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COCTABJIEHHE JTH®PEPEHIIMA/IBHOTO
YPABHEHHUS] CEMEHICTBA KPUBBIX

1. Pemenve ypaswenn ' = f(z, y), npoxonnmee wepes Toury
(2, y), AOIKHO MMETS B STOM TOUKE NPOMIBOANYIO Y, paskyIo f(z, y),
T.e. OHO JOMKHO KacaThen NPAMOM, HAKIOHEHHOM 0K YTIOM o
arctg f(x, y) K oc Oz. TeOMETPHNECKOE MECTO ToueK NA0CKOCTH
(2. y), B KOTOPHIX HAKIOH KACATETLHIX K PEIICHHAM ypaBHCHHA '
f(x, y) omun u ToT e, HasbiBACTCA HIOKAUHOM. CleN0BATEABHO,
ypaBHenue WaoKaMHLI WveeT B f(z, y) = k, tae k — nocrommuan.
UTo6K MPHOMMAKEHHO MOCTPONTL pPelIeHMA ypapHeHus y'
= f(x, y), MOKHO HAYEPTHTH 0CTATONHOE UHCIO WIOKIMH, a 3aTeM
MPOBECTH peleHi, T.c. KPHBHIE, KOTOHIE B TOWKAX NEPECENEHHf ¢
wookmniaMu f(z, y) = k1, f(@,5) = Kz, ... MMeloT KacaTenbuie
© YrIOBHIMM Koo(duimenTaNH cooTBeTCTReNHO ki, k2, ... TIpuiep
npumenenns storo vetoga e, (1), r L § 1, n. 3, wan [4], ro L § L

2. W06k NOCTPONTE AW depeHTHATbHOE YpaBHEHTIe, KOTOPOMY
YHOBACTBOPIOT KpHBbIE cemelicTBa

(@, y, O, ..ny Cn) =0, (1)

azo npoandpeperumposaty pasenctso (1) n pas, cuntan y dyuumed
0T 7, a 3aTeM 13 TOTYUeHREIX ypapHenyi i ypanresns (1) HeKTOTH
npomssoabiste noctoniie Ct, ..y Co

Tpwiep. CocrannTs midepenmmansioe ypaiente ceveficTna
KpHBEIX

Ciz + (y— C2)* = 0. ()
Tak Kak ypabienie ceMeficTBa COJePKHT 1Ba NapameTpa, Jid-
(pepenumpyen ero aBa pasa, cuntan y = y(z):

0, 3)
27 +2(y - Ca)y" = 0. (4)

Ci+ 2y~ Ca)y



[image: image2.png]Hexmiouaen Cr. Ha ypasnennn (3) nvieen Gy = —2(y — C2)y's non-
cramnnn 570 B (2), noyuN

—2ay/(y — C2) + (y - C2)”

0. ®)

Hexmouaem Cs. Ha ypasrennn (4) uveem y — Cz = —y'?/y"; noncran-
a5 570 B (5). MOAYUMM NoCKe ynpomenuit Auddepeniaiboe ypas-
Hene

y' +2ay" = 0.
3. Jlumun, nepecekaionue Bee KpHBLIE AAKHONO cevelicTBa 10K 0/~
HHM 1 TeM e YTA0M @, HAIBAIOTEA HAOTORATLHLINK TPACKTOPHANI.
Yrap M @ HAKIOHA TPAGKTOPHI 1 KPHBOH K ocn O CBA3AHK COOT-
Homenmem f§ = o+ . Tyers

v =1z, v) ©)
— JMpepeRIATLHOE YpABHEHUE J8HHONO ceMellcTEa KPHBLIX, &
' = filz,y) @

— ypaBHenwe cemeficTBa W3OTOHAALHMIX TpaekTopuii. Torma tga =
= f(z,y), tg8 = fi(a, y). Caenopateanmo, ecan ypasuenme (6) na-
NHCANO M YTON @ WaBeCTEH, To erko HaiiTH tg/3 M JaTem WanmcaTh
uddepenumansuoe ypasuenue Tpaektopuii (7).

Ecan ypaprenye 1aHHOro ceNieficTBa RPHBbIX HATHCAHO B BH/E

Fa, 4, 9) =0, ®)

TO [pH COCTABICHMM YPABHCHHA M3OIOHANLHLIX TPACKTOPHH MOKHO
o6ofiTHeh Gea paspemenns ypabuennn (8) orHocHTenbio y'. B aTom
cayuae B (8) Hano samenuts y' Ha tga = tg(f F @), e tgf =y’ —
YTA0BOM KOIDGHLHEHT KaCAaTETLHOM K TPACKTOPHH.
Eciut #e ypasHerite cemeficTsa KpHBbLX AaHo b site ¢ (z, y, C)

= 0, T0 cHAuAA HYZKHO cOCTABHTH T (epeHIHaTLIoe Y paBielie 5To-
r'o ceMeficTRa i TONKO MOCIIe 5TOr0 — An(depeHIuaTsHoe ypaBHen e
‘TpaeKTopHii.

B sagauax 114 ¢ NOMONLIO H3OKAMH HANCPTHTH (IPHGIH-
JeliHo) pellielisi J8HIbIX YpaBHeniti.

2.20y+y) =a+3.

4. (P +1)y =y—=.
5. yy +a=0. 6.y = 2y.





[image: image3.png]§2. YPABHEHHA C PA3JIEJIAOIIUMHUCHA
NEPEMEHHBIMHI

1. Vpantetin ¢ pas e MOMHMICH NepevemtLMH MOTyT 6T, a-
nucans B Bute
v = f(@)gw)- )

a Taxe b onze
M(x)N(y) dz + P(2)Q(y) dy = 0. (2)

JLin peuenisi TAKOro ypABHEHMA HAZO 0€ €r0 MACTH YMHOKMTE Wi
PASIETHTS Ha TaKoe BHpAReHHe, YTOGH B OAHY HaCTH YpABHEHHA BX0-
JULI0 TOTBKO T, B APYTYI0 — TOILKO Y, W SATEM NPOMHTErpHPOBATS
obe uacri.

Tlpi nienermin oGenx wacTefi ypabHeuA Ha BhpazKelie, cofepa-
Iliee HeMaBECTHEIC Z M Y, NOTYT GbITh HOTEDANBI PelIeHHs, 00pamaio-
e 9TO BhIpAeHIe B HYTh.

T punep. Pewnts ypavhenue

atyhy 1= €]

Tpusos ypasnerne i muay (2):

4
22 Y =y —
Y G

5 2y dy = (y—-1)da.

Jlenum obe uacti ypasienun na z°(y — 1):

dy
o1

Tlepewentnie paszenens. HuTerpupyen oe uacti ypasHerms:

2
d,,:/‘li %+,,+ln|y71|=7‘+c.

(py fenenmn Ha 2°(y — 1) MOrAH GLITH NOTEPANSI pemenna z = 0
0, 7. ey = 1. Ouenmmno, y = 1 — pemenue ypaienin (3),

2. Vpassenus suna y' = f(az + by) npusoaTes K ypasemaN
© PAICAIONMMICA TepeMeRHBIMM 3aveHof = = az -+ by (WM = = az+
+ by + c. rae ¢ moGoe).

B sazavax 51—65 pelnTs AakHble ypaBHeHIA 1 A Kak 10~
IO i3 HIX NOCTPOTH HECKOMbKO UATErpanbHbIX KkpiBbix. Haiiti




[image: image4.png]§3. TEOMETPUYECKHUE U ®U3UYECKUE
3ATAUM!

1. UToGu1 pemiTh, MpHBE/CNILIe HIKe TEONETpHYECKHE aAatH,
HEAO NOCTPONTE epTer, 0GOIHAUNTE HCKOMYIO KPHBYIO Yepea y =
y() (ecn 3018 pemaeTEn B NPANOYTOTLHEIX KOOPAHHATAX) W B~
pasuTh Be ynommHaevbie B satate BenuHb epes 7, y 1 y'- Toraa
RBNHOE B YCAORMN 3878%H COOTHOMENNe NpeRpAMACTCA B MG depen-
UMAILHOE YpaBHENHHe, 13 KOTOPOTO MOAHO HARTH HCKOMYIO Y HKIHIO
y)-

2. B QuaeckuX 38A8uaX Haj0 NPEAIE BCETO PEINTE, KAKYIO
13 BOIMAIHN BIATh 32 HEIMBHCHAOE IOPOMCHHOE, 8 KAKYIO — 38 HCKO-
MYIO (YHKIGNO. 3aTeM HATO BHPAIHTE. KA CKOTHKO HANCHHTCH HCKO-
M@t (pYHKIA §, KOT/18 HESBBHCHMOE NIepeNEHHOe 2 IOy HT pHpalle-
ne Az, . e. pupaans pasocts y(z -+ Az) — y(w) wepes peawan,
© KOTOphIX roBOpUTCH B 3axave. Pagtenn STy paauocTs Ha A u nepe-
i nperteny npi A - 0, oAy M AHdepenIIaTLoC YpapHee,
13 KOTOPOro MORHO HAfiTH HCKOMYIO dyHKIMIO. B GonbumncTae 3azay
CONepAATER YCAORNA, ¢ MOMOILIO KOTOPLIX MOKHO ONCANTE aiia-
eHH MOCTORHHBIX. BXOIAIIIX b obiliee pemenme udbepentansHoro
ypapenss. Horsia MQhepeumanbioe ypaHente MOKHO CoCTaBTS
6016€ NPOCTLIM MYTEM, BOCIONL30RARIINCE (UINYECKIM CMBICIOM NP0~
HIBOIHOR (€ca HesaBICHMOe NepeMeHHoe — Bpess t, T0 ¥ ecTs cro-
PoCTE MaNeRCHIA BexTHIEL ).

B HEKOTOpLIX 38jNaX NH COCTARIEHIN YPARHEHIA CHEAYET He-
TIOTLI0BATY GHINECKHE SAROMLL, CHOPMYTHPOBANIILIE B TEKCTe Nepesl
sanaveit (i nepex rpynnoit aazau).

Mpuniep. B cocyn, conepmauntit 10 4 bost, nenpepbinio mocty-
186 co CKOPOCTBIO 2 4 B MUHYTY PACTROP, B KA I0M THTPE KOTOPOro
conepmiten 0,3 Kz conn. TlocTynaiomuit B cocy pacTBop nepenemi-
BaETCH C BOAOf, 1 CECh BHITCKACT I3 COCYa ¢ TOM 7K€ CROPOCTHIO.
Cronbko conn Gyzer b cocyse viepes 5 wuny1?

Pemenne. lpiuvien aa nesapucnnioe nepenennoe pe f, a sa
HCKOMYIO YHKIMIO y(£) — KOIHYECTBO COMI B COCY e Hepes ¢ MUHYT
noce naana onbira. Hail7iew, Ha CKOTbRO HIMEHHTCA KOTHYECTRO Conit
53 IPOMEIRYTOK Bpevert 0T MovenTa ¢ 710 Mowenta { + Al. B omy
MHHYTY NOCTYNIGeT 2 4 pacTBopa, a b At MiityT — 2A¢ ATPOD; B OTHX





[image: image5.png]2At mutpax conepiuten 0,3-2A¢ = 0,6At ke conm. C IpyToi CTOpoHHI,
a mpems Al u3 cocyna Bhitexaer 2A MTpoB pactsopa. B MomenT ¢
50 Beem cocyzie (10 .2) conepmiten y(t) K con, creioBaTebHO, B 2A1
AMTpaX BEITeKaIOMEro pacTROpa cofepanoch 61 0.2A¢ -y(t) Kz con,
ecm Gbi 38 Bpem At cojepaniiie coti B cocyie He mewsiock. Ho Tak
KK 0HO 33 9T0 BPEMA MCHACTCS 1A BETWINHY, GECKOHEHO MATYIO TP
At — 0,10 B BhiTeRaionix 2At antpax conepauten 0,2A1(y(t)+a) e
comi, t7e @ — 0 mpi At — 0.

HaK, B pacTBope. BTEKaIOIEM 58 IPOMEAYTOK Bpeeni (, ¢+
+At), conepriren 0.6A k2 conn, a B BuTeRaiomen — 0,2A¢ - (y(t) +
+a) ke. llpupamene Komuectsa con 3a 510 Bpemt y(t + At) — y(t)
PABHO PASHOCTH HaMIEHHbIX BETHYMH, T. e,

ylt+ A) — y(t) = 0,6At — 0,2At - (y(t) + ).

Paatenin wa At 1 nepefiem k npeneny np At — 0. B nepoit uacrit
noaysmTen npoussoasan y' (1), a B npaoit nory s 0,6 — 0,2y(f), Tax
Kak a - 0 npu At - 0.

Hirax, nvieem udepertansioe ypanierme y'(t) = 0,6-0,2y(¢).
Peuas ero, nony s

y(t) =3 —Ce ", 6]

Tax kax npu ¢ = 0 comu B cocyze He Gbino. 10 y(0) = 0. Tonaras 5 (1)
t = 0, naiinem y(0) = 3~ C; 0 = 3~ C: C = 3. Toaerapasn 510
anavenne C B (1), noaysnm y(t) — 3¢ Mlpu t = 5 B cocyne
Gyser

y(5) =3 —3e""*% =3 3™ ~ 1,9 xe comn.




[image: image6.png]§4. OTHOPOJHBbIE YPABHEHUA

1. OHOpOAHbIC ypaBHEHIA MOTYT GHITh sanHcaubl B piie y =
= f (%), a rawme & pune M(z, y)de + N(z, y)dy =0, rne M(z, y)
u N(z, y) — oanopombie GyHKIM om0l 1 Tol e cTenemn’. UToGh!
PEINTE 0/1HOpOJIHOE Y paBHEHIe, MOAHO CAENTS SaMeny y = (. mocie
Hero nonyvaeTes YpaBHeHHe ¢ PaseaioNIMUCA TepeNeHHLIMIL.




[image: image7.png]310 ypavienme — ogwoponmoe. Toaaraent y = tz. Torna dy
= xdt +{dz. Nonctanann v ypassente. nory

2(edi+tde) = (& +t2) de: xdt = dr.
Peimaen nonysenHoe ypaniere ¢ pasieIIOMMICH TIepeveHib

a=9

= Infa| +C.

Bosspamasics, & crapomy nepevernonty y. noaysnt y = x(lnfe] + C).
Kpowe Toro, imeeTcn pemeniie & = 0, KoTopoe GbUI0 MOTEPFHO NPt
seaenim a .

2. Vpannene puna y' = f (“LZELEL) npusosuten & onmopon-
HOMY ¢ TOMOUILIO Tiepenoca HAMAA KOOPAHAAT B TOUKY Tiepeceyenin
npavbix az +by+¢ = 0 1 a1z +byy +cx = 0. Ecan e o1 npasie te
nepecekaloTen, 10 a1z + biy = kaz + by); crenopateanto, ypabnente
wneet B y' = Flax + by) W npUBORMTER K ypabHeHIo ¢ pasiensio-
WHMHEA TepeMeHIbINK aaMeHOl = = az + by (wim z = az + by + c),
oM. § 2,02
'HeKOTOpbIe YpaBHEHIA MOAKHO UPHBECTH K OIHOPOLHbIM Jale-
Holt y = 2. UHea0 m oBkrHo 3apakee e wBeCTHO. UTOGH ero HaiiTH,
a0 B ypaBHenun clierath sameny y = 2", TpeGys, 4ro0hi ypavie-
HHe GLLT0 OTHOPOZBIM, HAFi/ICM YHCAO 1, ecii 3T0 BoavorHo. Ecai e
9T0T0 CAeATE Heb3f, TO ypABHeEHME He NPUEOAHTCA K OAHOPOAHOMY
STHM €n0cooN.

Nl pumep. llano ypasuenne 2z yy +y* = 42°. Nlocre savens y

2™ ypapuenue npumer Bua 2mz*z?™ 'z’ 4 2*™ = 4z°. 310 ypasne-
HHe GY/IET OIHOPOHBIM B TOM €y tae, KOT/8 CTNIHH BCEX Er0 “ieHon
pasiut Mesay cooh, . e. 4+ (2m — 1) = dm = 6. It pasencr-
Ba YJORIETROPAIOTCA 0IHOBpEMERHO, ec m = 3/2. CieioBaTeNbHo,

YPaBHEHHe MOAKHO IPHBECTH K OIHOPOMHOMY 3aMeoi y = z°/%,





[image: image8.png]§5. IMHENHBIE YPABHEHUSA IIEPBOI'O
TMOPSITKA

1. Vpanneune
o' +a(z)y = bz) m
HasbiBacTCA MeliHbM. UTOOH €0 PeINTh, HANO CHANANA peUTH
ypasrenme
¥ +a@)y=0 2)




[image: image9.png](9T0 JlenaeTcA MyTeM pasneneHNA TIEPeMERHEIX, CM. §2) W B obuen
PellieHHH MOCAAHEr0 FAMEHHTS NPOMIBONLHYIO ocTORRHYI0 C' Ha He-
nanectiyio (yukumio C(z). Batem BupaeHie, nonydeHHoe A1 Y,
noactasuTh B ypasrenue (1) u naiitn dynxumo C(z).

2. HeKoTopbie ypaBHEHHSA CTAHOBATCA AMHEHHBIMH, €cau NoMe-
HATH MeCTAMM HCKOMYIO QYHKIWIO i HeaaBHcHMoe nepeMertioe. Ha-
npunmep, ypastense y = (2z +y*)y', B KoTopom y ABAeTcA dyHKuMel
oT z, — HemHeiiHoe. 3amument ero B uHpdepermanax: y dz — (2z +
+4%)dy = 0. Tak Kak B 570 ypapnenue x u da BXoNAT MHeiiHO,
To ypaHenwe Gy/JeT AMHCHHLIM, €CIH & CMTATH HCKOMOFH QyRKI-
eif, 8 y — HeSABMCHMBIM epeMeHHLIM. ITO ypaBHeHHe MOmeT GhiTh
sanicaio b pe

W pemaeres ananornuno ypassenio (1).
3. UroGu pemny ypapenme Bepuyaan, 1. e. ypasiene

' +a(z)y = ba)y", (n#1),

Hel0 06e ero uacTu paieauts wa y” W cienaTh sameny 1/y"~! = z.
Tlociie aaverhi noTyuacTCA TMHelHOE ypaBiieiie, KOTOPOe MOKHO pe-
s wsnoeHbM Bae cnocobom. (puvep ev. 5 (1, ra. I §4, 0. 2,
npuvep 10.)

4. Ypasserme Pukkari, 1. . ypaskenie

¥ +a(@)y + b(@)y’ = c(x),

B o6iem cayuae He pemaetcs B KBaapaTypax. Eciu e uasecto oano
uaeTHoe pemerie y1 (), To 3avienoft y = yi(z) + = ypapenne Pikia-
TH CBOAMTCA K ypaBenuio Bepiyan u Takum o6pasom MomeT GbiTh
pemeno n KBazpaTypax.

Hsorsa uacTHoe pemeime yiaeTca nogo0paTh, MCXOMH W BAA
eBo6oHOr0 unena ypapheniA (wiena, He coepaaero y). Hanpinep,
nan ypasnenun y'+y® = 2% —2z B aeBoii uacTH GYYT UA€HbI, NONOOHbIE
“ieHaM NpaBoH YaCTH, eciu BaATh Y = az-+b. TOACTaBIAR b ypaBHetme
W NpupaBRMBaA KOS(QHUIMENTE! P NOAOGHKIX YIeHax, HaiizeM a u b
(ecam wacTHOE peleliie YKASAHHONO BIA CYIECTEYeT, UTO BOBCE He
Beerna Goisaer). Jpyroii npumep: ann ypastennn y' + 2y° = 6/z% Te
ke paccymjienis No6yKIBIOT Hec HCKATL UYSCTHOE pelleiie B BUje
y = a/. MoncTapans y = a/x B ypasienue, Hailiem NOCTOANHYIO .





[image: image10.png]§6. YPABHEHUSA
B IOJHBIX TUOOGEPEHIIUAJIAX.
UHTETPUPYIOIIUIA MHOMKHUTEIDL

1. Ypasnenne
M(z, y)dz + N(a. y)dy =0 0]

HASHBAETCH YPABHEHMEN B NOAHBIX AM(OEPEHIMATIX, €T ero e-
Ban §ACTh ABIACTCH MOTHBIM JNQAEPEHIHAION HEKOTOPOf QYHKLHI
ol 3 . aM _ ON
Fla, v). 910 wveer weero, eenn Gt = G
wewme (1), wazo waittn gywsumio F(z, y), o1 KoTopoii nonsiii wid-
epemuman dF(z, y) = Fidz + F,dy papen nesofi uactw ypapiie-
win (1). Torna ofiiee petieriue ypasieri (1) MOAHO HanMCaTh b Bije
F(z, y) = C, rzle C — poH3BOILHAR NOCTORHHAR.
T punep. Pemirs ypasnese

. UroGur pemnts ypan-

(22 + 82%y) dz + («* — 3y%) dy

[©)]

a?, u%(z’ —3y*) = 822, 10 ypasuenne (2)

Tax xax ZT”!I(ZJ +32%y) =

ABAfIeTCA Y paBHeHIeM B MOANbIX AM(depenimanax. Hafizem Qyniuno
F(z, y), nonssiii uddepesuman kotopoii dF = F) dz + F} dy 6sin 6s1
paben aepoli uacTi ypavkenis (2), 1. e. Takyio dynkimio F, 4o

Fl=22+3c%y, F,=2"-3" (3)

Huterpupyem mo z nepmoe wa ypaswenwit (3), cunran y moctonu-
HAIM; TIpH 5TOM BMECTO TIOCTORHHO MITET PHPOBANIA HEZ0 MOCTABNTIS
@(y) — nensnectiyio GymsmO o y :

F /12”3#,,)‘17, =a® + 2% + (y).




[image: image11.png]Tlonetanann 570 Bupaentie 11n F B0 BTOpoe 13 ypaniernii (3), Hafi-
nem @(y):

(& + 2% + o)), = 2* 3% ¢ (1)=— 395 ¢()=—y"+const.

Caepoparensho, Moxuo Banth F(z, y) = =° + 2’y —
wmenme ypasnenwn (2) Gyser wveth pux

u obuee pe-

3

2. HHTErpHpyIOmHM MHOKHTETeM /AR yPaBHEHHA
M(z, y)dz+ N(a, y)dy =0 0]

HeaIBaCTEn TaKas GyuKIAA m(z, ) # 0, H0CTe YMHOAKEHHS Ha KOTo-
Pyio ypasiierinte (4) npespanaeTca B ypasierye b nomHbX Auddepen-
uanax. Ecan gyssuun M u N b ypasteru (1) ueior Henpepuisibie
ACTHEIC MPOWIBOAHEIC 1 He OOPANAIOTCA B HYTh OAHOBPEMEHHO, T
MHTerPHpYIOWMI MHOKHTE) CyllecTBYeT. OHAKO HET 00Uero MeToa
A ero oThcKammn (Kora obmee pementie ypaskenia (1) Henanect-
Ho).

B HCKOTOPLIX CIIyARIX HHTer PHPYIOUUHIi MHOKHTEIh MOHO Hali-
T ¢ noMouBI0 npienos, wanowennbix 6 [1]. ra. 1L § 3, 0. 3 wan s [4],
ra. 1, § 5. 1A peleiiun HeKOTOpbIX ypaBHEHIit MOAHO IPHMEHATE Me-
TOR BRUICTEHHA TOTHBIX G dEPEHIMATOR, HCTIOTLIYR HanecTHbIe dop-
Myab:

d(zy) = ydor +zdy,  d(y®) = 2ydy,
ydz —zdy dy

d (i) St dluy) = e

[puatep. Pemnts ypassesie

ydz - (4a’y + z) dy = 0. (5)
CiHavaa BhijeAREN TPYTITY S7€HOB, NPEACTARIAIONLYI0 cO00 o~
‘Hbtit g depennuan. Tak kak y dz—z dy = —a? d(y/x), 10, nean ypas-

nenme (5) na —a?, Mveem

a (ZI’) daydy=0, d (%) +d(2y?)

970 — ypannente b noaukix A peperumaax. HnTerpupyn Hemocpes-
crhenno (npuBonHTh K By (1) He Hy#HO), moTYuAeM pemekie

Yygyt=c.




[image: image12.png]Kpome T0ro, npu ielenuu Ha —z? Ghilo noTeprHo pemene z = 0.

Bameuanue. Tak Kak nocie fesenus ypapsenun (5) ua —z?,
T. e. yMHOWeHHA Ha —1/2%, NoAYuHAOCH ypaBHeRHe B NOAHBIX THpe-
PeHIMANAX, TO MHTEr pUPYIONKT MHOMHTes 118 ypapHenns (5) paBen
—1/z?.

3. Ecan B ypaphenin (4) MOAHO BEIIeaNTS nommbiii auddepeni-
an neKoTopoii GyRKWN (2, y), TO WHOMA ypaBHENHe YIpomaeTcs,
eciin 0T nepententbIx (, y) NepeiiTi ik nepeventk (z, z) win (y, z),
rae z = ¢(z, y).

Mpunepsi. 1) Pemurs ypasnenne ydz — (z°y + ) dy = 0.

BLteaus 1OANbI MG PRI KaK B IPEALIIVIEM TIpHMepe,
noay s

v P
d ( ;) +aydy =0.

Tlepeitn K MepeMeRHLIM 2 = y/Z W y, MOTYIHM ypaBHenie

2
dz + ”7.1_., 0,

KoTopoe ero pemsetcs.
2) Peunts, ypamnentie (xy + y*) dz + (a? — ay°) dy = 0.
Crpynnmupyen wiewbt T8k, 4TOGH BhzNTH NOMHbE U pepen-

wnann

a(yde+zdy) +y*(yde —zdy) =0, zd(zy)+y°d (3) =0.

Pagsienun na 7 1 ceasn SaNeRY Ty = u, /Y = v. NOAY UM YpaBHeHHE

2
du+ % dv = 0, kotopoe Aerro pemaercn.
v




7. ! ? существование, единственность
[image: image13.png]§8. YPABHEHHSA, HE PASPELLIEHHbBIE
OTHOCHUTEIBLHO NPOU3BOIHOI

1. Ypawnemns ina F(z, y, y) = 0 MOAHO pemath crenylomn
NeTozan.

a) PaspemiTs ypapHenne 0THOCHTEIBHO Y, T. €. 13 ypaneris
F(z.y, y/) = 0 pmpaauts ' wepea = n y. llorysmren onwo nan e
cxoabko ypanenii pina y' = f(z, y). Kaioe na nix nago pemns.

6) Meton Bejenin napaverpa’ .




[image: image14.png]Tycrs ypasnene F(z, y, y') = 0 MOHO paspemmTs oTHoCHTEb-
Ho g, 7. e. samicas B Bze y = f(z, y'). Beenn napaverp

6]

nony iy

y=f(ep)- @)
Bann nonmsiit anddepenuuan ot ofenx wacteii panencrsa (2) i same-
wup dy wepea pdr (8 cuny (1)), noryuim ypaiense piga

0.

M(z, p)dz + N(z, p) dp

Ecau pemenne 51010 ypapennn naiiaeno b sue = = @(p), 10, Bocnoab-
S0BABIIHCH PABEHCTBOM (2), NOAYHHM pellieliHe HCXOIHOTO YpaBHenis
& napaverpuseckoft samuci: z = ¢(p), y = f(¢(p), p)-
Vpavnenns pina < = £(y, y') PemAOTCR Tem e METOROM.
Hpuniep. Pemurs ypasrenne y = o +y' — Iny'. Bronum napa-
vetp p =y

y=atp—tnp. ®
Bepen nommbiii A depentian ot ofenx YacTedi panencTpa i saMeHsen
dynapde s cuay (1): dy = dzt+dp— 2, pde = do-+dp— 9. Pewaen
nonyuentoe ypapwente. Teperocin wiens ¢ dz Bieno, ¢ dp— prpaso:

-1)dz=P"Lap. )

a) Ben p # 1, 0 conpamac na p — 1

dp
=2 e
? P

Hozcranass 970 & (3), Honyuaem pemenite & napaveTpusecko samicu;
z=Ip+C, y=p+C. (5)

B /{8HHOM Clryuae MOFKHO HCKAIOUHTD TI8PaMETp p 1 N0y YHTh pe-
wente b ApoM Bie. JLIA HTOTO 13 NEPBOFo 3 ypabHennii (5) Bhipa-
maem p wepea z, 7. e. p = e~ . llozcTanann 9To no BTOpoe ypasiere,
n0Ay uBEM HCKOMOE pemene:

y=e"40C. (6)

6) Paceniorpun eaysaii, worsa 8 (4) nvees p = 1. loneranisn
p=1n (3), noryuaew eme pemere

z+ 1 @)




[image: image15.png](Bbi10 61 OmMGKOM B pabercTBe p = 1 saMeHuTh p Ha y' W, IpouHTer-
puposas. noryuurs y =z + C.)

2. Pemenie y = ¢(z) yparennn F(z, y, y') = 0 nasswacten oco-
Gbiit, €€ “Epes KALYIO €r0 TouIY, KONE ITOF0 pelleHil, IpOXoANT
1 APYToe pellerite, HMeIOLee B ITOM TOUKe Ty e KACATOLHYIO, 4TO It
pementie y = (), HO He coBNAABIOMEE € HUM B CKOTL YTOAHO MaTOl
oKpecTHoCTH 9TOM TOuKK' .

Eean gy F(z, y, y) w nponssonsie 55 u 2L wenpeprisnsi,
T0 A106oe ocooe pemente ypaBHeHHs

F(z,y.4)=0 (8)

VIOBICTBOPHET Takike ypaBHEHHIO

OF(z,y,y')
ay’
HoaTomy, 4TOGH oTRCKATE 0COGbie pemerin ypasHexs (3), Hazo uc-
KaounTs y' wa ypasrerni (8) u (9). Tlonysientioe ypasweniie ¢ (x, )
= 0 HasbiBaeTCA ypaBHeHMeM duckpusunanmuorl Kpusoit. JLin ka0l
BOTBH JWCKPUMHNANTHON KPHBOI| HA/0 IPOBEPHTS, ABIACTCA i HTa
BeTsh pellieiem ypasHenus (8), M ecan Amnferc, To GyAeT mi 5T0
pellietiie 0COGbIN, T. €. KACAIOTCA I €r0 B KON TOUKe ApYTHE pe-
e,
[puiep. Hailtu ocoboe pemente ypaniiersn

©)

y=az+y —lny. (10)

Tudhepenumpyem obe wacti pasencsa o y':

()

Hexmouaen y' w3 ypassennii (10) u (11). Hs (1) nmeen y' = 1: non-
crapann 510 B (10), 1H0yYaeM YpaBHeHHe IHCKPHMUHAHTHOT KpHBOI

y=z+1 (12)

[posepun. GyeT am KpHBas ocoGbiM pementien. L 5Toro cna-
uala NpOBepAeM, ABIAETCA T OHa pementem ypanterma (10). Tox-
crapnnn (12) B (10), noryuaem Tomsectso z + 1 = z + 1. Buauut,
Kpupan (12) — pemee.





[image: image16.png]‘Terieph MpOBEpHM, ABIACTCA I 5TO PEUICHHE 0COBHIM, T. €. Kaca-
J0TeR A ero b KkamOH Touke Apyrie pemeris. B 1. 1 Ghuio Hafieno,
“To ApyrHe pemenis BhpamaioTes dopMyof (6). Timen yenopus a-
canun kpusLix y = y1(x) 1 y = yo(x) B TouKe ¢ abeuuceoit o:

a(o), yi(zo) = yalo). (13)

Y=o

Jlan pemennit (6) u (12) 5TH yeaosun npumuMaior Bua €0~ 4 C

20+1,e"~C = 1. Ha proporo papenctsa uveem C = xo; NoOACTaBAAR
5T0 B HepBoe papeHCTBO, noayuaeM 1+ zg = zo + 1. 310 pasencrso
CpaRCAIMEO NpU Beex zg. BHAUNT, M KoM o pemerne (12) B
Touke ¢ abeuuceoit o KacaeTcn ool U3 KpuBLIX cemefictsa (6), a
WMeRHO Toii KpuBoit, A KoTopoit C = .

Hrak, B kamjofi Touke pemenme (12) KacaeTcss AYroro petie-
wun (6), e cobnaaiomero ¢ win. 3uaunt, peuenue (12) — ocoboe.

Ecii cemeficTBO pemeuii 3anicaHo B NapaMeTpPUuECKOM Bie,
Kakc B (5), T0 BHINOACNHE YEIOBMH KacalHs NPOBCPACTEH BHATOTHAHO.
s 570w Hao yuects, uto y' = p.

3. Ecan cemelicrno kpussix (z. y, C) = 0. apamouixes peie-
s ypasrennn F(z. y. y') = 0, uveer orubaiomyio y = p(x), 10
5Ta oruGaoan ABIAETCA 0coBLIM pellleneN Toro e ypastenus. Eciu
(yHKIA $ MMeeT HeNpepHIBHEIE MePBHIe NPOHIBOIHbIC, TO JUIA OTHIC-
Kanus oruGaiomedi nao uekmounTs C 13 ypapHenuit

94z, 0.0)

(, y, €)

W NPOBEPHTS, GYLET 11 NOTYeHHAR KpHBAR OrUGAIONIEI, T. €. KacaloT-
A W ee B ka0l TOKe KpHBLIe cemeficTBa. DTY NPOBEDKY MOKHNO
POBECTH HAIOAKEHHEIM B KOHLE 1. 2 METOZ0M, HCTIOMb3YA YCAOBHS Ka-
canns (13).




[image: image17.png]§10. YPABHEHHUSA, NONIYCRAKOIIUE
IOHUKEHUE IOPAKA

1. Bea 5 ypantienie He BXOIMT HekoMas QYHKINA y, T. €. oHO
uveer b Pz, y®, y* 9, ..., y@™) = 0, 10 nopanox ypapenn
MOHO IOHUINTh, B3HE 38 HOEYIO HEH3BECTHYIO (BYHKLIO HIBLYIO 13
NPOIBOINELIX, BXOIAMIX B ypabieiie, T.¢. cean savery y*)

2. i B ypabhenie He BXOMT HESaBHCHVO® IEpEMENHoe &, T. €.
ypasnenne uveet sin F(y, y', ", ..., y™) = 0, 10 nopanok ypasie-
HHA MOKHO TIOHWSHTS. BIAB 38 HOBOE HESABHCHMOE NIEpEMENHO ¥, a 38
Hewapectityto pynkimio y' = p(y).

Mpumep. Peunts ypasnenne 2yy” = y'> + 1.

2





[image: image18.png]Toaaraem y' = p(y). Torna

B ypasuente He pxoaut

o _d) _ ) _dp dy _
de  dy de g

<

Toncrapann y' = p u y" = pp' B ypasnenwe, nonyunm 2ypp’ = p° + 1.
Tlopasiok ypabiteiis nowzKen. Peimn noywentioe ypasheriie, naiizie
p=%/Cy - L Crepopatenso, y' = +/Cy — 1. Ua storo ypasuenus
noayunm 4(Cy — 1) = C*(z + Ca).

3. Beiu ypasHeniie 0IHOPOIHO OTHOCHTEILHO M €ro IPOH3BOL-
HEIX, T. ¢. He MeHATCA MpH ofHOBpeMerHOR savene y, o, y”y ... Ha
Ky, ky'y ky", ..., TO NOPAIOK ypaBHEHMA IOHNAKAETCH TOACTAHOBKOM
' =y, te z — HOBaR HewaBeCTHAR QYKL

4. TIOpAOK ypaBHEHHS NOHHKACTCA, eCii 0HO ABIRCTCA OIHOPOL-
HbI OTHOCHTELHO 1 y B 0GOGUIEHHOM CIBICAC, T. €. HE MEHACTCH 0T
saniensi & wa kz, y wa K™y (np s1om 3 savenserea na k™~ 1y’, yf
ua k™ ~?y" u . 1.). UToOut yauats, GyjleT Iu ypapHeHie 0AHOPOAHBIM,
W HAfITI YHCA0 1M, HA0 MPHPABIATL PYT APYTY NIOKAsaTeNH CTeneHeli,
B KOTOpLX Wica0 k GyJeT BXOMMTE B Ka 3 AbIH WieH YPABHeHHS noc-
7o yRasantoN Bhime aamenbi. Hanpiviep, B nepbifi Wien ypasHenis
22%y" — 3y? = " nocae 1ol 3amensi wneo k GyleT BXOIUTE B cTene-
s 4+ (m — 2), B0 BTOPOK — B CTenenH 2m, B TpeTHH — B cTencHH 4.
CHe/IOBATENbHO, T OMHHO YAOBIETROPATE YPABHEHHAM

44 (m-2)=2m=4

Otciona m = 2. Eean e nofyuenibie ypasHenus Aas m GyayT Hecop-
MECTHbNH, To AUGDEPEHIATEHOE YPARHCHIE He RBISETCH 0AHOPOA-
HbIN B KaaHHOM eMbice.

Tloczie Toro Kak YHCA0 M HallICHO, HAZIO CARTATE 3AMEHY TIepeMen-
Hbix o = e, y = 2™, rie z = 2(1) — HOBAR HeMaBeCTHAR GyMKIIA,
at — HoBoe HesaprcHMoe nepenertoe. [0y uuM ypaBHeRe, B KOTO-
poe He BXOAT HeaaBucnMoe nepeentoe £. [0pAoK Takoro ypasHerus
TIOHMKAETCA OHUM M3 PaHEe PACCMOTPEHHBIX CTIOCOBOB.

5. TopzOK ypaBHeHIS TerKo IORHAACTCH, eCI YGeTCA Mpeas-
DA3OBAT YPABHCIC K TAKOMY BHAY. STO0H 00¢ €ro YACTIH ABAATHCE
TOMHLINI MPOWSBORMIM 10 0T KaKuX-RHOY b ymruit. Hanpiiep,
nyers aano ypavhenie yy” ¥, llean o6e wacty na yy', noayunm
Y (lny') = () g’ = g £ ICr of — C. Topmson
Ypabnerun nommKer.





