=cl=“'=ﬂ:>0¢+12"'26.120-

To complete the proof of the theorem we must construct the orthogonal
matrix Us. If
QVi =W, W |
t n-t '

IR 18 P I
0 I Q| :
ma W, W,
Since the columns of this matrix have unit 2-norm, Wi = 0. The columns
of Wy are nonzero and mutually orthogonal because

WIWy = Iy —-ETE = dieg(1 — Z,1,...,1 — &2)
is nonsingular. If s¢ = /1 — ?k for k = 1:n, then the columns of
Z = Wy diag(1/se41,---11/8n}

are orthonormal. By Theorem 2.5.1 there exists an orthogonal matrix
Uz € R™*™ with Up(:,t + 1:n) = Z. It is eagy to verify that

UQTQQVI =diag(31,...,s,,) =8

Since ¢f + 83 = 1 for k = 1:n, it follows that these quantities are the required
cosines and sines. 0

then

Using the same sort of techniques it is possible to prove the following more
general version of the decomposition:

Theorem 2.6.3 (CS Decomposition (General Version)) If

Cu | Gz ]
Qn

is 8 2-by-2 (arbitrary) partitioning of an n-by-n orthogonal matrix, then
there exist orthogenal

Jth}o] _[wn]o
-] e v-[H

such that ) )
I 0 0|0 o o

0o C olo § o

T 0 0 olo o I

URV = |55 017 o0

0 S 0j0 -C ©

(0 0 7|0 0 o]
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where C = diag(cy,...,¢p) and S = diag(s,...,s,) are square diagonal
matrices with 0 < ¢, 8; < 1.

Proof. See Paige and Saunders (1981} for details. We have suppressed the
dimensions of the zero submatrices, some of which may be empty. O

The essential message of the decompaosition is that the SVDs of the Q;; are
highly related.

Exampla 3.8.1 The matrix

-0.7576 0.3697 0.3838 0.2126 -0.3112
=0.4077 =0.1552 | —=0.1129 0.2676 0.8517

Q= —0.0488 0.7240 ; —0.6730 -0.1301 0.0602
—0.2287 0.0088 0.2235 —0.9235 0.2120

0.4530 0.5612 0.5806 0.1162 0.3595

is nrthogonal and with the indicated partitioning camwbe reduced to

0.9837 0.0000 0.180G 0.0000 0.0000
0.0000 0.6781 0.0000 0.7349  0.0000
UTQV = 0.0000 0.0000 0.0000 0.0000 1.0000

0.1800 0.0000 | —0.9837 0.0000 0.0000
0.6000 0.7349 0.0000 —0.6781 0.0000

The angles associated with the cosines and sines turn out to be very im-
portant in a number of applications. See §12.4.

Problems

P32.6.1 Show that if P is an orthogonal projection, then Q = I — 2P is orthogonal.
P2,6,2 What are the singular values of an orthogonal projection?

P2.6.3 Suppose S; = span{z} and Sz = span{y}, where z and y are unit 2-norm
vectors in R?. Working only with the definition of dist(-, ), show that dist(Sy,52) =

1~ (zTy)? verifying that the distance between S) and S2 equals the sine of the angie
between x and y.

Notes and Rafersnces for Sec. 2.8
The f[ollowing papers discuss various aspects of the CS decomposition:

C. Davis and W. Kahan (1970). “The Rotation of Eigenvectors by a Perturbation II1,”
SIAM J. Num. Anal. T, 1-46.

G.W. Stewart (197T7}. “On the Perturbation of Pseuda-Inverses, Projections and Linear
Least Squares Problemas,” SIAM Review 1%, 634662,

C.C. Paige and M. Saunders (1981). “Toward a Generalized Singular Value Decomposi-
tion,” SIAM J. Num. Anal 18, 308405, :

C.C. Paige and M. Wei {1994). “History snd Generulity of the CS Decomposition,” Lin,
Alg. and Its Applic. 208/209, 103-326,
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See §8.7 for some computational details.
For a deeper geometrical understanding of the CS decompasition and the notion of
distance between subspaces, see

T.A. Arias, A. Edelmar, and S. Smith (1996). “Conjugate Gradiemt and Newton's
Method on the Gramsman and Stiefel Manifolds,” to appear in STAM J. Mairiz Anal
Appl.

2.7 The Sensitivity of Square Systems

We now use some of the tools developed in previous sections to analyze the
linear system problem Ax = b where 4 € R**" is nonsingular and b ¢ R".
Our aim is to examine how perturbations in A and b affect the solution z.
A much more detailed treatment may be found in Higham (1996).

2.7.1 An SVD Analysis
If .
A= Zo’.;u.-v;-‘" = ysvT
f=l
is the SVD of A, then
r =A% = (UEVTY Y = n 1‘5;%(. (2.7.1)

=1

This expansion shows that small changes in A or b can induce relatively
large changes in z if o, is small.

It should come as no surprise that the magnitude of o, should have
a bearing on the sensitivity of the Az = b problem when we recall from
Theorem 2.5.3 that o,, is the distance from A to the set of singuiar matrices.
As the matrix of coefficients approaches this set, it is intuitively clear that
the solution z should be increasingly sensitive to perturbations.

2.7.2 Condition

A precise measure of linear system sensitivity can be obtained by consider-
ing the parameterized system

(A+eFz{e)=b+ef z(0)=2
where ' € R™*" and f € R". If A s nonsingular, then it is clesr that x(e)
is differentiable in a neighborhood of zero. Moreover, £(0) = A~Y(f - Fz)
and thus, the Taylor series expansion for x(¢) has the form

z(e) = z + ex(0}+ O(H).
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Using any vector norm and consistent matrix norm we obtain

Nzt —=l .y g1y JULEN 2
EI S "{||,"+IIFII}+O( ) @12)

For square matrices A define the condition number x(A) by
s(Ay=FAl A7 (27.3)

with the convention that x(A4) = oo for singular A. Using the inequality
Ne)] < | Al kx| it follows from (2.7.2) that

" x(”e)x_—“_z I < xa)oa + ) +0() (2.7.4)
where I F I£1
pa =lelyzy ad = lelgiy

represent the relative errors in A and b, respectively. Thus, the reiative
error in = can be x(A) times the relative error in A and b. In this sense, the
condition oumber x{A) quantifies the sensitivity of the Ax = b problem.

Note that x(-) depends on the underlying norm and subscripts are used
accordingly, e.g.,

01(A)

sa(A) =1 Al A7 2 = SnlA)

(2.7.5)

Thus, the 2-norm condition of a matrix A measures the elongation of the
hyperellipsoid {Az : ||z {2 = 1}.
We mention two other characterizations of the condition number. For
p-norm condition numbers, we have
1 e a4l

ro(d)  asarsinguar NAN,

(2.7.6)

This result may be found in Kahan (1966} and shows that x;{A) measures
the relative p-norm distance from A to the set of singuiar matrices,
For any norm, we also have

w(A)= lm sup
€= [laAgselAy

f(A+AA)"1—A"1 1 . (2.77)
€ [N

This imposing result merely says that the condition number is a normalized
Frechet derivative of the map A — A~!. Further details may be found in
Rice (1966b). Recall that we were initially led to x(A) through differenti-

ation.
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If x{A) is large, then A is said to be an ill-conditioned matrix. Note that
this is a norm-dependent property’. However, any two condition numbers
Kof+) and xg(-} on R**™ are equivalent in that constants ¢, and c; can be
found for which

c18a{A) € rg(A) < core(d) AeR™".
For example, on R**™ we have

;11' K3(A)

A

K.l(A) S ﬂEg(A)

1
;ﬁm(A)

A

x2(A4) < nicolA) (2.7.8)

A

SRUA) S Reold) S Pi(4).
Thus, if a matrix is ill-conditioned in the a-norm, it is ill-conditioned in
the A-norm modulo the ¢constants ¢, and c; above.

For any of the p-norms, we have x,{A) > 1. Matrices with small con-
dition pumbers are said to be well-conditioned . In the 2-norm, orthogonal
matrices are perfectly conditioned in that x2(Q) = 1 if Q is orthogonal.

2.7.3 Determinants and Nearness to Singularity

It is natural to consider how well determinant size measures ill-conditioning.
If det(A) = 0 is equivalent to singularity, is det(A) = 0 equivalent to near
singularity? Unfortunately, there is little correlation between det{4) and
the condition of Az = b. For example, the matrix B,, defined by

1 -1 . -1
0 1 .. -1

Bp=1. . . | eR™" (2.7.9)
0 0 .- 1

has determinant 1, but Ko(Br) = n2"~1. On the other hand, a very well
conditioned matrix can have a very small determinant. For example,

D, = diag(10-1,...,10"1) ¢ R**"
satisfies xp(Dn) = 1 although det(D,) = 10~",

2.7.4 A Rigorous Norm Bound

Recall that the derivation of (2.7.4) was valuable because it highlighted the
connection between x(A) and the rate of change of z(¢) at ¢ = 0. However,

21t also depends upon the definition of “large.” The matter is pursued in §3.5



2.7. 'THE SENSITIVITY OF SQUARE SYSTEMS 83

it is a little unsatisfying because it is contingent on ¢ being “small enough”
and because it sheds no light on the size of the O{¢?) term. In this and the
next subsection we develop some additional Az = b perturbation theorems
that are completely rigorous.

We first establish a useful lemma that indicates in terms of x(A) when
we can expect a perturbed system to be nonsingular.

Lemma 2.7.1 Suppose

Az b AeRY™™ 0#becR"

(4 +AA)y

with || AA|| Scll A and | Ab|| < e]lb. Ifes(A) =r <1, then A+ AA
is nonsingular and

b+ Ab AAce ", Abe R

vl < 1+r.
flzf = 1-r

Proof. Since [ A7'AA| < e||A~!']| |4 = < 1 it follows from

Theorem 2.3.4 that (4 + AA) is nonsingular. Using Lemma 2.3.3 and the
equality (] + A"'AA)y =z + A~*Ab we find

Iyl € I+ A7BA {1zl +eha™ | )b])
- -1 - el
(al+erannol) = 1= (i +righ)

l-r
Since || {| = || Az |} < || Al | z || it follows that

1

Iyl < == dizh+rizi .0

<

We are now set to establish a rigorous Az = b perturbation bound.
Theorem 2.7.2 If the conditions of Lemma 2.7.1 hold, then

ly-=z1 2¢
=T S l_rn(A) (2.7.10)
Proof. Since
y-z = A71Ab - A"lAAy (2.7.11)
wehave ly—z|| < e A~ 12 + ef A" ) Ajl |y and s0
ly—=} ol Nyl
—— < en(A)——— + en(A)T—
=] Aramrar Tz
1+r 2
< = .0
< ex(A) (1+1—r) l_rrc(A)
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Example 3.7.1 The Az =) problem

[o we][5]= (]

has solution z = {1, 1)7 and condition moo(A) = 105, IfF Ab=(10"%, 0)T, AA =0,
and (A+ AA)y =b+ Ab, then y = (1 + 10-%, 1)T and the inequality (2.7.10) says
- Iz-yla "M“m
1078 = <
I =l f1blos
Thus, the upper bound in {2.7.10) can be a groas overeatimate of the error induced by the
perturbation. On the other hand, if Ab = (0, 1078)T, A4 =0, and (A+AA)y = b+Ab,
then this inequality says
s <2x107%10%,

100
Thus, there are parturbations for which the bound in (2.7.10) is essentially attained.

reo{A) = 107%10° = 1.

2.7.5 Some Rigorous Componentwise Bounds

We conclude this section by showing that a more refined perturbation the-
ory is possible if componentwise perturbation bounds are in effect and if
we make use of the absolute value notation.

Theorem 2.7.3 Suppose

Az b AeBR"™™ 0#£bcR"

]

(A+ AA)y b+Ad AAeR™", AbeR"

and that [AA| < €|A| and |Ab} < eb]. If bKoo(A) =1 < 1, then (A + AA)
is nonsingular and

”y z"oo 2& w1
< A A .

Proof. Since || AA |loo < €f] A lloo and || Ab floo < €f] b ||co the conditions of

Lemma 2.7.1 are satisfied in the infinity norm. This implies that A + AA
is nonsingular and

lyllo . 147

lzll = 1—-r"

Now using (2.7.11) we find
lv—2 < [|A7{Ab + |ATT]|AAlly)

< dATMB + A Al < AT 1A (=] + o)
If we take norms, then

- I+4r
1=l < 1471141 o (12 o + 100 2 o) -
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The theorem follows upon division by || £ |je. O

Ve refer to the quantity || JA~}| |4} lec a5 the Skeel condition number. It
has been effectively used in the analysis of several important linear system
computations. See §3.5.

Lastly, we report on the results of Oettli and Prager (1964) that indicate
when an approximate solution £ € R" to the n-by-n system Az = b satis-
fies a perturbed system with prescribed structure. In particular, suppose
E e B**" and f € R" are given and have nonnegative entries. We seek
AA e V™, Abe R®, and w > 0 such that

(A+ AA)E = b+ Ab  |AAlSwE, |AB Swf. {2.7.12)

Note that by properly choosing E and f the perturbed system can take on
certain qualities. For example, if £ = |A} and f = |b| and w i3 small, then
# satisfies a pearby system in the componentwise sense. Oettli and Prager
{1964) show that for a given A, b, £, E, and f the smallest w possible in
(2.7.12) is given by
Wmin = max M
b 1<icn (BlE + F)°

If AT = b then wpn = 0. On the other hand, if wyin = 00, then £ does
not satisfy any system of the prescribed perturbation structure.

Problems

P2.7.1 Show that if || T || > 1, then x(A4) > 1.

P2.7.2 Show that for a given norm, x(AB) € s{A)x({B) and that x(aA) = x(A) for all
nonzero a.

P2.7.3 Relate the 2-norm condition of X € R™*"™ (m > n) to the 2-norm condition of

the matrices x
- Im
B= [ 0 In

c:[f‘].

Notes and Raferences for Sec. 2.7
The condition concept is thoroughly investigsted in

1. Rice (1966). “A Theory of Condition,” SIAM J. Num. Anal. 3, 287-310.
W. Kahan (1966). “Numerical Linear Algebrs,” Canadian Math Bull 9, T57-801.

References for componentwise perturbation theory includa
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Chapter 3

General Linear Systems

§3.1 Triangular Systems

§3.2 The LU Factorization

§3.3 Roundoff Analysis of Gaussian Elimination
§3.4 Pivoting

§83.5 Improving and Estimating Accuracy

The problem of solving a linear system Ar = b is central in scientific

computation. In this chapter we focus on the method of Gaussian elimi-
nation, the algorithm of choice when A is square, dense, and unstructured.
When A does not fall into this category, then the algorithms of Chapters
4, 5, and 10 are of interest. Some parallel Az = b solvers are discussed in
Chapter 6.
.- We motivate the method of Gaussian elimination in §3.1 by discussing
the ease with which triangular systems can be solved. The conversion of
a general system to triangular form via Gauss transformations is then pre-
sented in §3.2 where the “language” of matrix factorizations is introduced.
Unfortunately, the derived method behaves very poorly cn a nontrivial class
of problems. QOur error analysis in §3.3 pinpoints the difficulty and moti-
vates §3.4, where the concept of pivoting is introduced. In the final section
we comment upon the important practical issues associated with scaling,
iterative improvement, and condition estimation.

Before You Begin

Chapter 1, §§2.1-2.5, and §2.7 are assumed. Complementary references
include Forsythe and Moler (1967), Stewart (1973), Hager (1988), Watkins
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(1991), Ciarlet (1992), Datta (1995), Higham (1996), Trefethen and Bau
(1996), and Demmel (1996). Some MATLABfunctions important to this
chapter are 1lu, cond, rcond, and the “backslash™ operator “\". LAPACK
connections include

LAPACK: Triangular Systems

Solves Az =4

Solves AX = B

Condition estimate

Solve AX = B, ATX = B with error bounds
Sol\;eAX=B. ATX =18

A-

T

:

LAPACK: General Linear Systems

-GESV Solve AX = B

.GECON | Condition estimate via PA = LU

.GERFS | Improve AX = B, ATX = B, A% X < B solutions with error bounds
LGESVX | Solve AX = B, ATX = B, A#X = B with condition estimate
.GETRF PA=LU

_GETRS SOIVEAX=B,ATX=B,VA"X=BVEPA=LU

_GETRI | A~!

-GEEQU Equilibration

3.1 Triangular Systems
Traditional factorization methods for linear systems involve the conversion
of the given square system to a triangular system that has the same solution.
This section is about the solution of triangular systems.
3.1.1 Forward Substitution
Consider the following 2-by-2 lower triangular system:
311 0 Iy = b]
{n Ip za by |’
If 43,493 # 0, then the unknowns can be determined sequentially:
= bhfty
z3 (b3 ~ &ar71)/taa.

This is the 2-by-2 version of an algorithm known as forward substitution.
The general procedure is obtained by solving the ith equation in Lz = b

for z;:
i=1
T = (bi—zlijzj) / &
=l
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If this is evaluated for i = 1:n, then a complete specification of £ is obtained.
Note that at the ith stage the dot product of L(i, 1:3 — 1) and 2(1:i ~ 1) is
required. Since b; only is involved in the formula for x,, the former may be
averwritten by the latter:

Algorithm 3.1.1 (Forward Substitution: Row Version) If L ¢ R™*"
is lower triangular and b € R", then this algorithm overwrites b with the
solution to Lx = b. L is assumed to be nonsingular.

b(1) = b(1)/L(1, 1)
fori=2n

b(d) = (b{z) — L(s, 1:d - 1)b(1:4 — 1))/L(4,4)
end

This algorithm requires n® flops. Note that L is accessed by row. The
computed solution £ satisfies:

(L+F)t =b |F| < nul] + O(u?) (3.1.1)

For a proof, see Higham (1996). It says that the computed solution exactly
satisfies a slightly perturbed system. Moreover, each entry in the perturbing
matrix F' is small relative to the corresponding element of L.

3.1.2 Back Substitution

The analogous algorithm for upper triangular systems Uz = b is called
back-substitution. The recipe for z; is prescribed by

n
= | b— Z U Ty /“s‘i

and once again b; can be overwritten by z;.

Algorithm 3.1.2 (Back Substitution: Row Version) If I/ ¢ R™*"
is upper triangular and b € R®, then the following algorithm overwrites b
with the solution to Uz = b. U is assumed to be nonsingular.
¥n) = b(n)/U(n,n)
fori=n-1;-1:1
b(3) = (b(1) — U(%,1 + Lin}b{i + L:n)) /Ui, 4)
end

This algorithm requires n? flops and accesses U by row. The computed
solution £ obtained by the algorithm can be shown to satisfy

(U+F)i = b IF} < nujU| + O(u?). (3.1.2)
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3.1.3 Column Oriented Versions

Column oriented versions of the above procedures can be obtained by re-
versing loop orders. To understand what this means from the algebraic
point of view, consider forward substitution. Once x; is resolved, it can
be removed from equations 2 through n and we proceed with the reduced
system L(2:n, 2:n)z(2:n) = b(2:n) —2(1}L(2:n, 1). We then compute z3 and
remove it from equations 3 through n, etc. Thus, if this approach is applied

to _
2 00 ) 6
1 5 0 Iz = 2
L 7 9 8 I3 5

we find z; = 3 and then deal with the 2-by-2 system

ez -l - (5]

Here is the complete procedure with overwriting.

Algorithm 3.1.3 (Forward Substitution: Column Version) If L € R**"

is lower triangular and b € R", then this algorithm overwrites b with the
solution to Lz = b. L is assumed to be nonsingular.

forji=1ln-1

b(3) = b(3)/L(j, )

(7 + Iin) = b(F + Lin) - b(F)L(F + L:m, j)
end

b(n) = b(n}/L(n,n)

It is also possible to obtain a column-oriented saxpy procedure for back-
substitution.

Algorithm 3.1.4 (Back Substitution: Column Version) If U € R**"
is upper triangular and ¥ € R", then this algorithm overwrites b with the
solution to Uz = b. [/ is assumed to be nonsingular. '

for j=n:-1:2

b(3) = b(3)/U (5, )

b(1:j - 1} = 5(1:j — 1) — b{7)U(1:5 - 1,5)
end

b(1) = 5(1)/U(1,1)

Note that the dominant operation in both Algorithms 3.1.3 and 3.1.4 is
the saxpy operation. The roundoff behavior of these saxpy implementations
is essentially the same as for the dot product versions.

The accuracy of a computed solution to a triangular system is often
surprisingly good. See Higham (1996).
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3.1.4 Muitiple Right Hand Sides

Consider the problem of computing a solution X € R**9 to LX = B where
L e B**" is lower triangular and B € F**9. This is the muliiple right
hand side forward substitution problem. We show that such a problem
can be solved by a block algorithm that is rich in matrix multiplication
assuming that ¢ and n are large enough. This turns out to be important in
subsequent sections where various block factorization schemes are discussed.
‘We mention that although we are considering here just the lower trianguiar
problem, everything we say applies to the upper triangular case as well.
To develop a block forwnrd substitution algorithm we partition the equa-
tion LX = B as follows:
L, 0 .. 0 ] [ Xy B,
Lyy Ly -+~ O X B,
] . . ] . = . . (3.1.3)
Lyr Ln2 Lyw X By
Assume that the diagonal blocks are square. Paralleling the development of

Algorithm 3.1.3, we solve the system L1 X; = B for X; and then remove
X from block equations 2 through N:

Ly O - D Xo By — Lu X,
Lag Laz -+ O Xs By - Lo Xy
Lya Lns --- Lawn XN By - L Xy

Continuing in this way we obtain the following block saxpy forward elimi-
nation scheme:

for j=1:N
Solve LﬁXj = Bj
fori=j+ LN (3.1.4)
Bi = B.'_ - L,'jXJ'
end ‘
end

Notice that the i-loop oversees a single block saxpy update of the form

Bjn Bjya Ljtr;
N N N BT

BN BN LN,:‘
For this to be handled as a matrix multiplication in a given architec-
ture it is clear that the blocking in (3.1.3) must give sufficiently “big®
X;. Let us assume that this is the case if each X; has at least r rows.
This can be accomplished if N = ceil(n/r) and X,,..., Xn_; € K% and
Xy € Rin—(N-Ir)xq
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3.1.5 The Level-3 Fraction

It is handy to adopt a measure that quantifies the amount of matrix multi-
plication in a given algorithm. To this end we define the level-$ fraction of
an algorithm to be the fraction of flops that occur in the context of matrix
multiplication. We call such flops level-3 flops.

Let us determine the level-3 fraction for (3.1.4) with the simplifying
assumption that n = r/¥. {The same conclusions hold with the unequal
blocking described above.) Because there are N applications of r-by-r
forward elimination (the level-2 portion of the computation) and n? flops
overall, the level-3 fraction is approximately given by

N2 1
t sty
Thus, for large N almost all flops are level-3 flops and it makes sense to
choose [N as large as possible subject to the constraint that the underlying
architecture can achieve a high level of performance when processing block
saxpy’'s of width at least r = n/N.

3.1.6 Non-square Triangular System Solving

The problem of solving nonsquare, m-by-n triangular systems deserves some
mention. Consider first the lower triangular case when m > n, ie.,

Ly r = b Ly € R " b € R
Ly - by Ly € Rm—mxn b e gm™-n

Assume that Ly; is lower triangular, and nonsingular. If we apply forward
elimination to Ly;z = b, then z solves the system provided Ly (L;,’bl) =
bg. QOtherwise, there is no solution to the overall system. In such a case
least squares minimization may be appropriate. See Chapter 5.

Now consider the lower triangular system Lz = b when the number
of columns n exceeds the number of rows m. In this case apply forward
substitution to the square system L{1:m, 1:m)z(1:m, 1:m) = b and prescribe
an arbitrary value for 2(m + 1:n). See §5.7 for additional comments on
systemns that have more unknowns than equations.

The handling of nonsquare upper triangular systems is similar. Details
are left to the reader.

3.1.7 Unit Triangular Systems

A unit triangular matrix is a triangular matrix with ones on the diagonal.
Many of the triangular matrix computations that follow have this added
bit of structure. It clearly poses no difficulty in the above procedures.
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3.1.8 The Algebra of Triangular Matrices

For future reference we list a few properties about products and inverses of
triangular and unit triangular matrices.
s The inverse of an upper (lower) triangular matrix is upper {lower)
triangular.
e The product of two upper (lower) triangular matrices is upper (lower)
triangular.

» The inverse of a unit upper (lower) triangular matrix is unit upper
(lower) triangular.

e The product of two unit upper (lower) triangular matrices is unit
upper (lower) triangular.

Problems

P3.1.1 Give an algorithm for computing a nonzero z € R* such that Ufz = 0 where
[7 € K**" is upper triangular with unn = 0 and vy - Gpwy el #0.

P3.1.2 Discusas how the determinant of a square triangular matrix could be computed
with minimum risk of overflow and underflow. . :

P3.1.3 Rewrite Algorithm 3.1.4 given that U ia stored by column in & length n{n+1)/2
array u.vee.

P3.1.4 Write a detailed version of (3.1.4). Do not assume that N divides n.

P3.1.5 Prove all the facts about triangular matrices that are listed in §3.1.8.

P3.1.6 Suppose S,T € R*"*"™ are upper triangular and that (ST — Al)z = b is a non-
singular system. Give an O(n?) algorithm for computing z. Note thas the explicit
formation of ST — A requires G{n*) fops. Hint. Suppose

T r
| u | | A
oon[3 %] moe[5 2] (2]
where 83 = S(k—-1Lin,k=1n), Ty = Tlk-1lnk—1n), by = b(k-l:ﬂhnnd ar,dcR.
Show that if we have a vector x; such that ’
(5cTe — Az = b,

and w. = Tz is available, then
T

T
¥ A—oviz. —utw,
z+=[3c] T=_—'———_wi,\ L2

solves (S+T+ - M):l.'+ = by. Observe that Ty and wy = T+.’l‘+ each require o(ﬂ - k}
flopa.

P38.1.7 Sopposs the matricea Ry,..., Ry € R**™ are all upper triangular, Give an
O(pn?) algorithm for solving the system (R; - - - Rp — AJ)z = b asuming that the matrix
of coefficients is nonsingular. Hint. Genernlize the solution to the previous problem.
Notes and References for Sec. 3.1

The accuracy of trianguiar systemn solvers is analyzed in

N.J. Higham (I988). “The Accuracy of Solutions to Trianguiar Systems,” STAM J. Num.
Anal. 26, 1252-1265.
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3.2 The LU Factorization

As we have just seen, triangular systems are “easy” to solve. The idea
behind Gaussian elimination is to convert a given system Ax = b to an
equivalent triangular system. The conversion is achieved by taking appro-
priate linear combinations of the equations. For exampie, in the system
Ar1 4529 = 9
61 +72z9 = 4
if we multiply the first equation by 2 and subtract it from the second we
obtain

Iz +5z0 = 9
-3zy = -14
This i8 n = 2 Gaussian elimination. Our objective in this section is to give
a complete specification of this central procedure and to describe what it
does in the language of matrix factorizations. This means showing that
the algorithm computes a unit lower triangular matrix L and an upper
triangular matrix U so that A = LU, eg.,

3 5] _ [10][3 s

6 7 - 21 0 -3}
The solution to the original Ax = b problem is then found by a two step
triangular solve process:

Ly=b Uz=y => Ar=LUz=Ly=h.

The LU factorization is a “high-level” algebraic description of Gaussian
elimination. Expressing the outcome of a matrix algorithm in the “lan-
guage” of matrix factorizations is a worthwhile activity. It facilitates gen-
eralization and highlights connections between algorithms that may appear
very different at the scalar level.

3.2.1 Gauss Transformations

To obtain a factorization description of Gaussian elimination we need a
matrix description of the zeroing process. At the n = 2 level if 1 % 0 and

T = z3/T), then
R

More generally, suppose £ € R” with x, # 0. If

x.
rT=(0,._.,0,n+l,...,r,.) i=— i=k+1ln
S et Tk

k
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and we define
My =1—rel, (3.2.1)
then
[1 --- 0 0 --- 01 =1 ] K
10 1 0 0 Ty -
ka - 0 =Tk+1 1 0 Zg+1 - 0
0 - =71 0 - 1 ]| Tn | . 0 |

In general, a matrix of the form My =1 —refl € R**" is a Gauss trons-
Jformation if the first & components of + € R are zero. Such a matrix is
unit lower triangular. The components of r{k + 1:n) are called multipliers.
The vector 7 is called the Gauss vector.

3.2.2 Applying Gauss Transformations

Multiplication by a Gauss transformation is particularly simple. If C € B**"
and My =1 — *ref is a Gauss transform, then

M C = (I—'reI)C = C—T(BIC) = C-1C(k,:).

is an outer product update. Since T(1:k) = 0 only C'(k + 1:n,:) is affected
and the update C = M,C can be computed row-by-row as follows:

fori=k+1n
C(i,:) =C{,:) - nC(k,:)
end

This computation requires 2{n — 1)r flops.

Example 3.2.1

1 4 7 0
c=|25 8|,r= 1| = (-ref)C=
3 6 10 -1

3.2.3 Roundoff Properties of Gauss Transforms

If 7 is the computed version of an exact Gauss vector T, then it is easy to
verify that

=
—
XSS
[
e Bl |
L ———

Ff=r1+e le] < ujr].
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If # is used in & Gauss transform update and fI((J — 7el)C) denotes the
computed result, then

fL{{I —+€])C) = (I -Tef)C + E,
where
IE| < 3u(IC! +I7]|C(k, )]) + O(u?).

Clearly, if + has large components, then the errors in the update may be
large in comparison to |C|. For this reason, care must be exercised when
Gauss transformations are employed, a matter that is pursued in §3.4.

3.2.4 Upper Triangularizing

Assume that A € R™*". Gauss transformations M,..., M, _; can usually
be found such that M,,_,--- MaMA = U is upper triangular. To see this
we first look at the n = 3 case. Suppose

1 4 7
A=|[25 81].
3 6 10

If
1 0 0
M = -2 1 0],
-3 0 1
then
1 4 7
MA=10 -3 -6].
0 -6 -11
Likewise,
1 00 1 4 7
My =10 1 0 = Ma(MAy = |0 -3 -6 (.
0D -2 1 0 0 1

Extrapolating from this example observe that during the kth step

¢ We are confronted with a matrix A%-2) = M,_,.--M; A that is
upper triangular in columns 1 to k — 1.

o The multipliers in M are based on A*~1(k + 1:n, k). In particular,
we need a,(,i'” # 0 to proceed.

Noting that complete upper triangularization is achieved after n — 1 steps
we therefore obtain
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k=1

while (A(k, k) #0) & (k<n—1)
r{k + L:n} = A(k + Lin, k) /A(k, k) (3.2.2)
A(k + 1in,:) = A(k + Lin, ) — 7(k + Lin) Ak, )
k=k+1

end

The entry A(k, k) must be checked to avoid a zero divide. These quantities
are referred to as the pivots and their relative magnitude turns out to be
critically important.

3.2.5 The LU Factorization

In matrix language, if (3.2.2) terminates with £ = n, then it computes
Gauss transforms My,..., M-, such that M,_;---M A = U is upper
triangular. It is easy to check that if My = I — 7®)eT, then its inverse is
prescribed by M ! = I + el and so

A=LU (3.2.3)

where
L =M1tooMt (3.2.4)

It is clear that L is a unit lower triangular matrix because each M, ! is unit
lower triangular. The factorization (3.2.3) is called the LU factorization of
A

As suggested by the need to check for zero pivots in (3.2.2), the LU
factorization need not exist. For example, it is impossible to find I;; and

Uij SO
1 2 3 1 ¢ 0 w1 U1z 3
2 4 7| = by 1 0O 0 up wua | .
3 5 3 £33 l33 1 0 0 u3s

To see this equate entries and observe that we must have uy; = 1, ujp = 2,
€y = 2, uss = 0, and £33 = 3. But when we then look at the (3,2) entry
we obtain the contradictory equation 5 = {3,112 + £3guag = 6.

As we now show, a zero pivot in (3.2.2) can be identified with a singular
leading principal submatrix.
Theorem 3.2.1 A € R"*™ has an LU factorization if det(A(1:k, 1:k)) £ 0
for k = 1:n — 1. If the LU factorization exists and A is nonsingular, then
the LU factorization is unigue and det(A) = uyy -« - tipp.-

Proof. Suppose k—1 steps in (3.2.2) have been executed. At the beginning
of step k the matrix A has been overwritten by My_;--- Myd = Ak-D,

Note that als"!" is the kth pivot. Since the Gauss transformations are
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unit lower triangular it follows by looking st the leading &-by-& portion of
this equation that det{A(L:k, 1:k)) = as ... a1, Thus, if A(1:k, 1:K)
is nonsingular then the kth pivot is nonzero.

As for uniqueness, if A = LU and A = [40; are two LU factorizations
of & nonzingular A, then L3'L; = U,U7". Since L7'Ly is unit lower
trispgular and U3U5! is upper triangular, it follows that both of these
matrices must equal the identity. Hence, Ly = L3 and U, = U,

Finally, if A = LU then det(4) = det(LU) = det(L)det(U) =
det(l) = v11-- unp- O

3.2.6 Some Practical Details

From the practical point of view there are several improvements that can
be made to (3.2.2). First, because zeros have already been introduced in
columns 1 through & — 1, the Gauss transform update need only be applied
to columns & through n. Of course, we need not even apply the kth Gauss
transform to A(:, &) since we know the result. So the efficient thing to do
is simply to update A(k + 1:n, k + 1:n). Another worthwhile observation is
that the multipliers associated with M} can be stored in the locations that
they zero, i.e., A(k + 1:n, k). With these changes we obtain the following
version of {3.2.2):

Algorithm 3.2.1 {Outer Product Gaussian Elimination) Suppose
A € R™™ has the property that A(l:k, 1:k) is nonsingular for k£ = 1:n — 1.
This algorithm computes the factorization M,.,--- M, A = I where U/ is
upper triangular and each My is a Gauss transform. U is stored in the
upper triangle of A. The muitipliers associated with M, are stored in
Alk + Iin, k), Le, A(k + I:'n, k) = —M(k + 1:n, k).

for k=1mn-1

rows=k+ 1l

Alrows, k) = A(rows, k)/A(k, k)

A(rows,rows) = A(rows, rows) — A{rows, k)A(k, rows)
end

This algorithm invoives 2n°/3 flops and it is one of several formulations of
Gaussian Elimination. Note that each pass through the k-loop involves an
outer product.

3.2.7 Where is L?
Algorithm 3.2.3 represents L in terms of the muitipliers. In particular, if

7(*) ig the vector of multipliers associated with M} then upon termination,
A(k + 1:m, k) = 7%, One of the mare happy “coincidences” in matrix
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computations is that if L = M, '--- M., then L(k + 1:n,k) = r*). This
follows from a careful look at the product that defines L. Indeed,

L= (I +rm'e'f) (I +r""’1)c§_1) = I+ Er"‘)ez'.
k=1

Since A(k + 1:n, k) houses the kth vector of multipliers r*} it follows that
A(i, k) houses £ for all i > k.
3.2.8 Solving a Linear System

Qnce A hag been factored via Algorithm 3.2.1, then L and [/are represented
in the array 4. We can then solve the system Ax = b via the triangular
systems Ly = b and Uz = y by using the methods of §3.1.

0 1 4 T
0 g -3 -6,
1 1] 0 1

1 4 7
A= 2 =3 -6 .
3 2 1

Hé=(1,1,1)7, then y = (1,-1,0)7 solves Ly = b and z = (—1/3,1/3,0)7 solves
U::y’.

Example 3.2.2 If Algorithm 3.2.1 is applied to

1 4 7 1
A= 2 5 8 = 2
3 & 10 3

then upon completion,

L =]

3.2.9 Other Versions

Gaussian elimination, like matrix multiplication, is a triple-loop procedure
that can be arranged in several ways. Algorithm 3.2.1 corresponds to the
“ki" version of Gaussian eliminstion if we compute the outer product
update row-by-row:

fork=1ln-1
Alk + 1in, k) = Alk + 1in, k) A(K, k)
fori=k+1lin
forj=k+1mn
A(L,J) = A(, ) — AG, k)AL, )
end
end
end

There are five other versions: kji, ikj, i7k, jik, and jki. The last of these
results jn an implementation that features a sequence of gaxpy's and for-
ward eliminations. In this formuiation, the Gauss transformations are not
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immediately applied to A as they are in the cuter product version. Instead,
their application is delayed. The original A(:, 7) is untouched until step ;.
At that point in the algorithm A(:, 7) is overwritten by M;_; - - - M A(:, j).
The jth Gauss transformation is then computed.

To be precise, suppose 1 < § < n — 1 and assume that L(:,1:j — 1)
and U(1:5 - 1,1:5 ~ 1) are known. This means that the first j — 1 columns
of L and IJ are available. To get the jth columns of L and IV we equate
Jjth columns in the equation A = LU: A(:,j) = LU(:,j}. From this we
conclude that

A(Lj - 1,5) = L(1: = 1,13 = YU(L:j - 1,5)
and

J
A, ) = Y L(jm, k)UK, j) .

k=1

The first equation is a lower triangular system that can be solved for the
vector U(1:7 — 1, §). Once this is accomplished, the second equation can be
rearranged to produce recipes for U(j,7) and L(j + Lin, j). Indeed, if we
set

: -1
v(im) = AQm.j)— Y L(jm, k)U(E, )

k=1
A(Fn, §) — L{gm, 1:5 — DU(1:5 - 1, 7),

then L(j + 1:n, §) = v(j + L:n)/v(j) and U(F, ) = v(j). Thus, L(j + 1:n, J)
is a scaled gaxpy and we obtain

]

L=ILU=0
for j=1:n
ifj=1
v{jin) = A(jin, )
else
Solve L(1:5 — 1,2:5 ~ 1)z = A(1:§ - 1,7) for (3.2.5)
and set U(1:j — 1,5} = =
v(jin) = A(im, §) - L{jm, 1:5 - 1)z
end
ifj<n
L{j + L'n, 1) = {7 + L'n)/v(5)}
end
U4, 1) = v(3)

end

This arrangement of Gaussian elimination is rich in forward eliminations
and gaxpy operations and, like Algorithm 3.2.1, requires 2n3/3 flops.
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3.2.10 Block LU

It is possgible to organize Gaussian elimination so that matrix multiplication
becomes the dominant operation. The key to the derivation of this block
procedure is to partition 4 € ™" as follows

A= An An r
Agl An n—r

r m-—r

where r is a blocking parameter. Suppose we compute the LU factorization
L, Uh1 = Ay and then solve the multiple right hand side triangular systems
Lilhe = Ayg and Ly Uy = Agy for Uz and Ly respectively. It follows

that

An A _ | fu ol{i O Un Un

Az An Ly I, 0 A 0 Inor
where A = Agg — La;U12. The matrix A is the Schur complement of Ay
with respect to 4. Note that if A = Lyl is the LU factorization of A,

then

An Ap | _ILun Of[L O [Uy Ui

An An Ly Lp 0 A 0 Up
is the LU factorization of A. Thus, after Ly, Lz, Uy, and Uy, are com-
puted, we repeat the process on the level-3 updated (2,2) block A.

Algorithm 3.2.2 (Block Outer Product LU) Suppose A € R**"
and that det(A4(1:k, 1:k) is nonzero for k£ = 1:n — 1. Assume that r satisfies
1 < 7 < n. The following algorithm computes A = LU via rank r updates.
Upon completion, A(i, j) is overwritten with L(i, ) for i > j and A(%, j) is
overwriiten with Ui, ) if j > 1.

A=1
while A <n
s =min{n, A +r — 1}
Use Algorithm 3.2.1 to overwrite A(X:, Aiu)
with its LU factors L and 7,
Solve LZ = A(\:p4, g + 1:n) for Z and overwrite
A(X:p, p+ 1in) with 2.
Solve WU = A(u + 1:n, A:u) for W and overwrite
Alp + Lin, l:ps) with W,
Alp+1mnu+1m) = A{u + lin,u+ Lin) —
A=p+1l
end
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This algorithm involves 2n*/3 flops.

Recalling the discussion in §3.1.5, let us consider the level-3 fraction
for this procedure assuming that r is large enough so that the underlying
computer is able to compute the matrix multiply update A(u + Lin, u +
In) = A(u + 1l p + 1n) — WZ st “level-3 speed.” Assume for clarity
that n = rN. The only flopa that are not level-3 flops occur in the context
of the r-by-r LU factorizations A(X:u, A:u) = LU, Since there are V such
systems solved in the overall computation, we see that the level-3 fraction
is given by
N{2r3/3) _ 1 — 1
s S lTE
Thus, for large NV almost all arithmetic takes place in the context of matrix
multiplication. As we have mentioned, this ensures high performance on a
wide range of computing environments.

1-

3.2.11 The LU Factorization of a Rectangular Matrix

The LU factorization of a rectangular matrix A € R™*™ can also be per-
formed. The m > n case is illustrated by

5] (3] 2

1 23] _[1ro0]]1 2 3
4 5§ 6] |4 1][0 -3 -6
depicta the m < n situation. The LU factorization of A € R™*" is guaran-
teed to exist if A(1:k, 1:k) is nonsinguler for k = 1:min{m, n).
The square LU factorization algorithms above need only minor modifi-

cation to handle the rectangular case. For example, to handle the i > n
case we modify Algorithm 3.2.1 as follows:

L= ]
[ P
LCRE =]

for k=1mn
rows=k+ lim
A(rows, k) = A(rows, k)fA(k, k)
ifk<n
cols=k+1:n
Alrows, cols) = A(rows, cols) — A(rows, k)A(k, cols)
end
end

This algorithwm requires mn? — n?/3 fops.
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3.2.12 A Note on Failure

As we know, Gaussian elimination fails unless the first n — 1 principal
submatrices are ponsingular. This rules out some very simple matrices,

eg.,
01
A= [ 01 ] .

While A has perfect 2-norm condition, it fails to have an LU factorization
because it has a singular leading principal submatrix.

Clearly, modifications are necessary if Gaussian elimination is to be
effectively used in general linear system solving. The error analysis in the
following section suggests the needed modifications.

Problems

P3.2.1 Suppoee the entries of A(¢) € B**" are continuously differentiable functions of
the scalar ¢« Assume that A = A(0) and all its principal submatrices are nonsingular.
Show that for sufficiently small ¢, the matrix A(e) has an LU factorization A(e) =
L{e)U{¢) and that L{c) and U(¢) are both continvousiy differentiable.

P3.2.2 Suppose we partition A € R**"

_ [ An Anz
A= [ A Anp ]

where A;; is r-by-r. Assume that A1) is nonsingular. The matrix S = Axx—Aqy Al'llAu
is called the Schur complement of A;, in A. Show that if Ay; bas ag LU factorization,
then after r steps of Algorithm 3.2.1, A(r + I'n,r + 1:n) houses S. How coukd S be
abtained after r steps of (3.2.5)7

P3.2.3 Suppose A € B**"™ hag an LU factorizstion. Show how Az = & can be solved
without storing the multipliers by computing the LU factorization of the n-by-(n + 1}
matrix [A b].

P3.2.4 Describe s variant of Gaussiaa elimination that introduces serce into the columna
of A in the order, n: — 1:2 and which produces the factoriaation A = UL where U is uait
upper trianguiar and L is lower triangular.

P3.2.5 Matrices in B**™ of the form Ny, k) = [ - ycf where y € R" are said to
be Gause-Jordan tranaformations. (a) Cive a formuia for N(y, k)~! smsuming it exists.
{b) Given z € R*, under what conditions can y be found so N(y, k)x = 2,7 (c) Giwe
an algorithm using Gauss-Jordan transformations that overwrites A with A=!. What
conditions on A ensure the success of your algorithm?

P3.2.6 Extend (3.2.5) so that it can also handle the case when A has more rows thaa
columns.

P3.2.T Show how A can be overwritten with [ and I/ in (3.2.5). Organize the thres
loops 30 that unit stride access prevails.

P3.2.8 Develop & version of Gaussian elimination in which the innesrnost of the threa
loops oversees a dot product.
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Notes and References for Sec. 3.2

Schur complemnents (P3.2.2) arise in many applications. For a survey of both practical
and theoretical intereat, ses

R.W. Cottle (1974). “Manifestations of the Schur Complement,” Lin. Alg. and Jts
Applic. 8, 189-211,

Schur complements are known ss “Gauss treansforms” in some application aress. The
use of Gauss-Jordan transformations (P3.2.5) in detailed in Fox (1964). See also

T. Dekker and W. Hoffman (1989). “Rehabilitation of the Gauvas-Jordan Algorithm,”
Numer. Math. 54, 591-599,

As we mentioned, inner product versions of Gaussian elimination have been known and
used for some time. The names of Crout and Doolittle are associated with these ijk
techniques. They were popular during the days of deak calculators because there are
far fewer intermediate resuits than in Gaussian elimination. These methods still have
attraction because they can be implemented with accumulated inner products. For re-
marks along these lines see Fox (1964) as well as Stewnrt (1973, pp. 131-39). See also:

G.E. Forsythe (1960). “Crout with Pivoting,” Comm. ACM 3, 507-8.
W.M. McKeeman (1962}. “Crout with Equilibration and Iteration,” Comm. ACM. §,
553-55.

Loop orderings and block isxsues in LU computations are discussed in

J.J. Dongarra, F.G. Gustavaon, and A. Karp (1984). “Implementing Linear Algebra
Algorithms for Dense Matrices on a Vector Pipeline Machine,” SIAM Review 286,
91-112,

J.M. Ortega (1988). “The ijk Forms of Factarization Methods [: Vector Computers,”
Parallel Computers 7, 135-147,

D.H. Bailey, K.Lee, and H.ID. Simon (1991). “Using Strassen’s Algorithm to Accelerate
the Solution of Linear Symtems,” J. Supercomputing 4, 357-371.

J.W. Demmel, N.J. Higham, and R S. Schreiber (1895). “Stability of Block LU Factor-
ization,” Numer. Lin. Alg. uith Applic. 2 1T3-190.

3.3 Roundoff Analysis of Gaussian Elimina-
tion

We now assess the effect of rounding errors when the algorithms in the
previous two sections are used to solve the linear system Ax = b. A much
more detailed treatment of roundoff error in Gaussian elimination is given
in Higham (1996).

Before we proceed with the analysis, it is useful to consider the nearly
ideal situation in which no roundoff occurs during the entire solution process
except when A and b are stored. Thus, if fI{b) = b+e and the stored matrix
fi(A) = A+ E is nonsingular, then we are assuming that the computed
solution £ satisfies

(A+BE)E=(b+e) |Elo<ulAllw el Sulblle. (3.3.1)
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That is, £ solves a “nearby” system exactly. Moreover, if us(d) < 3
{say), then by using Theorem 2.7.2, it can be shown that

12— 2lleo
12 lloo

The bounds (3.3.1) and (3.3.2) are “best possible” norm bounds. No generai
oo-norm error analysis of a linear equation solver that requires the storage of
A and b can render sharper bounds. As a consequence, we cannot justifiably
eriticize an algorithm for returning an inaccurate % if A is ill-conditioned
relative to the machine precision, e.g., Uk {A) ~ 1.

< dury,(A). (3.3.2)

3.3.1 Errors in the LU Factorization

Let us see how the error bounds for Gaussian elimination compare with
the ideal bounds above. We work with the infinity norm for convenience
and focus our attention on Algorithm 3.2.3, the outer product wversion.
The error bounds that we derive also apply to Algorithm 3.2.4, the gaxpy
formulation.

Our first task is to quantify the roundoff errors associated with the
computed triangular factors.

Theorem 3.3.1 Assume that A is an n-by-n matriz of floating point num-
bers. If no zero pivots are encountered during the execution of Algorithm
32.2.3, then the computed triangular matrices [ and U satisfy

T = A+H (3.3.3)
|H| < 3(n— Du (1At+|f4|01) + O(u?). (3.3.4)

Proof. The proof-is by induction on n. The theorem obviously holds for
n = 1. Assume it holds for all {(r — 1)}-by-(n — 1) floating point matrices. If

T

a w 1

A= [v B] n-1
1n-1

then £ = fl(v/a) and A, = fI{B — w™) are computed in the first step of
the algorithm. We therefore have

ol
al

%= éw Fofl < (3.3.5)

and

-

Ay = B—#wT+F  |F| < 2u(|B+ |2|w|T) + O(u?). (3.3.6)
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The algorithm now proceeds to calculate the LU factorization of A;. By
induction, we compute approximate factors Ly and U, for A, that satisfy

A A

L = Ay + Hy (3.3.7)
|Hy < 3(n—~2)u (fA;I + 1Ly !U1|) + O(u?). (3.3.8)
Thus,
wo= [} 3]0 %]
= A+[m, HH_F} = A+H

From (3.3.6) it follows that
(A} < (1 +2u) (1B] + |2iw7) + O(u®),
and therefore by using (3.3.7) and (3.3.8) we have
|Hy + F| < 3(n - Du (181 + |8l +1LI01) + O,

Since |af]| < u|v| it is easy to verify that

CEECE R R R R

thereby proving the theorem. O

We mention that if A ia m-by-n, then the theorem applies with n in (3.3.4)
replaced by the smaller of n and m . ‘

3.3.2 Triangular Solving with Inexact Triangles

‘We next examine the effect of roundoff error when L and I are used by the
triangular system solvers of §3.1.

Theorem 3.3.2 Let L and U be the computed LU factors of the n-byn
floating point matriz A obtained by either Algovithm 3.2.%0r 3.2.4. Suppose
the methods of §9.1 are used to pmduce the computed solution § to Ly = b
and the computed solution % to Uz = §. Then (A+ E)E = b with

|E| € nu (3[A| +5ILJ[01) + O(u?). (3.3.9)
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Proof. From (3.1.1) and (3.1.2) we have

(L+Fy§ = b |7}
U+e)E = § 16|

nu)L| + O(u?)
nu|U] + O(u?)

IA A

and thus
(L+FU+6)E = (LU+ FO+ LG+ FG)z =b.

From Theorem 3.3.1 .
LU =A+H,

with |H| < 3{n - 1)u(|4] + |Z||T]) + O(u?), and so by defining
E=H+FU+LG+FG
we find (A + E)& = b. Moreover,
|E| < |H{+|FI[0] + |L| |G| + O(u?)

< 3nu (|A| + ;f,um) +2nu (|ﬁ||c“r1) +0(u?). O

Were it not for the possibility of a large |L[|7] term, (3.3.9) would compare
favorably with the ideal bound in (3.3.1}. (The factor n is of no conse-
quence, cf. the Wilkinson quotation in §2.4.6.) Such a possibility exists, for
there i3 nothing in Gaussian elimination to rule out the appesrance of small
pivots. If a small pivot is encountered, then we can expect large numbers
tobepresentinf,andﬁ.

We stress that small pivots are not necessarily due to ill-conditioning as
i (1) ] bears out. Thus, Gaussian elimination can give
arbitrarily poor results, even for well-conditioned problems. The method is
unstable. :

In order to repair this shortcoming of the algorithm, it is necessary to
introduce row and/or column interchanges during the elimination process
with the intention of keeping the numbers that arise during the calculation
suitably bounded. This idea is pursued in the next section.

the example 4 =

Exampls 3.3.1 Suppuse 8 = 10,t = 3, floating point arithmetic ia used to solve:

001 1.00 I _ 1.00 s
1.00 2.00 3 L300

Applying Gaussian elimination we get

: 1 o [0 1
L‘[moo 1] U‘[u —muo]
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]
:g-; 1 &i ] is the bounding marix in (3.3.4), not a severe overesti-

mate of [H|. If we go on to solve the problem uxing the triangular system solvers of §3.1,
then using the same precisiou arithmetic we obtain a computed solution 2 = (G, 1)7.
This {s in contrast to the exact solution z = (1.002...,.998..)7,

Moreover, 8

Problems

P3.3.1 S5Show that if we drop the assumption that A is a floating point matrix in
Theorem 3.3.1, then (3.3.4) hoids with the coefficient “3"repiaced by “4.”

P3.3.2 Suppose A is an n-by-n matrix and that L and I are produced by Algorithm
3.2.1. (a) How many flops are required to compute || |L| {U[ [lo? (b) Show SN <
(1 + 2nu)|LY| T + O(u®).

P3.3.3 Suppose x = A~ !b. Show that if £ = £ — # (the error) sad r = b — A% (the
residual), then

iri
< fell < HA- el
Al '

Assume consistency between the matrix and vector norm.
P3.3.4 Using 2-digit, base 10, floating point arithmetic, compute the LU factorizetion

of
7 &
A={9 8]'

For this exampie, what i8 the matrix A iz (3.3.3)7

Notea and Raferences for Sec. 3.3
The original roundoff analysin of Gaumian elimination appear in

J.H. Wilkinson (1961}, “Exror Anatysis of Direct Methods of Matrix [zversion,” J. ACM
8, 281-330,

Various improvements in the bounds and simplifications in the analysis heve occurred
over the years. See

B.A. Chartres and J.C. Geuder (1967). “Computable Error Bounds for Direct Solution
of Linear Equations,” J. ACM 14, 63-T1.

JK. Reid (1971). “A Note on the Stability of Ganesian Elimination,” J. Inst. Math
Applic. 8, 3T4-75.

C.C. Paige (1973). “An Error Analysis of a Method for Solving Matrix Equations,”
Math, Comp. 27, 355-59.

C. de Boor and A. Pinkus (1977). “A Backward Error Analysis for Totally Positive
Linear Systems,” Numer. Math. 27, 485-90.

H.H. Robertson (1977). “The Accuracy of Error Eatimates for Systems of Linear Alge-
braic Equationn,” J. fnst. Math. Applic. 20, 409-14.

1.J. Du Croz and N.J. Higham (1992). “Stability of Methods for Matrix Inversion,* IMA
J. Num. Anal 12, 1-19.
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3.4 Pivoting

The analysis in the previous section shows that we must take steps to ensure
that no large entries appear in the computed triangular factors [ and U.
The example

0001 1 1 o0]foom1 1
A=[ 1 1]=[_10,000 1][ 0 —9999]‘LU

correctly identifies the source of the difficuity: relatively small pivots. A
way out of this difficulty is to interchange rows. In our example, if P is the

permutation
01
P-[10]

then

11 1 o][1 1
PA:[.oom1]‘[.uom 1”0.9999]“w'

Now the triangular factors are comprised of acceptably small elements.

In thig sectior we show how to determine a permuted version of A that
has a reasonably stable LU factorization. There are several ways to do
this and they each correspond to a different pivoting strategy. We focus
on partial pivoting and complete pivoting. The efficient implementation
of these strategies and their properties are discussed. We begin with a
discussion of permutation matrix manipulation.

3.4.1 Permutation Matrices

The stabilizations of Gaussian elimination that are developed in this sec-
tion involve data movements such as the interchange of two matrix rows.
In keeping with our desire to describe all computations in “matrix terms,”
it is necessary to acquire a familiarity with permutation matrices. A per-
mutation matrix is just the identity with its rows re-ordered, e.g.,

An n-by-n permutation matrix should never be explicitly stored. It is much
more efficient to represent a general permutation matrix P with an integer
n-vector p. One way to do this is to let p(k) be the column index of the
sole “1”7 in P’s kth row. Thus, p = [41 3 2] is the appropriate encoding of
the above P. It is also possible to encode P on the basis of where the “1”
occurs in each column, e.g., p = [2431].
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If P is a permutation and A is a matrix, then PA is a row permuted
version of A and AP is a column permuted version of A. Permutation
matrices are orthogonal and 0 if P is a permutation, then P~ = PT, A
product of permutation matrices is a permutation matrix.

In this section we are particularly interested in interchange permuta-
tions. These are permutations obtained by merely swapping two rows in
the identity, e.g.,

E =

- o oo
SO~ o
oo o
(== =0

Interchange permutations can be used to describe row and column swap-
ping. With the above 4-by-4 example, £A is A with rows 1 and 4 inter-
changed. Likewise, AE is A with columns 1 and 4 swapped.

If P = E,---E and each E, is the identity with rows k and p{k)
interchanged, then p(1:n) is a useful vector encoding of P. Indeed, z € R"
can be overwritten by Pz as follows:

fork=1n

z(k) — z(p(k))

end

Here, the “—" notation means “swap contents.” Since each E} is symmetric
and PT = E, ... E,,, the representation can also be used to overwrite x with
PTz:

for k=n:-1:1

z(k) + z(p(k))

end

It should be noted that no floating point arithmetic is involved in a permu-
tation operation. However, permutation matrix operations often invoive the
irregular movement of data and can represent a significant computational
overhead.

3.4.2 Partial Pivoting: The Basic Idea

We show how interchenge permutations can be used in LU computations to
guarantee that no multiplier is greater than one in absolute value. Suppose

3 17 10
A=|2 4 =-2].

6 18 -12
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To get the smallest possible multipliers in the first Gauss transform using
row interchanges we need a1, to be the largest entry in the first column.
Thus, if B, is the interchange permutation

0 01
EE=1010
1 00

then
6 18 -12
EiA=1]12 4 -2
3 17 10
and
1 0 0 6 18 -12
M=1{-1/3 10 - MEA=|0 =2 2.
-1/2 0 1 0 8 16

Now to get the smallest possible multiplier in M3 we need to swap rows 2
and 3. Thus, if

100
Ex=|00 1 and My =
01 0

6 18 -12
MsE;MEYA = |0 8 16 | .
0 0 6

The example illustrates the basic idea behind the row interchanges. In
general we have:

then

fork=1Im-1
Determine an interchange matrix Ey with Eg(1:k, 1:k) = Iy
such that if z is the kth column of E; A, then
|z(k)| = {| z(km) [
A=EA
Determine the Gauss transform M such that if v is the
kth coluron of M A, then v(k+ 1in) =0.
A=MA
end

This particular row interchange strategy iz called partial pivoting. Upon
completion we emerge with M,_En_1+-- M1 E1\A = U, an upper triangu-
lar matrix.
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As a consequence of the partial pivoting, no multiplier is larger than
one in absolute value. This is because

HExMi—1-- M E1A) kel = Dax (ExMiay--- M1 E1 A)ik|
<i<n

for k = 1:n — 1. Thus, partial pivoting effectively guards against arbitrarily
large multipliers.

3.4.3 Partial Pivoting Details

We are now set to detail the overall Gaussian Elimination with partial piv-
oting algorithm.

Algorithm 3.4.1 (Gauss Elimination with Partial Pivoting) If
A € R™™", then this algorithm computes Gauss transforms M,,--- M,_,
and interchange permutations Ey, - -+ E,_q such that Mp_Ep_;--- M1 E1 A
= [J i3 upper triangular. No multiplier is bigger than 1 in absolute value.
A{l:k, k) is overwritten by U(1:£,k), k = 1:n. A{k + Lin, k) is overwritten
by —Mg(k + 1:n, k), K = Lin = 1. The integer vector p{(l:n — 1) defines
the interchange permutations. In particular, E} interchanges rows k and
plk)k=1n-~-1.

for k=1n-1
Determine i with k < s < n 5o [A(u, B)| = || A(k:n, &) fls
A(k,kn} — A(u, kn)
p(k) =p
if A(k,k)#0
rows =k +1n
Alrows, k} = A(rows, K}/ A(k, k)
A(rows, rows) = A(rows,rows) — A(rows, k)A(k, rows)
end
end

Note that if || A(k:n, k) |o = O in step k, then in exact arithmetic the firat
k columns of A are linearly dependent. In contrast to Algorithm 3.2.1, this
poses no difficulty. We merely skip over the zero pivot.

The overhead associated with partial pivoting is minimal from the stand-
point of floating point arithmetic as there are only O(n?) comparisons asso-
ciated with the search for the pivots. The overall algorithm involves 2n3/3
flops.

To solve the linear system Ax = b after invoking Algorithm 3.4.1 we

e Computey =M, _1E,—1--- M Eb.
¢ Solve the upper triangular system Uz = y.
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All the information necessary to do this is contained in the array A and the
pivot vector p. Indeed, the calculation

fork=1n-1

(k) = b{p(k))

b(k + 1:n) = b(k + 1:n) - b(k)A(k + 1:n, k)
end

overwrites b with M, _E,_,--- M1 E,.
Example 3.4.1 If Algorithm 3.4.1 is applied to
3 17 10
A= 2 4 =279,
6 18 -12

then upon exit

6 18 -12
A= 1/3 8 16
1/2 -1/4 6
and p = [3, 3]. These two quantities encode all the information associated with the

reduction:
1 (L1 ] 1 0 D 1 04 0
0 1 0 0 0 1 -1/3 1 ¢ 0 A=
0 1/4 1 o1 0 -1/2 0 1 1

3.44 Where is L?

Gaussian elimination with partial pivoting computes the LU factorization of
a row permuted version of A. The proof is a messy subscripting argument.

O =o
OO

g &

Theorem 3.4.1 If Gaussian eliminalion with periial pivoting s used lo
compute the upper triangularization

My 1Ea1--ME1A = U (34.1)

via Algorithm 3.4.1, then
PA=LU

where P = E,_,--- B, and L is a unit lower triangular matriz with |£;| <
1. The kth column of L below the diagonal is a permuted version of the
kth Gauss vector. In particular, if My = I — 7(F)el, then L{k + Lin, k) =
g(k + 1:n) where g = Ep_y -+ Exg1 7.

Proof, A manipulation of (3.4.1) reveals that M,_, --- M} PA = U where
Mn-l = Mp_; and :

My = Enoy- EnpaiMiBrgr--Bny kSn—2.

6 18 -12
0 8 16 |.
0
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Since each E; is an interchange permutation involving row j and a row 4
with & > 7 we have E;({1:5 — 1,1:§ — 1) = I;_; . It follows that each M, is
a Gauss transform with Gauss vector #*) = E,_,-.- Egy r®. 0

As a consequence of the theorem, it is easy to see how to change Algorithm
3.4.1 so that upon completion, A(i,j) bouses L(i,j) for all i > j. We
merely apply each E to all the previously computed Gauss vectors. This
is accomplished by changing the line “A(k, k:n) — Alu, k:n)” in Algorithm
3.4.1 to *A(k, 1:n) = A(p, Lin)."”

Example 3.4,3 The [actorization PA = LU of the matrix in Example 3.4.1 is given by

0 0 1 3 17 10 1 0o 0 6 18 -—12
1 0 0 2 4 -2 |=11/2 10 o 8 16 |.
0 1 0 6 18 =12 1/3 -1/4 1 0 0 6

3.4.5 The Gaxpy Version

In §3.2 we developed outer product and gaxpy schemes for computing the
LU factorization. Having just incorporated pivoting in the outer product
version, it is natural to do the same with the gaxpy approach. Reecall from
(3.2.5) the general structure of the gaxpy LU process:

L=1]
U=0
for j = lin
ifi=1
v(j:n} = A(jn.J)
else
Solve L{1:7 — 1,1:5 — 1}z = A(1:5 - 1, §) for =
and set U(l:5-1,7) ==
v(jn) = A(Gn, J) — L{jm, 1:7 — 1)z
end
ifj<n
L{j + L'm, i} = v(j + L:n)fu(j)
end
U5, 4) = v(j)
end

With partial pivoting we search |v{j:n)| for its maximal element and pro-
ceed accordingly. Assuming A is nonsingular so no zero pivots are encoun-
tered we obtain
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L=LU=0
for =1
if =1
w(jin) = A(jm, 5)
else

Solve L(1:j — 1,1:7 — 1)z = A(1:§ — 1, 7)
for z and set U{l:j ~1,5) = =.
(i) = A(Gn, §) = L{Fm, 15 — 1)z

end (3.4.2)
ifj<n
Determine ;s with & < 4 < n so fv{u)] = || v(jm) ||,
pli)=p
v(j) + v(y)

A(G, G+ Lin) — A, + Lin)
L(j + 1:,5) = v(j + L:n)/v(j)
ifix>1
L(4,1:5 —1) & Ly, 1:5 - 1)
end
end
U4, 5) = »(3)

end

In this implementation, we emerge with the factorization PA = LU where
P = E,_ -+ Ey where E is obtained by interchanging rows k and p(k) of
the n-by-n identity. As with Algorithm 3.4.1, this procedure requires 2n3/3
flops and O(n?) comparisons.

3.4.6 Error Analysis

We now examine the stability that is obtained with partial pivoting. This
requires an accounting of the rounding errors that are sustained during
elimination and during the triangular system solving. Bearing in mind
that there are no rounding errors associated with permutation, it is not

hard to show using Theorem 3.3.2 that the computed solution & satisfies
(A+ E)t = b where

Bl < nu(3)4f + 5ETIO]) + O(u?). (3.4.3)

Here we are assuming that P, L, and I are the computed analogs of P,
L, and U as produced by the above algorithms. Pivoting implies that the
elernents of L are bounded by one. Thus [ L .. < n and we obtain the
bound

NE o < nu (31 Alleo + 50l T o) + OCu). (3.4.4)
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The problem now is to bound }} I [|eo. Define the growth factor p by
la|
ije 1Al

p= (3.4.5)

where A'*) is the computed version of the matrix A%®) = My E, --- My E 1 A.
It follows that
I Elle < 8n°pl| Afloou + O(u?). (3.4.6)

Whether or not this compares favorably with the ideal bound (3.3.1) hinges
upon the size of the growth factor of p. (The factor n? is not an operating
factor in practice and may be ignored in this discussion.) The growth factor
measures how large the numbers become during the process of elimination.
In practice, p is usually of order 10 but it can also be as large as 2"~!. De-
spite this, most numerical analysts regard the occurrence of serious element
growth in Gaussian elimination with partial pivoting as highly unlikely in
practice. The method can be used with confidence.

Example 3.4.3 If Gaussian elimination with partial pivoting is applied to the problem
.001  1.00 n ] _ [ 100
1.00 200 22 | | 3.00

with 3 = 10, t = 3, floating point arithmetic, then

0 1 ; 100 © . 1.00 2.00
P=[1 u]' L=1 oo 1.00]' U‘[ 0 L00

and & = (1.00, .996)7. Compare with Example 3.3.1.

Example 3.4.2 If A € R**" is defined by
1 fi=jorj=mn
-1 fi>j
0 otherwise
then A has an LU factorization with [&4;] < 1 and uns = -1

aj =

3.4.7 Block Gaussian FElimination

Gaussian Elimination with partial pivoting can be organized so that it is
rich in level-3 operations. We detail a block outer product procedure but
block gaxpy and block dot product formulations are also possible. See
Dayde and Duff (1988).

Assume A € B™™ and for clarity that n = rN. Partition A as follows:

4= |4n A4n T
Ay Ap n—r

r n-—-r
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The first step in the block reduction is typical and proceeds as follows:

e Use scalar Gaussian elimination with partial pivoting (e.g. a rectan-
gular version of Algorithm 3.4.1) to compute permutation P, € R**",
unit lower triangular Ly; € R™*" and upper triangular U}; € R™*" s0

An{ _ | Ln
Pl[Azl] - [Ln]Uu'

e Apply the P, across the rest of A:

s Solve the lower triangular multiple right hand side problem
LyUia = Ays.
¢ Perform the level-3 update

A = Adp - Lyl

With these computations we obtain the factorization
_{Ln 0 I, 0 Un U
PlA - [ L21 In—r ] [ 0 li 0 In—r '
The process is then repeated on the first » columns of A.

In general, during step k (I < & < N — 1) of the block algorithm we
apply scalar Gaussian elimination to a matrix of size (n — (k — 1)r)-by-r.
An r-by-(n — kr) multiple right hand side system is solved and a level 3
update of size {(n — kr)-by-(n — kr) is performed. The level 3 fraction for

the overall process is approximately given by 1 — 3/(2N). Thus, for large
N the procedure is rich in matrix multiplication.

3.4.8 Complete Pivoting

Another pivot strategy called complete pivoting has the property that the
associated growth factor bound is considerably amaller than 2"~!, Recall
that in partial pivoting, the kth pivot is determined by scanning the current
subcolumn A(k:n, k). In complete pivoting, the largest entry in the cur-
rent submatrix A(k:n, k:n) is permuted into the (k, k) position. Thus, we
compute the upper triangularization M, 1 E,,_; --- M| E\AFy .- - Fo = U
with the property that in step & we gre confronted with the matrix

AC-U = M, \Ey |- -ME1AFy---Fiy
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and determine interchange permutations E; and Fj such that

|(EEA(I=-1}F&)“! = k{:’f,?;.

(EiA(k_ I)Fg) 1

)

We have the analog of Theorem 3.4.1

Theorem 3.4.2 If Gaussian elimination with complete pivoting is used to
compute the upper triangularization

Mﬂ_lE _1"'MIE]AF1-'-F"_1 = U (34.7)

then
PAQ=LU

where P=E,_-+E ,Q=Fy---Fa., and L is a unit lower triangular
matriz with j£;;] < 1. The kth column of L below the diagonal is a permuted
version of the kth Gauss vector. In particular, if My = [ — 7™el then
L{k+Lin, k) = g{k + 1:n) where g = Ep_y -+ B a7 .

Proof. The proof is similar to the proof of Theorem 3.4.1. Details are left
to the reader. O

Here is Gaussian elimination with complete pivoting in detail:

Algorithm 3.4.2 {Gaussian Elimination with Complete Pivoting)
This algorithm computes the compiete pivoting factorization PAQ = LU
where L is unit lower triangular and U is upper triangular. P = E, ., ---
and Q = F;--- F,— are products of interchenge permutations. A(l:k, k)
is overwritten by U(1:k, k), k = 1:n. A(k + L:n, k) is overwritten by L(k +
1, k), & = 1:n — 1. E, interchanges rows k and p(k}. Fi intexchanges
columns k and g(k).

fork=1ln-1
Determine pwith k< p<nand Awithk<A<nso
Az, A)} = max{ |A(i,7)|:i =k, j=kn}
A(k,L:n) « A(p, Lin)
A(l:in, k) — A(1:n, A)

plk)=p
g(k) = A
if A(k k) #0

rows=k +1ln
Alrows, k) = A(rows, k)/A(k, k)
A(rows, rows) = A(rows, rows) — A(rows, k)A(k, rows)
end
end
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This algorithm requires 2n%/3 flops and O{r®) comparisona. Unlike partial
pivoting, complete pivoting involves a significant overhead because of the
two-dimensional search at each stage.

3.4.9 Comments on Complete Pivoting

Suppose rank(A) = r < n. It follows that at the beginning of step r + 1,
A(r+1m,7+1:n) = 0. This implies that Ey = Fr =M, =Ifork=r+1in
and so the algorithm can be terminated after step r with the following
factorization in hand:

_ _lrLy 0 Un Un
.F'.z‘lif.'J—LU—{L21 Iﬂ—r][ 0 0].

Here Ly, and U/;; are r-by-r and Lq; and Uj; are (n — )-by-r. Thus,
Gaussian elimination with complete pivoting can in principle be used to
determine the rank of a matrix. Yet roundoff errors make the probability
of encountering an exactly zero pivot remote. In practice one would have to
“declare” A to have rank k if the pivot element in step k+1 was sufficiently
small. The numerical rank determination problem is discussed in detail in
§5.4.

Wilkinson (1961) has shown that in exact arithmetic the elements of
the matrix A®) = M E; - My E|AF) - - - F), satisfy

iaﬂ-"l < k’/2(2-31/2---k1’k_1)1"2max|a.-j|. (3.4.8)

The upper bound is a rather slow-growing function of k. This fact coupled
with vast empirical evidence suggesting that p is always modestly sized (e.g,
p = 10) permit us to conclude that Gaussian elimination with complete
pivoting is stable. The method solves a nearby linear system (A+ E) = b
exactly in the sense of (3.3.1). However, there appears to be no practical
justification for choosing complete pivoting over partial pivoting except in
cases where rank determination is an issue.

Exampls 3.4.8 If Gaussian elimination with complete pivoting is applied to the prob-

e
001 1.00 31 - 1.00
1.0¢ 2.00 z3 3.00
with # = 10,t = 3, Aoating arithmetic, then
01 [0 1 100 0.00 - [ 200 100
P=[1o]'q‘[1 o]'f"[.m 1.oo'U"[o.oo .499]
and # = [1.00, 1.00]T. Compare with Examples 3.3.1 and 3.4.3.

3.4.10 The Avoidance of Pivoting

For certain classes of matrices it is not necessary to pivot. It is ixixporta.nt
to identify such classes because pivoting usually degrades performance. To
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illustrate the kind of ansalysis required to prove that pivoting can be safely
avoided, we consider the case of diagonally dominant matrices. We say that
A € R**"™ i3 sirictly diagonally dominant if

n
lagi > 3 layl  i=1m.
=1
Johi
The following theorem shows how this property can ensure a nice, no-
pivoting LU factorization.

Theorem 3.4.3 If AT is strictly diagonally dominant, then A has an LU
factorization and |l;;] € 1. In other words, if Algorithm 3.4.1 is applied,
then P=1,

Proof. Partition A as follows
| a wT
a=[5%C]

where « is 1-by-1 and note that after one step of the outer product LU
process we have the factorization

a v ] _ 1 o0]f1 0 a w
v C |~ via [ 0 C-vwlja 0 I |-
The theorem follows by induction on n if we can show that the transpose

of B = C - vwT /o is strictly diagonally dominant. This is because we may
then assume that B has an LU factorization B = LU/} and that implies

1 0 a wT ] _
A—[v/a Ll][o U1]=LU‘

But the proof that BT is strictly diagonally dominant is straight forward.
From the definitions we have

n=1 n-1 n—1 le n—~i
Yol = D ley—vafal <Y eyl + ﬁlel
=1 a1 i=1 bt
isj () i iy
< Alegsl —tws]) + W(ial = lvs)
w4t
< e - 22| = pyla
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3.4.11 Some Applications

We conclude with some examples that illustrate how to think in terms of
matrix factorizations when confronted with various linear equaticn situa-
tions.

Suppase A is nonsingular and n-by-n and that B is n-by-p. Consider the
problem of finding X (n-by-p) so AX = B, ie., the multiple right hand side
problem. If X = [z),...,2p] and B = [b,,...,b, | are column partitions,
then

Compute PA = LU.

for k=1:p
Solve Ly = Phy (3.4.9)
Soive Uz, =y

end

Note that A is factored just once. If B = I, then we emerge with a
computed A1,

As another example of getting the LU factorization “outside the loop,”
suppose we want to solve the linear system A*r = b where 4 € R**",
b€ R", and k is a positive integer. One approach is to compute C = A*
and then solve C'z = b. However, the matrix muitiplications can be avoided
altogether:

Compute PA = LU

for j = 1:k
Overwrite b with the solution to Ly = Pb. (3.4.10)
Overwrite b with the solution to Uz = b.

end

As 3 final example we show how to avoid the pitfall of explicit inverse
computation. Suppose we are given Ac R™™", de R", and c€ R® and
that we want to compute s = ¢ A~'d. One approach is to compute X =
A~} as suggested above and then compute 5 = ¢7 Xd. A more economical
procedure is to compute PA = LU and then solve the triangular systems
Ly = Pdand Uz = y. Tt follows that s = ¢¥x. The point of this example is
to stress that when a matrix inverse is encountered in a formula, we must
think in terms of solving equations rather than in terms of explicit inverse
formation.

Problema

P3.4.1 Let A = LU be the LU factorization of n-by-n A with {#;;| < L. Let o] and ul
denote the ith rows of A and U/, respectively. Verify the equation

-1
&= o= et

=l
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and usa it to show that || U fleo < 27" A [oo . (Hint: Take norms and use induction. }

P3.4.3 Show that if PAQ = LU is obtained via Gaussian eolimination with complete
pivoting, then no element of U{i, in) is larger in absolute value then [uy;|.

P3.4.3 Suppose A € R**™ has an LU/ factorization and that L and U are known. Give
an algorithm which can compute tha (i, 7) entry of A~! in approximately (n—j)*+{n—i)?
flopa.

P3.4.4 Suppose X is the computed inverse obtained via (3.4.9). Give an upper bound
for [| AX — I |lp.

P3.4.5 Prove Theorem 3.4.2.
P3.4.8 Extend Algorithm 3.4.3 so that it can factor an arbitrary rectangular matrix.
P3.4.7 Write a detailed version of the block elimination aigorithm outlined in §3.4.7.
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3.5 Improving and Estimating Accuracy

Suppose Gaussian elimination with partial pivoting is used to solve the n-
by-n system Az = b. Assume it-digit, base 3 floating point arithmetic is
used. Equation (3.4.6) essentially says that if the growth factor is modest
then the computed solution £ satisfies

(A+E)E=5, [Elo~ulAle u=3f". (3.5.1)

In this section we explore the practical ramifications of this result. We begin
by stressing the distinction that should be made between residual size and
accuracy. This is followed by a discussion of scaling, iterative improvement,
and condition estimation. See Higham (1996) for a more detailed treatment
of these topics.

We make two notational remarks at the outset, The infinity norm is used
throughout since it is very handy in roundoff error analysis and in practical
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error estimation. Second, whenever we refer {0 “Gaussian elimination” in
this section we really mean Gaussian elimination with scme stabilizing pivot
strategy such as partial pivoting.

3.5.1 Residual Size Versus Accuracy

The residual of a computed solution £ to the linear system Az = b is the
vector b — A%. A small residual means that A% effectively “predicts” the
right hand side . From (3.5.1} we have | - A2 ] = v Al flw
and so we obtain

Heuristic I. Gaussian elimination produces a solution £ with a relatively
small residual.

Small residuals do not imply high accuracy. Combining (3.3.2) and (3.5.1),

we see that .
|2 -zl

I = lloo
This justifies a second guiding principle.

A2 UKogo(A) . {3.5.2)

Heuristic II. If the unit roundoff and condition satisfy u =~ 10~¢ and
Koo(A) = 109, then Gaussian elimination produces a solution % that
has about d — g correct decimal digits.

If uKoo(A) is large, then we say that A is ill-conditioned with respect to
the machine precision.
As an illustration of the Heuristics I and 1I, consider the system

986 579 [z ] _ [ .23

409 237 zg | | 107
in which K6 (A) = 700 and z = (2, —3)7. Here is what we find for various
machine precisions:

N . 2 -2 oo b — AZ [l
i T b =
p 1 2 T2l | 1ATolZ oo
103 2.11 -3.17 5-10~% 20-1073
104 1.986 -2.975 8. 103 1.5-10~4
10 | 5| 2.0019 | -3.0032 1-1073 2.1-107%
10 | 6 | 2.00025 | -3.00094 3-10—4 42-10°7

Whether or not one is content with the computed solution £ depends on
the requirements of the underlying source problem. In many applications
accuracy is not important but small residuals are. In such a situation, the
& produced by Gaussian elimination is probably adequate. On the other
hand, if the number of correct digits in £ is an issue then the situation
is more complicated and the discussion in the remainder of this section is
relevant.
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3.5.2 Scaling
Let 3 be the machine base and define the diagonal matrices Iy and Dy by
Dy = disg(8™...6™)
D, = diag(8*...5%).

The solution to the n-by-n linesr system Ax = # can be found by solving
the scaled system (D7'AD;)y = Dy'b using Gaussian elimination and
then setting = Djy. The scalings of A, b, and y require only Q(n?) flops
and may be accomplished without roundoff. Note that Iy scales equations
and D scales unknowns.

It follows from Heuristic II that if # and § are the computed versions of
z and y, then .

1D7 (& —2) oo _ 15 = vlloo . " .
I D3 'z lew e~ Wee(Di ADz). (3.5.3)

Thus, if Koo (D] ' AD;) can be made considerably smaller than xq.(A), then
we might expect a correspondingly more accurate i, provided errors are
measured in the “D,” norm defined by || z||p, = || D3 'z llo. This is the
objective of scaling. Note that it encompasses two issues: the condition
of the scaled problem and the appropriateness of appraising error in the
Do-norm.

An interesting but very difficult mathematical problem concerns the
exact minimization of xy(D;'AD,) for general diagonal D; and various
p. What results there are in this direction are not very practical. This is
hardly discouraging, however, when we recall that (3.5.3) is heuristic and
it makes little sense to minimize exactly a heuristic bound. What we seek
is a fast, approximate method for improving the quality of the computed
solution £,

One technique of this variety is simple row scaling. In this scheme D, is
the identity and D is chosen so that each row in DI"A has appraximately
the same oo-norm. Row scaling reduces the likelibood of adding a very
small number to a very large number during elimination—an event that
can greatly diminish accuracy.

Slightly more complicated than simple row scaling is row-column equi-
libration. Here, the object is to choose D, and Dy so that the co-norm
of each row and column of D] ' ADz belongs to the interval [1/83, 1] where
A is the base of the foating point system. For work along these lines see
McKeeman (1962).

It cannot be stressed too much that simple row scaling and row-column
equilibration do not “solve” the scaling problem. Indeed, either technique
can render a worse £ than if no scaling whatever is used. The ramifications
of this point are thoroughly discussed in Forsythe and Moler (1967, chap-
ter 11). The basic recommendation is that the scaling of equations and
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unknowns must proceed on a problem-by-problem basis. General scaling
strategies are unreliable. It is best to scale (if at ail) on the basis of what the
source problem proclaims about the significance of each a;;. Measurement
units and data error may have to be considered.

Example 3.5.1 (Forsythe and Moler (1967, pp. M, 40}) . I
10 100,000 £} _ 100, 000
1 1 £3 = 2
and the equivalent row-scaled problem
0001 1 1 _ 1
1 1 Ty - 2
are each solved using # = 10,¢ = 3 arithmetic, then solutions # = {0.00, 1.00})T and

2 = (1.00, 1.00)T are respectively computed. Note that z = (1.0001..., .9999..)T is
the exact solution.

3.5.3 Iterative Improvement

Suppose Az = b has been solved via the partial pivoting factorization PA =
LU and that we wish to improve the accuracy of the computed solution z.
If we execute

r=b- A%
Solve Ly = Pr. (3.5.4)
Solve Uz =v.

Tnew =%+ 2

then in exact arithmetic AT, ., = Af+Az = (b—r)+r = b. Unfortunately,
the naive floating point execution of these formulae renders an z,,,, that is
no more accurate than #. This is to be expected since # = fl(b — A£) has
few, if any, correct significant digits. (Recall Heuristic 1.) Consequently,
2= fI{A"'r) = A™1. noise = noise is a very poor correction from the
standpoint of improving the accuracy of £. However, Skeel (1980) has done
an error analysis that indicates when (3.5.4) gives an improved Zneo from
the standpoint of backwards error. In particular, if the quantity

T = (1A A7 [leo) (m?x (1Ali=)s /miin (IAll:rI).')

is not too big, then (3.5.4) produces an Tn.y such that (A + E)Tney = b
for very small E. Of course, if Gaussian elimination with partial pivoting
is used then the computed % already soives a nearby system. However,
this may not be the case for some of the pivot strategies that are used to
preserve sparsity. In this situation, the fized precision iterative improvement
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step (3.5.4) can be very worthwhile and cheap. See Arioli, Demmel, and
Duff (1988).

For (3.5.4) to produce a more accurate z, it is necessary to compute the
residual b— A% with extended precision floating point arithmetic. Typically,
this means that if ¢-digit arithmetic is used to compute PA = LU, z, y, and
z, then 2¢-digit arithmetic is used to form b- A%, i.e., double precision. The
process can be iterated. In particular, once we have computed PA = LU
and initialize z = 0, we repeat the following:

r = b — Az (Double Precision)

Solve Ly = Pr for y. (3.5.5)
Solve Uz = y for z.
rT=z+z2

We refer to this process as mired precision iferative improvement. The
original A must be used in the double precision computation of r. The
basic result concerning the performance of (3.5.5) is summarized in the
following heuristic:

Heuristic III. If the machine precision u and condition satisfy u = 10~¢
and Koo (A) = 109, then after k& executions of (3.5.5), = has approxi-
mately min{d, k(d — q)) correct digits.

Roughly speaking, if use(A4) < 1, then iterstive improvement can ulti-
mately produce a solution that is correet to full (single) precision. Note
that the process is relatively cheap. Each improvement costs O{n?), to be
compared with the original O(n?) investment in the factorization PA = LU.
Of course, no improvement may result if A is badly enough conditioned with
respect to the machine precision.

The primary drawback of mixed precision iterative improvement is that
its implementation is somewhat machine-dependent. This discourages its
use in software that is intended for wide distribution. The need for retaining
an original copy of A is another aggravation associated with the method.

On the other hand, mixed precision iterative improvement is usually
very easy to implement on a given machine that has provision for the ac-
cumulation of inner products, i.e., provision for the double precision calcu-
lation of inner products between the rows of A and z. In a short mantissa
computing environment the presence of an iterative improvement routine
can significantly widen the class of solvable Az = b problems.

Example 3.5.2 If (3.5.5) is applied to the system
5986 .5T9 ] {285
409 2T F 07
and § = 10 and t = 3, then iterative improvement produces the following sequence of

computed solutions:

3 = 211 1.99 2.00
=317 |° | —-289 | | =300 |7
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The exact solution is x = [2, ~3)T.

3.5.4 Condition Estimation

Suppose that we have solved Ax = b via PA = LU and that we now wish
to escertain the number of correct digits in the computed solution Z. It
follows from Heuristic IT that in order to do this we need an estimate of the
condition Ke.(A) = || A Jlecll A! Jloo- Computing || A [lc poses no problem
as we merely use the formula

n
A = max
I 4lloo ax S lail

= j=1

The challenge is with respect to the factor || A~!||o. Conceivably, we
could estimate this quantity by || X [|oo, where X = [£1,...,%4] and &;
is the computed solution to Az; = e;. (See §3.4.9.) The trouble with this
approach is its expense: &y, = || A ||l X lloc costs about three times as
much as 2.

The central problem of condition estimation is how to estimate the
condition number in O{n?) flops assuming the availability of PA = LU or
some other factorizations that are presented in subsequent chapters. An
approach described in Forsythe and Moler (SLE, p. 51) is based on iterative
improvement and the heuristic uky{A} = || z ||oo/|| Z | Where z is the first
correction of x in (3.5.5). While the resulting condition estimator is O(n?),
it suffers from the shortcoming of iterative improvement, namely, machine
dependency.

Cline, Moler, Stewart, and Wilkinson (1979) have proposed a very suc-
cessful approach to the condition estimation problem without this flaw. It
is based on exploitation of the implication

Ay=d = [A"' o 2 ¥ /loo/tdlco-

The idea behind their estimator is to choose d 5o that the solution y is large
in norm and then set

Koo = || Alleall # lloo/H d lloo-

The success of this method hinges on how close the ratio || ¥ [leo/|l d || is
to its maximum value || A~! [|oo.

Consider the case when A = T is upper triangular. The relation between
d and y is completely specified by the following column version of back

substitution:

p(lin) =0
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for k=n:—- 11
Choose d(k}.
y(k) = (d(k) - p(k}))/T(k, k) (3.5.6)

p(l:k = 1) = p{L:k — 1) + y(k)T(1:k — 1, k)
end

Normally, we use this algorithm to solve a given triangular system Ty = d.
Now, however, we are free to pick the right-hand side d subject to the
“constraint” that y is large relative to d.

One way to encourage growth in y is to choose d(k) from the set
{-1,+1} so as to maximize y(k). If p(k) > O, then set d{k) = -1. If
p(k) < 0, then set d(k) = +1 . In other words, (3.5.6) is invoked with d(k)
= -sign(p(k)). Since d is then a vector of the form d(1:n) = (£1,...,+1)7,
we obtain the estimator £ = [| T ool % lloc-

A more reliable estimator results if d(k) € {-1,+1} is chosen so as
to encourage growth both in y{k) and the updated running sum given by
p(l:k — 1,k) + T(1:k — 1, k)y(k). In particular, at step & we compute

wk)Y* = (1 - p(k))/T(k, k)
s(k)y* = {y(R)*| + || p(1:k = 1) + T(L:k - LE)y(k)* ||y
y(k)™ = (=1 = p(k))/T (k. k)

s(k)” = ly(k)~| + I p(l:k— 1)+ T(Lk - 1, k}y(k)™ |

and set

y(k)*t i s(R)* 2 s(k)”
y(k} =

y(k)~ if s(k)* < s(k)”
This gives

Algorithm 3.5.1 (Condition Estimator) Let T € K**" be a nonsin-
gular upper trianguiar matrix. This algorithm computes unit oco-norm y
snd a sealar £50 || TV [loo 2 1/ T} [loo and & = 5eo(T)

p{lin) =0
fork=n:-1:1
y(kY* = (1 - plk))/T(k, K)
y(k)= = (=1 - p(k))/T(k,k)
p(k)Y = p(l:k - 1)+ T(1:k - 1, k)ylk)
(k)" =p(lik - 1) +T(1:k - 1, k)y(k)~
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if fy(k)*| + Il p(R)* Iy 2 l(R) 71+ L p(k)™ Iy

y(k) = y(k)*
p(L:k - 1) = p(k)*
else
y(k) = y(k)~
p(l:k — 1) = p(k}~
end
end
6=y lleoll T llocs
v=y/lyle

The algorithm involves several times the work of ordinary back substitution.

We are now in a position to describe a procedure for estimating the
condition of a square nonsingular matrix A whose PA = LU factorization
we know:

o Apply the lower triangular version of Algorithm 3.5.1 to U7 and ob-
tain a large norm solution to UTy=d.

s Solve the triangular systems LTr = y, Lw = Pr, and Uz = w.

¢ Roo =l Allooll 2 lleo/ll 7 loo-

Note that || 2 lee < I} A~ loll 7 flcc- The method is based on several heuris-
ties. First, if A is ill-conditioned and PA = LU, then it is usually the case
that U is correspondingly ill-conditioned. The lower triangle L tends to be
faitly well-conditioned. Thus, it is more profitable to apply the condition
estimator to U than to L. The vector r, because it solves ATPTr = d,
tends to be rich in the direction of the left singular vector associated with
Fmin{A). Righthand sides with this property render large solutions to the
problem Az =r.

In practice, it is found that the condition estimation technique that we
have outlined produces good order-of-magnitude estimates of the actual
condition number.

Problems

P3.5.1 Show by example that there may be more than one way to equilibrate a matrix.
P3.5.2 Using 8 = 10,t = 2 arithmetic, solve

m 1581z _[7

5 7 3 - 3
using Gaussian elimination with partial pivoting. Do one step of iterative improvement
using t = 4 arithmetic to compute the residual. (Do not forget to round the computed
residual to two digits.)
P3.5.3 Suppose P(A+ E) = LU, where P is & permutation, [ is lower trisngular with
|&s5] < 1, and U is upper triangular. Show that &eo(A) = || A lea/(l| E llac + ) where
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4 = min |iiz|. Conclude that if a small pivot is encountered when Gaussian elimination
with pivoting is applied to A, then A is illconditionad. The converse is not true. (Let
A= Ba).

P3.5.4 {Kahan 1968) The system Ax = b where

2 -1 1 2(1 + 10-10)
A= | -1 107 jp-i@ b= —10-10
1 107% o0 10—

bas solution £ = (10~% —1 1)T. () Show that if {A + E}y = b and |E| < 107%|4),
then jz — | < 10~7|2{. That is, smal! relative changes in A’s entries do not induce large
changes in z even though xeo(A4) = 1019, {b) Define D = diag(10~%, 105, 10*). Show
Koa{DAD) < 5. (c) Explain what is going on in terms of Theorem 2.7.3.

P3.56.5 Consider the matrix:

1 0 M -M
01 -M M

T = G o 1 o MeR.
G 0 0 1

What estimate of xoo{T) is produced when (3.5.6) is applied with d{k) = —sign(p(k))?
What estimate does Algorithm 3.5.1 produce? What is the true ke (T)?

P3.5.6 What does Algorithm 3.5.1 produce when applied to the matrix B, given in
(2.7.9)7
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structure that it can destroy. Fortunately, there is a happy resolution to
this conflict in the symmetric indefinite problem.

Any block banded matrix is also banded and so the methods of §4.3 are
applicable. Yet, there are occasions when it pays not to adopt this point of
view. To illustrate this we consider the important case of block tridiagonal
systems in §4.5. Other block systems are discussed as well.

In the final two sections we examine some very interesting O(n?) algo-
rithms that can be used to sclve Vandermonde and Toeplitz systems.

Before You Begin

Chapter 1, §32.1-2.5, and §2.7, and Chapter 3 are assumed. Within this
chapter there are the following dependencies:

§4.5
T
41 — 8§42 - 843 — §d4
l
§46 — §4.7

Complementary references include George and Liu (1981}, Gill, Murray,
and Wright (1991), Higham {1996), Trefethen and Bau (1936), and Demmel
(1996). Some MATLAB functions important to this chapter: chol, tril,
triu, vander, toeplitz, £ft. LAPACK connections include

It is a basic tenet of numerical analysis that structure should be ex-
ploited whenever solving a problem. In numerical linear algebrs, this trans-
lates into an expectation that algorithms for general matrix problems can
be streamlined in the presence of such properties as symmetry, definiteness,
and sparsity. This is the central theme of the current chapter, where our
principal aim is to devise special algorithms for computing special variants
of the LU factorization.

We begin by pointing out the connection between the triangular fac-
tors L and U when A is symmetric. This is achieved by examining the
LDMT factorization in §4.1. We then turn our attention to the important
case when A is both symmetric and positive definite, deriving the stable
Cholesky factorization in §4.2. Unsymmetric positive definite systems are
also investigated in this section. In §4.3, banded versions of Gausgian elimi-
nation and other factorization methods are discussed. We then examine the
interesting situation when A4 is symmetric but indefinite. Qur treatment of
this problem in §4.4 highlights the numerical analyst’s ambivalence towards
pivoting. We love pivoting for the stability it induces but despise it for the
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LAPACK: General Band Matrices
_GBSY Solve AX = B
_CGBCON | Condition estimator
-GBRFS Improve AX = B, ATX = B, AHX = B solutions with error bounds
-GBSVX | Solve AX = B, ATX = B, A¥ X = B with condition estimate
.GBTRF PA=LU
GBTRS | Solve AX = B, ATX =B, A¥X = Bvin PA= LU
_GEBEQU | Equilibration
LAPACK: General Tridiagonal Matrices
- GTSV | Soive AX = B
_GTCON | Condition estimator
.GTRF3 | Improve AX = B, ATX = B, AHX = B solutions with error bounds
.GISVX | Solve AX = B, ATX = B, AX = B with condition estimate
-CTTRF | PA= LU
-GTTRS | Solve AX = B, ATX =B, AYX = B via PA= LU

LAPACK: Full Symmetric Positive Deflnite

-POSY Solve AX = B

-PoCON | Condition estimate via PA = LU

. PORF3 Improve AX = B solutiona with error bounds
_POSYX | Solve AX = B with condition estimate
_POTRF | A=GGT
_POTRS | Solve AX = B via A = GGT
_POTRT | A~}

_POEQU | Equilibration
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LAPACK: Banded Symmetric Pogitive Deflnite
_PBSV Sotve AX = B

-PBCON | Condition estimate vis A = GGT

_PBRF3 [Improve AX = H solutions with error bounds
_PBSVX | Solve AX = B with condition estimate

_PBIRF | A=GGT

_PBTRS | Solve AX = B via A = GGT

LAPACK: Tridiagonal Symmetric Positive Deflnite
.PTSY Solve AX = B
.PTCON | Condition estimate via 4 = LDLT
_PTRFS8 Improve AX = B solutions with error bounds

PTSVI Solve AX = B with condition estimate
PTIRF | A= LDLT
PTTRS | Solve AX = B via A = LDLT

LAPACK: Full Symmetric Indefinite
.SYsv Solve AX =10
-SYCON | Condition estimate via PAPT = LDLT
_STRFS Improve AX = B solutions with error bounds
_SYS¥X | Solve AX = B with condition estimate
_SYIRF | PAPT = LDLT
.STTRS | Soive AX = B via PAPT = LDLT
SYTRI | A}

LAPACK: Triangular Banded Matrices
.TBCON | Condition estimate
.TBRFS | Improve AX = B, AT X = B solutions with error bounds
_TBTRS | Solve AX =B, ATX =R

4.1 The LDMT and LDLT Factorizations

We want to develop a structure-expioiting method for solving symmetric
Az = b problems. To do this we establish a variant of the LU factorization
in which A is factored into a three-matrix product LDMT where D is
diagonal and L and M are unit lower triangular. Once this factorization is
obtained, the solution to Az = b may be found in O(n?) flops by solving
Ly = b (forward elimination), Dz = y, and M7z = z (back substitution).
The reason for developing the LDM7 factorization is to set the stage for
the symmetric case for if A = AT then L = M and the work associated
with the factorization is half of that required by Gaussian elimination. The
issue of pivoting is taken up in subsequent sections.

4.1.1 The LDMT Factorization
Our first result connects the LDMT factorization with the LU factorization.
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Theorem 4.1.1 If all the leading principal submaiérices of A € R**" are
nongingular, then there exist unique unit lower triangular matrices L and M
and a unique diagonal matriz D = diag(dy,...,d,) such that A = LDMT.

Proof. By Theorem 3.2.1 we know that A has an LU factorization A = LIJ.
Set D = diag(d;,...,dn) with &; = w; for i = l:n. Notice that D is non-
singular and that MT = D~'U is unit upper triangular. Thus, A = LU =
LD(D~'U) = LDMT. Uniqueness follows from the uniqueness of the LU
factorization as described in Theorem 3.2.1. O

The proof shows that the LDMT factorization can be found by using Gaus-
sian elimination to compute A = LU and then determining £ and M from
the equation I/ = DM7T. However, an interesting alternative algorithm can
be derived by computing L, D, and M directly.

Assume that we know the first 7 — 1 columns of L, diagonal entries
di,...,d;_1 of D, and the first § — 1 rows of M for some j with 1 < j <.
To develop recipes for L(j + 1:n,j), M(3,1:5 — 1), and d; we equate jth
columns in the equation A = LDMT. In particular, '

All:n, j} = Ly (4.1.1)
where v = DMTe;. The “top” half of (4.1.1) defines v(1:5) as the solution
of a known lower triangular system:

L(1:5, T:)0(1:4) = A(1:5,5) -
Once we know v then we compute
dij) = (3}
M{G,§) = o(i)/dli) i=1j-1.
The “bottom™ half of (4.1.1) says L{j + Llin, 1: j}u(1:5) = A(j +1:n, 5} which
can be rearranged tc obtain a recipe for the jth column of L:
L+ Ln,jw(f) = AG+1n,7) - L+ 1n, 15 - Dol - 1).

Thus, L{j + 1:n, j) is a scaled gaxpy operation and overall we obtain

for j=1mn
Solve L(1:7, 1:5)}v(1:3) = A(1:3, 7) for v(1:5).
fori=135-1
M(j,4) = v()/dli) (4.1.2)
end

d(7) = v(j)
L+ Llin,j) =
{A(G + Im, ) — L(j + I:n, 15 — Du(L:d — 1)) fo(s)
end
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As with the LI factorization, it is possible to overwrite 4 with the L, D,
and M factors. If the column version of forward elimination is used to solve
for (1:5) then we obtain the following procedure:

Algorithm 4.1.1 (LDMT) If 4 € R**™ has an LU factorization then
this algorithm computes unit lower triangular matrices L and M and a
diagonal matrix D = diag(dy,...,d,) such that 4 = LDMT. The entry
a;; is overwritten with &4; if i > j , with d; if i = j, and with mj; if i < j.

for j=1mn
{ Soive L(1:j, k:5)v(1:5) = A(L:5, 7). }
v(1:5) = A(1:5,5)

fork=1j-1

vk + 1:7) = v(k + 1:5) — v(k)A{k + 1:5,%)
end
{ Compute M(j,1:7 — 1) and store in A(1:5 - 1,j}. }
fori=1-1

A(i, §) = v(i}/A(i. 1)
end
{ Store d(5) in A(7,5). }
A5, 3) = v(j)
{ Compute L{j + 1:n, j) and store in A(j + 1:n,j) }
fork=1:5-1

A(j 4+ 1n) = A(F + Lin, j) — v(k)A(F + L:n, k)
end

A(j + 1mm, j) = A(G + Lin, §)/v(5)
end

This algorithm involves the same amount of work as the LU factorization,
about 2n3/3 flops. -

The computed solution £ to Az = b obtained via Algorithm 4.1.1 and
the usual triangular system solvers of §3.1 can be shown to satisfy a per-
turbed system (A + E)Z = b, where

B} < nu (3141 + SILIDIAT]) + O(u?) (4.1.3)

and L, D, and M are the computed versions of L, D, and M, respectively.

As in the case of the LU factorization considered in the previous chapter,
the upper bound in (4.1.3) is without limit unless some form of pivoting is
done. Hence, for Algorithm 4.1.1 to be a practical procedure, it must be
modified so as to compute a factorization of the form PA = LDMT, where
P is a permutation matrix chosen so that the entries in L satisfy J4;| < 1.
The details of this are not pursued here since they are straightforward and
since our main object for introducing the LDMT factorization is to motivate
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special methods for symmetric systems.

Example 4.1.1
10 10 2 1 0O 0 ¢ 0 11 2
A= 20 25 40 = 2 1 ¢ g 5 ¢ 01 0
30 S0 861 3 4 1 a 0 1 0 0 1

and upon completion, Algorithm 4.1.1 overwritea A as follovws:

10 1 2
A= 2 5 0¢.
3 41

4.1.2 Symmetry and the LDLT Factorization
There is redundancy in the LDMT factorization if A is symmetric.

Theorem 4.1.2 If A = LDM7 is the LDM7T factorization of a nonsin-
gquiar symmetric matriz A, then L=M.

Proof. The matrix M~'AM~T = M~1LD is both symmetric and lower
triangular and therefore diagonal. Since D is nonsingular, this implies
that ML is also diagonal. But M 'L is unit lower triangular and so
M™'L=10

In view of this result, it is possible to halve the work in Algorithm 4.1.1
when it is applied to a symmetric matrix. In the jth step we already know
M{j,1:5 = 1) since M = L and we presume knowledge of L's first j — 1
columns. Recall that in the jth step of (4.1.2) the vector v(1:j) is defined
by the first j components of DM 7e;. Since M = L, this says that

d(1)L(7,1}

v(l:j) = ) -
dj—1)L(G,j-1)

d(5)
Hence, the vector v(1:j — 1) can be obtained by a simple scaling of L’s jth
row. The formula v(j) = A(j,7) — L(j,1: — 1)v(1:j — 1) can be derived
from the jth equation in L{1:j, 1:7}v = A(1:j, 7) rendering

for j=1mn
fori=1:5-1
v(i) = L(, i)di)
end
v(j) = A{4,5) — L{3,1:5 — D)u(1:5 — 1)
d(j) = v(j)
L{j +1m, 7} =
{A(F + Lin, 7} — L( + Lin, ;7 — 1)u(l:j — 1)) /v(F)
end
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With overwriting this becomes

Algorithm 4.1.2 (LDLT) If 4 € B**" is symmetric and has an LU
factorization then this algorithm computes a unit lower triangular matrix
L and a diagonal matrix D = diag(d,,...,d) so A = LDLT. The entry
aq; i8 overwritten with &; if i > 7 and with d; if i = j.
for j=1in
{ Compute »(1:5). }
fori=1j-1
u(i) = A(j, i) A(i, i)
end
v(j} = A(§,7) — A(4, 1:j — Dw(L:j - 1)
{ Store d(j} and compute L(j + 1:n, j). }
AG,5) =(7)
A(j+1Ln,j) =
(Aj +1in,7) — A(F + Lin, 115 — L)w(L:5 = 1)) /v(5)
end

This algorithm requires n% /3 flops, about half the number of fiops involved
in Gaussian elimination.

In the next section, we show that if A is both symmetric and positive
definite, then Algorithm 4.1.2 not only runs to completion, but is extremely
stable. If A is symmetric but not positive definite, then pivoting may be
necessary and the methods of §4.4 are relevant.

Exampls 4.1.2
10 20 30 1 0 0 10 0 0 1 2 3
A= [ 20 45 80 | = 21 0 0 5 0 0 1 4
30 80 171 |- 3 41 0 0 1 0 0 1

and 8¢ if Algorithm 4.1.2 is applied, A is overwritten by

10 20 30
A= 2 5 8 |.
3 4 1

Problems

P4.1.1 Show that the LDMT factorization of n nonsingular A is unique if it exists.

P4.1.2 Modify Algorithm 4.1.1 so that it computss a Esctorisation of the form PA =
LDMT, where L and M are both onit lower trisnguiar, D is disgonal, and P is a
permutation that is chosen so |£;;] < 1.

P4.1.3 Suppose the n-by-n symmetric matrix A = (a;) is stored in a vector ¢ as
follows: ¢ = (811,021, --,0x1,0823, - -+ GnZs+« -, Gun ). Rewrite Algorithm 4.1.2 with A
stored in this fashion. Get as much indexing outside the inner loops ss possible.
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P4.1.4 Rewrite Algorithm 4.1.2 for A stored by diagonal. See §1.2.8.

Notea and References for Sec. 4.1

Algorithm 4.1.1 is relatad to the methods of Crout and Doolittle in that outer product
updates are avoided. See Chapter 4 of Fax (1964) or Stewart (1973,131-149). An Algol
procedure may be found in

H.J. Bowdler, R.S. Martin, G. Peters, and J.H. Wilkinson (1966}, “Solution of Real and
Complex Systems of Linear Equations,” Numer. Math. 8, 217-234.

See also

G.E. Forsythe (1960). “Crout with Pivoting,” Comm. ACM 3, 507-08,
WM. McKesman (1962). “Crout with Equilibration and Iteration,” Clemm. ACM 5,
552-55.

Just as algorithms can ba tailored to exploit structure, so can arror analysis and pertur-
bation theory:

M. Arioli, J. Demmel, and 1. Duff (1989). “Solving Sparse Linear Systems with Sparse
Backward Error,” SIAM J. Matriz Anal Appl 10, }165-190.

I.R. Bunch, J.W. Demmel, and C.F. Van Loan (1889). “The Strong Stability of Algo-
rithms for Solving Symmetric Linear Systems,” SIAM J. Matriz Anal. Appl. 10,
494499,

A. Barrlund (1991). “Perturbation Bounds for the LDLT and LU Decompositions,”
BIT 31, 358-363.

D.J. Higham and N.J. Higham (1992). “Backward Error and Conditioa of Structured
Linear Systems,” SIAM J. Matrix Anal. Appl. 13, 162-175.

4.2 Positive Definite Systems
A matrix A € R**™ is positive definite if z7 Az > 0 for all nonzero z € R*.

Positive definite systems constitute one of the most important classes of
special Az = b problems. Consider the 2-by-2 symmetric case. If

A= Gyy  a12
ann a2

is positive definite then

z = (1,0)T = zTAz = a;;>0

z = (0,1)T = zTAT = @ >0

z = (LT = zTAz = a+2a34an>0
r = (1, ——l)T => ITAI = fy1] —2ﬂlg+ﬂﬂ >0.

The last two equations imply |a12} < (611 + 622)/2. From these results we
see that the largest entry in A is on the diagonal and that it is positive. This
turns out to be true in general. A symmetric positive definite matrix has
a “weighty” diagonal. The mass on the diagonal is not blatantly obvious
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as in the case of diagonal dominance but it has the same effect in that it
precludes the need for pivoting. See §3.4.10.

We begin with a few comments about the property of positive definite-
pess and what it implies in the unsyminetric case with respect to pivoting.
‘We then focus on the efficient organization of the Cholesky procedure which
can be used to safely factor a symmetric positive definite A. Gaxpy, outer
product, and block versions are developed. The section concludes with a
few comments about the semidefinite case.

4,2.1 Positive Definiteness

Suppose A € R**" is positive definite. It is obvious that a positive definite
matrix is nonsingular for otherwise we could find a nonzero z so 7 Az = 0.
However, much more is implied by the positivity of the quadrtic form
zT Az as the following results show.

Theorem 4.2.1 If A € R**" is positive definite end X € R*** has rank
k, then B = XTAX e R*™* is also positive definite.

Proof. If z € IR® satisfies 0 > z7 Bz = (X2)TA(Xz) then Xz = 0. But
gince X has full column rank, this implies that z = 0.0

Corollary 4.2.2 If A is positive definite then all its principal submairices
are positive definite. In particular, all the diagonal entries are positive.

Proof. If ve R* is an integer vector with 1 € v; < --- < vg £ n, then
X = I,(:,v) is a rank k& matrix made up columns 2, ..., v of the identity.
It follows from Theorem 4.2.1 that A{v,v) = X7 AX is positive definite. O

Corollary 4.2.3 If A is positive definite then the factorization A = LDM7T
extsis and D = diag(d,,...,d,) has positive diagonal entries.

Proof. From Corollary 4.2.2, it follows that the submatrices A(1:%,1:k)
are nonsingular for £ = l:n and so from Theorem 4.1.1 the factorization
A = LDMT exists. If we apply Theorem 4.2.1 with X = L~7 then B =
DMTL-T = L7 YALT is positive definite. Since MTL-T is unit upper
triangular, B and D have the same diagonal and it must be positive. O
There are several typical situations that give rise to positive definite ma-
trices in practice:

e The quadratic form is an energy function whose positivity is guaran-

teed from physical principles.

o The matrix A equals a cross-product X7 X where X has full column
rank. (Positive definiteness follows by setting A == I, in Theorem
42.1.)

e Both A and AT are diagonally dominant and each ay is positive.
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4.2.2 Unsymmetric Positive Definite Systems

The mere existence of an LDMT factorization does not mean that its com-
putation is advisable because the resulting factors may have unacceptably
large elements. For example, if ¢ > 0 then the matrix

RN ERI M Y

is positive definite. But if m/e » 1, then pivoting is recommended.
The following result suggests when to expect element growth in the
LDMT factorization of a positive definite matrix.

Theorem 4.2.4 Let A € R**™ be positive definite and set T = (A+AT)/2
and § = (A — AT)/2. If A= LDMT, then

IZIDIMT g £ 2(ITllz+ 1 ST1S12) (4.2.1)
Proof. See Golub snd Van Loan (1979). O

The theorem suggests when it is safe not to pivot. Assume that the com-
puted factors L, D, and M satisfy:

HZIDIMT e < cfl ILIDIMT| g, (4.2.2)

where ¢ is a constant of modest size. It follows from (4.2.1) and the analysis
in §3.3 that if these factors are used to compute a solution to Az = b, then
the computed solution % satisfies (A + £)Z = b with

IEllg € u(3nf Allg+5en® (| T Hla + | ST-S |l3)) + O(u?). (4.2.3)
It is easy to show that || T' ||z < || A |2, and so it follows that if

_ISTS |,
= AR

is not too large then it is safe not to pivot. In other words, the norm of the
skew part S has to be modest relative to the condition of the symmetric
part T. Sometimes it is possible to estimate I in an application. This is
trivially the case when A is symmetric for then 2 = 0.

(4.2.4)

4.2.3 Symmetric Positive Definite Systems

When we apply the above results to a symmetric positive definite system
we know that the factorization A = LDLT exists and moreover is stable to
compute. However, in this situation another factorization is available.
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Theorem 4.2.5 (Cholesky Factorization ) If A € R**" is symmetric
positive definite, then there exists a unique lower triangular G € B**" with
positive diagonal entries such that A = GG7.

Proof. From Theorem 4.1.2, there exists a unit lower triangular L and a
diagonal D = diag(d;,...,d,) such that A = LDLT. Since the d are pos-
itive, the matrix G = L diag(v/dy,..., v/dn) is real lower triangular with
positive diagonal entries. It also satisfies A = GG'7T. Uniqueness follows
from the uniqueness of the LDLT factorization. O

The factorization A = GG 7 is known as the Cholesky factorization and G

. isreferred to as the Cholesky triangle, Note that if we compute the Cholesky
factorization and solve the triangular systems Gy = b and GTz = y, then
b=Gy=G(GTr) = (GGT)z = Az.

Our proof of the Cholesky factorization in Theorem 4.2.5 is constructive,
However, more effective methods for computing the Cholesky triangle can
be derived by manipulating the equation A = GGT. This can be done in
several ways as we show in the next few subsections.

Example 4.2.1 The matrix
ERA R R IR [P E AN | R

is positive definite.

4.2.4 Gaxpy Cholesky

We first derive an implementation of Cholesky that is rich in the gaxpy
operation. If we compare jth columns in the equation A = GGT then we
obtain

J
AGJ) =Y GULKIGGE).

kw1
This says that
i—-1
G(JvJ)G(sJ} = A(!J) - ZG(J, k)G(', k) = t. (425)
k=]l

If we know the first j — 1 columns of G, then v is computable. It follows
by equating components in (4.2.5) that

G(m, §) = v{im)/Vu(5).

This is 8 scaled gaxpy operation and so we obtain the following gaa&py—baaed
method for computing the Cholesky factorization:
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forj=1mn
v(jm) = A(j:n, 5)
fork=1j-1

s v(jn) = v(jm) - G{J, B)G(j:n, k)

G(j:n, ) = v(im)/ v(j)

end

It is possible to arrange the computations so that G overwrites the lower
triangle of A.

Algorithm 4.2.1 (Cholesky: Gaxpy Version) Given a symmetric
positive definite A € R™*", the following algorithm computes a lower tri-
angular G € R**" such that A = GGT. For all i > j, G(i, j) overwrites
A(i, 7).
forj=1n
if>1
A(jm, §) = A(n, §) = A(§im, 15 — 1A, 15 - 1)T
end
A(jn, ) = A3, 5)/ /A, 7)

end

This algorithm requires n®/3 flops.

4.2.5 Outer Product Cholesky

An alternative Cholesky procedure based on outer product (rank-1} updates
can be derived from the partitioning

(2511 2l ot 9]
“|lv B | v L 0 B-wT/a 0 I |-

(4.2.6)
Here, 8 = +/a and we know that a > 0 because A is positive definite. Note
that B — veT /a is positive definite because it is a principal submatrix of
XTAX where

X = [ 1 —vT/a]
0 In-—l ’

If we have the Cholesky factorization G1GT = B —wT /o, then from (4.2.6)
it follows that A = GGT with

G=["‘?ﬁ (gl]

Thus, the Cho.esky factorization can be obtained through the repeated
application of (4.2.6), much in the the style of kji Gaussian elimination.
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Algorithm 4.2.2 (Cholesky: Quter product Version) Given a sym-
metric positive definite A € R"*™, the following algorithm computes a lawer
triangular G € R™™" such that 4 = GGT. For all i > j, G(i, ;) overwrites
A(i, j).

fork=1n
A(k, k) = \JA(k, k)
A(k + Lin, k) = A(k + Lin, k)Y A(k, k)
for j=k+1in
A(jm, 5) = A3, J) — A(Fin, k)A(7, k)
end
end

This algorithm involves n®/3 flops. Note that the j-loop computes the lower
triangular part of the outer product update

Alk+ Ln,k+ 1:n) = A(k+ Lin, k + Lin) — A(k + Lin, KAk + 1:n, k)T

Recalling our discussion in §1.4.8 about gaxpy versus outer product up-
dates, it is easy to show that Algorithm 4.2.1 involves fewer vector touches
than Algorithm 4.2.2 by a factor of two.

4.2.6 Block Dot Product Cholesky

Suppose A € R"*" is symmetric positive definite. Regard A = (4;;) and its
Cholesky factor G = (G;;) as N-by-¥ block matrices with square diagonal
blocks. By equating (1, j) blocks in the equation A = GGT withi > j it
follows that

E
Ai; = ) GuGTh.
k=l

Defining o1
S = Ay~ 3 GuGl,
k=1

WESBBth&tGﬁG};-=Sifi=j&ndth&tcijdg-‘-=3ifi>j. Properly

sequenced, these equations can be arranged to compute all the Gy;:

Algorithm 4.2.3 (Cholesky: Block Dot Product Version) Given a
symmetric positive definite 4 € R"*", the following algorithm computes a
lower triangular G &€ B**" such that A = GG'T. The lower triangular part
of A is overwritten by the lower triangular part of G. A is regarded as an
N-by-N block matrix with square diagonal blocks.
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for j=1:N
for i = j:N
i-1
S = Ay — Y GGl
k=1
ifi=j
Compute Cholesky factorization 5 = Gj,-G’};-.
else
Solve G;;G7; = S for Gy;
end

Overwrite Aij with G.‘j.
end
end

The overall process involves n®/3 flops like the other Cholesky procedures
that we have developed. The procedure is rich in matrix multiplication
assuming a suitable blocking of the matrix A. For example, if n = r¥ and
each A;j is r-by-r, then the level-3 fraction is approximately 1 — (1/N?%).

Algorithm 4.2.3 i incomplete in the sense that we have not specified how
the products GixGj; are formed or how the r-by-r Cholesky factorizations
§ = GyG7; are computed. These important details would have to be
worked out carefully in order to extract high performance.

Another block procedure can be derived from the gaxpy Cholesky algo-
rithm. After r steps of Algorithm 4.2.1 we know the matrices Gyy € R ™"
and Goy € R i

[Au Au]_ Gu 0][1- Q}[Gu U]T

An Am | | Ga I, 0 A Ga Inr |

We then perform r more steps of gaxpy Cholesky not on A4 but on the
reduced matrix A = Agy — GnGT, which we ezplicitly form exploiting
symmetry. Continuing in this way we obtain a block Cholesky algorithm
whose kth atep involves r gaxpy Cholesky steps on a matrix of order n —

(k = 1)r followed a level-3 computation having order n — kr. The level-3
fraction is approximately equal to 1 — 3/(2N) ifn = rN,

4.2.7 Stability of the Cholesky Process

In exact arithmetic, we lmow that a symmetric positive definite matrix
has a Cholesky factorization. Conversely, if the Cholesky process runs to
completion with strictly positive square roots, then A is positive definite.
Thus, to find out if a matrix A is positive definite, we merely try to compute
its Cholesky factorization using any of the methods given above.

The situation in the context of roundoff error is more interesting. The
numerical stability of the Cholesky algorithm roughly follows from the in-
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equality ,
% < zgfa = Bii-
k=l

This shows that the entries in the Cholesky trisngle are nicely bounded.
The same conclusion can be reached from the equation |G {3 = || A ||z

The roundoff errors associated with the Cholesky factorization have
been extensively studied in a classical paper by Wilkinson (1968). Using
the results in this paper, it can be shown that if £ is the computed solution
to Az = b, obtained via any of our Cholesky procedures then Z solves
the perturbed system (4 + E)z = b where | Efl; < cpul| Aljz and cq
is a small constant depending upon n. Moreover, Wilkinson shows that if
gnuxa{A) € 1 where g,is another small constant, then the Cholesky process
runs to completion, i.e, no square roots of negative numbers arise.

Example 4.2.2 If Algorithm 4.2.2 is applied to the positive definite magrix
00 15 0L
A = 15 23 01
01 .01 1.00

and # = 10, t = 2, rounded arithmetic used, then §11 = 10, 21 = 1.5, g5 = .001 and
g2 = 0.00. The algorithm then breaks down trying to compute gaz.

4.2.8 The Semidefinite Case

A matrix is said to be positive semidefinite if z7 Az > 0 for all vectors
z. Symmetric positive semidefinite {sps}) matrices are important and we
briefly discuss some Cholesky-like manipulations that can be used to solve
various sps problems. Results about the diagonal entries in an sps matrix
are needed first.

Theorem 4.2.6 If A € R**" is symmeiric positive semidefinite, then

laisl < (a5 +ay;)/2 (4.2.7)

lassi < Gug;  (1#7) (4.2.8)

max lail = max @ (4.2.9)
[ %] .

a; =0 = A(i,;)=0, A(;i)=0 (4.2.10)

Proof. If z = e; +e¢; then 0 < xT Az = a;; + a;; + 20;; while z = ¢; — ¢;
implies 0 < 2T Az = ay + aj; ~ 2a,;. Inequality (4.2.7) follows from these
two results. Equation (4.2.9) is an easy consequence of {4.2.7).

To prove (4.2.8) assume without loss of generality that i =1 and j = 2
and congider the inequality

r .
x 813 G12 T |
0 < [ 1 ] m Az [ 1 ] = 011324-201224-&22
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which holds since A(1:2, 1:2) is also semidefinite. This is a quadratic equa-
tion in z and for the inequality to hold, the discriminant 4a}; — 4ay1am
must be negative. Implication (4.2.10) follows from (4.2.8}. O

Consider what happens when outer product Cholesky is applied to an sps
matrix. If a zero A(k, k} is encountered then from (4.2.10) A(k:n, &) is zero
and there is “nothing to do” and we obtain
for k=1n
if A(k,k)>0
Ak, k) = JA(k, k)
Ak 4 Lin k) = A(k + Lin, k) /A(k, k)
for j=k+1:n
Alim, 3} = A(gin, §) — AQG:n, K)A(4, k) (4.2.11)
end
end
end

Thus, a simple change makes Algorithm 4.2.2 applicable to the semidefinite
case. However, in practice rounding errors preclude the generation of exact
zeros and it may be preferable to incorporate pivoting.

4.2.9 Symmetric Pivoting

To preserve symimetry in a symmetric A we only consider data reorderings
of the form PAPT where P is a permutation. Row permutations (4 «— PA)
or column permutations (A «— AP) alone destroy symmetry. An update of
the form

A — PAPT

is called a symmetric permutation of A. Note that such an operation does
not move off-diagonal elements to the diagonal. The diagonal of PAPT is
a reordering of the diagonal of A.

Suppose at the beginning of the kth step in (4.2.11) we symmetrically
permute the largest diagonal entry of A(k:n,k:n) into the lead position.
If that largest disgonal entry is zero then A(k:n,k:n} = 0 by virtue of
{4.2.10). In this way we can compute the factorization PAPT = GGT
where G € R™**~1) i3 lower triangular.

Algorithm 4.2.4 Suppose A € R**" is symmetric positive semidefinite
and that rank{A) = r. The following algerithm computes a permutation P,
the index r, and an n-by-r lower triangular matrix G such that PAPT =
GGT. The lower triangular part of A(;, L:r) is overwritten by the lower
triangular part of G. P = P, .-- P| where B is the identity with rows k
and piv(k) interchanged.
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r=0
for k =1:n _
Find ¢ (k £9< n) so A(qi 9) = max {A(kl k)! ..,A(ﬂ, n)}
if A(q! Q) >0
r=r+l
piv(k} =¢
A(k,:) = Alg,?)

A k) — A(:,q)
Alk, kY = Ak, k)
Alk + Lin, k) = A(k + Lin, k)/A(k, k)
for j=k+1in
A(jm, §) = A(Gem, j) — Alin, K)A(S, k)
end
end
end

In practice, a tolerance is used to detect small A(k, k). However, the sit-
uation is quite tricky and the reader should consult Higham (1989). In
addition, §5.5 has a discussion of tolerances in the rank detection problem.
Finally, we remark that a truly efficient implementation of Algorithm 4.2.4
would only access the lower triangular portion of A.

4.2.10 The Polar Decomposition and Square Root
Let A = U5, V7T be the thin SVD of 4 € R™*" where m > n. Note that
A= WVTYvE,VT)=ZP (4.2.12)

where Z = U, VT and P = V5, VT. Z has orthonormal columns and P is
symmetric positive semidefinite because

2TPz = (VTz)TE(VT2) =D owi 20
k=1

where y = VTz. The decomposition {4.2.12) is called the polar decom-
pusition because it is analogous to the complex number factorization z =
eo79(3} |z}, See §12.4.1 for further discussion.

Ancther important decomposition is the matriz square root. Suppose
A € R™™ is symmetric positive semidefinite and that 4 = GG7T is its
Cholesky factorization. If G = USVT is G’ SVD and X = UTUT, then
X is symmetric positive semidefinite and

A=GGT = (UvT)(rsvT)T = U227 = (UEUTH(UEUT) = X2

Thus, X i8 a square root of A. It can be shown (moet easily with eigen-
value theory) that a symmetric positive semidefinite matrix has a unique
symmetric positive semidefinite square root.
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Problems

P4.2.1 Suppose that /' = A + 45 is Hermitian and positive definite with A, B € R**™.
This means that 25 Hz > 0 whenever z # 0. (s} Show that

o~ 14 4]

is symmetric and positive definite. (b) Formuilate an algorithm for solving (A+iB)(z+iy)
= (b + ic), where b, ¢, r, and ¢ are in R®. it should involve 8n%/3 flops. How much
storage is required?

P4.2.2 Suppose A € H'*™ is symmetric and positive definite. Give an algorithm for
computing an upper trinnguler matrix & € E**™ such that 4 = RRT.

P4.2.3 Let A € H"*X™ be positive definite and set T = {A+ AT)/2Zand § = (A—AT)/2.
(a) Show that || A~ |l2 < || T~! |ja and 2T A~z < 2TT-1z for all + € R*. (b) Show
that if A =LDMT thendy > 1/)| T ||z for k= 1:n

P4.2.4 Find a 2-by-2 real matrix A with the property that 7 Az > 0 for all real nonzerc
2-vectors but which is not positive definite when regarded as & mamber of %2,

P4.2.5 Suppose A € K**™ has a positive diagonal. Show that if both 4 and AT are
strictly diagonally dominant, then A ia positive definite.

P4.2.6 Show that the function f(z) = {zT Az)/2 is a vector norm on R™ if and ouly if
A is positive definite.

P4.2.T Modify Algorithm 4.2.1 s0 that if the square root of a negative number is
encountered, then the algorithm finds & unit vector z 80 27 Ax < 0 and terminates,

P4.2.8 The numerical range W{A) of a complex matrix A is defined to be the set
W(A) = {zF Az : 25z = 1}. Show that if 0 € W(A), then A bas an LU factorization.

P4.2.9 Formnlats an m < n version of the polar decomposition for A € R™*".

P4.2.10 Suppose A = I +uu” where 4 € F**" and || u [l3 = 1. Give explicit formulae
for the diagonal and subdiagonal of A's Choleaky factor.

P4.2.11 Suppose A € R"*™ in symmetric positive definite and that its Cholesky factor
is available, Let ex = [n{:, k). For 1 <i < j € n, lot a;j be the smallest real that makes
A+a(e.-e}'+e,e‘?') singular, Likewise, let aypy be the emallest real that maloes (A +aeie])
singular. Show how to compute these quantities using the Sherman-Morrison- Woodbury
formuls. How many flops are required to find all the ay;?

Notes and References for Sec. 4.2

The definitenees of the quadratic form rT Az can frequently be establighed by considering
the mathematics of the underlying problem. For example, the discretization of certain
partial differential operators gives rise to provably poaitive definite matrices. Aspects of
the unsymmetric positive definite problem are discuased in

A. Buckley (1974). “A Note on Matrices A = T + H, H Skew-Symmetric,” Z. Angew.
Math Mech, 54, 125-26.
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J. Num. Anal 14, 566-70.

G.H. Golub and C. Van Loan {1979). “Unsymmetric Positive Definite Linear Systems,”
Lin. Alg. and Its Apphic. 28, 35-98.

R Mathiss (1992). “Matrices with Positive Definite Hermitian Part: Inequalities and
Linear Systems,” SIAM J. Matrix Anal. Appl. 13, 640-654.

Symmetric positive definite systems constitute the most important class of special Ax = b
problems. Algol programs for these problems are given in

R.S. Martin, G. Peters, and J.H. Wilkinson (1985). “Symmetric Decompaaition of a
Positive Definite Matrix,” Numer. Math. 7, 362-83.

R.S. Martin, G. Peters, and J.H. Wilkinson (1966}. “Iterative Refinement of the Solution
of a Pogitive Definite System of Equations,” Numer. Math. 8, 203-16.

F.L. Bauer and C. Reinach (1871). “Inversion of Poaitive Definite Matrices by the Gauas-
Jordan Method,” in Handbook for Autematic Computation Vol 2, Linear Algebra,
J.H. Wilkinson and C. Reinach, ods. Springer-Verlag, New York, 45-49.

The roundoff errors associated with the method are analyzed in

J.H. Wilkinson (1968). “A Priori Error Analysis of Algebraic Procemses" Proc. Inter-
national Congress Math. (Moscow: Lzdat. Mir, 1968}, pp. 620-39.

1. Meinguet (1983). “Refined Error Analyses of Choleaky Factarization,” SIAM J. Nu-
mer. Anal £0, 1243-1250.

A. Kielbasinski (1987). “A Note on Rounding Error Analynis of Choleaky Factorization,”
Lin. Alg. and s Applic. 88/89, 48T—404.

N.J. Higham (1990). “Analysis of the Choleaky Decomposition of a Semidefinite Matrix,”
in Reliable Numerical Computation, M.G. Cox and S.J. Hammarling (eds), Oxford
University Press, Oxford, UK, 161-185,

R. Carter (1991). “Y-MP Floating Point and Choleky Factorization,” Int'l J. High
Speed Computing 3, 215-222.

J-Guang Sun (1992). “Rounding Error and Perturbation Bounds for the Cholesky and
LDLT Factorizations.” Lin. Alg. and Its Applic. 173, T1-9T.

The question of how the Cholesky triangle & changes when A = GCT is perturbed is
analyzed in

G.W. Stewsrt (1977b). “Perturbation Bounds for the QR Factorization of a Matrix,”
STAM J. Num. Anal 14, 509-18.

Z. Dramic, M. Omiadik, and K. Veselit (1994). “On the Perturbation of the Cholesky
Factorization,” SIAM J. Matriz Anal. Appl 151319-1332.

Nearnem /sensitivity issues associated with positive semi-definiteness and the polar de-
compoaition are presented in

N.J. Higham (1988). “Computing a Nearest Symmetric Pogitive Semidefinite Matrix,”
Lin. Alg. and Its Applic. 103, 103-118,

R, Mathias (1993). “Perturbation Bounda for the Pelar Decompasition,” STAM J. Matriz
Anal Appl 14, 588-597.

R-C. Li (1995}). “New Perturbation Bounda for the Unitary Polar Fwctor,” SIAM J.
Matriz Anal. Appl 15, 327-332

Computationally-oriented references for the polar decomposition and the square root are
given in §8.6 and §11.2 respectively.
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4.3 Banded Systems

In many applications that involve linear systems, the matrix of coefficients
ig banded This is the case whenever the equations can be ordered so that
each unknown r; appears in only a few equations in a “neighborhood”of
the ith equation. Formally, we say that A = (a;;) hes upper bandwidth ¢
if a;; = 0 whenever j > { + g and lower bandwidth p if a;; = 0 whenever
i > j + p. Substantial economies can be realized when solving banded
systems because the triangular factors in LU, GGT, LDMT, etc., are also
banded.

Before proceeding the reader is advised to review §1.2 where several
aspects of band matrix manipulation are discussed.

4.3.1 Band LU Factorization

Our first result shows that if A is banded and A = LU then L{L)) inherits
the lower (upper) bandwidth of A.

Theorem 4.3.1 Suppose A € R"*™ has an LU factorization A= LU. IfA
has upper bandwidth g and lower bandwidth p, then U has upper bandwidth
g and L has lower bandwidth p.

Proof., The proof is by induction on n. From (3.2.6) we have the factor-
ization

a=la wh | _ I 0 1 0 a w’
“{v B|  |va Ini |0 B-vwTle {0 I |-

It is clear that B — vw” /a has upper bandwidth ¢ and lower bandwidth p

because only the first ¢ components of w and the first p components of v

are nonzero. Let L U/} be the LU factorization of this matrix. Using the
induction hypothesia and the sparsity of w and v, it follows that

1 0 a wl
- [ 2] =[5 3]

have the desired bandwidth properties and satisfy A = LU. O

The specialization of Gausgian elimination to banded matrices having an
LU factorization is straightforward.

Algorithm 4.3.1 (Band Gaussian Elimination: Quter Product Ver-
sion) Given A € R"*™ with upper bandwidth ¢ and lower bandwidth p,
the following algorithm computes the factorization A = LU, assuming it
exists. A(4, j) is overwritten by L(f, 7) if i > j and by U(i, j) otherwise.



4.3. BANDED SYSTEMS 153

fork=1n-1
for i = k + L:min{k + p,n)
A(i, B) = A(i, k) /A(k, k)
end
for 7 = k + 1:min(k + ¢, n)
for i = k + 1:min(k + p,n)
end
end
end

If n % p and n » ¢ then this algorithm involves about 2npq flops. Band
versions of Algorithm 4.1.1 (LDMT) and all the Cholesky procedures also

exist, but we leave their formulation to the exercises.

4.3.2 Band Triangular System Solving

Analogous savings can also be made when solving banded triangular sys-
tems.

Algorithm 4.3.2 (Band Forward Substitution: Column Version)
Let L € R™*™ be a unit lower triangular matrix having lower bandwidth
p. Given b € R", the following algorithm overwrites b with the solution to
Lx =5

for j =1:n
for i = j + limin(j + p,n)
b(3) = b(i) — L(i, 7)b(5)
end
end

If n > p then this .algorithm requires about 2np flops.

Algorithm 4.3.3 (Band Back-Substitution: Column Version) Let
U € R**™ be a nonsingular upper triangular matrix having upper band-
width g. Given b € R", the following algorithm overwrites b with the solu-
tion to Uz = b.

for j=n:-1:1
b(7) = b(7)/U (.5}
for i = max(1,7 —gq):j — 1
b(#) = b(¥) ~ U (3, 5)b(5)
end
end

If n 3 q then this algorithm requires about 2ng fopa.
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4.3.3 Band Gaussian Elimination with Pivoting

Gaussian elimination with partial piveting can also be specialized to exploit
band structure in A. If, however, PA = LU, then the band properties of L
and U/ are not quite so simple. For example, if A is tridiagonal and the first
two rows are interchanged at the very first step of the algorithm, then u;3
is nonzero. Consequently, row interchanges expand bandwidth. Precisely
how the band enlarges is the subject of the following theorem.

Theorem 4.3.2 Suppose A € K**" is nonsingular and has upper and lower
bandwidths g and p, respectively. If Gaussian elimination with partial piv-
oting is used o compute Gauss trunsformations

M; = I—a(j)eg' J=ln-1

and permutations Py, ..., Py such that M, _1 P, ---MlﬁA =U iz up-
per triangular, then UV has upper bandundth p + g and a?)= 0 whenever
i<jori>j+p

Proof. Let PA = LU be the factorization computed by Gaussian elimi-
nation with partial pivoting and recall that P = Pn_y--- P.. Wiite PT =
[€sys-- -4, ), where {3y,..., 8, } ia a permutation of {1,2,...,n}. If s; > i+p
then it follows that the leading i-by-i principal submatrix of PA is singular,
gince (PA4);; = @a,,; for = 1:3; —p— 1 and s; — p — 1 > 1. This implies
that I/ and A are singular, a contradiction. Thus, s; < i+pfori = 1l:n and
therefore, PA has upper bandwidth p + ¢. It follows from Theorem 4.3.1
that I/ has upper bandwidth p+ q.

The assertion about the o) can be verified by observing that M; need
only zero elements (7 + 1, 7),...,{J + 7. J) of the partially reduced matrix
PjM’--I.Pj_l -1 RA DR

Thus, pivoting destroys band structure in the sense that U becomes
“wider” than A's upper triangle, while nothing at sll can be said about
the bandwidth of I. However, gince the jth column of L is s permutation
of the jth Gauss vector ay, it follows that L has at most p + 1 nonzero
elements per column.

4.3.4 Hessenberg LU

As an example of an unsymmetric band matrix computation, we show how
(Gaussian elimination with partial pivoting can be applied to factor an upper
Hessenberg matrix H. (Recall that if H is upper Hessenberg then hi; =0,
t > j + 1). After k — 1 steps of Gaussian elimination with partial pivoting
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we are left with an upper Hessenberg matrix of the form:

k=3,n=5

oo o X
oo X X
S X X X X
X X X XX
XX X XX

By virtue of the special structure of this matrix, we see that the next
permutation, Py, is either the identity or the identity with rows 3 and 4
interchanged. Moreover, the next Gauss transformation M has a single
nonzero multipler in the (k + 1, k) position. This illustrates the kth step
of the following algorithm.

Algorithm 4.3.4 (Hessenberg LU) Given an upper Hessenberg matrix
H e R**™, the following algorithm computes the ypper triangular matrix
Mp._1P._1---MyP H = U where each P, is a permutation and each M,
is a Gauss transformation whose entries are bounded by unity. H(i, k) is
overwritten with U{i, k) if i < k and by (M )k41.% if i = k£ + 1. An integer
vector piv(1:n — 1) encodes the permutations. If P = I, then piv(k) = 0.
If Py interchanges rows k and k + 1, then piv(k) = 1.

fork=1mn-1
if |H(k, k)| < |H(k+1,k)}
(k) = 1; H(k, k:n) + H(k + 1, k:n)

else
piv(k) =0
and
if Hik,k)#0
=~H(k+1,k)/H(k, k)
for j=k+1n
H(k+1,5) = H(k +1,5) + tH(k, )
end
Hk+1,k =t
end

end

This algorithm requires n? flops.

4.3.5 Band Cholesky

The rest of this section is devoted to banded Az = b problems where the
matrix A is also symmetric positive definite. The fact that pivoting is
unnecessary for such matrices leads to some very compact, elegant algo-
rithms. In particular, it follows from Theorem 4.3.1 that if A = GGT is the
Cholesky factorization of A, then G has the same lower bandwidth as A.
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This leads to the following banded version of Algorithm 4.2.1, gaxpy-based
Cholesky

Algorithm 4.3.5 (Band Cholesky: Gaxpy Version) Given asymmet-
ric positive definite A € IR®*™ with bandwidth p, the following algorithm
computes a lower triangular matrix G with lower bandwidth p such that
A =GGT. For all i > j, G4, j) overwrites A(i, j).

for 3 =1
for k = max(1,j —p):j—1
A = min{k + p,n)
A(F:A. ) = A(RA 5} — A(J!k)A(J.Av k)
end
A =min{j +p,n)
A(G:A, 3} = A(j:), 1)/ AU, 7)

end

If n > p then this algorithm requires about n(p? + 3p) flops and n square
roots. Of course, in a sericus implementation an approptiate data structure
for A should be used. For example, if we just store the nonzero lower
triangular part, then a (p + 1}-by-n array would suffice. (See §1.2.6)

If our band Cholesky procedure is coupled with appropriate band trian-
gular solve routines then appraximately np® -+ 7Tnp + 2n flops and n square
roots are required to solve Az = b. For small p it follows that the square
roots represent a significant portion of the computation and it is prefer-
able to use the LDLT approach. Indeed, a careful flop count of the steps
A=LDLT Ly=b, Dz =y, and LTz = z reveals that np? + 8np +n flops
and no square roots are needed.

4.3.6 Tridiagonal System Solving

Az a sample narrow band LDLT solution procedure, we look at the case of
symmetric positive definite tridiagonal systems. Setting

F 1 e 0
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and D = diag(d;,...,dn) we deduce from the equation A = LDLT that:

ayn = d
Sk k1 = €p_idi k=2n
Ok = dp+ ¢§_1dk—1 =dx + €x_10k k-1 k=2%n

Thus, the d; and e; can be resolved as follows:

dy = an
for k=2:n

ept = axg_1/dr_1; di = Gk ~ €18k k-1
end

To obtain the solution to AT = b we solve Ly = b, Dz = y, and LTz = z.
With overwriting we obtain

Algorithm 4.3.8 (Symmetric, Tridiagonal, Positive Definite Sys-
tem Solver) Given an n-by-n symmetric, tridiagonal, positive definite
matrix A and & € R, the following algorithm overwrites b with the solu-
tion to Az = b. It is assumed that the diagonal of A is stored in d(1:n) and
the superdiagonal in e{l:n — 1).

for k=2mn
t=e(k —1); e(k — 1) = t/d(k — 1); d{k) = d{k) ~ te(k - 1)
end
for k=2n
b(k) = b{k) — e(k — 1)b(k — 1)
end

b(n) = b(n)/d(n)
fork=n—-1-1:
b(k) = b(k)/d(k) — e(k}b(k + 1)

end

This algorithm requires 8n flops.

4.3.7 Vectorization Issues

The tridiagonal example brings up a sore point: narrow band problems and
vector /pipeline architectures do not mix well. The narrow band implies
short veetors. However, it is sometimes the case that large, independent
sets of such problems must be soived at the same time. Let us look at how
such a computation ahould be arranged in light of the issues raised in §1.4.

For simplicity, assume that we must solve the n-by-n unit lower bidiag-
onal systems

AWL]) = p®) k= 1m
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and that m 3 n. Suppose we have arrays E(1:n — 1,1:m) and B(1:n,1:m)
with the property that E(1:n — 1,k) houses the subdiagonal of A®) and
B{(1:n, k) houses the kth right hand side b*) . We can overwrite b'* with
the solution z(*) as follows:

for k=1m
fori=2n
B(i, k) = B(i, k) - E(i - 1,k)B(i - 1,k)
end
end

The problem with this algorithm, which sequentially solves each bidiagonal
system in turn, is that the inner loop does not vectorize. This is because
of the dependence of B(i,k) on B(i — 1,k). If we interchange the &k and i
loops we get

fori=2m
for k= 1:m
B{i,k) = B(i, k) - E(i— 1,k)B(i - 1,%) (4.3.1)
end
end

Now the inner loop vectorizea well as it involves a vector multiply and a
vector add. Unfortunately, (4.3.1) is not a unit stride procedure. However,
this problem is easily rectified if we store the subdiagonals and right-hand-
sides by row. That is, we use the arrays E(1:m, I:n~1) and B(1:m, l:in—~1)
and store the subdiagonal of A in E(k, 1:n - 1) and b®7 in B(k, 1:n).
The computation (4.3.1) then transforms to

for i =2:n
for k=1m
B(k,i) = B(k,i) — E(k,i - 1)B(k,i—1)
end
end

illustrating once again the effect of data structure on performance.

4.3.8 Band Matrix Data Structures

The above algorithms are written as if the matrix 4 is conventionally stored
in an n-by-n array. In practice, a band linear equation solver wouid be or-
ganized around a data structure that takes advantage of the many zeroes
in A. Recall from §1.2.6 that if A has lower bandwidth p and upper band-
width ¢ it can be represented in a (p + ¢ + 1)-by-n array A.band where
band entry a;; is stored in A.band(i — j +q+1, 7). In this arrangement., the
nonzero portion of A’s jth column is housed in the jth column of A.band.
Ancther possible band matrix data structure that we discuased in §1.2.8
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involves storing A by diagonal in a 1<limensional array A.diag. Regardless
of the data structure adopted, the design of a matrix computation with a
band storage arrangement requires care in order to minimize subscripting
overheads.

Problems

P4.3.1 Derive a banded LDM” procedure similar to Algorithm 4.3.1.
P4.3.2 Show how the cutput of Algorithm 4.3.4 can be used to solve the upper Hes-
senberg system Hzx = b.
P4.3.3 Give an algorithm for solving an unsymmetric tridiagonal aystem Az = & that
uses Gaussian elimination with partial pivoting. It should require only four n-vectors of
floating point storage for the factorization.
Pd 3.4 For C € R**™ define the profile indices m{C,i}) = min{jic;; # 0}, where
= Lin. Show that if A = GGT is the Cholesky factorizstion of A, then m(A4,i) =

m(G’ i) for i = I:n. {We say that G haa the same profilc as A.)
P4.3.5 Suppose A € R**™ is aymmetric positive definite with profile indices m; =
m(A,i) where i = Lin. Assume that A is stored in a cne-dimensional array v as follown:

= {811,62,mg1++ 1023, 03, my, -+ 18335« -1 Bn, My - - -1 Onn ). Write an algorithm that
overwrites v with the corresponding entries of the Cholesky factor G and then uses this
factorization to solve Ar = b. How many flopa are required?
P4.3.8 For C € R**™ define p(C, i) = max{j:c;; # 0}. Suppose that A € R**" has an
LU factorization A = LU and that:

m(4,1) € m(A2 £ - £ mAn)
pA.1) £ p(A2) £ -+ £ pldin)

Show that m{A,3) = m{L,i) and p{A,i) = p(U,) for i = 1:n. Recall the definition of
m(A,s) from P4.3.4.
P4.3.7 Develop a gaxpy version of Algorithm 4.3.1.
P4.3.8 Develop a unit stride, vectorizable algorithm for solving the symmetric positive
definite tridiagonal systems A 2(8) = bX) " Aggurme that the diagonals, superdiagonals,
and right hand sides are stored by row in arrays D, E, and B and that (%! is overwritten
with z¢k)
Pd.3.9 Develop a version of Algorithm 4.3.1 in which A is stored by diagonal.
P4.3.10 Give an examplea of a 3-by-3 symmetric positive definite matrix whose tridiag-
onal part ia not positive definite.
P4.3.11 Consider the Ax = b problem where

[ 2 =1 0 -~ 0 =17
-1 2 -1 . 1 o
A= 0 -1 2
0
0 <o eee . 2 -1
| -1 o v 0 -1 2]

This kind of matrix arises in boundsry value problema with periodic boundary conditions.
(a) Show A ia singular. (b) Give conditions that b must satisfy for there t0 exist a solution
and specify an algorithm for solving it. (c). Assuma that n is even and consider the
permutation

P=[ejeqnezen_1e3 -::]
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where ¢, is the kth column of f,,. Describe the transformed system PT AP(PTz) = PTh
and show how to solve it. Assume that there is a aolution and ignore pivoting.
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4.4 Symmetric Indefinite Systems

A symmetric matrix whose quadratic form x7 Az takes on both positive and
negative values is called indefinite. Although an indefinite A may have an
LDLT factorization, the entries in the factors can have arbitrary magnitude:

e 1|_{1 0 € 0 1 01"
1 0] {1/ 1 0 -1/e /e 1 )
Of course, any of the pivot strategies in §3.4 could be invoked. However,
they destroy symmetry and with it, the chance for a “Cholesky speed”
indefinite system solver. Symmetric pivoting, i.e., data reshufflings of the
form A — PAPT, must be used as we discused in §4.2.9. Unfortunately,
symmetric pivoting does not always stabilize the LDLT computation. If ¢,
and ¢z are small then regardless of P, the matrix
A=r [ a 1 ] PT
1 e
has small diagonal entries and large numbers surface in the factorization.
With symmetric pivoting, the pivots are always selected from the diagonal
and trouble results if these numbers are small relative to what must be
zeroed off the diagonal. Thus, LDLT with symmetric pivoting cannot be
recommended as a reliable approach to symmetric indefinite system solving.
It seems that the challenge is to involve the off-diagonal entries in the
pivoting process while at the same time maintaining symmetry.
In this section we discuss two ways to do this. The first method is due
to Aasen(1971} and it computes the factorization

PAPT = LTLT (4.4.1)
where L = (£,;) is unit lower triangular and T is tridiagonal. P is a permu-

tation chosen such that |£;| < 1. In contrast, the diagonal pivoting method
due to Bunch and Parlett (1971) computes a permutation P such that

PAPT = LDLT (4.4.2)

where D i3 a direct sum of 1-by-1 and 2-by-2 pivot blocks. Again, P is
chosen so that the entries in the unit lower triangular L satisfy |£;;] < 1.
Both factorizations involve n®/3 flops and once computed, can be used to
solve Az = b with O{n?) work:

PAPT = LTIT Lz =PbTw=z,LTy=w,z=Py = Ar=0

PAPT =LDLT,Lz=Pb,Dw=2LTy=wz=Py = Az=}

The only thing “new” to discuss in these solution procedures are the Tw = z
and Dw = 7z systems.
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In Aasen's method, the symmetric indefinite tridiagonal system Tw = z
is solved in O(n) time using band Gaussian elimination with pivoting. Note
that there is no serious price to pay for the disregard of symmetry at this
level since the overall process is O(n%).

In the diagonal pivoting approach, the Dw = z system amounta to a set
of 1-by-1 and 2-by-2 symmetric indefinite systems. The 2-by-2 problems
can be handled via Gaussian elimination with pivoting. Again, there is no
harm in disregarding symmetry during this O(n) phase of the calculation.

Thus, the central issue in this section is the efficient computation of the
factorizations {4.4.1) and (4.4.2).

4.4.1 The Parlett-Reid Algorithm

Parlett and Reid (1970) show how to compute (4.4.1) using Gauss trans-
forms. Their algorithm is sufficiently illustrated by displaying the k = 2
step for the case n = 5. At the beginning of this step the matrix A has
been transformed to

0 vy x Xx
0 w =% x

o ﬁl 0 0 0

fi a2 vz w v

AN = MPAPTMT = | 0 w3 x x x
x

X

where P; is a permutation chosen so that the entries in the Gauss trans-
formation M; are bounded by unity in modulus. Scanning the vector
(vamy vg)T for its largest entry, we now determine a 3-by-3 permutation P,
such that

tg g
If this maximal element is zero, we set M; = P, = I and proceed to the
next step. Otherwise, we set P = diag(/3, P;) and Mz = I ~ a®el with

a® = (000 Tuf5s /s )T

| v s
Blwv| =1} 04 = |F3| = max{|#a|, |4, |Ts]} -

and observe that
@ ﬂ1 0 0 0
i ag %3 0 0O
A® = MPAVPIMT = 1 0 5 x x x
0 ¢ x x x
0 0 x x x

In general, the process continues for n—2 steps leaving us with a tridiagonal
matrix

T = AP = (M, 2Py g+ MyP)A(Mp_3Pag-+- M1 P,)T .
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It can be shown that (4.4.1) holds with P = P,_5--- P; and
L={Mp_2Pyg---MP,PT)",

Analysis of L reveals that its first column is e; and that its subdiagonal
entries in column k with k > 1 are “made up” of the multipliers in Mj._;.

The efficient implementation of the Parlett-Reid method requires care
when computing the update

AR = M, (P A%V PTYMT. (4.4.3)

To see what is involved with a minimum of notation, suppose B = BT has
order n — k and that we wish to form: By = (I — we] )B(J — wel )T where
w € R** and e, is the first column of I,,.x. Such a calculation is at the
heart of (4.4.3). If we set

b
u = Bey —%w,

then the lower half of the symmetric matrix By = B — wu” — uw” can
be formed in 2(n — k)? flops. Summing this quantity as k ranges from 1
to n — 2 indicates that the Parlett-Reid procedure requires 2n*/3 flops—
twice what we would like.

Exampie 4.4.1 If the Parlett-Reaid algorithm is appiied to

i

P = [e1e4e3e7)

My = Ii—(0, 6, 2/3, 1/3, )T

Py = [erezeqes]

M; = Ii=(0,0,0 1/2)Tel
and PAPT = LTLT , where P ={ e, &3, 2, #2],

(XS
(SN T
[Z X Ty )

then

1 0 0 o 003 o o
o 1 o o |3 ¢ 323 o

L=1o 1ya 1 of & T=1]4 o 1000 0 |°
o 2/3 12 1 0 o 0 12

4.4.2 The Method of Aasen

An n3/3 approach to computing (4.4.1) due to Aasen {1971) can be derived
by reconsidering some of the computations in the Parlett-Reid approach.
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We need a notation for the tridiagonal T

3 al ﬂl - ea 0 h
B az -
T =
. . ﬁﬂ—l
L 0 .- Ba-1 an |

For clarity, we temporarily ignore pivoting and assume that the factoriza-
tion A = LTL7 exists where L is unit lower triangular with L{:,1) = &;.
Aasen’s method is organized as follows:

for j =Ll:n
Compute A(1:7) where h = TLTe; = He;.
Compute a{7).
ifj<n-—1
Compute 3(7) {4.4.4)
end
fj<n-2
Compute L{j + 2:in,j + 1).
end
end

Thus, the mission of the jth Aasen step is to compute the jth column of
T and the (j + 1)-st column of L. The algorithm exploits the fact that the
matrix H = TLT is upper Hessenberg. As can be deduced from (4.4.4),
the computation of a{j), (3), and L(j + 2:n,j + 1) hinges upon the vector
h(1:5) = H(1:},j). Let us see why.

Consider the jth column of the equation A = LH:

AGD =L, i+ DA(Lj +1). {(4.4.5)

This says that A(:, j) is a linear combination of the first 7 + 1 columns of
L. In particular,

Al +1m,j) = LG+ Lm, LA{L:) + LG+ Ln, i+ DAG +1).
It follows that if we compute
v(j + Llin) = A(F + I:n, §) = LG + L:m, L:5)A(L:7) ,

then
L{F+1m, i+ Dk +1) = »{j + Iin}. (4.4.6)
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Thus, L(j + 2:r,j + 1) is a scaling of v(j + 2m). Since L is unit lower
triangular we have from (4.4.6) that

v(i +1) = h(j + 1)

and so from that same equation we obtain the following recipe for the
(4 + 1)-8t column of L:

L+2nj+)=v(i+2m)/v(j+1).
Note that L(j + 2:n,j + 1) is a scaled gaxpy.
We next develop formulae for a(j) and 8(j). Compare the (j,;) and
(7 +°1,7) entries in the equation H = T'LT. With the convention 3(0) = 0
we find that A(j} = 8(4 - 1)L(j,5 ~ 1) + a(j) and A(j + 1) = v(j + 1) and

A7) - B - DL(f,7 1)

]

a(7)

B(7)
With these recipes we can completely describe the Aasen procedure:

v(i+1).

for j = 1in

Compute A(1:j) where h = TLTe;.

ifj=1vji=2
a(j) = h{j)
a(j) =k} - BG - VLG -1)

end

ifj<n-—1 @47
v(j + 1:n) = A(j + Lin, 7) — L(j + 1:n, 1:3)A(1:5)}
B3)=v({+1)

end

ifj<n-2
LG+2n,j+ 1) =v(j+2n)fv(i+1)

else

ond
end

To complete the description we must detail the computation of A(1:5).
From (4.4.5) it follows that
A(L:7, 7} = L(1:5, 1:7)A{1:5) - (4.4.8)

This lower triangular system can be solved for A(1:) since we know the first
J columns of L. However, a much more efficient way to compute H(1:3, j)
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is obtained by exploiting the jth column of the equation H# = TLT. In
pacticular, with the convention that (0)L(j,0) = 0 we have

(k) = B(k = VLG, k — 1) + a(R) LG, k) + B(k) LGk +1) .

for k = 1:j. These are working formulae except in the case k = j because
we have not yet computed a(j)} and §{j). However, once A(1:j—1) is known
we can obtain k(;) from the last row of the triangular system (4.4.8), ie.,

j—1

) = AG.5) - Y LU, k)h(k).

k=1

Collecting results and using a work array £(1:n) for L(j, 1:5) we see that
the computation of A{1:7) in (4.4.7) can be organized as follows:

ifi=1
k(1) = A(1,1)
elseif j = 2
h(1) = B(1); h(2) = A(2,2} (4.4.9)
else
L0} =0; £1) = 0; £(2:j — 1) = L(j,2:5 - 1); £(J) =1
h(4) = A(4,5)
fork=13-1

hi{k) = B(k — 1)8(k — 1) + a(k)}k) + B(k)e(k + 1)
h(7) = h(j} — £(k)h{k)
end
end

Note that with this O(7) method for computing h(1:5}, the gaxpy calcuia-
tion of v(j + 1:n) is the dominant operation in (4.4.7). During the jth step
this gaxpy involves about 2j(n — j) flops. Summing this for j = 1:n shows
that Aasen’s method requires n/3 flops. Thus, the Aasen and Cholesky
algorithms entail the same amount of arithmetic.

4.4.3 Pivoting in Aasen’s Method

As it now gtands, the columns of L are scalings of the v-vectors in (4.4.7).
If any of these scalings are large, i.e., if any of the v(j + 1)"s are small,
then we are in trouble. To circumvent this problem we need only permute
the largest component of v(j + 1:n} to the top position. Of course, this
permutation must be suitably applied to the unreduced portion of A and
the previously computed portion of L.

Algorithm 4.4.1 {Aasen’s Method) If A€ R"" is symmetric then
the following algorithm computes a permutation P, a unit lower triangular
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L, and a tridiagonal T such that PAPT = LTLT with |L{i,)| < 1. The
permutation P is encoded in an integer vector piv. In particular, P =
Py - - - Py-q where P; is the identity with rows piv(y) and j+1 interchanged.
The diagonal and subdiagonal of T' are stored in a(1:n) and S(1:n — 1),
respectively. Only the subdiagonal portion of L(2:n, 2:n} is computed.

for j=1mn
Compute £(1:5) via (4.4.9).
ifj=1vji=2
a(j) = h(3)
else

a(j) = h(§) - BU - VDLG,j - 1)
end

ifi<n—-1
v(j + Lin) = A(J + Lin, ) = L(j + 1:n, 1:5)A(1:5)
Find g so {u(g)| = [ v(j + Iin} [joo with j+ 1 S g < 1.
piv(f) = q; v(j +1) = v{g); L(j +1,2:5) ~ L(g, 2:5)
A(F+1,j 4+ 1in) & Ag,j + I:n)
A(F+1m,j+1) = A(G + Lin,q)
B =v(j+1)

end
ifj<n-2
L+ 2m,i+1)=v(j+2n)
ifu(j+1)#0
L+2nj+1y=L{j+2n5+1)/v(i+1)
end
end

end

Aasen’s method is stable in the same sense that Gaussian elimination with
partial pivoting is stable. That is, the exact factorization of a matrix near
A is obtained provided || T |l2/]} A{l2 = 1, where T is the computed version
of the tridiagonal matrix T. In general, this is almost always the case.

In a practical implementation of the Aasen algorithm, the lower trian-

gular portion of A would be overwritten with L and 7. Here is n = §
case:

o
B o
A~ | laa 2 oy
by s B3 oy
lsz 53 54 Bi a3

Notice that the columns of L are shifted left in this arrangement.
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4.4.4 Diagonal Pivoting Methods

We next describe the computation of the block LDLT factorization {4.4.2).
We follow the discussion in Bunch and Parlett (1971). Suppose

E cT s
C B n-g
g n—3

PAPT = [

where P is a permutation matrix and § = 1 or 2. If A is nonzero, then it is
always possible to choose these quantities so that E is nonsingular thereby
enabling us to write

L, 0 HE 0 [I, E-1c7

T _
e [CE“' L. |0 B-cE-cT || 0 I..,

For the sake of stability, the s-by-s “pivot”™ F should be chosen so that the
entries in .

A = (4;) = B-CE"(CT (4.4.10)
are suitably bounded. To this end, let & € (0,1) be given and define the
size measures

Mo = max |a
'IJ

B max @] .
1

The Bunch-Parlett pivot strategy is as follows:

if gy > apo

s=1

Choose P, so |e11| = ui.
eise

s=2

Choose P;l 20 IE2II = HKo-
end

1t is easy to verify from (4.4.10) that if 5 = 1 then

sl < (L+e “uo (4.4.11)
while s = 2 implies
6, < 322 (4.4.12)
il < 1_am. 4.
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By equating (1 + a~!)?, the growth factor associated with two s = 1 steps,
and (3—a)/(1—a), the corresponding s = 2 factor, Bunch and Parlett con-
clude that o = (1 + +/17)/8 is optimum from the standpoint of minimizing
the bound on element growth.

The reductions outlined above are then repeated on the n — s order
symmetric matrix A. A simple induction argument establishes that the
factorization (4.4.2) exists and that n®/3 flops are required if the work
associated with pivot determination is ignered.

4.4.5 Stability and Efficiency

Diagonal pivoting with the above strategy is shown by Bunch (1971) to be
as stable as Gaussian elimination with complete pivoting. Unfortunately,
the overall process requires between n3/12 and /6 comparisons, since ug
involves a two-dimensional search at each stage of the reduction. The actual
number of comparisons depends on the total number of 2-by-2 pivots but
in general the Bunch-Parlett method for computing {4.4.2) is considerably
slower than the technique of Aasen, See Barwell and George(1976).

This is not the case with the diagonal pivoting method of Bunch and
Kaufman (1977). In their scheme, it is only necessary to scan two columns
at each stage of the reduction. The strategy is fully illustrated by consid-
ering the very first step in the reduction:

o = {14+ V17)/8; A = |ar1| = max{|api], - -, |an11}

ifA>0
if |ay;| > A
3= l;Pl =T
else
ag= laxﬂ'l = max{|arr, ... |@r-1,4, lar+1.rl!- ees jane(}
if U'Bul 2 Q/\z
s=1,P =1
elseif |a,+| > ar
s =1 and choose P, so (PTAP )11 = Grr.
else
s =2 and choose P; so (PTAPi)3; = arp.
end
end
end

Overall, the Bunch-Kaufman algorithm requires n?/3 flops, O(n?) compar-
isons, snd, like all the methods of this section, n?/2 storage.
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Example 4.4.3 If the Bunch-Kaufman algorithm is applied to
1 W0 0
A= 0 1 30
20 3 1
then in the first step A = 20, ¢ = 3, ¢ = 30, and p=2. The permutation P =[ez ez €1 ]
is appliad giving
1 3 20
PAPT =130 1 10 }.
20 10 1

A 2-by-2 pivot is then used to produce the reduction

1 0 o 130 0 1 o o1]F
PAPT = 0 1 0 01 0 0 1 ]
3115 .68583 1 0 0 -—11.7920 3115 6563 1

4.4.6 A Note on Equilibrium Systems
A vety important class of symmetric indefinite matrices have the form
4 = C B}l n
- |BT 0| p (4.4.13)
nop

where C' is symmetric positive definite and B has fuil colurmn rank. These
conditions ensure that A is nonsingular.

Of course, the methods of this section apply to A. However, they do not
exploit its structure because the pivot strategies “wipe out” the zero {2,2)
block. On the other hand, here is a tempting approach that does exploit
A’s block structure:

(a) Compute the Cholesky factarization of C, C = GGT.

(b} Sclve GK = B for K € R™™".

(¢} Compute the Cholesky factorization of KTK = BTC-!B, HHT =
KTK.

From this it follows that
a=[ G 0 T K
"1 KT H 0 -HT |-

In principle, this triangular factorization can be used to solve the equilib-

rium spstem
[B(’; ‘g”:]=[£]. (4.4.14)
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However, it is clear by considering steps (b) and (c} above that the accuracy
of the computed solution depends upon x{C) and this quantity may be
much greater than x{A). The situation has been carefully analyzed and
varjous structure-exploiting algorithms have been proposed. A brief review
of the literature is given at the end of the section.

But before we close it ia interesting to consider a special case of (4.4.14)
that clarifies what it means for an algorithm to be stable and illustrates
how perturbation analysis can structurs the search for better methods.
In several important applications, g = 0, C is diagonal, and the solution
subvector y is of primary importance, A manipulation of (4.4.14) shows
that this vector is specified by

y=(BTC'B)'BTC'f. (4.4.15)

Looking at this we are again led to believe that x(C’) should have a bearing
on the accuracy of the computed y. However, it can be shown that

I (BTC'B)~'BTC! | < ¥8 (4.4.16)

where the upper bound ¥g is independent of C, a result that (correctly)
suggests that y is not sensitive to perturbations in C. A stable methed for
computing this vector should respect this, meaning that the accuracy of
the computed y should be independent of C. Vavasis (1994) has developed
a method with this property. It involves the careful assembly of a matrix
V € R"*™~?) whose columns are a basis for the nullspace of BTC~1. The
n-by-n linear system

lB,Vl[g]=f

is then solved implying f = By + Vq. Thus, BTC-!f = BTC-'By and
(4.4.15) holds.

Problems

P4.4.1 Show that if all the 1-by-1 and 2-by-2 principal submatrices of an n-by-n
symumnetric matrix A are singular, then A is zero.

P4.4.2 Show that no 2-by-2 pivots can arise in the Bunch-Kaufman algorithm if A ia
positive definite.

P4.4.3 Arrange Algorithm 4.4.1 so that only the lower triangnlar portion of A is
referenced and so that a(j) overwrites A(j7, j) for § = L:n, 8{;) overwrites A(F + 1, j} for
F=1m—1, and L(i, j) overwrites A(i,j — L} forj=2n—landi=j+ Im,

P4.4.4 Suppose A € R**™ is nonsingular, symmetric, and strictly diagonaily dominant.
Give an algorithm that computes the factorization

R g | R

where R € B¥*% and M ¢ Rn-%)%(n—&) yrp lower triangular and ponsingular and IT is
a permutation.
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P4.4.5 Show that if

A A n
A= Az —-An P
n P

is symnmetric with 4;; and Az positive definite, then it has an LDLT factorization with
the property that
D= Ih 1]
- 0 =Dz
whera Dy € K**™ and D; € RP™P have positive diagonal entries,
P4.4.8 Prove (4.4.11) and {4.4.12),
P4.4.7 Show that ~(BTC~1B)~! is the (2,2) block of A1 where A is given by (4.4.13).

P4.4.8 The point of this problem is to consider a special case of (4.4.15). Define the
mairix

Ma)=(8TCc @) 'gTc?
where

= (In +aey,cr) a> =1
and ey = I,(:,k). (Note that C in just the identity with o added to the (k, k} entry.)
Assume that B € F"*P has rank p and show that
M BT )BT (1 S T)
{a)=(B"8) TT awTate?

whert w = (In — B(BTB) 'BT)e;. Show that if |wl, = 0 or Jwl; = 1, then
|| Mex) llg = 1/@min(B). Show that if 0 < w|l; < 1, then

1 1
" M(QJ "2 < m{l"""’“z 1+ "wll’}/ﬂ'min(B)-

Thus, || M{a} |l; has an a-independent upper bound.
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J.R. Bunch (1982). “A Note on the Stable Decomposition of Skew Symmetric Matrices,”
Moth., Comp. 158, 475480,
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Problems with structure sbound in mairix computations and perturbation theory
has a key role to play in tha ssarch for stable, efficient algorithma. For equilibrium sys-
tems, there are several results like (4.4.15) that underpin the most effective algorithms.
See
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A. Forsgren (1995). “On Linear Least-Squares Problems with Diagonally Dominant
Weight Matrices,” Technical Report TRITA-MAT-1995-032, Department of Mathe-
matics, Royal Institute of Technology, S-100 44, Stockholm, Sweden.

and the included references. A discussion of (4.4.15) may be found in

G.W. Stewart (1989). “On Scaled Projections and Pseudoinverses,” Lin. Alg. and Its
Applic. 1182, 189-193.

D.P. O'Leary (1990). “On Bounds for Scaled Projections snd Pseudoinverses,” Lin, Aly.
and Its Apphic. 132 115-117.

M.J. Todd (1990). “A Dantsig-Wolfe-like Variant of Karmarker's Interior-Point Linear
Programming Algorithm.” Operations Research 38, 1006-1018.

4.5 Block Systems

In many application areas the matrices that arise have exploitable block
structure. As a case study we have chosen to discuss block tridiagonal
systems of the form

[ Dy R 0 11z ] [ by ]
E, D, . : 27 be
’ : = : (4.5.1)
. . " F—l . .
| 0 En_y Dy J L Zn ] Lbn_

Here we assume that all blocks are ¢-by-g and that the x; and b; are in
R, In this section we discuss both a block LU approach to this problem as
well as a divide and conquer scheme known as eyclic reduction. Kronecker
product systems are briefly mentioned.

4.5.1 Block Tridiagonal LU Factorization

We begin by considering a block LU factorization for the matrix in (4.5.1).
Define the block tridiagonal matrices A; by

(D, F 0 1
E, D, :
Aﬁ E] . .t k=1n. (4.5-2)
: . Fiey
[ 6 - Eer Dy |
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Comparing blocks in
I 017U A e 0
L I : 0o U . :
: s oo Fag
| 0 .- Ipy TJL O - 0 U,

we formally obtain the following algorithm for the L; and U;:

=0
for i =2in
Solve L, U1 = E_; for Li_;. (4.5.4)

Ui=D; = Lio1Finy
end

The procedure is defined so long as the U; are nonsingular. This is assured,
for exampie, if the matrices A4,,..., A, are nonsingular.

Having computed the factorization (4.5.3), the vector z in (4.5.1) can
be obtained via block forward and back substitution:

nn=bh
fori=2n
Wi = by = Loy
end {4.5.5)

Solve Upz, = yn for 2.
fori=n-1:-1:1

Solve U.'x.- =¥ - F,'I,'.g.l for .
end

To carry out both (4.5.4) and (4.5.5), each U; must be factored since linear
systems involving these submatrices are solved. This could be done using
Gaussian elimination with pivoting. However, this does not guarantee the
stability of the overall process. To see this just consider the case when the
block size g is unity.

4.5.2 Block Diagonal Dominance

In order to obtain satiefactory bounds on the L; and U; it is necessary
to make additional assumptions about the underlying block matrix. For
example, if for £ = 1:n we have the block diagonal dominance relations

1D M Fca ly + 1 Belly) <1 En=Fe=0 (4.5.6)
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then the factorization (4.5.3) exists and it is possible to show that the L;
and U; satisfy the inequalities

NLill, < 1 (4.5.7)
NT:ill, £ lAaly (4.5.8)

4.5.3 Block Versus Band Solving

At this point it is reasonable to ask why we do not simply regard the matrix
A in (4.5.1) as a gn-by-gn matrix having scalar entries and bandwidth
2¢ — 1. Band Gaussian elimination as described in §4.3 could be applied.
The effectiveness of this course of action depends on such things as the
dimensions of the blocks and the sparsity patterns within each block.

To illustrate this in a very simple setting, suppose that we wish to solve

[gi g;][i;]=[§;] (4.5.9)

where D, and D; are diagonal and F, and E, are tridiagonal. Assume
that each of these blocks is n-by-n and that it is “safe” to solve (4.5.9) via
{4.5.3) and (4.5.5). Note that

U, = Dy (diagonal)
L, = EU! (tridiagonal)
Ug = Di-L\Ff {pentadiagonal)
w o= b
w = b-E(D{'n)

Uszg = »

.Dl:tl = 1 F1:tg.

Consequently, some very simple n-by-n calculations with the original banded
blocks renders the solutiocn.

On the other hand, the naive application of band Gaussian elimination
to the system (4.5.9) would entail a great deal of unnecessary work and
storage a3 the system has bandwidth n + 1. However, we mention that by
permuting the rows and columns of the system via the permutation

P = [el,enﬂ,eg,...,en,eg,.] (4.5.10)
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we find (in the n = 5 case) that

PAPT =

CSCoOXoOX KX oaQo
CDoOOoOX X XoX OO
O X Xooco oo
oOX X X oXooo o
XMoo OoOoOOoOQOo
XX oxXxoooooo

DO OoOX OX X XOo
COoOOoCOOX X X OoOX

CoocooOX @ X X
coococoocoX X X

. -

This matrix has upper and lower bandwidth equal to three and so a very
reasonable solution procedure results by applying band Gaussian elimina-
tion to this permuted version of A.

The subject of bandwidth-reducing permutations is important. See
George and Liu (1981, Chapter 4). We also refer to the reader to Varah
{1972} and George {1974) for further details concerning the solution of block

tridiagonal systems.

4.5.4 Block Cyclic Reduction

We pext describe the method of block cyclie reduction that can be used
to solve some important special instances of the block tridiagonal system
{4.5.1). For simplicity, we assume that A has the form

rD F N I
F D :
A= . . . € RM*™ {4.5.11)
: .. F
L 0 ... F D]

where F' and D are ¢-by-q matrices that satisfy DF = FD. We also assume
that n = 2% — 1. These conditions hold in certain important applications
such as the discretization of Poisson's equation on a rectangle. In that
situation,

T4 -1 ver 0]
-1 4 - :
D = (4.5.12)
.'- _1 .
| o -1 4
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and F = —I,. The integer n iz determined by the size of the mesh and can
often be chosen to be of the form n = 2% — 1. {Sweet (1977) shows how to
proceed when the dimension is not of this form.)

The basic idea behind eyclic reduction is to halve the dimension of the
problem on hand repeatedly until we are left with a single g-by-¢ system
for the unknown subvector zgu-1. This system is then solved by standard
means. The previously eliminated z; are found by a back-substitution
process.

The general procedure is adequately motivated by considering the case
n=":

by

ba
bs
by
bs
ba
by

Dzy 4+ Fzg
Fzy, + Dza + Fzxa
Fra + Dz + Fzy
Fzy + Dzy + Fxy
Fzy + Dxg + Fzg
FI& + D.'I.‘g + F.'B';
Fzg + Dxq
(4.5.13)
For i = 2, 4, and 6 we multiply equations ¢ — 1, 1, and i+ 1 by F, —D, and
F, respectively, and add the resulting equations to obtain

(2F2 — D¥)z; + Fiz, = F(by + b3} — Db,

Fz; + (2F2 - D2)$4 + Fizg = Fibs + bs) — Dby

Fiz, + (2F? - Dz = F(bs + by) — Dbg

Thus, with this tactic we have removed the odd-indexed z; and are left
with a reduced block tridiagonal system of the form

| I I | | B | A 1 |

DWg, + Fiig, -
Filzy 4+ DWWz 4 pligy = 3
F("n + D(”Ig = bgn

where D) = 2F% _ D? and F(Y) = F? commute. Applying the same elim-
ination strategy as above, we multiply these three equations respectively
by F(I), —DW and F(1}, When these transformed equations are added
together, we obtain the single equation

(QIF(”]“ - sz) z, = FV (b‘," + bgl)) - D‘”bf,‘)
which we write as
Dtﬂ)z‘ = b2,

This completes the cyclic reduction. We now solve this (small) ¢-by-g sys-
tem for x4. The vectors x2 and z¢ are then found by solving the systems

szg = b-gn--F(l).‘t;
DWzg = M - pliz,
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Finaelly, we use the first, third, fifth, and seventh equations in (4.5.13) to
compute 21, 3, T5, and zy, respectively.

For general n of the formn = 2* ~1 we set D® = D, PO = F 50 =}
and compute:

forp=1ik—1
F&# = [Flr-1]2
0w — o _ [D(p-n]a

r=2°
for j = 1:28-7 — 1 (4.5.14)
 _ - (p—1) (1) —lp-1)
bjr = Fo- (bjr-rf'? + bjr+r/2) —- D l)bjr
end
end

The x; are then computed as follows:

Solve D*-Dga0 = b1 for zou_s.
forp=k-~2:-1:0
r=2¥
for j = 1:28-7-! {4.5.15)
ifj=1
= pP
€= b(?j-l)r - F(p)zﬂjr
elseif j = 2k-P+
¢ = b1y — FP a2
else
=8, = F® (z3;, +25_2)r)
end
Solve Dtp)ﬂ-'(gj-l)r = cfor Z(2j=1)r
and
end

‘The amount of work required to perform these recursions depends greatly
upon the sparsity of the D® and F®). In the worse case when these
matrices are full, the overall flop count has order log(n)¢®. Care must be
exercised in order to ensure stability during the reduction. For further
details, see Buneman (1969).

Example 4.5.1 Suppose g = 1, D = (4}, and F = (-1) in (4.5.14) and that we wish to
sohve:

4 -1 1] 0 0 0 i} E 2
-1 4 -1 0 0 0 0 E2) 4
0 -1 4 -1 1] 0 0 r3 6
1] 0o -1 4 -1 1] 0 za = -]
0 0 0 -1 4 -1 0 x5 10
0 0 0 0o -1 4 -1 za 12
(1} 0 0 0 0 =1 4 zT 2
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By executing (4.5.15) we obtain the reduced systemw:
~14 1 D F -2
1 -4 1 £ = —48 p=1
0 1 —l14 Ts —80

(1] = = ][ 78] 52
The z; are then determined vis {4.5.26):

and

p=2 xy4=4
p=1 xp=12 zs =6
p=0 m=1 3 =3 zg =5 zy =T

Cyclic reduction is an example of a divide and conquer algorithm. Other
divide and conquer procedures are discussed in §1.3.8 and §8.6.

4.5.5 Kronecker Product Systems
If B e R™™ and C € RP*Y, then their Kronecker product is given by

b1C' baC -+ b0

bnC  bnC -+ byC
A=B88C= : : - :

bn1C bmaC -+ b€

Thus, A is an m-by-n block matrix whose (i, j) block is b;;C. Kronecker
products arise in conjunction with varicus mesh discretizations and through-
out signal processing. Some of the more important properties that the
Kronecker product satisfies include

(A@B)(C®D) = =AC®BD (4.5.16)
(4B = ATeBT (4.5.17)
(A@B)™' = A'eB! © (4.5.18)

where it is assumed that all the factor operations are defined.
Related to the Kronecker product is the “vec” operation:

X(:,1)
X e R g vec(X) = : € R™.
X{:,n)

Thus, the vec of & matrix amounts to a “stacking” of its columnns. It can
be shown that

Y=CXBT &  vec(Y)=(B®C)vec(X). (4.5.19)
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It fallows that solving a Kronecker product system,
(BeC)x=d

is equivalent to solving the matrix equation CXBT = D for X where
z = vee(X)} and d = vec(D). This has efficiency ramifications. To illustrate,
suppose B,C € R"*™ are symmetric positive definite. A =B @ C is
treated as a general matrix and factored in order to solve for z, then O(n®)
flops are required since B® C € IR* **, On the other hand, the solution
approach

1. Compute the Cholesky factorizations B = GGT and C = HHT.
2. Solve BZ = DT for Z using G.
3. Solve CX = Z7 for X using H.
4. z = vee(X).
invalves O(n?) flops. Note that
B®C=GGT @ HHY = (Go H) (G & H)T

is the Cholesky factorization of B @ C because the Kronecker product of a
pair of lower triangular matrioes is lower triangular, Thus, the above four-
step solution approach is a structure-exploiting, Cholesky method applied
to B@C.

We mention that if B is sparse, then B ®C has the same sparsity at the
block level. For example, if B is tridiagonal, then B®C is block tridiagonal.

Problems

P4.85.1 Shawthuaﬁhckdiapnuﬂydaminmmhhmndn;nm.
P4.5.2 Verify that (4.5.6) impliea (4.5.7) and (4.5.8).

P4.5.8 Suppoee block cyclic reduction is applied with D given b{ (4.5.12) and F = -I,.
What can you say about the band structure of the matricen F(?) and DU that arign?

P4.5.4 Suppose A € R"*™ ia nonsinguiar and that we hxve soiutions to the linear
systems Az = b and Ay = g where b, g € R™ are given. Show how to salve the system

A g =1 b

A o m 8
in O{n) Aops where o, € R and b € R™ are given and the matrix of cosfficients 4, b
nonsingular. The advisability of going for such & quick solution is a complicated issue
that depends upen the condition numbers of A and A4 and other factors.
P4.5.5 Verify (4.5.16)-(4.5.19).
P4.5.7 Show bow to construct the SVD of B ® C from the SVDa of 8 and C.
P4.5.8 U 4, B, and C are matrices, then it can be shown that (A® B)®C = A@(BRC)
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and a0 we just write A ® B @ C for this matrix. Show how to solve the linear systam
(A® B® C)z = d amsuming that A, B, and C' are symmetric positive definite.
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4.6 Vandermonde Systems and the FFT
Suppose z{0:n) € R™*1. A matrix V € R®HUX+1) of the form

1 1 Ve 1

Ta T [T

= V(Io,. ..,:r:,,) =

zg zi‘ ies z:
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is said to be a Vandermonde matriz. In this section, we show how the
systems VTa = f = f(0:n) and Vz = b = 0:n) can be solved in O(n?)
flops. The discrete Fourier transform is briefly introduced. This special and
extremely important Vandermonde system has a a recursive block structure
and can be solved in O{nlogn) fops. In this section, vectors and matrices
are subscripted from 0.

4.6.1 Polynomial Interpolation: VTa = f

Vandermonde systems arise in many approximation and interpolation prob-
lems. Indeed, the key to obtaining a fast Vandermonde solver is to recognize
that solving VT = f i8 equivalent to polynomial mterpolat.mn This fol-
laws because if VTa = f and

plz) = i a;z’ (4.6.1)
=0

then p(x:) = f; for i = in.

Recall that if the z; are distinct then there is a unique polynomial of
degree n that interpolates (zg, fo),...,(Zn, fn}. Consequently, V is non-
singular as long as the z; are distinct. We assume this throughout the
section.

The first step in computing the a; of (4.6.1) is to calculate the Newton
representation of the interpolating polynomial p:

n k-1
pE) =) o (H(x - :c,-)) . (4.6.2)

ke =0

The constants ¢; are divided differences and may be determined as follows:

e(0:n) = f(0O:n)
for k=0n-1
fori=n-Lk+1 (4.6.3)

= (i — &i—1)/{Ti — Timk-1}
end
end

See Conte and de Boor (1980, chapter 2).
The next task is to generate a{0:n) from ¢{0:n). Define the polynomials
Pnl(z), ..., po(z) by the iteration

Pn(2) =
fork=n-1:-10

Pi(®) = ck + (T — Tk )}pr4a(x)
end
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and chserve that po(z) = p(z). Writing

pe(z) = aik) + a;ﬂlz PR a,(,k)z“'k

and equating like powers of T in the equation py = e + (2 — 2 )Pey1 gives
the following recursion for the coefficients aﬁ*):

o™ =c,
fork=n-1:-10
I

fori=k+1ln-1
agk) = af-"""‘) - zkagﬂ'“
end

al® = g+

end
Consequently, the coefficients a; = anJ can be calculated as follows:
a(t:n) = ¢(0:n)
fork=n-1:-1:0
fori=fkmn—1 {(4.6.4)
Bi = 8 — ThGiyl
end
end

Combining this iteration with (4.6.3) renders the following algorithm:

Algorithm 4.6.1 Given z(0:n) € R**! with distinct entries and [ =
f(0:m) € B™*! the following algorithm overwrites f with the solution a =
a(0:n) to the Vandermonde system V(zy,...,zn.)Ta = f.
fork=0n-1
fori=n:—-1k+1
J@ =G - fE-1)/(z() - =i - k- 1))
end
end
fork=n-1:-10
fori=kn-1
F8) = £G) ~ f(i + 1)z(k)
end
end

This algorithm requires 512 /2 flops.

Example 4.6.1 Suppose Algorithm 4.6.1 is used to solve

11 1 17%ra 10
1 3 9 27 az 58 )
1 4 16 64 ay 112

186 CHAPTER 4. SPECIAL LINEAR SYSTEMS

The first k-koop computes the Newton representation of p{<):
p(z) = 10+ 16(z — 1) + 8(z — 1)(z - 2) + (= — 1)(z — 2)(z - 3).

The second k-loop computes a = [4 3 21T from [10 16 8 1|7,

4.6.2 The System Vz = Db

Now consider the system Vz = b. To derive an efficient algorithm for this
problem, we describe what Algorithm 4.6.1 does in matrix-vector language.
Define the lower bidiagonal matrix Li(a) € R (A+D) by

[ I, 0 ]
1 0
-a 1
Li(a) = 0
1
X 0 ~a 1 |

and the diagonal matrix Dy by

Dy = diag(1,...,1 ,Tp41 — To,. -+ 1T — Tr—k—1)-
k+1

With these definitions it is easy to verify from (4.6.3) that  f = f(O:n)
and ¢ = ¢(0:n) is the vector of divided differences then ¢ = UT f where U/
is the upper triangular matrix defined by

UT = D72 Loy (1) -+~ D5 Lo(1).
Similarly, from (4.6.4) we have
a=1LTe¢,
where L is the unit lower triangular matrix defined by:
LT = Lo(zo)T -+ Ln-1{za-1)"-

Thus, @ = LTUT f where V-T = LTUT. In other words, Algorithm 4.6.1
solves V¥a = f by tacitly computing the “UL” factorization of V1.
Consequently, the solution to the system Vz = b is given by
z = V7' = U(Lb)
= (Lo{1)T D5+ La-1(1))TD72,) (Lno1(Zn-1) - - - Lo{20)b)
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This observation gives rise to the following algorithm:

Algorithm 4.6.2 Given z(0:n) € R**! with distinct entries and b =
5(0:n) € R**!, the following algorithm overwrites b with the solution z =
z{0:n) to the Vandermonde system V(xy,...,Z,)z=b

fork=0n-1
fori=n—-1l:k+1
b(3) = (i) — =(k)b(i — 1)

and
end
fork=n-1-10
fori=k+1lin
b(i) = &)/ (z(3) ~z(i -k - 1))
end
fori=kn-1
(i) = b(s) — b{i + 1)
end
end

This algorithm requires 5n2/2 flops.

Example 4.8.0 Suppose Aigorithm 4.6.2 is used to solve

111 1 20 0
1 2 3 4 a | _| -1
1 4 8 16 P 3]
1 8 27 64 n 35

The first k-loop computes the vector
1]
_ -1
= 6 |
B

o

La(3) LA 1 (1) [

& o

‘The second k-loop then calculnies

4.6.3 Stability

Algorithms 4.6.1 and 4.6.2 are disemssed and analyzed in Bjdrck and Pereyra
(1970). Their experience is that these algorithms frequently produce sur-
prisingly accurate solutions, even when V is ill-conditioned. They also
show how to update the solution when a new coordinate pair (Za4+1, fa+t)
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is added to the set of points to be interpolated, and how to solve conflueni
Vandermonde systems, i.e., systems involving matrices like

)

1 1 D 1

1
V = V(xﬂixl:zleS) = :::g :f,% 2::? :%
3zf =7

ot
M.

4.6.4 The Fast Fourier Transform
The discrete Fourier transform (DFT) matrix of order n is defined by

Fo={(fix) fix=wi

where
wy, = exp(—2mi/n) = cos(2m/n) - i - sin(2x/n).

The parameter w, is an nth root of unity because w] = 1. Inthen = 4
case, wy = —i and

i1 1 1 1 1 1 1
Fy = 1 wy wi W I R A i
T W owd W |1 -1 1 -t
1 wi wf of 1 i ~1 -

If £ed€, then its DFT is the vector F,,z. The DFT has an exiremely
important role to play throughout applied mathematics and engineering.
If n is highly composite, then it is possible to carry out the DFT in
many fewer than the O(n?} flops required by conventional matrix-vector
multiplication. To illustrate this we set n = 2° and proceed to develop
the radiz-2 fast Fourier transform (FFT). The starting point is to look
at an even-order DFT matrix when we permute its columns so that the
even-indexed columns come first. Consider the case n = 8. Noting that

wh? = kI med8 g have

11 1 1 1 1 1 1]
1 w wr o wt W W W
1 w? wf b 1 w* ot W

el W oW ow oWt W W W -
8 1w 1 w1 w1 Wt “e-

1 % 0 W ot w W WP
1 w ot w1 W ot P

[ 1 W Wb W Wt W W w
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If we define the index vector c=[0246135 7], then

"1 1 1 1] 1 1 1 1 1
1 w? oot W w P W ST
1 ol 1‘ z; w: W WP w:
1 W w P W w w
Fwo)= |~ 1T 11T =T =T -1
1 o W W —w - P T
1 wt 1 ot —w? —w® —w? —ut
[1 @ wf WP —w - Wb

The lines through the matrix are there to help us think of Fy(:,¢) as a
2-by-2 matrix with 4-by-4 blocks. Noting that w? = w§ = wy we see that

, - F4 Q4F4
Fy(iyc) = [ Fa | —04Fy ]
where
1 0 0 O
_ H W 0 0
=14y o wi 0
0 0 0 uf

It follows that if = in an 8-vector, then

[ Fol QuFy ] [ z(0:2:7)

Far = F{:, e)z(c) Fo | —uFy z{1:2:7)

[rhoae] [,

Thus, by simple scalings we can obtain the 8-point DFT y = Fyz from the
4-point DFTs yr = Fyz(0:2:7) and yp = Fyz(1:2:7):

y(04) = yr+dryg
¥(47) = yr—d.+ys.
Here,
1
w
d= w?
wd

and “»" indicates vector multiplication. In gemeral, if n = 2m, then y =
F,x is given by
y(0:m —-1)
v(imn—1)

y‘]"+d.#y3
ys—d.ryp

i
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where
d = [l,wi...,wm_llr
yr = Fpz(02n-1),
yB = Fnx(l:i2n-1).

For n = 2* we can recur on this process until » = 1 for which Fiz = z:

function y = FFT(z,n)

ifn=1
y==z

else
m=nf2 w=e M/
yr = FFT(z(0:2:n),m); yg = FFT(z(1:2Z:n),m)
d= [1, W, wm—1 ]T; z=d. =ypg

_lyr+e=

v=¥t:]

end

This ia a member of the fast Fourier transform family of algorithms. It
has a nonrecursive implementation that is best presented in terms of a
factorization of F,. Indeed, it can be shown that F,, = 4,;--- A1 P, where

A =1, @By L=2,r=n/L
with

| I;a Qrpa o Lj2—1
By = [ IL/2 _nle and 9;/3 = diag(l,wz, ... s Wy ).
The matrix F, is called the bii reversal permutation, the description of
which we omit. (Recall the definition of the Kronecker product “®@" from
§4.5.5.) Note that with this factorization, y = Fnz can be computed as
follows: ’

= Pz

for g =12
L=2 r=n/L {4.6.5)
z=({I.®8)z

end

The matrices A, = (I, ® B} have 2 nonzeros per row and it is this sparsity
that makes it possible to implement the DFT in O(rlogn} flops. In fact,
a careful implementation involves 5n log, n flops.

The DFT matrix has the property that

1 1
Ft= ;F,f" = ;F,,. (4.6.6)
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That is, the inverse of F,, is obtained by conjugating its entries and acaling
by n. A fast inverse DFT can be obtained from a (forward) FFT merely
by replacing all root-of-unity references with their complex conjugate and
scaling by n at the end.

The value of the DFT i3 that many “hard problems” are made simple
by transforming into Fourier space (via F,). The sought-after solution
is then obtained by transforming the Fourier space solution into original
coordinates (via F;1).

Problems
P4.6.1 Show that if V = V(20,-..,%n), then
dav) = [ G-z

n2i>j20
P4.6.2 (Gautschi 1975a) Verify the following inequality for the n = 1 case above:

n
1+ |24
0<k<n lzx — =]
il
igkie
Equality results if the z; are all on the same ray in the complex plane.

IV~ e <

P4.6.3 Suppose w = [l. twn, Wi, ., u.'.""" ] where n = 2¢. Using colon notation,
express

i rf2=-1
[li W, ulz-v--v U'.-/ ]

as a subvector of w where r = 29 g = 1:¢.

P4.6.4 Prove (4.6.6).

P4.8.5 Expand the operation 2z = (I @ B )z in (4.6.5) into & double loop and count
the number of flops required by your implementation. (Igoore the details of 2 = Paz.
P4.6.8 Suppose n = 3m and examine

G = [Fa(:,0:3m - 1} Fu(:3:n~1) Fr(:,223:n-1)]

as a 3-by-3 block matrix, looking for acaled copiss of F,,. Based on what you find,
develop a recursive radix-3 FFT analogous to the radix-2 implementation in the text.

Notes and References for Sec. 4.8
Our discussion of Vandermonde linear systems is drawn from the papers

A, Bjdrck and V. Pereyra (1970). “Solution of Vandermonde Systems of Equations,” Math.
Comp. 24, 893-903. .

A. Bjorck and T. Elfving (1973). *Algorithme for Confluent Vandermonde Systems,”
Numer. Math. 21, 130-37.

The divided difference computations we discussed are detailed in chapter 2 of

5.D. Conte and C. de Boor (1980). Elementary Numerical Analysis: An Algorithmic
Approach, 3rd ed., McGraw-Hill, New York.
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Systemn,” Numer. Math. 62, 17-34.

J.M. Varah (1993). “Errors and Perturbations in Vandermonde Systems,” /M4 J. Num.
Angl 13, 1-12.

Interesting theoretical results concerning the condition of Vandermonde systems may be
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terns, block Vandermonde systems, and Vandermonde systems that are based on other
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G. Galimberti and V. Pereyrs (1870). “Numerical Differentiation and the Solution of
Multidimensional Vandermonde Systems,” Math. Comp. 24, 357-64.

G. Galimberti and V. Pereyra (1971). “Solving Confluent Vandermonde Syatems of
Hermitian Type,” Numer. Math. 18, 44-60.

H. Van de Vel (1977). “Numerical Treatment of a Generalized Vandermonde systems of
Equations,” Lin. Aly. and [ Applic. 17, 149-T4.

G.H. Golub and W.P Tang {1981). “The Biock Decomposition of a Vandermonde Matrix
and Its Applicationa,” BIT 21, 505-17.

D. Calvetti and L. Raichel (1992). “A Chebychev-Vandermonde Solver,” Lin. Alg. and
Its Applic. IT8, 215-219.

D. Calvetti and L. Reichel (1993). “Fast Inversion of Vandermonde-Like Matrices [n-
voiving Orthogonal Polynominls” BIT 23, 473-484.

H. Lu (1994). “Past Solution of Confluent Vandermonde Linear Systems”™ SIAM .J.
Matriz Anal. Appl. 15, 1277-1288.

H. Lu (1996). “Solution of Vandermonde-like Systeme and Confluent Vandermonds-lika
Systerma,” STAM J. Matriz Anal. Appl 17 127-138.

The FFT literature is very extensive and acattered. For an overview of the area couched
in Kronecker product notation, see

C.F. Van Loan (1892). Computationa! Prameworks for the Fast Fourier Tronsform,
SIAM FPublications, Philadelpkin, PA.

The point of view in this text is that different FFTa correspond to different factorisations
of the DFT matrix. These are sparse factorizations in that the factors have very few
nengeros per row.
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4.7 Toeplitz and Related Systems

Matrices whose entries are constant along each diagonal arise in many ap-
plications and are called Toepiitz matrices. Formaily, T € R**" is Toeplitz
if there exist scalars r_p41,...,70,..., n—1 such that ay; = r;; for all §
and j. Thus,

fOo ™ Tz T3 3176

T = -1 o ™ T2 _ 4 31 7
- fog T2 T N - 0 4 31
F_3 -2 r.1 7o 9 0 4 3

is Toaplitz.

_ Toeplitz matrices belong to the larger class of persymmetric matrices.
We say that B ¢ R™™" is persymmetric if it symmetric about its northeast-

southwest diagonal, i.e., byj = by_j4.1.n—4+1 for all i and j. This is equivalent

to requiring B = EBTE where E = [eg,...,e1] = In(:,n: - 1:1) is the

n-by-n exchange matriz, ie.,

0 001
¢ 010
E_Olﬂ{)
1 000

It is easy to verify that (a) Toeplitz matrices are persymmetric and (b} the
inverse of a nonsingular Toeplitz matrix is persymmetric. In this section we
show how the careful exploitation of (b) enables us to solve Toeplitz systems
with O(n?) flops. The discussion focuses on the important case when T is
also symmetric and positive definite. Unsymmetric Toeplitz systems and
connections with circulant matrices and the discrete Fourier transform are
briefly discussed.

4.7.1 Three Problems
Assume that we have scalars 7y, ..., r, such that for & = 1:n the matrices

1 Lttt Tk—2 Tk ]
™ 1 . Tk_2
T =
Th-2 e
[ Tk—1 Tk—z -+ N 1]

are positive definite. (There is no loss of generality in normaliﬁng the
diagonal.) Three algorithms are described in this section;
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e Durbin’s algorithm for the Yile- Walker problem Toy = —{r1,...,7s)7.
s Levinson’s algorithm for the general righthand side probiem T,z = b.
o Trench’s algorithm for computing B = T;;1.
In deriving these methods, we denote the k-by-k exchange matrix by E,
ie., By = L(: k: — 1:1).

4.7.2 Solving the Yule-Walker Equations

We begin by presenting Durbin’s algorithm for the Yule-Walker equations
which arise in conjunction with certain linear prediction problems. Suppose
for some & that satisfies 1 < k < n — 1 we have solved the k-th order Yule-
Walker system Thy = —r = —(r1,...,7%}7. We now show how the (k+1)-st
order Yule-Walker system

Tk Ekr z - r
mTE, 1 a | Thel
can be solved in O(k) flops. First observe that
z =T N —r —aBr) =y ~ oI} ' Exr

and
A= —Frp1 — T Epz.

Since T ! is persymmetric, T} 1B = ETS ! and thus,
z=y-— aE.,T,':lr =y +aby.
By substituting this into the above expression for a we find
a = —trp1 = 7 Exly + aBay) = —(resr + 7T Exy) /(1 +77 ).

The denominator is positive because T}y is positive definite and because

I Ewl"[ T EBerl[I By]l [T 0

o 1 TE, 1 o 1 | T |0 1477y |-
We have illustrated the kth step of an algorithm proposed by Durbin {1960).
It proceeds by solving the Yule-Walker systems

Ty® = —r® = —[ry,...,1]"

for & = 1:n as follows:
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y(l) = -—fl
fork=1ln-1
By = 1+ [r®Ty®
o = —(rapy + 70T By®)/p, (4.7.1)

z(k} -_— y(k) + akEky(k)

g+ o %)
. 7
end

As it stands, this algorithm would require 3n? flops to generate y = y(™),
It is possible, however, to reduce the amount of work even further by ex-
ploiting some of the above expressions:

Be = 1+

= 1+[,-(k-1)"" ,k] v* Y e By gk
1

= (14 DTy 4o, ([r(k— VT By yyt*—) _H,*)
= Be-1 +apa(—Frr10k-1)
= (1-of_ )bk

Using this recursion we obtain the following algorithm:

Algorithm 4.7.1. (Durbin) Given real numbers 1 = ry,71,...,7, such
that T = (r;_;) € R**" is positive definite, the following algorithm com-
putes y € R® such that Ty = —(ry,...,m)7.

(1) = —r(1); f=1; o= —r(1)
fork=1n-1

B=(Q1-aop

a=—(r(k+1)+r(k - 1:1)Ty(1:k)) /8

2(L:k) = y{1:k) + ay(k: — 1:1)

. _ | z(L:k)

y(l:k +1) = [ o

end

This algorithm requires 2n? Aops. We have included an anxiliary vector z
for clarity, but it can be avoided.

Example 4.7.1 Supposs we wish to solve tha Yule-Walker system
1 5 2 " 5
S5 1 5 wnl=-1.2
2 5 1 Vs 1
using Algorithm 4.7.1. After one pass through the loop we obtain

a=1/15, f=3/4, yp= [ ‘5,’;;5 ] .
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‘We then compute

B (1 - a®)8 =56/75

a = ={rat+rnt+nn)/f=-1/28
y1 + ayz = ~-225/420
mt+an = _36{420'

It

z

3

giving the final solution y = {~75, 12, —5T/140.

4.7.3 The General Right Hand Side Problem

With a little extra work, it is possible to solve a symmetric positive definite
Toeplitz system that has an arbitrary right-hand side. Suppose that we
have solved the system

Tz =b=(b,....0)7 (4.7.2)

for some k satisfying 1 < k < n and that we now wish to solve

LA -] e

Here, r = {r1,...,7)T as above. Assume also that the solution to the &th
order Yule-Walker system Tyy = —r is also available. From Thv+puEir = b
it follows that

v=Tr (b~ uBrr) = 2 - uTy By = 7 + pExy
and so

po= bryy —rTEev
betr — T Epx — prTy
(bksr ~rTExT) [ (1 +77y).

Consequently, we can effect the transition from (4.7.2) to (4.7.3} in O(k)
flops.

Overall, we can efficiently solve the system T,z = b by solving the sys-
tems Tiz®) = 5% = (by,...,5)7 and Tay™ = —r®) = (r,...,7)T “n
parallel” for k¥ = 1:n. This is the gist of the following algorithm:

Algorithm 4.7.2 (Levinson) Given b€ R" and real numbers 1 =
T0,T1y+++27n Such that T = (r;_;) € R™™" is positive definite, the fol-
lowing algerithm computes 2 € R™ such that Tz = b,

¥(1) = —r(1); (1) =b(1); B=1; a=—r(l)
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fork=1ln-1
B=(1-a*)f u= (b(k +1) - r(1:k)Tz(k: - 1:1)) /B
v(l:k) = z(1:k) + py(k: — 1:1)

z(l:k+1) = ”(ﬁ")

ifk<n-1
a = (—r(k+1) +r(1:K)Ty(k: = 1:1)) /A
z{1:k) = y(1:k) + aylk: — 1:1)

y(Lk+1) = [ z(laik)

end
end

This algorithm requires 4n? flops. The vectors z and v are for clarity and
can be avoided in a detailed implementation.

Example 4.7.2 Suppose we wish to solve the symmetric positive definite Toeplitz

5 .2 E 4
1 5 x2 = - -1
bS] 3 3
using the above algorithm. After one pass through the locop we obtain
- . _§ -8/15 _ 6
a=1/15, 8 =3/4, y-—{ 1/15 ] x—[_4].

We then compute

8

w

giving the final solution z = {355, —376, 285} /56.

W=

(1-a®)B=56/T5 p = (bg—riza —ram)/H = 285/56
) + pya = I55/56 wp = zg+ upy = —376/56

hon

4.7.4 Computing the Inverse

One of the most surprising properties of a symmetric positive definite
Toeplitz matrix T, is that its complete inverse can be calculated in O(n?)
flops. To derive the algorithm for doing this, partition 77! as follows

-1 _| A4 Er - [ B v
Tﬂ - [ TR 1 ] = o ¥ (4.7.4)
where A=T,_,, E = En_;,and r = (r1,...,7,—1)7. From the equation
A Er v| |0
TE 1 I |1

it follows that Av = —yEr = —yE(r1,...,rp—1)T and v = 1 — rTEw.
If y solves the (n — 1)-st order Yule-Walker system Ay = —r, then these
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expressions imply that

v /(1 +17y)
v = ~Ey.

Thus, the last row and column of 77! are readily obtained.
It remains for us to develop working formulae for the entries of the
submatrix B in (4.7.4). Since AB + ErvT = I,_,, it follows that

T
B=A" - (A BT =4 + WT .

Now since A = T,,_ is nonsingular and Toeplitz, its inverse is persymmet-
ric. Thus,

— vty
by = (A7V)y + —;"'
= (A Dn-jin-i + v‘Tv’ (4.7.5)
= bpjmoi ~ mzifasi o WY
7 v

1
= bagnei + = (0005 = Vo gUn-) -

This indicates that although B is not persymmetric, we can readily compute
an element b;; from its refiection across the northeast-southwest axis, Cou-
pling this with the fact that A~! is persymmetric enables us to determine
B from its “edges” to its “interior.”

Because the order of operations i8 rather cumbersome to describe, we
preview the formal specification of the algorithm pictorially. To this end,
assume that we know the last column and row of T; 1

u ¥ u ou u £k

% u 4 ou u k

1 _ | v u u u k
L= ¥ u u u u k
% ¥ u u u k

kK k k kK k k

Here u and k denote the unknown and the known entries respectively, and
n = 6. Alternately exploiting the persymmetry of T;! and the recursion
(4.7.5), we can compute B, the leading (n ~ 1}-by-(n — 1) block of T}7};, as
foilows:

k kK k& k& k k k k k kK k %
k u u u u k k u v u k k
persym. E u u v u k (4.7.5) k u u u k k
k uw u u u k k u u u k &k
kv u u u k E k kK k k k
kK k k k k k kK kE kE k k k
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kK k k k k k k k k k k k
k k k k k k k k k k k k
per-wn.kkuukk(us)kkukkk
™ Vk k uwou k k k k k k k k
kK k k k k Kk k k k k k k
kK k k k k k E k k k k k

kK k k k k k

E k k k k k

pereym. | k kK kK E k K

" |k k kK kE k K

k k k k k k

Kk k k k k

Of course, when camputing a matrix that is both symmetric and persym-
metric, such as 77!, it is only necessary to compute the “upper wedge” of
the matrix—e.g.,

(r=6)

X X X
LA 4
X

With this last observation, we are ready to present the overall algorithm.

Algorithm 4.7.3 (Trench) Given real numbers 1 = rg,ry,...,7 Such
that T = (r“_'jl) € R™*" is positive definite, the following algorithm com-
putes B = T;'. Only those b;; for which i S jand i+j < n+ 1 are
computed.

Use Algorithm 4.7.1 to solve Ta—1y = =(r1,...,Fa-1)7 -
=1/(L+r(lin - )Ty(l:n — 1))

v(ln 1) Ay(n —1:— 1:1)
B(1,1) =
B(1,2:n) = u(n —L-1)T
for i = 2:flcor{(n —1)/2) + 1

for j=in-i+1

B(i,j) = B(i— 1, ~ 1)+
(v(n+ 1 — 3)o(n+1=3) - ofi = Dol — 1)) /7

end

end

This algorithm requires 13n?/4 flops.

Example 4.7.3 If the above algorithm is applied to compute the inverse B of the
positive definite Toeplits matrix

1 5 .2

- -

2 5 1
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then we obtain -y = T5/56, b1y = 75/56, b1a = —5/7, bia = 5/56, and by = 12/7.

4.7.5 Stability Issues

Error analyses for the above algorithms have been performed by Cybenko
{1978), and we briefly report on some of his findings.

The key quantities turn out to be the ay in (4.7.1). In exact arithmetic
these scalars satisfy

la] < 1
and can be used to bound || T ||;:

1 1
n—1 n-1 1 +|a,
-1 7
max ll(l.—a}g) ||(1-..aj) < "Tn " = 1— l l (476)

i=1 j=l 7=t

Moreover, the solution to the Yule-Walker system T,y = —r(1:n) satisfies

yli, = (Hu +ak)) @.1.7)

k=]

provided all the oy are non-negative.
Now if £ is the computed Durbin solution to the Yule-Walker equations
then rp = T,Z + r can be bounded as follows

firoll = u (L +1ae)

kwm ]

where ¢y is the computed version of ax. By way of comparison, since
each |r;| is bounded by unity, it follows that || re || = uf| ¥ ||, where r¢ is
the residual associated with the computed solution obtained via Cholesky.
Note that the two residuals are of comparable magnitude provided (4.7.7)
holds. Experimental evidence suggests that this is the case even if some of
the o are negative. Similar comments apply to the numerical behavior of
the Levinson algorithm.

For the Trench method, the computed inverse B of 7! can be shown
to satisfy

h -Bi, _ H 1+ |Gul
IIT I

1= &

In light of (4.7.7) we see that the right-hand side is an approximate upper
bound for u|j T, || which is appraximately the size of the relative etror
when T,;! is calculated using the Cholesky factorization.
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4.7.6 The Unsymmetric Case

Similar recursions can be developed for the unsymmetric case. Suppose we
are given scalars ry,...,*a-1, Pty++ ., Pn—1, a0d by, ..., by and that we want,
to solve a linear system Tz = b of the form

1 rp 72 r3 1y 71
m 1 rorpor3 2
P2l o z3
3 ;1 n k7]
Pa ps ;2 ;1 1 zg

(n=25).

[
FETTT

In the process that follows we require the leading principle submatrices
T, = T(1:k,1:k), k = 1:n to be nonsingular. Using the same notation as
above, it can shown that if we have the solutions to the k-by-k systems

T;ry = —-r = ——[I"l Lt TR fk]T
Taw = —p = —[prpz--pal’ (4.7.8)
Tie = b = [bby-ba],

then we can obtain solutions to

EN SN
e )[0] = -[h] e

LA 0] - L]

PTE. 1 H bey1

in (k) Bops. This means that in principle it is possible to solve an unsym-
metric Toeplitz system in O(n?) flops. However, the stability of the process
cannot be assured unless the matrices T}, = T(1:k, 1:k) are sufficiently well
conditioned.

4.7.7 Circulant Systems

A very important class of Toeplitz matrices are the circulant matrices. Here
is an example:

Vo v vz vz oM
Vi to v U3
Clvy)=| v m1 vo w4 v
vz vz U1 W oWy
Yy M oM U W
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Notice that each column of a circulant is a “downshifted” version of its
predecessor. In particular, if we define the downshift permutation S, by

00001
100600

Sa=[0 1000 (n=5)
00100
00010

and v ={vg vy -+ Un—| ]T, then C(v) = [v, Suv, §3v,..., SB~1v].
There are important connections between circulant matrices, Toeplitz
matrices, and the DFT. First of all, it can be shown that

Clv) = F7 disg(Fav)F.  (47.10)

This means that a product of the form y = C{v)z can be solved at “FFT
speed”:

iF=Fz
t=Fwv
z=10.%F
y=F1z

In other words, three DFTs and a vector multiply suffice to carry out the
product of a circulant matrix and a vector. Products of this form are called
convolutions and they are ubiquitous in signal processing and other areas.

Toeplitz-vector products can also be computed fast. The key idea is
that any Toeplitz matrix can be “embedded” in a circulant. For example,

5 2 7
T=}4 5 2
9 4 5

is the leading 3-by-3 submatrix of

T 4
2v7 9
512 7
415 2

HE

9

G

]

©
-1 Ny X
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In general, if T = (¢;;) is an n-by-n Toeplitz matrix, then T = C(1:n, 1:n)

where C € RP#—1*(3n-1) ig 5 circulant with

1) = T(1:n,1}
Cln1) = [ T(l,n:: 1:2)T ] )

Note that if y = Cz and z(n+1:2n—1) = @, then y(1:n) = Tz(1:n) showing
that Toeplitz vector products can also be computed at “FFT speed.”
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Problems

P4.7.1 For any v € R™ define the vectors vy = (v + Fnv)/2 and v— = (v — Eav)/2.
Suppose A € F**™ is symmetric and persymmetric. Show that if Ax = b then Az, = b4
and Az- =b_.

P4.7.2 Let U/ € B**™ be the unit upper triangular matrix with the property that:
U1k — 1,k) = Ep_1pt*—1) where y'*) iz defined by (4.7.1). Show that

UTToU = disg(1,B1,...,8n-1).

P'4.7.3 Suppose z € R* and that § € R**" is orthogonal. Show that if
X = [x, Sz, ...,S“"z]

then XT X is Toeplit=.

P4.7.4 Consider the LDLT factorization of an n-by-n symmetric, tridiagonal, positive
definite Toeplitz matrix. Show that dy, and £y n—1 converge a8 n — oo,

P4.7.8 Show that the product of two lower triangular Toeplitz matrices is Toeplitz.
P4.7.6 Give an algorithm for determining u € R such that

Tn + s (ene] +ere7)

is singular. Assume Tn = (r|;—;|} i8 positive definite, with ro = 1.

P4.7.7 Rewrite Algorithm 4.7.2 s0 that it does not require the vectors z and v.
P4.7.8 Give an algorithm for computing xe(Ti) for k = 1:n.

P4.7.9 Suppose A3, A3, A3 and Ay are m-by-m matrices and that

Ap AL Az A

Ay Ap A1 Az

Az Ay Ap A

A1 Az A3 Ao

Show that there is & permutation matrix I1 such that IIT ANl = ¢ = (Cy;) where each
Cyj i8 & 4-bry-4 circulant matrix.

P4.7.10 A pby.p bleck matrix A = (A;;) with m-by-m blocks is block Toeplitz if there
exist Aepy1y o A=1,A40,41,. -, Ag-1 € R™MY™ a9 that Ayj = Ai-j, &&,

Ap A1 A1 Ay

Ay Ay AL Az

Az A1 A A
Az A3 A, A

(a) Show that there is a permutation II such that

A=

A=

Ty Ty -~ Tim
nTan =:| ™ Tn
Tml e Tmm

where each T}; is p-by-p and Toeplitz. Each Ti; should be “made up” of (i,j) entries
selected from the A, mairices. (b) What can you say about the Ty if A, = Ay,
k=1lp-17

P4.7.11 Show how to computa the solutions to the systems in (4.7.9) given that the
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solutiona to the systems in (4.7.8) are awilable. Assume that all the matrices involved
are ponsingular, Proceed to develop a fast unsymmetric Toeplits solver for Tx = &
assmuming that T"s leading principle submatrices are all nonsingular.

P4.7.12 A matrix H € R**" is Hankel if H(n: — 1:1,:) is Toeplitz. Show that if
A € X" i defined by

b
ay = / cos(k9) coa( j6)d8
a
then A is the sum of a Hankel matrivx and Toeplitz matrix. Hint. Make use of the
identity cos(u + v) = cos(u) cos(v) — sin(u) gin{v}.
P4.7.13 Verify that FoC(v) = ding{Fav)Fa.
P4.7.14 Show that it is posaibla to embed a symmetric Toeplits matrix into a symmetric
P4.7.18 Consider the kth order Yule-Walker system Tiy*? = —r(*) that arises in
{(4.7.1):

Va1 m
Tu : = -
Vhi T
Show that if
1 0 0 i} 0
Vi1 1 0 0 [+
Vi m 1 0 o
L= va3 2 m 1 0|,

¥n—in-1 WYa-1n-2 ¥n—-Ln-3 - Hn-13 1

then LTnLT = disg(l,51.....8n—1) where 8y = 1+ r®Ty*)  Thus, the Durbin
algorithm can be thought of rs a fast method for computing the LDLT factorization of
Y il
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Chapter 5

Orthogonalization and
Least Squares

§5.1 Householder and Givens Matrices

§5.2 The QR Factorization

§5.3 The Full Rank LS Probiem

§5.4 Other Orthogonal Factorizations

§5.5 The Rank Deficient LS Problem

§5.6 Weighting and Iterative Improvement
§5.7 Square and Underdetermined Systems

This chapter is primarily concerned with the least squares solution of
overdetermined systems of equations, i.e., the minimization of |} Az — b i,
where A € R™*" with rn > n and b € R™. The most reliable solution pro-
cedures for this problem involve the reduction of A to various canonical
forms via orthogonal transformations. Householder reflections and Givens
rotations are central to this process and we begin the chapter with a discus-
sion of these important transformations. In §5.2 we discuss the computation
of the factorization A = QR where Q is orthogonal and R is upper trian-
gular. This amounts to finding an orthonormal basis for ran(A4)}. The QR
factorization can be used to solve the full rank least squares problem as we
show in §5.3. The technique is compared with the method of normal equa-
tions after a perturbation theory is developed. In §5.4 and §5.5 we consider
methods for handling the difficult situation when A is rank deficient (or
nearly s0). QR with column pivoting and the SVD are featured. In §5.6 we
discuss several steps that can be taken to improve the quality of a computed

R
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This chapter is primarily concerned with the least squares solution of
overdetermined systems of equations, i.e., the minimization of |} Az — b i,
where A € R™*" with rn > n and b € R™. The most reliable solution pro-
cedures for this problem involve the reduction of A to various canonical
forms via orthogonal transformations. Householder reflections and Givens
rotations are central to this process and we begin the chapter with a discus-
sion of these important transformations. In §5.2 we discuss the computation
of the factorization A = QR where Q is orthogonal and R is upper trian-
gular. This amounts to finding an orthonormal basis for ran(A4)}. The QR
factorization can be used to solve the full rank least squares problem as we
show in §5.3. The technique is compared with the method of normal equa-
tions after a perturbation theory is developed. In §5.4 and §5.5 we consider
methods for handling the difficult situation when A is rank deficient (or
nearly s0). QR with column pivoting and the SVD are featured. In §5.6 we
discuss several steps that can be taken to improve the quality of a computed

R
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least squares solution. Some remarks about square and underdetermined
systems are offered in §5.7.

Before You Begin

Chapters 1, 2, and 3 and §§4.1-4.3 are assumed. Within this chapter
there are the following dependencies:

§5.6
T
§51 — §52 — §53 — §5.4 — §5.5

!
§5.7

Complementary references include Lawson and Hanson (1974}, Farebrother
(1987), and Bjorck (1996). See aiso Stewart (1973), , Hager (1988), Stewart
and Sun (1990), Watkins (1991), Gill, Murray, and Wright (1991), Higham
(1996}, Trefethen and Bau (1996), and Demmel (1996). Some MATLAEB
functions important to this chapter are qr, svd, pinv, orth, rank, and the
“backslash” operator “\.” LAPACK connections include

LAPACK: Householder/Givens Tools
_LARFG | Generates a Householder matrix
-LARF Householder times matrix
_LARFX | Small n Householder timen matrix

LARFB | Block Hottasholder times matrix

LARFT | Computes I —~ VTVH block reflector representation
-LARTG | Generates a plane rotation
-LARGY | Generates a vector of plane rotations
_LARTV | Appiies a vector of plane rotations to a vector pair
.LASR Applies rotation sequence to a matrix
CSROT Heal rotation times complex vector pair
CROT Complex rotation (¢ real) timnes complex vector pair
CLACGY | Complex rotation (s real) times complex vector pair

LAPACK: Orthogonal Factorizations
_CEQRF | A = QR
LCEQPF | Al = QR
-ORMORA | @ (factored form) timmes matrix (real case)
JUNMGR | Q (factored form) times matrix (complex case)
-0RGGR | Geperates ) (real cage)
_UNGQR | Generates Q (complex case)
-GERQF | A = RQ = {(upper triangular)(orthogonal)
WGELQF | A= aL {orthogonal) (lower triangulsr)

GEQLF | A = LQ = (lower trinnguiar){crthogonal)
TZRQF | A = RQ where A is upper trapesoidal
_CESVD | A =UEVT
-BDSgR | SVD of real bidiagonal matrix
-GERRD | Bidingonalization of general matrix
_ORGBR | Generates the orthogonal transformations
_GBERD | Bidiagonalization of band matrix
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LAPACK: Least Squares
_GELS | Fulirankmin [AX ~ Bz ormin AP X — Bl
.GELSS | SVD sclution to min || AX - Bl|p
-GEISI | Complete orthogonal decomposmon solution to min || AX - B ||p.
_CEF0 | Ecnilibrates general mairix to reduce condition

5.1 Householder and Givens Matrices

Recall that Q € R™" is orthogonal if QTQ = QQT = I,. Orthogonal
matrices have an important role to play in least squares and eigenvalue
computations. In this section we introduce the key players in this game:
Householder reflections and Givens rotations.

5.1.1 A 2-by-2 Preview

It is instructive to examine the geometry associated with rotations and
reflections at the n = 2 level. A 2-by-2 orthogonal matrix @ is a motation
if it has the form
_ | cos(8) sin(8)
= | e o
If y = QTz, then y is obtained by rotating = counterclockwise through an

angle 8.
A 2-by-2 orthogonal matrix @ is a reflection if it has the form

- |28 =)

If y = @7z = Qz, then y is obtained by reflecting the vector = across the

line defined by
s={] o |}

Reflections and rotations are computationally attractive because they are
easily constructed and because they can be used to introduce zeros in a
vector by properly choosding the rotation angle or the reflection plane.

Example 5.1.1 Suppose z =[1, v3|T. If we set

g =] co-6v) mn(-eey] _ [ 12 —ﬁ/z]
—sin(-60°) cos{—60°) | = | 3/2 1/2

then QTz =2, 0]T. Thus, a rotation of —60° zeros the second component of 2. If

q = [ 30 sin(sa°)] _{ v
= | 6n(30°) —coe(30°) | T /2 —/3/2

then QTx = [2, 0]|T. Thus, by reflecting x acroes the 30° line we can zero its second
component.
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5.1.2 Householder Reflections
Let v € R be nonzero. An n-by-n matrix P of the form

P=I——g—wT

o (5.1.1)

is called a Householder reflection. (Synonyms: Householder mairix, House-
holder transformation.) The vector v is called a Householder vector. If a
vector « is multiplied by P, then it is refiected in the hyperplane span{v}+.
It is easy to verify that Householder matrices are symmetric and orthogonal.

Householder reflections are similar in two ways to Gauss transforma-
tions, which we introduced in §3.2.1. They are rank-1 modifications of the
identity and they can be used to zero selected components of a vector. In
particular, suppose we are given 0 # £ € R” and want Pz to be a muitiple
of e; = In(;,1). Note that

T T
Pzz(f—zw)x=r—2vxu

vTy vly
and Pz € span{e; } imply v € span{z,e,}. Setting v = = + ae, gives

vr=zTz + s & 4]

and

=272+ 20T + aﬁ,

and therefore

=Tz + ax,

FPr = {1 z 2avT$c
_ Tz + 2011 + a? vy -

In order for the coefficient of = to be zero, we set a = +|| z ||z for then
woT
v=zx+|zlse; = Pr= (I - 2m) z = Fl z|ze1. (5.1.2)

It is this simple determination of v that makes the Householder reflection
so useful.

Example 8.1.2 Ifz =3, 1,5 1|T and v= {9, 1, 5, 1|7, then

. -27 -9 -45 -9
v 1 -9 53 5 -1
P=l-20m =l —45 -5 20 -8

-9 -1 <5 53

has the property that Pz =[—6, 0, 0, 0, |T.
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5.1.3 Computing the Householder Vector

There are a number of important practical details associated with the deter-
mination of a Householder matrix, i.e., the determination of s Householder
vector. One concerns the choice of gign in the definition of v in (5.1.2).
Setting
n=z-{zis

has the nice property that Pz is a positive multiple of e;. But this recipe is
dangerous if z is close to a positive multiple of e; because severe cancsllation
would occur. However, the formula

A-fzi} _ —ed+-+d)
ntlzl, =+l

suggested by Parlett (1971) does not suffer from this defect in the z; > 0
case.
In practice, it is handy to normalize the Householder vector so that
v(1} = 1. This permits the storage of ¥(2:n) where the zeros have been
introduced in x, ie., z{2:n). We refer to v(2:n) as the essential part of
the Householder vector. Recalling that 3 = 2/vTv and letting length(z)
specify vector dimension, we obtain the following encapsulation:

n = Il"““’"n =

Algorithm 5.1.1 {Householder Vector) Given £ € R, this function
computes v € R® with v(1) = 1 and € R such that P = I,, — fvv7 is
orthogonal and Pz = [ x | ,e1.

function: [v, 3] = house(z)
n = length(z)
o = z(2n)Tz(2n)
1
v= z(2:n)
ife=0
g=0

p=+vz(1* +o

ifz(2) <=0

v(l) =z(1}) - p

v(1) = —o/(x(1) + n)
end

B8 = 2v(1)*/{e + v(1)®)
v=vfu(l)

else

else

end

This algorithm involves about 3n flops and renders a computed Householder
matrix that is orthogonal to machine precision, a concept discussed below.
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A production version of Algorithm 5.1.1 may involve a preliminary scaling
of the z vector (x + z/|} = ||} to avoid overflaw.

5.1.4 Applying Householder Matrices

It is critical to exploit structure when applying a Householder reflection to
a matrix. If A € R™*™ and P = I — frv” € R™™, then

PA=(I-prwT)A=A-wT
where w = BATv. Likewise, if P = I — fvvT € R**™, then
AP=A{I-pn")=A-w"

where w = SAv. Thus, an m-by-n Householder update involves a matrix-
vector multiplication and an outer product update. It requires 4mn flops.
Failure to recognize this and to treat P as a general matrix increases work
by an order of magnitude. Householder updates never entail the erplicit
Sformation of the Householder matriz.

Both of the above Householder updates can be implemented in a way
that exploits the fact that v(1) = 1. This feature can be important in the
computation of PA when m is small and in the computation of AP when
n is small.

As an exampie of a Householder matrix update, suppose we want to
overwrite A € R™*" (m > n) with B = QT A where Q is an orthogonal
matrix chosen 8o that B(j + 1:m, j} = 0 for some j that satisfies 1 £ j < n.
In addition, suppose A(j:m,1:5j — 1) = 0 and that we want to store the
essential part of the Householder vector in A(j + 1:m,j). The following
instructions accomplish this task:

[v,8] = house(A(F:m, 7))
A(j:ms j:ﬂ) = (Im—j-l-l - ﬂtmT)A(j:m,j:n)
A+ 1m i) =v(Zm—-j+1)

From the computational point of view, we have applied an order m - j +1
Householder matrix to the bottom m — 5 + 1 rows of A, However, mathe-
matically we have also applied the m-by-m Householder matrix

13—._-[[’.6.1 g]:fm—ﬂﬁﬁr ﬁ=[0]

v

to A in its entirety. Regardless, the “essential” part of the Householder
vector can be recorded in the zeroed portion of A.
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5.1.5 Roundoff Properties

The roundoff properties associated with Householder matrices are very fa-
vorable. Wilkinson (1965, pp. 152-62) shows that house produces a House-
holder vector ¢ very near the exact v. If P = I — 2007 /675 then

| £~ Pla=O(u)

meaning that Pis orthogonal to machine precision. Moreover, the com-
puted updates with P are close to the exact updates with P :

JUPA) P(A+E) [ Ell2=OuljAlia)

fUAP) = (A+EP || Elz=0(ull All2)

5.1.6 Factored Form Representation

Many Householder based factorization algorithms that are presented in the
following sections compute products of Householder matrices

- . T
Q= GQ2Qr Q=1 —ﬂ,—v(”vm (5.1.3)
where r < n and each v') has the form

i — G} inT
W9 = (o, 0.,-~-0, v, - LEHT

Jj-1

It is usually not necessary to compute @ explicitly even if it is involved in
subsequent calculations. For example, if € & R"*? and we wish to compute
QTC , then we merely execute the loop

for j =L
C=Q;C
end

The storage of the Householder vectors v{1) ... (") and the corresponding
Gy (if convenient) smounts to a factored form representation of Q. To
illustrate the economies of the factored form representation, suppose that
we have an array A and that A(j + Lin, 5) houses vU){j + 1:n}, the essential
part of the jth Householder vector. The overwriting of C € R**? with
QTC can then be implemented as follows:

for j =1
v(jm) = [ AG +11:n.,j) ] (5.1.4)
C(mn,:) = (I ~ Bjv(i:n)u(i:n)T)C(im, )

end
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This invoives about 2¢r(2n — r) flopa. If Q is explicitly represented as an
n-by-n matrix, @TC would involve 2n?q flops.

Of course, in some applications, it is necessary to explicitly form @
(or parts of it). Two poesible algorithms for computing the Householder
product matrix Q in (5.1.3) are forward accumulation,

Q=1

for j = lir
Q=QQ;

end

and backwaerd accumulafion,

Q=1

for j=r:—-1:
Q=Q;Q

end

Recall that the leading (j - 1)-by-(j — 1) portion of Q; is the identity. Thus,
at the beginning of backward accumulation, ) is “mostly the identity” and
it gradually becomes full as the iteration progresses. This pattern can be
exploited to reduce the number of required flops. In contrast, @ is full
in forward accumulation after the first step. For this reason, backward
accumulation is cheaper and the strategy of choice:

Q=1

forj=r-11

u(jmn) = [ Al +11m,j) ] (5.1.5)
Q(j:n,i:n) = (I - Bv(Fm)v(in)T)Q(Fmn, jin)

end

This involves about 4(n?r - nr? + r3/3) flops.

5.1.7 A Block Representation

Suppose Q = Q;---Q- is 8 product of n-by-n Householder matrices as
in (5.1.3). Since each Q; is a rank-one modification of the identity, it
follows from the structure of the Householder vectors that Q is a rank-r
modification of the identity and can be written in the form

Q=I+wYT (5.1.6)

where W and Y are n-by-r matrices. The key to computing the block
representation (5.1.6) is the following lemma.
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Lemma 5.1.1 Suppose Q = I+WYT is an n-byn orthogonal matriz with
WYeR™ [fP=1I-pPwrwT withve R" and 2z = -3Qu, then

Qi = QP = I+ W, YT
where W, = [W z] and Y, = [Y v] are each n-by-(j + 1).
Proof.
QP = (I+WYT)(I-pfrT) = I+ WYT - fQuo”
= I+WYT 31T =I4[W:][Yv|T D

By repéntedly applying the lemma, we can generate the block reprmenfa-
tion of Q in {5.1.3) from the factored form representation as follows:

Algorithm 5.1.2 Suppose Q@ = Q) ---Qr i8 a product of n-by-n House-
holder matrices as described in {5.1.3). This algorithm computes matrices
W,Y € R**" guch that Q = 7 + WYT,

Y = o)

W= —ﬁ:u“)

for j =2:r
z = =p;(I + WyT)ul}
W = {W zj
Y =[Y vl

end

This algorithm involves about 2r2n — 2r* /3 flops if the zeros in the v{) are
exploited. Note that Y is merely the matrix of Householder vectors and is
therefore unit lower triangular. Clearly, the central task in the generation
of the WY representation (5.1.6) is the computation of the W matrix.

The block representation for products of Householder matrices is attrac-
tive in situations where @ must be applied to a matrix. Suppose C € R**9,
It follows that the operation

C—QIc=(I+WYTYTC=C+Y(WTC)

is rich in level-3 operations. On the other hand, if Q is in factored form,
Q7T C is just rich in the level-2 operations of matrix-vector multiplication
and outer product updates. Of course, in this context the distinction be-
tween level-2 and level-3 diminishes as C' gets narrower.

We mention that the “WY™ representation is not a generalized House-
holder transformation from the geometric point of view. True block reflec-
tors have the form Q = I — 2VVT where V € R**" satisfies VTV = [,.
See Schreiber and Parlett (1987) and also Schreiber and Van Loan {1989).

Example 5.1.3 [fn =4, r =2 and[1, 6, 0, .8]T and [0, 1, .8, .6]7 ure the
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Householder vectors associated with Q) and Qg respectively, then
-1 1.080

o= w3 R[4 22,
-8 254

5.1.8 Givens Rotations

Househoider reflections are exceedingly useful for introducing zeros on a
grand scale, e.g., the annjhilation of all but the first component of a vec-
tor. However, in calculations where it is necessary to zero elements more
selectively, Givens retations are the transformation of choice. These are
rank-two corrections to the identity of the form

[ 1 ... 0 -o- 0 --- 0
0 c 8 0 1
G(i,k,8) = : Do : (5.1.7)
0 —8 .- e - Q0 k
0 --- 0 --- Q9 --- 1
i k )

where ¢ = cos(?) and s = sin(f) for some #. Givens rotations are clearly
orthogonal.

Premultiplication by G(%, &, 8)T amounts to a counterclockwise rotation
of @ radians in the (i,k) coordinate plane. Indeed, if € R" and y =
G(i, k,8)Tz, then

CTi ~ 5T J=14
¥y = ST, +cxx j=k
I,' Ji\é‘,k
From these formulae it is clear that we can force yi to be zero by setting

Iy =Tk
C= ——m 8= —— (5.1.8)
V& + ] Vi +a]
Thus, it is a simple matter to zero a specified entry in a vector by using a
Givens rotation. In practice, there are better ways to compute ¢ and s than
(5.1.8). The following algorithm, for example, guards against overflow.
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Algorithm 5.1.3 Given scalars a and b, this function computes ¢ = cos(8)

and s = sin(6) so [_: :]T“]g[;]

function: [e, s] = givens(a, b)

ifé=0
c=1;3=0
else
if |b] > |a}
r=—afb; s=1/V1+7% e=sr
else
r=-bfa;c=1/V1+75 s=cr
end
end

This algorithm requires 5 flops and a single square root. Note that it does
not compute 8 and 50 it does not involve inverse trigonometric functions.

Example 5.1.4 Ifz =1, 2, 3, 47T, coe(d) = 1/v/5, and sin(8) = ~2/B, then
G(2,4,6)z = [1, V0, 3, O|T.

5.1.9 Applying Givens Rotations

It is critical that the simple structure of a Givens rotation matrix be ex-
ploited when it is involved in a matrix multiplication. Suppose A € R™*™,
¢ = cos(f), and s = sin(#). If G(i,k,6) € R™ ™, then the update A ~—
G(i, k,8)T A effects just two rows of A,

AGH =] 5 ]TAus'.k},:)

—8 €

and requires just 6n flops:

for j=1mn
n= A(‘v.")
T2 = A(k»J)

A(l,j) =cn —smy
A(?,j) =3n +cny
end
Likewise, if G(i, k,8) € R**", then the update A — AG(i, &, §) effects just
two columns of 4,

AG,li, K]) = AC, [i, k) [ e ]

and requires just 6m fops:
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for j=Llm
= A(J, i]
7= A(J- k)
AU' l) =cn — 3
Ajjk)y=ar +cny
end

5.1.10 Roundoff Properties

The nurnerical properties of Givens rotations are as favorable as those for
Householder reflections. In particular, it can be shown that the computed
& and § in givens satisfy

O(u)

O{u}.

If & and § are subsequently used in a Givens update, then the computed
update is the exact update of a nearby matrix:

FlUG3, k,8)T Al G(i,k,0)T(A+E) (Ela=uAl,

ol +¢€) €
(1 +¢,) €

[

Sor O

FUAG, k, 8] (A + EYG(i, k,8)

A detailed error analysis of Givens rotations may be found in Wilkinson
{1965, pp. 131-39).

I Ellz 2 ull Al

5.1.11 Representing Products of Givens Rotations

Suppose @ = G - - - G, is a product of Givens rotations. As we have seen in
connection with Householder reflections, it is more economical to keep the
orthogonal matrix € in factored form than to compute explicitly the prod-
uct of the rotations. Using a technique demonstrated by Stewart (1376),
it is possible to do this in a very compact way. The idea is to associate a
single floating point number p with each rotation. Specifically, if

z=[ ¢ s] A+t =1

-3 €
then we define the scalar p by
ifc=0
p=1
elseif |s| < |¢|
p = sign(c)s/2 (5.1.9)

p = 2sign(s)/c

end
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Essentially, this amounts to storing s/2 if the sine is smaller and 2/¢ if the
cosine is smaller. With this encoding, it is possible to reconstruct =2 as
follows:

ifp=1
ce=0;s5=1
elseif [p| < 1
s=2pc=v1-3 (5.1.10)
else
c=2/p, s=v1-¢
end

That -Z may be generated is usually of no consequence for if Z zeros a
particular matrix entry, so does —Z. The reason for essentially storing the
smaller of ¢ and s is that the formula v/1 — z? renders poor results if  is
near unity. More details may be found in Stewart (1976). Of course, to
“reconstruct” G{(i,k,0) we need i and k in addition to the associated p.
This usually poses no difficulty as we discuss in §5.2.3.

5.1.12 Error Propagation

We offer some remarks about the propagation of roundoff error in algo-
rithms that involve sequences of Householder/Givens updates, To be pre-
cise, suppose A = Ag € R™*" is given and that matrices A;,...,4, = B
are generated via the formula

A = fUQrAr-1Zr) k=1p.

Assume that the above Householder and Givens algorithms are used for
both the generation and application of the (i and Z, . Let Qx and Z; be
the orthogonal matrices that would be produced in the absence of roundoff.
It can be shown that

B = (@ QA+ E)Z - Z,), (5.1.11)

where || E||; < cufj 4 |2 and ¢ is a constant that depends mildly on n, m,
and p. In plain English, B is an exact orthogonal update of a matrix near
to 4.

5.1.13 Fast Givens Transformations

The ability to introduce zeres in a selective fashion makes Givens rotations
an important zeroing tool in certain structured problems. This has led to
the development of “fast Givens” procedures. The fast Givens idea amounts
to a clever representation of Q when @ is the product of Givens rotations.
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In particular, Q is represented by a matrix pair (M, D) where MTM = D =
diag(d;) and each d; is positive. The matrices Q, M, and D are connected
through the formula

Q = MD™Y? = Mdieg(1/\/&).

Note that (MD~V/2T(MD~/?) = D-Y/2DD~Y2 = [ and so the ma-
trix MD~1/? is orthogonal. Moreover, if F is an n-by-n matrix with
FTDF = D, diagonal, then MZ, M,.., = Dp. where M,., = MF.
Thus, it is possible to update the fast Givens representation (M, D) to ob-
tain (Mnew, Dnew). For this idea to be of practical interest, we must show
how to give F' zeroing capabilities subject to the constraint that it “keeps”
D diagonal,

The details are best explained at the 2-by-2 level. Let z = [z, z2]T and
D = diag(d;,d;) be given and assume that dy and dg are positive. Define

M = [‘i‘ ;1 ] (5.1.12)
and observe that
Mz = [fmrn ]
and ; .
MTDM, = [ Py ARt o ] =D

fxg #0, 4 = —21/%2, and £y = —ayda/d,, then

MTz = [ 12(1;*‘71) :|

da(1 +m) 0 ]
0 di{l+m)

where 71 = —on B = (da/dr)(x1/7z3)°.
Analogously, if we assume ), # 0 and define M; by

MTDM, = [

where az = —22/1) and By = —(d,/da)ag, then

MTz = [11(1+'Y2) ]

M 1 o } (5.1.13)

0

and
d;(l +‘7§) 0

MIDM; = [ 0 dz(1+‘72)] = Dy,

220 CHAPTER 5. ORTHOGONALIZATION AND LEAST SQUARES

where 13 = —aafy = (d1/d2)(z2/21)*.

Tt is easy to show that for either i = 1 or 2, the matrix J = DV2M,D'/?
is orthogonal and that it is designed so that the second component of
JT(D~3x) is zero. (J may actually be a reflection and thus it is haif-
correct to use the popular term “fast Givens.”)

Notice that the -; satisfy vy = 1. Thus, we can always select M; in
the above so that the “growth factor” (1 + ) is bounded by 2. Matrices

of the form
_ B 1 _ 1 oy
S P TR P

that satisfy —1 < a;8; < 0 are 2-by-2 fast Givens transformations. Notice
that premultiplication by a fast Givens transformation involves half the
number of multiplies as premultiplication by an “ordinary” Givens trans-
formation. Also, the zeroing is carried out without an explicit square root.

In the n-by-n case, everything “scales up” as with ordinary Givens ro-
tations. The “type 1” transformations have the form

(1 ... 0 ... O ... O
o ... 4. 1 -« 0 4
Fli,k,0,0) = : P : (5.1.14)
0 T S SR | k
0 o+ 0 o 0 -+ 1
i k ’
while the “type 2" transformations are structured as follows:
[1 ... 0 ... 0 ... 0
0 1 a 0 '
F(i,k, e,0) = : ot : (5.1.15)
0 - B 1o 0 |k
0 -« O -+ 0 --- 1
- E
k

Encapsulating all this we obtain

Algorithm 5.1.4 Given = € R? and positive d € R?, the following al-

gorithma computes & 2-by-2 fast Givens transformation M such that the
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second component of MTz is zero and MT DM = D, is diagonal where D
= diag{dy,dz}. If fype = 1 then M has the form (5.1.12) while if type = 2
then M has the form (5.1.13). The diagonal elements of Dy overwrite d.

function: [a, 8, type] = fast.givens(z,d)

ifz(2)#£0
a = —z(1)/z(2); § = —-ad(2)/d(1); v = —ap
ify<1
type =1

r=d(1); d(1) = (1 + 1)d(2); d(2) = (L + 7)r

type = 2
a=1lfa; §=1/F; y=1/y
d(1) = (1 +7)d(1); d(2) = (1 + )d(2)
end
else
type =
a=0,8=0
end

The application of fast Givens transformations is analogous to that for
ordinary Givens transformations. Even with the appropriate type of trans-
formation used, the growth factor 1 + -y may still be as large as two. Thus,
2* growth can occur in the entries of D and M after s updates. This means
that the diagonal D must be monitored during a fast Givens procedure to
avoid overflow. See Anda and Park (1994) for bow to do this efficiently.

Nevertheless, element growth in M and I} is controlled because at all
times we have M D~/2 grthogonal. The roundoff properties of a fast givens
procedure are what we would expect of a Givens matrix technique. For ex-
ample, if we computed Q = fI(M D~1/2) where M and D are the computed
M and D, then Q is orthogonal to working precision: || QTQ — I'[lz = u.

Problems

P5.1.1 Execute housa withz={1, 7, 2, 3, -1]|7.

P5.1.2 Let r and y be nonzero vectors in R™. Give an algorithm for determining a
Householder matrix P such that Px is a multiple of .

P5.1.3 Suppose z € C" and that z; = |zy|e’’ with A€ . Assume z # 0 and
define 4 = z + ||z |jze1 Show that P = T — 2uu®/ufy is unitary and that
Pz = -] z |221.

P5.1.4 Use Househokier matrices to show that det{(/ +ryT) = 1 + 2Ty where r and y
ale given n-vectors.

P5.1.5 Suppose € C°. Give an algorithm for determining a unitacy matrix of the
form

-3 ¢

Q=[ € 3] cER, E+pli=1

such that the second component of Q5 z is zero.
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P5.1.0 Suppoee r and y are unit vectors in R*. Ghwe an algorithm using Giveaa
transformations which computes an orthogonal Q such that QTz =y,
PB.1.7T Determine ¢ = cos(#} and & = =in(#) such that

BRI

P5.1.8 Suppose that Q = I + YTYT is orthogonal where Y E R**I and T e R/ is
upper triangular. Show that if Q4 = QF where P = I — 2vv” /vT'v in a Houssholder
matrix, then Q4 can be expremed in the form Q4 = [+ Y, T, YT where Y} € RP*U+1
and Ty € RH+1 U+ s upper triangular,

P5.1.9 Give » detsiled implementation of Algorithm 5.1.2 with the assumption that
v (j4+1m), the essential par: of the the jth Householder vectar, is stored in A(j+Lin, 7).
Since Y i effectively represented in A, your procedure nesd only set up the W matrix.
P5.1.10 Show that if § is akew-symmetric (87 = —3), then Q= ([ + S){7 - 5)~l is
orthogonal. (Q is called the Cayley transform of 5.) Construct a rank-2 § so that if x
is a vector then Qz is zero except in the first component.

P5.1.11 Suppase P € B*" satisfien || PTP — [, ||; = ¢ < 1. Show that all the singular
values of P are in the interval (1 ¢, 1 + ¢ and that || P — VT i, < ¢ where P = UEVT
in the SVD of P.

PE.1.12 Suppose A € R**2 Under what conditions is the closest rotation to A closar
than the closest reflection to A?
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5.2 The QR Factorization

We now show how Householder and Givens transformations can be used to
compute various factorizations, beginning with the QR factorization. The
QR factorization of an m-by-n matrix A is given by

A=QR

where @ € B™*™ iz orthogonal and B € ™™™ is upper triangular. In this
section we assume m > n. We will see that if A has full column rank,
then the first n colurmns of Q form an orthonormal basia for ran(A). Thus,
calculation of the QR factorization is one way to compute an orthonormal
baais for a set of vectors. This computation can be arranged in several ways.
We give methods based on Householder, block Householder, Givens, and
fast Givens transformations. The Gram-Schmidt orthogonalization process
and a numerically more stable variant called modified Gram-Schmidt are
also discussed.
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5.2.1 Householder QR

We begin with a QR factorization method that utilizes Householder trans-
formations. The essence of the algorithm can be conveyed by a small ex-
ample. Suppose m = 6, n = §, and assume that Householder matrices H;
and Hs have been computed so that

HyH1A =

coocoox
coooX X
g BEEE X X
X X X X %X X
XK X X X X X

Concentrating on the highlighted entries, we determine a Householder ma-

trix A3 € BY*4 such that

=2 b4

= 2] 0

Higl = o

= 0

If Hy = diag(l3, H3), then

¥ X X X X
0 = X x X
0 0 x x X
Hyhd = 1 4 g x
0 0 0 x X
0 0 0 x x

After n such steps we obtain an upper triangular H,H,,..; --- 1A = R and
sobysettingQ:H;---H,, weubtmnA=QR.

Algorithm 5.2.1 {(Householder QR} Given A € R™*" with m > =,
the following algorithm finds Householder matrices H,,..., H, such that if
Q = H,---H,, then QT A = R is upper triangular. The upper triangular
part of A is overwritten by the upper triangular part of R and components
7+ 1:m of the jth Householder vector are stored in A(j + 1:m, j),7 < m.

for j=1mn
[v, 8] = house(A(j:m, j})
A(jrm, iin) = (Im-j+1 — BrvT) A(j:m, jin)
ifj<m
AG+1mjy=v(Zm-j+1)
end
end
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This algorithm requires 2n*(m — n/3) flops.
To clarify how A is overwritten, if

v =o,...,0,1,0
oot ite?

T
j+l""'v|(1jl) )

i-1

is the jth Householder vector, then upon completion

Tin Ty T3 Y4 T3
' Tgr Tz T T

Y3’ Uy Tz T T3

A=
‘Usn ‘U‘(’z) Uﬁa) T4 Ta5
oD W@ o o g
‘Uél) véz) TJé.’!) v‘(;ﬂ) ﬂés)

If the matrix ¢ = Hy .- Hy, is required, then it can be accumulated using
(5.1.5). This accumulation requires 4(m?*n — mn? + n%/3) flops.

The computed upper triangular matrix A is the exact R for a nearby A
in the sense that ZT (4 + E) = R where Z is some exact orthogonal matrix
and || E fl2 = ull 4 {2.

5.2.2 Block Householder QR Factorization

Algorithm 5.2.1 is rich in the level-2 operations of matrix-vector multi-
plication and outer product updates. By reorganizing the computation
and using the block Householder representation discussed in §5.1.7 we can
obtain a level-3 procedure. The idea is to apply clusters of Householder
transformations that are represented in the WY form of §5.1.7.

A small example illustrates the main idea. Suppose n = 12 and that
the “blocking parameter” r has the value r = 3. The first step is to gener-
ate Householders H,, Hj, and Hj as in Algorithm 5.2.1. However, unlike
Algorithm 5.2.1 where the H; are applied to all of A, we only apply H,
H,, and Hj to A(:, 1:3). After this is accomplished we generate the block
representation Hy HoH; = I + W1Y{T and then perform the level-3 update

Al 412) = (T4 WYT)A(:,4:12).
Next, we generate Hy, Hj, and Hg as in Algorithm 5.2.1. However, these

transformations are not applied to A(;, 7:12) until their block representation
HHgHg = I + W,Yy is found. This illustrates the general pattern.
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A=L k=0
while A <n

r=min(A+7r-1n); k=k+1

Using Algorithm 5.2.1, upper trianguiarize A(A:m, A:n)
generating Householder matrices Hy, ..., H,. (5.2.1)

Use Algorithm 5.1.2 to get the block representation
I+ Wi Yy = H,,..., H,.

A(xum, T+ bn) = I+ WY, D)TA(Mm, 7 + Lin)

A=T1+1

end

The zero-nonzero structure of the Householder vectors that define the ma-
trices Hy,...,Hy implies that the first A — 1 rows of Wy and Y} are zero.
This fact would be exploited in a practical implementation.

The proper way to regard (5.2.1) is through the partitioning

A =1{A...,4dn] N = ceil(n/r)

where block eolumn Ay is processed during the kth step. In the kth step of
(5.2.1), a block Householder is formed that zeros the subdiagonal portion
of Ag. The remaining block columns are then updated.

The roundoff properties of {5.2.1) are essentially the same as those for
Algorithm 5.2.1. There is a slight increase in the number of flops required
because of the W-matrix computations. However, as a result of the block-
ing, all but a small fraction of the flops occur in the context of matrix mul-
tiplication. In particular, the level-3 fraction of (5.2.1) is approximately
1 - 2/N. See Bischof and Van Loan (1987) for further details.

5.2.3 Givens QR Methods

Givens rotations can also be used to compute the QR factorization. The
4-by-3 case illustrates the general idea:

X X X X X X X X x

X X X pf3d)f X X X {23! x x x{(,2
——mly e

X X X X x X 0 = x

X x X% 0 x x L 0 x x

X X X x X X [ x x x

0 x x {3_,42 0 x x (2_.32 0 x x (3:4) R

0 x x 0 x x D 0O

0 x x 0 0 x | 0 0 x

Here we have highlighted the 2-vectors that define the underlying Givens
rotations. Clearly, if G; denotes the jth Givens rotation in the reduction,
then @TA = R is upper triangular where Q = Gy --- G, and ¢ is the total
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number of rotations. For general m and n we have:

Algorithm 5.2.2 (Givens QR) Given A € R™"*" with m > n, the fol-
lowing algorithm overwrites A with QT A = R, where R is upper triangular
and Q is orthogonail.

for j=1:in
fori=m:-1;j4+1

[c, 3] = givens(A(i - 1, 7), Aﬂg‘n}))

Ali — L, jin) = [ _g 2] A(i - i, jin)

end
end

This algorithm requires 3n?(m —n/3) flops. Note that we could use {5.1.9)
to encode (¢, 8} in a single number p which could then be stored in the zeroed
entry A(i,7). An operation such as z «— Q7z could then be implemented
by using (5.1.10), taking care to reconstruct the rotations in the proper
order.

Other sequences of rotations can be used to upper triangularize A. For
example, if we replace the for statements in Algorithm 5.2.2 with

fori=m:-1:2
for j = l:min{{ - I,n}

then the zeros in A are introduced row-by-row.

Another parameter in a Givens QR procedure concerns the planes of
rotation that are involved in the zeroing of each a;;. For example, instead
of rotating rows { ~ 1 and i to zero qy; as in Algorithm 5.2.2, we could use
rows j and :

for j=1mn
fori=m:-1j+1
[e, 8] = Eivens(A(j.J').A(i,TJ'))
A[5 ), jm) = [ . 2] A(lj 1], jin)
end
end

5.2.4 Hessenberg QR via Givens

As an example of how Givens rotations can be used in structured problemas,
we show how they can be emplayed to compute the QR factorization of an
upper Hessenberg mairix. A small example illustrates the general idea.
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Suppose n = 6 and that after two steps we have computed

0 x x x x x
G(2,3,62)76(1,2,6,)TA = g g x X x o
0 0 0 b4 b4 X
0 0 0 0 x x

We then compute G(3, 4, #3) to zero the current (4,3} entry thereby obtain-
ing

G(3,4,6:)7G(2,3,8,)7G(1,2,60)TA =

cooooX
cCooo X X
oo X X X
O X X X X X
X X X = X X
X X X X X X

Overall we have

Algorithm 5.2.3 (Hessenberg QR) If 4 € R"*" is upper Hessenberg,
then the following algorithm overwrites 4 with QTA = R where @ is or-
thogonal and R is upper triangular. Q@ = Gy --- G i a product of Givens
rotations where G; has the form G; = G(j,j + 1,9;).

for j=1ln-1

[cs] = givens(A(j,7), A(j + 1,3))

A +1gm =[] A+
end

This algorithm requires about 3n? flops.

5.2.5 Fast Givens QR

We can use the fast Givens transformations described in §5.1.13 to compute
an (M, D) representation of (. In particular, if M is nonsingular and D
is diagonal such that MTA = T is upper triangular and MTM = D is
diagonal, then @ = MD~1/2 i orthogonal and QTA = D-V3T = Ris
upper triangular. Analogous to the Givens QR procedure we have:

Algorithm 5.2.4 (Fast Givens QR)} Given A € R™*" with m > n, the
following algorithm computes nonsingular M € IR™™™ and positive d{1:m)
such that M7 4 = T is upper triangular, and MTM = diag(d;,...,dn). A
is overwritten by T. Note: A = (MD~Y3)(DY?T) is a QR factorization
of A.
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fori=1m
d(i) =1

end

for i =1:n

fori=m:—~1:3+1
[a, B, type] = fast.givens(A(i — 1:1, 7),d(i — 1:1))

if type =1

A(i — 1, j:n) = |: f ; ]TA(s' =14, 5:n)
else

A(i = L, jon) = [ }3 2 ]TA(:' 14, jim)

end
end

This algorithm requires 2n%(m — n/3) flops. As we mentioned in the pre-
vious section, it is necessary to guard against overflow in fast Givens algo-
rithms such a8 the above. This means that M, D, and A must be pericdi-
cally scaled if their entries become large.

If the QR factorization of a narrow band matrix is required, then the
fast Givens approach is attractive because it involves no square roots. (We
found LDLT preferable to Cholesky in the narrow band case for the same
reason; see §4.3.6.) In particular, if A € R™™™ has upper bandwidth g and
lower bandwidth p, then QT4 = R has upper bandwidth p + g. In this
case Givens QR requires about O{np(p + g)) flops and O{np) square roots.
Thus, the square roots are a significant portion of the overall computation
if p, g € n.

5.2.6  Properties of the QR Factorization

The above algorithms “prove” that the QR factorization exists. Now we
relate the columns of @ to ran(A) and ran(A)" and examine the uniqueness
question.

Theorem 5.2.1 If A = QR is a QR factorization of a full column mank
AEeR™™ and A =[ay,...,8:] and Q = lq1,...,Gm | are column parti-
tionings, then

span{a,,...,ax} = span{q,....qx} k=1m.
In particular, if @; = Q(1:m, 1:n) and Q; = Q(1:m,n + Lim) then

ran( A} ran{Q1)
ran(A)" ran(Qz)

and A = Q,R; with B; = R(1:n, Lin).
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Preoof. Comparing kth columnz in A = QR we conclude that

k
Gk = Zr.-kq{ € span{qi,-...qk} - (5.2.2)
im]
Thus, span{a1,...,8x} C span{q,...,q}. However, since rank(4) =
n it follows that span{ay,...,ax} has dimension k and so must equal
span{gy,...,qx} The rest of the theorem follows trivially. O

The matrices @1 = Q(1:m, 1in) and Q3 = Q(l:m,n + 1:m) can be easily
computed from a factored form representation of Q.

If A= QR is a QR factorization of A € R™*" and m > n, then we refer
to A = Q(:, 1:n)R{1:n,1:n) as the thin QR factorization. The next result
addresses the uniqueness issue for the thin QR factorization

Theorem 5.2.2 Suppose A € R™*" has full column rank. The thin QR
factorization

A= Ry
i3 unique where Q) € R™*" has orthonormal columns and R, is upper tri-
angular with positive diagonal eniries. Moreover, R; = GT where G is the
lower triangular Cholesky factor of AT A.

Proof. Since ATA = (Q,R:)T(Q1Ry) = RT R, we see that G = RT is the
Cholesky factor of ATA. This factor i8 unique by Theorem 4.2.5. Since
Q= ARy} it follows that Q, is also unique. O

How are Q; and R; affected by perturbations in A7 To answer this
question we need to extend the notion of condition to rectangular matrices.
Recall from §2.7.3 that the 2-norm condition of a square nonsingular matrix
is the ratio of the largest and smallest singular values. For rectangular
matrices with full column rank we continue with this definition:

Fmaz(A)

Tmin(A)

If the columns of A are nearly dependent, then x2({A) is large. Stewart
{1993) has shown that O(e) relative error in A induces O(exg(A)) relative
error in R and Q.

A€ R™" rank(d) =n = x3(A) =

5.2.7 Classical Gram-Schmidt

We now discuss two alternative methods that can be used to compute the
thin QR factorization A = Q| R, directly. If rank(A4) = n, then equation
(5.2.2) can be solved for qy:

k=1
T = (Gh - ngq") / Tick -
=i
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Thus, we can think of g as a unit 2-norm vector in the direction of

o= an - ) Tag

=]
where to ensure z; € span{q;,...,qx-1}* we choose
ru,=qf'a,, i=Lk-1.

This leads to the classical Gram-Schmidt (CGS) algorithm for computing
A=Q /.

R(1,1) = | A(:, 1) fl,

Q(, 1) = A(:,1)/R(1,1)

for k =2:n
R(L:k - 1,k) = Q(L:m,1:k — VT A{1:m, k)
z = A(l:m, k) - Q(1:m, 1:k — VR(L:k - 1,k) (5.2.3)
Rk, k) = |l z2
Q(L:m, k) = z/R(k,k)

end

In the kth step of CGS, the kth columns of both Q and R are generated.

5.2.8 Modified Gram-Schmidt

Unfortunately, the CGS method has very poor numerical properties in that
there is typically a severe loss of orthogonality among the computed g;.
Interestingly, a rearrangement of the calculation, known as modified Gram-
Schmidt (MGS), yields a much sounder computational procedure. In the
kth step of MGS, the kth column of Q (dencted by g;) and the kth row of
R (denoted by r7) are determined. To derive the MGS method, define the
matrix A*) R""‘('"'H'l) by

n
A-Zwr?’ =Y gl = [04W]. (5.2.4)
iml imk
It follows that if
AW —{: B
1 n—-k%
then rie = [lzll2, ¢ = 2z/Tax 80d (Fieq1-+Thn) = ¢ B. We then

compute the outer product A*+% = B — g (rp 441+~ T4n) 88d proceed
to the next step. This completely describes the kth step of MGS.

Algorithm 5.2.5 (Modified Gram-Schmidt) Given A € R™*" with
rank(A} = n, the following algorithm computes the factorization A = @, R
where @y € R™™" has orthonormal columns and R; € R®*™ ig upper tri-
angular.
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fork=1n
R(k! k) = “ A(l:m, k) “2
QL:m, k) = A{L:m, k)/R(k, k)
for j=k+1mn
R(k, ) = Q(1:m, k)T A(L:m, 5}
A(l'm,]) = A(l'm!\?) - Q(l:m1 k)R(kuj)
end
end

This algorithm requires 2mn? flops. It is not possible to overwrite 4 with
both ¢; and R;. Typically, the MGS computation is arranged so that A is
overwritten by ()) and the matrix R, is stored in a separate array.

5.2.8 Work and Accuracy

If one is interested in computing an orthonormal basis for ran(A4), then
the Householder approach requires 2mn? — 2n/3 flops to get Q in fac-
tored form and another 2mn? — 2n3/3 flops to get the first n columns of
Q. (This requires “paying attention” to just the first n columns of @ in
(5.1.5).} Therefore, for the problem of finding an orthonormal basis for
ran(A), MGS is about twice as efficient as Householder orthogonalization.
However, Bjorck (1967) has shown that MGS produces a computed Q; =
[G1,--..dn | that satisfies

QTQ1 = I + Emas || Emas |z = uxz(A)

whereas the corresponding result for the Householder approach is of the
form

QM =1+ Ey  |Egl=u.
Thus, if orthonormality is critical, then MGS should be used to compute
orthonormal bases only when the vectors to be orthogonslized are fairly
independent.

We also mention that the computed triangular factor R produced by
MGS satisfies || A — QB || ~ ul| A | and that there exists a Q with perfectly
orthonormal columns such that | A— QR || = u] A{. See Higham (1996,
p-379).

Exampie 86.2.1 If modified Gram-Schmidt is applied to

1 1
A=| 10" o Ka{A) = 1.4 107
0o 1073
with 6-digit decimal arithmetic, then
1.00000 0 ]

[ 6] =[ 001 —.TOTI0T
0 107100
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5.2.10 A Note on Complex QR

Most of the algorithms that we present in this book have complex ver-
sions that are fairly straight forward to derive from their real counterparts.
(This is not to say that everything is easy and obvious at the implementa-
tion level.) As an illustration we outline what a complex Householder QR
factorization algorithm looks like.

Starting at the level of an individual Householder transformation, sup-
pose 0 # z € C" and that 7y = re”® wherer,dc R. v =zt e¥| x4
and P = I, — Buv¥, 3 = 2/v7v, then Pz = Te®|| x|jze;. (See P5.1.3.)
The sign can be determined to maximize || v ||z for the sake of stability.

The upper triangularization of A € R™*" m > n, proceeds as in Algo-
rithm 5.2.1. In step j we zero the subdiagonal portion of A(j:m, j):

for j=1n
z = A(j:m, 5)
v =z +e? z|ze; where ; = re¥.
g=2/vE e
A(jm, jin) = (Im—j+1 — Brv)A(fim, jin)
end

The reduction involves 8n%(m - n/3) real flops, four times the number
required to execute Algorithm 5.2.1. If @ = P, - -- P, is the product of the
Householder transformations, then @ is unitary and QTA = Re R™*" is
complex and upper triangular.

Problems

P5.2.1 Adapt the Houscholder QR algorithm ac that it can efficiently handle the cage
when A € B™*™ hag lower bandwidth p and upper bandwidth 4.

P'5.2.2 Adapt the Houssholder QR aigorithm so that it computes the factorization
A = QL where L is lower triangular and Q is orthogonal. Assume that A s aquare. This
involves rewriting the Householder vector functicn v = house(z) so that (I -2vwwT fvT v)z
in zero everywhere but its bottom component.

P5.2.3 Adapt the Givens QR factorization algorithm 9o that the zeros are introduced by
diagonal. That is, the entries are zeroed in the order (m, 1}, (m=1,1), (m,2), (m—2,1),
(m" 1o2)' ("'!3) s ete.

P5.2.4 Adapt the fast Givens QR factorization algorithm so that it efciently handles
the case when A is n-by-n and tridiagonal Assume that the subdiagoonsl, diagonsl, and
superdisgonal of A are stored in e{1:n — 1), a(1:n), f(1:n — 1) respectively. Design your
algorithm so that these vectors are overwritten by the nonzero portion of T

P5.2.5 Suppose L € F**" with m > n is lower triangular. Show how Householder
mntriouH;...H,.mbeuudtodatamimalowutﬁan;uhrLle[r“"pthn

Ho-o WL = [ [“]' ]
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Hint: The second step in the 6-by-3 cass invoives finding A so that

x 0 0 x 0 0
¥ x 0 x x 0
X XA X X X X
Hil « x 0j{x 0 0
x x 0 x 0 4
X x 0 x 0 0
with the property that rows 1 and 3 are leR alone.
P5.2.8 Show that if
R w k ¢ k
A= [0 u]m—k b= [d]m—k
kn-k

and A has full coluran rank, then min {| 4> - 53 =§d )3 ~ (de/lluH:)z,

P5.2.7 Suppose A ¢ H'*™ and D = diag(dy, ..., dn)} € B**™. Show how to construct
an orthogonal & such that QT 4 — PQT = R in upper triangular, Do not worry abont
efficiency—this is just an exercise in QR manipulation.
P5.2.8 Show how to compute the QR factorization of the product A = Ap--- Az A,
without explicitly multiplying the matrices 4;,..., 4, togethexr. Hint: In the p =
3 case, write GT A = QT A3Q3QT 4;1QT A, and determine orthogonsl Q; so that
QT (A:Qi—1) ia upper triangular. {Qo = I).
P5.2.9 Suppose A € B*™™ and let E be the permutation obtained by reversing the
order of the rows in In. (This is just the exchange matrix of §4.7.} (a) Show that if
R € R*™™ is upper triangular, then L = ERE is lower triangular. {b} Show how to
compute an arthogonal Q@ € R**™ and a lower triangular L € R**™ g0 that A = QL
assuming the availability of a procedure for computing the QR factorization.
P5.2.10 MGS applied to A € F™*" ia numerically equivalent to the first step in House-
holder QR applied to

- o,

A= %]

where O, is the n-by-n zero matrix. Verify that thin statement is true after the first
step of each method is completed.

P5.2.11 Reverse tha loop orders in Algorithm 5.2.5 (MG3 QR) so that R is computed
column-by-columao.

P%.2.12 Develop a compiex version of the Givens QR factorization. Refer to P5.1.5.
where complex Givens rotations are the thems. Is it possible to arganize the calculations
so that the diagonal elements of R are Donnegative?
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5.3 The Full Rank LS Problem

Consider the problem of finding a vector z € R" such that Az = b where
the date matriz A € IR™*"™ and the observation vector b € R™ are given and
m > n. When there are more equations than unknowns, we say that the
system Ax = b is overdetermined. Usually an overdetermined systemn has
no exact solution since b must be an element of ran{A), a proper subspace
of R™.

This suggests that we strive to minimize || Ax — b ||, for some suitable
choice of p. Different norms render different optimum solutions. For exam-
ple, if A =[1,1, 1]7 and b = [ by, by, b3 |7 with by > bz > b3 > 0, then it
can be verified that

p =1 = Top = bg
P = 2 = Zomw = (hi+b+4k3)f3
P = 00 = Top = (b +83)/2.

Minimization in the 1-norm and oo -norm i8 complicated by the fact that
the function f(z) = || Az—b||, is not differentiable for these values of
p. However, much progress has been made in this area, and there are
several good techniques available for 1-norm and co-norm minimization.
See Coleman and Li (1992}, Li (1993), and Zhang (1993).

In contrast to general p-norm minimization, the least squares (LS} prob-
lem

| Az - b}, (5.3.1)
zeR"

is more tractable for two reasons:

o #(x) =1 Az —b|% is a differentiable function of = and so the min-
imizers of ¢ satisfy the gradient equation V¢(x)= 0. This turns out
to be an easily constructed symmetric linear system which is positive
definite if 4 has full column rank.
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e The 2-norm is preserved under orthogonal transformation. This means
that we can seck an orthogonal @ such that the equivalent problem
of minimizing || (QTA)x — (QTb) ||, is “easy” to solve.

In this section we pursue these two solution approaches for the case when
A has full column rank. Methods based on normal equations and the QR
factorization are detailed and compared.

5.3.1 Implications of Full Rank
Suppose r € R*, z € R" , and a € R and consider the equality

| Alz +az) —blF = | Az =53 +2azT AT (Az - b) +a®|| Az |3

where A € R™*" and b€ R™. If z solves the LS problem (5.3.1) then
we must have AT(Az — b) = 0. Otherwise, if z = —AT(Az — b) and
we make o small enough, then we gbtain the contradictory inequality
NAlz+az} -b|; < [|Az - b|,, We may also conclude that if z and
z + az are LS minimizers, then z € null(A).

Thus, if A has full column rank, then there is a unique LS solution x5
and it solves the symmetric positive definite linear system

ATAzrg = ATS.

These are called the normal equations. Since V{z) = AT(Az ~ b) where
#(z) = 3| Az - b[]3 , we see that solving the normal equations is tanta-
mount to solving the gradient equation V¢ = 0. We call

Ly = b—Azpg
the minimum residual and we use the notation
pLs = || Azrs — b,

to denote its size. Note that if py 5 is small, then we can “predict” b with
the columns of A.

So far we have heen assuming that A € B™*™ has full column rank.
This assumption is dropped in §5.5. However, even if rank(A) = n, then
we can expect trouble in the above procedures if A is nearly rank deficient.

When assessing the quality of a computed LS solution £g, there are
two important issues to bear in mind:

¢ How ciose is &15 to z1.57

e How small is fzg = & — AZLg compared to rps = b — Azrs?
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The relative importance of these two criteria varies from applicaticn to
application. In any case it is important to understand how r15 and 715
are affected by perturbations in A and b. Our intuition tells us that if
the columns of A are nearly dependent, then these quantities may be quite
sensitive. h

Example 5.3.1 Suppoee

1 0 (1] 0 1 0
A= 0 10°% | 4= 0 0 b= 0|, B0=]0],
0 0 0 10-8 1 0

and that #; g and £;.g minimize || Az — b i, and || (A + 6A)x — (b+ 8b) ||, respectively.
Let ri5 and fzg be the corresponding minimum residuals. Then

0 0
1 . 1 N —3
st=[ ]r:L3=[ . ],fLs= 0 , TLE = -.9999 - 10 -
0 9999 - 10¢ 1 .6999 . 10°
Since x3(A4)= 10 we have
" ELS - ZILS “? = 0009 . 104 S M(A)’ " 84 "g - 1012 . 10"8
“ ILS Hz 14 u:

and

Frs — 5A
Mas—reslly | 7opg. 1072 < wy(ayll ¥4t _ 18108
Holz HAl;

The example suggests that the sensitivity of z; s depends upon x2(A)?. At
the end of this section we develop a perturbation theory for the LS problem
and the xz(A)? factor will return.

5.3.2 The Method of Normal Equations

The most widely used method for solving the full rank LS problem is the
method of normal equations.

Algorithm 5.3.1 (Normal Equations) Given A € R™*™ with the prop-.
erty that rank{A) = n and b € R™, this algorithm computes the solution
215 to the LS problem min || Az — b{j, where b € R™.

Compute the lower triangular portion of C = AT A.
d=ATh

Compute the Cholesky factorization € = GGT.
Solve Gy =d and GTz. 5 = y.

This aigorithm requires {m + n/3)n? flops. The normal equation approach
is convenient because it relies on standard algorithms: Cholesky factoriza-
tion, matrix-matrix multiplication, and matrix-vector multiplication. The
compression of the m-by-n data matrix A into the (typically) much smaller
n-by-n cross-product matrix C is attractive.
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Let us consider the accuracy of the computed normal equations solution
%1s. For clarity, assume that no roundoff errors occur during the formation
of C = ATA and d = ATb. (On many computers inner products are accu-
mulated in double precision and so this is not a terribly unfair assumption.)
1t follows from what we know about the roundoff properties of the Cholesky
factorization (cf. §4.2.7) that

(ATA + B)irg = ATh,
where || E f|, ~ uf] AT ;)| All, = uf} ATA ||, and thus we can expect
B2es=2isly o (AT A) = umg(a)?. (5.3.2)
| zcs "2

In other words, the accuracy of the computed normal equations solution
depends on the square of the condition. This seems to be consistent with
Example 5.3.1 but more refined comments follow in §5.3.9.

Example 5.3.2 It should be noted that the formation of AT A can result in a severe
loes of information.

1 1 2
A= 10-3 0 and b = 10-3
0 10-3 10-2

then xa{A) = 14103, 25 = [1 1|7, and prs = 0. If the normal equations method is
executed with base 10, ¢ = 6 arithmetic, then a divide-by-zero occurs during the solution
process, since

11
SIAT A) = [ 1 1 ]
is exactly singular. On the other hand, if T-digit,arithmetic is used, then &5 =
[2.000001, 0|7 and [[£15 — 215 2/l 225 |2 = wea(A)2.

5.3.3 LS Solution Via QR Factorization

Let Ac R™" with m > n and 5 € R™ be given and suppose that an
orthogonal matrix Q € B™*™ has been computed such that

QTA=R= [%1} " (5.3.3)
is upper triangular. I
c n
QTb: [d] m-n

then
NAz -5 = QTAz—QTb |} = Riz—cli} + 11413
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for any z € R®. Clearly, if rank(A) = rank{R,) = n, then z15 is defined
by the upper triangular system R,zps = ¢. Note that

prs=|id Ilz'

‘We conclude that the full rank LS problem can be readily solved once we
have computed the QR factorization of A. Details depend on the exact QR
procedure. If Householder matrices are used and QT is applied in factored
form to b, then we cbtain

Algorithm 5.3.2 (Householder LS Solution) If A € R™*" has full
column rank and b € R™, then the following algorithm computes a vector
zrs € R" guch that || Axys ~ b|l; is minimum.

Use Algorithm 5.2.1 to overwrite A with its QR factorization.
for j=1:n
v(j) =1: v(§ + I:m) = A{f + L:m, j)
b(j:m) = (Im—j41 — BjweT )b(j:m)
and
Solve R(1:n,1:n)zrg = b(1:n) using back substitution.

This method for solving the full rank LS problem requires 2n*(m — n/3)
flops. The O(mn) flops associated with the updating of b and the O(r?)
flops associated with the back substitution are not significant compared to
the work required to factor A.

It can be shown that the computed £1.5 solves

rainj| (A + 6A)z - (b+ 6b) [l (5.3.4)
where
| 6A g < (6m — 3n + 4l)nuf| 4 || p + O(u?) (5.3.5)
and
| 65, < (6m - 3n + 40)nuj b ||, + O(u?). (5.3.6)

These inequalities are established in Lawson and Hanson (1974, p.90ff) and
show that £ 5 satisfies a “nearby” LS problem. (We cannot address the
relative error in #75 without an LS perturbation theory, to be discussed
shortly.) We mention that similar results hold if Givens QR is used.

5.3.4 Breakdown in Near-Rank Deficient Case

Like the method of normal equations, the Householder method for solving
the LS problem breaks down in the back substitution phase if rank(A) < n.
Numerically, trouble can be expected whenever x3{d) = x2(R) =~ 1/u.
This i3 in contrast to the normal equations approach, where completion
of the Cholesky factorization becomes problematical once x3(A) is in the
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neighborhood of 1/,/u. (See Example 5.3.2.) Hence the claim in Lawson
and Hanson (1974, 126-127) that for a fixed machine precision, a wider
class of LS problems can be sclved using Householder orthogonalization.

5.3.5 A Note on the MGS Approach

In principle, MGS computes the thin QR factorization A = Q4 R;. This is
enough to solve the full rank LS problem because it transforms the normal
equations (ATA)z = ATb to the upper triangular system Ry,x = QTb.
But 2n analysis of this approach when Q) is explicitly formed intro-
duces a x3(A)? term. This is because the computed factor Q, satisfies
| QFQ1 — I, ||, = uxg(A) as we mentioned in §5.2.9.
However, if MGS is applied to the augmented matrix

Ae= (48] = (Quann] [ 1 2],

then z = @7b. Computing QTb in this fashion and solving Ryzzs = 2
produces an LS solution #.¢ that is “just as good” as the Householder QR
method. That is to say, a result of the form (5.3.4)-(5.3.6) applies. See
Bjorck and Paige (1992).

It should be noted that the MGS method is slightly more expensive
than Householder QR because it always manipulates m-vectors whereas
the latter procedure deals with ever shorter vectors.

5.3.6 Fast Givens LS Solver

The LS problem can also be solved using fast Givens transformations. Sup-
pose MTM = D is diagonal and

MTa= [S1]
m

0 -n
is upper triangular. If
Ty, _ [ n
M = [d] m-n

then

I Az - bjE = || D™*MT {4z - b) |I§ ="”"“([ o ]"[SD :

for any z € R™. Clearly, z1 5 is obtained by solving the nonsingular upper
triangular system S)r =¢.

The computed solution #;5 obtained in this fashion can be shown to
solve a nearby LS problem in the sense of (5.3.4)-(5.3.6). This may seem
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surprising since large numbers can arise during the calculation. An entry
in the scaling matrix D can double in magnitude after a single fast Givens
update. However, largeness in D must be exactly compensated for by large-
ness in M, since D~Y/IM is orthogonal at all stages of the computation.
It is this phenomenon that enables one to push through a favorable error
analysis.

5.3.7 The Sensitivity of the LS Problem

We now develop a perturbation theory that assists in the comparison of

the normal equations and QR approaches to the LS problem. The theorem

below examines how the LS solution and its residual are affected by changes

in A and b, In so doing, the condition of the LS problem is identified.
Two easily established facts are required in the analysis:

FAL I ATATAT |, = x(4)

(5.3.7)
HANE H(ATAY = mo(A)
These equations can be verified using the SVD.
Theorem 5.3.1 Suppose z, r, £, and # satisfy
| Az - bll;, = min r=>5b- Az
f{A+6A)2—(b+db)li, = min f = (b+ 6b) — (A + 8A)%

where A and A are in R™™" withm > n and 0 # b and §b are in ™. If

€ = max{" é4 "1 “65‘[2} < on(A)

“A“? ' "buz 0'1(1-1.}
e PLS
sin(6) = |i—b-||_.; #1

where prs = || ATLs — b |2, then

==l 253(A) . B

Tzl —° {coe(a) + tan(8)xy(A) } + O(e%) (5.3.8)
I Tl-b-lr I . € (1 + 2x2(A)) min(1,m — n) + O(e2). (5.3.9)
F 4
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Proof. Let E and f be defined by E = §A/e and f = §b/e. By hypothesis
| 6A); < da(A) and so by Theorem 2.5.2 we have rank(A + tE) = n for
all t € [0,¢]. It follows that the solution z(t) to

(A+tEYT(A+tE)z(t) = (A+tE)T(b+tf) (5.3.10)

is continuously differentiable for all ¢ € [0, ¢]. Since z = z(0) and % = z{¢),
we have
T=z + €i(0) + O().

The assumptions & # 0 and sin(f) 5 1 ensure that z is nonzero and so

fz-zf, _ N0}, .
T - ¢ 0=l o) (5.3.11)

In order to bound |} (0) [|,, we differentiate (5.3.10) and set t = 0 in the
result. This gives

ETAz + ATEz + ATA{0) = ATf+ ETb

i.e.,
20} = (ATA)'AT(f ~ Ex) + (ATAY 1ETr. (5.3.12)
By substituting this result into {5.3.11), taking norms, and using the easily
verified inequalities || f i, < | b}, and || £ ||; < || A |}, we obtain
l£-=zll, { T A\-1 AT K2
2 < el Allll (ATA) AN ||y | o5 1
=T B4l \TATI=T,

__PLS AN (AT Ar-1 .
+ TP VAR AT 1 | + O,

Since AT{Az — b} = 0, Az is orthogonal to Ax — b and so
o~ Az |3 +)jAxf =153 -

Thus,
NAUZ =13 =2l —pis
and so by using (5.3.7)

i s {u (g v ) g )+ 0

thereby establishing {5.3.8).
To prove (5.3.9}, we define the differentiable vector function r(t) by

r(t) = (b+¢tf) — (A + tE)a(t)
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and observe that r = r{0) and ¥ = r(¢). Using (5.3.12} it can be shown
that
#0) = (I - A(ATA)'AT) (f - Ez) - A(ATA)"'ETr.

Since || # — r ||, = €[| #(0) ||; + O(e?) we have

li=rly, _  hO),
ol “Tor, * )

(Fa

{1 - awraiary, (14 1500z

ol

T 1 AAT4)1 [ A H,T”fﬁz—} 0.

Inequality (5.3.9) now follows because
Al Rzl =HANLNAYb; < s2(AMI bl
prs = | (I~ A(ATA)'AT)b[l; < || T - A(ATAYIAT [l b,

and
I| (£ = A(ATA)1AT ||, = min{m —n,1). O

An interesting feature of the upper bound in (5.3.8) is the factor

Nra(A)? = —LLS ____ r(A).
tan(f)x2(A) T = K2({A)

Thus, in nonzero residual problems it is the square of the condition that
measures the sensitivity of ;5. In contrast, residual sensitivity depends
just linearly on x3(A). These dependencies are confirmed by Example 5.3.1.

5.3.8 Normal Equations Versus QR

It is instructive to compare the normal equation and QR approaches to the
LS problem. Recall the following main points from our discussion:

s The sensitivity of the LS solution is roughly proportional to the quan-
tity xa2(A) + prsa(A)’.

¢ The method of normal equations produces an % ¢ whose relative error
depends on the square of the condition.

s The QR approach (Householder, Givens, careful MGS) solves a nearby
LS problem and therefore produces a solutionzthat hes a relative error
approximately given by u(sz(A4) + prsre(A4)").
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Thus, we may conclude that if p; 5 is small and x3(A) is large, then the
method of normal equations does not solve a nearby problem and will usy-
ally render an LS solution that is less accurate than a stable QR approach.
Conversely, the two methods produce comparably inaccurate results when
applied to large residual, ill-conditioned problems.

Finally, we mention two other factors that figure in the debate about
QR versus normal equations:

» The normal equations approach involves about half of the arithmetic
when m > n and does not require as much storage.

s QR approaches are applicable to a wider class of matrices because
the Cholesky process applied to AT A breaks down “before” the back
substitution process on QT A = R.

At the very minimum, this discussion should convince you how difficult it
ean be to choose the “right” algorithm!

Problems

P5.3.1 Assumne AT Az = ATb, (ATA + F)i = AT, and 2f| F ]z € on[A)?. Show that
ifr=b—Azand?=b— A% thea 7 —r = A(ATA + F)~'Fr and

F
BF—riy < 252(/4)%" i3

P5.3.2 Assume that ATAz = ATV and that ATA2 = AT + f where || f|l; <
cul| AT f,[ b]l; and A hes full column rank. Show that

T
Be=tly . aHAT Iydbly
e, = A g

P6.3.3 Lat A€ """ with m > n and y € R™ and define 4 = [A y| € RnX(n+D),
Show that oy (A) 2 o1(A) and Fn41(A) < 0'n(A). Thus, the condition grows if a column
is added to a matrix.

P5.3.4 Let A€ B™*" (m > n), w ¢ R, and define
A

Show that o4 (B) > on(A) sad 01(B) < 1/l A3 +llwil3 . Thus, the condition of a
matrix may increase or decrease if a row is added.

P5.3.5 (Cline 1973) Suppose that A € R™*™ has rank n and that Gaussian slimination
with partial pivoting is used to compute the factorization PA = LU, whete L € R™*" iy
unit lower triaagular, I € V"™ is upper triangular, and P € E™*™ ig » permutation.
Explain how the decomposition in P5.2.5 can be used to find a vector x € R™ such that
| Lz = Pb ||z is minimised. Show that if Uz = z, then {| Az — & |); is minimum. Show
that this method of solving the LS problem is more efficient than Householder QR from
the flop point of view whenever m < 5n/3. .
P5.3.68 The matrix C = (ATA)~!, where rank(A) = n, arties in many statistical appli-
cations and is known as the variance-coverance matriz. Asmnme that the factorization
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A = QR ia availabls. {a} Show C = (RTR)~!. (b) Give an algorithm for computing the
diagonal of C that requires n3/3 flops. (c) Show that

a of - - A+ vTCw)/ad —vTC /a
T ®TR = [ (2O o’ |

where C; = (ST 8)~!. (d) Using (¢}, give an algorithm that overwrites the upper tri-
anguiar portion of R with the upper triangular portion of C. Your algorithm should
require 2n3 /3 flops.

P5.3.7 Suppose A € H**™ i3 symmetric and that r = b — Az where r, b,z € B® and
z is nonsero. Show how to compute s symmetric £ € R™*" with minimal Frobenius
porm so that (A4 + E)x = b. Hint. Use the QR (actorization of [z, r] and note that
Ez=r = (QTEQHQTz) =QTr.

P5.3.8 Show how to compute the nearest circulant matrix to a given Toeplitz matrix.
Measure distance with the Frobeniua norm.
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5.4 Other Orthogonal Factorizations

If A is rank deficient, then the QR factorization need not give a basis for
ran{A). This problem can be corrected by computing the QR factorization
of a column-permuted version of 4, i.e., AIl = QR where II is a permuta-
tion.
The “data” in A can be compressed further if we permit right multipli-
cation by a general orthogonal matrix Z:

QTAZ =T.
There are interesting choices for Q and Z and these, together with the
column pivoted QR factorization, are discussed in this section.

5.4.1 Rank Deficiency: QR with Column Pivoting

If Ac """ and rank(A) < n, then the QR factorization does not nec-
egsarily produce an orthonormal basis for ran(A4). For example, if A has
three columns and

A = [ay, 62, 83} = {q, @2, ¢3]

=T =0 S
o O -
et

is its QR factorization, then rank(4) = 2 but ran{A) does not equal any of

the subspaces span{qi, g2}, span{q,¢s}, or span{ga, ¢}.

Fortunately, the Householder QR factorization procedure {Algorithm
5.2.1} can be modified in a simple way to produce an orthonormal basis for
ran(A). The modified algorithm computes the factorization

Ru R T
TATT = n A2
Q Al = [ 0 0 ] m-r (5.4.1)

r n—r

where r = rank{A), Q is orthogonal, R, is upper triangular and non-
singular, and II is a permutation. If we have the column partitionings
All = [@g,...,0c, | a0d @ = [g1,...,4m |, then for k = 1:n we have

min{rk}
g, = Z Tskgi € spa-ll{'h. sery ql‘}
im]
implying
ran(A) = Spm{s'h, ey qf}'

The matrices ¢ and Il are products of Householder matrices and inter-
change matrices respectively. Assume for some k that we have computed
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Householder matrices H,,..., H;_., and permutations IIy,..., Iz, such
that

(Heot--- HDA(L ---The_y) = (5.4.2)
k- - -
R(k__l) . [ Ril 1} Rgg 1} ] k-1
0 R‘(:;—l} m-—k+1
k-1 n-k+1

where R(I:_l) is a nonsingular and upper triangular matrix. Now suppose

that
R = [0, 2 ]

is a column partitioning and let p > k be the smallest index such that
1"y = max {2~ g 127V 15 (5.4.3)

Note that if £~ 1 = rank{A), then this maximum is zero and we are finished.
Otherwise, let IT; be the n-by-» identity with columns p and k interchanged
and determine a Householder matrix Hj such that if R*%) = H R*-NII,,
then R*}(k + 1:m, k) = 0. In other words, IT, moves the largest column in
R.g_ 1) to the lead position and K, zeroes all of its subdiagonal components.
The column norms do not have to be recomputed at each stage if we
exploit the property
aa= (o]l = el =gem -
which holds for any orthogonal matrix @ € R***, This reduces the overhead
associated with column pivoting from O(mn?) flops to O(mn) fiops because
we can get the new column norms by updating the old column norms, e.g.,

P = 129D -

Combining all of the above we obtain the following algorithm established
by Businger and Golub {1965):

Algorithm 5.4.1 (Householder QR With Column Pivoting) Given
A e R™™ with m 2 n, the following algorithm computes r = rank(A)
and the factorization (5.4.1) with Q = H;-- - H, and I = I, ---II,. The
upper triangular part of A is overwritten by the upper triangular part of
R and components j + l:mn of the jth Householder vector are stored in
A(jF + 1l:m, 7). The permutation I is encoded in an integer vector piv. In
particular, I1; is the identity with rows j and piv(j) interchanged.
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for j=1Lin
e(j) = A(t:m, 5)T A(L:m, 5)
end
r =0; T = max{c(l},...,e(n)}
Find smallest k with 1 <k <nsoc(k) =7
while r > 0
r=r+1
piv(r) = k; A(l:im,r) & A(L:im, K); o(r} & (k)
[v, 8] = house(A(r:m, r))
A(rm,rm) = (Im—rq1 — fovT)A(r:m, rin)
Alr + lm,r) = v{Zm —r + 1)
fori=r+1in
(i) = e(f) — A(r,1)?
end
ifr<n
7 = max{c(r +1),...,¢(n}}
Find smallest k withr+1 < k<nsoclk)=r.
else
=0

end

This algorithm requires dmnr —2r2(m+n)+4r3/3 flops where r = rank(A).
Az with the nonpivoting procedure, Algorithm 5.2.1, the arthogonal matrix
Q is stored in factored form in the subdiagonal portion of A.

Example 5.4.1 If Algorithm 5.4.1 is applied to

1 2 3

1 5 1
A = |1 8 9 |

1 11 12

then IT = [e3 ez e1] and to three significant digits we obtain

-.182 -.816 514 191
~164 -14.600 —1.820
[ ~365 408 -.82T 120 ] [ 00 816 — 816

548 000 113 -.828
T30 408 200 510 0.0 000 0.000

All = QR =

5.4.2 Complete Orthogonal Decompositions

The matrix B produced by Algorithm 5.4.1 can be further reduced if it
is post-multiplied by an appropriate sequence of Householder matrices. In
particular, we can use Algorithm 5.2.1 to compute

RT

Z,---ZI[ i [Tﬂ] r (5.4.4)
RT 0 n—r
12
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where the Z; are Householder transformations and T3 is upper triangular.
It then follows that

T O r
TA7 - T = 11
QAZ =T = [ 0 0 ] m-r . (5.4.5)

F nn—r
where Z =12, - - - Z.. We refer to any decomposition of this form as a com-
plete orthogonal decomposition. Note that null(4) = ran(Z2(1:n,r + Lin)).
See P5.2.5 for details about the exploitation of structure in (5.4.4).
5.4.3 Bidiagonalization

Suppose A € R™*™ and m > n. We next show how to compute orthogonal
Ug (m-by-m) and Vg (n-by-n) such that

Pd; i 0 0
0 da fo 1]

(5.4.6)

(=]
T
T

URAVE =

L -

Ug=U--U, and Vg = V) --- V, .o can each be determined as a product
of Householder matrices:

X x X X X X X X
X X X X 0 x x x
xxxx-g-‘-»OxxxL
X X X X 0 x x x
| x X x x| _Oxxx_
[(x x 0 0] [x x 0 0]
0 x x x 0 X x X
0xxx£3+00xx-&+
0 x x x 0 0 x x
_Oxxx_ _00xx_
x x 0 0 x x 0 0 x x 0 0
0 x x 0 0 x x O 0 x x 0
ODxx-'-’-’w(){)xxﬂoUOxx
0 0 x X 0 0 0 x 0 0 0 x
0 0 x x a 0 0 x 0 0 0 0
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In general, U}, introduces zeroe into the kth column, while Vi zeros the
appropriate entries iz row k. Overall we have:

Algorithm 5.4.2 (Householder Bidiagonalization) Given A ¢ R™*"
with m > n, the following algorithm overwrites 4 with U}I,'AVB = B where
B is upper bidiagonal and Ug = U---U,, and Vg = V;---V,,_2. The
essential part of U;'s Householder vector is stored in A{j + 1:m, j} and the
essential part of V;'s Householder vector is stored in A(j, j + 2:n).

for j =1in
[v. 5] = house(A(j:m, j))
A(Fim, i) = (Im—j41 — BrvT) A(jm, jin)
AG+imj)=v(2m-j+1)
ifji<n-2
[v, B} = house(A(], j + 1:n)T)
A(Fm,j + Iin) = A(F:m, j + Lin)(Ine; - ﬁwT)
A(f, 5+ 2n) = v(2in - )T
end
end

This algorithm requires 4mn? — 4n%/3 flops. Such a technique is used in
Golub and Kahan (1965), where bidiagonalization is first described. If the
matrices Ug and Vg are explicitly desired, then they can be accumulated
in 4m?n — 4n%/3 and 4n3/3 flops, respectively. The bidiagonalization of A
is related to the tridiagonalization of AT 4. See §8.2.1.

Exampie 5.4.2 If Algorithm 5.4.2 is applied to

1 2 3
4 5 8

A=t 7 § ¢
_ 10 1 12

then to three significant digits we obtain

e oms 0 ) 100 000 000
p=| 0 22 -eu Vs={ 000 -.567 -745
o 9 ; 000 -.T45 667

-0776 -.833 392 -.383
-3110 —.451 -.238 802

-.069 70— 457
—. 7760 312 547 037

5.4.4 R-Bidiagonalization

A faster method of bidiagonalizing when m 3 n results if we upper trian-
gularize A first before applying Algorithm 5.4.2. In particular, suppose we
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compute an orthogonal @ € ™™ such that
T: | B
a-[ 5]
is upper triangular. We then bidiagonalize the square matrix R,,
UER]VB = B1 .

Here Ug and Vg are n-by-n orthogonal and B, is n-by-r upper bidiagonal.
If Ug = Qdiag (g, Jm—n) then

UTAV=[%1]EB

is a bidiagonalization of 4.

The idea of computing the bidiagonalization in this manner is mentioned
in Lawson and Hanson (1974, p.119) and more fully analyzed in Chan
(1982a). We refer to this method as R-bidiagonalization. By comparing its
flop count (2mn?+2n%) with that for Algorithm 5.4.2 (4mn? —4n3/3) we see
that it involves fewer computations (approximately) whenever m > 5n/3.

5.4.5 The SVD and its Computation

Once the bidiagonalization of A has been achieved, the next step in the
Golub-Reinsch SVD algorithm is to zero the superdiagonal elements in B.
This is an iterative process and is accomplished by an algorithm due to
Golub and Kahan (1965). Unfortunately, we must defer our discussion of
this iteration until §8.6 as it requires an understanding of the symmetric
eigenvalue problem. Suffice it to say here that it computes orthogonal
matrices Uy and V¢ such that

UfBVy = E = disg(oy,...,0n) € R,

By defining I/ = UpUy and V = VaVi we see that UTAV = E is the SVD
of A. The flop counts associated with thia portion of the algorithm depend
upon “how much” of the SVD is required. For example, when solving the
LS problem, UT need never be explicitly formed but merely applied to &
as it is developed. In other applications, only the matrix U = U(;, 1in)
is required. Altogether there are six possibilities and the total amount of
work required by the SVD algorithm in each case is summarized in the
table below. Because of the two possible bidiagonalization schemes, there
are two columns of flop counts. If the bidiagonalization is achieved via
Algorithm 5.4.2, the Golub-Reinsch (1970) SVD algorithm results, while if
R-bidiagonalization is invoked we obtain the R-SVD algorithm detailed in
Chan (1982a). By comparing the entries in this table (which are meant only
as appraximate estimates of work), we conclude that the R-SVD approach
is more efficient unless m & n,
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Required | Golub-Reinsch SVD |  R-SVD

b} 4mn? ~ dn3/3 2mn? + 2n?
TV 4mn? 4 8n? 2mn® + 11n3
U 4dm3n - 8mn? 4m3n + 13n3
0 14mn? - 2n 6émn? + 11n3

T, UV | 4m®n +8mn? + 903 | 4m?n + 2203
U,V 14mn? + 8n° 6mn? + 20n°

Problems

P5.4.1 Supposs A € R™"" with m < n. Give ag algorithm for computing the factor-
ization
UTAV =B 0]

where B is an m-by-m upper bidiagonal matrix. (Hint: Obtain the form

x %x 0 0 0 0

0 x x 0 0 &

0 0 x x 0 0O0]°

0 0 0 x x 0
using Householder matrices and then “chase” the (m,m + 1) entry up the (m 4 l}st
column by applying Givens rotationa from the right.}

P6.4.1 Show bhow to efficiently bidiagonalize an n-by-n upper trisngular matrix using
Givens rotations.

P5.4.3 Show how to upper bidisgonalize s tridiagonal matrix T € B**™ using Givens
rotations.

P5.4.4 Let A€ R™™" and amume that 0 # v satisfies | Avllz = on(A)| v i|s Let 1T
be a permutation such that if IITv = w, then |wa| = || w{lo. Show thas if Al = @R
is the QR factorization of AIl, then |rna| £ vNon(A). Thus, there always exists a
permutation I1 such that the QR factorization of AIl “displays” near rank deficiency.
P5.4.5 Let z,y € R™ and Q € R™*™ be given with @ orthogonal. Show that if

Q7= = [‘:] ml-l 'y = [‘3] ml—l
then uTv =27y — af.

P5.4.8 Let A = [01,...,0n] € ™" and b€ R™ be given. For any subset of A's
columna {a.,,...,ac, } define

resfac,,. 100} = M0 {[a,...,a0]z-bl2

:lrel'?.l

Demcribe an alternative pivot selection procedure for Algorithm 5.4.1 such that if QR =
Al = [Geg, ...y Ge, | in the final factorization, then for k = 1m:

rm[ac,,...,a¢, | = g‘:‘ resfac, ... Bey_ ;s 00
Notes and References for Sec. 5.4
Aspects of the complete orthogonal decomposition are discussed in



5.4. OTHER ORTHOGONAL FACTORIZATIONS 255

R.J. Honson and C.L. Lawson (1063). “"Extensions snd Applications of the Houssholder
Algorithm for Solving Linsar Lesst Square Problems” Math. Comp. 23, TBT-812.

P.A. Wedin (1973). “On the Almnnst Rank-Deficient Case of the Least Squares Problem,”
BIT 18, 344-54.

G.H. Golub and V. Pereyra (1976). “Differemtistion of Pssudo-Invernes, Separable Non-
linear Least Squares Problems and Other Talen,” in Generalized Inverses and Appli-
cations , ed. M.Z. Nashed, Academic Press, New York, pp. 303-24.

The computation of the SVD ia detailed in §8.6. But here are some of the standard
references concerned with ita calcunlation:

G.H. Golub and W. Kahan (1965). “Calculating the Singular Values and Pseudo-Inverss
of a Matrix,” STAM J. Num. Anal 2, 205-24.

P.A. Businger and G.H. Golub (1969). “Algorithm 358: Singular Vaiue Decomposition
of the Complex Matrix,” Comm. ACM 12, 56465,

G.H. Golub and C. Rainach (1970). “Singular Value Decompasition and Least Squares
Solutions,” Numer. Math. 14, 403-20. See also Wilkinson and Reinach(1971, pp.
1334-51).

T.F. Chan (1882}). “An Improved Algorithm for Computing the Singuiar Value Decomn-
position,” ACM Trans. Math. Soft. 8, T2-83.

QR with column pivoting wes first discussad in

P.A. Businger and G.H. Golub (1865). “Linear Least Squares Solutions by Househoider
Transformations,” Numer. Math. 7, 269-76. See also Wilkinson and Reinach (1971,
pp. 11-18).

Knowing when to stop in the algorithm is difficult. In questions of mnk deficiency, it is
helpfui to obtain information sbout the smallest xingnjar value of the upper triangular
matrix A. This can be done using the tachniques of §3.5.4 or those that are discussed in

L. Karssalo (1974). “A Criterion for Truncetion of the QR Decomposition Algorithm for
the Singular Linear Least Squares Problem,” BIT 1§, 156-66.

N. Anderson and [ Karasalo (1975). “Oa Computing Bounds for the Least Singular
Value of & Triangular Matrix,” BIT 15, 1-4.

Other aspects of rank éstimation with QR are discussed in

L.V. Foster (1686). “Rank and Null Space Calcuistions Using Matrix Decomposition
without Column Interchanges,” Lin. Alg. and its Apphic. 74, A7T-TL

T.F. Chan (1887). “Rank Revealing QR Factorizations,” Lin. Alg. and it Apphic.
88/89, 67-81,

T.F. Chan and P. Hansen (1992). “Some Applications of the Rank Revesling QR Fac-
torizesion,” SIAM J. Sci. ond Stat Comp. 13, T21-141.

J.L. Barlow and U.B. Vemulapati (1992). “Rank Detection Methods for Spame Matri-
cen,” SIAM J. Matriz. Anal Appl 13, 1279-1297.

T-M. Hwang, W-W, Lin, and E.K. Yang {(1992). *Rank-Revealing 1.U} Factorizations,”
Lin. Alg. and Its Applic. 175, 115-141.

C.H. Biachof and P.C. Haneen (1992). “A Block Algorithm for Computing Rank-
Revealing QR Factorizations,” Numerical Algorithms 2, 371-392.

8. Chandrassiaren and 1L.C.F. Ipsen (1994). “On Rank-Revealing Factorizations,” STAM
J. Matriz Anal. Appl 15, 562622

R.D. Fierro and P.C. Hansen (1995). “Accuracy of TSVD Solutions Computed from
Rank-Revealing Decompositions,” Numer. Math. 70, 453472,
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5.5 The Rank Deficient LS Problem

If A is rank deficient, then there are an infinite number of solutions to the
LS problem and we must resort to special techniques. These techniques
must address the difficult problem of numerical rank determination.

After some SVD preliminaries, we show how QR with column pivoting
can be used to determine a minimizer zg with the property that Axp is a
linear combination of r = rank(A4) columna. We then discuss the minimum
2-norm solution that can be obtained from the SVD.

5.5.1 The Minimum Norm Solution

Suppose A € R™*" and rank(A) = r < n. The rank deficient LS problem
has an infinite number of solutions, for if z is a minimizer and z € null{A})
then z + z is aiso a minimizer. The set of all minimizers

A={zecR :|Ar—bf2 =win }
is convex, for if £;,x2 € X and A € [0,1], then
| AQAzy + (1= A)z2) = bll; £ Al Az —bli;+ (1 - A Azz - by

= min Az - b,

Thus, Ax; + (1 ~ A)zz € X. It follows that & has a unique element having
minimura 2-norm and we denote this solution by zrg. {Note that in the
full rank case, there is only one LS solution and so it must have minimal
2-norm. Thus, we are consistent with the notation in §5.3.)

5.5.2 Complete Orthogonai Factorization and xig
Any complete orthogonal factorization can be used to compute ;5. In
particular, if Q and Z are orthogonal matrices such that

T 0 r
T _ — 11
QAZ =T = [ 0 0] m-—r

T a—-r

r = rank(A)

then
| Az b3 = (QTAZ)ZTz - QTb |1} =Tuw-c|} + 4|3

where
™ - w r Ty c r
2’z = [y]n—r Qb = [d] m-r

Clea:ly.ifzistominimizatbesumofsquare&thenwemusthavew:”fﬁlc.
For x to have minimal 2-norm, y must he zero, and thus,

1
st=Z[T%c}.
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5.5.3 The SVD and the LS Problem

Of course, the SVD is a particularly revealing compiete orthogonal de-
composition. It provides a neat expression for ;3 and the norm of the
minimum residual prs = || Azrs = bl

Theorem 5.5.1 Suppose UTAV = T is the SVD of A € R™™ withr =
rank(A). U = [uy,...,um] and V = [v1,...,1, ] are column partition-
ings and b € R™, then
. uTh
s = — {(5.5.1)
s=1 %
minimizes || Az — b ||a and has the smallest 2-norm of all minimizers. More-
over
m
Pls =l Azis —bi} = ) (ulb). (5.5.2)

i=r41

Proof. For any z € R" we have:

I(UTAV)(VTZ) - UTb | = | Za-UTb(3
> (o —uTh)* + i (uTb)?

=1 i=mr4l

I Az - 513

where & = VTz. Clearly, if z solves the LS problem, then a; = (u b/a;) for
i =l:r. i we set a(r + 1:n) = 0, then the resulting z clearly has minimal
2-porm. O

5.5.4 The Pseudo-Inverse
Note that if we define the matrix AT € R**™ by At = VE+UT where

o+ =diag(l,...,i,o,...,u) € B™™ ¢ = rank(A)
oy ar
then xrs = A*b and prs = || {I ~ Ad*)b|la. A" is referred to as the
pseudo-inverse of A. It is the unique minimal Frobenius norm solution to
the problem

. Em;{g‘ o NAX =L )5 (5.5.3)

If rank(A) = n, then At = (AT A)~' AT, while if m = n = rank(A), then
At = A1, Typically, AT is defined to be the unique matrix X € R**™
that satisfies the four Moore-Penrose conditions:

(i) AXA = A (i) (AX)T
(i) XAX = X (iv) (XA)T

AX
XA

0K

o
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These conditions amount to the requtirement that A4+ and At A be arthog-
onal projections onto ran{A) and ran{AT), respectively. Indeed, AA* =
U \UT where Uy = U(1:m,1:r) and A*A = iV where V; = V(L:n, 1r).

5.5.5 Some Sensitivity Issues

In §5.3 we examined the sensitivity of the full rank LS problem. The be-
havior of z1g In this situation ia summarized in Theoretn 5.3.1. If we drop
the full rank assumptiona then x5 is not even a continuous function of the
data and small changes in A and & can induce arbitrarily large changes in
rrs = Atb. The easiest way to see this is to consider the behavior of the
peeudo inverse. If A and 64 are in R™*", then Wedin (1973) and Stewart
(1975) show that

I (A+84)" — A* | <2/l éA{ pmax ()} A (3 , [ (A+EA)T (3 }.
This inequality is & generalization of Theorem 2.3.4 in which perturbations

in the matrix inverse are bounded. However, unlike the square nonsingular
case, the upper bound does not necessarily tend to zero as § 4 tends to zero.

10 00
A=]0 ¢ and §A=10 ¢
00 0 0

1 00
000

then

ar= |

] and (A+6A)+=[1 0 °]

1 1/e @

and || AY — (A +6A)t |3 = 1/e. The numerical determination of an LS
minimizer in the presence of such discontinuities is a major challenge.
5.5.6 QR with Column Pivoting and Basic Solutions

Suppose A € R™*™ hag rank r. QR with column pivoting (Algorithm 5.4.1)
produces the factorization AIl = QR where

_ { Bu R r
R = [G O]m—r

r f-—-r

Given this reduction, the LS problem can be readily solved. Indeed, for
any r € R" we have

I Az~ b3

1 {QT Am(T™z) ~ (QT8) I}
I Ruy—(c— Riaz) I +1d)i3,

"
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where

T, _ vy T Tz _ c r
Mz = [z]n~—r and @b = [d] m-r

Thus, if x is an LS minimizer, then we must have

:=II[ Ryj'(c - Rua) ] .
z
If z is set to zero in this expression, then we obtain the basic solution

-1
= n¢c
rp H[ 0 ] .
Notice that xp has at most r nonzero components and so Azg involves a
subset of A’s columns.

The basic solution is not the minimal 2-norm solution unless the sub-
matrix R;s is zero since

lzesllz = min

5.5.4
e BT (5.5.4)

g —H[ R’}Rm ]
Tin-r

Indeed, this characterization of || z1¢ |3 can be used to show

" B3] "2 —1
< —— 2 0F & ‘/1 + R 12 . 5.5.5
“ ILs Ilz " 12 "2 ( )

See Golub and Pereyra (1976) for details.

2

5.5.7 Numerical Rank Determination with AIl = QR

If Algorithm 5.4.1 is used to compute zp, then care must be exercised in
the determination of rank(A4). In order to appreciate the difficulty of this,
suppose

(k)
fl(He - HyAll; - TI,) = R® = [ R( ] k k

0 RY

k n-k%k

is the matrix computed after k steps of the algorithm have been executed
in floating point. Suppose rank(A) = k. Because of roundoff error, £
will not be exactly zero. However,lng)mmntahlysmaﬂmnormthenxt
is reasonable to terminate the reduction and declare A to have rank k. A
typical termination criteria might be

NRE Iz < el Al (5.5.6)
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for some small machine-dependent parameter ¢;. In view of the roundoff
properties associated with Householder matrix computation {cf. §5.1.12),
we know that £ is the exact R factor of a matrix A + E}, where

NEella<ellAllz e =O0(u).
Using Theorem 2.5.2 we have

Tksr(A+ Ee) = e (R®) < | &Y (5.
Sinee ag41(A) < op41(A + Ex) + || Ex ||2, it follows that
ox31(A) < (€1 + e2)lf Alla.

In other words, a relative perturbation of O(e; +¢2) in A can yield a rank-k
matrix. With this termination criterion, we conclude that QR with column
pivoting “discovers” rank degeneracy if in the course of the reduction IT?.()';)
is small for some k < n.

Unfortunately, this is not always the case. A matrix can be nearly rank
deficient without a single Rﬂ.’;’ being particularly small. Thus, QR with
column pivoting by stself is not entirely reliable as a method for detecting
near rank deficiency. However, if a good condition estimator is applied to
R it is practically impossible for near rank deficiency to go unnoticed.

Example 5.5.1 Let Th(c) be the matrix

1 - -c¢ —-c

0 1 =-e -
Tnlc) = diag(l,s,...,s"" 1}

. 1 —e

0 vee 1

with ¢ + 83 = 1 with ¢, 3 > 0 (See Lawson and Hanson (1974, p.31).) These matrices are
unaltered by Algorithm 5.4.1 snd thus || RS |l2 > s"~ for k = 1:n— 1. This inequality
implies (for example) that the matrix Tiog(.2) has no particularly small trailing principal
submatrix since 5% =3 .13. However, it can be shown that on = O(10~%).

5.5.8 Numerical Rank and the SVD

We now focus our attention on the ability of the SVD to handle rank-
deficiency in the presence of roundoff. Recall that if 4 = ULVT is the
SVD of A, then

b
LS = L‘U" (5.5.7)
= 78
where r = rank(A). Denote the computed versions of U/, V, and £ =
diag(a:) by U, V, and £ = diag(é;). Assume that both sequences of singular
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values range from largest to smallest. For a reasonably implemented SVD
algorithm it can be shown that

U=W+AU W'W=1I, [AU|s<¢ (5.5.8)

V=2Z+4AvV 2TZ=1, |AV]2<e (5.5.9)
L=wT(A+AA)Z |AAl2<¢|Al2 (5.5.10)

where ¢ is a small multiple of u, the machine precision. In plain English, the
SVD algorithm computes the singular values of a “nearby” matrix 4+ AA.

Note that {7 and V are not necessarily close to their exact counterparts.
However, we can show that &y is close to ox. Using (5.5.10) and Theorem
2.5.2 we have

Te = min “ A-B Hz
rank{ B}=k—1

- min || (£~ B)~WT(AA)Z|l>.
rank(B)=k—1

Since || WT{AA)Z ||z < ¢]| All2 = €6y and

mn ||Ex - Bllz =
rank(B}=k-1

it follows that |o, — x| < ery for k = Lin. Thus, if A has rank r then we
can expect n — r of the computed singular values to be small. Near rank
deficiency in A cannot escape detection when the SVD of A is computed.

Example 5.5.3 For the metrix Tyg0(-2) in Example 5.5.1, on 75 .367 - 1075,

One approach to estimating r = rank(A4) from the computed singular
values is to have a tolerance § > 0 and a convention that A has “numerical
‘rank” 7 if the &; satisfy

F1 2 D8 D624 Do 2 b

The tolerance & should be consistent with the machine precision, e.g. § =
u)| A . However, if the general level of relative error in the data is larger

than u, then § should be correspondingly bigger, e.g., § = 1072} A ||o if

the entries in A are correct to two digits.
If ¥ is accepted as the numerical rank then we can regard
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as an appraximation to zrs. Since || x4 |2 &~ 1/0p < 1/ then § may also
be chosen with the intention of producing an approximate LS solution with
suitably small norm. In §12.1, we discuss more sophisticated methods for
doing this.

If 6 % &, then we have reason to be comfortable with z; because A
can then be unambiguously regarded as a rank{A;} matrix (modulo 6).

On the other hand, {&1,...,6,} might not clearly split into subsets
of small and large singular values, making the determination of # by this
means somewhat arbitrary. This leads to more complicated methods for
estimating rank which we now discuss in the context of the LS problem.

For example, suppose r = n, and assume for the moment that A4 =0
in {5.5.10). Thus o; = &; for i = I:'n. Denote the ith columns of the
matrices U, W V and Z by u;, wy, %, and z;, respectively. Subtracting
zs from z1 5 a.nd ta.kmg norms we obtain

f T T n Trs 2
w; bz — (ui by, Z Db
“-‘H-ILSH::SZ"( Y2 — (u; bl J|2 + (w )

i=1 % imrgl N O
From (5.5.8) and (5.5.9) it is easy to verify that
| (TD)z - (WFb)ui 2 < 21+ e)ell bz (5.5.11)

and therefore

F n wa 2
2 = 2us o < =20+ el bla + | 3 (—) .

P
w4l N

The parameter # can be determined as that integer which minimizes the
upper bound. Notice that the first term in the bound increases with #,
while the second decreases.

On occasions when minimizing the residual is more important than ac-
curacy in the solution, we can determine # on the basis of how close we
surmise [[ b - Az¢ [|7 is to the true minimum. Paralleling the above analy-
sis, it can be shown that

o Azslla —110— Azislla € (n—Fbll2+ €l bl (f'+§-}(1+€)) -

Again # could be chosen to minimize the upper bound. See Varah (1973)
for practical details and also the LAPACK manual.

5.5.9 Some Comparisons

As we mentioned, when solving the LS problem vis the SVD, only T and
V have to be computed. The following table compares the efficiency of this
approach with the other algorithms that we have presented.
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LS Aigorithm Flop Count
Normal Equations mn? +n3/3
Householder Orthogonalization | 2mn? - 2n3/3
Modified Gram Schmidt 2mn?
Givens Orthogenalization 3mn® - n?
Householder Bidiagonalization | 4mn? — 4n?/2
R-Bidiagonalization 2mn? + 2n®
Golub-Reinsch SVD 4mn? + 8n®
R-SVD 2mn? + 11nd

Problems

P5.5.1 Show that if

A= T S T
- o 0 m-r

ra-r

where r = rank(A) and T is nonsinguiar, then
™! 0 r
X = [ o 0 ] n—r

r m-r

satisfies AXA = A and (AX)T = (AX). Ip this case, we say that X is a (1,3) pseudo-
inverse of A. Show that for general A, zp = Xb where X is a (1,3) pseudc-inverse of A.

P5.5.2 Define B()\} € R**™ by B(}) = (AT A + A1)~ ' AT, where ) > 0. Show

A
B(\) - AT T ———— = rank
§f B{A) = AT Y3 TR i (A)
and therefore that B{A) — A* as A — 0.

P5.5.3 Congider the rank deficient LS problem

e 5 3]03]-[a]l

yER" 0 0 z d i,

ER*TT
where Re ", S€c RF** ", yc R, and z € R*". Assume that R is upper triangu-
lar and nonsingular. Show how to obtain the minimum norm solution to this problem
by computing an appropriste QR factorization without pivoting and then solving for the
approprista ¢ and z.
P5.5.4 Show that if Ay — A and A} — A+, then there exists an integer ko such that
rank({ Ay} is constant for all k > kp.
P5.5.5 Show that if A € F™*" has rank n, then 80 does A 4 £ if we have the inequality
1EN A, <1

Notes and References for Sec. 5.5
The pasydo-imverse literature is vast, an evidenced by the 1,775 references in
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M.Z. Nashed (1976). Generulized nverses and Applications, Academic Press, New York.
The differentiation of the pseudo-inverse is further discussed in

C.L. Lawson and R.J. Hanson (1969). “Extensions and Applications of the Householder
Algorithm for Solving Linsar Least Squares Problema,” Math. Comp. 23, T87-812.

G.H. Goiub and V. Pereyra (1973). “The Differentiation of Psendo-Inverses and Nonlin-
ear Least Squares Problems Whose Variables Separate,” SIAM J. Num. Anal 14,
413-32.

Survey trestments of LS parturbation theory may be found in Lawson and Hanson
(1874), Stewart and Sun (1991), Bjorck (1996), and

P.A. Wedin (1973). “Perturbation Theory for Pseudo-Inverses,” BIT 13, 217-32.
G.W. Stewart (1977). “On the Perturbetion of Pseudo-Inverses, Projections, and Linear
Least Squares,” SIAM Review 19, 63462,

Even for full rank problems, column pivoting seems to produce more accurate solutions.

The error analynis in the following paper attempts to explain why.

L.5. Jennings and M.R. Osborne (1974). “A Direct Error Analysis for Least Squares,”
Numer. Math. 22, 322-32.

Various other aspects rank deficiency are discuseed in

J.M. Varah (1973). “On the Numerical Solution of I-Conditioned Linear Systems with
Applications to Il-Posed Problems,” SIAM J. Num. Anal. 10, 25T-67.

G.W. Stewart {1984). “Rank Degeneracy,” STAM J. Sci. and Stat. Comp. §, 403-413.

P.C. Hansen (1987). “The Truncated SVD as a Method for Regularisation,” BIT 27,
534-553.

G.W. Stewart (1987). “Collinearity and Leest Squares Hegression,” Statistical Science
2, 68-100.

‘We have more Lo say on the subject in §12.1 and §12.2.

5.6 Weighting and Iterative Improvement

The concepts of scaling and iterative improvement were introduced in the
Chapter 3 context of aquare linear systems. Generalizations of these idess
that are applicable to the least squares problem are now offered.

5.6.1 Column Weighting

Suppoee G € R**" is nonsingular. A solution to the LS problem

min [ Az —bjls AeR™" beR™ (5.6.1)
can be obtained by finding the minimum 2-norm solution yLs to
min | (AG)y — b, (5.62)

and then setting g = Gyrs. If rank(A) = n, then zg = zL 5. Otherwise,
Zg is the minimum G-norm solution to (5.6.1), where the G-norm is defined
by i zllg =Gz,
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The choice of G is important. Sometimes its selection can be based on
4 priori knowledge of the uncertainties in A. On other occasions, it may be
desirable t¢ normalize the columns of 4 by setting

G = Gy = diag(l/" A(:l 1) "21-“11/" A(:,ﬂ) "2) M

Van der Sluis (1969) has shown that with this choice, x2(AG) is approxi-
mately minimized. Since the computed accuracy of yr 5 depends on 53(AG),
a case can be made for setting G = Gp.

We remark that column weighting affects singular values. Consequently,
a scheme for determining numerical rank may not return the same estimates
when applied to A and AG. See Stewart (1984b).

5.6.2 Row Weighting

Let D = diag(d,...,dm) be nonsingular and consider the weighted least
squares problem

minimize | D(Az -b)lz A€R™" bcR™. (5.6.3)

Assume rank(A) = n and that zp sclves (5.6.3). It follows that the solution
Z1s to (5.6.1) satisfies

p—zrs = (ATDPA)VAT(D? — I)(b— Azps). (5.6.4)

This shows that row weighting in the LS problem affects the solution. (An
important exception occurs when b € ran(A) for then zp = z1g.)

One way of determining [ is to let di be some measure of the un-
certainty in by, e.g., the reciprocal of the standard deviation in ;. The
tendency is for rx = e (b — Azp) to be small whenever d is large. The
precise effect of dy. on r; can be clarified as follows. Define

D(6) = diag(dy,...,dk1, de VIF3 ,dis1,...,dm)

where § > —1. If x(8) minimizes | D(6)(Ax — &) || and re(é) is the k-th
. component of b — Az(§), then it can be shown that

r&(6) = -
O I SdleTA(AT DR A) AT ey,

(5.6.5)

This explicit expression shows that r(5) is a monotone decreasing function
of 6. Of course, how ry changes when all the weights are varied is much
more complicated.

Exampis 5.8.1 Suppose
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HD=fithenep =[-1, 85T andr = b— Azp = [.3, -4, -1, 2]T. On
the other hand, if D = ding( 1000, 1, 1, 1) then ws have zp = [ -1.43, 1.21|7 and
r=5—Azp = [.000428 — 571428 — 142853 .285714|T.

5.6.3 Generalized Least Squares

In many estimation problems, the vector of observations b is related to x
through the equation
b= Az +w (5.6.6)
where the noise vector w has zero mean and a symmetric positive defi-
nite variance-covariance matrix 2 W. Assume that W is known and that
W = BBT for some B € R™*™. The matrix B might be given or it might
be W’'s Cholesky triangle. In order that all the equations in (5.6.6) con-
tribute equally to the determination of z, statisticians frequently solve the
LS problem
min{ B~}{Az - &) Iz . {5.6.7)
An obvious computational approach to this probiem is to form A = B'A4
and b = B~' and then apply any of our previous techniques to minimize
| Az ~ b|lz. Unfortunately, z will be poorly determined by such a proce-
dure if B is ill-conditioned.
A much more stable way of solving (5.6.7} using orthogonal transforma-
tions has been suggested by Paige (197%a, 1970b). It is based on the idea
that (5.6.7) is equivalent to the genernlized least squares problem,

min  vTv. (5.6.8)
bmAz+ By

Notice that this problem is defined even if 4 and B are rank deficient.

Although Paige’s technique can be applied when this is the case, we shall

deacribe it under the assumption that both these matrices have full rank.
The first step is to compute the QR factorization of A:

a= 0] e-1a @
n m-n
An orthogonal matrix Z € R™™™ is then determined so that

TBZ =[0 S | Z2=(2 Zy]
n m—n n m-n

where 5 is upper triangnlar. With the use of these orthogonal matrices the
constraint in (5.6.8) transforms to

[Q’f‘bjl - I:Rx}z+ {Q‘me QTBZzHETv]_
Qb 0 0 s ZFv
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Notice that the “bottom half” of this equation determines v,
Su=QTh v=1Zy, {5.6.9)
while the “top half” prescribes z:
Riz=QTb- (QTBZ\ZT + QT BZ:2T v = QTb - QT BZ;u. (5.6.10)

The attractiveneas of this method is that all potential ill-conditioning is
concentrated in triangular systems (5.6.9) and (5.6.10). Moreover, Paige
(1979b) has shown that the above procedure is numerically stable, some-
thing that is not true of any method that explicitly forms B~!A.

5.6.4 Iterative Improvement

A technique for refining an approximate LS solution has been analyzed by
Bjorck (1967, 1968). 1t is based on the idea that if

[ o[

then || b~ Az |j2 = min. This follows because r+ Az = b and ATr = 0 imply
AT Az = ATh. The above augmented system is nonsingular if rank(4) =
n, which we hereafter assume.

By casting the LS problem in the form of a square linear system, the
iterative improvement scheme (3.5.5) can be applied:

[g] AcR™ beR™  (56.11)

for k=10,1,

'-f(") b I A][r®
|- Le] - [ 5[]
[ I A p® &
4 5[] =[]

- r(k+l) r(*) p(k)
Z(k+1) =z T | am

end

The residuals f1* and g*) must be computed in higher precision and an
original copy of A must be around for this purpose.
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If the QR factorization of A is available, then the solution of the aug-
mented system is readily obtained. In particular, if A = QR and R; =
R(1:r, 1:n}), then a system of the form

4= 17
& (8] 5]

r, _ | A n r _ |k n

¢ f= [fz]m—n Qp = [fz]m—n
Thus, p and z can be determined by solving the triangular systems R{ h = ¢
andR;z=f1—handsettingp=Q[;;].Assumingthar.Qisstoredin

transforms to

where

factored form, each iteration requires 8mn — 2n? flops.

The key to the iteration’s success is that both the LS residusal and so-
lution are updated—not just the solution. Bjorck (1968) shows that if
x2(A) =~ (9 and t-digit, 8-base arithmetic is used, then z*) has appraxi-
mately k(t — ¢} correct base 8 digits, provided the residuals are computed
in double precision. Notice that it is x;(A4), not 52(44.)2, that appears in
this heuristic.

Problems

P5.6.1 Verify (5.6.4).
P5.6.2 Let A € R™*™ have fuil rank and define the diagonal matrix
A =diag( 1,...,1,(1+8),1,...,1)
e st ¥
k-1 m—h

for § > —1. Denote the LS solution to min | A(Azx — b) ||z by z(6) and its residual by
r(6) = b — Az(5). (a) Show

(&) = (I s A(ATA) 1 AT ey eT )r(o).

1+ 6ef A(ATAY 1 AT,
{b) Letting ry(6) stand for the k&th component of r(5}, show

5 {0)

re(8) = .
x(8) 1+ el A(AT A)=31 AT e,

{c) Use (b) to verify (5.6.5).
P5.6.3 Show how the SVD can be used to solve the generalized L3 problem when the
matrices A and B in (5.6.8) are rank deficient.
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P5.8.4 Let A € R™*™ have rank n and for a > 0 define

e = [ %7 4]

Show that

2
Fm4n (M)} = min{a, --;f.g. on (A2 + (%) }

and determine the value of or that minimizes ka(M{a)).
P5.6.5 Another iterative improvement method for LS problems is the following:

20 = ¢

for k=0,1,...
ri®) = p — Az  (double precision)
fl Az® - r ) | = min
D 5 ) 4 (R

end

{a) Assuming thet the QR factorization of A is available, how many flopa per iteration
are required? (b) Show that the above iteration results by setting g¢*) = 0 in the iters-
tive improvement scheme given in §5.6.4.

Notes and References for Sec. 5.8

Row and column weighting in the LS probiem is discussed in Lawson and Hanson {SLS,
pp. 180-88). The various effects of acaling are discussed in

A. van der Sluis (1969). “Conditicn Numbers and Equilibration of Matrices,” Numer.
Math. 14, 14-23.

G.W. Stewart (1984b). “On the Asymptotic Behavior of Scaled Singular Value and QR
Decompaositions,” Math. Comp. {9, 483-400.

The theorstical and computational aspects of the generalized least squares problem ap-
pear in

8. Kourouklis and C.C. Paige (1981). “A Constrained Lesst Squares Approsch to the
General Gaum-Markov Linesr Model," J. Amer. Stat Assoc. 76, 820-23.

C.C. Paige (1970a). “Computer Solution and Perturbation Anslysis of Generalizad Loast
Squares Probleme” Math Comp. 25, 1T1-84.
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Least Squares Problerms,” SIAM J. Num. Anal 16, 165-T1.
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Decomposition,” Lin. Alg. and Its Applic. 70, 259-284.

Iterative improvement in the loast squares context is discussed in

G.H. Golub and J.H. Wilkinson (1986). “Note on Itorative Refinement of Loast Squares
Solutions,” Numer. Math 9, 13948,

A. Bjdrck and G.H. Golub {1967). “Iterstive Refinement of Linear Least Squares Solu-
tions by Householder Trangformation,” 8IT 7, 322-37.

A. Bjorck (1967). “Iterative Refinement of Linesr Least Squares Solutions 1= BIT 7,
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5.7 Square and Underdetermined Systems

The orthogonalization methoda developed in this chapter can be applied to
square systemns and also to systems in which there are fewer equations than
unknowns. In this brief section we discuss some of the various possibilities.

5.7.1 Using QR and SVD to Solve Square Systems

The least squares solvers based on the QR factorization and the SVD can
be used to solve square linear systems: just set m = n. However, from
the flop point of view, Gaussian elimination is the cheapest way to solve
a square linear system as shown in the following table which assumes that
the right hand side is available at the time of factorization:

Method Flops
Gaussian Elimination n3/3
Householder Orthogonalization | 4n?/3
Modified Gram-Schmidt nd
Bidiagonalization 8n/3
Singular Value Decomposition 12n?

Nevertheiess, there are three reasons why orthogonalization methods might
be considered:

¢ The flop counts tend to exaggerate the Gaussian eliminstion advan-
tage. When memory traffic and vectorization overheads are consid-
ered, the QR approach is comparable in efficiency.

» The orthogonalization methods have guaranteed stability; there is no
“growth factor” to worry about as in Gaussian elimination.

+ In cases of ill-conditioning, the orthogonal methods give an added
measure of reliability. QR with condition estimation is very depend-
able and, of course, SVD is unsurpassed when it comes to producing
a meaningful solution to a nearly singular system.

We are not expressing a strong preference for orthogonalization methods
but merely suggesting viable alternatives to Gaussian elimination.

We also mention that the SVD entry in Table 5.7.1 assumes the avail-
ability of b at the time of decomposition. Otherwise, 20n® flope are required
because it then becomes necessary to accumulate the IF matrix,

If the QR factorization is used to soive Axr = b, then we ordinarily
have to carry out a back substitution: Rz = QTb. However, this can be
avoided by “preprocessing” b. Suppose H is a Householder matrix such
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that Hb = fle, where e, i3 the last column of I,. If we compute the QR
factorization of (HA)T, then A = ATRTQT and the system transforms to

RTy = fe,

where y = QTz. Since RT is lower triangular, y = (8/ran)en and so
=B o
T= :”-:Q(.,n).

5.7.2 Underdetermined Systems
We say that a linear system

Az=b AeR™™ beR" (5.7.1)

is underdetermined whenever m < n. Notice that such a system either has
no solution or has an infinity of solutions. In the second case, it is important
to distinguish between algorithms that find the minimum 2-norm solution
and those that do not necessarily do so. The first algorithm we present is
in the latter category. Assume that 4 has full row rank and that we apply
QR with column pivoting to obtain:

QTAIl = [Ry Ry]

where R; € IR™*™ is upper triangular and B; € R™*®~™. Thus, Az = b
transforms to

(QTAH)(HTz) = [Rl Rg][ i; ] = QTb

07z = “ ]
22
with z; e R™ and 2z, € R, By virtue of the column pivoting, R; is

nonsingular because we are assuming that A has full row rank. One solution
to the problem is therefore obtained by setting z; = RI'IQTb and z; = 0.

where

Algorithm 5.7.1 Given A € R™*" with rank(A) = m and b € R™, the
following algorithm finds an x € R™ such that Az = b.

QTANl = R {QR with column pivoting.)
Solve R(1:m,1:m)z; = QTh.

Setx=n["g].
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This algorithm requires 2m?n — m>/3 flops. The minimum norm solution
is not guaranteed. (A different IT would render a smaller z).) However, if
we compute the QR factorization

AT=QR=Q[R01 ]
with R; € R™*™, then Az = b becomes
z
(QR)Tz = [ RT 0][2;] = b
where
QTz = [ ‘:‘ ] neR™ neR"™™,
2

Now the minimum norm solution does follow by setting zz = 0.

Algorithm 5.7.2 Given A € R™" with rank(4) = m and b € R™, the
following algorithm finds the minimal 2-norm sgolution to Az = b.

AT =QR (QR factorization)
Solve R(1:m,1:m)Tz = b.
r =0 I:m)z

This algorithm requires at most 2m*n — 2m?/3
The SVD can also be used to compute the minimal norm solution of an
underdetermined Ar = b problem. If

A= Zo'.-u;u,-T r = rank{4)

im]

is A's singular value expansion, then

sl

As in the least squares problem, the SVD approach is desirable whenever
A is nearly rank deficient.

5.7.3 Perturbed Underdetermined Systems

We conclude this section with a perturbation result for full-rank underde-
termined systems.
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Theorem 5.7.1 Suppose rank(A) =m < n and that A € R™*" , §A € R™*",
0#beR™, and §b € R™ satisfy

¢ = max{eq, &} < om(A),

whereey = | 6A |2/l A2 and ey = [ 8b |2/l b l|3. Ifz and & are minimum
norm solutions that satisfy

Ar=5% (A+8A)E=b+6b
then

|2 - = l2
[l = {l2

Proof. Let E and f be defined by §.4/¢ and 6b/e. Note that rank(A4 + tE) =
m for all 0 < ¢ < € and that

z(t) = (A+tE)T ((A+tENA +tE)T) ™" (b+tf)

satisfies (A + tE)z(t) = b+ tf. By differentiating this expression with
respect to £ and setting t = 0 in the result we obtain

£(0) = (I - AT(AAT)'A4) ET(AAT)"'b + AT(AAT)"(f - Ex).

Since

< Ky(A) (eamin{2,n —~m + 1} + &) + Oe?).

Hzllz = | AT(AAT) b ll2 2 om (AN (AAT) 0 |l2,
| £ — AT(AAT)"tA|; = min(l,n —m),

and
1l Iflall Al
izl = " 16l
we have
-zl 29 -2(0) _ &0z . - 4
Tzl Ne@le < fzle T °€)

UEN  1£l: . IEl
Tl 160 * nAuz}"’(’“ + 0(€)

from which the theorem follows. O

< cmin(t,n-m){

Note that there is no n:g(A)2 factor as in the case of overdetermined systems.

Problems

P5.7.1 Derive the above expression for (0).

P5.7.3 Find the minimal aorm splution to the system Az = b where A = [123] and
b=1.

P5.7.3 Show how triangular system solving can be avoided when using the QR factor-
ization to solve an undetdetermined system.

P5.7.4 Suppose b,z € R" are given. Consider the following problems:
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(s) Find an unsymmetric Toeplits matrix T 20 Tz = b.

{b) Find a symmetric Toeplits matrix T so Tz = b.

(¢} Find a circulant matrix C 9o Cx = .
Pose sach problem in the form Ap = & where A iz & mairix mada op of entries from =
and p is the vector of sought-after parnmaters.

Notes and References for Sec. 5.7
Interssting aspects concerning singular systams are discusesd in

T.F. Chan (1984). “Deflated Decomposition Solytions of Nearly Singular Systems,”
SIAM J. Num. Anal 2f, T38-T54.

G.H. Golub and C.D. Meyer (1986). “Using the QR Factorization and Group Inversion
to Compute, Differentiate, and estimate the Sensitivity of Stationary Probabilitien
for Markov Chains,” SIAM J. Alg. and Dis. Methods, 7, 2T3-281.

Papers on underdetsrmined systemw include

R.E. Cline and R.J. Plemmons (1976). “Lg-Solutions to Underdetermined Linear Sys-
tems,” SIAM Review 18, 92-106.

M. Arioli and A. Laratta (1985). “Error Analysis of an Algorithm for Solving an Under-
determined System,” Numer. Math. {6, 255—~268.

J.W. Demmel and N.J. Higham (1983). “Improved Error Bounds for Underdetermined
System Solvers,” SIAM J. Mairiz Anal. Appl. 14, 1-14.

The QR factorization can of course be used to solve linear systems. See

N.J. Higharn (1991). “Iterative Refinement Enbances the Stability of QR Factorization
Methods for Solving Linear Equations,” BIT 31, 447—468.



Chapter 6

Parallel Matrix
Computations

§6.1 Basic Concepts
§6.2 Matrix Multiplication
§6.3 Factorizations

The parallel matrix computation area has been the focus of intense
research. Although much of the work is machine/system dependent, a
number of basic strategies have emerged. Qur aim ia to present these along
with a picture of what it is like to “think parailel” during the design of a
matrix computation.

The distributed and shared memory paradigms are considered. We use
matrix-vector multiplication to introduce the notion of a node program in
§6.1. Load balancing, speed-up, and synchronization are also discussed.
In §6.2 matrix-matrix multiplication is used to show the effect of blocking
on granularity and to convey the spirit of two-dimensional data flow. Two
parallel implementations of the Cholesky factorization are given in §6.3.

Before You Begin

Chapter 1, §4.1, and §4.2 are assumed. Within this chapter there are
the following dependencies:

§61 — §6.2 — 8§63

Complementary references include the hooks by Schénauer (1987), Hock-
ney and Jesshope (1988), Modi (1988), Ortega (1988), Dongarra, Duff,

nrre
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Sorensen, and van der Vorst (1991), and Golub and Ortega (1993) and the
excellent review papers by Heller (1978), Ortega and Voight (1985), Galli-
van, Plemmons, and Sameh {1990), and Demmel, Heath, and van der Vorst
(1993).

6.1 Basic Concepts

In this section we introduce the distributed and shared memory paradigms
using the gaxpy operation

z=y+ Az, AeR™" . yze B* (6.1.1)

as an example. In practice, there is a fuzzy line between these two styles
of paralle] computing and typically a blend of our comments apply to any
particular machine.

6.1.1 Distributed Memory Systems

In a distributed memory multiprocessor each processor has a local mem-
ory and executes its own node program. The program can aiter values in
the executing processor's local memory and can send data in the form of
messages to the other processors in the network. The interconnection of
the processors defines the network topology and one simple exampie that
is good enough for our introduction is the ring. See FiGURE 6.1.1. Other

Proc(1) Proc(2) Proc(3} Proc(4)

FIGURE 6.1.1 A Four-Processor Ring

important interconnection schemes include the mesh and torus (for their
close correspondence with two-dimensional arrays), the hypercube (for its
generality and optimality), and the tree (for its handling of divide and
conquer procedures). See Ortega and Voigt (1985) for a discussion of the
possibilities. Qur immediate goal is to develop a ring algorithm for (6.1.1).
Matrix multiplication on a torus is discussed in §6.2.

Each processor has an identification number. The uth processor is des-
ignated by Proc(u). We say that Proc()) is a neighbor of Proc(u) if there
is a direct physical connection between them. Thus, in a p-processor ring,
Proc(p — 1) and Proc(1) are neighbors of Proc(p).
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Important factors in the design of an effective distributed memory al-
gorithm include {(a) the number of processors and the capacity of the local
memories, (b) how the processors are interconnected, (c) the speed of com-
putsation relative to the speed of interprocessor communication, and (d)
whether or not a node is able to compute and communicate at the same
time.

6.1.2 Communication

To describe the sending and receitving of messages we adopt a simple nota-
tion:

send( {matriz} , {id of the receiving processor} )
recv{ {matriz} , {id of the sending processor)} )

Scalars and vectors are matrices and therefore messages. In our model,
if Proc(y) executes the instruction send(Vi., A), then a copy of the local
matrix Vi, is sent to Proc(A)} and the execution of Proc(u)’s node program
resumes immediately. It is legal for a processor to send a message to itself.
To emphasize that 8 matrix iz stored in a local memory we use the subscript
ﬂmﬂ

If Proc{y) executes the instruction recv(Uj,, A), then the execution of
its node program is suspended until a message is received from Proc{}).
Omnce received, the message is placed in a local matrix U and Proc(u)
resumes execution of its node program.

Although the syntax and semantics of our send/receive notation is ad-
equate for our purposes, it does suppress a pumber of important details:

s Message assembly overhead. In practice, there may be a penalty
asgociated with the transmission of a matrix whose entries are not
contiguous in the sender’s local memory. We ignore this detail.

+ Message tagging. Messages need not arrive in the order they are sent,
and a system of memage tagging is necessary so that the receiver is
not “confused.” We ignore this detail by assuming that messages do
arrive in the order that they are sent.

+ Message interpretation overhead. In practice a message is a bit string,
and a header must be provided that indicates to the receiver the
dimensions of the matrix and the format of the floating point words
that are used to represent its entries. Going from message to stored
matrix takes time, but it is an averhead that we do not try to quantify.

These simplifications enable us to focus on high-level algorithmic ideas. But
it should be remembered that the succens of a particular implementation
may hinge upon the control of these hidden overheads.
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6.1.3 Some Distributed Data Structures

Before we can specify our first distributed memory algorithm, we must
consider the matter of data layout How are the participating matrices and
vectors distributed around the network?

Suppose = € R" is to be distributed among the local memories of a p-
processor network. Assume for the moment that n = rp. Two “canonical”
approaches to this problem are store-by-row and store-by-column.

In store-by-column we regard the vector = as an r-by-p matrix,

Texp = [ z(lw) z(r+1:2r) {1+ {p—-1)rm) |,
and store each column in a processor, i.e., (1 + (i — 1)r:pur) € Proc(u).
(In this context “€” means “is stored in.”) Note that each processor houses
a contiguous portion of z.

In the store-by-row scheme we regard x as a p-by-r matrix

Tpxr = [ z(l;p) z(p+1:2p) z({r - 1)p + Lin) ] '
and store each row in a processor, i.e., z{u:p:n) € Proc{u). Store-by-row ia
sometimes referred to as the wrap method of distributing a vector because
the components of T can be thought of as cards in & deck that are “dealt”
to the processors in wrap-around faghion.

If n is not an exact multiple of p, then these ideas go through with minor
modification. Consider store-by-column with n = 14 and p = 4:

T
I =[T12223%4 | To T T7 T8 | Tg9 T1o 11 | F12 13714 | -
E1zazszy | Z5Ta 2738 | ; i |
Proc(l) Proc(2) Proc(3) Proc(4)

In general, if n = pr + ¢ with 0 < ¢ < p, then Proc(1)....,Proc(g) can
each house r + 1 components and Proc(g + 1},..., Proc(p) can house r
components. In store-by-row we simply let Proc{u) house x{u:p:n).

Similar options apply to the layout of a matrix. There are four obvious
possibilities if A € R**™ and (for simplicity) n = rp:

[ Orientation | Style | What is in Proc{u) |

Column | Contiguous | A(;,1+ (a — 1)r:ur)
Column Wrap Az, pipen)

| Row Contiguous | A(l + (g — 1)r:ur, ;)
Row Wrap Alupn,:)

These strategies have block analogs. For example, if A = [Ay,...,An] is
a block column partitioning, then we could arrange to have Proc(u) store
A; for i = p:p:N,
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6.1.4 Gaxpy on a Ring

We are now set to develop a ring algorithm for the gaxpy z = y + Az
(A € R**", 1,y € R"). For clarity, assume that n = rp where p is the size
of the ring. Partition the gaxpy as

H

F41 n Au e Alp 31
Zp Yo Apr 1o+ App Zp

where A;; € R™" and z;, 3, % € R’. We assume that at the start of com-
putation Proc(u) houses x,., y,, and the uth block row of A. Upon com-
pletion we set as our goal the overwriting of y, by z,. From the Proc(u)
perspective, the computation of

P
Iy, = Yu + ZA,,,:,.

rm]l

involves local data (A,r,yu,2,) and nonlocal data (z., 7 # y). To make
the nonlocal portions of z available, we circulate its subvectors around the
ring. For example, in the p = 3 case we rotate the 1), 12, and 73 as follows:

step | Proc(1) | Proe(2) | Proc(3)
i e x T
2 T2 T3 T
3 I Ig I3

When a subvector of = “visits”, the host processor must incorporate the
appropriate term into its running sum:

step Proc(1) Proc(2) Proc(3)
1 n=m+Aunr |r=vr+Adnr | m =y + 4
2 {nn=nt+Adun |p=w+Ans |n=pnt+dyn
3 jm=n+Auz | a=ya+ Anz: | 3 =y3 + A3sT3

In general, the “merry-go-round” of x subvectors makes p “stope.” For each
received z-subvector, a processor performs an r-by-r gaxpy.

Algorithm 6.1.1 Suppose A € R**", £ € R®, and y € R" are given and
that z = y + Az. If each processor in a p-processor ring executes the
following node program and n = rp, then upon completion Proc(u) houses
z(1+(p—1)r:pr) in Yroe. Assume the following local memory initializations:
p, u (the node id}, left and right (the neighbor id’a), n, row = 14 (u—1)r:pr,
Appe = A(row,:), Tige = T{row}, Yec = y(row}.

280 CHAPTER 6. PARALLEL MATRIX COMPUTATIONS

for t =1:p

send(ec, right)

recv(Zioc, left)

T=p-t

ifr<0

T=T+p

end

{ Ttoe = 2(1 + (7 = 1)ri77) }

Yioe = Yroe + Atoc(t, 1 4+ (7 — 1)7:77)L10c
end

The index T names the currently available z subvector. Once it is com-
puted it is poesible ta carry out the update of the locally housed portion of
y. The send-recv pair passes the currently housed x subvector to the right
and waits to receive the next one from the left. Synchronization is achieved
because the local y update cannot begin until the “new” x subvector ar-
rives. It is impossible for one processor to “race ahead” of the others or for
an r subvector to pass another in the merry-go-round. The algorithm is
tailored to the ring topology in that only nearest neighbor communication
is involved. The computation is also perfectly load balanced meaning that
each processor has the same amount of computation and communication.
Load imbalance is discussed further in §6.1.7.

The design of a parailel program involves subtleties that do not arise in
the uniprocessor setting. For example, if we inadvertently reverse the order
of the send and the recv, then each processor starts its node program by
waiting for a message from its left neighbor. Since that neighbor in turn is
waiting for a message from its left neighbor, a state of deadlock results.

6.1.5 The Cost of Communication

Communication overheads can be estimated if we model the cost of sending
and receiving a message. To that end we assume that a send or reev
involving m floating point numbers requires

T(m) = ag + farm (6.1.3)

seconds to carry out. Here ay is the time required to initiate the send or
recv and 3, is the reciprocal of the rate that a message can be transferred.
Note that this model does not take into consideration the “distance” be-
tween the sender and receiver. Clearly, it takes longer to pass a message
halfway around a ring than to a neighbor. That is why it is always desirable
to arrange (if possible) a distributed computation so that communication
is just between neighbors.

During each step in Algorithm 6.1.1 an r-vector is sent and received and
2r? flops are performed. If the computation proceeds at R flops per second
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and there is no idle waiting associated with the recv, then each y,. update
requires spproximately (2r?/R) + 2(a4 + B4r) seconds.

Another instructive statistic is the compuiation-to-communication ratio.
For Algorithm 6.1.1 this is prescribed by

Time spent computing e 27‘2/ R
Time spent communicating 2og + Bar)’

This fraction quantifies the overhead of communication relative to the vol-
vme of computation. Clearly, as r = n/p grows, the fraction of time spent
computing increases,’

6.1.6 Efficiency and Speed-Up
The efficiency of a p-processor parallel algorithm is given by
T(1)
E=—=+=
pT(p}
where T'(k) iz the time required to execute the program on k processors.

If computation proceeds at R flops/sec and communication is modeled by
(6.1.3), then a reagsonable estimate of T'(k) for Algorithm 6.1.1 is given by

k
T(k) = Y 2An/k)*/R +2aa + Ba(n/k)} = % + 2agk + 204n
t=1

for k£ > 1. This assumes no idle waiting. If ¥ = 1, then no communication
is required and T(1) = 2n?/R. It follows that the efficiency

1
- 1 +%R(a¢%+ﬁ) -

improves with increasing n and degradates with increasing p or B. In
practice, benchmarking is the only dependable way to assess efficiency.

A concept related to efficiency is speed-up. We say that a parallel algo-
rithm for a particular problem achieves speed-up S if

S = Tuug/Tiur

E

where Tp,y is the time required for execution of the parallel program and
Tyeq is the time required by one processor when the best uniprocessor pro-
cedure is used. For some problems, the fastest sequential algorithm does
not parallelize and so two distinct algorithms are involved in the speed-up
assesgment.

1We mention that these simple measures are not particularly dlummntlngmwam
where the nodes are able to overlap computation and communication.
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6.1.7 The Challenge of Load Balancing

If we apply Algorithm 6.1.1 to a matrix A € IR**™ thai is lower triangular,
then approximately half of the flops associated with the y, updates are
unnecessary because half of the A;; in (6.1.2) are zero. In particular, in the
pth processor, Apc(:, 1+ (v — 1)ri7r} is zero if 7 > u. Thus, if we guard
the Y10 update as follows,

ifr<u
Yoe = Yloc + -Alu(:vl + (T - 1)1“21'1')2:[“
end

then the overall number of flops is halved. This solves the superflucus flops
problem but it creates a load imbalance problem. Proc(u) oversees about
ur?/2 flops, an increasing function of the processor id u. Consider the
following r = p = 3 example:

21 0000000007'11" [ 1 ]
F a a 0/0 G 0]0 O O T2 v
Z3 a a a0 0 ¢[00 0 0 T3 Y3
Z4 g B B8 0 0]jO0 0 O T4 YVa
x| =188 8|8 8 0|0 0 0 Ts | + | ¥s
s B g 3|8 8 |10 0 O Tg Y
z7 T Yy (Y 7 1|7y 00 z7 w
2z 20 e BN IR e SN N [ e LY Tg Y8
| 2z | LY v vl Yy Y7y v] | T | e |

Here, Proc(1) handles the « part, Proc(2) handles the 3 part, and Proc(3)
bandles the + part.

However, if processors 1, 2, and 3 compute (21, 24, 27), (22, 25, 23), and
(23, z8, Za), respectively, then approximate load balancing results:

1T r - o -

1 o 0 0|0 0 0|0 O O I 1
EA g g Bif 0 0j0 0 0O z3 Y4
27 Y ¥ 1l v viy 00 x3 W
z2 a a Gj0 0 0)0 0 0 A ¥
| = |8 8 /|8 B 00 G O s | + | s
28 e e e 2 e B B A e B B Tg ¥s
Z3 a a a|l0 0 0{0 ¢ O X U3
zs g g B|A B BlO O O g Yo
[ 29 | LY Y Y|l ¥ YT Y v Ze | | o

The amount of arithmetic still increases with u, but the effect is not no-
ticeable if n *» p.

The development of the general algorithm requires some index manip-
ulation. Assume that Proc{u) is initialized with Ag,. = A(u:pn,:) and



G6.1. Basic CONCEPTS 283

Yioe = y(pipin), and assume that the contiguous r-subvectors circulate as
before, If at some stage Zi,. contains z(1 + {r — I)r:7r), then the update

Yioe = Ytoc + Aiocliy 1 + (T — 1)) Tige
implements
y(ppn) = y(pepin) + AQuepin, 1+ (7 — Urorr)z{l + (7 — Drorr).

To exploit the triangular structure of A in the yy,. computation, we express
the gaxpy as a double loop:

for a=1lr
for g =1:r
Mo (@) = Ytoe{a) + Atoc(r, 8 + (1 = 1)r)T00c(F)
end
end

The A} reference refers to A{u+ (a—1)p, 8+ {7 —1)r)} which is zero unless
the column index is less than or equal to the row index. Abbreviating the
inner loop range with this in mind we obtain

Algorithm 6.1.2 Suppose A € R**", x € R" and y ¢ R are given and
that z = y + Az. Assume that n = rp and that A is lower triangular. If
each processor in a p-processor ring executes the following node program,
then upon completion Proc(u) houses z(u:p:n) in 44, Assume the following
local memory initializations: p, u (the node id), left and right (the neighbor
id’s), n, Agpe = AQppn, ), Yioe = y(:pin), and zye = 2(1 + (g — L)r:pr).

r=n/p
for t=1:p
send{Zic, right)
recv(Zy,e, left)
T=u-t
wr<0
T=T+4+p
end
{ztoc = {1 + (T - )77} }
fora=1r
for f=Llpu+{a-1)p—(r-1)r
Yoe(@) = Yioe{®) + Atoe(a, B + (T — 1)1r)Liac(5)
end
end
end

Having to map indicea back and forth between “node space” and “global
space” is one aspect of distributed matrix computations that requires care
and (hopefully) compiler assistance.
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6.1.8 Tradeoffs

As we did in §1.1, let us develop a column-criented gaxpy and anticipate
its performance. With the block column partitioning

A= [Al,...,A?] A"ERNXP, 1'=I’l./p
the gaxpy z = y + Ar becomes

P
z=y+ZA“z,,

p=1

where z,, = z(1 + (s ~ 1)r:ur). Assume that Proc(u) contains 4, and z,,.
Its contribution to the gaxpy is the product 4,x, and involves local data.
However, these products must be summed. We assign this task to Proc(1)
which we assume contains . The strategy is thus for each processor to
compute A,z, and to send the result to Proc(l).

Algorithm 6.1.3 Suppose A € R**", z ¢ R” and y € R" are given and
that z = y + Ax. If each processor in a p-processor network executes the
following node program and n = rp, then upon completion Proc(1) houses
z. Assume the following local memory initializations: p, x4 (the node id),
Ny Tioe = (1 + (5 — 1)ripr), Ajge = A(5,1+ (u — 1)r:pur), and {in Proc(1)
only} Yice = y-
ifu=1
Yloc = Yoc T AlocTloc
fort=2p
recvi(Wige, t)
Vloc = Yloe + Wioe
end
else
Wiae = AloeTloc
send(wise, 1)
end

At first glance this seems to be much less attractive than the row-oriented
Algorithm 6.1.1. The additional responsibilities of Proc(1) mean that it
has more arithmetic to perform by a factor of about

Wijptnp P
2nifp 2n

and more messages to proceas by a factor of about p. This imbalance be-
comes lesa critical if n 3 p and the communication parameters ag and G4
factors are small enough. Another possible mitigating factor is that Algo-
rithm 6.1.3 manipulates length n vectors whereas Algorithm 6.1.1 works
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with length n/p vectors. If the nodes are capable of vector arithmetic, then
the longer vectors may raise the level of performance.

This brief comparison of Algorithms 6.1.1 and 6.1.3 reminds us once
again that different implementations of the same computation can have
very different performance characteristics.

6.1.9 Shared Memory Systems

We now discuss the gaxpy problem for a shared memory muitiprocessor. In
this environment each processor has access to a common, global memory
as depicted in Figure 6.1.2. Communication between processors ia achieved

Proc(1) Proc(2} Proc(3} Proc(4)
Global Memory

FIGURE 6.1.2 A4 Four-Processor Shared Memory System

by reading and writing to global variables that reside in the global memory.
Each processor executen its own local program and has ita own local memory.
Data flows to and from the global memory during execution.

All the concerns that attend distributed memory computation are with
us in modified form. The overall procedure should be load balanced and the
computations should be arranged so that the individual processors have
to wait as little as possible for something useful to compute. The traffic
between the global and local memories must be managed carefully, because
the extent of such data transfers is typically a significant overhead. (It
corresponds to interprocessor communication in the distributed memory
setting and to data motion up and down a memory hierarchy as discussed
in §1.4.5.) The nature of the physical connection between the processors
and the shared memory is very important and can effect algorithmic devel-
opment. However, for simplicity we regard this aspect of the system as a
black bax as shown in Figure 6.1.2.
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6.1.10 A Shared Memory Gaxpy
Consider the following partitioning of the n-by-n gaxpy problem z = y+ Azr:

) Y1 Ay
: = |+ =z (6.1.4)
.Zp Yp Ap

Here we assume that n = rpand that A, e R, y, € R", and 2, e R".
We use the following algorithm to introduce the basic ideas and notations.

Algorithm 6.1.4 Suppose 4 € B**", z € B®, and y € R™ regide in a
global memory accessible to p processors. If n = rp and each processor
executes the following algorithm, then upon compietion, y is overwritten
by # = y + Az. Assume the following initializations in each local memory:
P, 4 (the node id), and n.

r=n/p
row=1+{u - 1}r:gr
Tige = T
Yioe = Y(row)
for j =Lin
Qoe = Alrow, j)
Yloc = Yoc + GocTloc(T)
end
¥(row) = Yoe

We assume that a copy of this program resides in each processor. Float-
ing poiunt variables that are local to an individual processor have a “loc”
subscript.

Data is transferred to and from the global memory during the execution
of Algorithm 6.1.4. There are two global memory reads before the loop
(Zioe = = and y1ac = y(row}), one read each time through the loop (Gioc =
Af{row, j)), and one write after the loop (y(row) = yroc)-

Only cne processor writes to a given global memory location in y, and
so there is no need to synchronize the participating processors. Each has
a completely independent part of the overall gaxpy operation and does not
have to monitor the progress of the other processots. The computation is
statically scheduled because the partitioning of work is determined before
exsciution.

If A is lower triangular, then steps have to be taken to preserve the
load balancing in Algorithm 6.1.4. As we discovered in §6.1.7, the wrap
mapping is a vehicle for doing this. Assigning Proe{u) the computation of
#(g:prn) = y(u:pin) + A(u:pin, :)z effectively partitions the n? fops among
the p processors.
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6.1.11 Memory Traffic Overhead

It is important to recognize that averall performance depends strongly on
the overheads associated with the reads and writes to the global memory.
If such a data transfer involves m floating point numbers, then we maodel
the transfer time by

T(m) = a, +F.m. {6.1.5)

The parameter o, represents a start-up overhead and 3, is the reciprocal
transfer rate. We modelled interprocessor communication in the distributed
environment exactly the same way. (See (6.1.3).)

Accounting for all the shared memory reads and writes in Algorithm
6.1.4 we see that each processor spends time

n2
T =~ (n+3)a, + ;,@,

communicating with global memory.

We organized the computation so that one column of A(row.:) is read
at a time from shared memory. If the local memory is large enough, then
the loop in Algorithm 6.1.4 can be replaced with

Apae = Alrow, )
Yioe = Yoe + AlseTioc

This changes the communication overhead to
2
- n
T = 30! + —ﬂsi
P
a significant improvement if the start-up parameter a, is large.

6.1.12 Barrier Synchronization

Let us consider the shared memory version of Algorithm 6.1.4 in which
the gaxpy is column oriented. Assume n = rp and col =1 + (4 — 1)rir.
A reasonable idea is to use a global array W(l:n,1:p) to house the prod-
ucts A(:, col)z{col) produced by each processor, and then have some chosen
processor (say Proc(l})) add its columns:

Aioe = A(:, col); Tioe = z(col); Wioe = AloeTioe; W(i, 44) = Wige

fu=1
YViee =¥
for j =1
Uhoe = W(:J)
Yioe = Yloe + Wioe
end
¥ = Yoc
end
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However, this strategy is seriously flawed because there is no guarantee that
W(1:n, 1:p) is fully initialized when Proc(1) begins the summation process.

What we need is a synchronization construct that can delay the Proc(1)
summation until all the processors have computed and stored their contri-
butions in the W array. For this purpose many shared memory systems
support some version of the barrier construct which we introduce in the

following algorithm:

Algorithm 6.1.5 Suppose A ¢ B**", 2 ¢ R", and y € R" reside in a
global memory accessible to p processors. If n = rp and each processor
executes the following algorithm, then upon completion y is overwritten by
vy + Az. Assume the following initializations in each local memory: p, u
(the node id), and n.

r=n/p; col =1+ (g — V)ripur; Atoe = A(:, 00l); Tioe = z{col)
Wioe = AtocTloc
W, ) = wee
barrier
fu=1
Yiec =¥
for j=1p
Woe = W(:, J)
Yloe = Hloc + Wioe
end
Y = Yioe
end

To understand the barrier, it is convenient to regard a processor as either
blocked or free. A processor is blocked and suspends execution when it
executes the barrier. After the pth processor is blocked, all the processors
return to the “free state” and resume execution. Think of the barrier as
treacherous stream to be traversed by all p processors. For safety, they
all congregate on the bank before attempting to cross. When the last
member of the party arrives, they ford the stream in unison and resume
their individual treks.

In Algorithm 6.1.5, the processors are blocked after computing their
portion of the matrix-vector product. We cannot predict the order in which
these blockings occur, but once the last processor reaches the barrier, they
are all released and Proc(l1) can carry out the vector summation.

6.1.13 Dynamic Scheduling

Instead of having one processor in charge of the vector summation, it is
tempting to have each processor add its contribution directly to the global
variable y. For Proc(u), this means executing the following:
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r=n/p; el =1+ (g = L)r:iur; Age = A(:, col); Tioe = z{col)
Wioe = AlocTloe
Yo = ¥} Woe = Yioe + Wlocs ¥ = Woc

However, a problem concerns the read-update-write triplet

Viee = ¥ Moc = Yoe + Woci ¥ = Nec

Indeed, if more than one processor is executing this code fragment at the
same time, then there may be a loss of information. Consider the following
sequence:

Proc(]) reads y
Proc(2) reads y
Proc(1) writes y
Proc(2) writes y

The contribution of Proc(1) is lost because Proc(1) and Proc(2) obtain the
same version of y. As a result, the effect of the Proc(1) write is erased by
the Proc(2) write.

To prevent this kind of thing from happening most shared memory
systems support the idea of a cnitical section. These are special, isolated
portions of a node program that require a “key” to enter. Throughout the
system, there is only one key and so the net effect is that only one processor
can be executing in a critical section at any given time.

Algorithm 6.1.6 Suppose A € R**", z € R”, and y € R" reside in a
global memory accessible to p processors. If n = pr and each processor
executes the following algorithm, then upon completion, y is overwritten
by y + Az. Assume the following initializations in each local memory: p, p
{tbe node id), and n.

r=nfp; col =1+ {(u— Dr:pr; Aioe = A, col); Tiae = T(col)
Wiae = AfocZioe
begin critical section
Yiec =¥
Yioe = Wloc T Wioe
Y= Yo
end critical section

This use of the eritical section concept controls the update of y in a way
that ensures correctness. The algorithm is dynamicelly scheduled because
the order in which the summations occur is determined as the computation
unfolds. Dynamic scheduling is very important in problems with irregular
structure.
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Problems

P8.1.1 Modify Algorithm 6.1.1 8o that it can handls arbitrary n.

P9.1.2 Modify Algorithin 6.1.2 so that it effichently handles the upper trinngular case.
P8.1.3 (a) Modify Algorithra 6.1.3 and 6.1.4 8o that they overwrite y with z = y+ A™z
for a given positive integec m that is available to ench processcr. (b) Medify Algorithms
6.1.3 and 6.1.4 so that y is overwritten by z = ¢ + AT Az.

P8.1.4 Modify Algorithm 6.1.3 so that upon completion, the local array Ay, in Proc(p}
houses the uth block column of A + zy7 .

P6.1.5 Modify Algorithm 6.1.4 so that {a} A is averwritten by the auter product update
A+ 2T, (b) x ia overwritten with 42z, (¢) y is overwritten by a unit 2-norm vector in
the direction of y+ Az, and (d) it efficiently handles the case when A is lower triangular.
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6.2 Matrix Multiplication

In this section we develop two paralle] algorithms for matrix-matrix multi-
plication. A shared memory implementation is used to illustrate the effect
of blocking on granularity and load balancing. A torus implementation is
designed to convey the spirit of two-dimensional data flow.

6.2.1 A Block Gaxpy Procedure

Suppose A, B, C € R**" with B upper triangular and consider the compu-
tation of the matrix muitiply update

D=C+AB (6.2.1)

on & shared memory computer with p processors. Assume that n = rkp
and partition the update

[Dl,...,Dk.p] = [Cl,...,Ck.p]+[A1,...,Ak.p][B;,...,Bk.,,] (6.2.2)
where each block column has width r = n/(kp). If

By, T
BJ' = ng , B",‘ € R’.xr,
L 0 -
then ;
D; = Cy+AB; = C; + Y A.B,;. (6.2.3)
Tl

The number of flops required to compute D; is given by

2nd

2. .

This is an increasing function of j because B is upper triangular. As we
discovered in the previous section, the wrap mapping i the way to solve
load imbalance problems that result from triangniar matrix structure. This
suggests that we assign Proc(u) the task of computing D; for j = w:p:kp.

Algorithm 6.2.1 Suppoee A, B, and C are n-by-n matrices that reside
in a global memory accessible to p processors. Assume that B is upper
triangular and n = rkp. If each processor executes the following algorithm,
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then upon completion C is overwritten by D = C + AB. Assume the
following initializations in each local memory: n, r, k, p and u (the node
id).

for j = w:p:kp
{Compute D;.}
Bioe = B(l:gr, 1 + (4 — V)r:jr)
Cloc = C(,1 + (§ = 1)rzjr)
for r =1
col =1+ (7 - )rmrr
Afoe = A{:,c0l)
Cioc = Cloc + Aloc-BIoc{w" B
end
CG 1+ - 1)rijr) = Cioe
end

Let us examine the degree of load balancing as a function of the parameter
k. For Proc(u), the number of flops required is given by

k
kip\ 2nd
F(p) = E :flrl-(i—l]ﬂ = (kﬂ+ 2?) kgpg'
iml _

The quotient F(p)/F(1) is a measure of load balancing from the flop point
of view. Since

Flp) _ kp+Kkp/2 - 2p 1)
F(1) ~ k+k%p/2 2+kp

we see that arithmetic balapce improves with increasing k. A similar anal-
ysis shows that the communication overheads are well balanced as & in-
creases.

On the other hand, the total number of global memory reads and writes
associated with Algorithm 6.2.1 increeses with the square of k. If the start-
up parameter o, in (6.1.5) is large, then performance can degrade with
increased k.

The optimum choice for k given these two opposing forces is system
dependent. If communication is fast, then smaller tasks can be supported
without penalty and this makes it easier to achieve load balancing. A mul-
tiprocessor with this attribute supporta fine-grained poralielism. However,
if granularity is too fine in a system with high-performance nodes, then it
may be impossible for the node programs to perform at level-2 or level-3
speeds simply because there just is not enough local linear aigebra. Again,
benchmarking is the only way to clarify these issues.

6.2.2 Torus

A torus is a two-dimensional processor array in which each row and col-
umn is a ring. See FIGURE 6.2.1. A Processor id in this context is an
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ordered pair and each processor haa four neighbors. In the dispiayed exam-

[Proc(l,l) Proc(1,2)|—{Proc(1,3) Pmc(l,«l)l.J

Proe(2,1) Proc(2,2)

7

Proc(2,3) Proc(2,4)

Proc(3,1) Proc(3,2) Proc(3,3) Proc(3,4)

|_Proc(4,l) Proc(4,2)}—]Proc(4,3) Proc(4,4)—|

FIGURE 6.2.1 A Four-by-Four Torus

ple, Proc(1,3) has west neighbor Proc(1,2), east neighbor Proc(1,4), south
neighbor Proc(2,3), and north neighbor Proc(4,3).

To show what it is like to organize a toroidal matrix computation, we
develop an algorithm for the matrix multiplication D = C + AB where
A,B,C € B**". Assume that the torus is p;-by-p; and that n = rp.
Regard A = (Ay), B = (By;), and C = (Cy) as p1-by-p1 block matrices
with r-by-r blocks. Assume that Proc(i, j) contains A,;, Biy, and C;; and
that its mission is to overwrite C;; with

m
Dy =Cy+ Y AubBuy.
k=1

We develop the general algorithm from the py = 3 case, displaying the torus
in ceilular form as follows:
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Proc(1,1) | Proc(1,2) | Proc(1,3)

Proc(2,1) | Proc(2,2) | Proc(2,3)

Proc(3,1) | Proc{3,2) | Proe(3,3)

Let us focus attention on Proc(1,1) and: the calculation of
Dy =Cu +AuBn + AuzBn + Api3By .

Suppose the six inputs that define this block dot product are positioned
within the torus as follows:

Ay Byl din - | A

Bn

By

(Pay no attention to the “dota.” They are later replaced by various Ay
and By;).

Qur plan is to “ratchet” the first block row of A and the first block
column of B through Proc{1,1} in a coordinated fashion. The pairs A;;
and By;, Ay3 and By;, and A;; and Ba; meet, are muitiplied, and added
into a running sum array Ci,.:

Az Bn | An - [ An

By | - . : . Cloc = Cloc + A12Bn1

Bn

Az B |An - | An2

Bu| - . . . Cloc = Cloc + A13B2n

By

Ay Bun | Az - | A

By . . . . Cloc = Cloc + A118n

Bgy
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Thus, after three stepe, the local array Ci,e in Proc(1,1) houses Dy;.

We have organized the flow of data so that the A;; migrate westwards
and the B;; migrate northwards through the torus. It is thus apparent that
Proc(1,1) must execute » node program of the form:

fort =13
send( Ao, west)
send( By, north)
recv( A, east)
recv(B|,., south)
Cioc = Cloe + AlocBloc
end

The send-recv-send-recv sequence

fort=1:3
send( A, west)
recv(Ajc, cast)
send(Bi,, north)
racv(B,,, south)
Cloc = Cloc + AjocBloc
end

also works. However, this induces unnecessary delays into the process be-
cause the B submattix is not sent until the new A4 submatrix arrives.

We next consider the activity in Proc(1,2), Proc(1,3), Proc(2,1), and
Proc(3,1). At this point in the development, these processors merely help
circulate blocks A1, A1, and Aj3 and By, By, and Bay, respectively. If
Bya, By3, and By flowed through Proc(1,2) during these steps, then

Dz = Cy3 + A13Bua + A1 B + AnaBan
could be formed. Likewise, Proc(1,3) could compute
D3 =Cia + Ay Bia + A1zBn + AjaBaa

if B3, Bas, and B3 are available during t = 1:3. To this end we initialize
the torus as follows

An Bu | Az Bn| A B

Byn| - Ba| - Buy

By| + Bu| - Bxn

With northward flow of the B;; we get
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Az Ban | Ai3 Bam | An B

Byp| - B

By - Bmti - Bn

A1z Ba |Au By | a2 Bmp

Byt - Bn| - Bmn t=2

By| - Ban| - Bn

Ay By | A1z Bz | sz Bas

By . Bsg . B t=3

Byy| - Buiz| - Bn

Thus, if B is mapped onto the torus in a “staggered start” fashion, we can
arrange for the first row of processors to compute the first row of C.

If we stagger the second and third rows of A in a similar fashion, then
we can arrange for all nine processors to perform a multiply-add at each
step. In particular, if we set

Ay By {Az Bn|As Bn

A?ﬂ B?l Aﬁ BS‘J A:n B]3

A3z B |Am B | An Bn

then with westward flow of the A;; and northward flow of the B;; we obtain

Az By | Az By | An Bna

Aza By | Am Bz | Am Bn t=1

A3y By | Asa Ba| Az Bn
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Ajs Bu|An Bu|An Bp

Ay By | An Bn| Axs Bu t=2

Aza Bn | Az By | An B

An By | Age Bn| Az Bm

Aaq Bgy | Az Bag | Am By t=3

Az Ba | Asy B | A Ban

From this example we are ready to specify the general algorithm. We
assume that at the start, Proc(i, j) houses A;;, Bij, and C;;. To obtain the
necessary staggering of the A data, we note that in processor row i the A;;
should be circulated westward i — 1 positions. Likewise, in the jth column
of processors, the B;; should be circulated northward j — 1 positions. This
gives the following algorithm:

Algorithm 8.2.2 Suppose A € H™*", B € R***, and C € R**" are given
and that D = C + AB. If each processor in a py-by-p; torus executes
the following algorithm and n = p,r, then upon completion Proc(p, A)
houses D, in local varlable Cp,.. Assume the following local memory
initializations: pi1, (u,A) (the node id), north, ecst, south, and west, (the
four neighbor ids}, row =1 + (u — 1)r:pr, col = 1 + (A = 1)r:dr, Al =
A(row, col), Bioc = B(row, col), and Coe = C(row, col).

{Stagger the A,; and B;y. }
fork=1u-1
860 Ajoc, west); rocy(Aige, east)

end
fork=1A-1
send{ By, north); recv(Bi,,, south)
end
for k=1

Cloc = Cloc + AtocBloc
send(Ay,., west)
sand( B, north)
recv( A, east)
recv(By,,., south)

end
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{Unstagger the A,; and By.}
fork=1u-1
send(Asoc, east); recv(Ajoc, west)

end
for k=1x-1

send(Bj,., south); recv(Bj,, north)
end

It is not hard to show that the computation-to-communication ratic for
this algorithm goes to zero as n/p; increases.

Problems

P8.2.1 Develop a ring implementation for Algorithm 6.2.1.

P8.2.2 An upper triangular matrix can be overwritten with its square without any
additional workspace. Write a dynamically scheduled, shared-memory procedure for
doing this.
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6.3 Factorizations

In this section we present a pair of parallel Cholesky factorizations. To
illustrate what a distributed memory factorization looks like, we implement
the gaxpy Cholesky algorithm on a ring. A shared memory implementation
of outer product Cholesky is also detailed.

8.3.1 A Ring Cholesky

Let us see how the Cholesky factorization procedure can be distributed on
a ring of p processors. The starting point is the equation

s-1

Glu )Gl p) = Alpn,ps) = 3 Gl )G (uinyj) = vluim).

=l

This equation is obtained by equating the uth column in the n-by-n equa-
tion A = GGT. Once the vector v{u:n) is found then G{u:n, u) is a simple

scaling:
Glumn, p) = v(pm)/vv(p).

For clarity, we first assume that n = p and that Proc(u) initially houses
A{p:n, ). Upon completion, each processor overwrites its A-column with
the corresponding G-column. For Proc(u) this process involves i — 1 saxpy
updates of the form

AQen, p) — A(pn, p) — Gp, )G {u:n, 5)

followed by a aquare root and a scaling. The general structure of Proc(u)’s
node program is therefore as follows:

for j=1lp—-1
Receive a3 G—column from the left neighbor.
If necessary, send a copy of the received G-column to
the right neighbor.
Update A{pn, ) .
end
Generate G(u:n, u) and, if necessary, send it to the
right neighbor.

Thus Proc(1) immediately computes G{1:n,1) = A(1:n,1)/+/A(1,1) and
sends it to Proc(2). As soon as Proc(2) receives this column it can generate
G{(2:n,2) and pass it to Proc(3) etc.. With this pipelining arrangement we
can asgert that once a processor computes its G-column, it can quit. It
also follows that each processor receives G-columnas in ascending order, i.e.,
G(l:n, 1), G(2:n,2), etc. Based on these observations we have
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.
ith<p
recv(gioc(:n), ’left)
fu<n
send(giac(s:n), right)
end
Aloc(":n) = Aloc(“:n) ~ Gloe{)g(p:m)
i=ji+1
end
Agac(pn) = Aoc(pn)/ / Atoc(ps)
ifu<n
N send{Ajo.(p:n), right)

Note that the number of received G-columns is given by j — 1. If j = 4,
then it is time for Proc(u) to generate and send G(u:n, ).

We now extend this strategy to the general n case. There are two obvi-
ous ways to distribute the computation. We could require each processor
to compute a contiguous set of G-columns. For example, if n =11, p =3,
and 4 = [@a1,...,0); |, then we could distribute A as follows

[0160a304 | 85 66 G708 | as @10 011 ]
- - | i
Proc(l} Proc(2) Proc(3)

Each processor could then proceed to find the corresponding G columns.
The trouble with this approach is that (for example) Proc(1) is idle after
the fourth column of G is found even though much work remains.

Greater load balancing results if we distribute the computational tasks
using the wrap mapping, i.e.,

816407010 | 62 a5 ag ay | G3a6 g | .
o ~ e e
Proc(1) Proc(2) Proc(3)

In this scheme Proc(u) carries out the construction of G{:, :p:n). When
a given processor finishes computing its G-columns, each of the other pro-
cessors has at most one more & column to find. Thus if n/p 3 1, then all
of the processors are busy most of the time.

Let us examine the details of a wrap-distributed Cholesky procedure.
Each processor maintains a pair of counters. The counter j is the in-
dex of the next G-column to be received by Proc(u). A processor also
needs to know the index of the next G-column that it is to produce. Note
that if col = p:pn, then Proc(u) is responsible for G(:,cof) and that
L = length(col) is the number of the G-columns that it must compute.
We use ¢ to indicate the status of G-column production. At any instant,
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col(g) is the index of the next G-column to be produced.

Algorithm 6.3.1 Suppose A € R**" is symmetric and positive defi-
nite and that A = GGT is its Cholesky factorization. If each node in
a p-processor ring executes the following program, then upon compietion
Proc(u) houses G(k:n, k) for k = p:p:n in a local array Apc(1:n, L) where
L = length{col) and col = wpn. In particular, G(eol(g):n, col(q)) is
housed in Ajac{col{g)n,q) for ¢ = L:L. Assume the following local memory
initializations: p, u (the node id), left and right (the neighbor id’s), n, and
Atoe = A{pipin,:).

i=1; g=1; eol = mp:n; L = length(col)
whileg < L
if j = col(q)
{ Form G{j:n, j) }
Atoc(§11,9) = Atocljin,9)/ v/ A10c(5: 9)
ifj<n
send( A, (j:n, g}, right)
end
j=j+1
{ Update local columns. }
for k=q+1:L
r = col(k)
Aloc(rin, k) = Ae(rin, k) — Atoc(r, @) Atoc(r:n, 0)
end
g=q+1
else
recv(gioe(jin}, left)
Compute «, the id of the processor that generated the
received G-column.
Compute 3, the index of Proc(right)’s final column.
fright £a Aj<i
send(gioc(j:n), right)
end
{ Update local columns. }
for k=gq:L
r = col(k)
Aloc{r:n, k) = Atoe(r:n, k) — Qoc(r)goc(r:n}
end
i=j+1
end
end

To illustrate the logic of the pointer system we consider a sample 3-processor
situation with n = 10. Assume that the three local values of ¢ are 3,2, and
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2 and that the corresponding values of col{g) are 7, 5, and 6 :

! 1 |

81064 87 810 | a2 a5 dgan a3 dg dg

(o100 dr aig | , | s da ag]
Proc(l) Proc(2) Proe(3}

Proc(2) now generates the fifth G-column and increment its ¢ to 3.
The decision to pass a received G-column to the right neighbor needs
to be explained. Two conditions must be fulfilled:

¢ The right neighbor must not be the processor which generated the &
column. This way the circulation of the received G-column is properly
terminated.

¢ The right neighbor must still have more G-columns to generate. Oth-
erwise, a G~column will be sent to an inactive pracessor.

This kind of reasoning is quite typical in distributed memory matrix com-
putations,

Let us examine the behavior of Algorithm 6.3.1 under the assumption
that n % p. It is not hard to show that Proc{u) performs

L
F(u) = Y 2~ (u+ (6 = Up) -+ (k- p) ~ 2o
k=1 p

flops. Each processor receives and sends just about every G-column. Us-
ing our communication overhead model (6.1.3), we see that the time each
processor spends communicating is given by

my = Z2(a¢ + fa(n - 7)) = 2oqn + ,6.m2 .
jm=1

If we assume that computation proceeds at R flops per second, then the
computat:on/uommumcnnon ratio for Algorithm 6.3.1 i8 approximately
given by (n/p){1/3R84). Thus, communication overheads diminish in im-
portance as n/p grows.

6.3.2 A Shared Memory Cholesky

Next we consider a shared memory implementation of the outer product
Cholesky algorithm:

for k=1mn
Alk:n, k) = A(k:n, k) //A(k, k)
forj=k+1n

A(Fn, 5) = A(Gin, J) — A(Gn, KA, k)
end
end
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The j-loop oversees an outer product update. The n — k saxpy operations
that make up its body are independent and essily parallelized. The scaling
A(k:n, k) can be carried out by a single processor with no threat to load

Algorithm 6.3.2 Suppose A ¢ R™" is & symmetric poeitive definite
matrix stored in a shared memory accessible to p processors. If each pro-
cessor executes the following algorithm, then upon completion the lower
triangular part of A is overwritten with its Cholesky factor. Assume the
following initializations.in each local memory: n, p and 4 (the node id).

for k=1n

ifu=1
Vioc(kin) = A(k:n)
Vioc(kin) = vigc(kin) [/ toc(k)
A(k:n, k) = viae(kin)

end

barrier

Viec(k + 1:n) = Alk + Lin k)

for j = (k + p):pin
wloc(J n) A(J n, j)
Wioe(Jin) = Wioc(F N} — Vioc(F)Wioc(f:n)
A(Jm, J) = Wiec(Jm)

end

barrier
end
The scaling before the j-loop represents very little work compared to the
outer product update and so it is reasonable to assign that portion of the
computation to a single processor. Notice that two barrier statements are
required. The first ensurea that a processor does not begin working on the
kth outer product update until the kth column of G is made available by
Proc(1). The second barrier prevents the processing of the k+1st step to
begin until the kth step is completely finished.

Problems

P8.3.1 It is possible to fermulate a block version of Algorithm 6.3.1. Supposs n = rN.
For k = 1:N we (a) have Proc(1) generats G(:, 1 + (k- 1)r:kr) and (b) have all processors
participate in the rank r update of the trailing submatrix A(kr+1:n, kr+1:n). See §4.2.6.
Tha coarser granularity may improve performance if the individual processocs lile level-3
operations.

P8.3.2 Develop a shared memory QR factorization patterned after Algorithm 6.3.2.
Proc(l) should generate the Householder vectors and all processors should share in the
ensying Householder update.
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Chapter 7

The Unsymmetric
Eigenvalue Problem

§7.1 Properties and Decompaositions

§7.2 Perturbation Theory

§7.3 Power Iterations

§7.4 The Hessenberg and Real Schur Forms
§7.5 The Practical QR Algorithm

€7.6 Invariant Subspace Computations

§7.7 The QZ Method for Ax = ABx

Having discussed linear equations and least squares, we now direct our
attention to the third major problem area in matrix computations, the
algebraic eigenvalue problem. The unsymmetric problem is considered in
this chapter and the more agreeable symmetric case in the next.

Our first task is to present the decompositions of Schur and Jordan
along with the basic properties of eigenvalues and invariant subspaces. The
contrasting behavior of these two decompositions sets the stage for §7.2
in which we investigate how tbe eigenvalues and invariant subeapaces of
& matrix are affected by perturbation. Condition numbers are developed
that permit estimation of the errors that can be expected to arise because
of roundoff.

The key algorithm of the chapter is the justly famous QR algorithm.
This procedure is the most complex algorithm presented in this book and its
development is spread aver three sections. We derive the bagic QR iteration
in §7.3 as a natural generalization of the simple power method. The next



