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FHISJ�NPI�GHQHQyW�NPGHILK�J�OHI�]^J�NPd��*�ED�M5m*I�N%sLD&O�K�J�QHN�W�Y�\*fck=D&N^J5W]PNPv�K W�]PfÀOHNPI�vtV�Itm*QHR¦b�f;mH\=K GHN^p�NPOHQ�K�sLD�m�DLk J�NPI�GHN^J�QHkHNt]PY�b�f}v.D�sPb�n�FHGHQ�|^J�I&RFHGHNjm*FHI�\�D&UjD&N^J.]rK�n:k�J�I�]^J&bLm*NPO�J§FHI�]PN^i
D&N^J�Y�b�GH]y\*NPYH�HQHd¸FHI)m�D&OHOHI�R¦bgFHGHNjm*RTNjoJ&b§QgQHRTNPN^J`W�I&stRTILM9OHI�]^J�l)b�Ur\=b�v�\*NPOHOHI�UPI�Q�sPb�kHNPOHQ�K¸RaD�J�NPGHQ=D�\�D FHGHQgFHI�RTI&i�Qb�kHNPv�OHQHY�I�W���]PFHQH]PI�Y)b�kHNPv�OHQHY�I�WyQ)sLD�m�DLkHOHQHY�I�WHn�QH]PFHI�\*l&stI�W.D&OHOH_:VqFHGHQ)O=D&FHQH]tD�oOHQHQgFHI�]PI�v�Q�K§Q§GHNPY�I�RTNPO�m*I�W.D&OHOH_:V¨D&W�J�I�GHI�R-nTRTILM9OHI)O=D&d�J�QgW)Y�I�OH�HN'YHOHQHUPQ*�j�Á¦D�s^m*Nj\*_ÂYHOHQHUPQ¨]PO=D&vLM5NPOH_}GHQH]^b�OHY�D&RTQ�n�Q�\H\*fc]^J�GHQHG�b�f[i�Q=RTQ¨J�NPI�GHN^J�QHkHNt]PYHQHdQ+FHG=D&Y�J�QHkHNP]PY=QHdqRaD�J�NPGHQ=D�\�n�Y�I&J�I�GH_-d�n�W"]PW�I�f¥I�kHNPGHNjm*lHn�FHGHNjm*]^J&D&W�\*NPO)sLD�m�DLk=D�oRTQy]�GHN^p�NPOHQ�KHRTQuQ"J&D&YyO=D�st_-W.D&NPRT_-RTQ'��m*I�RaD�p�OHQHRTQ"sLD�m�D&OHQ�KHRTQ���nHFHGHNjm*O=D�stO=D�okHNPOHOH_-RTQ+mH\=K�]tD&RTI�]^J�I�K�J�Nj\*l�OHI�UPI'GHN^p�NPOHQ�K)W"Y�I�OH�HNS]PNPRTQHO=D&G=D"Q+W5m*I�RaD�p�OHQ�Vb.]j\*I�W�Q�K�V��xcW&J�I�GqOHN�sLD�m�D&W.D�\*]rK)�HNj\*l�fÀ]^I�]^J&D&W�\*NPOHQ�Kqb�kHNPv�OHQHY�DyQ�\*Qq]Pv�I�GHOHQHY�D"sLD�m�DLk�nNPUPIz�HNj\*l�f1KHW�\=K�\*I�]PlHnH]PY�I�GHNPN&n=I�v&¹�KH]POHQ�J�lHn=OHNjM5Nj\*QyO=DLb�kHQ�J�lH����D�J�NPGHQ=D�\�n=Q�s^\*I�oM5NPOHOH_-d)Wzm�D&OHOHI�d)G=D&v�I&J�N&n�I�]POHI�W.D&O+O=D"Y�b�GH]PN
]PNPRTQHO=D&GHI�WHn�Y�I&J�I�GH_-d D�W&J�I�G)O=DFHGHI&J�K�M
NPOHQHQ§OHNP]PY�I�\*l&YHQ�V�\*N^JqW�Njm*N^J O=D ¡
D&Y�bt\*l�J�N^J�NuW�_-kHQH]j\*Q�J�Nj\�l�OHI�dgRaD�J�NjoRaD�J�QHYHQ9Q5YHQHv�NPGHOHN^J�Q=YHQ'�uI�]PY�I�W�]PY�I�UPIXUPI�]^btm�D&GH]^J.W�NPOHOHI�UPISb�OHQHW&NPGH]PQ�J.N^J&DSQHRTNPOHQ� �:�c�aÃXI�RTI�OHI�]PI�W.D���Ä�D&OHOHI�N�FHI�]PI�v�QHN&n�W�FHNPGHW&b�fÅI�kHNPGHNjm*lHnaKHW�\=KHN^J�]rK¨�ºp�F=D&G�oU^D�\*Y�I�d���mH\=Ku]tD&RTI�UPI"D&W&J�I�G=D5Q�NPUPIzb�kHNPOHQHY�I�WHn�OHIzJ�D&Y�M
NXRTILM5N^Jzv�_�J�l"FHI�\*N^stOHIRTI�\*ILm*_-R FHGHNPFHILm�D&W.D�J�Nj\=KHR`Qz]^J&btm*NtO�J&D&R-n�O=DLkHQHO=D&f[i�QHR�stO=D&Y�I�RTQ�J�l�]rK9]-J�NPI�GHQ�o
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NPduW�NPGHILK�J�OHI�]^J�NPd��
xcW&J�I�G'W�_-G=D�M5D&N^J�FHGHQ�stO=D�J�Nj\�l�OHI�]^J�l5FHGHI�ZENP]P]PI�G�b'�c��ÆÂ����I�GHI�\*NPW&b5sLDSW�OHQ�oRaD�J�Nj\*l�OHI�NSFHGHI�k�J�NPOHQHNXm�D&OHOHI�d�G=D&v�I&J�_1QusLDz�HNPOHOH_-NXsLD&RTNPk=D&OHQ�K�n�Y�D&]tD&f[i�QHNP]rK]PItm*NPG.MzD&OHQ�KSG�b�Y�I�FHQH]PQ�~&xS��� �&�cbLm*G.KHW��HNPW&bXsLD[Y�I�OH]^J�G�b�YHJ�QHW�O�b�f¸YHGHQ�J�QHY�b�~�]^J&b.om*NPO�J�D&R-n&��FHI&sLD&QHRT]^J�W�I�W.D&W&p�QHR���b
D&W&J�I�G=D�Y�I�OH]^FHNPY�J._¸]PNPRTQHO=D&GH]PYHQ�V5sLD&O�K�J�QHd�n�sLDFHI�v&btm*Q�J�Nj\*l�OH_%d�RTI&J�QHWzYuO=D&FHQH]tD&OHQHfÇFHI�]PI�v�Q�K��
�uI�]PYHW.D�n [&��� ¢�Ur�
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�¸J�NPY�]jJ.NEm�D&OHOHI�UPI5FHI�]PI�v�Q�KuQH]PFHI�\*l&sPb�f[J�]�K�]j\*Njm=b�f[i�QHNSI�v�I&stO=DLkHNPOHQ�K�h
�ÓÒÔ� { stO=D&Y�n�b�Y�D�st_-W.D&f[i�QHd�O=D'J�IHn�k�J�I�FHGHQHW�Itm*QHRTI�NzI�FHGHNjm*Njo\*NPOHQHNEKHW�\=KHN^J�]rKyb.]^J�D&GHNPW&p�QHR-~{ Y�I�OHNP�uGHN^p�NPOHQ�KusLD�m�D�kHQ�~
Ω

{ FHGHI�]^J�G=D&OH]^J�W�I9|j\*NPRTNPO�J&D&GHOH_:V�QH]rV.Itm*I�W+��]PI�v�_�J�QHd*�j~
ω

{ |j\*NPRTNPO�J�D&GHO=_-d+QH]eV.Itmg��|j\*NPRTNPO�J�D&GHOHI�NS]PI�v�_�J�QHNL�j~
{ω1, . . . , ωn}

{ RTOHILM
NP]^J�W�IHn=]PI�]^J�ILK�i�NPNSQ�sX|j\*NPRTNPO�J�I�W
ω1, . . . , ωn

~
A ∪B { ]^b�RTRaD5]PI�v�_�J�QHd

A
Q
B
~

A ∩B { FHGHI�Q�stW�Njm*NPOHQHNX]PI�v�_�J�QHd
A
Q
B
~

AB
{ FHGHI�Q�stW�Njm*NPOHQHNX]PI�v�_�J�QHd

A
Q
B
~

A\B { G=D�stOHI�]^J�lz]PI�v�_�J�QHd
A
Q
B
~

∅ { OHNPW�I&stRTILM9OHI�N�]PI�v�_�J�QHN&~
A

{ ]PI�v�_�J�QHN&nHm*I�FHI�\*OHQ�J�Nj\*l�OHI�NXYu]PI�v�_�J�QHf
A
~

P(A)
{ W�NPGHILK�J�OHI�]^J�l9]PI�v�_�J�Q�K

A
~

|A| { RTI&i�OHI�]^J�lzRTOHI�M
NP]^J�W.D
A
~

Ck
n

{ kHQH]j\*Iz]PI�kHN^J�D&OHQHd+Q�s
n
FHI

k
h
Ck

n = n!/(k!(n− k)!)
~

n!
{ ZXD&Y�J�I�GHQ=D�\+kHQH]j\�D

n
h
n! = 1 · 2 · . . . · n ~

mesG
{ UPNPI�RTN^J�GHQHkHNP]tY�D�KuRaN^G=D��ÕmH\*QHO=D�nHF�\*I&i
D�m*lHn=I�v&¹�NPR���RTOHI�oM
NP]^J�W.D

G
~

P(A|B)
{ b.]j\*I�W�O=D�K�W�NPGHILK�J�OHI�]^J�lq]PI�v�_�J�Q�K

A
FHGHQ�b�]j\*I�W�QHQ�n¦k�J�IFHGHI�Q�stI&pX\*Iz]PI�v�_�J�QHN

B
~

P (n, k)
{ W�NPGHI�K�J�OHI�]^J�lqFHILKHW�\*NPOHQ�K

k
�ºb�]PFHNjV�I�W��"W+]eV.NPRTN

n
OHN^sLD�oW�QH]PQHRT_:VuQH]PFH_�J�D&OHQHd) :NPGHO�bt\H\*Q�~

R(n, k)
{ W�N^GHI�K�J�OHI�]^J�l5FHI�KHW�\*N^OHQ�KyOHN�RTNPOHNPN

k
�ºb�]PFHNjV.I�W���W�]rV.NPRTN

n
OHN^sLD&W�QH]PQHRT_:VuQH]PFH_�J�D&OHQ=d+ :NPGHO�bL\H\*Q�~

IR
{ RTOHILM
NP]^J�W�I
m*NPdH]^J�W�Q�J.Nj\*l�OH_�V�kHQH]PNj\�~

A { D�\*UPNPv�G=D5FHItm*RTOHILM5NP]^J�W
Ω
~

F {
σ
oÓD�\*UPNPv�G=D
FHItm*RTOHI�M
NP]^J�W

Ω
~

�
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σ(B)

{
σ
oÓD�\*UPNPv�G=D�n=FHI�GHILM5m*NPOHO=D�KyRTOHILM5NP]^J�W�I�R

B
~

B { v�I�GHNj\*NPW�]PY�D�K
σ
oÓD�\*UPNPv�G=D�~

B[0, 1]

{ v�I�GHNj\*NPW�]PY�D�K
σ
oÓD�\*UPNPv�G=D
FHItm*RTOHI�M
NP]^J�WzI&J�GHN^stY�D

[0, 1]
~

f : X −→ Y
{ I&J�I�v�G=D�M
NPOHQHN

f
n�m*N^dH]^J�W&b�f[i�NtNSQ�s

X
W
Y
~

ξ−1(B)
{ FHI�\*OH_-d�FHGHI�I�v�G=D�sERTOHILM5NP]^J�W.D

B
FHGHQuI&J�I�v�G=D�M
NPOHQHQ

ξ
~

Pξ(B)
{ G=D&]PFHGHNjm*Nj\*NPOHQ=NX]j\=b�k=D&dHOHI�d�W�Nj\*QHkHQHOH_

ξ
~

ξ ≡ η
{ J�I�M5m*N^]^J�W�NPOHO=I�NXG=D&W�NPOH]^J�W�I5]j\=b�k=D&dHOH_:V�W�Nj\*QHkHQHO

ξ
Q
η
~

ξ árâ ãrâ= η
{ G=D&W�NPOH]^J�W�I�FHI�k�J�QÀO=D&W�NPGHOHI�N���|PYHW�QHW.D�\*NPO�J�OHI�]^J.l���]j\=b.ok=D&dHOH_:VuW�Nj\*QHkHQHO

ξ
Q
η
~

ξ
d
= η

{ G=D&W�NPOH]^J�W�IÂFHIäG=D&]PFHGHNjm*Nj\*NPOHQHfå]j\=b�k=D&dHOH_:VæW�Nj\*QHkHQHO
ξ
Q
η
~

Fξ(x)
{ Z�b�OHYH�HQ�K�G=D&]PFHGHNjm*Nj\*NPOHQ�K�]j\=b�k=D&dHOHI�d�W�Nj\*QHkHQHOH_

ξ
~

ξ árâ ãrâ= a
{ ]j\=b�k=D&dHO=D�K�W�Nj\*QHkHQHO=D

ξ
n=W�_-GHILM5m*NPOHO=D�KuW
J�I�kHY�N

a
~

ξ ∼ Pξ

{ ]j\=b�k=D&dHO=D�K�W�Nj\*QHkHQHO=D
ξ
QHRTNPN^J9G=D&]PFHGHNjm*Nj\*NPOHQ=N

Pξ

~
Bi(n, p)

{ v�QHOHI�RTQ=D�\*l�OHI�NEG=D&]PFHGHNjm*Nj\*NPOHQHNS]EF=D&G=D&RTN^J�G=D&RTQ
n
Q
p
~

Pois(λ)
{ F�b.D&]P]PI�OHI�W�]PY�I�NXG=D&]PFHGHNjm*Nj\*NPO=QHNS]�F=D&G=D&RTN^J�GHI�R

λ
~

G(p)
{ UPNPI�RTN^J�GHQHkHNt]PY�I�NSG=D&]PFHGHNjm*Nj\*NPOHQHNS]EF=D&G=D&RTN^J�GHI�R

p
~

IN
{ RTOHI�M
NP]^J�W�IzO=D�J&b�G=D�\*l�OH_:VukHQH]PNj\�~

∫

S g dµ
{ QHO�J�NPUPG=D�\1ÃXNPv�NPUjD§Z�b�OHYH�HQHQ

g
FHI§RTNPGHN

µ
O=D�RTOHILM
Njo]^J�W�N

S
~

∫

S g(s)µ(ds)
{ QHO�J�NPUPG=D�\1ÃXNPv�NPUjD�Z�b�OHYH�HQHQ

g
FHI§RTNPGHN

µ
O=D�RTOHILM5Njo]^J�W�N

S
~

fξ(x)
{ F�\*I&J�OHI�]^J�l9G=D&]PFHGHNjm*Nj\*NtOHQ�K�]j\=b�k=D&dHOHI�d�W�Nj\*QHkHQHOH_

ξ
~

R[a, b]
{ G=D&W�OHI�RTNPGHOHI�N%G=D&]PFHGHNjm*Nj\*NPOHQHNc]-F=D&G=D&RTN^J�G=D&RTQ

a
Q
b
��O=DI&J�GHN^stY�N

[a, b]
�j~

N(a, σ2)
{ OHI�GHRaD�\*l�OHI�NEG=D&]PFHGHNjm*Nj\*NPOHQHNS]EF=D&G=D&RTN^J�G=D&RTQ

a
Q
σ2 ~

N(0, 1)
{ ]^J�D&O�m�D&G�J�O=I�NXOHI�GHRaD�\*l�OHI�NEG=D&]PFHGHNjm*Nj\*NPOHQHN�~

Φ(x)
{ Z�b�OHYH�HQ�K+G=D&]PFHGHNjm*Nj\*NPOHQ�K)]^J�D&O�m�D&G�J�OHI�UtI"OHI�GHRaD�\*l�OHI�UPIsLD&Y�I�O=D�~

ϕ(x)
{ F�\*I&J�OHI�]^J�l;]^J�D&O�m�D&G�J�O=I�UPI;OHI�GHRaD�\*l&OHI�UPI»G=D&]PFHGHNjm*N�\*N^oOHQ�K�~

Φa, σ2(x)
{ Z�b�OHYH�HQ�K¸G=D&]PFHGHNjm*Nj\*NPO=Q�K�OHI�GHRaD�\*l�OHI�UPI sLD&Y�I�O=D ]�F=D�oG=D&RTN^J�G=D&RTQ

a
Q
σ2 ~

ϕa, σ2(x)
{ F�\*I&J�OHI�]^J�lEOHI�GHRaD�\*l�OHI�UPI�G=D&]PFHGHNjm*Nj\*NPOHQ�K5]�F=D&G=D&RTN^J�G=D�oRTQ

a
Q
σ2 ~

exp(λ)
{ FHI�Y�D�sLD�J�Nj\*l�OHI�N)��|PY�]PFHI�OHNPOH�HQ=D�\*l�OHI�NL�XG=D�]PFHGHNjm*Nj\*NtOHQHN"]F=D&G=D&RTN^J�GHI�R

λ
~

K(a, σ)
{ G=D&]PFHGHNjm*Nj\*NPOHQ=NS��I&p�Qu]EF=D&G=D&RTN^J�G=D&RTQ

a
Q
σ
~

Eξ
{ RaD�J�NPRaD�J�QHkHNt]PY�I�NSILM9Q�m�D&OHQHNE]j\=b�k=D&dHOHI&d�W�Nj\*QHkHQHOH_

ξ
~
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∫ b
a f(x) du(x)

{ QHO�J�NPUPG=D�\�ç�J�Q�\=J�l�NP]LD`I&J`Z�b�OHYH�HQHQ
f(x)

FHI`Z�b�OHYH�HQHQ
u(x)

O=D5I�J�GHN^stY�N
[a, b]

~
IRn {

n
o�RTNPGHOHI�NENPW�Y�\*Q�m*I�W�IzFHGHI�]^J�G=D&OH]^J�W�IH~

Dξ
{ m*QH]PFHNPGH]PQ�K�]j\=b�k=D&dHOHI�d�W�Nj\*QHkHQHOH_

ξ
~è ±Lé (ξ, η) { Y�I�W.D&GHQ=D&�HQ�Ky]j\=b�k=D&dHOH_:V�W�Nj\*QHkHQHO
ξ
Q
η
~

ρ(ξ, η)
{ Y�I�|PZEZEQH�HQHNPO�JSY�I�GHGHNj\=KH�HQHQ9]j\=b�k=D&dHOH_:VzW�Nj\*QHkHQHO

ξ
Q
η
~

Eξk
{ RTI�RTNPO�J9FHI&G�K�m*Y�D

k
]j\=b�k=D&dHOHI�d�W�Nj\*QHkHQHOH_

ξ
~

E(ξ − Eξ)k
{ �HNPO�J�G=D�\*l�OH_-d�RTI�RTNPO�JuFHI�G.K�m*Y�D

k
]j\=b�k=D&dHOHI�d W�Nj\*QHkHQ�oOH_

ξ
~

E|ξ|k { D&v�]PI�\*f[J�OH_-d�RTI�RTNPO�J§FHI�G.K�m*Y�D
k
]j\=b�k=D&dHOHI�d�W�Nj\*QHkHQ�oOH_

ξ
~

E|ξ − Eξ|k { �HNPO�J�G=D�\*l�OH_-d;D&v�]PI�\*f[J�OH_�d»RTI�RTNPO�JêFHI�G�K�m*Y�D
k
]j\=b.ok=D&dHOHI�duW�Nj\*QHkHQHOH_

ξ
~

Eξ[k] { ZXD&Y�J�I�GHQ=D�\*l�OH_-d�RTI�RTNPO�JzFHI�G�K�m*Y�D
k
]j\=b�k=D&dHOHI�d�W�Nj\*Q�okHQHOH_

ξ
~

ϕξ(t)
{ V�D&G=D&Y�J�NPGHQH]^J.QHkHNt]PY�D�KëZ�b�OHYH�HQ�Kì]j\=b�k=D&dHOHI�díW�Nj\*QHkHQ�oOH_

ξ
~

ψξ(z)
{ FHGHI�Q�stW�Itm=K�i
D�KuZ�b�OHYH�HQ�Ku]j\=b�k=D&dHOHI�d�W�Nj\*QHkHQHOH_

ξ
~

H ∗G { ]PW�NPG�J�Y�DzZ�b�OHYH�HQHd
H
Q
G
~

F (s)(x)
{ ]PQHRTRTN^J�GHQ�sLD&�HQ�K+Z�b�OHYH�HQHQuG=D&]PFHGHNjm*Nj\*NPO=Q�K

F (x)
~

ξn î�ï ð�ï−→ ξ
{ ]eV.ILm*QHRTI�]^J�ly]j\=b�k=D&dHOH_:VqW�Nj\*QHkHQHO

ξ1, ξ2, . . .
Y)]j\=b�k=D&d�oOHI�d�W�Nj\*QHkHQHOHN

ξ
FHI�k�J�Q�O=D&W�NPGHOHI�N���]:W�NPGHILK�J�OHI�]^J�l�f�Njm*Q�oOHQH�=D.�j~

ξn
P−→ ξ

{ ]eV.ILm*QHRTI�]^J�ly]j\=b�k=D&dHOH_:VqW�Nj\*QHkHQHO
ξ1, ξ2, . . .

Y)]j\=b�k=D&d�oOHI�duW&Nj\*QHkHQHOHN
ξ
FHIzW�NPGHILK�J�OHI�]^J�Q�~

ξn
(r)−→ ξ

{ ]eV.ILm*QHRTI�]^J�ly]j\=b�k=D&dHOH_:VqW�Nj\*QHkHQHO
ξ1, ξ2, . . .

Y)]j\=b�k=D&d�oOHI�duW&Nj\*QHkHQHOHN
ξ
Wz]PGHN�m*OHNPR�FHI�G.K�m*Y�D

r
~

ξn
d−→ ξ

{ ]eV.ILm*QHRTI�]^J�ly]j\=b�k=D&dHOH_:VqW�Nj\*QHkHQHO
ξ1, ξ2, . . .

Y)]j\=b�k=D&d�oOHI�duW&Nj\*QHkHQHOHN
ξ
FHIzG=D&]PFHGHNjm*Nj\*NPOHQHfS~

ξn =⇒ ξ
{ ]j\�D&v.D�K¨]eV.Itm*QHRTI�]^J�l�]j\=b�k=D&dHOH_:V�W�Nj\*QHkHQHO

ξ1, ξ2, . . .
Y]j\=b�k=D&dHOHI�d�W�Nj\*QHkHQHOHN

ξ
~

Fn =⇒ F
{ ]j\�D&v.D�K ]eV�Itm*QHRTI�]^J�l Z�b�OHYH�HQHd G=D&]PFHGHNjm*Nj\*NPO=Q�K

F1, F2, . . .
YuZ�b�OHYH�HQHQ�G=D&]PFHGHNjm*Nj\*NPOHQ�K

F
�
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NP]^J�W�IHn�]PI�]jJ�I�K�i�NPNQ�s:kHN^J�_-GHNjV�W�I&stRTI�M9OH_�VX]PI�v�_�J�QHd�n�FHGHQ�J�I�R-n�k�J�I�RTOHILM
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A
Q
B
WSJ�NPI�GHQHQ'RTOHILM
NP]^J�W�O=D�st_-W.D&N^J�]�KI�v&¹�Njm*QHOHNPOHQHNPR

A
Q
B
��I�v�I&stO=DLkHNPOHQ�K¸FHGHQ¸|^J�I�RÀ]^I�W�F=D�m�D&f[J��j�-¤[m*O=D&Y�IHn�QH]^J�I�oGHQHkHNP]PYHQ�]j\*I�M9Q�\*I�]Pl
J�D&Y�n=k�J�I5J�NPI�GHQ�K�W�NPGHILK�J�OHI�]^J�NPd+QH]PFHI�\*l&sPb�N^J"]PW�I�f1J�NPGHRTQ�oOHI�\*I�UPQHf¿FHGHQuG=D&v�I&J�NX]ERTOHI�M
NP]^J�W.D&RTQ�o�]PI�v�_�J�Q�KHRTQ�n*FHI�|^J�I�R¦byUPG=D&RTI&J�OHNPNSO=D�st_:oW.D�J�l5FHNPGHNPkHQH]�\�NPOHOH_%NEI�FHNPG=D&�HQHQyQHRTNPOHOHI
J�D&Y�nHY�D&Y'I�OHQ'v�_:\*QyI�FHGHNjm*Nj\*NPOH_��*��NPROHNSRTNPOHNPN&n�OHNS]^J�I�Q�J'sLD&v�_-W.D�J�lHn�k�J�I"FHI9]PW�I�NPd+]^b�J�Qq]PI�v�_�J�QHN�NP]^J�l'OHNSk�J�I"QHOHI�N&nY�D&YyRTOHILM5NP]^J�W�IHnHFHI�|^J�I�R¦byFHGHQuG=D&v�I&J�N�]E]PI�v�_�J�Q�KHRTQ�v�_-W.D&N^JzFHI�\*N^stOHI9D&Y�J�QHW�OHIFHI�\*l&stI�W.D�J�l�]rKzFHGHQHNPRaD&RTQ
J�NPI�GHQHQ9RTOHILM
NP]^J�WHn.D�J�D&Y�M5N-GHQH]PI�W.D�J�lEQ�\H\*fc]^J�G=D&�HQHQ�nFHI�RTI�U^D&f%i�QHNEI��HNPOHQ�J�lHnHkHNPR§v&bLm*N^J
KHW�\=K�J�l�]�K"J�I
Q�\*QyQHOHI�N�]PI�v�_�J�QHN&�*CED�GHQH]^b�O�oY�D�V"��� �^o���� @ Q�stI�v�G=D�M
NPOH_1� sLD�pSJ�GHQ�V�I�W.D&OH_[�¦]PI�I&J�W�N^J�]^J.W�NPOHOHIX]^b�RTRaD�n�FHGHI�Q�stW�Njm*NjoOHQHNXQyG=D�stOHI�]^J�l9]PI�v�_�J�QHd
A
Q
B
�

Ω

A B

Ω

A B

Ω

A B

Ïd����»¼±���º}£�¾ £ Ïd���Ç»´±´��º £�¾ ¤ Ïd����»¼±���º £�¾ �
�ÓÒÔ�%¤��EÁ���Ä��¦Ã��aCE������� �&���{a������`
U^!��C�><����;+��)����!$4���B

��^!�"�������"'S�D��� �����!.�"�#
��!$&%�'���%��*)+���*C��-�B��'��!�

Ω
;+��)����!�M���-�*��
�'v�!�����\��IE�!�*^n�0HE�!=E�!'<^

P
�"��=��*^<C><���

∑

ω∈Ω

P(ω) = 1. (1.1)

��
�',�����D��P#�����`
U^v��Ch><�����0HE�!=E�!'<^
P

;+��)��	���r�!�
Ω


��	��A�

��)+�\�
���!'������B
���^!�"���*.������1
R
�ÓÒÔ��¤��EÁ���Ä��¦Ã��aCE������� � [ �v�@�B

�#^!�"�������"IE6:�-� / $0�"'<^

A
�!��;+$��+�	������^~><'���.�
�

P(A) =
∑

ω∈A

P(ω). (1.2)

¾�x��S�a��x�CE���¥��� Ö ��¤�FHGHNjm*Nj\*NPOHQHN+��� ���
KHW�\=KHN^J�]rK�Y�\�D&]P]PQHkHNP]PYHQHR¯mH\=K |j\*NjoRTNPO�J&D&GHOHI�dgJ�NPI�GHQHQ¨W�NPGHILK�J�OHI�]^J�NPd�naNPUPI�RTILM9OHIqO=D&d�J�Q¨W�IqW�]PNjV§b�kHNPv�OHQHY�D�VgFHI|^J�I�dum*QH]P�HQHF�\*QHOHN&����GHQ�|^J�I�R¸QHRTNPOHOHI9I�OHIzW�IzRTOHI�UPI�R¨I�v&b.]j\�D&W�\*QHW.D&N^J9OHNPFHI�OHQ�oRaD&OHQHN5J�I�UPIHn�kHNPR1QHRTNPOHOHIyKHW�\=KHN^J�]�K�W�NPGHILK�J�OHI�]^J�lH�¦¾�D&RTN^J�QHR-n�k�J�IuWuI�FHGHNjm*Nj\*NjoOHQHQ'��� ����W�N^GHI�K�J�OHI�]^J�l�I�FHGHNjm*Nj\=KHN^J.]rK5Y�D&Y
Z�b�OHYH�HQ�K
|j\*NPRTNPO�J�D&GHOHI�UtI�]PI�v�_�J�Q�K�n.DW�I�FHGHNjm*Nj\*NPOHQHQu��� � [ {ÇY�D&Y
Z�b�OHYH�HQ�K5]PI�v�_�J�Q�K�n�J�I�NP]^J�lEOHNPY�I&J�I�GHI�UPIERTOHILM
NP]^J�W.D
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|j\*NPRTNPO�J�D&GHO=_:V9]PI�v�_�J�QHd�����J�IEM
N�KHW�\=KHN^J�]�KzI�v�\�D&]^J�l�f�I�FHGHNjm*Nj\*NPOHQ�K"W�N^GHI�K�J�OHI�o]^J�Q*w5�¯v�_�J&b�RT_�FHGHQHW�_-Y�\*Q D&]P]PI��HQHQHGHI�W.D�J�l'W�NPGHILK�J�OHI�]^J�lyQHRTNPOHOHI"]PI"]j\=b�k=D&d�oOH_-R ]PI�v�_�J�QHNPR-����J�NPI�GHQHQ5W�NPGHI�K�J�OHI�]^J�NPd
m�D&OHOH_-d5FHItmHV�Itm9I�]^J�D&N^J�]rKz]PFHG=D&W�NjmH\*Q�oW�_-R-nLJ�I�NP]^J�l�W�NPGHILK�J�OHI�]^J�l����-�-PD)��:NP]^J�l�Z�b�OHYH�HQ�K�n&I�FHGHNjm*N�\*NPOHO=D�K
O=DcRTOHILM
NP]^J�W�N]j\=b�k=D&dHOH_:V�n�D'OHN5|j\*NPRTNPO�J�D&GHOH_�V�n�]PI�v�_�J�QHd���ÄE\=K)J�I�UPIHn�k�J�I�v�_¥W"m�D�\*l�OHNPd�p�NPROHNcFHGHQ�V.Itm*Q�J�l5Y9F=D&G=D�m*I�Y�]tD�\*l�OH_�R§W�_-W�Itm�D&R-n�Y�D&]tD&f[i�QHRT]rK'I�v�\�D&]^J�Q"I�FHGHNjm*Nj\*NjoOHQ�K§W�NPGHILK�J�OHI�]^J�Q�n¦m*I�UPI�W�I�GHQHRT]�K§I�FHGHNjm*Nj\=K�J�l�|j\*NPRTNPO�J�D&GHOH_%NuW�NPGHILK�J�OHI�]^J�Q¨OHNO=D
|j\*NPRTNPO�J&D�V

Ω
n*D
O=D5Itm*OHI&J�I�kHNPkHOH_:V�FHItm*RTOHILM
NP]^J�W.D�V

Ω
��ç:I�I&J�OHI&p�NPOHQ�K��Ó��� ���Q`�Ó��� [ �:FHG=D�W�Q�\*l�OHNPNEsLD&FHQH]P_-W.D�J�l9W5W�Q�m*N

∑

ω∈Ω

P({ω}) = 1

Q
P(A) =

∑

ω∈A

P({ω})]PI�I&J�W�N^J�]^J.W�NPOHOHIH�
Ω

A B

CÏd���Ç»´±´��º £�¾ �

¾�x��S�a��x�CE���¼��� ����½cM
Nus^m*NP]Pl§]j\*Njm=b�N^J¨I�UPI�oW�I�GHQ�J�l�]rK�n�k�J�I'W�NPGHILK�J�OHI�]^J�l"J�D&Y�M
NSO=D�st_-W.D&f[JQ����.

��^!�"�������"���*1����B
��*1=����s�M9Q�stOHNPOHOHI�dzFHG=D&Y�J�QHYHQzQb�GHI�Y�I�W�ZEQ�stQHYHQ�O=D&R)Q�stW�NP]jJ�O=IHn&k�J�I�RTNPG=D&RTQSJ�D&Y�M5NKHW�\=KHf[J�]rKumH\*QHO=D�n�F�\*I&i
D�m*lHn�I�v&¹�NPR-n=RaD&]P]tD����:NPGHI�oK�J�OHI�]^J�lHn�FHIz]^b�J�Q�n�OHQHkHNPR�OHNEI&JL\*QHk=D&N^J�]rK+I&J9FHNPGHNjokHQH]j\*NPOHOH_:V'Z�b�OHYH�HQHd'RTOHI�M
NP]^J�WHn�NP]j\*Q'OHN�]PkHQ�J�D�J�l]PW�I�dH]^J�W.D����`
E�7'�

���+���!�������"'g� b�]j\*I�W�QHNq�Ó��� �L�r�jn�Y�I�oJ�I�GHI�N�Ur\�D&]PQ�JLn.k�J�I�W�NPGHILK�J�OHI�]^J�l�m*I�]jJ�I�W�NPGHOHI�UPIE]PI�v�_�J�Q�K5W�]PNPUem�D�G=D&W�O�KHN^J�]rK5Njm*Q�oOHQH�HN&�T��I�|^J�I�R¦b`FHGHQ§FHItm*]PkHN^J�NyW�NPGHILK�J�OHI�]^J�Qg]j\*I�M9OHI�UPI)]^I�v�_�J�Q�K�nT]PI�]^J�ILK�i�NPUPIQ�s�]^b�RTR-n�FHGHI�Q�stW�Njm*NPOHQHd'Q"G=D�stOHI�]^J�NPdyv�I�\*NPNcFHGHI�]^J�_:V']PI�v�_�J�QHd�n�v�_-W.D&N^J
FHI�\*N^s^oOHI+I&J�OHI�]PQ�J�l�]�K§Y�W�NPGHILK�J�OHI�]^J�Q§Y�D&Y�n�O=D�FHGHQHRaN^G�n¦Y�F�\*I&i
D�m*Q��¦CED+GHQH]^b�OHY�N)��� £sLD�pSJ�GHQ�V.I�W.D&OHI¸]PI�v�_�J�QHN
D
n-Y�I&J�I�GHI�N ZEI�GHRaD�\*l�OHIgQHRTNPN^Jgm*I�W�I�\*l�OHIg]j\*ILM9OHI�NW�_-G=D�M
NPOHQHN

D = (A ∪B ∪ C)\(A\(B ∪ C))\(B\(A ∪ C))\(C\(A ∪B))\ABC,OHIzQ�sSGHQH]^b�OHY�DzW�Q�m*OHIHn*k�J�I5mH\=KuW�_-kHQH]j\*NPOHQ�K
P(D)

m*I�]^J&D�J�I�kHOHIzstO=D�J�l9W�NPGHILKHJ�oOHI�]^J�Q�]PI�v&_�J�QHd
ABC

n
AB
n
AC

Q
BC
nHFHGHQHkHNPR

P(D) = P(AB) + P(AC) + P(BC) − 3P(ABC). (1.3)Ä�D&OHOH_-dXFHItmHV.ILm�OHN¦m�D&N^J[]^J�GHI�UPI�UPIcRaD�J�NPRaD�J�QHkHNP]PY�I�UPIcGHN^p�NPOHQ�KXsLD�m�DLkHQ�nLILm*O=D&Y�IHnI�OEFHI�\*N^stNPOEJ�NPR-nLk�J�I[FHI&stW�I�\=KHN^J[FHI�O�K�J�lHntk�J�I%J�GHNPv&b�N^J.]�KSO=D�d�J�Q���x�Y�D&YEQ�stW�NP]^J�OHIHnFHI�O�K�J�l5sLD�m�DLk�b9{ästO=D�kHQ�J9O=D
FHI�\*I�W�QHO�b'GHN^p�Q�J�l9NPN&�ça\*Njm=b�f[i
QHNyJ�GHQg]PW�I�dH]^J�W.D+KHW�\=KHf[J�]�K§I�]POHI�W�OH_-RTQg]PW�I�dH]^J�W.D&RTQgW�N^GHI�K�J�OHI�o]^J�Q��
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���

P(∅) = 0
n
P(Ω) = 1

~
[ �

P(A ∪B) = P(A) + P(B) − P(AB)
~

@ �
P(A) = 1 − P(A)

�
¾�x%ÄSxT��xÀ��� £H�=CED&d�J�Q�W�NPGHILK�J�OHI�]^J�l9FHI�KHW�\*NPOHQ�K'V.I&JLK�v�_¯Itm*OHI�UPIzUPNPGHv.D5FHGHQm*W&b�YHG=D�J�OHI�R¸FHItm*v�G=D&]P_-W.D&OHQHQ�RTI�OHN^J�_1W5G=D&RTY�D�V'b�]j\*I�W�Q�KysLD�m�D�kHQ ��� ���
Á���om�aCE���-�*��b.]^J�l

A
{ä]PI�v�_�J�QHN&n*W�NPGHILK�J�OHI�]^J�l9Y�I&J�I�GHI�UPI
J�GHNPv&b.N^J�]�K�O=D&d�oJ�Q��LÄE\=KXJ�I�UPIHn�k�J�I�v�_�W�_-kHQH]j\*Q�J�l

P(A)
OHNPI�vtV�Itm*QHRTI[sLD�m�D�J�l�W�NPGHILK�J�OHI�]^J�Q
O=D%ILmHoOHI&J�I�kHNPkHOH_:V FHItm*RTOHILM
NP]^J�W.D�V

Ω
�Ç¤�FHGHNjm*Nj\*QHR Q�V ]j\*Njm=b�f[i�Q=R I�v�G=D�stI�R-h

P({ UPU }) = 0.1
n

P({ UPG }) = 0.2
n

P({ GHU }) = 0.3
n

P({ GHG }) = 0.4
���¦D&Y�I�FHGHNjom*Nj\*NPOHO=D�K¸Z�b�OHYH�HQ�K

P
bLm*I�W�\*N^J�W�I�G.KHN^J�I�FHGHNjm*Nj\*NPOHQHf ��� ����n¦J�I`NP]^J�l�KHW�\=KHN^J�]rKW�NPGHI�K�J�OHI�]jJ�l�fS��¾�D&RTN^J�QHR-n�k�J�I

A = { UPU , UPG , GHU } �Eça\*Njm*I�W.D�J�Nj\*l�OHIHn P(A) =
0.1 + 0.2 + 0.3 = 0.6

�
�-¤��EÁ�¤Eçc���u_¯stO=D&NPR-n*k�J�I9W�NPGHI�K�J�OHI�]^J�l"FHILKHW�\*NPOHQ�KuUPNPGHv.DzFHGHQ�Itm*OHI�YHG=D�J�oOHI�RÀFHILm*v�G=D&]P_-W.D&OHQHQ�RTI�OHN^J�_ûG=D&W�O�KHN^J�]�K�W�NPGHILK�J�OHI�]^J�QêFHILKHW�\*NPOHQ�K�GHN^p�N^J�YHQ����I�kHNPR¦b'W�]PNEW�NPGHI�K�J�OHI�]^J�Q�W5GHN^p�NPOHQHQ�sLD�m�DLkHQ ��� £5G=D�s^\*QHkHOH_[w
¤��[���T�:�-CED§]tD&RTI�RÀm*Nj\*N&n[W�I�FHGHI�]q]j\*Njm=b.N^J�FHI�]^J�D&W�Q�J�l¨p�QHGHN&h%Y�D&YHQHR}I�v�oG=D�stI�R¯RTILM9OHIyI&FHGHNjm*Nj\*Q�J.l�W�NPGHILK�J�OHI�]^J�Q�]PI�v�_�J�QHd*w5ÄSIyO=D�k=DL\�DG���ÀW�NPY�D'FHGHNjoI�v�\�D�m�D�\qY�\�D&]P]PQHkHNP]PYHQ=dqFHItmHV�Itm Y+I�FHGHNjm*Nj\*NPOHQHfÀW&NPGHI�K�J�OHI�]^J�NPdq]PI�v�_�J�QHd���ç�D&R|^J�I&J¨FHItmHV�Itm1v�_:\¯I�]POHI�W.D&O�O=D�m*W&b.V�FHGHQHOH�HQHF=D�V�h[D&FHGHQHI�GHOHI�R}Q�]^J�D�J�QH]^J.QHk=Njo]PY�I�R-�¦�:I�o�FHNPGHW�_:V�n¦RT_ÀRTILM5NPR�FHI�\*ILM9Q�J�l)W�NPGHILK�J�OHI�]^J�QgOHNP]PY�I�\*l�YHQ�V§]PI�v�_�J�QHdG=D&W�OH_-RTQuRTN^M5m=b']PI�v�I�d�nHNP]j\*Q�OHNE]^b�i�NP]^J.W&b�NPJ"FHI�W�Itm�D
]PkHQ�J�D�J�l9Y�D&Y�I�NjoºJ�Iz]PI�v�_�oJ�QHNSv�I�\*NPN���FHGHNjm*FHI�k�J�Q�J�Nj\*l�OH_%R���n�OHN^M
Nj\*Qym*G�b�UPQHN&�{p�J�I"D&FHGHQHI�GHOH_:V�FHItmHV.Itm����]^J&D�J�QH]^J.QHkHNP]tY�I�R+FHItmHV�Itm*NaFHGHI�W�Itm*Q�J�]�K�m*I�]^J�D�J�I�kHOHIcv�I�\*l&p�I�NTY�I�\*QHkHNP]^J�W�Ic|PY�]PFHNjoGHQHRTNPO�J�I�WHn&Q�W�NPGHILK�J�OHI�]^J�lE]^I�v�_�J�Q�K
FHI�\�D&U^D&f%J�G=D&W�OHI�d�FHGHNjm*Nj\=bSI&J�OHI�]PQ�J�Nj\�l�OHI�dk=D&]^J�I&J�_�FHILKHW�\*NPOHQ�Ku]PI�v�_�J�Q�K���Ç]j\=b�k=D&Nz]5FHG=D&W�Q�\*l�OHI�d Q�m*NtD�\*l�OHI�d�RTI�OHN^J�I�d�RT_¥OHNzRTILM5N^R1D&FHGHQHI�GHQ I&J�om�D�J�l�FHGHNjm*FHI�k�J�NPOHQ=N-OHQ
Itm*OHI�d�Q�s-]^J�I�GHI�O
RTI�OHN^J�_�n�FHI�|^J�I�R¦bE\*I�UPQHkHOHI�FHI�\*ILM9Q�J�lW�NPGHI�K�J�OHI�]jJ�l¯W�_-F=D�m*NPOHQ�K¿UPNPGHv.D�G=D&W�OHI�dÇW�NPGHILK�J�OHI�]^J�Q»W�_-F=D�m*NPOHQ�K¿GHN^p�N^J�YHQ��ÄE\=K'J�I�UPI�n=k�J�I�v�_êFHGHI�W�NPGHQ�J�lzFHG=D&W�Q�\*l�OHI�]^J�l
J�D&YHQ�VyG=D&]P]^b�M5m*NPOHQHdu]^J�D�J�QH]^J.QHk=Njo]PYHQzRTILM9OHI�FHGHI�W�NP]^J�Q9]PNPGHQHf�I�FH_�J�I�WXQ5W�_�KH]POHQ�J�lHn.Y�D&Y5W�Njm*N^JX]PNPvLKzI&J�OHI�]PQ�J�Nj\*l�oO=D�Kzk=D&]^J�I&J�DSFHILKHW�\*NPOHQ�K�n.]PY�D�M
NPR-n.UPNPGHv.D��.�¦D&YzW�IEW&J�I�GHI�d9FHI�\*I�W&QHOHN����W�`� �¦W�NPY�D�Ë��Ãz�¦ :fcZEZEI�O§FHGHI�W�Nj\¨£ � £ � FHItm*v�G=D&]P_-W.D&OHQHdgRTI�OHN^J�_�nTFHGHQg|^J�I�R¿UPNPGHv W�_:oF=D�\ [&� £ Ö G=D�s���I�J�OHI�]PQ�J�N^\*l�O=D�K"k=D&]jJ�I&J&DXG=D&W�O�KHN^J�]�K � �Ô¢ ��Ö �j~�FHI&sPM5N&n�b�M
N%WXY�I�OH�HN�W���ÀW�NPY�D�n��
����QHGH]PI�OqFHGHI�W�N�\ [ £ ����� FHILm*v�G=D&]^_-W.D&OHQHd�n�UPNPGHv'W�_-F=D�\¨� [&� � [ G=D�s��I&J�OHI�]PQ�J�Nj\�l�O=D�Kyk=D&]^J�I&J�D
G=D&W�O�KHN^J�]rK � �Ô¢ ��� ¢��j�.ÄSNPdH]^J�W�Q�J�Nj\*l�OHIHn=Y�D&Y'RT_�W�Q�m*QHR-nk=D&]^J�I&J&DqFHILKHW�\*NPOHQ�K§UPNPGHv.DqFHGHQHv�\*Q�M5D&N^J�]rKgY

1/2
FHGHQ§b�W�Nj\*QHkHNPOHQHQ¨kHQH]j\�D)QH]joFH_�J&D&OHQHd�����RTNPOHOHIy|^J�IyI�v�]^J�ILK�J�Nj\*l�]^J.W�IuFHI�]j\=b�M9Q�\*IyFHI�W&ILm*I�R�Y)I�FHGHNjm*Nj\*NPOHQHf
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W�NPGHILK�J�OHI�]^J�Q']PI�v�_�J�Q�K

A
Y�D&Y9FHGHNjm*Nj\�DSI&J�OHI&p�NPOHQ�K"kHQH]j\�D

nA

FHILKHW�\*NPOHQHd9]PI�v�_:oJ�Q�K
A
W
n
|PY�]PFHNPGHQHRTNPO�J&D�V�QukHQH]j\�D5|PY�]PFHNPGHQHRTNPOHJ�I�WHh
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20
RTQHO�b�J�n:FHI�]j\*NukHNPUPI�b.V.Itm*Q�J�����NPR¦b§G=D&W�O=D W�NPGHI�oK�J�OHI�]^J�l J�I�UPIHnak�J�Iq\*QH�=D

X
Q
Y
W�]^J�GHN^J�K�J�]�K�n�NP]j\*Q¨FHGHQ�V.Itm�Y�D�M5m*I�UPIqQ�s�OHQ�VW"J�NPkHNPOHQHN5b�Y�D�sLD&OHOHI�UPIyk=D&]tD"RTILM
N^J'FHGHI�Q�stI�d�J�Q O=DtbLm�DLk�b+QqRTI�RTNPO�J�_¿FHGHQ�V.ILm�DOHN^sLD&W�QH]PQHRT_ � J�I`NP]^J�l`RTI�RTNPO�J�FHGHQ�V.Itm�D�Itm*OHI�UPI \*QH�=D OHN�W�\*Q�KHN^J`O=D RTI�RTNPO�JFHGHQ�V�Itm�D�m*G�b�UPI�UPI��j�

x

y

1
3

1

1
3

1

0

G

g

Ïd����»¼±���º:¤´¾ �

Á���om�aCE���-�c�û|^J�I�d¯sLD�m�DLkHQ¯RT_ÑQHRTNPNPRäm*Njo\*I)]z��m*W&b�RTNPGHOHI�d�]j\=b�k=D&dHOHI�]^J�l�f%��n¦FHI�|^J�I�R¦b`QHRTNjoN^J
]PRT_-]j\uG=D&]P]PRTI&J�GHN^J.lSm*W&b�RTNPGHOHI�N�FHGHI�]^J�G=D&OH]^J.W�I|j\*NPRTNPO�J&D&GHOH_:V9]PI�v�_�J�QHd
G
��¤�v�I&stO=DLkHQHR RTI�RTNPO�J�_FHGHQ�V�Itm�D�\*QH�

X
Q
Y
kHNPGHN^s

x
Q
y
]PI�I&J�W�N^J�]^J.W�NPOHO=I����I�Urm�D¨O=D�Y�I�I�G�m*QHO=D�J�OHI�d¿F�\*I�]PY�I�]^J�Q¿]�O=D�k=DL\*I�RY�I�I�G�m*QHO=D�J§W�J�I�kHY�N��

12
k=D&]PI�W���Q�Njm*QHOHQH�HNPd�Q�s^oRTNPGHNPOHQ�KuW

1
k=D&]EI�v�\�D&]^J�l

G
FHGHNjm*]^J�D&W�QHRaD5W5W�Q�m*NYHW.D�m*G=D�J&D

G = {(x, y)|x, y ∈ [0, 1]} �tÄSW.D�\*QH�=D[W�]^J�GHN^J�K�J�]�K�J�I�Uem�DcQXJ�I�\*l�Y�I[J�I�o
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Uem�D�n�Y�I&Urm�DXRTI�RTNPO�J�_�Q�VzFHGHQ�V�Itm*I�WXbLm*I�W�\*N^J�W�I�G.KHf[J
OHNPG=D&W�NPOH]^J�W&b |x− y| ≤ 1/3

n
x, y ∈ [0, 1]

��¤�v�\�D&]^J�l
g
|j\*NPRTNPO�J&D&GHOH_:VSQH]rV.Itm*I�WHnLv�\�D&UPI�FHGHQ�K�J�]^J�W&b�f[i�Q�VXW�]^J�GHNjokHN&n�W�_:m*Nj\*NPO=DuO=DyGHQH]^b�OHY�N [ � £H����]PY�I�RaD�K W�NPGHILK�J�OHI�]^J�luKHW�\=KHN^J�]rK�I&J�OHI&p�NPOHQHNPRF�\*I&i
D�m*NPd�I�v�\�D&]^J�NPd

g
Q
G
�*¤cJ�W�N^JHh

5/9
�¾�x%ÄSxa��x [ � @ ��QHUe\�Dy :fcZEZEI�O=D.�j���c\*I�]PY�I�]^J�lyG=D�stUPG=D&Z�\*NPO=D'F=D&G=D�\H\*Nj\*l�OH_:oRTQqFHG�KHRT_-RTQ�n�I&J�]^J�ILK�i�QHRTQqm*G�b�UzI&J"m*G�b�U^DyO=D'G=D&]P]^J�ILKHOHQHN

2a
��CED'F�\*I�]PY�I�]^J�lO=DtbLm�DLk�buv�GHI�]tD&N^J�]�K+QHUr\�D5mH\*QHOH_

2l < 2a
��CED&d�J�Q+W�NPGHI�K�J�OHI�]^J�l"J�I�UPIHn�k�J�I"QHUe\�DFHNPGHNP]PNPkHN^J"Y�D&Y�b�f%o�OHQHv&btm*l9FHG.KHR¦b�fS�Á���om�aCE���-��¤�kHNPW�Q�m*OHIHn�k�J�I'FHI�\*ILM5NPOHQHNSQHUe\*_ÇItm*OHI&stO=D�kHOHIq��]XJ�I�kHOHI�]^J�l�fm*IyF=D&G=D�\H\*Nj\*l�OHI�UPIuFHNPGHNPOHI�]tD.��I�FHGHNjm*Nj\=KHN^J�]�K�G=D&]P]^J�ILKHOHQHNPR

x
I&J��HNPO�J�G=DuQHUe\*_m*Iuv�\*Q�M5D&d�p�NPd�Q�szFHG�KHRT_:V Qqb�Ue\*I�R

ϕ
RTN^M5m=bqO=D&FHG=D&W�\*NPOHQHNPR�QHUe\*_»Q�Itm*OHI�dQ�sSFHG.KHRT_:V`��]PR-�*GHQH]&� [ �Ô¢��j�=��D&YHQHR¨I�v�G=D�stI�R-n=FHGHI�]^J�G=D&OH]^J.W�I9|j\*NPRTNPO�J&D&GHOH_:V+QH]joV.Itm*I�W

G
FHGHNjm*]^J�D&W�\=KHN^J"]PI�v�I�duFHG.KHRTI&b�UPI�\*l�OHQHY {(x, ϕ)|x ∈ [0, a], ϕ ∈ [0, π]} �¾�D&RTN^J�QHR-n=k�J�IzFHNPGHNP]PNPkHNPOHQ=NXQHUr\*_¯]EFHG.KHRTI�dyW�I&stRTI�M9OHI�J�I�Uem�D5QyJ�I�\*l�Y�I5J�I�Uem�D�nY�I�Uem�DEW�_-FHI�\*O�KHN^J�]rK9OHNPG=D&W�NPOH]^J�W�I

x ≤ l sinϕ
�.CED�GHQH]^b�OHY�N [ � ��Q�stI�v�G=D�M
NPOH_¨I�v�o\�D&]^J�l

G
QuI�v�\�D&]^J�l9v�\�D&UPI�FHGHQ�K�J�]^J�W&b�f[i
Q�V+FHNPGHNP]PNPkHNPO=QHf¥QH]rV.Itm*I�W

g
����]PY�I�RaD�KW�NPGHILK�J�OHI�]^J�l

p
O=D�V.Itm*Q�J�]rK�FHIzZEI�GHR¦bt\*N

p =
mes g

mesG
=

1

aπ

π
∫

0

l sinϕdϕ =
2l

aπ
.

2a

2l

ϕ
x

x ≤ l sinϕ
g

ϕ

x

π

a
G

0Ïd����»¼±���º:¤´¾ ² Ïd����»¼±���º:¤´¾ ¦
¾�x%ÄSxa��x [ � £H��CEDcF�\*I�]PY�I�]^J�lHn&G=D�stUPG=D&Z�\*NPOHO�b�f�F=D&G=D�\H\*Nj\*l�OH_-RTQ5FHG.KHRT_-RTQ�nI&J�]^J�ILK�i�QHRTQ`m*G�b�U"I&J�m*G�b�UjD+O=D�G=D&]P]^J�ILKHOHQHN

2a
n�O=DtbLm�DLk�b�v�GHI&p�NPO�W�_-F�b�Y�\*_-dY�I�O�J&b�G�nHm*Q=D&RTN^J�G`��RaD&Y�]PQHRaD�\*l�OHI&NEG=D&]P]^J�ILKHOHQHNXRTN^M5m=bzm*W&b�R¦KyJ�I�kHY�D&RTQuY�I�O�J&b.oG=D.�TY�I&J�I�GHI�UPISRTNPOHl&p�N

2a
n�DXFHNPGHQHRTN^J�G'G=D&W�NPO

S
��C�D&d�J�Q"W�NPGHILK�J�OHI�]^J�l�J�I�UPIHn�k�J�IY�I�O�J&b�G�FHNPGHNP]PNPkHNPJ"Itm*O�b'Q�sXF=D&G=D�\H\*Nj\*l�OH_:VuFHG�KHRT_:V��Á���om�aCE���-�� �btm*NPR;]PkHQ�J&D�J.lHn�k�J�I`Y�I�O�J&b�G¸v�GHI�]tD&N^J�]rK¸O=D F�\*I�]PY�I�]^J�l�]j\*Njom=b�f[i�QHR�I�v�G=D�stI�R-���}Y�I�O�J&b�G�b M
NP]^J�Y�I+FHGHQHW&K�st_-W.D&N^J�]rK�I&J�GHN^stI�Y`Q�v�GHI&]tD&N^J�]�KO=D�F�\*I�]PY�I�]^J�l5Y�D&Y'QHUe\�D
 :fcZEZEI�O=Dy��]PR-��sLD�m�DLk�b [ � @ �j�=ç:O=DLk=D�\�D�GHN^p�QHR¨FHI�]^J�D&W�o\*NPOHO�b�fÂsLD�m�DLk�b mH\=K`W�_-F�b�Y�\*I�UPI

n
oºb�UPI�\*l�OHQHY�D

W
]"W�NPG�p�QHO=D&RTQ

W1, . . . , WnQ)]^J�I�GHI�O=D&RTQ
w1, . . . , wn

n*mH\*QHOH_¿Y�I&J�I�GH_:V)G=D&W�OH_
2l1, . . . , 2ln

]PI�I&J�W�N^J�]^J.W�NPO�oOHIH��¤�v�I&stO=D�kHQHR1]PI�v�_�J�QHN&n¦W&NPGHI�K�J�OHI�]^J�l)Y�I&J�I�GHI�UPI�J�GHNPv&b�N^J.]�K�O=D&d�J�Q�n�kHNPGHN^s
A
�



b!cWd�e(fhg�i ¢ [&@
��NPGHNP]PNPkHNPOHQ=N

W
]SFHG.KHRTI�d�W�I&stRTILM9OHIzItm*OHQHR�QuJ�I�\*l�Y�I9ILm*OHQHR¸Q�sS]j\*Njm=b�f[i
Q�V]PFHI�]PI�v�I�WH�=��I&kHYHQuFHNPGHNP]PNPkHNPOHQ�K

���9KHW�\=KHf[J�]rK�m*W&b�R¦KEW�NPG�p�QHO=D&RTQ�nLFHGHQHO=D�mH\*N^M5D�i�QHRTQXG=D�s^\*QHkHOH_-R�]^J�I�GHI�O=D&R-~
[ �9KHW�\=KHf[J�]rK9m*W&b�R¦K9W�NPG�p�QHO=D&RTQ�n�FHGHQHO=D�mH\*N^M5D�i�QHRTQ'Itm*OHI�d9Q�s�]^J�I�GHI�O�n�{;W|^J�I�R¸]j\=b�k=D&NEILm*O=D
Q�sX]^J�I�GHI�O

W
�HNj\*QHY�I�R§\*N^M9Q�J9O=D
FHG.KHRTI�d�~

@ �"]PI�W�F=D�m�D&f[JzQyKHW�\=KHf[J�]rK�Itm*OHI�dyQ�sXW�NPG�p�QHO
W
~

£��z\*N^M5D�J�O=DyG=D�s^\*QHkHOH_:V`]^J�I�GHI�O=D�V�n�FHGHQHkHNPR¯\*Q�p�l�Itm*O=D'KHW�\=KHN^J�]�K�W�NPG�p�Q�oOHI�d�~
¢��z\*N^M5D�J�O=D[G=D�s^\*QHkHOH_:V
]^J�I�GHI�O=D�V�QSKHW�\=KHf[J�]rK
W�O�b�J�GHNPOHOHQHRTQ
J�I�kHY�D&RTQ
]^J�I�oGHI�O��

¤�v�I&stO=DLkHQHR�FHNPGHNPkHQH]j\*NPO=OH_-N�]PI�v�_�J�Q�K"kHNPGHN^s
Ai

n
i = 1, . . . , 5

n�]PI�I&J�W�N^J�]^J.W�NPOHOHIH�¾�D&RTN^J�QHR-n�k�J�IHn�FHI�]PY�I�\*l�Y�b�]PI�v�_�J�Q�K
Ai

KHW�\=KHf[J�]rK)OHN^]PI�W�RTNP]^J�O=_-RTQqQ+W"]^b�RTRTNm�D&f[J
A
n�]PFHG=D&W�NjmH\*QHW.D�ZEI�GHR¦bL\�D

P(A) =
∑5

i=1 P(Ai)
�=¾�D&RTN^J�QHR�J&D&Y�M
N&n�k�J�I5]PI�ov�_�J�Q�K

A1

n
A3

Q
A4

]PI�I&J�W�N^J�]^J.W&b�f[JyFHNPGHNP]PNPkHNtOHQHf»FHG.KHRTI�d�]SQHUe\*I�d) :fcZEZEI�O=D
wj

WEJ�I�kHY�N
Wk

�ÕmH\=K9OHNPY�I&J�I�GH_:V
j
Q
k
�jn.KHW�\=KHf[i�NPdH]rK"Y�I�OH�HI�R`QHUr\*_����¦D&Y�I�N%FHNjoGHNP]PNPkHNPOHQHN:W�I&stRTILM9OHI%W-J�NPGHRTQHO=D�VEsLD�m�DLkHQ [ � @ \*Q�p�l[W%]j\=b�k=D&N&n�Y�I�Urm�D

x = lj sinϕ��]PR-��GHQH]&� [ �Ô¢)Q [ � �.�jnaOHI J�D&YHQHNuJ�I�kHYHQ
(x, ϕ)

\*N^M5D�J�O=D�YHGHQHW&I�d�n�I&J�OHI&p�NPOHQHNF�\*I&i
D�m*Q Y�I&J�I�GHI�d YqF�\*I&i
D�m*Q I�v�\�D&]^J�Q
G
G=D&W�O�KHN^J�]rK O�bL\*fS��ça\*Njm*I�W.D�J�Nj\*l�OHIHnW�NPGHI�K�J�OHI�]jJ�Q+]PI�v�_�J�QHd

A1

n
A3

Q
A4

G=D&W�O�KHf[J�]rK�O�bt\*fS�*xcO=D�\*I�UPQHkHOHIzFHI�\=b�k=D&NPR
P(A2) = 0

n�FHI�]PY�I�\*l�Y�b)]PI�v�_�J�QHf
A2
v�\�D&UPI�FHGHQ�K�J�]^J�W&b�f[Ju\*Q�p�lyJ�D&YHQHN5QH]eV�Itm*_

(x, ϕ)
n�mH\=KuY�I&J�I�GH_:V

x = 0
�CED&d�m*NPR¨W�NPGHILK�J�OHI�]^J�l9]PI�v�_�J�Q�K

A5

��¤�v�I&stO=DLkHQHR¨kHNPGHN^s
Aij

n
i, j = 1, . . . , n

n]PI�v�_�J�Q�K�n�sLD&Y�\*fck=D&f[i�Q�V.]�K W"J�I�R-n�k�J�IyFHNPGHNP]PNPkHNPOHQHNzFHGHI�Q�stI&pX\*IuFHI'W�O�b�J�GHNPO�oOHQHR¸J�I�kHY�D&R�]^J�I�GHI�O
wi

Q
wj

]PI�I&J�W�N^J�]^J.W�NPOHOHIH���ED&Y�RT_1W�_�KH]POHQ�\*Q�n
P(Aii) = 0mH\=KuW�]PNjV

i
�=��RTNPNPR
A5 = (A12 + . . .+ A1n) + (A23 + . . .+ A2n) + . . .+ An−1,n. (2.2)

��I�]PY�I�\*l�Y�b¨W�]PN�]PI�v�_�J�Q�K�n:]^J�I�K�i�QHN+W`FHG=D&W�I�d¸k=D&]^J�Q¿� [ � [ �jnaKHW�\=KHf[J�]rK�OHN^]PI�W�oRTNP]^J�OH_-RTQ�n*FHI�\=b�k=D&NPR
P(A5) = (P(A12)+ . . .+P(A1n))+ (P(A23)+ . . .+P(A2n))+ . . .+P(An−1,n) =

=
1

2
[(P(A11) + . . .+ P(A1n)) + . . .+ (P(An1) + . . .+ P(Ann))] .C�I�Y�D�M5m�D�K�]^b�RTRaD�W�Q�m�D

P(Ai1) + . . . + P(Ain)
NP]^J�l+OHN9k�J�I+QHOHI�N&n�Y�D&Y`W�NPGHI�oK�J�OHI�]^J�l9FHNPGHNP]PNPkHNPO=Q�K�]^J�I�GHI�OH_

wi

]EFHG.KHRTI�d��*�¸sLD�m�D�kHN [ � @ RT_¯FHI�Y�D�sLD�\*Q�n=k�J�I



[ £ sW¢ t!£ «PÚ�¤:«9z x ®�ß�«PÙ�ÛH®�«�ª�« x Ú�y¥zt­�Ú�Ù9zt®
|^J�DzW�NPGHILK�J�OHI�]^J�l9G=D&W�O�KHN^J�]rK

2li/(aπ)
�=�¦D&YHQHRgI�v�G=D�stI�R-n

P(A) = P(A5) =
1

2

n
∑

i=1

2li
aπ

=
S

2aπ
.

�ED&YqRT_¥W�Q�m*QHR-n�W�NPGHILK�J�OHI�]^J�l
P(A)

OHN
sLD&W�QH]PQ�J�I&JyY�I�\*QHkHNP]^J�W.Dy]^J�I�GHI�O
n
ob�UPI�\*l�OHQHY�D��.��I�]PY�I�\*l�Y�bX\*fcv�I�d
W�_-F�b�Y�\*_-dzY�I�O�J&b�GzRTILM9OHI�]PY�I�\*l�b�UPILm*OHI�J�I�kHOHIFHGHQHv�\*Q�stQ�J�l+OHNPY�I&J�I�GH_-RÇW�_-F�b�Y�\*_-R

n
oºb�UPI�\*l�OHQHY�I�R-n�QH]PY�I�RaD�K�WysLD�m�DLkHNzW�NPGHI�oK�J�OHI�]^J�l9v&btm*N^J9OHNPI&JL\*QHkHQHRTI9v�\*Q�stY�D5kHQH]j\=b

P(A)
�*¤cJ�W�N^JHh

S/(2aπ)
�

�M�5�~���_�7��� � �������7�7�
¾�x%ÄSxa��x [ �Ô¢�����I�Y�D�sLD�J�lHn�k�J�I"W9b�]j\*I�W�Q�K�V�sLD�m�DLkHQ [ � �SI&J�W�N^J�I�R�RTI�M
N^J9KHW�o\=K�J�l�]rK'\*fcv�I�NEkHQH]j\*IzQ�sXI&J�GHN^stY�D

[0, 1]
�¾�x%ÄSxa��x [ � ����ÄSW�N-J�I�kHYHQzW�_-v�QHG=D&f[J�]�KzO=DLbtm�D�k�b
Q�s[I&J�GHN^stY�D

[−1, 1]
����b�]^J�l

p
Q
q
{ Y�I�I�G.m*QHO=D�J�_Ç|^J�Q�V�J�I�kHNPY���CED&d�J�Q)W�NPGHILK�J�OHI�]^J�l"J�I�UPIHn�k�J�I"YHW.D�m*G=D�J�OHI�Nb�G=D&W�OHNPOHQHN

x2 + px+ q = 0
v&bLm*N^J9QHRTN^J�lzW�N^i�NP]^J.W�NPOHOH_%NXY�I�GHOHQ��¾�x%ÄSxa��x [ �Ô����CED9I&J�GHN^stI�YqO=DtbLm�DLk�b+Itm*O�busLD5m*G�b�UPI�dqv�GHI�]tD&f[J"J�GHQ)J�I�kHYHQ���ED&Y�I�W.D�W�NPGHILK�J�OHI�]^J�lEJ�I�UPIHn.k�J�I�J�GHN^J�l&KzFHIE]PkHN^J&b�J�I�kHY�D�FHI�F=D�m*N^JXRTN^M5m=bXm*W&b�R¦KFHNPGHW�_-RTQ*w¾�x%ÄSxa��x [ � Ö �=�¸YHG�b�UEW�FHQH]tD&OyYHW.D�m*G=D�J��H��I�kHY�D�O=Dtbtm�D�k�b"v�GHI�]tD&N^J�]rKuW5YHG�b�U��CED&d�J�QuW�NPGHILK�J�OHI�]^J�lzJ�I�UPIHn*k�J�IzI�O=D
FHI�F=D�m*N^J9W5YHW.D�m*G=D�J��¾�x%ÄSxa��x [ � �����ED&Y�I�W.DyW�NPGHILK�J�OHI�]^J�l+J�I&UPIHn�k�J�I�]^b�RTRaDym*W&b.V�O=Dtbtm�D�k�bqW&sPK�oJ�_:V�FHI�\*I�M9Q�J�Nj\*l�OH_:V�kHQH]PNj\�n-Y�D�M5m*I�N+Q�sqY�I&J�I�GH_:V�OHN)v�I�\*l&p�NqNjm*QHOHQH�H_�n-OHNFHGHNPW&stI�d�m*N^J9Njm*QHOHQH�H_�n�D
Q�VyFHGHI�Q�stW�Njm*NPOHQHNSv&btm*N^J9OHNEv�I�\*l&p�N

2/9
w¾�x%ÄSxa��x [ � � � ��CED5I�YHG�b�M9OHI�]^J�Q+O=DtbLm�DLk�buW�_-v�G=D&OH_¯J�GHQ�J�I�kHYHQ

A
n
B
Q
C
�CED&d�J�QuW�NPGHILK�J�OHI�]^J�lzJ�I�UPIHn*k�J�I5J�GHN^b�UPI�\*l�OHQHY

ABC
v&bLm*N^J9I�]^J�GHI&b�UPI�\*l�OH_-R-�

¾�x%ÄSxa��x [ � � @ ��CED"I&J�GHN^stI�Y
[0, 1]

O=DtbLm�DLk�b)v�GHI&p�NPO=D'J�I�kHY�D�����I&kHY�Dzm*Nj\*Q�JI&J�GHN^stI�YuO=DXm*W�N�k=D&]^J�Q��*��b�]^J�l
ξ
{;mH\*QHO=D
v�I�\*l&p�NPdyk=D&]^J�Q�n*D

η
{;mH\*QHO=D
RTNPOHl�op�NPduk=D&]^J�Q���CED&d�J�Q

P(ξ < x)
Q

P(η < x)
FHGHQ'\*fcv�I�R

x
�¾�x%ÄSxa��x [ � �t£H���§Njm*QHOHQHkHOH_-d'YHW.D�m*G=D�JSO=DtbLm�DLk�b5v�GHI&p�NPO=DEJ�I�kHY�D

A
��CED&d�J�QW�NPGHILK�J�OHI�]^J�l'J�I�UPIHn�k�J�I'G=D&]P]^J�I�KHOHQHN
I&J"J�I�kHYHQ

A
m*I"ZEQHY�]PQHGHI�W.D&OHOHI�d)]^J�I�GHI�OH_YHW.D�m*G=D�J�D5v&bLm*N^J9RTNPOHl&p�N

x
�ÕmH\=K'\*fcv�I�UPI

x
�j�¾�x%ÄSxa��x [ � ��¢����1Njm*QHOHQHkHOH_-d YHW.D�m*G=D�JyO=DtbLm�DLk�b+v�GHI&p�NPO=D"J�I�kHY�D

A
��CED�d�oJ�Q`W�NPGHILK�J�OHI�]^J�l+J�I�UPIHn�k�J�I+G=D&]P]^J�ILKHOHQHN"I&J�J�I�kHYHQ

A
m*I�v�\*Q�MzD&d�p�NPd�]^J�I�GHI�OH_YHW.D�m*G=D�J�D5v&bLm*N^J9RTNPOHl&p�N

x
�ÕmH\=K'\*fcv�I�UPI

x
�j�¾�x%ÄSxa��x [ � �L�����§Njm*QHOHQHkHOH_-d'YHW.D�m*G=D�JSO=DtbLm�DLk�b5v�GHI&p�NPO=DEJ�I�kHY�D

A
��CED&d�J�QW�NPGHILK�J�OHI�]^J�l�J�I�UPIHnTk�J�I�G=D&]P]^J�ILKHOHQHN�I&J J�I�kHYHQ

A
m*I �HNPO�J�G=D YHW.D�m*G=D�J�D v&btm*N^JRTNPOHl&p�N

x
�ÕmH\=K"\*fcv�I�UPI

x
�j�



b!cWd�e(fhg�i ¢ [ ¢
¾�x%ÄSxT��x [ � �������gNjm*QHOHQHkHOH_-d"YHW.D�m*G=D�JSO=DtbLm�DLk�bzv�GHI&p�NPO=DEJ�I�kHY�D

A
��CED&d�J�QW�NPGHI�K�J�OHI�]jJ�lzJ�I�UPIHnHk�J�I5G=D&]P]^J�ILKHOHQHNXI&J
J�I�kHYHQ

A
m*I
ZEQHY�]PQHGHI�W.D&OHOHI&duW�NPG�p�QHOH_YHW.D�m*G=D�J&D
v&bLm*N^J9RTNPOHl&p�N

x
�ÕmH\=K"\*fcv�I�UPI

x
�j�¾�x%ÄSxT��x [ � � Ö �a�äFHG.KHRTI&b�UPI�\*l�OHQHY¸]PI�]^J�I�GHI�O=D&RTQgmH\*QHOH_

1
Q

2
O=DtbLm�DLk�bv�GHI&p�NPO=D5J�I�kHY�D

A
�*CED&d�J�Q�W�NPGHI�K�J�OHI�]^J�l9J�I�UPIHn*k�J�I9G=D&]P]^J�ILKHOHQHNSI&JzJ�I�kHYHQ

A
m*Iv�\*Q�MzD&d�p�N^d�]^J�I�GHI&OH_�FHG.KHRTI&b�UPI�\*l�OHQHY�D5v&bLm*N^J9RTNPOHl&p�N

x
�ÕmH\=K"\*fcv�I�UPI

x
�j�¾�x%ÄSxT��x [ � �L���a�äFHG.KHRTI&b�UPI�\*l�OHQHY¸]PI�]^J�I�GHI�O=D&RTQgmH\*QHOH_

1
Q

2
O=DtbLm�DLk�bv�GHI&p�NPO=D5J�I�kHY�D

A
�*CED&d�J�Q�W�NPGHI�K�J�OHI�]^J�l9J�I�UPIHn*k�J�I9G=D&]P]^J�ILKHOHQHNSI&JzJ�I�kHYHQ

A
m*I\*fcv�I�du]^J�I�GHI�OH_1FHG.KHRTI&b�UPI�\*l�OHQHY�Dzv&btm*N^J9RTNPOHl&p�N

x
�ÕmH\=K'\*fcv�I�UPI

x
�j�¾�x%ÄSxT��x [ � [&� �a�äFHG.KHRTI&b�UPI�\*l�OHQHY¸]PI�]^J�I�GHI�O=D&RTQgmH\*QHOH_

1
Q

2
O=DtbLm�DLk�bv�GHI&p�NPO=D5J�I�kHY�D

A
�*CED&d�J�Q�W�NPGHI�K�J�OHI�]^J�l9J�I�UPIHn*k�J�I9G=D&]P]^J�ILKHOHQHNSI&JzJ�I�kHYHQ

A
m*Im*Q=D&UPI�O=D�\*NPd�FHG.KHRTI&b�UPI�\*l�OHQHY�Dzv&btm*N^J9RTNPOHl&p�N

x
�ÕmH\=K'\*f[v�I�UPI

x
�j�
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ø ùûúýüËþ¿ÿ�� ­
Á�D&]P]PRTI&J�GHQHR;m*W&b�YHG=D�J�OHI�N)FHItm*v�G=D&]P_-W.D&OHQHN+FHG=D&W�Q�\*l�OHI�d�Q�m*NPD�\*l�OHI�d�RTI�OHNjoJ�_��*�%GHNPv&b�N^J�]rK�O=D&d�J�Q�W�NPGHILK�J�OHI�]^J�lzJ�I�UPIHn*k�J�I
m*W.D
G=D�sLD5FHItm*G.K�m+W�_-F=D�m*N^J9UPNPGHvFHGHQ5b�]j\*I�W�QHQ�n�k�J�IXQ�stW�NP]^J�OHIHn�k�J�IXUPNPGHvXW�_-F=D�m*N^JEV�I&JLKzv�_¨ILm*QHOzG=D�s���¤�v�I�stO=D�kHQHR

A = { UPNPGHvyW�_-F=D�m*NjJ'm*W.D"G=D�sLD'FHItm*G.K�m } Q B = { UPNPGHvyW�_-F=D�m*N^J'V.I&JLKqv�_¿Itm*QHOG=D�s } �tÄE\=KSO=D�V.I�M5m*NPOHQ�KSW�NPGHILK�J�OHI�]^J�Q
]PI�v�_�J�Q�K A n�]PI�Ue\�D&]POHI�I�FHGHNjm*Nj\*NPOHQHf1��� � [ nJ�GHNPv&b�N^J.]rK+O=D&d�J�Q�I&J�OHI&p�NPOHQHNSY�I�\*QHkHNP]^J�W.D9QH]eV.Itm*I�WHn*v�\�D&UPI�FHGHQ�K�J�]^J�W&b�f[i
Q�V�]PI�ov�_�J�QHf
A
n%QêI�v&i�NPUPI¨kHQH]j\�Dg|j\*N^RaN^O�J&D&GHOH_�V¯]PI�v�_�J�QHd��-ÄSI�FHI�\*OHQ�J�Nj\*l�O=D�K¯QHO�oZEI�GHRaD&�HQ�K�n�FHGHNjm*I�]^J�D&W�\=KHNPRaD�K5]PI�v�_�J�QHNPR

B
n�W�Njm*N^JEYS��]^b�M
NPOHQHf%��FHGHI�]^J�G=D&OH]^J�W.D|j\*NPRTNPO�J�D&GHO=_:V'QH]eV.ILm*I�WHn�J�I�NP]jJ�l
O=D&R�J�NPFHNPGHl
J�GHN^v&b.N^J�]�K'O=D&d�J�Q'W�NPGHILK�J�OHI�]^J�l

p
nW�_-v�QHG=D�K§Q�syQH]rV.Itm*I�WHnTv�\�D&UPI�FHGHQ�K�J�]^J�W&b�f[i
Q�V

B
nTQH]eV.Itm*_�nav�\�D&UPI�FHGHQ�K�J�]^J�W&b�f%oi�QHN

A
�=�¦D&YHQHRgI�v�G=D�stI�R-n

p = 1/3
��¾�D&RTN^J�QHR-n=k�J�I

p =
1

3
=

P(AB)

P(B)
,

FHI�]PY�I�\*l�Y�by]^I�v�_�J�QHN
A
�HNj\*QHY�I�R¸]PItm*NPG.M9Q�J�]�KuWz]PI�v�_�J�QHQ

B
�Á�D&]P]PRTI&J�GHQHR`v�I�\*NPN%I�v&i�QHdz]j\=b�k=D&d�����GHNjm*FHI�\*ILM9QHR-n�k�J�IXFHGHI�]^J�G=D&OH]^J.W�IS|j\*NjoRTNPO�J�D&GHOH_:V`QH]eV.Itm*I�W�W�Y�\*fck=D&N^J

n
|j\*NPRTNPO�J.I�WH����b.]jJ�l+]PI�v�_�J�QHN

A
W�Y�\*fck=D&N^J

k|j\*NPRTNPO�J�I�WHn�]PI�v�_�J�QHN
B
{
l
|j\*NPRTNPO�J�I�WHn�]PI�v�_�J�QHN

AB
{
m
|j\*NPRTNPO�J�I�WH�H��stW�NP]^J�oOHIHn.k�J�ISFHGHI�Q�stI�d�m*N^J�]PI�v�_�J�QHN

B
n.J�ISNP]^J�lSFHGHI�Q�stI�d�m*N^J�ILm*OHIXQ�s

l
|j\*NPRTNPO�J&D&GHOH_:V]PI�v�_�J�QHd����%GHNPv&b�N^J�]�K)O=D&d�J�Qg��W9G=D&RTY�D�V+Y�\�D&]^]PQHkHNP]PY�I�UPI'G=D&]PFHGHNjm*Nj\*NtOHQ�K*�[W�NPGHI�oK�J�OHI�]^J�l"J�I�UPIHn�k�J�I"FHGHI�Q�stI�d�m*N^J']PI�v�_�J�QHN

A
����s

l
|j\*NPRTNPO�J&D&GHOH_:V)QH]eV�Itm*I�W"O=D&Rv&btm=b�J�v�\�D&UPI�FHGHQ�K�J�]^J�W�I�W.D�J�lE\*Q�p�l

m
QH]eV�Itm*I�W"��]PI�v�_�J�QHN

AB
�j�.�¦D&YHQHR I�v�G=D�stI�R-nQH]PY�I�RaD�KuW�NPGHILK�J�OHI�]^J�l

p
G=D&W�O�KHN^J�]�K

m/l
��¾�D&RTN^J�QHR-n=k�J�I

p =
m

l
=
m/n

l/n
=

P(AB)

P(B)
.

[ �



b!cWd�e(fhg�iK® [ �
�:_�p�NPI�FHQH]tD&OHOH_-NSFHGHQHRTNPGH_1I�v�I�]POHI�W�_-W.D&f[Jz]j\*Njm=b�f[i�NPNSI�FHGHNjm*Nj\*NPOHQHN&�¤��EÁ���Ä��¦Ã��aC���� @ � �����VH����"I

A
'
B

2¯����=��*���`
�$��M��� / $0�"'<^UC�A�
�'!>U� �
P(B) > 0

R�°
�\�
���+���*1����B

��^!�"�������"IE6m�-� / $0�"'<^
A

A�
�'OH��B�
���+'!'UC�><���(A�

�*'U;��*.k��
���-� / $0�"'��
B

�!��;+$��+�	������^M><'��B�
�
P(A|B) =

P(AB)

P(B)
.

��NPFHN^GHl§G=D&]P]PRTI&J�GHQHR;m*W.D`FHGHI�Q�stW�I�\*l�OH_:V�OHN^sLD&W�QH]PQHRT_:Vê]PI�v�_:J�Q�K
A
Q
B
���b.]^J�lHn�O=D&FHGHQHRTNPG�n

A = { ]PNPUPItm*O�K`F�I�d�m*N^Jum*ILM5m*l } Q B = { W�kHNPG=DyQ�stRTNPOHQ�\*]rKY�b�GH]
G�b�v�\=K } ����NPR¦b+G=D&W�O�KHN^J�]rKqW�NPGHILK�J�OHI�]^J�ly]PI�v�_�J�Q�K A n�NP]j\*QqQ�stW�NP]^J�OHIHn�k�J�IFHGHI�Q�stI&pX\*Ig]PI�v�_�J�QHN
B
w�¤�kHNPW�Q�m*OHIHn-k�J�IgW�NPGHILK�J�OHI�]^J�lg]PI�v�_�J�Q�K

A
I�]^J�D&N^J�]rKOHNPQ�stRTNPOHOHI�d�n¦OHN^sLD&W�QH]PQHRTI)I&J+J�I�UPIHn�FHGHI�Q�stI&pX\*I)]PI�v�_�J�QHN

B
Q�\*Q`OHN^J��¦��I�NP]^J�l]PFHG=D&W�NjmH\*QHW�I�G=D&W�NPOH]^J�W�I

P(A|B) = P(A)
�&��s-I�FHGHNjm*Nj\*NPOHQ�K @ � �:W�]^W�I�f¸I�kHNPGHNjm*l]j\*Njm=b.N^Jq��FHGHQyb�]j\*I�W�QHQ

P(B) > 0
�jn=k�J�I

P(AB) = P(A)P(B)
�¤��EÁ���Ä��¦Ã��aC���� @ � [ ��|0� / $0�"'<^

A
'
B

�!��;+$��+��6�����^~���D;+�	�+'���'<�7$&�7'UCY�-��.��'
P(AB) = P(A)P(B). (3.1)

C�NT]j\*Njm=b�N^J�F�b�J�D�J�lcFHI�O�K�J�Q�K���OHNP]PI�W�RTNP]^J�OHI�]^J.Q��c��I�FHGHNjm*Nj\*NPOHQHN[��� � � ��Q���OHN^sLD�oW�QH]PQHRTI�]^J�Q��X]PI�v�_�J�QHd��¾�x%ÄSxT��x @ � ���%��b.]^J�l
P(A) > 0

Q
P(B) > 0

�[�uI�U^b�Jg\*Q¯OHN^sLD�W�QH]PQHRT_-N]PI�v�_�J�Q�K
A
Q
B
v�_�J�l'OHNP]PI�W�RTNP]^J�OH_-RTQ�w9�uI�U^b�J"\*Q+OHNP]PI�W�RTNP]^J�OH_%N
]PI�v�_�J�Q�K

AQ
B
v�_�J�lzOHN^sLD&W�QH]PQHRT_-RTQ*wÁ���om�aCE���-����b�]^J�l

A
Q
B
OHNPY�I&J�I�GH_-N5OHN^sLD&W�QH]PQHRT_-N5]PI�v�_�J�Q�KqOHNPO�bL\*NPW�I�dW�NPGHI�K�J�OHI�]jJ�Q�����s�� @ � ����]j\*Njm=b�N^J�n�k�J�I

P(AB) > 0
�t�¦D&YHQHRyI�v�G=D�stI�R-ntOHN^sLD&W�QH]PQHRT_-N]PI�v�_�J�Q�K+FHI�\*ILM9Q�J�Nj\*l�OHI�d+W�NPGHILK�J�OHI�]^J�Q)OHNXRTI�U^b�J"v�_�J�l"OHNP]PI�W�RTNP]jJ�O=_-RTQ���Á�D&]jo]PRTI&J�GHQHR�m*W.D+OHNP]PI�W�RTNP]^J�OH_:Vg]PI�v�_�J�Q�K

A
Q
B
FHI�\*I�M9Q�J�Nj\*l&OHI�d§W�NPGHILK�J�OHI�]^J�Q��¤�kHNPW�Q�m*OHIHn�k�J�I+G=D&W�NPOH]^J�W�Ig� @ � ����W�|^J�I�RÇ]j\=b�k=D&N"OHN9W�_-FHI�\*O�KHN^J�]�K����¦D&YHQHR1I�v�oG=D�stI�R-n�OHNP]PI�W�RTNP]^J�OH_-N
]PI�v�_�J�Q�K+FHI�\*I�M9Q�J�Nj\*l�OHI�d+W�NPGHILK�J�OHI�]^J�Q)OHNSRTI�U^b�J'v�_�J�lOHN^sLD&W�QH]PQHRT_-RTQ��C�N^sLD&W&QH]PQHRT_-NS]PI�v�_�J�Q�KuI�v�\�D�m�D&f[Jz]j\*Njm=b�f[i�Q=RTQ�]PW�I�dH]^J�W.D&RTQ�h

���"NP]j\*Q
P(B) > 0

n�J�I)OHN^sLD&W�QH]PQHRTI�]^J�lq]PI�v�_�J�QHd
A
Q
B
|PYHW�QHW.DL\*NPO�J�O=D)G=D�oW�NPOH]^J�W&b

P(A|B) = P(A)
~

[ �"NP]j\*Q�]PI�v�_�J�Q�K
A
Q
B
OHN^sLD&W�QH]PQHRT_�n=J�I

A
Q
B
J�D&Y�M5NEOHN^sLD&W&QH]PQHRT_�~

@ �"NP]j\*Q¯]^I�v�_�J�Q�K
A
Q
B1
OHN^sLD&W�QH]PQHRT_ÅQê]PI�v�_�J�Q�K

A
Q
B2
OHN^sLD&W�QH]PQHRT_�nFHGHQHkHNPR

B1B2 = ∅ n�J�Iz]PI�v�_�J�Q�K A Q B1 ∪B2

OHN^sLD&W�QH]PQHRT_��



[&Ö s ®<th± Ù w Ú�ª�­v²[«�ª�« x Ú�y¥zt­�Ú�Ù9zt®+®u­�«jÝtÞ�ª�®�Ùr®v¤�Ú&Ù9z*³yÙPÚ�Ü�²Wzt®Hà
¾�x%ÄSxa��x @ � [ �.Á¦D&]P]PRaD�J�GHQHW.D&N^J�]�K5m*W&b�YHG=D�J�OHI�N[FHItm*v�G=D&]P_-W.D&OHQHN[FHG=D&W�Q�\*l�OHI�dQ�m*NtD�\*l�OHI�d�RTI�OHN^J�_��-��I�Y�D�sLD�J�lHn:k�J�I�]PI�v�_�J�Q�K

A = { W`FHNPGHW�I�RÀFHItm*v�G=D&]P_-W.D�oOHQHQ`W�_-F=D�m*N^JqU^NPGHv } Q B = { W�I�W&J�I�GHI�R�FHILm*v&G=D&]P_-W.D&OHQHQ�W�_-F=D�m*N^J)GHN^p�N^J.Y�D }KHW�\=KHf[J�]rKuOHN^sLD&W�QH]PQHRT_-RTQ��Á���om�aCE���-��¤�v�_-kHOHIHn�OHN^sLD&W�QH]PQHRTI�]^J�l�]PI�v�_�J�QHdqm*I�Y�D�st_-W.D&N^J�]rK�OHNPFHI�]PGHNjmHo]^J�W�NPOHOHI�d�FHGHI�W�NPGHY�I�duG=D&W�NPOH]^J�W.D+� @ � ���j�=�¨m�D&OHOHI�R¨]j\=b�k=D&NXQHRTNPNPR
P(AB) = P({ UPG }) =

1

4
=

1

2
· 1

2
= P(A)P(B).

¾�x%ÄSxa��x @ � @ �=��b.]^J�l
Ω = {(ω1, ω2)|ω1, ω2 ∈ [0, 1]}. ��b�]^J�l

A = {(ω1, ω2)| 0 ≤ ω1 ≤ 1, 0 < a ≤ ω2 ≤ 1},

B = {(ω1, ω2)| 0 < b ≤ ω1 ≤ 1, 0 ≤ ω2 ≤ 1},
C = {(ω1, ω2)|ω2 ≤ (ω1 − b)/(1 − b), ω1, ω2 ∈ [0, 1]}��]PR-��GHQH]&� @ � ���j�.Á�D&]P]PRaD�J�GHQHW.D&N^J�]�K9UPNPI�RTN^J�GHQHkHNP]tY�D�K9W�NPGHILK�J�OHI�]^J�lX]PI�v�_�J�QHd)�BT [ �j� �btm=b�J�\*Q']PI�v�_�J�Q�K

A
Q
B
OHN^sLD&W�QH]PQHRT_-RTQ*wX �bLm=b�J�\*Q"]PI�v�_�J�Q�K

A
Q
C
OHNjsLD&W�Q�o]PQHRT_-RTQ*w

ω1

ω2

1

1

b

a

0 Ïd����»¼±���ºW��¾ £

Á���om�aC����-�z��GHI�W�NPGHQHR G=D&W�NPOH]^J�W�IÂ� @ � ��� WI�v�I�Q�V�]j\=b�k=D�K�V��.��RTNPNPR
P(AB) = (1−a)(1−b) =

P(A)P(B)
nLJ�I�NP]^J�l

A
Q
B
{�OHN^sLD&W�QH]PQHRT_���Ä�D�\*NPN�n

P(AC) = (1− b)(1−a)2/2 6= (1−a) · (1− b)/2 =
P(A)P(C)

���¦D&YHQHR¯I�v�G=D�stI�R-n�]9FHI�RTI&i�l�f}G=D&W�N^O�o]^J�W.Dê� @ � ���5RT_¼FHI�Y�D�sLD�\*Q�I&J�]^b�J�]^J.W�QHNqOHN^sLD&W�QH]PQ�oRTI�]^J�Q
A
Q
C
�

¤��EÁ���Ä��¦Ã��aCE��� @ � @ �@|0� / $0�"'<^
B1, . . . , Bn

�!��;+$��+��6�����^����D;+�	�+'���'<�7$0.�7'Q�(�-�����*=EHEA!�������"'UC5�-�\��'M)��U^~��6 / $&%
1 ≤ i1 < . . . < ir ≤ n

C
r = 2, . . . , n

C
P

(

r
⋂

k=1

Bik

)

=
r
∏

k=1

P(Bik). (3.2)

¾�x��S�a��x�CE��� @ � ���=ÄSG�b�UPQHRTQ ]j\*I�W.D�RaQ�n�]PI�v�_�J�Q�K)KHW�\=KHf[J�]rKqOHN^sLD&W�QH]PQHRT_:oRTQ�W�]PI�W�I�Y�b�FHOHI�]^J�Q�n-NP]j\*Q¸mH\=K¨\*fcv�I�UPI§FHItm*RTOHILM
NP]^J�W.D�|^J�Q�V�]PI�v�_�J�QHd�W�NPGHI�oK�J�OHI�]^J�lSFHGHI�Q�stW�Njm*NPOHQ�K9]PI�v�_�J�QHd9G=D&W�O�KHN^J�]rKzFHGHI�Q�stW�Njm*NPOHQHf¯]PI�I&J�W�N^J�]^J�W&b�f[i�Q�VW�NPGHILK�J�OHI�]^J�NPd�����s-OHN^sLD&W�QH]PQHRTI�]^J�Qz]PI�v�_�J�QHd5W�]PI�W�I�Y�b�FHOHI�]^J�Qz|j\*NPRTNPO�J�D&GHOHIX]j\*Njom=b�N^JSA��*A!�#
��!�*^Q���D;+�	�+'���'<�����#��IX]PI�v�_�J�QHd���]j\=b�k=D&d
r = 2

W+� @ � [ �e�j�¾�x%ÄSxa��x @ � £H�:��I�Y�D�sLD�J�lHn:k�J�I�Q�s)FHI�F=D&GHOHI�d¸OHN^sLD&W�QH]PQHRTI�]^J�Qê]PI�v�_�J�QHd�OHN]j\*Njm=b�N^J"OHN^sLD&W�QH]PQHRTI�]^J�l"]PI�v�_:J�QHd+W5]PI�W�I�Y�b�FHOHI�]^J�Q��



b!cWd�e(fhg�iK® [ �
Á���om�aCE���-��Á�D&]P]PRTI&J�GHQHR+Itm*OHI�YHG=D�J�OHI�NaFHItm*v�G=D&]P_-W.D&OHQHNaFHG=D&W�Q�\*l�OHI�UPI-Q�m*NjoD�\*l�OHI�UPISJ�N^J�G=D&|rm*G=D�nHItm*O=DSUPG=D&OHl
Y�I&J�I�GHI�UPI
I�YHG=D�p�NPO=D�W�YHG=D&]POH_-d'�HW�N^J�n�W&J�I�G=D�K{ëW�M5Nj\=J�_-d�n-J�GHN^J�l&Kê{íW§stNj\*NPOH_-d�ncD�O=D§kHN^J�W�NPG�J�b�f UPG=D&OHlgO=D&OHNP]PNPOH_ÑW�]PNJ�GHQ �HW�N^J�D����:W�Njm*NPRê]j\*Njm=b�f[i�QHNz]PI�v�_�J�Q�K�h��

= { J�N^J�G=D&|em�Gqb�F=D�m*N^JuO=D"UPG=D&OHlHn]PILm*NPG.M5D�iSb�fäYHG=D&]POH_-d��HW�N^J } n&�
= { J�N^J�G=D&|em*G�b�F=D�m*N^J�O=DyUPG=D&OHlHn�]PItm*NPG.MzD�oiSb�f�M
Nj\=J�_-dz�HW�N^J } n�¾ = { J�N^J�G=D&|em*Gzb�F=D�m*N^JXO=D�UPG=D&OHlHn�]PItm*NPG.MzD�iSb�f¸stNj\*NPOH_-d�HW�N^J } ��¤�kHNPW�Q�m*OHIHn�k�J�I'\*fcv�_-N�m*W.D"Q�sz|^J�Q�VqJ�GHNjV ]PI�v�_�J�QHdqKHW�\=KHf[J�]rK OHN^sLD&W�Q�o]PQHRT_-RTQ�n:FHI�]PY�I�\*l�Y�b�n�O=D&FHGHQHRTNPG�n

P(
���

) = 1/4 = 1/2 · 1/2 = P(
�

)P(
�

).¤[m*O=D&Y�IHn
P(
���æ¾

) =
1

4
6= 1

8
= P(

�
)P(

�
)P(
¾
),Q�s9kHNPUPI�]j\*Njm=b.NjJ�n�k�J�Iym�D&OHOH_-Nz]PI�v�_�J�Q�K`OHN5KHW�\=KHf[J�]rK�OHN^sLD&W�QH]PQHRT_-RTQ`Wu]PI�W�I�oY�b�FHOHI�]^J�Q�����GHQHW�Njm*NPOHOH_-d�FHGHQHRTNPGuO=D�st_-W.D&N^J�]�KuFHGHQHRTNPGHI�R�çc�*C
�= :NPGHO�pSJ�NPdHO*D�nY�I&J�I�GH_-d�J�D&Y�M5N&n�Y�D&Y�Q�xS��C
�&��I�\*RTI�UPI�GHI�WHn�FHGHNjmH\�D&UjD�\zW�O=D�k=D�\*N5����W�NPY�Dc]PW�I�fD&Y�]PQHI�RaD�J�QHY�b'J�NPI�GHQHQ�W�NPGHILK�J�OHI�]^J�NPd��

A

BC
1

1

1
2

1
2

0

Ïd����»¼±���º7��¾ ¤

�uILM9OHI�FHGHQHW�NP]^J�Q¿N^i�N§ILm*QHO�FHGHQHRTNPG�n�Q�\H\*f%o]^J�GHQHG�b�fci�QHd¨b�J�W�NPG�M5m*NPOHQHNysLD�m�D�kHQ�nTY�I&J�I�GH_-d¨FHI]^b�J�QXKHW�\=KHN^J�]rKXUPG=D&ZEQHkHNP]^Y�I�dXQHO�J�NPGHFHGHN^J&D&�HQ=NPdSFHGHQ�oRTNPG=D� :NPGHO�pSJ�NtdHO=D��%Á�D&]P]PRTI&J�GHQHR
Ω = {(ω1, ω2)|

0 ≤ ω1, ω2 ≤ 1} �[ç:I�v�_�J�Q�K A n B Q C FHI�Y�D�sLD�oOH_¨O=D�GHQH]^b�OHY�N @ � [ � sLD�pSJ�GHQ�V.I�W.D&OH_¸G=D�stOH_-RTQz]^J�Q�o\=KHRTQ*�j��Á¦D&]P]PRaD�J�GHQHW�D&N^J.]�KÇUPNPI�RTN^J�GHQHkHNt]PY�D�K¿W�NPGHI�oK�J�OHI�]^J�l)]PI�v�_�J�QHd��T¤�kHNPW�Q�m*OHIHn�k�J�Ium�D&OHOH_-N"]PI�v�_�oJ�Q�K5OHN^sLD&W�QH]PQHRT_¨FHI�F=D&GHOHIHn�OHI�OHN�KHW�\=KHf[J�]rK5OHN^sLD&W�QH]PQHRT_-RTQzW�]PI�W�I�Y�b�FHOHI�]^J�Q��¾�x%ÄSxT��x @ �Ô¢���ÄSI�Y�D�sLD�J�lHn=k�J�I
P(A1 . . . An) = P(A1) · P(A2|A1) · . . . · P(An|A1 . . . An−1), (3.3)

NP]j\*Q+W�]PNEW�V�Itm=K�i�QHNSWzFHG=D&W&b�fÇk=D&]^J�l"G=D&W�NPOH]^J�W�Dzb�]j\*I�W�OH_-NSW�NPGHILK�J�OHI�]^J�Q+I�FHGHNjom*Nj\*NPOH_��Á���om�aCE���gsLD�m�DLkHQy]PI�]^J�I�Q�JzW
OHNPFHI�]PGHNjm*]^J.W�NPOHOHI�R¨FHGHQHRTNPOHNPOHQHQuI�FHGHNjm*Nj\*NjoOHQ�K @ � ����ÄSNPdH]^J�W�Q�J�N^\*l�OHIHn
P(A1) · P(A2|A1) · . . . · P(An|A1 . . . An−1) =

= P(A1) ·
P(A1A2)

P(A1)
· P(A1A2A3)

P(A1A2)
· . . . · P(A1 . . . An−1An)

P(A1 . . . An−1)
=

= P(A1 . . . An).¾�x%ÄSxT��x @ � ������s-b�GHOH_�n.]PItm*NPG.M5D�i�NPd
3
v�Nj\*_:V5Q

2
kHNPGHOH_:V5p
D&G=D�n�FHI�]eV�NPRTN]j\=b�k=D&dHOHI�UPI9W�_-v�I�G=D
v�N^sXW�I&stW�G=D�i�NPOHQ�KuFHI�]j\*Njm*I�W.D�J�Nj\*l�OHI9Q�stW�\*NPY�D&f[J�]rKup
D&GH_��



@�� s ®<th± Ù w Ú�ª�­v²[«�ª�« x Ú�y¥zt­�Ú�Ù9zt®+®u­�«jÝtÞ�ª�®�Ùr®v¤�Ú&Ù9z*³yÙPÚ�Ü�²Wzt®Hà
CED&d�J�Q¨W�NPGHILK�J�OHI�]^J�l

pk

n
k = 1, . . . , 4

n¦J�I�UPIHnak�J�I�kHNPGHOH_-d¨p
D&G¨W�FHNPGHW�_-N�FHI�oKHW�Q�J�]rKuFHGHQ
k
o�I�RgQH]PFH_�J&D�OHQ=Q��Á���om�aCE���-�z¤�v�I&stO=D�kHQHRËkHNPGHN^s

Ci

]PI�v�_�J�QHN�n5]PI�]^J�ILK�i�NPNêW1J�I�R-n�k�J�IÇW
i
o�R¸QH]PFH_�J&D&OHQHQqFHILKHW�Q�J�]rK)kHNPGHOH_-d+p
D&G�����b�]^J�l

Bk = { W�FHNPGHW�_-N�kHNPGHOH_-d+p
D&GFHILKHW�Q�J�]rK�FHGHQ
k
o�I�RgQH]PFH_�J�D&OHQ=Q } ���%GHNPv&b.NjJ�]�K�O=D&d�J�Q pk = P(Bk)

��ç:I�v�_�J�Q�K
BkRTILM9OHI5W�_-G=D�stQ�J�lzkHNPGHN^s

Ci

Q
C i

]j\*Njm=b�f[i�Q=R¸I�v�G=D�stI�R-h
B1 = C1, B2 = C1C2, B3 = C1C2C3, B4 = C1C2C3C4.��I5ZEI�GHR¦bt\*N"� @ � @ �:FHI�\=b�k=D&NPR

P(B1) = P(C1), P(B2) = P(C1)P(C2|C1),

P(B3) = P(C1)P(C2|C1)P(C3|C1C2),

P(B4) = P(C1)P(C2|C1)P(C3|C1C2)P(C4|C1C2C3).��I5Y�\�D&]P]PQHkHNP]PY�I�R¦buI�FHGHNjm*Nj\*NPOHQHf}��� � @ W&NPGHI�K�J�OHI�]^J�Q�QHRTNPNPR
P(C1) =

2

5
, P(C1) =

3

5
, P(C i+1|C1 . . . C i) =

3 − i

5 − i
,

P(Ci+1|C1 . . . C i) =
2

5 − i
, i = 1, 2, 3.��GHN^sPbL\*lLJ&D�J�NSFHI�\=b�k=D&NPR

p1 = 0.4
n
p2 = 0.3

n
p3 = 0.2

Q
p4 = 0.1

�¾�x%ÄSxa��x @ �Ô���&Á¦D�stGH_-W�|j\*NPY�J�GHQ=kHNP]tY�I�dz�HNPFHQ5FHGHI�QH]eV.ILm*Q�JXWcJ�I�R ]j\=b�k=D&N&n�Y�I�oUem�D
W�_:V.ILm*Q�JzQ�sE]^J�GHILK'V.I&JLKuv�_êItm*QHOyQ�s�J�GHNjVyFHI�]j\*Njm*I�W.D�J�Nj\*l�OHIz]PI�Njm*QHOHNPOHOH_�V|j\*NPRTNPO�J�I�WH��¤�FHGHNjm*Nj\*Q�J�l�W�NPGHILK�J�OHI�]^J�luJ�I�UPIHn�k�J�IuOHN5v&bLm*N^JuG=D�stGH_-W.Dy�HNPFHQ�n�NP]jo\*Q |j\*NPRTNPO�J�_;W�_:V.Itm=K�J�Q�sz]^J�GHI�K OHN^sLD&W�QH]PQHRTIym*G�b�U5I&J'm*G�b�U^Dy]PI�I&J�W�N^J�]^J.W�NPOHOHI]
W�NPGHILK�J�OHI�]^JLKHRTQ
0.3
n
0.4
Q

0.6
���ED&Y)Q�stRTNPOHQ�J�]rK QH]PY�I�RaD�K)W�NPGHI�K�J�OHI�]jJ�lHn�NP]j\*QQ�stW�NP]^J�OHIHn*k�J�IzFHNPGHW�_-d�|j\*NPRTNPO�J"OHNEW�_-d�m*N^J9Q�sX]^J�GHILK*wÁ���om�aCE���-�%��]PY�I�RaD�K�W�NPGHILK�J�OHI�]^J�l

p
G=D&W�O=D`W�NPGHILK�J�OHI�]^J�Q�J�I�UPIHn�k�J�I§OHNW�_-d�m=b�JcQ�sa]^J�GHI�KXW�]PN¦J�GHQS|j\*NPRTNPO�J�D��&¤�v�I&stO=DLkHQHR

Ak = {k o�dE|j\*NPRTNPO�JcOHNaW�_-d�m*N^JQ�sc]^J�GHILK } n k = 1, 2, 3
�.��I�Urm�D

p = P(A1A2A3)
���¦D&YzY�D&Y9]PI�v�_�J�Q�K

Ai

KHW�\=KHf[J�]rKOHN^sLD&W�QH]PQHRT_-RTQ�n*QHRTNPNPR
p = P(A1)P(A2)P(A3) = (1 − 0.3) · (1 − 0.4) · (1 − 0.6) = 0.168.�T]j\*QuQ�stW�NP]^J�OHIHn�k�J�IzFHNPGHW�_-d�|j\*N^RaN^O�J"OHNEW�_-d�m*N^J9Q�sS]jJ�GHI�K�nHJ�I

p = P(A1A2A3|A1) = P(A2)P(A3) = 0.24.
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¾�x%ÄSxT��x @ � Ö ��Á�N^p�Q�J.l)sLD�m�DLk�b @ � ��n�NP]j\*Q�V.I&JLK�v�_ÀItm*O=D�Q�s'W�NPGHILK�J�OHI�]^J�NPd
P(A)

Q�\*Q
P(B)

G=D&W�O�KHN^J�]rK�O�bt\*fS�¾�x%ÄSxT��x @ � ���jÄSI�Y�D�sLD�J�l%]PW�I�dH]^J�W.D%OHN^sLD&W�QH]PQHRT_:VE]PI�v�_�J�QHd�n�FHI�\*l&sPb�KH]Pl%I�FHGHNjom*Nj\*NPOHQHNPR���� � [ W�NPGHI�K�J�OHI�]^J�Q��¾�x%ÄSxT��x @ � � � ����b.]^J�l+]PI�v�_�J�Q�K
A
n
B
Q
C
OHN^sLD&W�QH]PQHRT_ÀW�]PI�W�I�Y�b�FHOHI�]^J�Q�nFHGHQHkHNPR1Y�D�M5m*I�N
Q�sz|^J�Q�V�]PI�v�_�J�QHd�QHRTNPN^J�W�NPGHILK�J�OHI�]^J�lHn�I&Jt\*QHkHO�b�fäI&JuO�bL\=K QNjm*QHOHQH�H_��=�uI�U^b�JS\*Q9]PI�v�_�J�Q�K

AB
n
BC

Q
AC
v�_�J�l�FHI�F=D&GHOHISOHN^sLD&W�QH]PQHRT_-RTQ'QOHN^sLD&W�QH]PQHRT_-RTQuW5]PI�W�I&Y�b�FHOHI�]^J�Q*w���stRTNPOHQ�J�]rK'\*QyI&J�W�N^J�n=NP]j\*Q"V.I&J�Kyv�_�ILm*OHI
Q�s]PI�v�_�J�QHd

A
n
B
Q
C
QHRTNPN^J9W�NPGHILK�J�OHI�]^J�l9O�bL\*lzQ�\*QuNjm*QHOHQH�=D.w¾�x%ÄSxT��x @ � �������1Njm*QHOHQHkHOH_-d YHW.D�m*G=D�J'O=DLbtm�DLk�b+v�GHI&p�NPO=D"J�I�kHY�D����ED&Y�I�W.DW�NPGHI�K�J�OHI�]jJ�l9J�I�UPIHn*k�J�IzJ�I�kHY�Dzv&btm*N^J9bLm�D�\*NPO=DzI&Jz�HNPO�J�G=D9YHW.D�m*G=D�J�DzO=D5G=D&]P]^J�I�oKHOHQHNXRTNPOHl&p�NPN&n�kHNPR
1/3
n*NP]�\*Q+Q�stW�NP]^J�OHIHn�k�J�I"I&J9Y�D�M5m*I�duQ�sS]^J�I�GHI�O+YHW.D�m*G=D�J�DI�O=D
btm�D�\*NPO=Dzv�I�\*l&p�N&n*kHN^R¸O=D

1/6
w¾�x%ÄSxT��x @ � � [ ����b�]^J�l5]PI�v�_:J�Q�K
A
Q
B
OHN^sLD&W�QH]PQHRT_�Q

A
Q
C
OHN^sLD&W�QH]PQHRT_����I�Y�D�stD�J�lHn=k�J�I

A
Q
B ∪ C RTI�U^b�J9OHNEv�_�J�lzOHN^sLD&W�QH]PQHRT_-RTQ��¾�x%ÄSxT��x @ � � @ ��CED�d�J�Q9W�NPGHILK�J�OHI�]^J�lXJ�I�UPIHn.k�J�IXFHGHQzv�GHI�]tD&OHQHQ5J�GHNjVzQHUPG=D�\*l�oOH_:V�Y�I�]^J�NPd V.I&JLK�v�_»O=DyItm*OHI�d W�_-F=D�m*N^J�p�NP]^J�l+I�kHY�I�WHn�FHGHQ b�]j\*I�W�QHQ�n�k�J�IuO=DW�]PNjVuY�I�]^JLK�VuW�_-F=D�m=b�J9UPG=D&OHQu]EkHN^J�OH_-R�kHQH]j\*I�R¨I�kHY�I�WH�¾�x%ÄSxT��x @ � �t£H��ça\*Njm=b�N^Ju\*QqFHI�F=D&GHO=D�KqOHN^sLD&W�QH]PQHRTI�]^J�lu]PI�v�_�J�QHd

A1
n
A2
Q

A3

Q�sXG=D&W�NPOH]^J�W.D
P(A1A2A3) = P(A1)P(A2)P(A3)

w¾�x%ÄSxT��x @ � ��¢��H��b�]^J�l
A1, . . . , An

{äOHN^sLD&W�QH]PQHRT_-NEW
]PI�W�I�Y�b�FHOHI�]^J�Qu]PI�v�_�oJ�Q�K��HÄSI�Y�D�sLD�J�lHn=k�J�I
P (∪n

i=1Ai) = 1 −∏n
i=1 P(Ai).¾�x%ÄSxT��x @ � �L���*�:NPGHOHI
\*QyG=D&W�NPOH]^J�W�I
P(A|B) + P(A|B) = 1

w¾�x%ÄSxT��x @ � ��������b�]^J�l
P(A|B) > P(B|A)

n
P(A) > 0

Q
P(B) > 0

���:NPGHOHI\*Q�n=k�J�I
P(A) > P(B)

w¾�x%ÄSxT��x @ � � Ö ��CEDLbtm�D�k�bEv�GHI&p�NPOHI[m*W�N�QHUPG=D�\*l�OH_-N:Y�I�]^J�Q��&CED&d�J�QSb�]j\*I�W�O�b�fW�NPGHI�K�J�OHI�]jJ�l`J�I�UPIHnak�J�I�W�_-F=D�m=b�J m*W�N'��F�K�J�NPGHYHQ���n�NP]�\*Q¸Q�stW�NP]^J�OHIHn:k�J�I�]^b�RTRaDW�_-F=D&W&p�Q�VuI�kHY�I�W�m*Nj\*Q�J�]�K�O=D
F�KHJ�l��¾�x%ÄSxT��x @ � �L������IS�HNj\*Q"FHGHI�Q�stW�Itm*Q�J�]�K
n
OHN^sLD&W�QH]PQHRT_:V"W�_-]^J�GHNj\*I�WH�=�:N^GHI�oK�J�OHI�]^J�lyFHI�F=D�m�D&OHQ�K+FHGHQ

i
o�I�R¸W�_-]^J�GHNj\*N5G=D&W�O=D

pi

n
i = 1, . . . , n

��CED�d�J�Q)W�NPGHI�oK�J�OHI�]^J�lzJ�I�UPIHn=k�J�I9FHGHQ
n
W�_-]^J�GHNj\�DLV�v&bLm*N^J9OHNERTNPOHNPN�m*W&b.VyFHI�F=D�m�D&OHQHd��¾�x%ÄSxT��x @ � [&� ����s�Y�I�\*Itm*_�Y�D&G�Ju�

36
Y�D&G�J���O=DtbLm�DLk�b9FHI�]j\*Njm*I&W.D�J�Nj\*l�OHI5W�_:oO�b�J�_�m*W�N�Y�D&G�J�_��.CED&d�J�Q
D.��v�N^sPb�]j\*I�W�O�b�f�W�NPGHI�K�J�OHI�]^J�l�J�I�UPIHn&k�J�I�W&J�I�G=D�K�Y�D&G�J&DI�Y�D�M
N^J�]rK
J&b�stI�R���OHN-Q�stW�NP]^J�OHIHn�Y�D&Y�D�K
Y�D&G�J&D�v�_:\�D�W�_-O�b�J�DEW�O=D�k=D�\*NL�j~�v���b�]j\*I�W�oO�b�f¿W�NPGHILK�J�OHI�]^J�lzJ�I�UPIHn=k�J�IzW&J�I�G=D�KyY�D&G�J�D5v&bLm*N^JzJ&b�stI�R-n*NP]j\*QuFHNPGHW�I�O=DLk=D�\*l�OHIv�_:\+W�_-O�b�JzJ&b�s��



ñ ´Ñó¶µ ß�ä� ¸·êõ�æ È�ßÇõ ç�ß¥Ð
B ãÛä�ß¸ö¼÷ ç�ß»Ê`÷ è è ¹ ß�ä� ¸·êõ�æ º æ¿Ð�ã¸Ê æ

ø ùûúýüËþ¿ÿ�� »

�@��¤�Á����uxÇ£H� �9��ZEI�GHR¦bt\�D5FHI�\*OHI�dyW�NPGHILK�J�OHI�]^J�Q*�j�{�VH����"I
A

2¼����=��*���`

����-� / $0�"'��DC
B1, . . . , Bn

��HE�"I�A��*A!�#
��������-�-���9���-���"�!$����-� / $0�"'<^UC0'<����6�?"'��7A��*.�
�98F'!���B��IE�!$��W����

��^!�"�������"'UCY�"��=E'��DC&><���
A ⊂ ∪n

i=1Bi

R5½!��PD)���'<���-�������-��������`
E�7H����,A��������*1Q���B

��^!�"�������"'
�
P(A) =

n
∑

i=1

P(Bi)P(A|Bi). (4.1)

¾�x��S�a��x�CE���¸£H� ���!�T]j\*Q+]PI�v�_:J�Q�K
B1, . . . , Bn

bLm*I�W�\*N^J�W�I�G.KHf[J9b�]j\*I�W�Q�KHRJ�NPI�GHNPRT_�£H� �SQu]PW�I�dH]^J�W&b ∪n
i=1Bi = Ω

n=J�I9UPI�W�I&G�K�J�n*k�J�I9I�OHQ�I�v�G=D�sPb�f[J¾A��`���!HE6P¿
�HEA!A!HG�-� / $0�"'!1=�¾�x��S�a��x�CE����£H� [ �¦¡�I�GHR¦bt\�D�FHI�\*OHI�d`W�NPGHI�K�J�OHI�]^J�Q�I�]^J�D&N^J�]�K�]PFHG=D&W�NjmH\*Q�oW�I�dzQ"WX]j\=b�k=D&N&n�Y�I�Uem�DXG=D&]P]PRaD�J�GHQHW.D&NPRaD�K"]PI�W�I�Y�b�FHOHI�]^J�l�]PI�v�_�J�QHd
Bi

KHW�\=KHN^J�]rKv�NP]PY�I�OHNPkHOHI�d�n=FHGHQy|^J�I�R¨W�NPG�V�OHQHduFHGHNjm*Nj\+]^b�RTRTQHGHI�W.D&OHQ�K
n
sLD&RTNPO�KHN^J�]rK�O=D ∞ �

Bi

Ω

A

Ïd���Ç»´±´��ºW��¾ £

¾�x��S�a��x�CE����£H� @ ��ç:I�I&J�OHI&p�NPOHQHNu��£H� ���-|PYHW�Q�oW.D�\*NPO�J�OHIzG=D&W�NPOH]^J�W&b
P(A) =

n
∑

i=1

P(ABi).

�¦D&YHQHRÂI�v�G=D�stI�R-n[ZEI�GHR¦bt\�D¸FHI�\*OHI�d1W�NPGHILK�J�OHI�]^J�QQHRTNPN^J
FHGHI�]^J�I�d"UPNPI�RTN^J�GHQHkHNt]PYHQHdy]PRT_-]j\�h�F�\*I&i
DLm*lZEQHU^b�GH_ÂG=D&W�O�KHN^J�]rKg]^b�RTRTNuF�\*I&i
D�m*NPdgZEQHU^b�G�naO=DY�I&J�I�GH_-NXI�O=DS��G=D�stGHN^sLD&O=D��9��]PR-�=GHQH]&�=£H� ���j�
@�[



b!cWd�e(fhg�iKÀ @�@
�@��¤�Á����uxû£H� [ ��ZEI�GHR¦bL\�D  �D&dHNP]tD.�j���VH����"IL�+$0A��`�������!$mH��\�
���+'<^]���-�`

��.�7$KÁ
RÃÂ�Rh��

��)�A��`�
�98F'<�N)+�*A������v'!���\��IE���-C@><���

P(A) > 0
R�½v��PD)��¾��A�
��	����)���'��+����`
��7H�����Ä���1��-� �

P(Bk|A) =
P(Bk)P(A|Bk)

∑n
i=1 P(Bi)P(A|Bi)

.

¾�x��S�a��x�CE���u£H� £H�t��NPI�GHNPRaD-£H� [ KHW�\=KHN^J�]rKX|j\*NPRTNPO�J&D&GHOH_-R+]j\*Njm*]^J.W�QHNPR�J�NPI�oGHNPRT_¥£H� �
Q D&]P]PI��HQHQHG�b�N^J.]rK ]
QHRTNPOHNPR¯�:�� �D&dHNP]tD']S\*NPUPY�I�d G�b�YHQ �
��ÃSD&F�\�D&]tD��ç�D&R¸ �D&dHNP]�sLD&OHQHRaD�\*]�K"m*G�b�UPQHRTQusLD�m�DLk=D&RTQ�n=FHItm*GHI�v�OHNPNE]PR-� nHO=D&FHGHQHRTNPG�n�����D&d�o]^J�GHI�W��L���.���j�¾�x��S�a��x�CE����£H�Ô¢���ç:I�v�_�J�Q�K
Bk

W'ZEI�GHR¦bt\*QHGHI�W�Y�NSJ�NPI�GHNPRT_¿£H� [ FHGHQHO�K�J�IO=D�st_-W.D�J�l�PD'!A��*���D;+�*�7'=��¾�D&RTN^J�QHR-n&k�J�IEFHI&O�KHJ�QHN���UPQHFHI&J�N^sLD��-QHRTNPN^JE]PI�W�NPG�p�NPOHOHIQHOHI�d`]PRT_-]j\gW�RaD�J�NPRaD�J�QHkHNt]PY�I�d§]^J�D�J�QH]^J.QHY�N&�T�:I�I�v&i�NzUPI�W�I�G�K�n�UPQHFHI&J�N^sLD+NP]^J�lFHGHNjm*FHI�\*I�M
NPOHQHN&n�DzOHNX]PI&v�_�J�QHN&����Iz|^J�I�d�FHGHQHkHQHOHNSRT_1OHNXv&btm*NPR¨b�FHI&J�GHNPv�\=K�J.lQH]^J�I�GHQHkHNP]tYHQ']j\*ILM9QHW&pSb�fc]rK9J�NPGHRTQHOHI�\*I�UPQ�K�n�FHGHQHRTNPOHQ�J�N^\*l�OHI�Y9]PI�v�_�J�Q�KHR
Bk

�¾�x%ÄSxT��x�£H� ���H�¸K�i�QHY�n=]PItm*NPG�M5D�i�QHd
8
QH]PFHG=D&W�OH_:VuQ�sjm*Nj\*QHd�nHm*I�v.D&W�\*NPOHI

2Q�s^m*Nj\*Q�K�n�W&s^KHJ�_�V`]PI�]PY�\�D�m�D�����sPW�NP]^J�OHIHn�k�J�Iym*I�\=K�v�G=D&Y�I�W.D�OHOH_:V�Q�s^m*Nj\*QHd`O=D]PY�\�D�m*NzG=D&W�O=D
5%
��C�D&d�J�Q�W�NPGHI�K�J�OHI�]^J�luJ�I�UPIHn�k�J�I�W&sPK�J�I�NzO=DtbLm�DLk�bqQ�s9FHI�FHI�\HoOHNPOHOHI�UPIzK�i�QHY�D5Q�s^m*Nj\*QHNXOHNEv&bLm*N^J9v�G=D&Y�I�W.D&OHOH_-R-�Á���om�aCE���-���+m�D�OHOHI�dEsLD�m�DLkHNaOHNPW�I&sPRaILM9OHI-I�FHGHNjm*Nj\*Q�J�l�D&FHGHQHI�GHQ�nL]PY�I�\*l�Y�Iv�G=D&Y�I�W�D&OHOH_:VyQ�s^m*Nj\*QHd'm*I�v.D&W�\*NPOHI
W
K�i�QHY��=��GHQy|^J�I�R§\*NPUPY�IzFHNPGHNPkHQH]j\*Q�J.lzW�]PNW�I&stRTI�MzOH_-N
W.D&GHQ=D&O�J�_¥W�_-v�I�G=D'Q�s^m*Nj\*QHd ]PIy]PY�\�D�m�D�h�RT_¿RTI�M
NPR�W&sPK�J�lyW'J�I�k�oOHI�]^J�Q�O�bt\*lHn�ILm*OHI�Q�\*Qqm*W.Duv�G=D&Y�I�W.D�OHOH_:V�Q�s^m*Nj\*Q�K�{ÑQHOHI�UPI�OHN5m�D&OHIH���¦D&YHQHRI�v�G=D�stI�R-n�RT_`G=D�stv�QHW.D&NPR+W�]PN:FHGHI�]^J�G=D&OH]^J�W�I�|j\*NPRTNPO�J�D&GHOH_�V�QH]rV.Itm*I�W�O=D%FHI�\*O�b�fUPG�b�FHF�b�]PI�v�_�J�QHd
Bk = { Q�sXm*W&b.V�Q�s^m*Nj\*QHd�n�W&sPK�J�_:V+]PI9]PY�\�D�m�D�n�GHI�W�OHI k v&bLm=b�Jv�G=D&Y�I�W�D&OHOH_-RTQ } n k = 0, 1, 2

n�FHI�]PY�I�\*l�Y�b
B0 ∪B1 ∪B2 = Ω

Q
BkBl = ∅ n k 6= l

��:I&stOHQHYHOHI�W�NPOHQHN�FHI�\*OHI�d�UPG�b�FHFH_Ç]PI�v�_�J�QHd+W9ZEI�GHR¦bt\*QHGHI�W�Y�NXsLD�m�DLkHQuKHW�\=KHN^J�]rKW�NPGHOH_-RêFHGHQ�stO=D&Y�I�R�J�I�UPIHn�k�J�I'FHGHQ)GHN^p�NPOHQHQ O=D&R�FHGHQ�m*N^J�]rK W�I�]PFHI�\*l&stI�W.D�J�l�]rKZEI�GHR¦bL\*I�dSFHI�\*OHI�dSW�NPGHILK�J�OHI�]^J�Q�Q�\*Q�ZEI�GHR¦bt\*I�d� �D&dHNP]tD�����b.]^J�l
A = { Q�s^m*Nj\*QHN&nW&sPK�J�I�N
Q�s
FHI�FHI�\*OHNPOHOHI�UPI"K�i�QHY�D�n�v&bLm*N^JyOHN�v�G=D&Y�I�W.D&OHOH_-R } ���%GHNPv&b�N^J�]rKqO=D&d�J�Q

P(A)
�*�:I�]PFHI�\*l&sPb�NPRT]rK�ZEI�GHR¦bL\*I�duFHI�\*OHI�dyW�NPGHI�K�J�OHI�]^J�Q�h

P(A) = P(B0)P(A|B0) + P(B1)P(A|B1) + P(B2)P(A|B2).¤�kHNPW�Q�m*OHIHn=k�J�I
P(A|Bk) =

10 − k

10
, k = 0, 1, 2,FHI�]PY�I�\*l&Y�b�n&NP]j\*Q�FHGHI�Q�stI�d�m*N^JE]PI�v�_�J�QHN

Bk

nLJ�I�W[K�i�QHY�N:v&bLm*N^J
10−k QH]PFHG=D&W�OH_:VQ�s^m*Nj\*QHd�����GHNjm*FHI�\�D&U^D�K�n�k�J�I'O=D9]PY�\�D�m*N
QHRTNPN^J�]rKqv�NP]PY�I�OHNPkHOHI'RTOHI�UPI'Q�s^m*Nj\*QHd�nRT_äFHI�\=b�k=D&NPR-n�k�J�IqW�NPGHILK�J�OHI�]^J�l W&sPK�J�l)Itm*OHI)v�G=D&Y�I�W.D&OHOHI�N"Q�s^m*Nj\*QHN']PI)]PY�\�D�om�DzG=D&W�O�KHN^J�]�K

0.05
n*FHGHQHkHNPR�|^J�D9W�NPGHI�K�J�OHI�]^J�l"OHNSQ�stRTNPOHQ�J�]�K�n�Y�I�Uem�DzRT_�v&btm*NPR
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v�G=D�J�lgW&J�I�GHI�NqQ�s^m*Nj\*QHN&��ç:kHQ�J�D�K�n%k�J�I¨Y�D�M5m*I�N+m*I&v.D&W�\*NPOHOHI�N Q�s^m*Nj\*QHN RTI�M
N^Jv�_�J�lzv�G=D&Y�I�W.D&OHOH_-R¨OHN^sLD&W�QH]PQHRTIzI&J
m*G�b�UPI�UPIHn*FHI�\=b�k=D&NPR

P(B0) = 0.952, P(B1) = 0.05 · 0.95 + 0.95 · 0.05, P(B2) = 0.052.

ça\*Njm*I�W.D�J�Nj\*l�OHIHn
P(A) = 0.99

�¾�x%ÄSxa��x¸£H� [ ����s-b�GHOH_�n.]PItm*NPG�M5D�i�NPd
4
v�Nj\*_:V5Q

2
kHNPGHOH_:V
p
D&G=D�n�FHIE]eV.NPRTNW�_-v�I�G=D9v�N^s5W�I&stW�G=D�i�NPOHQ�K)I&J�I�v�G=D�\*Q

2
p
D&G=D��{o»D&G�n�W&sPK�J�_-dqO=DtbLm�DLk�b+Q�s
|^J�Q�Vm*W&b.V�n=I�Y�D�sLD�\*]rKuv�Nj\*_-R-�*�ED&Y�I�W.D�W�NPGHI�K�J�OHI�]^J�l5J�I�UPIHn=k�J�IzW&J�I�GHI�dyp
D&G'J�I�M
N�v�Njo\*_-d*wÁ���om�aCE���-��¾*m*NP]PlHn=Y�D&YuQyWzFHGHNjm*_:m=b�i�NtdusLD�m�D�kHN�n*RT_¯QHRTNPNPR§m*Nj\*Iz]EFHI�\HoOHI�d'UPG�b�FHFHI�dy]PI�v�_�J�QHd

Bk = { ]PGHNjm*Q"m*W&b.V'I&J�I�v�G=D&OHOH_:V'Q�s�b�GHOH_�p
D&GHI�W
GHI�W�OHI
k
v�Nj\*_:V } n k = 0, 1, 2

����b�]^J�l
A = { p
D&G�n�W&sPK�J�_-dqO=DtbLm�DLk�b+Q�sSm*W&b.V+I&J�I�v�G=D&O�oOH_:V�nLv�Nj\*_-d } �L�%GHNPv&b�N^J�]rKSO=D&d�J�QEb.]j\*I&W�O�b�fgW�NPGHILK�J�OHI�]^J�l P(B2|A)

����I-ZEI�GHR¦bL\*N �D&dHNP]tD5QHRTNPNPR
P(B2|A) =

P(B2)P(A|B2)

P(B0)P(A|B0) + P(B1)P(A|B1) + P(B2)P(A|B2)
.

��I�\*l&sPb&KH]PlcG=D&]P]^b�M
m*NPOHQ�KHRaQ�n�FHGHQHW�Njm*NPOHOH_-RTQ�W[GHN^p�NPOHQHQSsLD�m�D�kHQz���Ô¢�nLFHI�\=b�k=D&NPR
P(B0) =

C2
2

C2
6

=
1

15
, P(B1) =

C1
4C

1
2

C2
6

=
8

15
, P(B2) =

C2
4

C2
6

=
6

15
.

��s�m*W�b.VuI&J�I�v�G=D&OHOH_:Vyp
D&GHI�W5v�Nj\*_-dup
D&GuRTILM9OHI5Q�sPW�\*NPkHl9]EW�NPGHILK�J�OHI�]^JLKHRTQ
P(A|B0) = 0, P(A|B1) = 0.5, P(A|B2) = 1.

ça\*Njm*I�W.D�J�Nj\*l�OHIHn
P(B2|A) = 0.6

�¾�x%ÄSxa��x¼£H� @ �¦��Nj\*NPUPG=D&ZEOHI�Nu]PI�I�v&i�NPOHQHNu]PI�]^J�I�Q�J`Q�su]PQHUPO=D�\*I�Wq�ºJ�I�kHY�D��yQ�ºJ�QHGHNj���:ç�J&D�J�QH]PJ.QHkHNP]tYHQHN+]PW�I�dH]^J�W.D FHI�RTNjVgJ�D&Y�I�W�_�nak�J�I`QH]PY�D�M5D&f[J�]rK¸W ]PGHNjmHoOHNPR
2/5

]PI�I�v&i�NPOHQHd��ºJ�I�kHY�D��9Q
1/3

]PI�I�v&i�NPOHQHd��ºJ�QHGHN����¦��stW�NP]^J�OHIHn�k�J�I+]PGHNjm*QFHNPGHNjm�D&W.D&NPRT_:V`]PQHUPO=D�\*I�Wy�ºJ�I�kHY�D��zQq�ºJ�QHGHNj�9W�]^J�GHNPk=D&f%J.]�K`W�I&J�OHI&p�NPOHQHQ
5 : 3

�¤�FHGHNjm*Nj\*Q�J�l5W�NPGHILK�J�OHI�]^J�l�J�I�UPIHn�k�J�I
v&btm*N^J5FHGHQHO�K�J
FHNPGHNjm�D&W.D&NPRT_-d']PQHUPO=D�\�n�NP]jo\*Q�D.�:v&bLm*N^J9FHGHQHO�K�Jz]PQHUPO=D�\��ºJ�I�kHY�D���~Hv���v&btm*N^J9FHGHQHO�K�J9]PQHUPO=D�\��ºJ�QHGHNj���Á���om�aCE���-����b�]^J�l
A = { v&btm*N^J�FHGHQHO�K�J�]PQHUPO=D�\��ºJ�I�kHY�D�� } Q B = { v&bLm*N^JFHGHQHO�K�J+]PQHUPO=D�\`�ºJ�QHGHNj� } �¦ç:I�v�_�J�Q�K C1 = { v&bLm*NjJ)FHNPGHNjm�D&O`]PQHUPO=D�\��ºJ�I�kHY�D�� } Q

C2 = { v&bLm*N^JSFHNPGHNjm�D&O"]PQHUPO=D�\9�ºJ�QHGHNj� } I�v�G=D�sPb�f[J�FHI�\*O�b�fêUPG�b�FHF�b�����IEb�]j\*I�W�QHf
P(C1) : P(C2) = 5 : 3

n�]j\*Njm*I�W.D�J�Nj\*l�OHIHn
P(C1) = 5/8

Q
P(C2) = 3/8

����I�]PY�I�\*l�Y�b
P(A|C1) =

3

5
, P(A|C2) =

1

3
,



b!cWd�e(fhg�iKÀ @ ¢
P(B|C1) =

2

5
, P(B|C2) =

2

3
,FHIzZEI�GHR¦bt\*NS �D&dHNP]tD5QHRTNPNPR

P(C1|A) =
P(C1)P(A|C1)

P(C1)P(A|C1) + P(C2)P(A|C2)
=

3

4
,

P(C2|B) =
P(C2)P(B|C2)

P(C1)P(B|C1) + P(C2)P(B|C2)
=

1

2
.

�M�5�~���_�7��� � �������7�7�
¾�x%ÄSxT��xÇ£H� £H��ÄSI�Y�D�sLD�J�l5J�NPI�GHNPRT_1£H� �EQu£H� [ �¾�x%ÄSxT��x�£H�Ô¢�����RTNPf[J�]rKzJ�GHQ9b�GHOH_����§FHNPGHW�I�dzb�GHOHN[O=D�V.ILm*Q�J�]rK

N1
v�Nj\*_:VzQ

M1

kHNPGHOH_�V�n�W�IzW&J�I�GHI�dy{
N2

v�Nj\*_:VuQ
M2

kHNPGHOH_:V�n�W5J�GHN^J�l�NPd�{
N3

v�Nj\*_:VuQ
M3
kHNPGHOH_:Vup
D&GHI�WH�*CEDtbtm�D�k�b'W�_-v�QHG=D&N^J�]rK+Itm*O=D5Q�sEb�GHO�QuQ�sXOHNPNXW�_-v�QHG=D&f[J�]rKv�N^s9W�I&stW�G=D�i�NPOHQ�K m*W.D'p
D&G=D���¤[m*QHO�Q�s9OHQ�V�I�Y�D�sLD�\*]rK�v�Nj\*_-R-n�m*G�b�UPI�d {ÅkHNPG�oOH_-R-��CED�d�J�Q"W�NPGHILK�J�OHI�]^J�lSJ�I�UPIHn�k�J�I�W�_�v�I�G9FHGHI�Q�stW�Itm*Q�\*]rK"Q�scFHNPGHW�I�d)��W&J�I�GHI�d�nJ�GHN^J�l�Ntd*��b�GHOH_��¾�x%ÄSxT��x¨£H� ���&��FHNPGHW�I�dSb�GHOHN

N1

v�Nj\*_:V
Q
M1

kHNPGHOH_:V�p
D&GHI�WHn�W�I�W&J�I&GHI�dS{
N2
v�Nj\*_:V"Q

M2
kHNPGHOH_:V"p
D&GHI�WH����s�FHNPGHW�I�d9b�GHOH_�W�ISW&J�I�G�b�f1FHNPGHNPY�\�D�m*_-W.D&f[Jp
D&G�����I�]j\*N�|jJ�I�UPIcQ�s�W&J�I�GHI�dEb�GHOH_`Q�stW�\*NPY�D&f[JcILm*QHOEp
D&G����ED&Y�I�W.D-W�NPGHILK�J�OHI�]^J�lJ�I�UPIHn*k�J�IzI�OyI�Y�D�M5N^J�]rKuv�Nj\*_-R�w¾�x%ÄSxT��x�£H�Ô���&ÄSW.D�]^J�GHNj\*Y�DX]^J�GHNj\=KHf[J�FHIERTQ�p�NPOHQ���¤[m*QHOzQ�s[OHQ�V5FHI�F=D�m�D&N^JW+�HNj\*l)W+]PGHNjm*OHN^R¿W

5
]j\=b�k=D�K�V�n¦D�W&J�I�GHI�d�{ÑW

8
]j\=b�k=D�K�V`Q�s

10
�¦��NPGHNjmgW�_:o]^J�GHNj\*I�R¿I�OHQ`v�GHI�]tD&f[J)FHG=D&W�Q�\*l�O�b�fÂRTI�OHN^J&b mH\=K`I�FHGHNjm*Nj\*NPOHQ�K§I�kHNPGHNjm*OHI�]^J�Q����I�]^J�I�GHI�OHOHQHd�O=D&v�\*f:m�D�J�Nj\*l§W�Q�m*Q�J�n:k�J�I�]^J�GHNj\*I�Y�FHI�F=D�\êW`�HNj\*lHn:OHI�OHN�stO=D�oN^J�n�Y�J�I�W"m�D&OHOH_-d�RTI�RTNPO�J�]jJ�GHNj\=K�\����ED&Y�I�W.D'W�NPGHILK�J�OHI�]^J�l�J�I�UPIHn�k�J�I�]^J�GHNj\=K�\FHNPGHW�_-d�]^J�GHNj\*I�Y*w¾�x%ÄSxT��x;£H� Ö ���ÇFHNPGHW�I�dqb�GHOHN
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�¾�x%ÄSxT��xÀ¢�� ����CED&d�J�QqW�NPGHILK�J�OHI�]^J�l

R(n, k)
FHI�KHW�\*NPOHQ�K)OHN
RTNPOHNPN

k
�ºb.]PFHNjoV�I�W���W5]eV�NPRTN

n
OHN^sLD&W�QH]PQHRT_:V�QH]PFH_�J�D&OHQHd) :NPGHO�bt\H\*Q§�

k = 0, . . . , n
�j�Á���om�aCE���-�*¤�kHNPW�Q�m*OHIHn�k�J�I5QH]PY�I�RaD�K'W�NPGHILK�J�OHI�]^J�l5W�_-kHQH]j\=KHN^J�]�KyFHI
ZEI�G�oR¦bL\*N

R(n, k) =
n
∑

i=k

P (n, i) = 1 −
k−1
∑

i=0

P (n, i). (5.4)

¤�]PI�v�_-d5QHO�J�NPGHNP]cFHGHNjm*]^J�D&W�\=KHN^JXstO=D�kHNPOHQHN%W�NPGHILK�J�OHI�]^J�Q
R(n, 1)

FHILKHW�\*NPOHQ�K�V.I�oJ�K9v�_¸Itm*OHI�UPIE�ºb�]PFHNjV�D��[W
n
QH]PFH_�J�D&OHQ�K�V�n�Y�I&J�I�G=D�K9W�_-kHQH]j\=KHN^J.]rK'kHNPGHN^s�W�NPGHILK�J�oOHI�]^J�l5m*I�FHI�\*OHQ�J�Nj\*l�OHI�UPI9]PI�v�_�J�Q�KuFHIzZEI�GHR¦bt\*N
R(n, 1) = 1 − (1 − p)n.¾�x%ÄSxT��x ¢�� [ �[��J�I¨W�NPGHILK�J�OHNPN�W�_-QHUPG=D�J�l¸b�G=D&W�OHI�]PQ�\*l�OHI�UPI¨FHGHI&J�QHW�OHQHY�D��OHQHkHNPdHOH_-d�QH]eV.ILm§F=D�G�J�QHQ�QH]PY�\*fckHNPO*�jh�D.��J�GHQ`F=D&G�J�QHQ`Q�s9kHN^J�_-GHNjV�Q�\*Q�F�K�J�lF=D&G�J�QHd+Q�sXW�I�]Pl�RTQ�~*v��:OHNXRTNPOHNPNXJ�GHNjV�F=D�G�J�QHd+Q�sSkHN^J�_-GHNjV+Q�\*QuOHNXRTNPOHNPNXF�KHJ�QF=D&G�J�QHd�Q�sXW�I�]Pl�RTQ*wÁ���om�aCE���-�=�¦D&Y'Y�D&YyFHGHI&J�QHW�OHQHYHQuG=D&W�OHI�]PQ�\*l�OH_-N&nHJ�I5W�NPGHI�K�J�OHI�]^J�l
�ºb�]PFHNjoV�D��"��W�_-QHUPGH_�p
D.�[W9Y�D�M5m*I�R¸QH]PFH_�J�D&OHQHQ¨��F=D&G�J�QHQ*�[G=D&W�O=D

1/2
�=ÄE\=KuJ�I�UPIHn�k�J�I�ov�_¼I&J�W�N^J�Q�J�l§O=D�W�I�FHGHI�]P_ sLD�m�DLkHQ�nam*I�]^J�D�J�I�kHOHI§O=D&d�J�Q�W�NPGHILK�J�OHI�]^J�Q

P (4, 3)
n

P (8, 5)
n
R(4, 3)

Q
R(8, 5)

�=��I5ZEI�GHR¦bL\�D&R���¢�� @ �:Q���¢�� £��:FHI�\=b�k=D&NPR
P (4, 3) = C3

4

1

24
=

1

4
>

7

32
= C3

8

1

28
= P (8, 3),
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R(4, 3) =
4
∑

i=3

P (4, i) =
5

16
<

93

256
=

8
∑

i=5

P (8, i) = R(8, 5).

¾�x%ÄSxa��x�¢�� @ �&�`F=D&G�J�QHQzQ�s
n = 200

Q�s^m*Nj\*QHd5Y�D�M5m*I&N�Q�s^m*Nj\*QHN%OHN^sLD&W�QH]PQHRTII&J+I&]^J&D�\*l�OH_:V`RTILM
N^J�v�_�J�l+v�G=D&Y�I�W.D&OHOH_-R�]zW�NPGHILK�J�OHI�]^J�l�f
p = 0.01

��CED&d�J�QW�NPGHILK�J�OHI�]^J�l�J�I�UPIHn:k�J�I§kHQH]j\*I�v�G=D&Y�I�W.D&OHOH_:V¸Q�s^m*Nj\*QHd�W`|^J�I�d�F=D&G�J�QHQ�v&btm*N^JG=D&W�OHI
J�GHNPR-�Á���om�aCE���-�� �bLm*NPR¨FHI�OHQHRaD�J�l5FHItmy�ºb.]PFHNjV.I�R��E]PI�v�_�J�QHN&n=]PI�]^J�I�K�i�NPNXW�J�I�R-nk�J�IuQ�s^m*Nj\*QHN5KHW�\=KHN^J�]�K v�G=D&Y�I�W.D&OHOH_-R-����]PFH_�J�D&OHQHN" :NPGHO�bt\H\*Q`]PI�]^J�I�Q�J�WyFHGHI�oW�NPGHY�N9Q�s^m*Nj\*Q�K�O=Duv�G=D&Y����%GHNPv&b�N^J�]rK�O=D&d�J�Q`W�NPGHI�K�J�OHI�]^J�l
P (200, 3)

����I�ZEI�G�oR¦bt\*N"��¢�� @ �:QHRTNPNPR
P (200, 3) = C3

200(0.01)
3(0.99)197.�:_-kHQH]j\*Q�J�l)W�G�b�kHO�b�fÂFHG=D&W&b�f}k=D&]^J�l+FHI�]j\*Njm*OHNPUPI)G=D&W�NPOH]^J�W.D+FHGHNjm*]^J�D&W�\=KHN^J.]rKm*I�]^J�D�J�I�kHOHI�J�G�bLm*OHI�d"sLD�m�DLkHNPd��H¤[m*O=D&Y�IHn�QHRTN^K9Y�D�\*l�Y�bt\=K�J�I�G�n�RTILM9OHIXFHI�\=b�kHQ�J�lI&J�W�N^JHh

P (200, 3) ≈ 0.18136
�¾�x%ÄSxa��x»¢�� £H���êF=D&G�J�QHQ)Q�s

n = 22500
Q�s^m*Nj\*QHd)Y�D�M5m*I�NXQ�sjm*Nj\*QHN
OHN^sLD&W&Q�o]PQHRTI)I&J+m*G�b�UPQ�V§RTILM5N^J)v�_�J�lqv�G=D&Y�I�W.D&OHOH_-RÇ]'W�NPGHILK�J�OHI�]^J�l�f

p = 0.2
�¦CED&d�oJ�Q�W�NPGHI�K�J�OHI�]jJ�l9J�I�UPIHn�k�J�I9kHQH]j\*I

ξn
v�G=D&Y�I�W.D&OHOH_:VuQ�s^m*Nj\*QHd+v&bLm*N^J9sLD&Y�\*fckHNPOHIRTN^M5m=b

4380
Q

4560
�Á���om�aCE���-�H�¦D&Y9M
N&n�Y�D&Y"Q'WSsLD�m�DLkHNE¢�� @ n�v&bLm*NPR§FHI�OHQHRaD�J�l
FHItm'�ºb�]PFHNjV.I�R��]PI�v�_�J�QHN&n*]PI�]^J�I�K�i�NPNXW5J�I�R-n=k�J�I9Q�s^m*Nj\*QHNEKHW�\=KHN^J�]�Kuv�G=D&Y�I�W.D&OHOH_-R-��¤�kHNPW�Q�m*OHIHnk�J�IzQH]PY�I�RaD�KuW�NPGHILK�J�OHI�]^J�l

P
O=D�V.ILm*Q�J�]rK�FHI5ZEI�GHR¦bL\*N

P =
4560
∑

k=4380

P (22500, k) =
4560
∑

k=4380

Ck
22500(0.2)

k(0.8)22500−k.

ÄE\=KEJ�I�UPIHn�k�J�I�v�_ m*I�W�NP]^J�QXm*IckHQH]j\�D[FHG=D&W&b�fgk=D&]^J�l�FHI�]j\*Njm*OHNPUPI�G=D&W�NPOH]^J�W.D�n�b�M
NOHN�m*I�]^J�D�J�I�kHOHISRTI&i�OHI�UPIXY�D�\*l�Y�bt\=K�J�I�G=D�{¿J�GHNPv&b�N^J.]rK9O=D&FHQH]tD�J�lSFHGHI�UPG=D&RTR¦b
O=DY�I�RTFHl�f[J�NPGHN&��ED&Y`RT_ÀW�Q�m*QHR-n�O=D�V�ILM5m*NPOHQHN"W�NPGHILK�J�OHI�]^J�NPd
P (n, k)

RaILM
N^J+v�_�J�l)]PI�FHG�K�oM
NPOHI ]uv�I�\*l&p�QHRTQ¨W�_-kHQH]j\*Q�J�Nj\*l�OH_%RTQ¸]j\*I�M9OHI�]^JLKHRTQ��:¤[m*O=D&Y�IHna]^b�i�NP]^J.W&b�f[J]PFHI�]PI�v�_æv�_-]^J�GHIgQ�m*I�]^J�D�J�I�kHOHIgJ�I�kHOHIF�*�����!'!�"I |^J�QêW�NPGHILK�J�OHI�]^J�Q��c�uN^J�Itm*_J�D&YHQ�VuI��HNPOHI�Y'm�D&f[J
m*W�NEOHQ�M
NP]j\*Njm=b�f[i
QHNXJ�NPI�GHNPRT_��ÄSI�I�FHGHNjm*Nj\*QHR¸kHQH]j\�D
P (n, k)

]j\*Njm=b�f[i�QHR�I�v�G=D�stI�R-h
P (n, k) =

{

Ck
np

k(1 − p)n−k
FHGHQ

k = 0, . . . , n;
0

FHGHQ
k = n+ 1, n+ 2, . . . .��GHNjm*FHI�\*ILM9QHR-nTk�J�I�W�NPGHI�K�J�OHI�]^J�lq�ºb.]PFHNjV�D��uW Itm*OHI�R¥QH]PFH_�J&D&OHQHQgmH\=K¨]eV.NPRT_�n]PI�]^J�ILK�i�NPd Q�s

n
QH]PFH_�J�D&OHQHd�n�sLD&W�QH]PQ�JyI&J

n
n�Q)I�v�I&stO=DLkHQHRêNPN
kHNPGHN^s

pn

��ç:FHG=D�oW�NjmH\*QHW.D5]j\*N�m=b�f[i5D�KuJ�NPI�GHNPRaD��



b!cWd�e(fhg�i]Í £H�
�@��¤�Á����uxÂ¢�� �+� J�NPI�GHNPRaD���b.D&]P]PI�O=D.�j�h��

��)�A����
�98F'<��C�><���

pn −→ 0
A�
�'

n → ∞ �"��=�C�><���
pnn −→ λ

A�
�'
n → ∞ C�PD)+�

λ
2Ï����=��*���`

���SA����
�-8F'!.���\��IE�����¾><'��\���+RG½!��PD)���)��U^:���-��%

k = 0, 1, . . .
A�
�'

n → ∞ '<���-���Ð���-������	��'<�7A!���*�"'!=E�
P (n, k) −→ πk,PD)+��><'��B���

πk

�*A�

��)+�\�U^!6�����^��-���*�"���*k����!'��\�
πk = e−λλ

k

k!
. (5.5)

¾�x��S�a��x�CE���¿¢�� ������GHQ`FHG=D&Y�J�QHkHNP]tY�I�R¿FHGHQHRTNPOHNPOHQHQ�J�NPI�GHNPRT_Â¢�� �"FHGHNjmHoFHI�\�D&U^D�f[J�n:k�J�I
pn = p

{ ZEQHY�]PQHGHI�W.D&OHO=D�K¸W�NPGHILK�J�OHI�]^J�l`�ºb�]PFHNjV�D��+W�]eV�NPRTN+]sLD�m�D&OHOH_-R§kHQH]�\*I�R§QH]PFH_�J�D&OHQHd
n
n�kHQH]j\*I

λ
FHI�\�D&U^D&f[J�G=D&W�OH_-R

np
���¨|jJ�I�R§]j\=b.ok=D&NE]PFHG=D&W�NjmH\*QHW.DzD&FHFHGHI�Y�]PQHRaD&�HQ�K

P (n, k) ≈ πk.�ÑT+�`v&btm*N^J¨FHI�Y�D�sLD&O=D�]PW&K�stl§kHQH]PNj\
πk

]+J�D&YêO=D�st_-W.D&NPRT_-R©A!HE�	�-�-�*��������=E'<�;+��=��*���D�¯G=D&]PFHGHNjm*Nj\*NPOHQ�K�W�NPGHI�K�J�OHI�]^J�NPd��¾�x��S�a��x�CE���§¢�� [ ����NPI�GHNPRaDX��b.D&]P]PI�O=D�m�D&N^JXV.I�GHI&p�NPNcFHGHQHv�\*Q�M5NPOHQHN&n�NP]j\*QW�Nj\*QHkHQHO=D
p
m*I�]^J�D�J�I�kHOHI�RaD�\�D�n�I&J�OHI�]PQ�J�Nj\�l�OHI�I�v&i�NPUPI�kHQH]j\�DcQH]PFH_�J�D&OHQHd

n
���u_v&bLm*NPR¨]PkHQ�J�D�J.lHn*k�J�Iz|^J�I5b.]j\*I�W�QHNEW�_-FHI�\*OHNPOHIHn*NP]j\*Q

np2 < 0.1
��@��¤�Á����uxæ¢�� [ ��QHO�J�NPUPG=D�\*l�O=D�KgJ�NPI�GHNPRaD��yb�D&W�G=D�oºÃSD&F�\�D&]tD��^�5�VH����"I

p =
const

C
ξn

2�=��`��'!>U�-�������7H���A���%����V�
n

'���A!$0�"���!'<^<%�Ä@�B
��!H��E��'
R�½v��PD)���A�
�'
n→

∞ '<���-���3���-�������	��'<�7A!���*�"'!=E�
P



x1 ≤
ξn − np

√

np(1 − p)
≤ x2



 −→ 1√
2π

x2
∫

x1

e−
u
2

2 du (5.6)


��	�+���D���B
�����A��
x1

'
x2 Ò −∞ ≤ x1 ≤ x2 ≤ +∞Ó R¾�x��S�a��x�CE���;¢�� @ ����GHQgW�_-kHQH]j\*NPOHQHQ�FHG=D&W�I�dgk=D&]^J�Q¸]PI�I&J�OHI&p�NPOHQ�KÇ��¢�� �.�QH]PFHI�\*l&sPb�f[J.]rK�Z�b�OHYH�HQHQ

Φ(x) =
1√
2π

x
∫

−∞

e−
u
2

2 du
Q

Φ0(x) =
1√
2π

x
∫

0

e−
u
2

2 du,

stO=D�kHNPOHQ�K Y�I&J�I�GH_:V FHGHQqsLD�m�D&OHOH_:V
x
RTI�M9OHI'O=D&d�J�Q W'J&D&v�\*QH�=D�V����ZTS�"v&bLm*N^JFHI�Y�D�sLD�O=Dz]PW&K�stl
m�D&OHOH_:V�Z�b�OHYH�HQHd+]EJ�D&Y�O=D�st_-W.D&NPRT_-R:���`
E�7�9��IE�!$&�Z;+��=��*�����G=D&]PFHGHNjm*Nj\*NPO=Q�K�W�NPGHILK�J�OHI�]^J�NPd��
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¾�x��S�a��x�CE���;¢�� £H�¦��NPI�GHNPRaD ¢�� [ m�D&N^J)V.I�GHI&p�NPNuFHGHQHv�\*Q�M
NPOHQHNuWq]j\=b�k=D&N�nY�I�Uem�DyW�Nj\*QHkHQHO=D

np(1 − p)
m*I�]^J�D�J�I�kHOHI�W�Nj\*QHY�D����u_¥v&btm*NPR1]PkHQ�J�D�J�lHn�k�J�I�|^J�Ib�]j\*I�W�QHNXW�_-FHI�\*OHNPOHIHn=NP]j\*Q
np(1 − p) > 20

�ÄE\=K J�I�UPIHn�k�J�I�v�_¥b�v�Njm*Q�J�l�]�K`W'm*NPdH]^J�W�NPOHO=I�]^J.Q`FHGHQHRTNPOHNPOHQ�K�J�NPI�GHNPR¥¢�� �zQ¢�� [ nHGHN^p�QHR¨sLD�m�DLkHQ+¢�� @ Q+¢�� £HnHOHN^stO=DLkHQ�J�N^\*l�OHI9Q�stRTNPOHQHW9Q�V'b�]j\*I�W�Q�K��¾�x%ÄSxa��x�¢��Ô¢��&�`F=D&G�J�QHQzQ�s
n = 200

Q�s^m*Nj\*QHd5Y�D�M5m*I&N�Q�s^m*Nj\*QHN%OHN^sLD&W�QH]PQHRTII&J�I�]^J�D�\*l�OH_:V5RTILM
N^J�v�_�J�l�v�G=D&Y�I�W.D&OHOH_-Rq]�W�NPGHILK�J�OHI�]^J�l�f
p = 0.01

�{�����#�!'!�"IW�NPGHILK�J�OHI�]^J�l�J�I�UPIHn:k�J�I§kHQH]j\*I�v�G=D&Y�I�W.D&OHOH_:V¸Q�s^m*Nj\*QHd�W`|^J�I�d�F=D&G�J�QHQ�v&btm*N^JG=D&W�OHI
J�GHNPR-�Á���om�aCE���-��¤��HNPOHQHR¸W�NPGHILK�J�OHI�]^J�l
P (200, 3)

]EFHI�RTI&i�l�f�J�NPI�GHNPRT_Ç��b�D&]jo]PI�O=D���ÄSNPdH]^J�W�Q�J�Nj\�l�OHI�n�J�NPI�GHNPRaDq¢�� �5m�D&N^J�V�I&GHI&p�NPN'FHGHQHv�\*Q�M
NPOHQHN&n�FHI�]PY�I�\*l�Y�bW�Nj\*QHkHQHO=D
np2 = 0.02

m*I�]^J�D�J�I�kHOHI9RaD�\�D��=��RTNPNPR
λ = np = 2

n
P (200, 3) ≈ e−2 23

3!
≈ 0.1805.

�T]j\*Qg]PG=D&W�OHQ�J�l FHI�\=b�kHNPOHOH_-d¸GHN^sPbt\*lLJ&D�J`]'I&J�W�N^J�I�R¥sLD�m�DLkHQ¨¢�� @ n¦RT_äb�W�Q�m*QHR-nk�J�IzI&J�OHI�]PQ�J�Nj\*l�O=D�K�FHI�UPGHN^p�OHI�]^J.l9]PI�]^J�D&W�\=KHN^J"W�]PNPUPI � �Ô¢	Ô"�¾�x%ÄSxa��x»¢�� �����êF=D&G�J�QHQ)Q�s
n = 22500

Q�s^m*Nj\*QHd)Y�D�M5m*I�NXQ�sjm*Nj\*QHN
OHN^sLD&W&Q�o]PQHRTIqI&J+m*G�b�UPQ�V§RTILM
N^Jqv�_�J�lqv�G=D&Y�I�W.D�OHOH_-R¿]'W�NPGHILK�J�OHI�]^J�l�f
p = 0.2

�7������.�!'!�"I5W�NPGHILK�J�OHI�]^J�luJ�I�UPIHn�k�J�IukHQH]j\*I
ξn
v�G=D&Y�I�W.D&OHOH_:V)Q�s^m*Nj\*QHd�v&btm*N^JusLD&Y�\*f%okHNPOHIzRTN^M5m=b

4380
Q

4560
�Á���om�aCE���-��¤��HNPOHQHR QH]PY�I�RTI�N:stO=D�kHNPOHQHN-W�NPGHILK�J�OHI�]^J�Q

P
FHGHQ
FHI�RTI&i�Q
J�N^I�oGHNPRT_1¢�� [ n�FHI�]PY�I�\*l�Y�b"W�Nj\*QHkHQHO=D

np(1− p) = 3600
m*I�]^J&D�J�I�kHOHIzW�Nj\*QHY�D��=��RTNPNPR

np = 22500 · 0.2 = 4500
n
np(1 − p) = 22500 · 0.2 · 0.8 = 3600

n
P = P(4380 ≤ ξn ≤ 4560) = P

(

4380 − 4500

60
≤ ξn − 4500

60
≤ 4560 − 4500

60

)

=

= P

(

−2 ≤ ξn − 4500

60
≤ 1

)

≈ 1√
2π

1
∫

−2

e
−x

2

2 dx = Φ(1) − Φ(−2).

¾�O=DLkHNPOHQ�K¯Z�b�OHYH�HQHQ
Φ(x)

WgJ�I�kHY�D�V −2
Q

1
G=D&W�OH_Å]PI�I&J�W�N^J�]^J.W�NPOHOHI

0.0228Q
0.8413

��|^J�Q stO=DLkHNPOHQ�K�RTILM9OHIyO=D&d�J�Q�Wy]^J&D�J�QH]PJ.QHkHNP]tYHQ�V J�D&v�\*QH�=D�V=�j��¤cJ�W�N^JHh
P ≈ 0.8185

�
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¾�x%ÄSxT��xÂ¢��Ô������I�Y�D�sLD�J�lHn�k�J�I+W�_-FHI�\*OHNPOHQHN"G=D&W�NPOH]^J�W.D���¢�� ����W�\*NPkHN^J)OHN^sLD�oW�QH]PQHRTI�]^J�l9]PI�v�_�J�QHd
Aδ1

1 , . . . , A
δn

n

Wz]^I�W�I�Y�b�FHOHI�]^J�Q��
¾�x%ÄSxT��x}¢�� Ö ����I�Y�D�sLD�J�lHn�k�J�Iu]PI�I&J�OHI&p�NPOHQHN)��¢�� [ �[sLD�m�D&N^J�O=D

Ω
G=D&]PFHGHNjm*Njo\*NPOHQHNXW�NPGHILK�J�OHI�]^J�NPd��
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oÓD�\*UPNPv�GHI�d����]PW�I�f�I�kHNPGHNjm*lHn=I�kHNPW�Q�m*OHIHn=k�J�I5RTOHI�M
NP]^J�W�I5W�]PNjVyFHILm*RTOHILM
NP]^J�W

Ω
nHv&bLm=b�kHQ

σ
oD�\*UPNPv�GHI�d�nH]PILm*NPG.M9Q�J
\*fcv�I�dyY�\�D&]P]EFHItm*RTOHILM5NP]^J�W

Ω
n�J�I5NP]^J�l5KHW�\=KHN^J�]�KuRaD&Y�]PQ�oRaD�\*l�OHI�d

σ
oÓD�\*UPNPv�GHI�d��Á�D&]P]PRTI&J�GHQHR�N^i�NEILm*O�b�n=W�I&stRTILM9OHI
O=D&QHv�I�\*NPNXW�D�M9O�b�fSn

σ
oÓD�\*UPNPv�G�b��

¤��EÁ���Ä��¦Ã��aCE��� ��� ���EÄ@�`

�B�
�-����=��*1
σ
.B�9�
P#� / 

�*1 B �!��;+$��+�	������^

σ
.B�9�
P#� / 
���CA��`

�98F)+���!�!�*^S�7���98:�-���������r���-��%Q�*�"=-
�$0�"$&%M'!�!���B

�+�9�
���	R



b!cWd�e(fhg�i Ú £��
¤��EÁ���Ä��¦Ã��aC����¨���Ô�����V��'<�����!IEk"�*^

σ
.B�9�
P#� / 
���Cl�-�*)+�B
!8F��?"�*^[�7���98:�-���".���

B
C��!��;+$��+�	������^

σ
.B�9�
P#� / 

�*1UClA��`

�98F)+���!���91

B
R�� / �-;+�!��>U���!'��9�

σ(B)
R¾�x��S�a��x�CE���;��� £H����Itm}�!��'<���#�!IEk��#1

σ
.B�9�
P#� / 

�*1ê�\�9�
P#� / 

�*1��jn�]PItm*NPG�M5D�oi�NPd�RTOHILM5NP]^J�W�I

B
n=FHI�OHQHRaD&f[J

σ
oÓD�\*UPNPv�G�b ��D�\*UPNPv�G�bH�jn=KHW�\=KHf[iSb�fc]rKuFHNPGHNP]PNPk=NjoOHQHNPR¸W�]PNjV

σ
oÓD�\*UPNPv�G`��D�\*UPNPv&G*�^n=]PItm*NPG.M5D�i�Q�V

B
�¤��EÁ���Ä��¦Ã��aC����}��� Ö ��X&�
� �����!�"$ / �`

�B�
�-����=��*1

σ
.B�9�
P#� / 
�$r�!��;+$��+��6�����^/ �`

�\�
�-����=E'<�7'S�7���98:�-�����+�*�7'
R¾�x%ÄSxT��xê��� [ ��ÄSI�Y�D�sLD�J�lHn.k�J�IXRTOHI�M
NP]^J�W.D {a} Q [a, b)
n
a, b ∈ IR

n�KHW�\=KHf[J�]rKv�I�GHNj\*NPW�]PYHQHRTQ��Á���om�aCE���-��ÄSI�Y�D�sLD�J�Nj\*l�]^J�W�Iu]PW�Itm*Q�J�]rK YqFHGHQHRTNPOHNPOHQHfäD&Y�]PQHI�RT_ [
σ
oÓD�\HoUPNPv�GH_��*��s�I�FHGHNjm*Nj\*NPOHQ�K���� ��]j\*Njm=b.N^J�n*k�J�I5W�]PN�QHO�J�NPGHW.D�\*_¯W�Q�m�D

(a, b)
FHGHQHO=D�mHo\*N^MzD�J5v�I�GHNj\*NPW�]PY�I�d

σ
oÓD�\*UPNPv�GHN&��ç:I�I&J�OHI&p�NPOHQ�K

{a} =
∞
⋂

n=1

(

a− 1

n
, a+

1

n

) Q
[a, b) =

∞
⋂

n=1

(

a− 1

n
, b
)

sLD&W�NPG�p
D&f[J5m*I�Y�D�sLD�J�Nj\*l�]^J�W�IH�¾�x%ÄSxT��xÀ��� @ ����b�]^J�l
Ω = [0, 1]

��¤�FHQH]tD�J�l
σ
oÓD�\*UPNPv�G�b

σ(B)
FHItm*RTOHI�M
NP]^J�W

Ω
nHFHI�GHI�M
m*NPOHO�b�f¿RTOHILM
NP]^J�W�I�R

B = {(0, 1/3), (1/3, 1)} �Á���om�aCE���-�-Á�N^p�NPOHQHNq]PW�Itm*Q�J�]rK�Y�FHGHQHRTNPOHN^OHQHfýD&Y�]PQHI�R
σ
oÓD�\*UPNPv�GH_�����sD&Y�]PQHI�RT_Ñ��Q¨I�FHGHNjm*Nj\*NPOHQ�K����Ô�q]j\*Njm=b.N^J�n�k�J�I

Ω ∈ σ(B)
n
(0, 1/3) ∈ σ(B)

Q
(1/3, 1) ∈ σ(B)

�T��suD&Y�]PQHI�RT_ [ ]j\*Njm=b�N^J�nak�J�I
(0, 1/3) ∪ (1/3, 1) ∈ σ(B)

Q
∅ ∈ σ(B)

�'CED&Y�I�OHNP��n"Q�s¿D&Y�]PQHI�RT_ @ ]j\*Njm=b�N^J�nyk�J�I {0, 1/3, 1} ∈ σ(B)
n

{0} ∪ [1/3, 1] ∈ σ(B)
Q

[0, 1/3] ∪ {1} ∈ σ(B)
���¦D&YHQHR�I�v�G=D�stI�R-n�O=D&QHRTNPOHl&p
D�K

σ
oÓD�\*UPNPv�G=D�n=]PItm*NPG.MzD�i
D�K

B
n=QHRTNPN^J9W�Q�m�h

σ(B) = {Ω, ∅, (0, 1/3), (1/3, 1), (0, 1/3) ∪ (1/3, 1),

{0, 1/3, 1}, {0} ∪ [1/3, 1], [0, 1/3] ∪ {1}}.¾�x��S�a��x�CE�������Ô¢���¾�D&RTN^J�QHR-n�k�J�I'RTOHILM
NP]^J�W�I
σ(B)

Q�sSsLD�m�D�kHQ)��� @ W�Y�\*f%ok=D&N^J
8 = 23 |j\*NPRTNPO�J�I�WH���T]j\*Q

σ
oÓD�\*UPNPv�G=D"QHRTNPN^JuY�I�OHNPkHO�b�fÀRTI&i�OHI�]^J�lHn�J�IyY�I�o\*QHkHNP]^J�W�I9NPNX|j\*NPRTNPO�J�I�W9W�]PNPUem�D5NP]^J�l9OHNPY�I&J�I�G=D�K�]^J�NPFHNPOHl5m*W�I�dHYHQ��¤��EÁ���Ä��¦Ã��aC����1��� ���&�V�#
!$
(Ω, A)

'
(Ω, F)

�!��;+$��+��6�����^�'U;9���B
�'<�7$0.�7']A+

������
����������+�*�7'
R�XY�
�\�����!�"$m�9�
P#� / 
�$ A '
σ
.B�9�
P#� / 
�$ F �!��;+$��+��6�����^'U;9���B
�'<�7$&�7'[�7���98:�-�����+�*�7'
R�¸I�FHGHNjm*Nj\*NPOHQHQ+��� ��I�FHGHNjm*Nj\=KHf[J�]rKuI�v&¹�NPY�J�_�n=W
O=D�stW.D&OHQ�K�V'Y�I&J�I�GH_:VyZEQHU^b.oGHQHG�b.N^Jq]j\*I�W�Iu��RTNPG=D������ED&Y�b�M
N"v�_:\*I+]PY�D�sLD&OHI)W�T'��n�W�NPGHILK�J�OHI�]^J�l)KHW�\=KHN^J�]rK���B

�*1=n�J�I�NP]^J�lEZ�b�OHYH�HQHNPd
RaOHILM
NP]^J�WHn&I�v�\�D�m�D&f[i�NPd
]PW�I�dH]^J�W�I�R���)�)�'!�"'��+�������"'��]PR-��I�FHGHNjm*Nj\*NPOHQHNc��� � � �j�.ç:W&K�stlEW�NPGHILK�J�OHI�]^J�Q9]-Q�stRTNPGHQHRT_-RTQzFHGHI�]^J�G=D&OH]^J.W.D&RTQ



£ Ö sVÚ t ©%« x Ú�y¥zt­�Ú�Ù9zt­�Ú&« Ø�x Ú�Ù9z x Þ�­�Ù9zLª�Ú
Q�Q�stRTNPGHQHRT_-RTQ§RTOHILM5NP]^J�W.D&RTQê� J�NPRTQ�RTOHI�M
NP]^J�W.D&RTQ�n�Y�I&J�I�GH_-N'RTI�M9OHIy��Q�stRTNjoGHQ�J�l�� �:sLD�m�D&N^J�]rK�]j\*Njm=b�f[i�QHR�I�FHGHNjm*Nj\*NPOHQHNPR-��ÓÒÔ�5¤��EÁ���Ä��¦Ã��aCE���»��� � � �l�@�B

��^!�"�����#��IE6Û'���']���B

��^!�"�������"���*1����B

�*1�!��;+$��+�	������^Q)+��1������+'!���\��IE�!�*^��0HE�!=E�!'<^��B��HE><��1!����P#�,�-� / $0�"'<^

P : A −→ IR
CHE)+���-�
�������`
U^!6�?"�*^��\�
��)�HE6�?"'<�3��=���'����7�*�V�

Â Ó ���-�*��
�'!�!�����B��IE�������"I<�
P(A) ≥ 0

C ∀A ∈ A ×Ø Ó ���`
E�7'�

���+���!�������"I<�
P(Ω) = 1 ×Ù Ó Ò =��*����><�!�*^ Ó ��)�)�'!�"'��+�������"I<�Y�-�\�!'

A1, . . . , An ∈ A C
AiAj = ∅ C i 6= j

C5���
P

(

n
⋃

i=1

Ai

)

=
n
∑

i=1

P(Ai).

ç:I�W�GHNPRTNPOHOHI�N�I&FHGHNjm*Nj\*NPOHQHN+W�NPGHILK�J�OHI�]^J�Q¸I�v�I�v&i
D&N^J I�FHGHNjm*Nj\*NPOHQHN)��� � � O=D]j\=b�k=D&d�n�Y�I�Uem�D'I�v�\�D&]^J�l�f;I�FHGHNjm*Nj\*NPOHQ�K W�NPGHILK�J�OHI�]^J�OHI�d�RTNPGH_ÇKHW�\=KHN^J�]rK OHNPY�I�oJ�I�G=D�K
σ
oÓD�\*UPNPv�G=D�nH]j\*Njm=b�f[i�Q=R¸I�v�G=D�stI�R-�¤��EÁ���Ä��¦Ã��aCE���¯��� �������@�B

��^!�"�������"IE6m'���'����B

��^!�"�������"���*1Q���B

�*1��!��.;+$��+�	������^])+��1������+'!���B��IE�!�*^Ü�0HE�!=E�!'<^Ü�\��HE><��1!���*P��Q�-� / $0�"'<^

P : F −→ IR
CHE)+���-�
�������`
U^!6�?"�*^��\�
��)�HE6�?"'<�3��=���'����7�*�V�

Â Ó ���-�*��
�'!�!�����B��IE�������"I<�
P(A) ≥ 0

C ∀A ∈ F ×Ø Ó ���`
E�7'�

���+���!�������"I<�
P(Ω) = 1 ×Ù Ó σ

.B��)�)�'!�"'��+�������"I Ò '���'(��>U���"�!�*^(��)�)*'!�"'��+�������"I Ó ���-�\��'
A1, A2, . . . ∈ F C

AiAj = ∅ C i 6= j
C����

P

(

∞
⋃

i=1

Ai

)

=
∞
∑

i=1

P(Ai).

¤�v�I�v&i�NPOHQHNXFHI�O�K�J�Q�K'��W�NPGHILKHJ�OHI&]^J�l���n*Y�I&J�I�GHI�N�m�D&N^J�]rK�WzI�FHGHNjm*Nj\*N^OHQ=Q+��� ����nFHI&J�GHNPv�I�W.D�\*I�]Pl WqFHNPGHW&b�fûI�kHNPGHNjm*l FHI&J�I�R¦b�nak�J�I Y�I�OHNPkHOHI�D�mHm*Q�J�QHW�OH_-N�RTNPGH_OHN�I�v�\�D�m�D&f[J5W�FHI�\*OHN�NP]^J�NP]PJ�W�NtOHOH_-R¸]PW�I�dH]^J�W�I�RgOHNPFHGHNPGH_-W�OHI�]^J.Q�n=Y�I&J�I�GHI�NcmH\=KZ�b�OHYH�HQHd�RTOHILM
NP]^J�WzQHRTNPN^J9]j\*Njm=b�f[i
QHd�W�Q�m��x���ç��X¤E�uxgC��a�EÁ��aÁ�Ý���CX¤Eç:�[�
�+�VH����"IWA����B�
��)+���+�����\��IE�������"I {Bn}
�-�*./ $0�"'!1M�"��=����+��Cl><���

Bn+1 ⊂ Bn

'
B = ∩∞

n=1Bn

R@½!��PD)��
P(Bn) −→ P(B)

A+
�'
n→ ∞ R�@��¤�Á����ux»��� ����½v

� / ���+���!'�����=���'����7$4����A�
��B
�$��+�������"'Q'Q=��*����><���*1O��)�)�'!.�"'��+�������"'M���B

��^!�"�������"'[��=��+'��+�9�
���!�"���

σ
.B��)�)�'!�"'��+�������"'M���B

��^!�"�������"'
R



b!cWd�e(fhg�i Ú £.�
¤��EÁ���Ä��¦Ã��aC����Ñ��� � [ �¾½v

�*1!=E�

(Ω, F , P)
�!��;+$��+�	������^m���B

��^!�"�������".�!$&�}A�

������
��������������VRl½v

�*1!=E�

(Ω, A, P)
�!��;+$��+�	������^G���B

��^!�"�������"�!$&�_A�

�*.����
������������D�Z�"k"'�

�*=��D�Z�\�7$��\�
�9Rq�@�B

��^!�"���*���"I

P
�"��=	8:�7�!��;+$��+�	������^�
��	��.A�

��)+�\�
���!'��\�r���B

��^!�"����������1M�!�

Ω Ò �!� (Ω, F) Ó R�-¤��EÁ�¤Eçc�*��J�I
KHW�\=KHN^J�]�Ku|j\*NPRTNPO�J�I�R�W�NPGHILK�J�OHI�]^J�OHI�UPI9FHGHI�]^J�G=D&OH]^J.W.D.w¤��[���T�:�.ÄSNPdH]^J�W�Q�J�N^\*l�OHIHn=FHILmuFHGHI�]^J�G=D&OH]^J.W�I�R¨I�v�_-kHOHI
FHI�OHQHRaD&f[JzRTOHILM
Njo]^J�W�IHn�b9Y�I&J�I�GHI�UPISsLD�m�D&OH_�W&sLD&QHRTI�]PW&K�stQ ��I&J�OHI&p�N^OHQ�K���RTN^M5m=bzNPUPI
|j\*NPRTNPO�J�D&RTQ���:NPGHI�K�J�OHI�]^J�OHI�NzFHGHI�]^J�G=D&OH]^J�W�I�OHN5NP]^J�luFHGHI�]^J�G=D&OH]^J�W�I�WyUPNPI�RTN^J�GHQHkHNP]tY�I�R1Q�\*QJ�I�FHI�\*I�UPQHkHNP]PY�I�RÇ]PRT_-]j\*N'|^J�I�UPI)]j\*I�W.D��Yp�J�I)RTILm*Nj\*l�n�W�Y�I&J�I�GHI�d`I�FHGHNjm*Nj\*NPOHQHNY�D�M5m*I�U^I�]j\*Njm=b�f[i�NPUtI+|j\*NPRTNPO�J&DuJ�GHI�dHYHQ`v.D�stQHG�b�N^J�]�K�O=DyFHGHNjm*_:m=b�i
Q�V��¦ç�D&RTI]j\*I�W�I'��FHGHI�]^J�G=D&OH]^J�W�I��zWuI�FHGHNjm*N�\*NPOHQHQ���� � [ FHILKHW�Q�\*I�]PluFHItm`W�\*Q�KHOHQHNPR1D&OHUr\*I�oD&RTNPGHQHY�D&OH]PY�I�dqp�Y�I�\*_���ç�D&R¯xS��C
����I�\*RTI�U^I�GHI�WHn�ZEI�GHR¦bL\*QHG�b&K`D&Y�]PQHI�RT_¿J�NPI�oGHQHQ W�NPGHILK�J�OHI�]^J�NPd�WyYHOHQHUPN�����I�\*RTI�UPI�GHI�W)�L� @ �.�jn�O=D�st_-W.D�\ J�GHI�dHY�b
(Ω, F , P)A����
�\�N���B

��^!�"����������1=��¤[m*O=D&Y�IyFHI�O�K�J�QHN���FHI�\*Nj��n�J�D&Y�M5N
Y�D&Y QqFHI�O�K�J�QHN���FHGHI�o]^J�G=D&OH]^J.W�I���n*OHNEI&J�G=D�M5D&N^J9]^b�J�Q+I�FHQH]P_-W.D&NPRTI�UPIzI�v&¹�NPY�J&D�n=Y�I&J�I�GHI�NXOHN�KHW�\=KHN^J�]rKRTOHI�M
NP]^J�W�I�R-n�DE]j\*Njm*I&W.D�J�Nj\*l�OHIHn�OHN%]PItm*NPG�M9Q�JXOHQHY�D&YHQ�Vz|j\*NPRTNPO�J�I�WH��xcO=D�\*I�UPQHk�oOHI�N�sLD&RTNPk=D&OHQHNXI&J�OHI�]PQ�J�]rK�YuFHI�O�K�J�QHf���Q�stRTNPGHQHRTI�NEFHGHI�]^J�G=D&OH]^J.W�I������GHQyFHI�]^J�GHI�NPOHQHQ+Q�stRTNPGHQHRT_:V�QuW�N^GHI�K�J�OHI�]^J�OH_:V�FHGHI�]^J�G=D&OH]^J.W9OHNPI�vtV�Itm*QHRTIb�kHQ�J�_-W.D�J.lHn¦k�J�I

σ
oÓD�\*UPNPv�G=Dym*I�\=M9O=Du]PILm*NPG.M5D�J�l)W�]PN"W&I&stRTI�M9OH_-N9QHO�J�NPGHNP]^b�f%oi�QHN�O=D&]:]j\=b�k=D&dHOH_-N-]^I�v�_�J�Q�K�n�DcW�NPGHILK�J�OHI�]^J�lHn&Y�I&J�I�G�b�f¸RTILM9OHI[sLD�m�D�J�l�O=DcFHGHI�o]^J�G=D&OH]^J.W�N9]PI�v�_�J�QHd�OHNPILm*OHI&stO=DLkHOHIHn�m*I�\=M9O=D"bLm*I�W�\*N^J�W�I�G.K�J�l+]PW�I�dH]^J�W&b)b�]^J�I�d�okHQHW�I�]^J�Q�k=D&]^J�I&J¨��]PR-��T'���j���¥v�I�\*l&p�QHOH]^J�W�N']j\=b�k=D&NPW)O=D&]9OHN"v&btm*N^JqQHO�J�NPGHNP]PI�oW.D�J�luFHGHQHGHItm�Duv.D�stI�W�I�UPIyW�NPGHILK�J�OHI�]^J�OHI�UPI+FHGHI�]^J�G=D&OH]^J�W.D�n�Itm*O=D&Y�I'mH\=K FHI�]^J�GHI�oNPOHQ�K§RTILm*Nj\*l�OH_:V�FHGHQHRaN^GHI�W RT_äv&btm*NPR¿k=D&]^J�I FHI�\*l&stI�W.D�J�l�]rK§W�NPGHILK�J�OHI�]^J�OH_-RFHGHI�]^J�G=D&OH]^J.W�I�R W�Q�m�D

([0, 1], B[0, 1], λ)
n-Urm*N B[0, 1]

{ëv�I�GHNj\*NPW�]PY�D�K
σ
oÓDL\*UPNPv�G=DFHILm*RTOHILM
NP]^J�W)I&J�GHN^sPY�D

[0, 1]
n�D

λ
{ÑRTNPG=DuÃXNPv�NPUjD`n�Y`I�FHGHNjm*Nj\*NPOHQHf Y�I&J�I�GHI�dRT_¯]PNPdHk=D&]XQuFHNPGHNPd�m*NPR-��@��¤�Á����uxû��� [ � J�NPI�GHN^R�D �ED&G=D�J�NPItm*I�GHQ*�j�l�VH����"I

(Ω, A, P)
2Ï���B

��^!�".�������"������A�

������
���������������k"'�

�*=����Z� �7$��\���9R@½v��PD)��,��HE?��-�����+H�����C0'¾A�
�'!�������)�'!�����������!�!�*^UC0���B

��^!�"�������"�!�*^G���B
��

Q
C0�*A�

��)+�\�
�#�!�!�*^¾�!�

σ(A)
�"��=E�*^UCh><���

Q(A) = P(A), ∀A ∈ A.

¤��EÁ���Ä��¦Ã��aC�������� � @ �
�M�B
��
Q

'U;����`
��7H���'�

���+=E'Q���-�`

�\�7$:Þ	R Ø �!��;+$��+��.������^MA�

�*)+���!8:���!'��\�m����
�$
P

�!�
σ
.B�9�
P#� / 
�H

σ(A)
Rç�Ã���Ä
ç:�[�����ý��� �����ED�M5m*I�N¨W�NPGHILK�J�OHI�]^J�OHI�N�FHGHI�]^J�G=D&OH]^J�W�I¿W¯p�QHGHI�Y�I�R]PRT_-]j\*N

(Ω, A, P)
D&W&J�I�RaD�J�QHkHNP]PYHQ�I�FHGHNjm*Nj\=KHN^J9W�NPGHILK�J�OHI�]^J�OHI�NXFHGHI�]^J�G=D&OH]^J�W�I

(Ω, σ(A), Q)
�ç�Ã���Ä
ç:�[�����¥��� [ ��ÄE\=K§I�FHGHNjm*Nj\*NPOHQ�KgW�NPGHI�K�J�OHI�]jJ�Q¨O=D)Q�stRTNPGHQHRT_:VgFHGHI�o]^J�G=D&OH]^J.W.D�V
(IR, B)

Q
([0, 1], B[0, 1])

m*I�]^J�D�J�I�kHOHI�I�FHGHNjm*Nj\*Q�J�l+W�NPGHILK�J�OHI�]^J�Q�O=D
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QzmH\=K5\*f%ov�I�UPI5RTOHILM5NP]^J�W.D�nHKHW�\=KHf[i�NPUPI�]rKuFHNPGHNP]PNPkHNtOHQHNtR¸Q�\*QuI�v&¹�Njm*QHOHNPOHQHNPR¸Y�I�OHNPkHOHI�UPIkHQH]j\�D�QHO�J�NPGHW.D�\*I�WH���¦D&YHQHR�I�v�G=D�stI�R-n�FHI&O�KHJ�QHN[mH\*QHOH_êY�D&Y'RTNPGH_�FHGHQHRTNPOHQHRTI5Y\*fcv�I�R¦b'|j\*NPRTNPO�J&b�D�\*UPNPv�GH_�n=FHI�GHI�M5m*NPOHOHI�dyW�]PNPRTQuI&J�YHGH_�J._-RTQ+QHO�J�NPGHW.D�\�D&RTQ��¤��EÁ���Ä��¦Ã��aCE���}��� �t£H���M�B

�*1Üß�� / �-PD���!��;+$��+�	������^K���B
���CV^��-�U^!6�?"�*^���^A�

�*)+�`�!8:���!'�� �à)���'!�!$����!��'<�����!IEk���1}�9�
P#� / 
�$YC~�-�9)+�B
!8F��?���1}�7���98:�-����������-��%Q�*�"=-
�$0�"$&%M'!�!���B

�+�9�
���*C5�!� / �`

�\�
�-����=EHE6

σ
.B�9�
P#� / 
�H<R¾�x��S�a��x�CE���û��� �����uNPG=D¨ÃXNPv�NPU^D¸O=D¨Q�stRTNPGHQHRTI�RûFHGHI�]^J�G=D&OH]^J�W�N

([0, 1],
B[0, 1])

KHW�\=KHN^J�]rKyW&NPGHI�K�J�OHI�]^J�OHI�d�nHFHI�]PY�I�\*l�Y�b"WXm�D&OHOHI�R§]j\=b�k=D�N�I�v�\�D�m�D&N^J
]PW�I�d�o]^J�W�I�R¨OHI�GHRTQHGHI�W.D&OHOHI�]^J�Q��¤�]POHI�W�OH_-RTQu]PW�I�dH]^J�W.D&RTQ�W�NPGHILK�J�OHI�]^J�QuK=W�\=K=f%J�]�Ku]j\*Njm=b�f[i�QHN�h
���

P(∅) = 0
~

[ �
P(A) = 1 − P(A)

~
@ �'NP]j\*Q

A ⊂ B
nHJ�I

P(A) ≤ P(B)
~

£��
P(A) ≤ 1

n ∀A ∈ F ~¢��
P(A ∪B) = P(A) + P(B) − P(AB)

~
�.�

P(A ∪B) ≤ P(A) + P(B)
~

���
P (∪∞

n=1An) ≤ ∑∞
n=1 P(An)

�
��sLD&Y�\*fckHNPOHQHN�m�D&OHOHI�UPIzF=D&G=D&UPG=D&ZXD
]rm*Nj\�D&NPR¸OHNP]^Y�I�\*l�Y�I5sLD&RTNPk=D&OHQHd�n*Y�D&]tD�of[i�Q�V.]rKuJ�NPGHRTQHOHI�\*I�UPQHQ�n*]PW&K�sLD&OHOHI�du]ERTNPG=D&RTQ��¾�x��S�a��x�CE�������Ô���*�:N^s^m*N�m�D�\*NPN&n*NP]j\*Q+|^J�I9OHNEv&bLm*N^J"W�_�st_-W.D�J�l"G=D�stOHI�k�J�NjoOHQHd�n�RT_�v&bLm*NPR+FHQH]tD�J�l

P{ω| . . .} nLW�RTNP]^J�I P({ω| . . .}) nLI�F�b�]PY�D�KE\*Q�p�OHQHN:]PY�I�v�YHQW
sLD&FHQH]PQ��¤��EÁ���Ä��¦Ã��aCE���g��� ��¢��!a
�����`
U^!��C�><��������=��*���`

���V�-���*1��������"�+$0A��`���<^����".��^�A��*><�"'�����6�)�H�C��-�\��'��*���,�+$0A������<^�������^����D;+)+��;+�~'���=���6�>U���!'�� ��C / $0�"IG���*.8:����C�����=��*���`

��P#�V�7���98:�-�����+��Ch���B
��(=��*���`

��P#�W
��	�+�<^�������^M�!H���6@Rqa
�����`
U^!��C><���~����=��*���`

���G�-���*1��������S�+$0A��`���<^�������^�A��*><�"'��!�	���B
������DC7�-�B��'n�*���[�+$0A�����.�<^�������^M�!�"�7���98:�-�������DCl���B

��^!�"�������"IG=��*���`

��P#�W
��	�+�<^�������^Q��)�'!�!'!���9R¾�x��S�a��x�CE���q��� Ö ���T]j\*Q
RTNPG=DcI�v�\�D�m�D&N^J�]PW�I�dH]^J�W&I�RqOHI�GHRTQHGHI�W.D&OHOHI�]^J�Q�n�J�INP]^J�lXKHW�\=KHN^J�]rK9W�NPGHI�K�J�OHI�]jJ�OHI�d�n�J�IXZEI�GHR¦bL\*QHGHI�W�YHQ
��FHI�k�J�Q9O=D&W�NPGHOHI�Nj�%Q
��FHI�k�J�QW�]Pf:m=b.��KHW�\=KHf[J�]rK�|PYHW�QHW.D�\*NPO�J�OH_-RTQ��
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¾�x%ÄSxT��xê��� £��&ÄSI�Y�D�sLD�J�lHn.k�J�IXRTOHILM
NP]^J�W.D
(a, b]

n
[a, b]

Q
(−∞, b]

n
a, b ∈ IR

nKHW�\=KHf[J�]�Kuv�I�GHNj\*NPW�]PYHQHRTQ��¾�x%ÄSxT��x}���Ô¢���ÄSI�Y�D�sLD�J�lHn�k�J�I+RTOHILM
NP]^J�W�I+QHGHG=D&�HQHI�O=D�\*l�OH_:V`kHQH]PNj\�KHW�\=K�oN^J�]�Kuv�I�GHNj\*NPW�]PYHQHR-�¾�x%ÄSxT��xÅ��� ���:��I�Y�D�sLD�J�lHn�k�J�I�FHNPGHNP]PNPkHNPOHQHNqW�]^NjV
σ
oÓD�\*UPNPv�G�n�]PILm*NPG.M5D�i�Q�VRTOHI�M
NP]^J�W�I

B
n�KHW�\=KHN^J�]�K

σ
oÓD�\*UPNPv�GHI�d��¾�x%ÄSxT��x¿���Ô����ÄSI�Y�D�sLD�J�l5b�J�W�NPG.M5m*NPOHQ�KusLD&RTNPk=D&OHQHd+��� �EQu���Ô¢��¾�x%ÄSxT��xÀ��� Ö ����b�]^J�l

Ω = [0, 1]
��¤�FHQH]tD�J�l

σ
oÓD�\*UPNPv�G�b

σ(B)
FHItm*RTOHI�M
NP]^J�W

Ω
nHFHI�GHI�M
m*NPOHO�b�f¿RTOHILM
NP]^J�W�I�R

B
n=NP]j\*Q

���
B = {Ω} ~

[ �
B = Ω

~
@ �

B = {∅} ~£��
B = {[0, 2/3], [1/3, 1]} ~¢��
B = {[0, 1/2], [1/2, 1]} ~�.�
B = {{0}, {1}} ~���
B = {[1/3, 1/2]} �¾�x%ÄSxT��x¿��� ����ÄSI�Y�D�sLD�J�l5J�NPI�GHNPR¦bu��� ���¾�x%ÄSxT��x���� � � ����I�Y�D�sLD�J�lHn�k�J�I B∩ [0, 1]

NP]^J�lXv�I�GHN�\*NPW�]PY�D�K
σ
oÓD�\*UPNPv�G=D B[0, 1]FHILm*RTOHILM
NP]^J�WzI&J�GHN^stY�D

[0, 1]
�¾�x%ÄSxT��x¿��� ���&��ÄSI�Y�D�sLD�J�lzI&]POHI�W�OH_-NX]PW�I�dH]^J�W.D5W�NPGHILK�J�OHI�]^J�Q��¾�x%ÄSxT��x¿��� � [ ��ÄSI�Y�D�sLD�J�lz]PW�I�dH]^J�W.DzOHN^sLD&W�QH]PQHRT_:V�]PI�v�_�J�QHd§�BT @ �jn=FHI�\*l&sPb.oKH]PlzI�FHGHNjm*Nj\*NPOHQHNPR���� ���EW�NPGHI�K�J�OHI�]^J�Q��¾�x%ÄSxT��xÂ��� � @ ����G=D&W�Q�\*l�O=D�K`Q�m*NtD�\*l�O=D�K�RTI�OHN^J�D+FHItm*v�G=D&]P_-W.D&N^J�]�K`m*I�J�NjVFHI�G�n�FHI�Y�D[I�O=D�m*W.D%G=D�sLD%FHILm*G.K�m
OHN�W�_-F=D�m*N^J�Itm*OHI�dS]jJ�I�GHI�OHI�d��&��I�]^J�GHI�Q�J�l�W�NPGHI�oK�J�OHI�]^J�OHI�N'FHGHI�]^J�G=D&OH]^J�W�IHn¦I�FHQH]P_-W.D�f[i�NPN9m�D&OHOH_-d�I�FH_�JL�¦CED&d�J�Q�W�NPGHILK�J�OHI�]^J�lJ�I�UPIHn:k�J�I§kHQH]j\*I�FHItm*v�G=D&]P_-W.D&OHQHd�v&bLm*N^J§kHN^J�OH_-R-�-CED&d�J�Q�W�NPGHI�K�J�OHI�]^J�l�J�I�UPIHnk�J�I9kHQH]j\*IzFHItm*v�G=D&]P_-W.D&OHQHduOHNEFHGHNPW�I�]eV�Itm*Q�J

5
�¾�x%ÄSxT��x¿��� �t£H�*�uILM
N^J5\*QykHQH]j\*I9W�]PNjVy]PI�v�_�J�QHd�Y�D&Y�I�UPI�o�\*QHv�I5W�NPGHILK�J�OHI�]^J�oOHI�UPIzFHGHI�]^J�G=D&OH]^J�W.Dzv�_�J�l9G=D&W�OH_-R

130
n
129
n
128
w¾�x%ÄSxT��xû��� ��¢���¤�FHQH]tD�J�l

σ
oÓD�\*UPNPv�G�b�nTFHI�GHI�M5m*NPOHO�b�fû]PI&v�_�J�Q�KHRTQ¸O�bt\*NPW�I�dW�NPGHI�K�J�OHI�]jJ�Q��S¤�FHQH]tD�J�l

σ
oÓD�\*UPNPv�G�b�n�FHI�GHI�M5m*NPOHO�b�f ]PI�v�_�J�Q�KHRTQ¥W�NPGHILK�J�OHI�]^J�QNjm*QHOHQH�=D��



¢ [ sVÚ t ©%« x Ú�y¥zt­�Ú�Ù9zt­�Ú&« Ø�x Ú�Ù9z x Þ�­�Ù9zLª�Ú
¾�x%ÄSxa��x¸��� �L���&��QH]j\*I�|j\*NPRTNPO�J&D&GHOH_:V5]PI�v�_�J�QHd
OHNPY�I&J�I�GHI�UPI�W�NPGHI�K�J�OHI�]^J�OHI�oUPI"FHGHI�]^J�G=D&OH]^J�W.D'G=D&W�OHI

n
�*½�Y�D�sLD�J�l'RTQHOHQHRaD�\*l�OHI�NSQ+RaD&Y�]PQHRaD�\*l�OHI�NSW�I&stRTILM5oOH_-N�stO=D�kHNPOHQ�K'mH\=KukHQH]j\�D5]PI�v�_�J�QHd��¾�x%ÄSxa��xý��� �����[�uILM
N^J§\*Q¯v�_�J�l¸D.�"kHQH]j\*I¨|j\*NPRTNPO�J&D&GHOH_�V¯]PI�v�_�J�QHd1Y�I�oOHNPkHOHIHn:D kHQH]�\*I`]PI�v�_�J�QHd�v�NP]PY�I�OHNPkHOHIH~�v��
kHQH]j\*I`]PI�v�_�J�QHd¸Y�I�OHNPkHOHIHn�D kHQH]j\*I|j\*NPRTNPO�J�D&GHO=_:V�]PI�v�_�J�QHd�v�NP]PY�I�OHNPkHOHI�w¾�x%ÄSxa��xÅ��� � Ö ����b.]^J�l F { σ

oÓD�\*UPNPv�G=D�FHItm*RTOHI�M
NP]^J�W
Ω
�TÄSI�Y�D�sLD�J�lHn�k�J�INP]j\*Q F v�NP]PY�I�OHNPkHOHIHn�J�I+]^b�i�NP]^J.W&b�NPJ)]PkHN^J�O=D�K�FHI�]j\*Njm*I�W.D�J�Nj\*l�OHI�]^J.l+OHNPF�b.]^J�_:VOHNPFHNPGHNP]PNPY�D&f[i�Q�V�]�K�|j\*NPRTNPO�J�I�W F �¾�x%ÄSxa��xæ��� �L���a��b.]^J�l

A1, A2, . . .
{ FHI�]j\*Njm*I�W.D�J�Nj\*l�OHI�]^J.l`OHNPFHNPGHNP]PNtY�D&f%oi�Q�V.]rK¿FHILm*RTOHILM
NP]^J�W

Ω
�E¤�FHGHNjm*Nj\*Q�J�lêRTI&i�OHI�]^J�l

σ
oÓD�\*UPNPv�GH_�n�FHI�GHILM5m*NPOHOHI�d|^J�I�duFHI�]j\*Njm*I�W.D�J�Nj\*l�OHI�]^J.l�fS�¾�x%ÄSxa��xä��� [&� ��ÄSI�Y�D�sLD�J�lHn�k�J�IumH\=K)\*fcv�I�UPI�FHGHI�]^J�G=D&OH]^J�W.D

Ω
OHQHY�D&Y�D�K

σ
oD�\*UPNPv�G=D5NPUPIzFHItm*RTOHILM5N^]^J�W9OHNERTILM
N^JzQHRTN^J�l9]PkHNjJ�O�b�f¿RTI&i�OHI�]^J�lH�
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��b�]^J�lzsLD�m�D&OHI5OHNPY�I&J�I�GHI�NXW�NPGHILK�J�OHI�]^J�OHI�NSFHGHI�]^J�G=D&OH]^J�W�I
(Ω, F , P)

�¤��EÁ���Ä��¦Ã��aC���� ��� ����|q��HE><��1!���*1(���B��'!><'!���*1��!��;+$��+�	������^�)+��1������+'!���\��IE.�!�*^}�0HE�!=E�!'<^Ü�D�
�\�����!�"�#
�����P#���-� / $0�"'<^
ξ : Ω −→ IR

C�� / ����)���6�?"�*^J�-���*1!.�������D�Z'U;9���B
�'<�������"'
�
ξ−1(B) ≡ {ω| ξ(ω) ∈ B} ∈ F (7.1)

)��U^[��6 / ��P#�
B ∈ B R¾�x��S�a��x�CE���¨��� ���H¤�v�I&stO=DLkHNPOHQHN

ξ−1(B)
kHQ�J�D&N^J�]�K"�	A��`���!$01[A�

��� / 
���;

B
���¾�x��S�a��x�CE������� [ �*�:N^s^m*NEm�D�\*NPNXRT_1v&btm*NPR¸I�v�I&stO=D�k=D�J�lz]j\=b�k=D&dHOH_-NSW�Nj\*Q�okHQHOH_¸]^J�GHI�kHOH_-RTQ'UPGHN^kHNP]PY=QHRTQ"v&b�YHW.D&RTQ�n�D�><�	���"�!$���;+�!��>U�#�!'<^S]j\=b�k=D&dHOH_:V"W�Njo\*QHkHQHOy� J�IcNP]^J�lcstO=DLkHNPOHQ�K�]j\=b�k=D&dHOH_:V�W�Nj\*QHkHQHOSFHGHQSZEQHY�]PQHGHI�W.D&OHOH_:V

ω
��]^J�GHI�k�oOH_-RTQy\�D�J�QHOH]PYHQHRTQ�v&b�YHW.D&RTQ��Á�D&]P]PRTI&J�GHQHR§I�FHGHNjm*Nj\*NPOHQHNX��� �cv�I�\*NPNcFHItm*GHI�v�OHIH���:I�o�FHNPGHW�_:V�n�sLD&RTN^J�QHR-n�k�J�IHnFHI�]PY�I�\*l&Y�b¸FHGHI�]^J�G=D&OH]^J.W�I§|j\*NPRTNPO�J&D&GHOH_:VêQH]eV.ILm*I�W�RTILM5N^J�QHRTN^J�lgD&v�]PI�\*f[J�OHIFHGHI�Q�stW�I�\*l�O�b�fÇ]^J�G�b�Y�J�b�GHb�n*Q�sPb�kHNPOHQHNXNPUPI5RaD�J�NPRaD�J�QHkHNt]PYHQHRTQ+RTN^J�Itm�D&RTQ�n=W�I�I�v�oi�N:UPI�W�I�G�K�n�OHN�FHGHNjm*]^J&D�W�\=KHN^J.]�K
W�I&stRTILM9OH_-R-����I�|^J�I�R¦bXO=D&R+OHNPI�vtV.ILm*QHR)OHNPY�I&J�I�oGH_-d�W�]PFHI�RTI�UjD�J�Nj\*l�OH_-d�I�v&¹�NPY�J�n�Y�I&J�I�GH_-d���I��HQHZEGHI�W�_�W.D�\H�zv�_;|j\*NPRTNPO�J&D&GHOH_-NQH]rV.Itm*_����¦D&YHQHR1I�v&¹�NPY�J�I�R-n�I�kHNPW�Q�m*OHIHn�KHW�\=KHN^J�]rK m*NPdH]^J�W�Q�J.Nj\*l�O=D�K`Z�b�OHYH�HQ�K`]I�v�\�D&]^J�l�f1I&FHGHNjm*Nj\*NPOHQ�K

Ω
���:I�o�W&J�I�GH_:V�n�mH\=K9J�I�UPIHn�k�J�I�v�_�FHI�O�K�J�l�]PW�I�dH]^J�W�I�Q�s^oRTNPGHQHRTI�]^J�Q�n�G=D&]P]PRTI&J�GHQHR¸]j\*Njm=b�f[i�QHd+FHGHQHRTNPG��

¢ @
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ω

ξ(ω)

1

1

1
2

0

Ïd����»¼±���º�ä¼¾ £

¾�x%ÄSxa��x ��� ���9��b�]^J�l»sLD�m�D&OHI»Q�stRTNPGHQHRTI�NFHGHI�]^J�G=D&OH]^J�W�I)�
Ω = [0, 1]

n F = {∅, Ω} �j�=��b.]^J�lZ�b�OHYH�HQ�K
ξ(ω)

I�FHGHNjm*Nj\*NPO=D'J�D&Y�n�Y�D&Y)FHI�Y�D�sLD&OHIO=D�GHQH]^b�OHY�N���� ���.�%GHNPv&b�N^J�]rK9O=D&d�J�Q9W�NPGHILK�J�OHI�]^J�l
P(ξ < 1/2)

�Á���om�aCE���-��¾�D&RTN^J�QHR-n=k�J�I
P

(

ξ <
1

2

)

=P{ω| ξ(ω) = 0}=P

{

ω ∈
(

1

2
, 1
]}

.

��s�FHI�]j\*Njm*OHNPUPIyG=D&W�NPOH]^J�W.D"RTOHI�UPQHNXm*Nj\�D&f[J'W�_-W�ILm�n�k�J�I'QH]PY�I�RaD�K+W�NPGHILK�J�OHI�]^J�lG=D&W�O=D
1/2
n�FHI�]PY�I�\*l�Y�bgmH\*QHO=D�QHO�J�NPGHW.D�\�D

(1/2, 1]
W`m*W.D`G=D�sLD`RTNPOHl&p�N&n-kHNPRmH\*QHO=D�I&J�GHN^stY�D

[0, 1]
�HC�I�sLD&RTN^J�QHR-n=k�J�I5O=DXm�D&OHOHI�R§Q�stRTNPGHQHRTI�RgFHGHI�]^J�G=D&OH]^J.W�N

(Ω, F)
W�NPGHILK�J�OHI�]^J�l

P
RTILM9OHI�sLD�m�D�J�lgNjm*QHOH]^J�W�NPO=OH_-R I�v�G=D�stI�R-h

P(∅) = 0
n

P(Ω) = 1
�=��NPR¦b'M
N�v&bLm*NjJ"G=D&W&O=D5QH]PY�I�RaD�KuW�NPGHILK�J�OHI�]^J�lHh*O�bL\*fÇQ�\*QuNjm*QHOHQH�HNLw�:RTNP]^J�I`I&J�W�N^J&D�O=Dq|^J�I&J�W�I�FHGHI�]&n¦m�D&W.D&d�J�N�FHGHI�W�N^GHQHR%nav&bLm*N^J \*QgKHW�\=K�J�l�]�KZ�b�OHYH�HQ�K
ξ(ω)

Q�stRTNPGHQHRTI�d'WSm�D&OHOHI�R�]j\=b�k=D&N&�*¤�kHNPW�Q�m*OHIHn�OHN^J�n�FHI�]PY�I�\*l�Y�b9FHI�\HoOH_-d¨FHGHI�I�v�G=D�s
ξ−1((−∞, 1/2)) = (1/2, 1]

OHNyKHW�\=KHN^J�]rK¨|j\*NPRTNPO�J.I�R
σ
oÓD�\*UPNPv�oGH_ F ���¦D&YHQHR�I�v�G=D�stI�R-n�O=D"GHQH]^b�OHY�N9��� �
Q�stI�v�G=D�M5N^O=D"Z�b�OHYH�HQ�K�n�mH\=K)Y�I&J�I�GHI�dFHI�]^J�D&W�\*NPOHO=D�K¨sLD�m�DLk=DqOHNuQHRTNPN^J`]PRT_-]j\�D���¤cJ�W�N^JHhasLD�m�DLk=D FHI�]^J�D&W�\*NPO=D�OHN^Y�I�G�oGHNPY�J�OHIH��-¤��EÁ�¤Eçc���uILM9OHI�\*Q9Q�stRTNPOHQ�J�l�b�]j\*I�W�QHN%sLD�m�D�kHQ'��� �%J�D&YHQHR�I�v&G=D�stI�R-n�k�J�I�ov�_¯I�O=D
QHRTNj\�D5GHN^p�NPOHQHNLw¤��[���T�:�tÄE\=KS|^J�I�UPIcm*I�FHI�\*OHQHR

σ
oÓD�\*UPNPv�G�b F |j\*NPRTNPO�J&D&RTQ [0, 1/2]

Q
(1/2, 1]Q�I�FHGHNjm*Nj\*QHR�W�NPGHILK�J�OHI�]^J�Q

P([0, 1/2]) = 0.1
Q

P((1/2, 1]) = 0.9
���ê|^J�I�R�]j\=b.ok=D&NaQH]PY�I�RaD�KSW�NPGHILK�J�OHI�]^J�lcv&bLm*N^J�G=D&W�O�K�J�l�]rK

0.9
���T]j\*QSI�FHGHNjm*Nj\*Q�J�l F Y�D&YXv�I�GHNjo\*NPW�]PY�b�f

σ
oÓD�\*UPNPv�G�b+FHItm*RTOHI�M
NP]^J�WyI�J�GHN^stY�D

[0, 1]
n�D"W�NPGHILK�J�OHI�]^J�luI�FHGHNjm*Nj\*Q�J�lY�D&Y9RTNPG�b
ÃXNPv�NPUjD�n.J�ISRT_¸FHI�\=b�kHQHR`v�I�\*NPN[NP]^J�NP]^J.W�NPOHO=_-d"I&J�W�N^JX{»Itm*O=DXW&J�I�G=D�K��¾�x%ÄSxa��x¿��� [ �=CED&GHQH]PI�W.D�J�lz]j\=b�k=D&dHO�b�f¿W�Nj\*QHkHQHO�b��Á���om�aCE���-�&¾�D�m�DLk=D�nPFHI�]^J�D&W�\*NPOHO=D�KEJ�D&YHQHR�I�v�G=D�stI�R-nPRTI�M
N^J%W�_�stW.D�J�l%OHNjm*I�ob�RTNPOHQHN"b�kHNj\*I�W�NPY�D�n¦FHGHQHW�_-Y�p�NPUPI I&J�ILM5m*NP]^J�W�\=K�J�lq]j\=b�k=D&dHOHI�]^J�l ]"OHNPI�FHGHNjm*Njo\*NPOHOHI�]^J�l�fS���ED&YERTI�M9OHI-O=D&GHQH]PI�W.D�J�l%J�IHnLk�J�IcOHNaI&FHGHNjm*Nj\*NPOHI�w%¤%m*O=D&Y�I���RaD�J�NPRaD�oJ�QHkHNP]PY�D�K�]j\=b�k=D&dHOHI�]^J�l��5QHRTNPN^J�FHGHQHGHItm=b�n�I&Jt\*QHkHO�b�fäI&Jyv�_�J�I�W�I�d���ça\=b�k=D&dHO=D�KW�Nj\*QHkHQHO=DzK=W�\=K=NjJ�]�K)W�FHI�\*OHNSI�FHGHNjm*Nj\*NPOHOHI�dqZ�b�OHYH�HQHNPd)|j\*NPRTNPO�J&D&GHOHI�UPI'QH]rV.Itm�D� s^m*NP]PlHn�Itm*O=D&Y�IHn�]j\*Njm=b�N^JqI�UPI�W�I�GHQ�J�l�]rK�n�k�J�I+FHGHI�]^J�G=D&OH]^J�W�I)|j\*NPRTNPO�J�D&GHOH_�V`QH]joV.Itm*I�WEOHN-W�]PNPUrm�D�QHO�J�NPGHNP]^b.NPJSO=D&]-Y�D&Y
J�D&Y�I�W�I�N&n�FHI�]PY�I�\*l�Y�b
NPUPIERaD�J�NPRaD�J�QHkHNP]PY�I�NI�FHQH]tD&OHQHNEOHNEW�]PNPUrm�D5W�I&stRTILM9OHI��j�ÄE\=K)GHN^p�NPOHQ�K |^J�I�dqsLD�m�DLkHQqI�FHGHNjm*Nj\*QHR¯Q�stRTNPGHQHRTI�N5FHGHI�]^J�G=D&OH]^J�W�I

(Ω, F)Y�D&Y'F=D&G�b
([0, 1], B[0, 1])

Q'G=D&]P]PRTI&J�GHQHRgZ�b�OHYH�HQHf
ξ(ω)

n�Q�stI�v�G=D�M
NPOHO�b�f�O=D�GHQ�o]^b�OHY�N
��� �&��Ä�D&OHO=D�KuZ�b�OHYH�HQ�KyKHW�\=KHN^J�]�KuILm*OHQHR¨Q�sXW�I&stRTI�MzOH_:VuGHN^p�N^OHQHd�sLD�m�D�okHQ��



b!cWd�e(fhg�i ã ¢�¢
�-¤��EÁ�¤Eçc�=��I�FHGHNjm*Nj\*NPOHQHQ�]j\=b�k=D&dHOHI�d�W�Nj\*QHkHQHOH_¯OHNEZEQHU^b�GHQHG�b�N^J"W�NPGHILK�J�oOHI�]^J�l)��RTNPG=D.�j�=��I�kHNPR¦b']PW�I�dH]^J�W�I)����� ���:O=D�st_-W.D&N^J�]rKy��Q�stRTNPGHQHRTI�]^J�l�f%� w¤��[���T�:��CEDu]tD&RTI�R¯m*Nj\*N&n�W&NPGHI�K�J�OHI�]^J�O=D�K�RTNPG=D�OHN^stGHQHRTI+FHGHQH]^b�J�]PJ.W�b.N^J WI�FHGHNjm*Nj\*NPOHQHQ§]j\=b�k=D&dHOHI�d§W�Nj\*QHkHQHOH_��¦�¥F=D&G=D&UPG=D&ZXD�V¸�^o ¢yRT_;]^J&D�\*YHQHW.DL\*QH]Plq]]PQ�J&b�D&�HQHNPd�n�Y�I�Uem�D"OHNPY�I&J�I�GH_-d¨�Õ��]j\=b�k=D&dHOH_-d�� �[I�v&¹�NPY�J

ξ
FHI�F=D�m�D�\ W"OHNPY�I&J�I�GHI�NsLD�m�D&OHOHI�N�RTOHI�M
NP]^J�W�I

B
�L�¦D&YHQHRTQSI�v&¹�NPY�J�D&RTQSRTI�Ue\*QSv�_�J�lc]j\=b�k=D&dHOH_-RqI�v�G=D�stI�Rv�GHI&p�NPOHO=D�KuJ�I�kHY�D�n*W�_-F=D&W&p�QHNXO=D5QHUPG=D�\*l�OH_:V�Y�I�]^JLK�V�I�kHYHQ�n=Y�I�\*QHkHNP]^J�W�Izb.]PFHNjoV�I�WyWu]eV.NPRTN" :NPGHO�bt\H\*Q�n�D']PI�I&J�W�N^J�]^J.W&b�f[i
QHRTQ`RTOHILM
NP]^J�W.D&RTQq{æI&J�GHN^stI�Y�Q�\*QUPNPI�RTN^J�GHQHk=NP]PY�D�K¨I�v�\�D&]^J�lHnaItm*OHI&J�I�kHNPkHOHI�NuRTOHILM5NP]^J�W�IHnT]PItm*NPG.MzD�i�NPNysLD�m�D&OHOHI�NkHQH]j\*I"I�kHY�I�WHn*O=D&FHNPGHNjm)sLD�m�D&OHOHI�NSY�I�\*QHkHNP]^J�W�I9b.]PFHNjV.I�Wq��Itm*OHI&J�I�kHNPkHOHI�N�RTOHILM
Njo]^J�W�I Q�\*QgFHILm*RTOHILM
NP]^J�W�I O=D�J&b�G=D�\*l�OH_:VgkHQH]PNj\��j����GHQg|^J�I&R»O=D&]'Y�D�M5m*_-d§G=D�sQHO�J�NPGHNP]tI�W.D�\�D¾���B

��^!�"�������"IS�-� / $0�"'<^ {ξ ∈ B} ��C�I�n*Y�D&Y�RT_1sPO=D&NPR-n�]PI�v�_�J�QHNNP]^J�l�OHNuk�J�I`QHOHI�N�Y�D&Y¨|j\*NPRTNPO�J

σ
oÓD�\*UPN^v�GH_ F naY�I&J�I�G=D�KgKHW�\=KHN^J�]�K¸I�v�\�D&]^J�l�fI�FHGHNjm*Nj\*NPOHQ�K)W�NPGHILK�J�OHI�]^J�OHI�d)RTNPGH_�����RTNPOHOHI9FHI�|^J�I�R¦b�O=D&R¸OHNPI�vtV.Itm*QHRTI9b�]j\*I�oW�QHN5����� ���jn�QHRTNPOHOHI
FHI�|^J�I�R¦b"I�OHI
OHI�]^Q�J5O=D�stW.D&OHQHN[��Q�stRTNPGHQHRTI�]^J�l���Q'QHRTNPOHOHI
FHI�o|^J�I�R¦b�|j\*NPRTNPO�J�_

σ
oÓD�\*UPNPv�GH_1J&D&Y�M
NSO=D�st_-W.D&f[J�]rK)Q�stRTNPGHQHRT_-RTQ)RTOHI�M
NP]^J�W.D&RTQ� J�IzNP]^J�l9RTOHILM5NP]^J�W.D&RTQ�n=Y�I&J�I�GH_-NXRTILM9OHI���Q�stRTNPGHQ�J�l�� �j�

�-¤��EÁ�¤Eçc����I�kHNPR¦b¸W�I�FHGHNjm*Nj\*NPOHQHQê]j\=b�k=D&dHOHI�dêW�Nj\*QHkHQHOH_ûQH]PFHI�\*l&sPb.NjJ.]�Kv�I�GHNj\*NPW�]PY�D�K
σ
oÓD�\*UPNPv�G=D B n.W�Njm*lXUPI�G=D�s^m*IXbtm*I�v�OHNPN[QH]PFHI�\*l&stI�W.D�J�lSWXY�DLkHNP]^J�W�N B nO=D&FHGHQHRTNPG�n*RTOHILM5N^]^J�W�IzW�]PNjVuFHItm*RTOHILM5NP]^J�W

IR
w¤��[���T�:�� :I�GHNj\*NPW�]PY�D�K

σ
oÓD�\*UPNPv�G=D B FHILKHW�Q�\�D&]Pl§WgI�FHGHNjm*Nj\*NPOHQHQ1]j\=b�k=D&d�oOHI�d'W�Nj\*QHkHQHOH_�FHI�v�I�\*l&p�NPd'k=D&]^J�QyQH]jJ�I�GHQHkHNt]PYHQ�nHFHI�]PY�I�\*l�Y�b5m*I�G=D�stW�Q�J�Q�K"J�NPI�oGHQHQ
W�NPGHILK�J�OHI�]^J�Ntd5W�]tD&RTI�]^J�ILK�J�Nj\*l�O�b�f�O=Dtb�Y�bXm*I�]^J�D�J�I�kHOHIEv�_:\*Icb�RTN^J�lEW�_-kHQH]jo\=K�J�l"W�NPGHI�K�J�OHI�]^J�l'FHI�F=D�m�D&OHQ�K�]j\=b�k=D&dHOHI�d)W�Nj\*QHkHQHOH_ÇW9OHNPY�I&J�I�GH_-d)QHO�J�NPGHW.D�\���c\�D&]P] B KHW�\=KHN^J�]�K'm*I�W�I�\*l�OHI
p�QHGHI�YHQHR-�*��I�]^J�GHI�NPOHQHNSOHNPv�I�GHNj\*N^W�]PY�I�UPI9RTOHILM
Njo]^J�W.DqFHGHNjm*]^J�D&W�\=KHN^J`]PI�v�I�d�m*I�]^J&D�J�I�kHOHIqJ�G�bLm*I�NPRTY�b�f¼sLD�m�DLk�bê��]PR-� n¦O=D&FHGHQHRTNPG�n����I�\*RTI�UPI�GHI�WXQ'¡�I�RTQHO��L� Ö ���jn.]^J�G�� [ �&£��j����GHI�RTN%J�I�UPIHn�Wz�L� @�� UPItm=b"çc��� �.½¦\�D�oRTI�R���]PR-����¤�Y�]^J�I�v�Q��L�.��£��e�:v�_:\�D�m*I�Y�D�sLD&O=D
J�NPI�GHNPRaD�n*Y�I&J�I�G=D�K�Ue\�D&]PQ�J�n�k�J�I[=��*.����><�!�*^����B
���C��*A�

��)+�\�
���!�!�*^��!�¾���-��%LA��*)-�7���98:�-�����+�*%��7���98:�-�����+�~���*?"���*.���"':=��*�!�"'!�!HEH+��C@
��	�+�!���!H���6Ñ���98F)+�-���������!���-C��-�\��'}�*�v�M
��	�+�!���!H���6«)#�U^=E�+8F)+��P#���*)����*���*>U��><����P#��A��*)-�7���98:�-�����+�&���ED&Y5Ra_gb�M
N[U^I�W�I�GHQ�\*Q9W�T [ n.RTNPG=DILm*OHI&J�I�kHN^kHOHI�UPI5RTOHI�M
NP]^J�W.DSG=D&W�O�KHN^J�]�K'O�bL\*fSn�NP]j\*QyW�Y�DLkHNP]^J�W�N�RTNPGH_êG=D&]P]PRaD�J�oGHQHW.D�J�lHn�O=D�FHGHQHRaN^G�n�UPNPI�RTN^J�GHQHk=NP]PY�b�f¸W�NPGHILK�J�OHI�]^J�lH�&C�Q�M
N�v&btm*N^J�FHI�Y�D�sLD&OHIHn�k�J�IJ&D&YHQHRêM
N
]PW�I�dH]^J�W�I�R¯I�v�\�D�m�D�f[JuW�]PN
J�D&Y O=D�st_-W.D&NPRT_-NzD&v�]PI�\*f[J�OHIuOHNPFHGHNPGH_-W�oOH_-N5G=D&]PFHGHNjm*Nj\*NPOHQHK���¤[m*O=D&Y�IHn�W�NPGHI�K�J�OHI�]^J�luOHN
RTI�M
N^JyG=D&W�O�K�J�l�]rKqO�bL\*f;J�ILM5om*NP]^J�W�NPOHOHIHn�FHI�]PY�I�\*l�Y�bzW�NPGHILK�J�OHI�]^J�lSm*I&]^J�I�W�NPGHOHI�UPI�]PI�v�_�J�Q�K"W�]PNPUrm�DXG=D&W�O�KHN^J�]rKNjm*QHOHQH�HN&���¦D&YHQHR�I�v�G=D�stI�R-n.RTOHILM
NP]^J�W�ISW�]PNjVzFHItm*RTOHI�M
NP]^J�W

IR
]PQ�\*l�OHIXb�]^J&b�F*D&N^Jv�I�GHNj\*NPW�]PY�I�d

σ
oÓD�\*UPNPv�GHN%FHGHQ5I�FHGHNjm*Nj\*NPOHQHQ9G=D&]PFHGHNjm*Nj\*NPOHQ�K9]j\=b�k=D&dHOHI�dzW�Nj\*QHkHQ�oOH_¥��]PR-��I�FHGHNjm*Nj\*NPOHQHNS��� [ �j�� :I�\*NPNcJ�I�UPIHn�v�I�GHNj\*NPW�]PY�D�K

σ
oÓD�\*UPNPv�G=DSFHItm*RTOHI�M
NP]^J�Wm*NPdH]^J�W�Q�J.Nj\*l�OHI�d�FHG�KHRTI�d KHW�\=KHN^J�]rK`QH]PY�\*fckHQ�J.Nj\*l�OHI+bLm*I&v�OH_-RÇI&v&¹�NPY�J�I�R-n�FHI�o



¢&� s�ã t × w Æ�ß.Þ�àH­v²c«�ª�« w ®�ß&®H­v²1®u® Î(x Þ.Ù Ø�x «�¬�« w «�­H®vy
]PY�I�\*l�Y�b¨NPN)|�\*NPRTNPO�J._¼\*N^UPY�I�Q�stRTNPGHQ�J�l§]+FHI�RTI&i�l�fæRTNPGH_¼ÃXNPv�NPUjD��ÕmH\*QHOH_[�jnDzmH\=KqI�FHGHNjm*Nj\*NPOHQ�K�v�I�GHNj\*NPW�]PY�I�d

σ
oÓD�\*UPNPv�GH_¿O=D~��6 / ���»FHGHI�]^J�G=D&OH]^J�W�N
m*I�]^J&D�oJ�I�kHOHI sLD�m�D�J�l`O=D |^J�I�R»FHGHI�]^J�G=D&OH]^J.W�N+RTN^J�GHQHY�b¨Q�\*QgJ�I�FHI�\*I�UPQHf ��Y�I&J�I�GH_�N+QI�FHGHNjm*Nj\=KHf[J5I&J�YHGH_�J�_-NERTOHILM
NP]^J�W.D.�j�H�¨]j\=b�k=D&N&n�Y�I�Urm�DSW�I�FHGHNjm*Nj\*NPOHQHQ���� �cZEQ�oU^b�GHQHG�b�N^J�FHGHI�Q�stW�I�\*l�OHI�N�Q�stRTNPGHQHRTI�N:FHGHI�]^J�G=D&OH]^J.W�I

(S, H)
W�RTNP]^J�IcQ�stRTNPGHQHRTI�UPIFHGHI�]^J�G=D&OH]^J�W.D

(IR, B)
n�Q�stRTNPGHQHRTI�N[I&J�I�v�G=D�M5NPOHQHN

ξ
O=D�st_-W.D&f[JG�B��HE><��1!�!$&�:���
��.�����!�������¤��EÁ���Ä��¦Ã��aCE���¥��� [ �0���	��A�

��)+�B�
���!'�� �Ñ�B��HE><��1!���*1K���B��'!><'!�!$

ξ
�v��;+$5�+��.������^Q�0HE�!=E�!'<^

Pξ : B −→ IR
Cl�*A�

��)+�B�
���!�!�*^Q)��U^[��6 / ��P#�

B ∈ B A��"A�
��	�+'���H
Pξ(B) = P(ξ ∈ B). (7.2)���B��'Ü�B��HE><��1!�!�*^Ü���B��'!><'!�!��'<���-����
��	��A�

�#)+�\�
���!'��

Pξ

C����MP#�����`
U^!�¯�"��=	8:�DC><�����\�!H�>���1!�!�*^O���B��'!><'!�!��
��	��A�

��)+�\�
���!�,A���;+��=��*�!H
Pξ

R¾�x��S�a��x�CE������� @ �	�T]j\*Q
Pξ(Z) = 1

n�Uem*N Z NP]^J�lSRTOHILM
NP]^J�W�IE�HNj\*_:VzkHQH]PNj\�nJ�Iz]j\=b�k=D&dHO=D�KuW�Nj\*QHkHQHO=DzO=D�st_-W.D�N^J�]�K����B�
�*><'��\�
���!���*1=�¾�x��S�a��x�CE��� ��� £H��CED1ZEQHY�]PQHGHI�W.D&OHOHI�RËW�NPGHI�K�J�OHI�]^J�OHI�RýFHGHI�]^J�G=D&OH]^J.W�N]j\=b�k=D&dHO=D�K'W�Nj\*QHkHQHO=D
Itm*OHI&stO=DLkHOHI5I�FHGHNjm*Nj\=KHN^J5]PW�I�N�G=D&]PFHGHNjm*Nj\*NtOHQHN&n=OHI
FHISsLD�om�D&OHOHI�R¦bSG=D&]PFHGHNjm*Nj\*NPO=QHf�OHNj\*l&sPK
Itm*OHI&stO=D�kHOHI�W�I�]P]^J�D&OHI�W�Q�J�lE]j\=b�k=D&dHO�b�f�W�Nj\*Q�okHQHO�b��
η(ω)

ζ(ω)

ω1

1

1
2

1
4

0

Ïd����»¼±���ºVä¼¾ ¤

�T]j\*Q'FHNPGHW�I�N%b�J�W�NPG�M5m*N^OHQHN�sLD&RTNPk=D&OHQ�K5m*I�]^J&D�oJ�I�kHOHIzI�kHNPW�Q�m*OHI5W�W�Q�m=b"Itm*OHI&stO=DLkHOHI�duI�FHGHNjm*Nj\*NPO�oOHI�]^J�Q;FHG=D&W&I�d»k=D&]jJ�Qû����� [ �jn�J�I¯W&J�I�GHI�NgJ�GHNPv&b�N^JOHNPY�I&J�I�GHI�UPI FHILKH]POHNPOHQ�K��¸Á¦D&]P]PRTI&J�GHQHR FHGHQHRTNPG����b�]^J�l sLD�m�D&OHI W�NPGHILK�J�OHI�]^J�OHI�N FHGHI�]^J�G=D&OH]^J�W�I
([0, 1], B[0, 1], λ)

n�Urm*N
λ
{;RTNPG=DEÃXNPv�NPU^D���Á�D&]P]PRTI&J�oGHQHRÀm*W�NqZ�b�OHYH�HQHQ

η(ω)
Q
ζ(ω)

n-I�FHGHNjm*Nj\*NPOHOH_-NJ�D&Y�n*Y�D&YuFHI�Y�D�sLD&OHI5O=D5GHQH]^b�OHY�N
��� [ �ÄSI�Y�D�M5NPR-n&k�J�IXG=D&]PFHGHNjm*Nj\*NPOHQ�K9]j\=b�k=D&dHOH_:V9W�Nj\*QHkHQHO
η
Q
ζ
]PI�W�F=D�m�D&f[J��&ÄE\=K|^J�I�UPI+G=D�stI�v�l�NPR

σ
oÓD�\*UPNPv�G�b B O=DukHN^J�_-GHN'Y�\�D&]P]tD�����b�]^J�l+Y�\�D&]P] B1

W�Y�\*fck=D&NjJW�]PN9v�I�GHNj\*NPW�]PYHQHN"RTOHILM
NP]^J�W.D�n�W�Y�\*fck=D&f[i�QHN9J�I�kHYHQ
0
Q

1
n�Y�\�D&]P] B2

W�Y�\*fck=D�oN^JuW�]PN
v�I�GHNj\*NPW�]PYHQHNzRTOHILM
NP]^J�W.D�n�OHN5W�Y�\*fck=D&f[i�QHN
0
Q

1
n�Y�\�D&]P] B3

W�Y�\*fck=D&NjJW�]PNXv�I�GHNj\*NPW�]PYHQHN�RTOHILM5NP]jJ�W.D�n�W�Y�\*fck=D&f[i�QHN
0
Q�OHNXW�Y�\*fck=D&f[i�QHN

1
n*Y�\�D&]P] B4W�Y�\*fck=D&N^J
W�]PN[v�I�GHNj\*NPW�]PYHQHN�RTOHI�M
NP]^J�W.D�n�OHNcW�Y�\*f[k=D&f[i�QHN

0
Q9W�Y�\*fck=D&f[i�QHN

1
�¤�kHNPW�Q�m*OHIHn�k�J�I B = B1∪B2∪B3∪B4

Q BiBj = ∅ n i 6= j
�tÄE\=K�\*fcv�I�UPI[RTOHILM
NP]^J�W.D

B1 ∈ B1

]PFHG=D�W�NjmH\*QHW�I9G=D&W�NPOH]^J�W�I
P{ω| ζ(ω) ∈ B1} = λ([0, 1]\{1/4}) = λ([0, 1]) = P(η ∈ B1) = 1.xcO=D�\*I�UPQHkHOHIHn�mH\=K

Bi ∈ Bi

n
i = 2, 3, 4

n=QHRTNPNPR
P(ζ ∈ B2) = λ({1/4}) = λ(∅) = P(η ∈ B2) = 0



b!cWd�e(fhg�i ã ¢��
Q

P(ζ ∈ B3) = P(ζ ∈ B4) = P(η ∈ B3) = P(η ∈ B4) =
1

2
.�¦D&YHQHR¸I�v�G=D�stI�R-n*RT_�FHI�Y�D�sLD�\*Q�n�k�J�IzmH\=Ku\*fcv&I�UPI"v�I�GHNj\*NPW�]PY�I�UPI"RTOHILM5NP]^J�W.D

BstO=D�kHNPOHQ�KzG=D&]PFHGHNjm*Nj\*NtOHQHd
Pη(B)

Q
Pζ(B)

]PI�W�F=D�m�D&f[J�n�OHIXFHGHQz|^J�I�R-n�Y�D&YzW�Q�m*OHIQ�sXGHQH]^b�OHY�D�n*]tD&RTQy]j\=b�k=D&dHOH_-NSW�Nj\*QHkHQHOH_1OHNE]PI�W�F=D�m�D&f[JzOHQuW5ILm*OHI�d'J�I�kHY�N&�¤��EÁ���Ä��¦Ã��aC�������� @ ���M�#8F)�HQ�B��HE><��1!�!$&�7'L���B��'!><'!�!�*�7'Q����PDHE�Ñ'<�����"I���-�������B�
��)�HE6�?"'������������+�!$��7;+�!��=E'�
��	�����������+�ER
Â Ó ½!�98F)+�-���������!���*�K
��	�������������+RSa
�����`
U^!��CL><���m�\��HE><��1!�!�*^Ñ���B��'!><'!�!�

ξ���98F)+�-���������!���(
��	�+�!���\��HE><��1!���*1]���\��'!><'!���
η
CV�-�B��'

ξ(ω) = η(ω)
)��U^���-��%

ω ∈ Ω
R�� / �-;+�v��>U���!'��9�

ξ ≡ η
R

Ø Ó ���	�������������@A��*><�"'��!�	���B
������9Rva������`
U^!��C�><�����\��HE><��1!�!�*^(���\��'!><'!�!�
ξ


��	�+.�<^�������^:A��*><�"':�v�	���B
������O'���']��=��+'��+�9�
���!�"�!���\��HE><��1!���*1}���B��'!><'!���
η
C�-�\��'

P{ω| ξ(ω) = η(ω)} = 1
Rl� / �-;+�!��>U���!'��9�

ξ árâ ãrâ= η
R

Ù Ó ���	�������������QA��,
��	��A�

��)+�\�
���!'!6�RWa
�����`
U^!��C�><���O�\��HE><��1!�!�*^4���\��'!><'!�!�
ξ
��	�+�<^�������^_�B��HE><��1!���*1}���B��'!><'!���

η
A��~
��	��A�

��)+�\�
���!'!6lC(�-�B��'

Pξ(B) =

Pη(B)
)��U^[��6 / ��P#� / �`

�\�
�-����=���P#���7���98:�-�����+�

B
R�� / �-;+�!��>U���v'��9�

ξ
d
= η

R
¤�kHNPW�Q�m*OHIHn�k�J�I)G=D&W�NPOH]^J�W�I§�"Q�s"I�FHGHNjm*Nj\*NPOHQ�K¨��� @ KHW�\=KHN^J�]rK§]tD&RT_-R�]PQ�\*l�oOH_-R-n*D
G=D&W�NPOH]^J�W�I @ {}]tD�Ra_�R¨]j\�D&v�_-R-�=�¦D&Y'W�]PN�J�GHQu]j\=b�k=D&dHOH_-NXW�Nj\*QHkHQHOH_

ξ
n

η
Q
ζ
��]PR-�HGHQH]&����� �EQ���� [ �:G=D&W�OH_¯FHI5G=D&]PFHGHNjm*Nj\*NPO=QHfSn*]j\=b�k=D&dHOH_-NSW�Nj\*QHkHQHOH_

ξQ
ζ
G=D&W�OH_¸FHI�k�J�Q"O=D&W�NPGHOHI�N&n�Q9OHQHY�D&YHQHN%m*W�N[Q�sc|^J�Q�V9J�GHNjV9]j\=b�k=D&dHOH_:V"W�Nj\*QHkHQHOOHNEG=D&W�OH_êJ�ILM5m*NP]^J�W�NPOHOHIH�¾�D&RTN^J�QHR-n�k�J�IcG=D&]PFHGHNjm*Nj\*NPO=QHN�]j\=b�k=D&dHOHI�d
W&Nj\*QHkHQHOH_�KHW�\=KHN^J�]rK�OHN:]j\*Q�p�Y�I�RbLm*I�v�OH_-R1I�v&¹�NPY�J�I�R¯Q�sPb�kHNPOHQ�K�n�FHI�]PY�I�\*l�Y�b)NPUPI�I�v�\�D&]^J�luI�FHGHNjm*Nj\*NPOHQ�K`NP]^J�l

σ
oD�\*UPNPv�G=D[v�I�GHNj\*NPW�]PYHQ�VXRTOHI�M
NP]^J�W B n�D%v�I�\*l&p�QHOH]jJ�W�I�RTN^J�Itm*I�WcRaD�J�N^R�D�J�QHkHNt]PY�I�UPIQuZ�b�OHYH�HQHI�O=D�\*l�OHI�UPI9D&O=D�\*Q�sLD
G=D�stG=D&v�I&J�D&OH_�mH\=KuZ�b�OHYH�HQHd�n=I�FHGHNjm*Nj\*NPOHOH_�VuO=Dm*NPdH]^J�W�Q�J.Nj\*l�OHI�d"FHG.K=RTI�d��&ÄE\=K5J�I�U^IHn�k�J�I�v�_¨b�FHGHI�]^J�Q�J.lXsLD�m�D�k�b
QH]P]j\*Njm*I�W.D�J�Nj\*KW�W�ILm*Q�J�]rKu]j\*Njm=b�f[i�NtNXI�FHGHNjm*Nj\*NPOHQHN��¤��EÁ���Ä��¦Ã��aC�������� £H��å�HE�!=E�!'���1~
��	��A�

��)+�\�
���v'<^��B��HE><��1!���*1����B��'!><'!�!$
ξ�!��;+$��+�	������^Q�*��� / 
��+8:���!'��

Fξ : IR −→ IR
Cl�*A�

��)+�B�
���!������A��"A�
��	�+'���H

Fξ(x) = P(ξ < x)
'���'

Fξ(x) = Pξ((−∞, x)))��U^O���-��%
x ∈ IR

R�@��¤�Á����ux}��� ����å�HE�!=E�!'<^[
��	��A�

��)+�\�
�#�!'<^��\��HE><��1!���*1����B��'!><'!�!$}�*;+��'<�7����*)����-;+�!��><�����*A�

��)+�B�U^����Z
��	��A�

�#)+�\�
���!'����B��HE><��1!���*1Q���\��'!><'!�!$5R¤�FHGHNjm*Nj\*NPOHQHNu��� £+Q`J�N^I�GHNPRaD ��� �zm�D&f[J)W�I&stRTILM9OHI�]^J�l+G=D&v�I&J�D�J�l)]"G=D&]PFHGHNjom*Nj\*NPOHQ�KHRTQ)]j\=b�k=D�dHOH_:V)W�N�\*QHkHQHO+FHI�]PGHNjm*]^J�W�I�R�v�I�\*NPNXFHGHQHW�_-kHOHI�UPI"I�v&¹�NPY�J�D
{



¢ Ö s�ã t × w Æ�ß.Þ�àH­v²c«�ª�« w ®�ß&®H­v²1®u® Î(x Þ.Ù Ø�x «�¬�« w «�­H®vy
m*NPdH]^J�W�Q�J�N^\*l�OHI�d�Z�b�OHYH�HQHQ'm*NPdH]^J�W�Q�J.Nj\*l�OHI�UPI9FHNPGHNPRTNPOHOHI�UPIH��¡Sb�OHYH�HQ�KuG=D&]PFHGHNjom*Nj\*NPOHQ�K�I�v�\�D�m�D�N^J9]j\*Njm=b�f[i�QHRTQ+I�]POHI�W�OH_-RTQu]PW�I�dH]^J�W.D&RTQ�h
���'OHN^b�v�_-W.D&OHQHN&h*NP]j\*Q

x1 ≤ x2

n�J�I
F (x1) ≤ F (x2)

~
[ �'OHNPFHGHNPGH_-W�OHI�]^J�l"]j\*NPW.D�h

limx→x0−0 F (x) = F (x0)
~

@ �'I�UPG=D&OHQHkHNPOHO=D�KuW.D&GHQ=D&�HQ�K�h
limx→−∞ F (x) = 0

n
limx→+∞ F (x) = 1

�
�@��¤�Á����uxÀ��� [ �q���\��'��0HE�!=E�!'<^

F (x)
� / ����)��	���Ñ�-���*1������+�*�7'LÂ�. Ù Cl���,��HE.?��-�����+H����m���B

��^!�"�������"������A�

������
������������

(Ω, F , P)
',�B��HE><��1!�!�*^G���B��'!><'!�!�

ξ
�!�(���\�Z�"��=E�*^UC5><���

F (x) = P(ξ < x)
)��U^O���-��%

x ∈ IR
R�¦D&YHQHRuI�v�G=D�stI�R-nPZ�b�OHYH�HQ�K�nLI�v�\�D�m�D&f[i
D�KEW�_�p�NPFHNPGHNPk=QH]j\*NtOHOH_%RTQS]PW�I�dH]^J�W.D�oRTQ�n�W�]PNPUem�D9KHW�\=KHN^J�]rK)Z�b�OHYH�HQHNPd)G=D&]PFHGHNjm*Nj\*NPOHQ�KqOHNPY�I&J�I�GHI�d)]j\=b�k=D&dHOHI�d)W�Nj\*Q�okHQHOH_���CED�GHQH]^b�OHY�D�V'��� @ o ���Ô¢cFHI�Y�D�sLD&OH_¸OHNPY�I&J�I�GH_-NcW�I&stRTILM9OH_-N-W�Q�m*_¸Z�b�OHYH�HQHdG=D&]PFHGHNjm*Nj\*NPOHQ�K��

1

F (x)

x0

1

F (x)

x0

1

F (x)

x0Ïd����»¼±���ºVä¼¾ � Ïd����»¼±���ºVä¼¾ � Ïd����»¼±���ºVä¼¾ ²

�M�5�~���_�7��� � �������7�7�
¾�x%ÄSxa��x¼��� @ ����I�Y�D�stD�J�lHn¦Y�D&Y�D�K�Z�b�OHYH�HQ�K

ξ(ω)
KHW�\=KHN^J�]�K�Q�stRTNPGHQHRTI�dgO=D\*fcv�I�RÇQ�stRTNPGHQHRTI�R¥FHGHI�]^J�G=D&OH]^J�W�N

(Ω, F)
�T��I�Y�D�sLD�J�lHn¦O=D+Y�D&Y�I�RÇQ�stRTNPGHQHRTI�RFHGHI�]^J�G=D&OH]^J�W�N

(Ω, F)
Q�stRTNPGHQHRaD
\*fcv.D�KyZ�b�OHYH�HQ�K

ξ(ω)
�¾�x%ÄSxa��xä��� £H��ÄSI�Y�D�sLD�J�lHn�k�J�I�Z�b�OHYH�HQ�K�G=D&]PFHGHNjm*Nj\*NPOHQ�K`RTILM
N^J�QHRTN^J�luOHNv�I�\*NPN&n=kHNPR¨]PkHN^J�OHI�NXkHQH]j\*I5J�I�kHNPY�G=D�stGH_-W.D��¾�x%ÄSxa��xû���Ô¢��T��b�]^J�l

g(x)
Q
ξ(ω)

{ OHNPY�I&J�I�GH_-N�Z�b�OHYH�HQHQ�nTFHGHQHkHNPR
g(x)OHNPQ�stRTNPGHQHRaD�n�D

ξ(ω)
Q�stRTNPGHQHRaD`��O=D'OHNPY�I&J�I�GH_:V�Q�stRTNPGHQHRT_:V�FHGHI�]^J�G=D&OH]^J.W.D�V=�j��uILM
N^J
\*QuZ�b�OHYH�HQ�K
g(ξ(ω))

K=W�\=KHJ�l&]�KuQ�stRTNPGHQHRTI�d`��OHNPQ�stRTNPGHQHRTI�d*�ew¾�x%ÄSxa��x ��� ���¦��b�]^J�l
g(x)

Q
ξ(ω)

{ýOHNPY�I&J�I�GH_-NyOHNPQ�stRTNPGHQHRT_-NyZ�b�OHYH�HQHQ��O=D�OHNPY�I&J�I�GH_:V9Q�stRTNPGHQHRT_:VzFHGHI�]^J�G=D&OH]^J.W.D�V=�j�H�uILM
N^JE\*QzZ�b�OHYH�HQ�K
g(ξ(ω))

KHW�o\=K�J�l�]rKuQ�stRTNPGHQHRTI�d���OHNPQ�stRTNPGHQHRTI�d*�ew
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¾�x%ÄSxT��xû���Ô���a��b�]^J�l

g(x)
Q
ξ(ω)

{ OHNPY�I&J�I�GH_-NuZ�b�OHYH�HQHQ�naFHGHQHkHNPR
g(x)Q�stRTNPGHQHRaD�n�D

ξ(ω)
OHNPQ�stRTNPGHQHRaD`��O=DyOHNPY�I&J�I�GH_:V�Q�stRTNPGHQHRT_:V�FHGHI�]^J�G=D&OH]jJ.W.D�V=�j��uI�M
N^J
\*QuZ�b�OHYH�HQ�K
g(ξ(ω))

KHW�\=K�J�l�]rKuQ�stRTNPGHQHRTI�d���OHNPQ�stRTNPGHQHRTI�d*�ew¾�x%ÄSxT��x ��� Ö �-��b�]^J�l
g(x)

{ív�I�GHNj\*NPW�]PY�D�KêZ�b�OHYH�HQ�K»� J�IgNP]^J�l§m*NPdH]^J�W�Q�oJ�Nj\*l�O=D�K�Q�stRTNPGHQHRaD�K�Z�b�OHYH�HQ�Kym*NPdH]^J�W�Q�J.Nj\*l�OHI�UPI"FHNPGHNPRTNPOHOHI�UPIHn�]PR-�=I�FHGHNjm*Nj\*NjoOHQHN Ö � @ �jn�D
ξ(ω)

{¼]j\=b�k=D&dHO=D�K)W�Nj\*QHkHQHO=D�n�I�FHGHNjm*Nj\*N^OHO*D�K)O=D9OHNPY�I&J�I�GHI�RêW�N^GHI�oK�J�OHI�]^J�OHI�R¿FHGHI�]^J�G=D&OH]^J.W�N
(Ω, F , P)

��ÄSI�Y�D�sLD�J�lHn�k�J�I
g(ξ(ω))

KHW�\=KHN^J�]rK§]j\=b.ok=D&dHOHI�duW�Nj\*QHkHQHOHI�d�O=D
(Ω, F , P)

�¾�x%ÄSxT��xÑ��� ���:ça\=b�k=D&dHO=D�K�W�Nj\*QHkHQHO=D
ξ
QHRTNPN^J�Z�b�OHYH�HQHfÅG=D&]PFHGHNjm*Nj\*NPOHQHK

F (x)
��CED�d�J�QSZ�b�OHYH�HQHQXG=D&]PFHGHNjm*Nj\*NtOHQ�KS]j\=b�k=D&dHOH_:VSW�Nj\*QHkHQHO

aξ
n
ξ+b
n
a, b ∈ IR

nQ
1/2(ξ + |ξ|) �¾�x%ÄSxT��x¯��� � � ��¤�vLK�sLD&O=Dc\*QzZ�b�OHYH�HQ�K

ξ
v�_�J�lX]j\=b�k=D&dHOHI�d9W�Nj\*QHkHQHOHI�d�n.NP]j\*Q]j\=b�k=D&dHOHI�d�W�Nj\*QHkHQHOHI�duKHW�\=KHN^J�]rKuZ�b�OHYH�HQ�K+D.�
ξ2 ~Hv�� |ξ| ~=W�� cos ξ

~=UL�
exp{ξ} w¾�x%ÄSxT��x}��� �������uILM
N^J'\*Q RTOHILM5NP]^J�W�I'J�I�kHNPY�G=D�stGH_-W.DyZ�b�OHYH�HQHQ�G=D&]PFHGHNjom*Nj\*NPOHQ�K�v�_�J�lzW�]Pf�m=b'F�\*I&J�OH_-R¸O=D5FHG.KHRTI�d*w¾�x%ÄSxT��x���� � [ �tÄSI�Y�D�sLD�J�lHn�k�J�I�NP]j\*Q�Z�b�OHYH�HQ�K
G=D&]PFHGHNjm*Nj\*NPOHQ�K5OHNPFHGHNPGH_-W�O=DWzY�D�M5m*I�d'J�I�kHY�NXFHG.KHRTI�d�nHJ�IzI�O=D
G=D&W�OHI�RTNPGHOHIzOHNPFHGHNPGH_-W�O=DzO=D
W�]PNPduFHG�KHRTI�d��¾�x%ÄSxT��x ��� � @ �:ÄSI�Y�D�sLD�J�lHn-k�J�IgZ�b�OHYH�HQ�KêG=D&]PFHGHNjm*Nj\*NPO=Q�K¯OHNqRTILM5N^J�KHW�o\=K�J�l�]�KuFHNPGHQHItm*QHkHNP]PY�I�d��¾�x%ÄSxT��x¥��� �t£���ÄSI�Y�D�sLD�J�lzI&]POHI�W�OH_-NX]PW�I�dH]^J�W.D5Z�b�OHYH�HQHQ�G=D&]PFHGHNjm*Nj\*NPOHQ�K��¾�x%ÄSxT��xg��� ��¢��L��I�Y�D�sLD�J�lHnLk�J�I[�HNj\*I�kHQH]j\*NPOHO=D�KS]j\=b�k=D&dHO=D�KSW�Nj\*QHkHQHO=D%QHRTNPN^J���"HEA����!><���"HE6gZ�b�OHYH�HQHf¿G=D&]PFHGHNjm*Nj\*NPOHQHK���]PR-�=GHQH]^b�OHI�Y+��� £��j�¾�x%ÄSxT��x¿��� �L���H��I�]^J�GHI�Q�J�lzZ�b�OHYH�HQHfÇG=D&]PFHGHNjm*Nj\*NPOHQHKu]j\=b�k=D&dHOHI�duW�Nj\*QHkHQ�oOH_

ξ
��]PR-��GHQH]&�T��� ���jn�I&FHGHNjm*Nj\*NPOHOHI�d§O=D�W�NPGHILK�J�OHI�]^J�OHI�R¿FHGHI�]^J�G=D&OH]^J�W�N

([0, 1],
B[0, 1], λ)

n=Uem*N
λ
{}RTNPG=D
ÃXN^v�NPU^D��¾�x%ÄSxT��x¿��� �����H��I�]^J�GHI�Q�J�lzZ�b�OHYH�HQHfÇG=D&]PFHGHNjm*Nj\*NPOHQHKu]j\=b�k=D&dHOHI�duW�Nj\*QHkHQ�oOH_

ξ
��]PR-��GHQH]&����� ���jn�I�FHGHNjm*Nj\*NPOHOHI�d
O=D[W�NPGHILK�J�OHI�]^J�OHI�RqFHGHI�]^J�G=D&OH]^J�W�N

([0, 1], F ,
P)
n=Uem*N F = {Ω, ∅, [0, 1/2], (1/2, 1]} n P([0, 1/2]) = 0.1

Q
P((1/2, 1]) = 0.9

�¾�x%ÄSxT��x»��� � Ö �*��I�Y�D�sLD�J�lHn*k�J�I"NP]j\*Q+]j\=b�k=D&dHO=D�K+W&Nj\*QHkHQHO=D
ξ
QHRTNPN^J"Z�b�OHY�o�HQHfÂG=D&]PFHGHNjm*Nj\*NPOHQ�K�nTQ�stI�v&G=D�M5NPOHO�b�fÂO=D�GHQH]^b�OHY�Nu��� @ n�J�I

P(ξ = x) = 0
mH\=KW�]PNjV

x ∈ IR
�¾�x%ÄSxT��x»��� �L���*��I�Y�D�sLD�J�lHn*k�J�I"NP]j\*Q+]j\=b�k=D&dHO=D�K+W&Nj\*QHkHQHO=D

ξ
QHRTNPN^J"Z�b�OHY�o�HQHf�G=D&]PFHGHNjm*Nj\*NPO=Q�K�n.Q�stI�v�G=D�M
NPOHO�b�f�O=D�GHQH]^b�OHY�N����Ô¢�n�J�I

P(ξ = x) = 0
mH\=K
FHI�ok�J�Q'W�]PNjVq��FHI�RTNPGHNcÃXNPv�NPUjD.�

x ∈ IR
n�OHI�]^b�i�NP]^J.W&b.N^J5J�D&Y�I�N

x
n�k�J�I

P(ξ = x) 6= 0
�¾�x%ÄSxT��x»��� [&� �*��I�Y�D�sLD�J�lHn*k�J�IzmH\=Ky\*fcv�I�d�]j\=b�k=D&dHOHI�d+W�Nj\*QHkHQHOH_

ξ
QHRTNPN^JRTNP]^J�I9G=D&W�NPOH]^J�W�I

P(ξ = x) = 0
mH\=KuFHI�k�J�Q�W�]PNjV���FHIzRTNPGHN�ÃXNPv�NPUjD.�

x ∈ IR
�
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��b�]^J�lzsLD�m�D&OHIzOHNPY�I&J�I�GHI�NXW�NPGHILK�J�OHI�]^J�OHI�NSFHGHI�]^J�G=D�OH]^J.W�I
(Ω, F , P)

�¤��EÁ���Ä��¦Ã��aCE�������Ô¢���|q��HE><��1!�!�*^O���B��'!><'!�!�
ξ

�!��;+$��+�	������^M)�'���=-

���"���*1UC�-�B��'���HE?��-�����+H����ç��� / ���
�-�DCn>U�\�è��>U�#���!���}�7���98:�-�������
B

�"��=����DC�><���
Pξ(B) = 1

R5���	��A�

��)+�B�
���!'��DC7�-���*�������������+HE6�?��-�,)�'���=-

���"���*1n�B��HE><��1!���*1n����.��'!><'!���DC5�"��=	8:���!��;+$��+�	������^M)�'���=-

���"�!$&�VR¾�x��S�a��x�CE�������Ô¢�����OHI�Uem�D�UPI�W�I�G.K�J�n&k�J�I�]j\=b�k=D&dHO=D�K5W�Nj\*QHkHQHO=D�QHRTNPN^J�m*QH]joYHGHN^J�OHI�NXG=D&]PFHGHNjm*Nj\*NtOHQHN&n�NP]j\*Q�I�O=D
FHGHQHOHQHRaD&N^J"]EOHNPO�bL\*NPW�_-RTQ+W�NPGHILK�J�OHI�]^JLKHRTQOHNzv�I�\*NPN&n�kHNPR1]PkHN^J�OHI�N9kHQH]j\*IustO=DLkHNPOHQHd���¤[m*O=D&Y�IHn�sLD&RTN^J�QHR-n�k�J�IyJ&D&Y�I�NzI�FHGHNjom*Nj\*NPOHQHN�OHNqKHW�\=KHN^J�]�K¯W�FHI�\*OHN Y�I�GHGHNPY�J�OH_-R-ncFHI�]PY�I�\*l�Y�b�NPR¦b�bLm*I�W�\*NjJ�W�I�G�KHN^J\*fcv.D�Kq]j\=b�k=D&dHO=D�K�W�Nj\*QHkHQHO=D�n�J�D&Y�Y�D&Y NP]j\*Q
P(ξ = x) > 0

n�J�I�Z�b�OHYH�HQ�K�G=D&]joFHGHNjm*Nj\*NPOHQ�K
Fξ

QHRTNPN^J¨W�J�I�kHY�N
x
G=D�stGH_-WH�%C�I§Z�b�OHYH�HQ�KêG=D&]PFHGHNjm*Nj\*NPOHQ�K¯OHNRTILM
N^JzQHRTN^J�l9v�I�\*NPN&n=kHNPR¨]PkHN^J�OHI�NXkHQH]j\*I5J�I�kHNPY�G=D�stGH_-W.D���]PR-�HsLD�m�DLk�bu��� £��j�Á�D&]PFHGHNjm*Nj\*NtOHQHN"m*QH]PYHGHN^J�OHI�dg]j\=b�k=D&dHOHI�d�W�Nj\*QHkHQHOH_ÀbLm*I�v�OHI)FHGHNjm*]^J�D&W�\=K�J�l]EFHI�RTI&i�l�f1J&D&YuO=D�st_-W.D&NPRTI�UPI"
U^!)��V
��	��A�

��)+�B�
���!'<^qh

x1 x2 x3 . . . xn . . .
p1 p2 p3 . . . pn . . .éZ§¨�¨Á���Ë�§�ä¼¾ £

¾*m*NP]PlSkHQH]j\�D
xi

{;|^J�I�W�I�stRTI�M9OH_-N[k=D&]^J�OH_-NcstO=DLkHNPOHQ�K"]j\=b�k=D&dHOHI�d"W�Nj\*QHkHQHOH_
ξ�

xi 6= xj

n�mH\=K
i 6= j

�jn*DSmH\=KukHQH]PNj\
pi

]PFHG=D&W�NjmH\*QHW�_1G=D&W�NPOH]^J�W.D
pi = P(ξ = xi) > 0,

∑

i

pi = 1.

¾�x��S�a��x�CE������� ���.��m�D�\*l�OHNPd�p�NPR`FHGHQ5G=D&v�I&J�N%]�m*QH]PYHGHN^J�OH_%RTQ9G=D&]PFHGHNjm*Njo\*NPOHQ�KHRTQuO=D&RgsLDLk=D&]^J&b�f¥v&btm*N^JzbLm*I�v�O=D5QHO�J�NPGHFHGHN^J&D&�HQ�K+W�NPGHILK�J�OHI�]^J�Q�Y�D&YyRaD&]jo]P_���Á¦K�m5G=D&]PFHGHNjm*Nj\*NPO=Q�K�n�ZXD&Y�J�QHkHNP]PYHQ�n�I�FHGHNjm*Nj\=KHN^JE]PQH]^J�NPR¦b�J�I�kHNPY
O=DcFHG�KHRTI�d�nQHRTNPf[i�Q�VuY�I�I�G�m*QHO=D�J�_
xi

n=W5Y�I�J�I�GH_:V�]PI�]PGHNjm*I&J�I&kHNtOH_�RaD&]P]P_
pi

�¾�x%ÄSxa��xä��� [ ������I�Y�D�sLD�J�lHn�k�J�I�G.K�m`G=D&]PFHGHNjm*Nj\*NPOHQHK�W&sLD&QHRTOHIuItm*OHI&stO=D�kHOHII�FHGHNjm*Nj\=KHN^Jzm*QH]^YHGHN^J.OHI�NXG=D&]PFHGHNjm*Nj\*NtOHQHN&�Á���om�aCE���-�*��b�]^J�l
sLD�m�D&O'OHNPY�I&J�I�GH_-duG.K�muG=D&]PFHGHNjm*Nj\*NPOHQ�K��*C�N�I�UPG=D&OHQHkHQ�oW.D�K¨I�v&i�OHI�]^J�Q�G=D&]P]^b�M5m*NPOHQHd�n:FHGHNjm*FHI�\*I�M9QHR-n�k�J�I`]j\=b�k=D&dHO=D�K�W�Nj\*QHkHQHO=D`RTI�oM
N^JzFHGHQHOHQHRaD�J�l9J�I�\*l�Y�I
m*W.D
stO=DLkHNPOHQ�K�h
0
Q

1
��I�v�_-kHOHI5J&D&YuUPI�W�I�G.K�J9W5]j\=b�k=D&N&nY�I�Uem�D

P(ξ = 0) > 0
n

P(ξ = 1) > 0
Q

P(ξ ∈ {0, 1}) = 1
~�W�I�I�v&i�N)UPI�W�I�oG.K�n=I�v�\�D&]^J�l�f�stO=DLkHNPOHQHd�]j\=b�k=D&dHOHI�duW�Nj\*QHkHQHOH_¯KHW�\=KHN^J�]rK�W�]rK"m*NPdH]^J�W�Q�J.Nj\*l�O=D�KFHG.KHRaD�K*�j��Á�D�stI�v�l�NPR�v�I�GHNj\*NPW�]PY�b�f

σ
oÓD�\*UPNPv�G�b B O=D"kHN^J�_-GHN5Y�\�D&]P]tD B1

n B2

n B3
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Q B4

nTY�D&Yg|^J�I`v�_:\*I ]rm*Nj\�D&OHI�W I�v�I�]POHI�W.D&OHQHQ§sLD&RTNPk=D&OHQ�K���� £H��¾�D&RTN^J�QHR-n�k�J�ImH\=K�\*fcv�I�UPI'v�I�GHNj\*NPW�]PY�I�UPIyRTOHI�M
NP]^J�W.D
Bi ∈ Bi

W�NPGHILK�J�OHI�]^J�l
P(ξ ∈ Bi)

Itm*OHI�ostO=D�kHOHI I�FHGHNjm*Nj\=KHN^J.]rK�FHI FHG=D&W�Q�\=b�h
P(ξ ∈ B1) = P(Ω)

n
P(ξ ∈ B2) = P(∅) n

P(ξ ∈ B3) = P(ξ = 0)
n
P(ξ ∈ B4) = P(ξ = 1).

�¦D&YHQHR¿I�v�G=D�stI�R-n¦G.K�m¸G=D&]joFHGHNjm*Nj\*NPOHQHK5Itm*OHI&stO=D�kHOHI�I�FHGHNjm*Nj\=KHN^JXG=D&]PFHGHNjm*Nj\*NPOHQHN���¤�v�G=D�J�OHI�N�b�J�W�NPG.M5m*NPOHQHNI�kHNPW�Q�m*OHIHn.FHI�]PY�I�\*l�Y�b
pi = P(ξ ∈ {xi})

n�D�Itm*OHI&J�I�kHNPkHOH_-NcRTOHILM
NP]^J�W.D�n.Y�D&Y5b�M
NUPI�W�I�GHQ�\*I�]PlzW�_�p�N&n=KHW�\=KHf[J�]rKuv�I�GHNj\*NPW�]PYHQHRTQ��
¾�x%ÄSxT��xä��� [m[ ���cb.]^J�lysLD�m�D&OqG.K�m`G=D&]PFHGHN�m*Nj\*NtOHQ�K���]PR-��J�D&v�\*QH��b���� ���j����I�o]^J�GHI�Q�J�l"]PI�I�J�W�N^J�]^J.W&b�f[iSb�f¿Z�b�OHYH�HQHf¿G=D&]PFHGHNjm*Nj\*NPOHQ�K��

p1

p2

p3
1

F (x)

xx1 x2 x30Ïd����»¼±���ºVä¼¾ ¦

Á���om�aCE���-��C�N-I�UPG=D&OHQHkHQHW.D�K5I�v&i�OHI�]^J�Q9G=D&]jo]^b�M5m*NPOHQHd�n�FHGHNjm*FHI�\*ILM9QHR-n�k�J�I'kHQH]j\�D
xi

I�v�G=D�s^b.of[JEW�I&stG=D&]^J&D&f[iSb�f�FHI�]j\*Njm*I�W.D�J�Nj\*l�OHI�]^J�lH��¾�D&ZEQHY�o]PQHG�b.NPR¸OHNPY�I&J�I�GHI�NXkHQH]j\*I
x
��¤�kHNPW�Q�m*OHIHn=k�J�I

F (x) = P(ξ < x) =
∑

i: xi<x

P(ξ = xi) =
∑

i: xi<x

pi.

�¦D&YHQHRäI�v&G=D�stI�R-n�UPG=D&ZEQHY¸m*QH]PYHGHN^J�O=I�dêZ�b�OHYH�HQHQG=D&]PFHGHNjm*Nj\*NPO=Q�K�QHRTNPN^J9W�Q�m�n=FHI�Y�D�sLD&OHOH_-d�O=D
GHQH]^b�OHY�N
��� ���¾�D&RTN^J�QHR-n�k�J�I9m*QH]PYHGHN^J�O*D�KqZ�b�OHYH�HQ�K)G=D&]PFHGHNjm*Nj\*NPOHQHK)KHW�\=KHN^J�]rKq]^J&b�FHNPOHk=D�oJ�I�d�n�J�I�NP]^J�l+QHRTNPN^J+G=D�stGH_-W�WuY�D�M5m*I�dqJ�I�kHY�N
x
n�mH\=K�Y�I&J�I�GHI�d

P(ξ = x) > 0
nFHGHQHkHNPR

F (x+ 0)−F (x) = P(ξ = x)
nHD�W�I�]^J&D�\*l�OH_:V"J�I�kHY�D�V"KHW�\=KHN^J�]�K'Y�b.]PI�k�oOHI'FHI�]^J�ILKHOHOHI�d���¤cJ�]Pf�m�D�n�W"k=D&]^J�OHI�]^J�Q�n�]j\*Njm=b�N^J�n�k�J�I'RTNPG=D9ÃXNPv�NPUjD

λ{F ′(x) 6=
0} = λ{x|P(ξ = x) > 0} = 0

�
¾�x��S�a��x�CE�������Ô���&ÄE\=K5J�I�U^IHn�k�J�I�v�_¸I�FHGHNjm*Nj\*Q�J�l�G=D&]PFHGHNjm*Nj\*NPOHQ=Nc]j\=b�k=D&d�oOHI�d+W�Nj\*QHkHQHOH_1m*I�]^J�D�J�I�kHOHI"sLD�m�D�J�l"OHNPY�I&J�I�G�b�f¿V�D&G=D&Y�J�NPGHQH]PJ�Q=Y�b�n�Y�I&J�I�G=D�K+ItmHoOHI&stO=D�kHOHIuI�FHGHNjm*Nj\=KHN^J+G=D&]P]PRaD�J�GHQHW.D&NPRTI�NzG=D&]PFHGHNjm*Nj\*NPOHQ=N&���Ç]j\=b�k=D&N
m*QH]PYHGHN^J�oOH_:V�G=D&]PFHGHNjm*Nj\*NPO=QHd
J�D&YHQHRTQSV�D&G=D&Y�J�NPGHQH]PJ�QHY�D&RTQ5RTI�U^b�J�v�_�J�l�G.K�m5G=D&]PFHGHNjm*Nj\*NjoOHQ�K�QSZ�b�OHYH�HQ�K�G=D&]PFHGHNjm*N�\*NtOHQ�K�����I&sPM
N�RT_`FHI&stO=D&Y�I�RTQHRT]�KS]�J�D&YHQHRTQXV�D&G=D&Y�J�NjoGHQH]^J�QHY�D&RTQ�n�Y�D&Y5F�\*I&J�OHI�]^J�lHn�FHGHI�Q�stW�ILm=K�i
D�K5Q
V�D&G=D&Y�J�NPGHQH]^J.QHkHNP]tY�D�K9Z�b�OHYH�HQHQ��
Á�D&]P]PRTI&J�GHQHR�O=D&QHv�I�\*NPN�k=D�]^J�I'W�]^J�GHNPk=D&f[i�QHNt]rKqW�Q�m*_¯m*QH]PYHGHN^J�OH_�V)]j\=b�k=D&d�oOH_:V W�Nj\*QHkHQHO�Q G=D&]PFHGHNjm*Nj\*NPOHQ=d��¦çÇv�I�\*l&p�QHOH]^J�W�I�R1Q�szOHQ�V RT_¿b�M5N5W�]jJ�GHNPk=D�o\*QH]PlzWzFHGHNjm*_�m=b�i�Q�V�F=D&G=D&UPG=D&ZXD�V��
¤��EÁ���Ä��¦Ã��aC����q��� ����|q��HE><��1!�!�*^����\��'v><'!�!�

ξ
�!��;+$��+�	������^��+$¥

�98F)+���!���*1

Ò �����*><=��
a Ó Cl�-�B��'

P(ξ = a) = 1
R�|0���*�������������+HE6�?��-��
��	��A+

��)+�\�
���!'����"��=	8:��!��;+$��+�	������^Q�+$¥

�98F)+���!�!$&�VR�� / �-;+�!��>U���!'��9�

ξ árâ ãrâ= a
R

¤��EÁ���Ä��¦Ã��aC��������Ô����|q�!H�>���1!�!�*^L���B��'!><'!�!�
ξ

'<���-���Ñ=����	�-�#'!>U�-��=�����'E��'
��	�+���D���B
������M)�'���=-

���"������
��	��A�

��)+�\�
�#�!'��DC��-�\��'
P(ξ = xi) = 1/n

C
xi ∈ IR

C
i = 1, . . . , n

R



� [ s�ã t × w Æ�ß.Þ�àH­v²c«�ª�« w ®�ß&®H­v²1®u® Î(x Þ.Ù Ø�x «�¬�« w «�­H®vy
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ξ
'<���-��� / '!�����7'!�9��IE������
��	��.A�

��)+�B�
���!'�����A!�#
��*������
��*�7'

n ∈ IN
'
p ∈ (0, 1)

C��-�B��'
P(ξ = k) = Ck

np
k(1 −

p)n−k
C
k = 0, . . . , n

R�� / �-;+�!��>U���!'��9�
ξ ∼ Bi(n, p)

R¾�x��S�a��x�CE���+��� Ö �L :QHOHI�RTQ=D�\*l�OHI�NTG=D&]PFHGHNjm*Nj\*NPOHQHNaJ�D&Y�M5NTO=D�st_-W.D&N^J�]rK7
��	��.A�

��)+�B�
���!'�� �FÄ@�B
��!H��E��'=n�OHIEk=D�i�N-FHILm9G=D&]PFHGHNjm*Nj\*NPOHQHNtR� :NPGHO�bt\H\*Q9FHItm*G=D�sPb�RTNjoW.D&f[JzG=D&]PFHGHNjm*Nj\*NPOHQHN
Bi(1, p)

�¾�x��S�a��x�CE���À��� ���a¤�v�_-kHOHI�UPI�W�I�G.K�J�nak�J�I ]j\=b�k=D&dHO=D�K¨W�Nj\*QHkHQHO=D
ξ
nTQHRTNjof[i
D�K¸v�QHOHI�RTQ=D�\*l�OHI�NuG=D&]PFHGHNjm*Nj\*NtOHQHN)]�F=D&G=D&RTN^J�G=D&RTQ

n
Q
p
n�]PI�I&J�W�NjJ�]PJ�W&b.N^J]eV.NPRTN

n
OHN^sLD&W�QH]PQHRT_:V9QH]PFH_�J�D&OHQHd' :N^GHO�bL\H\*Q9]%W�NPGHILK�J�OHI�]^J�l�f��ºb.]PFHNjV�D��

p
����GHQ|^J�I�R�QHRTNPN^J�]rK"W�W�Q�m=b�n�k�J�ISG=D&]PFHGHNjm*Nj\*NPOHQ=N

ξ
]PI�W�F=D�m�D&N^J�][G=D&]PFHGHNjm*Nj\*NPOHQHNtR�]j\=b.ok=D&dHOHI�d¸W�Nj\*QHkHQHOH_�n�G=D&W�OHI�d¸Y�I�\*QHkHNP]^J�W&bg�ºb.]PFHNjV.I�W��+W`]eV.NPRTNq :NPGHO�bt\H\*Q���xcO=D�o\*I�UPQHkHOHI�]j\=b�k=D&dHO=D�K�W�Nj\*QHkHQHO=D

η
n�QHRTNPf[i
D�K`v�QHOHI�RTQ=D�\*l&OHI�NzG=D&]PFHGHNjm*Nj\*NPO=QHN"]F=D&G=D&RTN^J�G=D&RTQ

1
Q
p
nHI�FHQH]P_-W.D&N^J9ILm*OHI5QH]PFH_�J�D&OHQHN� :NPGHO�bL\H\*Q�����GHQu|^J�I�R¨FHGHNjmHoFHI�\�D&UjD&N^J�]rK�n-k�J�I

η = 1
J�I�Uem�D�Q�J�I�\*l�Y�I�J�I�Uem�D�n�Y�I�Uem�D�W�Itm*OHI�RÀQH]PFH_�J&D&OHQHQFHGHI�Q�stI&p�Nj\��ºb�]PFHNjV����¤��EÁ���Ä��¦Ã��aCE���§��� ���q|q��HE><��1!�!�*^~���\��'!><'!�!�

ξ
'<���-���3A!HE�	�-�-�*�!������=����5
��	��.A�

��)+�B�
���!'���'���'�
<�	�#A�

��)+�\�
���!'����VHE�	�-�-�*�!�,�VA!�#
��*������

���

λ > 0
Cl�-�B��'

P(ξ = k) = e−λλ
k

k!
,PD)+�

k = 0, 1, . . .
Rl� / �-;+�!��>U���!'��9�

ξ ∼ Pois(λ)
R¤��EÁ���Ä��¦Ã��aCE���¿��� � � ��|q��HE><��1!�!�*^����\��'!><'v�!�

ξ
'<���-����P#�-�D������
�'!>U�-��=����
��	��A�

��)+�B�
���!'��S�~A!�#
��*������

���

p ∈ (0, 1)
C��-�\��'

P(ξ = k) = (1 − p)pk
C
k =

0, 1, . . .
R�� / �-;+�!��>U���!'��9�

ξ ∼ G(p)
R¾�x%ÄSxa��x»��� [&@ ����stI�v�G=D�stQ�J�l"Z�b�OHYH�HQHQ+G=D&]PFHGHNjm*Nj\*NPO=Q�K�n�]PI�I&J�W�N^J�]^J.W&b�f[i�Q=NW�_-GHILM5m*NPOHOHI�R¦b�n�Y�\�D&]P]PQHkHNP]PY�I�R¦b§�ÕmH\=K

n = 3
�%Q)v�QHOHI�RTQ=D�\*l�OHI�R¦b���]SF=D&G=D&RTN^J�oG=D&RTQ

1
Q
p
��G=D&]PFHGHNjm*Nj\*NPOHQ�KHR-�Á���om�aCE���-��CEDzGHQH]^b�OHY�D�Vq���Ô�Lo ��� �5Q�stI�v�G=D�M
NPOH_�]PI�I&J�W�N^J�]^J.W&b�f[i
QHN
Z�b�OHY�o�HQHQuG=D&]PFHGHNjm*Nj\*NPOHQ�K��
1

F (x)

xa0

1
3

1
3

1
3

1

F (x)

xx1 x2 x30

1 p

p

1

1

F (x)

x0Ïd����»¼±���ºVä¼¾ ä Ïd����»¼±���ºVä¼¾ ë Ïd����»¼±���ºVä¼¾ ì
¾�x%ÄSxa��x ��� [ £H�c��stI�v�G=D�stQ�J�l�UPG=D&ZEQHkHNP]PYHQÇk=D&]^J�OH_-N�stO=DLkHNPOHQ�KÇW�N^GHI�K�J�OHI�o]^J�NPd�n�]PI�I&J�W�N^J�]^J.W&b�f[i
QHN
F�b.D&]P]PI�OHI�W�]PY�I�R¦b�Q+UPNPI�RTN^J�GHQHkHNP]tY�I�R¦b+G=D&]PFHGHNjm*Nj\*NPOHQ�oKHR-�



b!cWd�e(fhg�iKê � @
Á���om�aCE���-��CED�GHQH]^b�OHY�D�VS��� � � QS��� ���aQ�stI�v�G=D�M
NPOH_ ]PI�I&J�W�N^J�]^J.W&b�f[i
QHN:UPG=D�oZEQHYHQ��

1 2 3 4 5 6

pi

i0

e λ

1 2 3 4 5 6

pi

i0

1 p

Ïd����»¼±���ºVä¼¾ £`í Ïd����»¼±���ºVä¼¾ £�£
¾�x%ÄSxT��x¯��� [ ¢���Á�D&]PFHGHNjm*Nj\*NPO=QHN%m*QH]PYHGHN^J.OHI�d"]j\=b�k=D&dHOHI�d9W�Nj\*QHkHQHOH_

ξ
I�FHGHNjom*Nj\=KHN^J�]�K ZEI�GHR¦bL\�D&RTQ

P(ξ = i) = 0.2
n
i = −2, −1, 0, 1, 2

��CED&d�J�Q G=D&]PFHGHNjm*Njo\*NPOHQ�K�]�\=b�k=D&dHOH_:V�W�Nj\*QHkHQHO
η = −ξ Q ζ = |ξ| �Á���om�aCE���-����I�Urm�D[GHNPkHl�Q�m*N^J�I%m*QH]PYHGHN^J.OH_:V5]j\=b�k=D&dHOH_�V5W�Nj\*QHkHQHO=D�V�n&FHGHI�oi�NzW�]PNPUPIHn�]PI�Ue\�D&]POHIysLD�m�D�kHN9��� [ ��n�QH]PY�D�J�l�G=D&]PFHGHNjm*Nj\*NPOHQHN9kHNPGHN^s9k=D&]^J�OH_-NzstO=D�okHNPOHQ�KgW&NPGHI�K�J�OHI�]^J�NPd

P(ξ = xi)
��ÄE\=K�]j\=b�k=D&dHOHI�d§W�Nj\*QHkHQHOH_

η
QHRTNPNPR

P(η =
i) = P(ξ = −i) = 0.2

n
i = −2, −1, 0, 1, 2

��ÄE\=K5]j\=b�k=D&dHOHI�dzW�Nj\*QHkHQHOH_
ζ
QHRTNPNPR

P(ζ = i) = P({ξ = i}∪{ξ = −i}) = 0.4
n
i = 1, 2

n�Q
P(ζ = 0) = P(ξ = 0) = 0.2

�¾*m*NP]PlSRT_¨W�I�]PFHI�\*l&stI�W.D�\*QH]PlSD&Y�]PQHI�RTI�d9D�mHm*Q�J�QHW�OHI�]^J�Q'W�NPGHILK�J�OHI�]^J�Q"Q5J�NPR-n�k�J�IW�NPGHI�K�J�OHI�]jJ�Q5|PYHW�QHW.D�\*NPO�J�OH_:V
]PI�v�_�J�QHd�]PI�W�F=D�m�D&f[J�n�J�I�NP]^J�l
P(A) = P(B)

n�NP]j\*Q
A = B

�¾�x%ÄSxT��x ��� [ ���[ça\=b�k=D&dHO=D�K¯W�Nj\*QHkHQHO=D
ξ
FHGHQHOHQHRaD&N^J¨stO=D�kHNPOHQ�K

0
Q

1
n[D]j\=b�k=D&dHO=D�K+W�Nj\*QHkHQHO=D

η
{}stO=DLkHNPOHQ�K −1

n
0
Q

1
���:NPGHILK�J�OHI�]^J�Q

P(ξ = i, η = j)
n

i = 0, 1
n
j = −1, 0, 1

nHsLD�m�D&f[J�]rK�]j\*Njm=b�f[i�NPd�J�D&v�\*QH�HNPd�h
P(·, ·) η = −1 η = 0 η = 1

ξ = 0 1/16 1/4 1/16

ξ = 1 1/16 1/4 5/16

éZ§¨�¨Á���Ë�§@ä¼¾ ¤
CED&d�J�Q�G=D&]^FHGHNjm*Nj\*NtOHQHNS]j\=b�k=D&dHOHI�d�W�N�\*QHkHQHOH_

ζ = ξη
�Á���om�aCE���-�TÄSQH]PYHGHN^J�O=D�K¸]j\=b�k=D&dHO=D�K¸W�Nj\*QHkHQHO=D
ζ
FHGHQHOHQHRaD&N^J�]uOHNPO�bt\*NjoW�_-RTQ�W�NPGHILK�J�OHI�]^J�KHRTQu\*Q�p�lzstO=DLkHNPOHQ�K −1

n
0
Q

1
��CED&d�m*NPR¸k=D&]^J�OH_-NXstO=DLkHNPOHQ�KW�NPGHI�K�J�OHI�]jJ�Ntd

P(ζ = k)
n
k = −1, 0, 1

�*��RTNPNPR
P(ζ = −1) = P(η = −1, ξ = 1) =

1

16
,
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P(ζ = 0) = P({η = 0, ξ = 0} ∪ {η = 0, ξ = 1}∪

∪{η = −1, ξ = 0} ∪ {η = 1, ξ = 0}) =
5

8
,

P(ζ = 1) = P(η = 1, ξ = 1) =
5

16
.¾*m*NP]PlzRT_¯I�F�K�J�l5W�I�]PFHI�\*l&stI�W.D�\*QH]Pl9D�mHm*Q�J�QHW�OHI�]^J�l�f¿W�NPGHILK�J�OHI�]^J�Q��

�M�5�~���_�7��� � �������7�7�
¾�x%ÄSxa��x;��� [ ������b�]^J�l

ξ
Q
η
{Âm*QH]PYHGHN^J.OH_-N5]j\=b�k=D&dHOH_-N
W�Nj\*QHkHQHOH_�n�I�FHGHNjom*Nj\*NPOHOH_-N5O=D"Itm*OHI�R�W�NPGHI�K�J�OHI�]^J�OHI�RêFHGHI�]^J�G=D&OH]^J.W�N&��ÄSI�Y�D�sLD�J�lHn�k�J�IyZ�b�OHYH�HQHQ

ξ + η
n
ξ − η

n
max{ξ, η} n min{ξ, η} n ξη Q |ξ| KHW�\=KHf[J�]rK)]j\=b�k=D&dHOH_-RTQqW�Nj\*QHkHQ�oO=D&RTQ��¾�x%ÄSxa��x ��� [&Ö �[ça\=b�k=D&dHO=D�K¯W�Nj\*QHkHQHO=D

ξ
FHGHQHOHQHRaD&N^J¨stO=DLkHNPOHQ�K

0
Q

1
n%D]j\=b�k=D&dHO=D�KgW�Nj\*QHkHQHO=D

η
{ýstO=D�kHN^OHQ�K −1

n
0
Q

1
�a�:NPGHILK�J�OHI�]^J�Q

P(ξ = i, η =
j)
n
i = 0, 1

n
j = −1, 0, 1

nasLD�m�D&f[J�]rK�J�D&v�\*QH�HNPd¯��� [ �:CED&d�J�Q�G=D&]PFHGHNjm*Nj\*NtOHQHN]j\=b�k=D&dHOHI�d�W�Nj\*QHkHQHOH_�D.�
ζ1 = ξ + η

~=v��
ζ2 = ξ − η

�¾�x%ÄSxa��x ��� [ ���[ça\=b�k=D&dHO=D�K¯W�Nj\*QHkHQHO=D
ξ
FHGHQHOHQHRaD&N^J¨stO=DLkHNPOHQ�K

0
Q

1
n%D]j\=b�k=D&dHO=D�KgW�Nj\*QHkHQHO=D

η
{ýstO=D�kHN^OHQ�K −1

n
0
Q

1
�a�:NPGHILK�J�OHI�]^J�Q

P(ξ = i, η =
j)
n
i = 0, 1

n
j = −1, 0, 1

nasLD�m�D&f%J�]�K¸J�D&v�\*QH�HNPdê��� [ �:CED�d�J�Q�G=D&]PFHGHNjm*Nj\*NPOHQ�K]j\=b�k=D&dHOH_:V�W�Nj\*QHkHQHO
ξ
Q
η
�¾�x%ÄSxa��xÀ��� @�� ��CED&d�J�Q)]PI�W�RTNP]^J�OHI�N5G=D&]PFHGHNjm*Nj\*NPOHQHN

P(ζ1 = i, ζ2 = j)
]j\=b.ok=D&dHOH_:VuW�Nj\*QHkHQHO

ζ1
Q
ζ2
n=I�FHGHNjm*Nj\*NPOHOH_:V�W5sLD�m�DLkHNS��� [&Ö �¾�x%ÄSxa��x¸��� @ ������stI�v�G=D�stQ�J�l�UPG=D&ZEQHkHNP]PYHQ
k=D�]^J�OH_-N�stO=DLkHNPOHQ�K�W�NPGHI�K�J�OHI�]^J�NPdQuZ�b�OHYH�HQHfÇG=D&]PFHGHNjm*Nj\*NPO=Q�K�n*]PI�I&J�W�N^J�]^J.W&b�f[i
QHNSG=D&]PFHGHNjm*Nj\*NPOHQHf

Pois(1.5)
�¾�x%ÄSxa��x¸��� @�[ ����stI�v�G=D�stQ�J�l�UPG=D&ZEQHkHNP]PYHQ
k=D�]^J�OH_-N�stO=DLkHNPOHQ�K�W�NPGHI�K�J�OHI�]^J�NPdQuZ�b�OHYH�HQHfÇG=D&]PFHGHNjm*Nj\*NPO=Q�K�n*]PI�I&J�W�N^J�]^J.W&b�f[i
QHNSG=D&]PFHGHNjm*Nj\*NPOHQHf

Bi(3, 1/3)
�¾�x%ÄSxa��x¸��� @�@ ����stI�v�G=D�stQ�J�l�UPG=D&ZEQHkHNP]PYHQ
k=D�]^J�OH_-N�stO=DLkHNPOHQ�K�W�NPGHI�K�J�OHI�]^J�NPdQuZ�b�OHYH�HQHfÇG=D&]PFHGHNjm*Nj\*NPO=Q�K�n*]PI�I&J�W�N^J�]^J.W&b�f[i
QHNSG=D&]PFHGHNjm*Nj\*NPOHQHf G(1/3)

�¾�x%ÄSxa��x§��� @ £H�tÁ¦D&]PFHGHNjm*Nj\*NPOHQHN�]j\=b�k=D&dHOHI�dXW�Nj\*QHkHQHOH_
ξ
I�FHGHNjm*Nj\=KHN^J.]rKSZEI�G�oR¦bt\�D&RTQ

P(ξ = k) = C/[k(k + 1)]
n
k = 1, 2, . . .

��CED&d�J�QqD.�%FHI�]^J�I�KHOHO�b�f
C
~�v��

P(ξ ≤ 3)
~=W��

P(n1 ≤ ξ ≤ n2)
n
n1, n2 ∈ IN

�¾�x%ÄSxa��x§��� @ ¢��tÁ¦D&]PFHGHNjm*Nj\*NPOHQHN�]j\=b�k=D&dHOHI�dXW�Nj\*QHkHQHOH_
ξ
I�FHGHNjm*Nj\=KHN^J.]rKSZEI�G�oR¦bt\�D&RTQ

P(ξ = k) = C/[k(k + 1)(k + 2)]
n
k = 1, 2, . . .

��CED&d�J�Q+D.��FHI�]^J�ILKHOHO�b�f
C
~Hv��

P(ξ ≥ 3)
~=W��

P(n1 ≤ ξ ≤ n2)
n
n1, n2 ∈ IN

�¾�x%ÄSxa��x ��� @ ���¦ça\=b�k=D&dHO=D�K§W�Nj\*QHkHQHO=D
ξ
FHGHQHOHQHRaD&N^J)stO=D�kHNPOHQ�K −1

Q
1
n¦D]j\=b�k=D&dHO=D�K�W�Nj\*QHkHQHO=D

η
{}stO=DLkHNPOHQ�K −1

n
0
Q

1
�*�:NPGHILK�J�OHI�]^J�Q

P(ξ = i, η = j)
n

i = −1, 1
n
j = −1, 0, 1

nHsLD�m�D&f[J�]rK�]j\*Njm=b�f[i�NPd�J�D&v�\*QH�HNPd�h



b!cWd�e(fhg�iKê �.¢
P(·, ·) η = −1 η = 0 η = 1

ξ = −1 1/8 1/12 7/24

ξ = 1 5/24 1/6 1/8

éZ§¨�¨Á���Ë�§@ä¼¾ �
CED&d�J�Q�G=D&]^FHGHNjm*Nj\*NtOHQ�K�]j\=b�k=D&dHOH_:V�W�Nj\*QHkHQHO

ξ
Q
η
�¾�x%ÄSxT��x¼��� @ ���¦ça\=b�k=D&dHO=D�K�W�Nj\*QHkHQHO=D

ξ
FHGHQHOHQHRaD&N^JqstO=DLkHNPOHQ�K −1

Q
1
n�D]j\=b�k=D&dHO=D�K¨W�Nj\*QHkHQHO=D

η
{ stO=DLkHNPOHQ�K −1

n
0
Q

1
�a�:NPGHILK�J�OHI�]^J�Q

P(ξ = i, η =
j)
n
i = −1, 1

n
j = −1, 0, 1

n�sLD�m�D&f[J�]�K�J�D&v�\*QH�HNPdg��� @ ��CED�d�J�Q`G=D&]PFHGHNjm*Nj\*NPO=Q�K]j\=b�k=D&dHOH_:V�W�Nj\*QHkHQHO
ζ1 = ξ + η

Q
ζ2 = ξη

�¾�x%ÄSxT��xä��� @�Ö ��CED&d�J�Q ]PI�W�RTNP]^J�OHI�NzG=D&]PFHGHNjm*Nj\*NPOHQHN
P(ζ1 = i, ζ2 = j)

]j\=b.ok=D&dHOH_:VuW�Nj\*QHkHQHO
ζ1
Q
ζ2
nHI�FHGHNjm*Nj\*NPOHOH_�V�W
sLD�m�DLkHNS��� @ ���



��� s�ã t × w Æ�ß.Þ�àH­v²c«�ª�« w ®�ß&®H­v²1®u® Î(x Þ.Ù Ø�x «�¬�« w «�­H®vy
ø ùûúýüËþ¿ÿ�� î

��GHN^M5m*N&n�kHNPR�FHGHQH]^J&b�FHQ�J.l
Y"Q�s^\*ILM
NPOHQHf1FHI�O�K�J�Q�K'D&v�]PI�\*f[J�OHI�d'OHNPFHGHNPGH_-W�oOHI�]^J�Q�n�Y�I&J�I�GHI&RTb�FHI�]PW&K�i�NPOHIcm�D&OHOHI�N�sLD&O�K�J�QHN&n.]PY�D�M
NPRqOHNP]PY�I�\*l�Y�IE]j\*I�W�I�W.D�M5oOHI�RgI�v�I�v&i�NPOHQHQuFHI�O�K�J�Q�K�QHO�J�NPUPG=D�\�D�n�D
QHRTNPOHOHIHn=I�v5QHO�J�NPUPG*DL\*NXÃXNPv�NPUjD��

s
Si 1 Si Si+1

g(s)

0

Ïd����»¼±���º�ä¼¾ £¥¤

��b�]^J�l�sLD�m�D&OHI�OHNPY�I&J�I�GHI�N§Q�stRTNPGHQHRTI�N§FHGHI�o]^J�G=D&OH]^J�W�I
(S, H)

Q¨FHI�\*O=D�KgOHNPI&J�GHQH�=D�J.Nj\*l�O=D�K]PkHN^J�OHI�D�mHm*Q�J�QHW�O=D�KSRTNPG=D
µ
O=D%OHNPR-���uNPG=D[O=D�st_:oW.D&N^J�]rK,A��������*1Hn�NP]j\*Q�W�]PN:FHItm*RTOHILM5NP]^J�W.D[RTOHI�M
Njo]^J�W.DuO�bL\*NPW�I�d�RTNPGH_»KHW�\=KHf[J�]rK`|j\*NPRTNPO�J�D&RTQ H ��uNPG=D

µ
n�ZXD&Y�J�QHkHNP]PYHQ�n�I&Jt\*QHk=D&N^J�]�K�I&J`W�NPGHI�K�J�oOHI�]^J�OHI�dgRTNPGH_

P
\*Q�p�lqI&J�]^b�J.]^J.W�QHNPR;D&Y�]PQHI�RT_OHI�GHRTQHGHI�W.D&OHOHI�]^J�Q��=��b.]^J�l

µ(S) <∞ �HÁ¦D&]P]PRTI&J�oGHQHR�A+

�����"HE63�0HE�!=E�!'!6
g : S −→ IR

n�J�IyNP]^J�lZ�b�OHYH�HQHfSn�FHGHQHOHQHRaD&f[iSb�fýOHN)v�I�\*NPN)]PkHN^J�OHI�UPIgkHQH]j\�D`stO=DLkHNPOHQHd�h
g(s) = yn

n
yn 6= yk

FHGHQ
n 6= k

nTNP]j\*Q
s ∈ Sn

nTUem*N
Sn ∈ H naFHGHQHkHNPR ∪∞

n=1Sn = S
��]^R%�GHQH]&�¦��� � [ �j��¡
D&Y�J�QHkHNP]PY=Q�n�Z�b�OHYH�HQ�K

g
NP]jJ�l�m*QH]PYHGHN^J�O=D�K�]j\=b�k=D&dHO=D�K`W�Nj\*QHkHQHO=DO=D�Q�stRTNPGHQHRTI�R`FHGHI�]^J�G=D&OH]^J�W�N

(S, H)
����I�W�I�G.K�J�n.k�J�IXZ�b�OHYH�HQ�K

g
KHW�\=KHN^J�]rK¾��H+�7.�7'�
�H��\���*1QA���ß�� / �-PDH.nHNP]j\*Q�G.K�m

∞
∑

n=1

ynµ(Sn)

]eV.ILm*Q�J�]rK]� / �-����6��"���L~�]^b�RTRaDu|^J�I�UPI+G.K�m�DuO=D�st_-W.D&N^J�]rKK'!�!���-P¿
��9�
�D�Ûß�� / �-PD�zQI�v�I&stO=DLk=D&N^J�]rK
∫

S

g dµ
Q�\*Q ∫

S

g(s)µ(ds). (7.3)

¡Sb�OHYH�HQ�K
f : S −→ IR

O=D�st_-W.D&N^J�]rKm��H+�@�7'�
�H��\���*1:A��Oß�� / �-PDH O=D
S
n-NP]�\*Q]^b�i�NP]^J.W&b�NPJzG=D&W�OHI�RTNPGHOHI�]rV.Itm=K�i
D�KH]rKyY

f
FHI�]j\*Njm*I�W.D�J�Nj\*l�OHI�]^J.l5FHGHI�]^J�_:Vy]^b�R�oRTQHG�b�NPRT_:V�Z�b�OHYH�HQHd

gn

QyFHGHNjm*Nj\
lim

n→∞

∫

S

gn dµ = I

Y�I�OHNPkHNPO��:��QH]j\*I
I
O=D�st_-W.D&N^J�]�K:'!�!���-P¿
��9�
�D�Ñß�� / �-PD�uQ¨I�v�I&stO=D�k=D&N^J�]rK�D&O=D�\*I�oUPQHkHOHI§����� @ �j�� :I�\*NPN9FHItm*GHI�v�OHI�I�v�QHO�J�NPUPG=D�\*N"ÃXNPv�NPUjD�Q�NPUPI+]PW�I�dH]^J�W.D�V`RTILM9OHIFHGHI�kHQ�J�D�J�lHn*O=D&FHGHQHRTNPG�n*W��Ãï�D�\*RTI&pû�L�.¢ @ �j�¾�x��S�a��x�CE���;��� � � �aC�NyGHNjm*Y�I�RTILM9OHIqW�]^J�GHN^J�Q�J.l`I�FHGHNjm*Nj\*NPOHQHN�FHGHI�]^J�I�dZ�b�OHYH�HQHQzY�D&Y5Z�b�OHYH�HQHQ�n�FHGHQHOHQHRaD&f[i�NPd9Y�I�OHNPkHOHI�N%kHQH]j\*IEstO=DLkHNPOHQHd�����O�J�NPUPG=D�\



b!cWd�e(fhg�i]ð �.�
ÃXNPv�NPUjD�RTI�M9OHI�J�D&Y�M
N)I�FHGHNjm*Nj\*Q�J�lgFHGHQ�FHI�RTI&i�Q�Y�I�OHNPkHOHI&stO=D�kHOH_:V�FHGHI�]^J�_:VZ�b�OHYH�HQHd�n�OHISO=D&R`W�m�D�\*l�OHNPd�p�NPR�v&bLm*N^JSbLm*I�v&OHNPNcFHI�\*l&stI�W.D�J�l�]rK9QHRTNPOHOHI�W�_�p�NjoQ�s^\*I�M
NPOHOH_-R¨I�FHGHNjm*Nj\*NPOHQHNtR-�¾�x��S�a��x�CE������� �&������GHI�]^J&D�K Z�b�OHYH�HQ�K RTI�M
N^JuQHRTN^J�luQ v�I�\*NPN5]j\*ILM9OH_-dW�Q�m�n�OHN^M5Nj\*Q"FHI�Y�D�sLD&OHI�O=DSGHQH]^b�OHY�NX��� � [ ��CED&FHGHQHRTNPG�n�Z�b�OHYH�HQ�K9ÄSQHGHQ�V�\*N&n�G=D&W�oO=D�K9Njm*QHOHQH�HNcWXG=D&�HQHI�O=D�\*l�OH_:V9Q9O�bt\*f¯WSQHGHG=D&�HQHI�O=DL\*l�OH_:V9J�I�kHY�D�V�n�J�D&Y�M
N%KHW�o\=KHN^J�]�KyFHGHI�]^J�I�duO=D�Q�stRTNPGHQHRTI�RgFHGHI�]^J�G=D&OH]^J.W�N

(S, H)
n�Uem*N

S = IR
nHD H = {IR n

∅ n=RTOHI�M
NP]^J�W�IzG=D&�HQHI�O=D�\*l�OH_:V�kHQH]PNj\�n*RTOHI�M
NP]^J�W�IzQHGHG=D&�HQHI�O=D�\*l�OH_:V�kHQH]PNj\ } n�DJ&D&Y�M
N�O=D�Q�stRTNPGHQHRTI�RäFHGHI&]^J�G=D&OH]^J.W�N
(IR, B)

n�FHGHQHkHNPRÀNPN+QHO�J�NPUPG=D�\¯FHI`RTNPGHNÃXNPv�NPUjDzO=D
W�]PNPduFHG.KHRTI�d�n=I�kHNPW�Q�m*OHIHn=G=D&W�NPOuO�bt\*fS�
��b�]^J�lzsLD�m�D&OHI5OHNPY�I&J�I�GHI�NXW�NPGHILK�J�OHI�]^J�OHI�NSFHGHI�]^J�G=D&OH]^J�W�I

(Ω, F , P)
�¤��EÁ���Ä��¦Ã��aC�������� ���������	��A�
���)+�\�
���!'��

Pξ

�B��HE><��1!���*1L���\��'!><'!�!$
ξ

�!��;+$0.�+�	������^(� / �-�`��6��"���W����A+

�B
�$��+�!$&��Cq�-�\��'(��HE?��-�����+H����J�"��=E�*^����-�*��
�'!�!�����B��IE.�!�*^[�0HE�!=E�!'<^
f(x)

CY><����)��U^(��6 / ��P#� / �`

�B�
�-����=���P#�7�7���98:�-�����+�
B

��A�
��	����)���'!.���W
��	�������������
Pξ(B) =

∫

B

f(x) dx. (7.4)
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¾�x��S�a��x�CE���+��� � [ ��I�]POHI�W�OHI�N¦]PW�I�dH]^J�W�I[F�\*I&J�OHI�]^J�Q*�j�+�T]j\*QEF�\*I&J�OHI�]^J�l
f(x)G=D&]PFHGHNjm*Nj\*NPO=Q�K�]^b�i�NP]^J.W&b�NPJ�n*J�I

+∞
∫

−∞

f(x) dx = 1.
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λ
]PI�W�F=D�m�D&f[JHh

∫

B

f(x) dx =
∫

B

f(x)λ(dx). (7.5)
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Fξ(x) =

x
∫

−∞

f(u) du, (7.6)

I&J�Y�btm�D�]j\*Njm=b�N^J�n&k�J�I�W[J�I�kHY�D�V�n&WcY�I&J�I�GH_:V�Z�b�OHYH�HQ�K
Fξ(x)

m*QHZEZENPGHNPOH�HQHG�b.NPRaD�nF�\*I&J�OHI�]^J�l9RTILM9OHI5QH]PY�D�J�l9FHI5ZEI�GHR¦bL\*N
f(x) =

dF (x)

dx
. (7.7)
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P(B) = 0
mH\=K+\*fcv�I�UPIyRTOHILM5NP]^J�W�D

B
n�mH\=K Y�I&J�I�GHI�UPI

λ(B) = 0
��Ä�D&OHOHI�Ncb�]j\*I�W�QHN�I�kHNPW�Q�m*OHI
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B
G=D&W�O�KHN^J�]rKyO�bL\*fSn�J�I5QHO�J�NPUPG=D�\+FHI
|^J�I�R¦b"QHO�J�NPGHW.D�\=bJ�ILM
NEG=D&W�NPOuO�bt\*fS��:I�o�W&J�I�GH_:V�n¦Z�b�OHYH�HQ�K
F (x)

O=D�st_-W.D&N^J�]rK4� / �-�`��6��"���¾����A�

�B
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ε > 0
]^b�i�NP]^J.W&b�NPJ�J�D&Y�I�N

δ > 0
n�k�J�I'mH\=Kq\*fcv�I&d�Y�I�OHNPkHOHI�d]PQH]^J�NPRT_`FHI�F=D&GHOHI%OHNPFHNPGHNP]PNPY�D&f[i
Q�V�]�KXQHO�J�NPGHW.D�\*I�W
(ak, bk) ⊂ IR

n
k = 1, . . . , n

nmH\=KuY�I&J�I�GHI�d
n
∑

k=1

(bk − ak) < δ,

]PFHG=D&W�NjmH\*QHW�IzG=D&W�NPOH]^J�W�I
n
∑

k=1

|F (bk) − F (ak)| < ε.

�uILM9OHI5FHI�Y�D�sLD�J�lHn=k�J�I"D&v�]PI�\*f[J�OHIzOHNPFHGHNPGH_-W�O=D�K+O=D
IR
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F ′(x)
n=QHO�J�NPUPGHQHG�b.NPR¦b�f¿O=D

IR
n=FHGHQHkHNPR

F (x) = F (−∞) +

x
∫

−∞

F ′(u) du.



b!cWd�e(fhg�i]ð ���
¾�D&RTN^J�QHR-n�k�J�IcZ�b�OHYH�HQ�KSG=D&]PFHGHNjm*Nj\*NPOHQHK�n�]PI�I&J�W&N^J�]^J.W&b�fci
D�K
D&v�]PI�\*f[J�OHIcOHNPFHGHNjoGH_-W�OHI�R¦b
sLD&Y�I�O�b�n.bLm*I�W�\*N^J�W�I�G.KHN^J�FHNPGHNPkHQH]j\*NPOHO=_-R�]PW�I�dH]^J�W.D&R-n�k�J�IXQ9I�v&¹�KH]PO�K�oN^J9]tD&RTI5O=D�stW.D&OHQHN�sLD&Y�I�O=D��¾�x%ÄSxT��xû��� £H���T�:_-FHQH]tD�J�l F�\*I&J�OHI�]^J�l�F�b�D&]P]^I�OHI�W�]PY�I�UPIqsLD&Y�I�O=D)G=D&]PFHGHNjm*Njo\*NPOHQ�K��Á���om�aCE���-��Ä�D&OHO=D�K+sLD�m�DLk=D"FHILm*G=D�sPb�RTNPW.D&N^Jym*W.D"FHG=D&W�Q�\*l�OH_:V)I&J�W�N^J�D���çILm*OHI�dS]^J�I�GHI�OH_�n�QH]eV�Itm=K�Q�s:Y�\�D&]P]PQHkHNP]PY�I�UPI�I�FHGHNjm*Nj\*NPOHQ�Kz��� ����F�\*I&J�OHI�]^J�Q�n&RTILM5oOHIc]^Y�D�sLD�J�lHn�k�J�I[sLD�m�DLk=D[FHI�]^J�D&W�\*NPO=D[OHNPY�I�GHGHNPY�J�OHIHn�FHI�]PY�I�\*l�Y�bEF�\*I&J�OHI�]^J�l�I�FHGHNjom*Nj\*NPO=D
J�I�\*l�Y�I
mH\=KuD&v�]PI�\*f[J�OHI5OHNPFHGHNPGH_-W�OH_:V�G=D&]PFHGHNjm*Nj\*NPOHQHd�n�D
G=D&]PFHGHNjm*Nj\*NjoOHQHN���b.D&]P]PI�O=DzKHW�\=KHN^J�]rKum*QH]PYHGHN^J�OH_%R-��ç�m*G�b�UPI�d+]^J�I�GHI�OH_�n�]^b�i�NP]^J�W&b.N^Jyv�I�\*NPNI�v&i�NPN+I�FHGHNjm*Nj\*NPOHQHN+F�\*I&J�OHI�]^J�Q�G=D&]PFHGHNjm*Nj\*NPOHQHK�n:I&J�OHI�]PQ�J�Nj\*l�OHI`m*I�RTQHOHQHG�b�f%oi�NPd1RTNPGH_�n%Y�I&J�I�GHI�Nqm�D&N^J�]rK¯WgJ�N^I�GHNPRTN�Á�D�m*I�O=D�oÓC�QHY�Itm*QHRaD¯��]PR-� n%O=D&FHGHQHRTNPG�n�Ãï�D�\*RTI&p}�L�.¢ @ �jn.]^J�G���� [&Ö �j�*�G�D�7'!�!'�
�HE6�?���1,����

�*1
O=D�st_-W.D&N^J�]rK"RTNPG=D

λ
n.I&J�OHI�o]PQ�J�Nj\*l�OHI�Y�I&J�I�GHI�dSD&v�]PI�\*f[J�OHIcOHNPFHGHNPGH_-W�O=D[RTNPG=D

P
��]PR-�LI&J�W�N^J�O=D-FHGHNjm*_:m=b�i�QHdW�I�FHGHI�]L�j���Ç]PI�I&J�OHI&p�NPOHQHQ������ £��%m*I�RTQHOHQHG�b�f[i�NPd�RTNPGHI�dqKHW�\=KHN^J�]rK RTNPG=D'ÃXNPv�N�oU^D��	�T]j\*Q5RT_§G=D&]P]PRTI&J�GHQHRK��><'!�"��6�?"HE6����B
�H

µ
n�stO=D�kHNPOHQHN-Y�I&J�I�GHI�d5O=D�Y�D�M5m*I�RRTOHI�M
NP]^J�W�N
G=D&W�O�KHN^J�]rKqkHQH]j\=b)�HNj\*_:V)J�I�kHNPY�n�FHI�F=D&W&p�Q�V)W9m�D&OHOHI�N�RaOHILM
NP]^J�W�IHnJ�IzZ�b�OHYH�HQ�K

f(x)
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Pξ(B) =
∫
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f(x)µ(dx),

v&bLm*N^J9QHRTN^J�l9W�Q�m
f(x) = e−λλ

x

x!mH\=KuW�]PNjVy�HNj\*_:V�OHNPI&J�GHQH�=D�J�Nj\*l�OH_�VuJ�I�kHNPY
x
Q
f(x) = 0
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f(x) =







1

b− a

A�
�'
x ∈ [a, b];

0
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x /∈ [a, b].� / �-;+�!��>U���!'��9�
ξ ∼ R[a, b]
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f(x)

1
b−a

xba0

F (x)

1

xba0Ïd����»¼±���ºVä¼¾ £`� Ïd����»¼±���ºVä¼¾ £ �
¤��EÁ���Ä��¦Ã��aCE���1��� � @ �l|q��HE><��1!�!�*^����B��'!><'!�!�

ξ
'<���-�#�©���`
��7�9��IE�����W
��	��.A�

��)+�B�
���!'�����A!�#
��*������
��*�7'

a ∈ IR
'
σ2 > 0

C&�-�\�!'G�-���*�������������+HE6�?"�*^GA��
�*�".�������"IV
��	��A�

��)+�\�
���!'<^Q'<���-���N�+'!)
f(x) =

1√
2πσ2

· e−
(x−a)2

2σ2 , x ∈ IR.

� / �-;+�!��>U���!'��9�
ξ ∼ N(a, σ2)

R
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¾�x��S�a��x�CE���q��� � Ö ���c\*I&J�OHI�]^J�l�QSZ�b�OHYH�HQ�K�G=D&]PFHGHNjm*Nj\*NtOHQ�K�n&]PI�I&J�W�N^J�]^J.W&b.of[i�QHN5OHI�GHRaD�\*l�OHI�R¦b�stD&Y�I�O�b�n�Q�stI�v�G=D�M
NPOH_¿O=D"GHQH]^b�OHY�D�V���� ��¢9Q���� �L�9]PI�I&J�W�N^J�o]^J�W�NPOHOHIH�

f(x)

1√
2πσ

x
6σ
a0

F (x)

1

1
2

xa0Ïd����»¼±���º�ä¼¾ £¥² Ïd����»¼±���ºVä¼¾ £`¦
¾�x��S�a��x�CE���»��� �L���TC�I�GHRaD�\*l�OHI�N'G=D&]PFHGHNjm*Nj\*NPOHQ=Nu]yF=D&G=D&RTN^J�G=D&RTQ

0
Q

1O=D�st_-W.D&f[JG���"���!)*�#
��"�!$&�_���`
E�7�9��IE�!$&�]
��	��A�

��)+�B�
���!'�� �¸QzI�v�I&stO=DLk=D&f[JSkHNPGHN^s
N(0, 1)

��¡Sb�OHYH�HQHf}G=D&]PFHGHNjm*Nj\*NPOHQHK�]^J&D&O�m�D&G�J�OHI�UPI+OHI�GHRaD�\*l�OHI�UPIysLD&Y�I�O=DyFHGHQ�oO�K�J�IuI�v�I&stO=DLk=D�J�lukHNPGHN^s
Φ(x)

n�D'F�\*I&J�OHI�]^J�ly{ækHNPGHN^s
ϕ(x)

n�]PI�I&J�W�N^J�]^J�W&b�f[i�Q=NV�D&G=D&Y�J�NPGHQH]^J.QHYHQ'OHI&GHR�DL\*l�OHI�UPIXsLD&Y�I�O=DX]%F=D&G=D&RTN^J�G=D&RTQ
a
Q
σ2 I�v�I&stO=DLk=D&f[JSkHNjoGHN^s

Φa, σ2(x)
Q
ϕa, σ2(x)

�*��GHQu|^J�I&R¸]PFHG=D&W�NjmH\*QHW�IzG=D&W�NPOH]^J�W�I
Φa, σ2(x) = Φ

(

x− a

σ

)

. (7.8)

¾�O=D�kHNPOHQ�KyZ�b�OHYH�HQHQ
Φ(x) =

1√
2π

x
∫

−∞

e−
u
2

2 du

RTI�M9OHI
O=D&d�J�Q�W
J�D&v�\*QH�=D�V��
¤��EÁ���Ä��¦Ã��aC���� ��� �t£H�"|q��HE><��1!�!�*^:���\��'!><'!�!�

ξ
'<���-���àA��*=E��;+�����\�!I��!���'���'S��=���A��*�����!�!'!�9��IE������
��	��A�

��)+�\�
���!'��"��A!�#
��*������

���
λ > 0

C��-�\��'O�-���*�������".�����+HE6�?"�*^QA��
�*�"�������"IV
��	��A�

��)+�\�
���!'<^Q'<���-���N�+'!)
f(x) =

{

λe−λx
A�
�'

x ≥ 0;
0

A�
�'
x < 0.

� / �-;+�!��>U���!'��9�
ξ ∼ exp(λ)

R
¾�x��S�a��x�CE���q��� [&� ���c\*I&J�OHI�]^J�l�QSZ�b�OHYH�HQ�K�G=D&]PFHGHNjm*Nj\*NtOHQ�K�n&]PI�I&J�W�N^J�]^J.W&b.of[i�QHN"FHI�Y�D�sLD�J�Nj\*l�OHI�R¦bqsLD&Y�I�O�b�n�Q�stI�v�G=D�M5NPOH_»O=DuGHQH]^b�OHY�D�V§��� ���yQ���� � Ö ]PI�I&J�oW�N^J�]^J�W�NPO=OHIH�
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f(x)

λ

x0

F (x)

1

x0Ïd����»¼±���ºVä¼¾ £Dä Ïd����»¼±���ºVä¼¾ £`ë
¤��EÁ���Ä��¦Ã��aCE���)��� ��¢��!|q��HE><��1!�!�*^����B��'!><'!�!�

ξ
'����-���K
��	��A�

��)+�B�
���!'��5ñ��*.k"'M�VA!�#
��*������
��*�7'

a ∈ IR
'
σ > 0

Cl�-�B��'
f(x) =

1

π
· σ

σ2 + (x− a)2
, x ∈ IR.

� / �-;+�!��>U���!'��9�
ξ ∼ K(a, σ)

R¾�x��S�a��x�CE��� ��� [ �����c\*I&J�OHI�]^J�l�Q�Z�b�OHYH�HQ�K�G=D&]PFHGHNjm*Nj\*NPOHQ�K�n�]PI�I&J�W�NjJ�]^J.W&b.of[i�QHNEsLD&Y�I�O�by��I&p�Q�n=Q�stI�v�G=D�M
NPOH_¯O=D5GHQH]^b�OHY�D�V+��� �L�
Q+��� [&� ]PI�I&J�W&N^J�]PJ�W�NPO=OHIH�
f(x)

1
πσ

xa0

F (x)

1

x

1
2

a0Ïd����»¼±���ºVä¼¾ £`ì Ïd����»¼±���ºVä¼¾ ¤#í
¾�D&RTN^J�QHR-n�k�J�I�OHNzW�]�KHY�I�Nzv.D�stI&W�I�NzFHGHI&]^J�G=D&OH]^J.W�Ium*I�F�b�]PY�D&N^J)W�I&stRTILM9OHI�]^J�lFHI�]^J�GHI�Q�J�l9O=D5OHNPR¨]j\=b�k=D&dHO�b�f¿W�Nj\*QHkHQHO�by]�sLD�m�D&OHOH_-R¨G=D&]PFHGHNjm*Nj\*NPO=QHNPR-�¾�x%ÄSxa��x¨��� £ [ ����I�Y�D�sLD�J�lHn�k�J�IcOHN�O=D[W�]rKHY�I�R+W�NPGHILK�J�OHI�]^J�OHI�R)FHGHI�]^J�G=D&OH]^J.W�N

(Ω, F , P)
RTILM9OHIgFHI�]^J�GHI�Q�J�l¸]j\=b�k=D&dHO�b�f W�Nj\*QHkHQHO�b

ξ
] G=D&W�OHI�RTNPGHOH_-RÂO=DI&J�GHN^stY�N

[0, 1]
G=D&]PFHGHNjm*Nj\*NPOHQHNtR-�Á���om�aCE���-����b�]^J�l

Ω = [0, 1]
n F { σ

oÓD�\*UPNPv�G=D�n�FHI�GHILM5m*NPOHO=D�K)W�]PNPRTQqItmHoOHI&J�I�kHNPkHOH_-RTQ¸RTOHILM5NP]^J�W.D&RTQgI&J�GHN^stY�D
[0, 1]

naD
P
{ W�NPGHILK�J�OHI�]^J�O=D�K¸RTNPG=D O=D

F ����I�]PY�I�\*l�Y�b P(Ω) = 1
n*mH\=KqW�]PNjV+J�I�kHNPY

ω
I&J�GHN^stY�D

[0, 1]
QHRTNPNPR

P{ω} = 0
�ça\*Njm*I�W.D�J�Nj\*l�OHIHn.W�NPGHILK�J�OHI�]^J�l

P
FHGHQHOHQHRaD&N^JXO=D�W�]PNjV
|j\*NPRTNPO�J&D�V F J�I�\*l�Y�I�stO=D�okHNPOHQ�K

0
Q

1
��¤[m*O=D&Y�IHn=mH\=K�\*fcv�I�UPI"QHO�J�NPGHW.D�\�D

B = (a, b)
n
0 < a < b < 1

n�FHII�FHGHNjm*Nj\*NPOHQHf»��� � [ QHRTNPNPR
0 < Pξ(B) = b− a < 1.�¦D&YHQHR¸I�v�G=D�stI�R-n*O=DzsLD�m�D&OHOHI�R�W�NPGHILK�J�OHI�]^J�OHI�RêFHGHI�]^J�G=D&OH]^J�W�N
OHNj\*l&sPK+FHI�]^J�GHI�oQ�J�lzG=D&W�OHI�RTNPGHOHI�NEG=D&]PFHGHNjm*Nj\*NPOHQ=N&�



b!cWd�e(fhg�i]ð � @
ç�b�i�NP]^J.W&b�NPJ�J�GHQ"I�]POHI�W�OH_:V9Y�\�D&]P]tDSG=D&]PFHGHNjm*Nj\*NPOHQHd��=ç§m*W&b�R¦K9Q�scOHQ�V)�Õm*QH]joYHGHN^J�OH_-RTQ�Q`D&v�]PI�\*f[J�OHI+OHNPFHGHNPGH_-W�OH_-RTQ�G=D&]PFHGHNjm*Nj\*NPOHQHKHRTQ*�ERT_¥b�M5NzFHI&stO=D�oY�I�RTQ�\*QH]PlH�=��NPFHNPGHl5FHNPGHNPd�m*NPR�YyG=D&]P]PRTI&J�GHNPOHQ=fÇJ�GHN^J�l�NPUtI9Y�\�D&]P]tD��¤��EÁ���Ä��¦Ã��aC����ä��� �L���l���	��A�

��)+�B�
���!'��

Pξ

�!��;+$��+�	������^�
��	��A�

��)+�\�
���!'!� ���'!��PDH��U^�
�����P#�M�"'!A!��C7�-�\��'K�-���*�������������+HE6�?"�*^Ü�0HE�!=E�!'<^Q
��	��A�

��)+�B�
���!'<^�^��+.�U^�������^G����A�

�B
�$��+���*1UC����@�7���98:�-�������7���*>U��=@

�����"��)����!���91~�0HE�!=E�!'!','<����������B
�H,ß�� / �-PD�(�!H���I<R¤��EÁ���Ä��¦Ã��aC����æ��� �����G½v�*><=E�
x

�!��;+$��+�	������^}���*><=��*1K

�����"�]�0HE�!=E�!'!'
F (x)

Cq�-�B��'�)��U^���6 / ��P#�W)+�����"�����*><�����7�9�
��P#�
ε > 0

�W����=��*���`

�*1(�*=-

�-���"�������"'
Ò 
���)�'!H�� ��C / ����IEk��-P#�-C5>U� �

εÓ ���*><=E'
x

�+$0A��`���������"���B
��	�������������
F (x+ ε) − F (x− ε) > 0.

¡Sb�OHYH�HQ�KXG=D&]PFHGHNjm*N�\*NtOHQ�KS]PQHOHU^bt\=KHGHOHI�UPI[J�QHF=D-I�v�\�D�m�D&N^J%]j\*Njm=b�f[i
QHRTQS]PW�I�d�o]^J�W.D&RTQ�h
���

Fξ(x)
{}OHNPFHGHNPGH_-W�O=D�K�Z�b�OHYH�HQ�K�~

[ �
dF (x)/dx = 0

FHI�k�J�QuW�]Pf:m=b���FHI5RTNPGHNEÃXNPv�NPUjD.�j~
@ �

F (+∞) − F (−∞) = 1
�

¾�x%ÄSxT��x¯��� £ @ �.��I�]^J�GHI�Q�J�lSZ�b�OHYH�HQHfêG=D&]PFHGHNjm*Nj\*NPOHQ�K"]PQHOHU^bt\=KHGHOHI�UPIXJ�QHF=D��

x11
3

2
3

1
9
2
9

7
9
8
9

F (x)

1

1
2

1
4

3
4

0 Ïd����»¼±���ºVä¼¾ ¤´£

Á���om�aCE���-����b.]^J�l
F (x) = 0

FHGHQ
x < 0

Q
F (x) = 1

FHGHQ
x > 1

��Á�D�stI�v�l�NPR�I&J�GHN^stI�Y
[0, 1]O=DzJ�GHQqG=D&W�OH_-N�]PNPUPRTNPO�J&D

[0, 1/3], [1/3, 2/3]
Q

[2/3, 1]
��¤�FHGHNjm*Nj\*QHR�Z�b�OHYH�HQHf

F (x)
O=DXI&J�GHN^s^oY�N

[1/3, 2/3]
G=D&W�OHI�d

1/2
��ç�Y�D�M5m*_-R Q�s%I�]^J�D&W�op�Q�V.]�KXI&J�GHN^stY�I�W[FHGHItm*Nj\�D&NPR+D&O=D�\*I�UPQHkHO�b�f�FHGHI�o�HNjm=b�G�b�n�I�FHGHNjm*Nj\*QHW

F (x) = 1/4
FHGHQ

x ∈ [1/9,
2/9]

Q
F (x) = 3/4

FHGHQ
x ∈ [7/9, 8/9]

n�QqJ�D&Ym�D�\*NPN&�.Ä�D&OHOH_-d"FHGHI��HNP]P]cFHGHI�Q�\H\*fc]^J�GHQHG=I�W.D�O'O=DXGHQH]^b�OHY�NE��� [ �����§J�I�kHY�D�V9RTOHI�oM5NP]^J�W�D
K = [0, 1]\

∞
⋃

n=1

n
⋃

k=1

[

3k − 2

3n
,

3k − 1

3n

]

I�FHGHNjm*Nj\*QHR¸Z�b�OHYH�HQHf¿FHI5OHNPFHGHNPGH_-W�OHI�]^J.Q��¤�kHNPW�Q�m*OHIHn�k�J�I�RTNPG=D%ÃXNPv�NPUjDcRTOHILM
NP]^J�W.D
K
G=D&W�O�KHN^J�]�K�O�bt\*fS���uILM9OHIcFHI�Y�D�osLD�J�lHn*k�J�I9RTOHILM
NP]^J�W�I

K
QHRTNPNjJ"RTI&i�OHI�]^J�l9Y�I�O�J�QHO�b�b�R¿��]PR-� n=O=D&FHGHQHRTNPG�n�����I�\HoRTI�UPI�GHI�WqQ¨¡�I�RTQHOê�L� Ö ���jn�]^J�G��a� @ �j�¦�¦D&YHQHRÇI�v�G=D�stI�R-n¦FHI�]^J�GHI�NPOHO=D�K¨Z�b�OHYH�HQ�K
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��O=D�st_-W.D&NPRaD�K�=-
�'����*1�ñV���!���`
��¦Q�\*Q(�0HE�!=E�!'���1VñV���!���`
��L��btm*I�W�\*N^J�W�I�G�KHN^J[I�FHGHNjom*Nj\*NPOHQHf1��� �L��n.DERTOHILM5NP]^J�W�I

K
��O=D�st_�W.D&NPRTI�NV=E���!���`

���+$&�F�7���98:�-���������[�¦KHW�o\=KHN^J�]rKêFHGHQHRTNPGHI�R}OHNPY�I�OHNPkHOHI�UPIgQ�OHNP]PkHN^J�OHI�UPI¨RTOHILM
NP]^J�W.D�n-QHRTNPf%i�NPUtIgRTNPG�bÃXNPv�NPUjD5O�bL\*lH��-¤��EÁ�¤Eçc�L��I�kHNPR¦b�I�]POHI�W&OH_-RTQXY�\�D&]P]tD&RTQEG=D&]PFHGHNjm*Nj\*NPO=QHdS]PkHQ�J�D&f[J�]�KXQHRTNPO�oOHI�m*QH]PYHGHN^J.OH_-d�n�D&v�]PI�\*f[J�OHIzOHNPFHGHNPGH_-W�OH_-d+Qu]PQHOHU^bt\=KHGHOH_%d�Y�\�D&]P]P_[w¤��[���T�¯O=D
|^J�I&J9W�I�FHGHI�]�m�D&N^J9]j\*N�m=b�f[i5D�KuJ�NPI�GHNPRaD���@��¤�Á����ux}��� @ � J�NPI�GHNPRaDyÃXNPv�NPUjD.�j�YßV6 / �*^��0HE�!=E�!'<^S
��	��A�

��)+�B�
���!'<^

F (x)���98:��� / $0�"I,A�

��)+���"�	�-�
���!�G�(�+'!)+�
F (x) = p1F1(x) + p2F2(x) + p3F3(x),PD)+�

pi ≥ 0
C
i = 1, 2, 3

C
p1 + p2 + p3 = 1

C0���0HE�!=E�!'!'
Fi(x)

^��-�U^!6�����^M�0HE�!=E�!'!.^<�7'�
��	��A�

��)+�B�
���!'<^¾)�'���=-

���"����P#�-C0� / �-����6����!������A�

�B
�$��+����P#��'S��'!��PDH��U^�
�����P#�;+��=��*�����������*�����������������!���+R����B��'Ü���-�[><'��B���
pi

�*����'!><�!$Z�*�¯�!H��U^UC����[�����A�

��)+���"�	�-�
���!'�����)�'!�����������!���+R¾�x%ÄSxa��x ��� £&£H�c��b�]^J�l¸J�I�kHY�D
A = (u, v)

G=D&W�OHI�RTNPGHOHI¸G=D&]PFHGHNjm*Nj\*NPO=D�WYHW.D�m*G=D�J�N
Ω = {(u, v)|u, v ∈ [0, 1]} � s^m*NP]PlêG=D&W�OHI�RTNPGHOHI�N�G=D&]PFHGHNjm*Nj\*NPOHQHNI�FHGHNjm*Nj\=KHN^J�]�K']�FHI�RTI&i�l&f1UPNPI�RTN^J�GHQHkHNP]tY�I�dyW�NPGHILK�J�OHI�]^J�Q�nH]PR-��sLD&RTNPk=D&OHQHN [ � ���j���I�\*ILM9QHR
ξ1 = ξ1(u, v) = u

n
ξ2 = ξ2(u, v) =

{

1
FHGHQ

u ≥ v;
−1

FHGHQ
u < v.CED&d�J�Q�D.�5Z�b�OHYH�HQHfÅG=D�]PFHGHNjm*Nj\*NtOHQ�K�Q¸F�\*I&J�OHI�]^J�l§]j\=b�k=D&dHOHI�d�W�Nj\*QHkHQHOH_

ξ1
~v��%Z�b�OHYH�HQHf;G=D&]PFHGHNjm*Nj\*NPO=Q�KqQ)k=D&]^J�OH_-N
stO=DLkHNPOHQ�KqW�NPGHI�K�J�OHI�]^J�Q+mH\=K)]j\=b�k=D&d�oOHI�dyW�Nj\*QHkHQHOH_

ξ2
�Á���om�aCE���-����b�]^J�l

x > 1
n�J�I�Urm�D

P(ξ1 < x) = P{(u, v)|u < x, (u, v) ∈ Ω} = P(Ω) = 1.��b�]^J�l
x ≤ 0

n�J�I�Urm�D
P(ξ1 < x) = P{(u, v)|u < x, (u, v) ∈ Ω} = P(∅) = 0.�T]j\*Q

0 < x ≤ 1
nHJ�Iz]PI�v�_�J�QHN

A(x) = {(u, v)|u < x, (u, v) ∈ Ω}I�v�G=D�sPb�N^J"FHG.KHRTI&b�UPI�\*l�OHQHY�]PIz]^J�I�GHI�O=D&RTQ�n*G=D&W�OH_-RTQ
1
Q
x
��]PR-�=GHQH]^b�OHI�Y)��� [m[ �j���I5I�FHGHNjm*Nj\*NPOHQHf¥U^NPI�RTN^J�GHQ=kHNP]PY�I�d�W�NPGHILK�J�OHI�]^J�Q+QHRTNPNPR

P(ξ1 < x) =
mesA(x)

mesΩ
= x.



b!cWd�e(fhg�i]ð ��¢
¾�D&RTN^J�QHR-n:k�J�I§FHI�\=b�kHNPOHO=D�K�Z�b�OHYH�HQ�K�G=D&]PFHGHNjm*Nj\*NPO=Q�K�]PI�W�F=D�m�D&N^J�]+Z�b�OHYH�HQ�oNPd�G=D&]PFHGHNjm*Nj\*NPOHQ�KêG=D&W�OHI�RTNPGHOHI�UPI`sLD&Y�I�O=D`]+F=D&G=D&RTN^J�G=D&RTQ

0
Q

1
��]PR-��GHQH]^b.oOHI�Y"��� �t£��j�.�:I�]PFHI�\*l&stI�W.D&W&p�QH]PlXI�FHGHNjm*Nj\*NPOHQHNPRg��� � [ Q�\*QzFHGHILm*QHZEZEN^GHNPOH�HQHGHI�W.D&Wb�M5N�FHI�\=b�kHNPOHO�b�f�Z�b�OHYH�HQHf�G=D&]PFHGHNjm*Nj\*NtOHQ�K�n.FHI�\=b�k=D&NPRqW�_-G=D�M5NPOHQHN�mH\=K
F�\*I&J�oOHI�]^J�Q

ξ1
h

f(x) =
{

1
FHGHQ

x ∈ [0, 1];
0
FHGHQ

x /∈ [0, 1].

1

1

x0 u

v

Ïd����»¼±���º�ä¼¾ ¤�¤

xcO=D�\*I�UPQHkHOHI¸FHI�\=b�k=D&NPR¼Z�b�OHYH�HQHf G=D&]PFHGHNjm*Njo\*NPOHQ�K�]j\=b�k=D&dHOHI&d�W�Nj\*QHkHQHOH_
ξ2
h

P(ξ2 < x) =







0
FHGHQ

x ≤ −1;
1/2

FHGHQ − 1 < x ≤ 1;
1

FHGHQ
x > 1,FHI�]PY�I�\*l�Y�b {ξ2 < x} = {ξ2 = −1} = {(u, v)|

u < v, (u, v) ∈ Ω} FHGHQ −1 < x ≤ 1
��]PR-��GHQH]^b.oOHI�Y9��� [m[ �j�&CED&FHI�RTOHQHR-n�k�J�IEZ�b�OHYH�HQ�K5G=D&]PFHGHNjm*Nj\*NjoOHQ�KSm*QH]PYHGHN^J�OHI�UPI�sLD&Y�I�O=DcQHRTNPN^JE]PY�D�kHYHQ
WcJ�I�kHY�D�V�n&]PI�I&J�W�N^J�]^J.W&b�f[i
Q�V5k=D&]^J�OH_-RstO=D�kHNPOHQ�KHR¸]j\=b�k=D&dHOHI�d�W�Nj\*QHkHQHOH_�n�D5W�Nj\*QHkHQHOH_�]PY�DLkHY�I�W9G=D&W�O�KHf[J�]rK�k=D&]^J�OH_-RstO=D�kHNPOHQ�KHR1W�NPGHILK�J�OHI�]^J�Q�n�I&J�Y�bLm�DuFHI�\=b�k=D&NPR-n�k�J�I

P(ξ2 = −1) = P(ξ2 = 1) =
1/2
�[Á�D&]PFHGHNjm*Nj\*NPOHQ=N�]j\=b�k=D&dHOHI�d¯W�Nj\*QHkHQHOH_

ξ2
O=D�st_-W.D&N^J�]�Km��'<�@������
�'!><�!$&�/ '!���D�7'!�9��IE�!$&�F
��	��A�

��)+�B�
���!'�� ����À]j\=b�k=D&N&n�Y�I�Urm�D+m*QH]PYHGHN^J�O*D�K¸]j\=b�k=D&dHO=D�K¨W�Nj\*QHkHQHO=D FHGHQHOHQHRaD&N^J ��I�v�I&stGHQ�oRTI�Nj��kHQH]j\*IcstO=D�kHNPOHQHd�n�NPN:G=D&]PFHGHNjm*Nj\*NPO=QHN�FHGHQHO�K�J�I�sLD&FHQH]P_-W.D�J�l�]:FHI�RTI&i�l�f¨G.K�om�DXG=D&]PFHGHNjm*Nj\*NPOHQ�K'WX]^J�I�\*v�NP�����¦D&Y�n.O=D&FHGHQHRTNPG�n�G=D&]^FHGHNjm*Nj\*NtOHQHN�]PQHRTRTN^J�GHQHkHOHI�dv�QHOHI�RTQ=D�\*l�OHI�du]j\=b�k=D&dHOHI�duW�Nj\*QHkHQHOH_¯sLD&FHQH]P_-W.D&N^J�]�K�]j\*Njm=b�f[i
QHR¸I�v�G=D�stI�R-h

ξ2 =
{−1, 1/2;

1, 1/2.¾�x%ÄSxT��x}��� £�¢���CED&d�J�Q G=D&]PFHGHNjm*Nj\*NPOHQHN9]j\=b�k=D&dHOHI�d�W�Nj\*QHkHQHOH_
η = ξ2

1

n�Urm*N]j\=b�k=D&dHO=D�K�W�Nj\*QHkHQHO=D
ξ1
I�FHGHNjm*Nj\*N^O=D9W
sLD�m�DLkHNS��� £�£H�Á���om�aCE���-��¤�kHNPW�Q�m*OHIHn�k�J�IqZ�b�OHYH�HQ�K§G=D&]PFHGHNjm*Nj\*NtOHQ�Kg]j\=b�k=D&dHOHI�d§W�Nj\*Q�okHQHOH_

η
FHGHQHOHQHRaD&N^JzstO=D�kHNPOHQ�K

0
Q

1
O=D
QHO�J�NPGHW.D�\�D�V

(−∞, 0]
Q

(1, +∞)
]PI�I&J�oW�N^J�]^J�W�NPO=OHIH��CED&d�m*NPR

P(η < x)
FHGHQ

0 < x ≤ 1
�*��RTNPNPR

P(η < x) = P(ξ2
1 < x) = P(−√

x < ξ1 <
√
x) = P(ξ1 <

√
x) =

√
x.��I�]PY�I�\*l�Y�b5Z�b�OHYH�HQ�K9G=D&]PFHGHNjm*Nj\*NPOHQHK"W&sLD�QHRaOHIXItm*OHI&stO=DLkHOHISI�FHGHNjm*Nj\=KHN^JSsLD&Y�I�OG=D&]PFHGHNjm*Nj\*NPO=Q�K�n*RT_¯I&J�W�N^J�Q�\*Q+O=D
FHI�]^J�D&W�\*NPOHOH_-d+W�I�FHGHI�]&�
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�M�5�~���_�7��� � �������7�7�

¾�x%ÄSxa��x¿��� £.����ÄSI�Y�D�sLD�J�lzG=D&W�NPOH]^J�W�I+����� Ö �j�¾�x%ÄSxa��x ��� £����[��b�]^J�l
ξ
QHRTNPN^J�OHI�GHRaD�\*l�O�b�f Z�b�OHYH�HQHf G=D&]PFHGHNjm*Nj\*NPOHQ�K

Φa, σ2(x)
�=CED&d�J�Q�G=D�]PFHGHNjm*Nj\*NtOHQHNS]j\=b�k=D&dHOHI�d�W�Nj\*QHkHQHOH_

Φa, σ2(ξ)
�

¾�x%ÄSxa��x���� £ Ö ���:_-FHQH]tD�J�l
WSKHW�OHI�R�W�Q�m*N�Z�b�OHYH�HQHQ'G=D&]PFHGHNjm*Nj\*NPO=Q�KyG=D&W�OHI�oRTNPGHOHI�UPIzQu|PY�]PFHI�OHNPOH�HQ=D�\*l�OHI�UPIzsLD&Y�I�OHI�WH�
¾�x%ÄSxa��x}��� £.����ça\=b�k=D&dHO=D�K`W�Nj\*QHkHQHO=D

ξ
QHRTNPN^J)FHI�Y�D�sLD�J�Nj\*l�OHI�N9G=D&]PFHGHNjm*Njo\*NPOHQHNX]�F=D&G=D&RTN^J�GHI�R1���=CED&d�J�Q�G=D&]PFHGHN�m*Nj\*NtOHQHNS]j\=b�k=D&dHOHI�d�W�Nj\*QHkHQHOH_

e−ξ
�

¾�x%ÄSxa��x}���Ô¢ � ��ça\=b�k=D&dHO=D�K`W�Nj\*QHkHQHO=D
ξ
QHRTNPN^J)]^J�D&O�m�D&G�J�OHI�N"OHI�GHRaD�\*l�OHI�NG=D&]PFHGHNjm*Nj\*NPOHQHN���CED&d�J�QuG=D&]PFHGHNjm*Nj\*NtOHQHNS]j\=b�k=D&dHOH_:VuW�Nj\*QHkHQHO

ξ2 Q[ò`ó´µ	ô
ξ
�

¾�x%ÄSxa��x ���Ô¢�����ça\=b�k=D&dHO=D�KÇW�Nj\*QHkHQHO=D
ξ
QHRTNPN^Jê|PY�]PFHI�OHNPOH�HQ=D�\*l�OHI�N§G=D&]joFHGHNjm*Nj\*NPOHQHN�]qF=D&G=D&RTN^J�GHI�R

1
�%CED&d�J�Q¯G=D&]PFHGHNjm*Nj\*NPOHQHN�]j\=b�k=D&dHOHI�d¯W�Nj\*QHkHQHOH_

η = [ξ]2
nHUrm*N

[x]
{}�HNj\�D�Kuk=D&]^J�lzkHQH]j\�D

x
�

¾�x%ÄSxa��xÂ���Ô¢ [ ��ÄSI�Y�D�sLD�J�lHn�k�J�I+NP]j\*Q`]j\=b�k=D&dHO=D�K`W�Nj\*QHkHQHO=D
ξ
QHRTNPN^JqD&v�]PI�o\*f[J�OHIcOHNPFHGHNPGH_-W�OHI�N�G=D&]PFHGHNjm*Nj\*NPOHQHN�n�J�Ic]j\=b�k=D&dHO=D�KSW�Nj\*QHkHQHO=D |ξ| J�D&Y�M
N�QHRTNPN^JD&v�]PI�\*f[J�OHIzOHNPFHGHNPGH_-W�OHI�NXG=D&]PFHGHNjm*Nj\*NtOHQHN&���:NPGHOHI
\*QuI�v�G=D�J�OHI�N�b�J�W�NPG.M5m*NPOHQHNLw

¾�x%ÄSxa��x1���Ô¢ @ ���c\*I&J�OHI�]^J�l
G=D&]PFHGHNjm*Nj\*NPOHQHK9mH\=K"OHNPY�I&J�I�GHI�UPI
k > 0

sLD�m�D&N^J�o]rKuZEI�GHR¦bt\*I�d
f(x) =

{

ax2e−kx
FHGHQ

x > 0;
0

FHGHQ
x ≤ 0.CED&d�J�QuY�I�|PZEZEQH�HQHNPO�J

a
Qu]PI�I&J�W�N^J�]^J.W&b�f[i�b�f¥Z�b�OHYH�HQHfÇG=D&]PFHGHNjm*Nj\*NtOHQ�K��

¾�x%ÄSxa��x¸���Ô¢�£H�&ça\=b�k=D&dHO=D�K
W�Nj\*QHkHQHO=D
ξ
QHRTNPN^J�FHI�Y�D�sLD�J�Nj\*l�OHI�N�G=D&]PFHGHNjm*Nj\*NjoOHQHNE]EF=D&G=D&RTN^J�GHI�R

λ
�=CED&d�J�Q�F�\*I�J�OHI�]^J.Q�G=D&]PFHGHNjm*Nj\*NPO=Q�K�]j\=b�k=D&dHOH_:V�W�Nj\*QHkHQHO

√
ξ
Q
ξ2 �¾�x%ÄSxa��x¸���Ô¢�¢��&ça\=b�k=D&dHO=D�K
W�Nj\*QHkHQHO=D

ξ
QHRTNPN^J�FHI�Y�D�sLD�J�Nj\*l�OHI�N�G=D&]PFHGHNjm*Nj\*NjoOHQHNE]EF=D&G=D&RTN^J�GHI�R

λ
�=CED&d�J�Q�F�\*I�J�OHI�]^J.Q�G=D&]PFHGHNjm*Nj\*NPO=Q�K�]j\=b�k=D&dHOH_:V�W�Nj\*QHkHQHO

1 − exp{−λξ} Q λ−1 ²õô ξ �¾�x%ÄSxa��x����Ô¢&����ça\=b�k=D&dHO=D�K'W�Nj\*QHkHQHO=D
ξ
G=D&W&OHI�RTNPGHOHI
G=D&]PFHGHNjm*Nj\*NPO=D
O=DSI&J�oGHN^stY�N

[0, 1]
��CED&d�J�Q�F�\*I&J�OHI�]^J�QqG=D&]PFHGHNjm*Nj\*NPOHQHd)]j\=b�k=D&dHOH_:V)W�Nj\*QHkHQHO

2ξ + 1
Q

− ²õô (1 − ξ)
�

¾�x%ÄSxa��x ���Ô¢����[ça\=b�k=D&dHO=D�K1W�Nj\*QHkHQHO=D
ξ
QHRTNPN^J¸G=D&]PFHGHNjm*Nj\*NPOHQ=N���I&p�Q1]F=D&G=D&RTN^J�G=D&RTQ

0
Q

1
��CED&d�J�Q�F�\*I&J�OHI�]^J�Q�G=D&]PFHGHNjm*Nj\*NPOHQ�K`]j\=b�k=D&dHOH_:V`W�Nj\*QHkHQHO

ξ2/(1 + ξ2)
Q

1/(1 + ξ2)
�

¾�x%ÄSxa��x ���Ô¢ Ö �[ça\=b�k=D&dHO=D�K1W�Nj\*QHkHQHO=D
ξ
QHRTNPN^J¸G=D&]PFHGHNjm*Nj\*NPOHQ=N���I&p�Q1]F=D&G=D&RTN^J�G=D&RTQ

0
Q

1
��CED&d�J�Q�F�\*I&J�OHI�]^J�Q�G=D&]PFHGHNjm*Nj\*NPOHQ�K`]j\=b�k=D&dHOH_:V`W�Nj\*QHkHQHO

2ξ/(1 − ξ2)
Q

1/ξ
�



b!cWd�e(fhg�i]ð ���
¾�x%ÄSxT��xä���Ô¢&�����c\*I&J�OHI�]^J�luG=D&]PFHGHNjm*Nj\*NtOHQ�KqmH\=KqOHNPY�I&J�I&GHI�UPI

C > 0
sLD�m�D�oN^J�]�KuZEI�GHR¦bL\*I�d

f(x) =
{

C/x4 FHGHQ
x > 1;

0
FHGHQ

x ≤ 1.CED&d�J�Q�Y�I�|PZEZEQH�HQHNPO�J
C
Qy]PI�I&J�W�N^J�]^J.W&b�f[i�b�f¥Z�b�OHYH�HQHf¿G=D&]PFHGHNjm*Nj\*NPOHQ�K��¾�x%ÄSxT��x»��� � � �*�c\*I&J�OHI�]^J�l"G=D&]PFHGHNjm*Nj\*NPOHQ�K+]j\=b�k=D&dHOHI�d+W�Nj\*QHkHQHOH_

ξ
I�FHGHNjom*Nj\*NPO=DzW
sLD�m�DLkHNS���Ô¢&���=CED&d�J�Q�F�\*I&J�OHI�]^J�l9]j\=b�k=D&dHOHI�d�W�Nj\*QHkHQHOH_

1/ξ
�
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��b�]^J�l"sLD�m�D&OHI"OHNPY�I&J�I�GHI�N�W�NPGHILK�J�OHI�]^J�OHI�N
FHGHI�]^J�G=D&OH]^J�W�I
(Ω, F , P)

Q+]j\=b.ok=D&dHO=D�KyW�Nj\*QHkHQHO=D
ξ
O=D5OHNPR-�¤��EÁ���Ä��¦Ã��aCE��� Ö � ���&�¾����� �7���"'!>U�-��=E'<���98F'!)����!'�� ���\��HE><��1!���*1L���\��'!.><'!�!$

ξ
�!��;+$��+�	������^¾><'��\���

Eξ =
∫

Ω

ξ(ω) P(dω). (8.1)

���B��'�'v�!���-P¿
<�9� ÒBû RÃÂ Ó 
��	��%��9)�'!����^UC{����P#�����`
U^!��C¥><���5�7����� �7���"'!>U�-��=���P#�@�98F'!.)����!'<^M������HE?��-�����+H�����R¾�x��S�a��x�CE��� Ö � ���c��D�J�N^R�D�J�QHk=NP]PY�I�N`ILM9Q�m�D&OHQHN&n%NP]j\*Q�I�OHIg]^b�i�NP]PJ�W&b.N^J�nI�FHGHNjm*Nj\*NPOHI Itm*OHI&stO=DLkHOHIqW�W�Q�m=b�b�]j\*I�W�Q�KgD&v�]PI�\*f[J�OHI�dg]eV.ILm*QHRTI�]^J�QgW)I�FHGHNjm*Njo\*NPOHQHQuQHO�J�NPUPG=D�\�DzÃXNPv�NPUjD���]PR-�{T����j�CED�V.I�M5m*NPOHQHN�RaD�J�NPRaD�J�QHkHNP]PY�I�UPIyI�M9Q�m�D&OHQ�K+]j\=b�k=D&dHOHI�dqW�Nj\*QHkHQHOH_¿FHGHQ)FHI�oRTI&i�Q
QHO�J�NPUPG=D�\�D�ÃXNPv�NPUjD�OHN�W�]PNPUrm�DcKHW�\=KHN^J�]rK�m*I�]^J�D�J�I�kHOHI�btm*I�v�OH_-R-��ÄE\=KSJ�I�UPIHnk�J�I�v�_qm�D�J�lcv�I�\*NPNabtm*I�v�OHI�Na]�D&O=D�\*Q�J�QHkHNP]PY�I�dXJ�I�kHYHQXstGHNPOHQ�KSI�FHGHNjm*Nj\*NPOHQHN:RaD�J�NjoRaD�J�QHkHNP]PY�I�UPI'I�M9Q�m�D&OHQ�K�n*|PYHW�QHW.D�\*NPO�J�OHI�Ny� Ö � ���jn*O=D&R�FHI&J�GHNPv&b�N^J.]�K)I�FHGHNjm*Nj\*Q�J�lN^i�NXItm*OHI5I�v�I�v&i�NPOHQHNXQHO�J�N^UPG*D�\�D9ÁTQHRaD&O=D����b�]^J�l)Z�b�OHYH�HQHQ
f(x)

Q
u(x)

I�FHGHNjm*Nj\*NPOH_äQ`I�UPG=D&OHQHkHNPOH_ÀO=D
[a, b]

Q
a =

x0 < x1 < . . . < xn = b
�*ç�b�RTR¦byW�Q�m�D

σ = f(y1)[u(x1) − u(x0)] + . . .+ f(yn)[u(xn) − u(xn−1)],

� Ö



b!cWd�e�f0g7iFj�ü �&�
Urm*N

xi−1 ≤ yi ≤ xi

n
i = 1, . . . , n

nTO=D�st_-W.D&f[J�'!�!���-P¿
��9��IE���*1]��H+�@���*1}|h�"'!.���"I��-� �&�h�T]j\*Q§]^b�i�NP]^J.W&b�N^J�Y�I�OHNPkHOH_-d§FHGHNjm*Nj\¨FHGHQ
maxi{xi − xi−1} → 0

QHO�oJ�NPUPG=D�\*l�OH_:V�]^b�RTR
σ
n�G=D&W�OH_�d`kHQH]j\=b

I
n�J�I

I
O=D�st_-W�D&N^J�]�KK'!�!���-P¿
��9�
�D�ø|h�"'!.���"I��-� �EI&JzZ�b�OHYH�HQHQ

f(x)
FHI5Z�b�OHYH�HQHQ

u(x)
QuI�v�I&stO=DLk=D&N^J�]rK

I =

b
∫

a

f(x) du(x).

��GHQ�|^J�I�R¿UPI�W�I�G.K�J�n¦k�J�I��0HE�!=E�!'<^
f(x)

'!�!���-P¿
�'�
�H��\�7�QA��¾�0HE�!=E�!'v'
u(x)

O=DI&J�GHN^stY�N
[a, b]

�¤��EÁ���Ä��¦Ã��aC���� Ö � [ �&�¾�����\�7���"'!>U�-��=E'<�N�98F'!)����!'!� �N�B��HE><��1!���*1����B��'!.><'!�!$
ξ

�!��;+$��+�	������^¾><'��\�
�
Eξ =

+∞
∫

−∞

x dFξ(x), (8.2)

PD)+�
Fξ(x)

2¯�0HE�!=E�!'<^L
��	��A�

��)+�B�
���!'<^:�\��HE><��1!�!�*1F���\��'!><'!�!$
ξ
R����B��'4'!�!����.P¿
��9� ÒBû R Ø Ó 
��	��%��*)�'!����^UC����,P#�����`
<^!��C�><���"�7�����\�7���"'!>U�-��=���P#�G�98F'!)����v'<^������HE?��-�����+H�����R��]PFHI�\*l&sPI�W.D&OHQHN:I�FHGHNjm*Nj\*NPOHQ�K Ö � [ mH\=KSO=D�V.ILM5m*NPOHQ�K�RaD�J�N^R�D�J�QHkHNt]PY�I�UPI�I�M9Q�om�D&OHQ�K�KHW�\=KHN^J�]rK)W9v�I�\*l&p�QHOH]^J�W�N�]j\=b�k=D&NPW"v�I�\*NPNXbLm*I�v�OH_-R-n�OHN^M
Nj\*Q+QH]PFHI�\*l&stI�oW.D&OHQHN�I�FHGHNjm*Nj\*NPOHQHN Ö � ��RaD�J�NPRaD�J�QHkHNP]PY�I�UPI5I�M9Q�m�D&OHQ�K"kHNPGHN^sXQHO�J�NPUPG=D�\�ÃXNPv�NPUjD��¤�FHGHNjm*Nj\*NPOHQ�K Ö � �EQ Ö � [ KHW�\=KHf[J�]rKu|PYHW�QHW.D�\*NPO�J�OH_-RTQ���ED&Y�Q�stW�NP]^J�OHIHn�GHQHRaD&OHI�W�]PYHQHd�QHO�J�NPUPG=D�\gQHRTNPN^J)]PRT_-]j\gF�\*I&i
D�m*Q`FHILm�YHGHQ�oW�I�d�n�KHW�\=KHf[i�NPdH]rK'UPG=D&ZEQHY�I�R§FHItm*_-O�J�NPUPG=D�\*l�OHI�dyZ�b�OHYH�HQHQ����¦D&Y�I�d9M
N[I�kHNPW�Q�mHoOH_-d"UPNPI�RTN^J�GHQHkHNP]tYHQHd']PRT_-]j\yQHRTNPN^J�QHO�J�NPUPG=D�\�n�]^J�ILK�i�QHd"WSFHG=D&W�I�dzk=D&]^J�Q"]PI�I&J�oOHI&p�NPOHQ�K¯� Ö � [ �j��ÄSNPdH]^J�W�Q�J�N^\*l�OHIHn¦FHI�]^J�GHI�QHR¿QHO�J�NPUPG=D�\*l�O�b�f¼]^b�RTR¦b mH\=K`QHO�J�NjoUPG=D�\�D�� Ö � [ �j�=��RTNPNPR

σ = y1[u(x1) − u(x0)] + . . .+ yn[u(xn) − u(xn−1)],Urm*N
xi−1 ≤ yi ≤ xi

n
i = 1, . . . , n

��CED'GHQH]jb�OHY�N Ö � �5Q�stI�v�G=D�M
NPO=D']jb�RaRaD
σ
mH\=KOHNPY�I&J�I�GHI&d5Z�b�OHYH�HQHQ5G=D&]PFHGHNjm*Nj\*NPOHQ�K�����GHQ�FHNPGHNjV�Itm*N-Y
FHGHNjm*Nj\=b�FHGHQ

maxi{xi−
xi−1} → 0

ntb�kHQ�J�_-W.D�K�n�k�J�I[FHGHQXI&J�GHQH�=D�J�Nj\�l�OH_:V
x
]j\�D&UjD&NPRT_-N

yi[u(xi)−u(xi−1)]KHW�\=KHf[J�]�KqI&J�GHQH�=D�J�Nj\*l�OH_%RTQ�n�FHI�\=b�k=D&NPR-n�k�J�I
Eξ = S1 − S2

n�Uem*N
S1

NP]^J�luF�\*I�oi
D�m*l)RTN^M5m=b`UPG=D&Z�QHY�D&RTQ�Z�b�OHYH�HQHd
y = 1

Q
y = Fξ(x)

FHGHQ
x ≥ 0

n¦D
S2
{F�\*I&i
D�m*lSFHILm"UPG=D&ZEQHY�I�R`Z�b�OHYH�HQHQ

y = Fξ(x)
FHGHQ

x < 0
��]PR-��GHQH]&� Ö � [ �j���¦D�YHQHRI�v�G=D�stI�R-n.QHO�J�NPUPG=D�\+ç�J�Q�\=J�l�NP]tDy� Ö � [ ��]PW&K�sLD&O9][QHO�J�NPUPG=D�\*I�R§ÁTQHRaD&O=DE]PI�I&J�OHI&p�NjoOHQHNPR

∫

x dFξ(x) = −
0
∫

−∞

Fξ(x) dx+

+∞
∫

0

(1 − Fξ(x)) dx. (8.3)



Ö�� s ê<t!ý Ú�¤:«�­¥z9²¿Ù w Æ�ß.Þ�àH­v² Î ª�« w ®�ß&®H­

1

F (x)

xxi 1yi xi0

1

F (x)

x0

S1

S2

Ïd����»¼±���º7ë�¾ £ Ïd����»¼±���ºWë�¾ ¤
¾�x��S�a��x�CE��� Ö � [ ���)\*NPW�I�d�k=D&]^J�Q�]PI�I&J�OHI&p�NPOHQ�Ku� Ö � @ ��RT_�OHN�b�Y�D�sLD�\*Q�FHGHNjom*Nj\*_�QHO�J�NPUPGHQHG=I�W.D&OHQ�K����¦D&Y�D�K9]PQ�J&b.D&�HQ�K'KHW�\=KHN^J�]rKyI�v�_-kHOHI�dzmH\=K9\*Q�J�NPG=D�J&b�G=_FHI�J�NPI�GHQHQ�W�NPGHILK�J�OHI�]^J�NPd��0�T]j\*Q�FHGHNjm*Nj\*_äQHO�J�NPUPGHQHGHI�W.D&OHQ�K�OHNzb�Y�D�st_-W.D&f[J�]rK�nJ�I9|jJ�I"I�stO=D�k=D&N^J�n*k�J�I9GHNPkHlzQ�m*N^J"OHNXIzOHNPI�FHGHNjm*Nj\*NPOHOHI�R�QHO�J�NPUPG=D�\*N&n�D5I�vzQHO�J�NjoUPG=D�\*NcFHIXW�]PNPd"I�v�\�D&]^J�Q"W�I&stRTILM9OH_:V5stO=DLkHNPOHQHd'FHItm*_-O�J�NPUPG=D�\*l�OHI�UPI
F=D&G=D&RTN^J�G=D���¨m�D&OHOHI�R¨]j\=b�k=D&NEsLD&FHQH]PQ

∫

x dFξ(x)
Q +∞

∫

−∞

x dFξ(x)

KHW�\=KHf[J�]rKu|PYHW�QHW.D�\*NPO�J�OH_-RTQ��¾�x��S�a��x�CE��� Ö � @ �=�+D�J�NPRaD�J�QHk=NP]PY�I�NEI�M9Q�m�D&OHQHNcKHW�\=KHN^J�]�K"V�D&G=D&Y�J�NPGHQH]PJ�Q�oY�I�d'G=D&]PFHGHNjm*Nj\*NPOHQ�Ku]j\=b�k=D&dHOHI�d'W�Nj\*QHkHQHOH_�n*DSOHN�]tD&RTI�d']j\=b�k=D&dHOHI�d'W�Nj\*QHkHQHOH_�nJ�IzNP]^J�l
Eξ = Eη

n=NP]�\*Q
ξ

d
= η
�¾�x��S�a��x�CE��� Ö � £H�v�T]j\*Q
Eξ
]^b�i�NP]^J.W&b.N^J�n=Qy]j\=b�k=D&dHO=D�KyW�Nj\*QHkHQHO=D

ξ
QHRTNPN^Jm*QH]PYHGHN^J�OHI�NcG=D&]PFHGHNjm*Nj\*NPOHQHNcQ5FHGHQHOHQHRaD&N^JXstO=DLkHNPOHQ�K

x1, x2, . . .
]%W�NPGHILK�J�OHI�]^J�K�oRTQ

p1, p2, . . .
]PI�I&J�W�N^J�]^J�W�NPO=OHIHn=J�I

Eξ =
∑

i

xipi. (8.4)

¾�x��S�a��x�CE��� Ö �Ô¢��v�T]j\*Q
Eξ
]^b�i�NP]^J.W&b.N^J�n=Qy]j\=b�k=D&dHO=D�KyW�Nj\*QHkHQHO=D

ξ
QHRTNPN^JD&v�]PI�\*f[J�OHIzOHNPFHGHNPGH_-W�OHI�NXG=D&]PFHGHNjm*Nj\*NtOHQHNS]EF�\*I&J�OHI�]^J�l�f

f(x)
n�J�I

Eξ =
∫

xf(x) dx. (8.5)

�u_æG=D&]P]PRTI&J�GHNj\*Q¯UPN^I�RTN^J�GHQHk=NP]PY=QHd¯]PRT_-]j\1RaD�J�NPRaD�J�QHkHNP]PY�I�UPIgILM9Q�m�D&OHQ�K����NPGHNPd�m*NPR�J�NPFHNPGHlyY+G=D&]P]PRTI&J�GHNPOHQ=f;NPUPI'ZEQ�stQHkHNP]PY�I�UPIy]PRT_-]j\�D����ED&Y+Q�stW�NP]^J�OHIQ�s�p�Y�I�\*l�OHI�UPI5Y�b�GH]tD5ZEQ�stQHYHQ�nHY�I�I�G�m*QHO=D�J�D5�HNPO�J�G=D5RaD&]P]�]PQH]^J�NPRT_�n*]PI�]^J�ILK�i�NPdQ�s
n
J�I�kHNPYuO=D5FHG.KHRTI�d�n=QHRTNPN^J9W�Q�m

x þ ï ÿ�ï =
∑n

i=1 ximi
∑n

i=1mi

, (8.6)



b!cWd�e�f0g7iFj�ü Ö �
Urm*N

xi

]^b�J�lEY�I�I�G�m*QHO=D�J�_§J�I�kHNPY�n.W�Y�I&J�I�GH_:V
]PI�]PGHNjm*I&J�I�kHNPO=_¨RaD&]P]P_
mi

]PI�I&J�W�N^J�o]^J�W�NPOHOHIH�h�T]j\*Q�M
N
J�GHNPv&b.N^J�]�K�O=D�d�J�Q`Y�I�I�G�m*QHO=D�J&b �HNPO�J�G=D+RaD&]P]zv�NP]PY�I�OHNPkHOHI�UPIJ�I�OHY�I�UPI
]^J�NPG.M9O�K�nHF�\*I&J�OHI�]^J�l5W�Y�I&J�I�GHI�R§I�FHGHNjm*Nj\=KHN^J�]�KyZ�b�OHYH�HQHNPd
m(x)

n�J�I
W|^J�I�R¸]j\=b�k=D&NXQH]PFHI�\*l&sPb.N^J�]�K�ZEI�GHR¦bL\�D
x þ ï ÿ�ï =

∫

xm(x) dx
∫

m(x) dx
. (8.7)

�:]PFHI�RTOHQHR1J�NPFHNPGHlHn�k�J�I+W�NPGHILK�J�OHI�]^J�l�KHW�\=KHN^J�]�K J&D&Y�I�d M5N5RTNPGHI�d�n�Y�D&Y�Q�RaD&]jo]tD�n�]XJ�I�du\*Q�p�l"G=D�stOHQH�HNPd�n�k�J�I"RaD&]P]tD�o�W�NPGHILK�J�OHI�]^J�l'W�]PNPd+]PQH]^J�NPRT_ÇJ�I�kHNPYg��Q�\*QW�]PNPUPIy]^J�NPG.M9O�K*��G=D&W�O�KHN^J�]rKqNjm*QHOHQH�HN&����GHQq|^J�I�R�b�]j\*I�W�QHQqsPO=D&RTNPO=D�J�Nj\*Q�I�v�NPQ�Vm*GHI�v�NPduW�� Ö � �.�:Q�� Ö �Ô���:]^J�D&OHI�W&K�J�]�KuG=D&W�OH_-RTQuNjm*QHOHQH�HN&�
�T]j\*QuJ�NPFHNPGHlz]PG=D&W�OHQ�J�l]PI�I&J�OHI&p�NPOHQ�K � Ö � £��¦Q)� Ö �Ô¢��¦][]PI�I&J�OHI&p�NPOHQ�KHRTQq� Ö � �.�¦Q)� Ö �Ô���¦]PI�I&J�W�N^J�]^J.W�NPOHOHIHn�J�I]^J&D&OHI�W&Q�J�]�K)KH]POHIHn�k�J�I'RaD�J�NPRaD�J�QHkHNP]PY�I�N
ILM9Q�m�D&OHQHNSNP]^J�lyOHN�k�J�I"QHOHI�N&n�Y�D&Y)Y�I�oI�G.m*QHO=D�J�D"�HNPO�J�G=D'RaD&]P]S]PQH]^J�NPRT_En�W"Y�I&J�I�GHI�d)Njm*QHOHQHkHO=D�K)RaD&]P]tD9G=D&]PFHGHNjm*Nj\*NPO*DWz]PI�I&J�W&N^J�]PJ�W�QHQ+]�sLD&Y�I�OHI�RgG=D&]PFHGHNjm*Nj\*NtOHQ�K�W�NPGHILKHJ�OHI&]^J�Ntd��¤��EÁ���Ä��¦Ã��aC���� Ö � @ ��Ä@�`

�\�
�-����=��*1��0HE�!=E�!'!��1"�!��;+$��+�	������^")���1������+'!���\��IE.�!�*^L�0HE�!=E�!'<^
g : IRn −→ IR

C�� / ����)���6�?"�*^��-���*1����������Û'U;9���B
�'<�������"'��*�"���*.��'!���\��IE��� / �`

�\�
�-����=��*1
σ
.B�9�
P#� / 
�$ Bn

�
g−1(B) ≡ {x ∈ IRn| g(x) ∈ B} ∈ Bn)��U^[��6 / ��P#�

B ∈ B R¾�x��S�a��x�CE��� Ö � ���¦ :I�GHNj\*NPW�]PY�D�K
σ
oÓD�\*UPNPv�G=D Bn

NP]^J�l
σ
oÓD�\*UPNPv�G=D�n�FHI�GHI�M5om*NPOHO=D�K�W�]PNPRTQ�I&J�YHGH_�J._-RTQêRTOHILM
NP]^J�W.D&RTQ�FHGHI�]^J�G=D&OH]^J.W.D

IRn �-�uILM9OHI`FHI�Y�D�osLD�J�lHn�k�J�IEm�D&OHO=D�K
σ
oÓD�\*UPNPv�G=D�KHW�\=KHN^J�]rK9O=D&QHRTNPOHl&p�NPd

σ
oÓD�\*UPNPv�GHI�d�n�]PItm*NPG.M5D�i�NPdW�]PNERTOHI�M
NP]^J�W.D5W�Q�m�D

B1 × . . .×Bn

nHUrm*N
Bi ∈ B n i = 1, . . . , n

�¾�x��S�a��x�CE��� Ö �Ô���* :I�GHNj\*NPW�]PY�D�K�Z�b�OHYH�HQ�KuKHW�\=KHN^J�]rK�]j\=b�k=D&dHOHI�d+W�Nj\*QHkHQ�oOHI�duO=D
Q�stRTNPGHQHRTI�R¸FHGHI�]^J�G=D&OH]^J.W&N
(IRn, Bn)

��@��¤�Á����ux Ö � ���Y�VH����"I
ξ

�-���"IM����=��*���`
��*^��B��HE><��1!�!�*^����B��'!><'!�!��C��
g(x)2 / �`

�\�
�-����=E�*^O�0HE�!=E�!'<^
R@½!��PD)��

Eg(ξ) ≡
∫

x dFg(ξ)(x) =
∫

g(x) dFξ(x).

¤��EÁ���Ä��¦Ã��aC���� Ö � £H�Y°¥�B�
���+���*1S�0HE�!=E�!'���1�
��	��A�

��)+�\�
���!'<^S�B��HE><��1!���*1[����.��'!><'!�!$
ξ

A�
�'(H��B�
���+'!'UCq><���@A�

�*'U;��*k��
�7�-� / $0��'!�
B Ò P(B) > 0 Ó C{�!��;+$��+�	������^�0HE�!=E�!'<^M)+��1������+'!���\��IE���*P��"�#

PDH+�����!�"�

x

F (x|B) = P(ξ < x|B).
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¤��EÁ���Ä��¦Ã��aCE��� Ö �Ô¢��
°
�\�
���+�!$&�n�7�����\�7���"'!>U�-��=E'<�Ü�98F'!)����!'�� �Ü�B��HE><��1!.���*1����B��'!><'!�!$

ξ
A�
�'�H��\�
���+'!'UC�><���(A�

�*'U;��*k��
�G�-� / $0�"'��

B Ò P(B) > 0 Ó C��!��.;+$��+�	������^¾><'��\�
�
E(ξ|B) =

∫

x dF (x|B),PD)+�
F (x|B)

�-���"I,H��B�
���+�!�*^Q�0HE�!=E�!'<^(
��	��A�
���)+�\�
���!'<^O�B��HE><��1!���*1Q���B��'!><'!�!$
ξ
R��b�]^J�l

B1, . . . , Bn

{¥FHI�\*O=D�K5UPG�b�FHF=DX]PI�v�_:J�QHd9Q
F (x|B1), . . . , F (x|Bn)

{]PI�I&J�W�N^J�]^J.W&b�f[i�Q=Ny|^J�QHR¿]PI�v�_�J�Q�KHRÇb.]j\*I�W&OH_-NyZ�b�OHYH�HQHQ§G=D&]PFHGHNjm*Nj\*NPOHQHK§]j\=b.ok=D&dHOHI�d)W�Nj\*QHkHQHOH_
ξ
����I�Uem�D9FHI'ZEI�GHR¦bL\*N�FHI�\*OHI�dqW&NPGHI�K�J�OHI�]^J�Q)mH\=K)Z�b�OHYH�HQHQG=D&]PFHGHNjm*Nj\*NPOHQ�K

F (x)
]j\=b�k=D&dHOHI�d�W�Nj\*QHkHQHOH_

ξ
]PFHG=D&W�NjmH\*QHW�I9FHGHNjm*]^J�D&W�\*NPOHQHN

F (x) =
n
∑

i=1

P(Bi)F (x|Bi).

��s%FHI&]j\*Njm*OHNPUPISG=D&W�NPOH]^J�W.D�Q5I�FHGHNjm*Nj\*NPOHQ�K Ö �Ô¢cW�_�J�NPY�D&N^JS]j\*Njm=b�f[i�NtN[FHGHNjm*]^J�D&W�o\*NPOHQHNXRaD�J�NPRaD�J�QHkHNP]PY�I�UPI9ILM9Q�m�D&OHQ�Ky]j\=b�k=D&dHOHI�d�W�Nj\*QHkHQHOH_
ξ
h

Eξ =
n
∑

i=1

P(Bi)E(ξ|Bi). (8.8)

¾�x��S�a��x�CE��� Ö � Ö ��Á�D&W�NPOH]^J�W�Iu� Ö � Ö �aO=D�st_�W.D&N^J�]�KM���!�9�
��P#�D�m���`
��7H���$nA�����.���*1����B

��^!�"�������"'�)��U^��7����� �7���"'!>U�-��=���P#�@�98F'!)����!'<^=�+p�J�D%ZEI�GHR¦bL\�D-I�]^J&D&N^J�]rK]PFHG=D&W�NjmH\*QHW�I�d
Q�Wc]j\=b�k=D&N&n�Y�I�Uem�DcG=D&]P]PRaD�J�GHQHW.D&NPRaD�K
]PI�W�I�Y�b�FHOHI�]^J�l�]PI�v�_�J�QHd
BiKHW�\=KHN^J�]rK+v�NP]PY�I�OHNPkHOHI�d�n�FHGHQ+|^J�I&R�W�N^G.V�OHQHd+FHGHNjm*Nj\ ]^b�RTRTQHGHI�W.D&OHQ�K

n
sLD&RTNPO�K�oN^J�]rK�O=D ∞ �ç:NPdHk=D&]"RT_¥m�D�m*QHRÇI&FHGHNjm*Nj\*NPOHQHN"J&D&Y`O=D�st_-W.D&NPRT_:V`OHN^sLD&W�QH]PQHRT_:V�]j\=b�k=D&d�oOH_:V W�Nj\*QHkHQHO��� :I�\*NPNzFHItm*GHI�v�OHIuIyOHN^sLD&W�QH]PQHRT_:V�]j\=b�k=D&dHOH_:V�W&Nj\*QHkHQHO=D�V GHNPkHlFHI�d�m*N^J+WOT-T"� � o�� [ ��Ä�D&OHOHI�NzI�FHGHNjm*Nj\*NPOHQHN9J�GHNPv&b�N^J.]�K`O=D&RêmH\=K`ZEI�GHR¦bt\*QHGHI�W.D�oOHQ�K�OHNP]PY�I�\*l�YHQ�V`W�D�M9OH_:V ]PW�I�dH]^J�W+RaD�J�NPRaD�J�QHkHNP]PY=Q�V`ILM9Q�m�D&OHQHd�Qqm*QH]PFHNPGH]PQHd]j\=b�k=D&dHOH_:V�W�Nj\*QHkHQHO��¤��EÁ���Ä��¦Ã��aCE��� Ö � ���!|q��HE><��1!�!$��5���\��'!><'!�!$

ξ1, . . . , ξn
�!��;+$��+��6�����^"���D;+��.�+'���'<�7$&�7'UC5�-�\��'M)��U^[��6 / $&%

Bi ∈ B C
i = 1, . . . , n

C
P(ξ1 ∈ B1, . . . , ξn ∈ Bn) = P(ξ1 ∈ B1) · . . . · P(ξn ∈ Bn).

��D�J�NPRaD�J�QHkHNt]PY�I�N-I�M9Q�m�D&OHQHN:]j\=b�k=D&dHOHI�dzW�Nj\*QHkHQHOH_gI�v�\�D�m�D&N^J�]j\*Njm=b�f[i
QHRTQI�]POHI�W�OH_-RTQu]PW�I�dH]^J�W.D&RTQ�h
���

E(a+ bξ) = a+ bEξ,
Urm*N

a, b ∈ IR
~

[ �
E(ξ + η) = Eξ + Eη

n�NP]j\*Q�]^b�i�NP]^J.W&b�f[J�\*fcv�_-N�m*W.DyQ�s5b�k=D&]^J�W&b�f[i
Q�V�WG=D&W�NPOH]^J�W�NXRaD�J�NPRaD�J�QHkHNP]PYHQ�V�ILM9Q�m�D&OHQHd�~



b!cWd�e�f0g7iFj�ü Ö�@
@ �"NP]j\*Q

P(a ≤ ξ ≤ b) = 1
n�J�I

a ≤ Eξ ≤ b
n
a, b ∈ IR

~
£�� |Eξ| ≤ E|ξ| ~¢��"NP]j\*Q

P(ξ ≤ η) = 1
nHJ�I

Eξ ≤ Eη
~

�.�"NP]j\*Q
ξ ≥ 0

Q
Eξ = 0

nHJ�I
ξ árâ ãrâ= 0

~
���

P(A) = EIIω(A)
nHUem*N

IIω(A) = 1
n=NP]j\*Q

ω ∈ A
n=Q

IIω(A) = 0
nHNP]j\*Q

ω 6∈ A
~

Ö �"F�b�]^J�l
g(x, y)

n
g1(x)

n
g2(y)

]^b�J�läv�I�GHNj\*NPW�]PYHQHN�Z�b�OHYH�HQHQ¼J�D&YHQHN&n"k�J�I
g(x, y) = g1(x)g2(y)

~�NP]j\*Q
P(g1(ξ) ≥ 0) = 1

n
P(g2(η) ≥ 0) = 1

Q�\*QNP]j\*Q
Eg1(ξ)

n
Eg2(η)

]^b�i�NP]^J�W&b�f[J�nTJ�I
Eg(ξ, η) = Eg1(ξ)Eg2(η)

n¦FHGHQHkHNPRmH\=K"]^b�i�NP]^J.W�I�W.D&OHQ�K
Eg(ξ, η)

OHNPI�vtV�Itm*QHRTI�Qzm*I�]^J�D�J�I�kHOHI
]^b�i�NP]PJ�W�I�W.D&OHQHN
Eg1(ξ)

Q
Eg2(η)

~
�.�"NP]j\*Q

ξ
Q
η
]^b�J�lzOHN^sLD&W�QH]PQHRT_-NS]j\=b�k=D&dHOH_-NXW�Nj\*QHkHQHOH_�n=J�I

Eξη = EξEη
�

¤��EÁ���Ä��¦Ã��aC���� Ö �Ô���qå�HE�!=E�!'<^
IIω(A)

'U;V�-���*1������+�����7�����\�7���"'!>U�-��=���P#��98F'!)����!'<^n�!��;+$��+�	������^n'!�!)�'!=E�����`
����*1n�0HE�!=E�!'���1�'���'n'!�!)�'!=E�����`

���Ñ�-� / $0.�"'<^
A

R¾�x%ÄSxT��x Ö � ���HCED&d�J�Q'RaD�J�NPRaD�J�QHkHNt]PYHQHNXILM9Q�m�D&OHQ�K"]j\=b�k=D&dHOH_:VyW�Nj\*QHkHQHO
ξ2Q

η
nHI�FHGHNjm*Nj\*NPOHOH_�V�W
sLD�m�DLk=D�V���� £�£5Q+��� £�¢�]PI�I&J�W�N^J�]jJ.W�NPO=OHIH�Á���om�aCE���-��Á¦D&]PFHGHNjm*Nj\*NPOHQ�K`]j\=b�k=D&dHOH_:V�W�Nj\*QHkHQHO

ξ2
Q
η
v�_:\*Q O=D&d�m*NPOH_FHGHQ�GHN^p�NPOHQHQ
sLD�m�DLk5��� £�£cQ5��� £�¢��tÄE\=KSGHN^p�NPOHQ�K5FHI�]jJ&D&W�\*NPOHOHI�d�sLD�m�DLkHQ�W�I�]PFHI�\*l�osPb.NPRT]rK�ZEI�GHR¦bt\�D&RTQ`� Ö � £��:Q`� Ö �Ô¢��j�=��RTNPNPR

Eξ2 = −1 · 1

2
+ 1 · 1

2
= 0.

ÄE\=K'J�I�UPIHn=k�J�I�v�_¯O=D&d�J�Q�RaD�J�NPRaD�J�QHkHNP]PY�I�NXILM9Q�m�D&OHQHN�]j\=b�k=D&dHOHI�d�W�Nj\*QHkHQHOH_
η
nJ�GHNPv&b.N^J�]�KyO=D&d�J�QyF�\*I&J�OHI�]^J�l

fη(x)
�H��GHItm*QHZEZENPGHNPOH�HQHGHI�W.D&W
Z�b�OHYH�HQHf�G=D&]PFHGHNjom*Nj\*NPOHQ�K

Fη(x)
n�FHI�\=b�k=D&NPR

fη(x) = 1/(2
√
x)
FHGHQ

x ∈ [0, 1]
Q
fη(x) = 0

FHGHQ
x /∈ [0, 1]

�=�¦D&YHQHRgI�v�G=D�stI�R-n
Eη =

1
∫

0

x
1

2
√
x
dx =

1

3
.

¾�x%ÄSxT��x Ö � [ ��CED&d�J�Q¸RaD�J�NPRaD�J�QHkHNP]PY�I�N+I�MzQ�m�D&OHQHN�]j\=b�k=D�dHOHI�d�W�Nj\*QHkHQHOH_
ξ2 + η

n=Uem*N
ξ2
Q
η
I�FHGHNjm*Nj\*NPOHOH_�W
sLD�m�DLk=D�V���� £�£5Q+��� £�¢�]PI�I&J�W�N^J�]^J�W�NtOHOHIH�Á���om�aCE���-��ÄE\=KzJ�I�UPIHn�k�J�I�v�_�GHN^p�Q�J.l�|^J&bzsLD�m�DLk�b�n�RTI�M9OHIXO=D&d�J�Q"G=D&]PFHGHNjom*Nj\*NPOHQHN%]^b�RTRT_¨]j\=b�k=D&dHOH_:V5W�Nj\*QHkHQHO

ξ2
Q
η
�.¤�RTN^J�ILm*N-O=D�V�ILM5m*NPOHQ�K
G=D&]PFHGHNjm*Njo\*NPOHQ�Kq]^b�RTRT_ÇOHN^sLD&W�QH]PQHRT_:Vq]j\=b�k=D&dHOH_:VqW�Nj\*QHkHQHO)RT_ÇFHI�UPI�W�I�GHQHR�WST
� � ����I�om*I�v�OHI�UPIyGHItm�D"sLDLm�D�kHQqW'I�v&i�NPRê]j\=b�k=D&N
KHW�\=KHf[J�]�K+m*I�]^J�D�J�I�kHOHIyJ�G�bLm*I�NPRTYHQHRTQ��



Ö £ s ê<t!ý Ú�¤:«�­¥z9²¿Ù w Æ�ß.Þ�àH­v² Î ª�« w ®�ß&®H­
C�I�mH\=KzGHN^p�NPOHQ�K"|^J�I�d9sLD�m�DLkHQ9O=D&Rqm*I�]^J�D�J�I�kHOHI�W�I�]PFHI�\*l&stI�W.D�J�l�]rK9]PW�I�dH]^J�W�I�R [RaD�J�NPRaD�J�QHkHNP]PY�I�UPI9ILM9Q�m�D&OHQ�K��=��RTNPNPR

E(ξ2 + η) = Eξ2 + Eη = 1/3
�¾�x%ÄSxa��x Ö � @ ���ED�M5m*_-d�]^J&bLm*NPO�JXUPG�b�FHFH_�n.]PI�]^J�ILK�i�NPdzQ�s

24
kHNj\*I�W�NPY�n�FHNPGHNjmI�kHNPGHNjm*OH_-R ]PNPRTQHO=D&GHI�R FHI�J�NPI�GHQHQ5W�NPGHILK�J�OHI�]^J�NPdzOHN^sLD&W�QH]PQHRTIEI&J�]PW�I�Q�V
Y�I�\H\*NPUm*Nj\�D&N^J%m*I�RaD�p�OHNPN�sLDLm�D&OHQHN�]�W&NPGHI�K�J�OHI�]^J�l�f

0.4
nLNP]j\*QS]^J�I�Q�J[V.I�GHI&p
D�KXFHI�UPItm�D�n�Q]TW�NPGHILK�J�OHI�]^J�l�f

0.8
ntNP]j\*QXQ�m*N^J-m*ILM5m*l-Q�\*QE]POHNPU���ç:Y�I�\*l�Y�I%W-]PGHNjm*OHNPR+]^J&btm*NPOHJ�I�WUPI&J�I�W�_¸Y9I�kHNPGHNjm*OHI�R¦b5]PNPRTQHO=D&G�b�n�NP]j\*Q"WX]PNPRTNP]^J�GHN�OHNPO=D&]^J�OH_:Vzm*OHNPd9WX]PGHNjm*OHNPRW�m*W.D
G=D�sLD5v�I�\*l&p�N&n=kHNPR¨FHI�UPILM9Q�V=wÁ���om�aCE���-�H¤�v�I&stO=DLkHQHR`kHNPGHN^s

ξ
Y�I�\*QHkHNP]^J�W�I�]^J&bLm*NPO�J.I�WHn�UPI&J�I�W�_:V9Y5sLD&O�K�oJ�Q�KHR-n�kHNPGHN^s

A
Q
B
]PI�v�_�J�Q�K�n�sLD&Y�\*fck=D&f[i�QHNP]�KqWzJ�I�R-n�k�J�I'FHNPGHNjm ]PNPRTQHO=D&GHI�R]^J�ILK�\�D)V.I�GHI&p
D�K¨FHI�UPItm�DqQgOHNPO=D&]^J�O=D�K¸FHI�UPItm�Dq]PI�I&J�W�N^J�]^J.W�NPOHOHIH�:��Iqb�]j\*I�W�QHfsLD�m�DLkHQ

P(B) = 2P(A) = 2/3
�¦��I�]PY�I�\*l�Y�b�]^J&bLm*NPO�J._}UPI&J�I�W&K�J�]rK§Y`sLD&O�K�J�Q�KHROHN^sLD&W�QH]PQHRTI'm*G�b�U5I&J'm*G�b�UjD�n�RTI�M9OHI']PkHQ�J�D�J�lHn�k�J�IuRT_¿QHRTNPNPR�m*Nj\*Iu]PIy]rV.NPRTI�d :NPGHO�bt\H\*Q�n�WuY�I&J�I�GHI�dq�ºb�]PFHNjV.I�R��zKHW�\=KHN^J�]rK`]PI�v�_�J�QHN { ]^J&btm*NPOHJ)v&btm*N^J)UPI&J�I�W�Y]PNPRTQHO=D&G�b } ��¤�v�I&stO=DLkHQHR�kHNPGHN^s ξn n n = 1, . . . , 24

n�v�QHOHI�RTQ=D�\*l�O�b�f¥]j\=b�k=D&dHO�b�fW�Nj\*QHkHQHO�b�n*]PI�I&J�W�N^J�]^J.W�b�f[iSb�f
n
o�R¦b"QH]PFH_�J&D�OHQ=f¥ :NPGHO�bL\H\*Q���¾�D&RTN^J�QHR-n=k�J�I
ξ =

24
∑

n=1

ξn.

CED&d�m*NPR¸RaD�J�NPRaD�J�QHkHNP]PY�I�NSILM9Q�m�D&OHQHN
ξn
����IzZEI�GHR¦bt\*N'� Ö � Ö �jn=FHI�]^Y�I�\*l�Y�by]PI�v�_:oJ�Q�K

A
Q
B
I�v�G=D�sPb�f[J9FHI�\*O�b�fÇUPG�b�FHF�b�n*QHRTNPNPR

Eξn = P(A)E(ξn|A) + P(B)E(ξn|B).�T]j\*QSFHGHI�Q�stI&pX\*Ic]PI�v�_�J�QHN
A
ntJ�Ic]j\=b�k=D�dHO=D�KSW�Nj\*QHkHQHO=D

ξn
QHRTNPN^J�v�QHOHI�RTQ=D�\*l�OHI�NG=D&]PFHGHNjm*Nj\*NPOHQHN)]�F=D&G=D&RTN^J�G=D&RTQ

1
Q

0.4
n�D�NP]j\*Q¸FHGHI�Q�stI&pX\*I`]PI�v�_�J�QHN

B
nTJ�IW�NPGHILK�J�OHI�]^J�l5�ºb�]PFHNjV�D��EG=D&W�O�KHN^J�]rK

0.8
��ça\*Njm*I�W.D�J�Nj\*l�OHIHn

Eξn =
1

3
(0 · 0.6 + 1 · 0.4) +

2

3
(0 · 0.2 + 1 · 0.8) =

2

3
.ÄE\=K O=D�V.I�M5m*NPOHQ�K

Eξ
W�I�]PFHI�\*l&sPb�NPRT]�K�]PW�I�dH]^J�W�I�R [ RaD�J�NPRaD�J�QHkHNP]PY�I�UPI+ILM9Q�m�D�oOHQ�K���¤cJ�W�N^JHh

16
]^J&btm*NPOHJ�I�WH�

�M�5�~���_�7��� � �������7�7�
¾�x%ÄSxa��x Ö � £H����I�\*l&sPb&KH]Pl�I�FHGHNjm*Nj\*NPOHQHNPRqRaD�J�NPRaD�J�QHkHNt]PY�I�UPI�I�M9Q�m�D&OHQ�K�nLFHI�oY�D�sLD�J�lz]PFHG=D&W�NjmH\*QHW�I�]^J�lzsLD&RTNPk=D&OHQHd Ö � £5Q Ö �Ô¢��¾�x%ÄSxa��x Ö �Ô¢���ÄSI�Y�D�sLD�J�l5]PW�I�dH]^J�W.Dy�^o ��RaD�J�NPRaD�J�QHkHNP]tY�I�UPI9I�M9Q�m�D&OHQ�K��¾�x%ÄSxa��x Ö � ���:��b�]^J�l

ξ
{ OHNPI&J�GHQH�=D�J�Nj\*l�O=D�K��HNj\*I�kHQH]j\*NPOHO=D�K�]j\=b�k=D&dHO=D�KW�Nj\*QHkHQHO=D5]EY�I�OHNPkHOH_-R¸RaD�J�NPRaD�J�QHkHNP]tYHQHR¸I�M9Q�m�D&OHQHNPR-��ÄSI�Y�D�sLD�J�lHn=k�J�I

Eξ = P(ξ ≥ 1) + P(ξ ≥ 2) + . . .+ P(ξ ≥ n) + . . . .
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1

F (x)

x

1
2

11
2

0

Ïd����»¼±���ºWë�¾ �

¾�x%ÄSxa��x Ö �Ô���LCED&d�J�QERaD�J�NPRaD�J�QHkHNP]tY�I�N�ILM9Q�om�D&OHQHNc]j\=b�k=D&dHOHI�d'W�Nj\*QHkHQHOH_�nHQHRTNPf[i�NPd'Z�b�OHY�o�HQHf�G=D&]PFHGHNjm*Nj\*NPOHQHK�nLQ�stI�v�G=D�M
NPOHO�b�f§O=D�GHQH]^b�O�oY�N Ö � @ �¾�x%ÄSxa��x Ö � Ö �a��b.]^J�l
ξ
Q
η
{ ILm*QHO=D�Y�I�W�IG=D&]PFHGHNjm*Nj\*NPOHOH_%N�]j\=b�k=D&dHOH_-N�W�Nj\*QHkHQHOH_����:NPG�oOHI%\*Q�n&k�J�I

Eξ = Eη
n
Eξ/η = Eη/ξ

n
Eξ/(ξ+η) =

Eη/(ξ + η)
n
E1/ξ = E1/η

w¾�x%ÄSxT��x Ö � ������b.]^J�l
ξ
Q
η
{¼m*QH]PYHGHN^J�OH_%N9]j\=b�k=D&dHOH_-N9W�Nj\*QHkHQHOH_���ÄSI�Y�D�osLD�J�lHn*k�J�IzNP]j\*Qu]^b�i�NP]^J.W&b�fcJ

Eξ
Q

Eη
nHJ�Iz]^b�i�NP]^J.W&b�NPJ

E max{ξ, η} �¾�x%ÄSxT��x Ö � � � �t��b�]^J�l
Eξ = 0

Q
E|ξ| = 1

�LCED&d�J�Q
E max{0, ξ} Q E min{0, ξ} �¾�x%ÄSxT��x Ö � � [ �T��b.]^J�l

ξ
{à���-�*��
�'!�!�����B��IE�!�*^�]j\=b�k=D&dHO=D�K¨W&Nj\*QHkHQHO=D�nTJ�INP]^J�l9J�D&Y�D�Ku]j\=b�k=D&dHO=D�K+W�Nj\*QHkHQHO=D�n*k�J�I

P(ξ ≥ 0) = 1
����b�]^J�l

F (x)
{ÂNPNXZ�b�OHY�o�HQ�KzG=D&]PFHGHNjm*Nj\*NPOHQ�K�n�Q

Eξ
]^b�i�NP]^J.W&b�NPJ��.ÄSI�Y�D�sLD�J�lHn�k�J�I

Eξ =
∫+∞
0 (1−F (x)) dx

�¾�x%ÄSxT��x Ö � � @ �&��b.]^J�l
ξ
{¿]j\=b�k=D&dHO=D�K5W�Nj\*QHkHQHO=D�]-]PQHRTRTN^J�GHQHkHOH_%R¸��]PR-�&sLD�oRTNPk=D&OHQHN"� � � �.�-I&J�OHI�]PQ�J�Nj\�l�OHI'O�bL\=K+G=D&]PFHGHNjm*Nj\*NPOHQ=NPR-��ÄSI�Y�D�sLD�J�lHn�k�J�I9mH\=Ku\*f%ov�I�UPI5W�N^i�NP]^J.W�NPOHOHI�UPI

a
QHRTNPN^J9RTNP]^J�I9OHNPG=D&W�NPOH]^J�W�I

E|ξ + a| ≥ E|ξ| �¾�x%ÄSxT��x Ö � �t£H���cb.]^J�l
ξ
{æ]j\=b�k=D&dHO=D�K W�Nj\*QHkHQHO=D']5Y�I�OHNPkHOH_-R¯RaD�J�NPRaD�J�Q�okHNP]PYHQHR§ILM9Q�m�D&OHQHNPR-��ÄSI�Y�D�sLD�J�lHn�k�J�IEmH\=Kz\*fcv&I�UPI

x
W�_-FHI�\*O�KHN^J�]rK'OHNPG=D&W�NPOH]^J�W�I

max{x, Eξ} ≤ E max{x, ξ} �¾�x%ÄSxT��x Ö � �L¢�����b.]^J�l
ξ
QHRTNPN^J�F�\*I&J�OHI�]^J�lHn&sLD�m�D&OHO�b�f¨W[sLD�m�D�kHN-���Ô¢&����CED&d�J�Q

Eξ
Q

E(1/ξ)
�¾�x%ÄSxT��x Ö � �L����CED&d�J�Q)RaD�J�NPRaD�J�QHkHNt]PY�I�N5I�M9Q�m�D&OHQHN�]j\=b�k=D&dHOHI�dqW�Nj\*QHkHQHOH_

ξ
nHG=D&]PFHGHNjm*Nj\*NPO=QHNSY�I&J�I�GHI�duI�FHGHNjm*Nj\*NPOHI9W
sLD�m�DLkHN���� @ ¢��¾�x%ÄSxT��x Ö � ������CED&d�J�Q9RaD�J�NPRaD�J�QHkHNP]tYHQHN�ILM9Q�m�D&OHQ�Kz]j\=b�k=D&dHOH_:V9W�Nj\*QHkHQHO

ηQ
ζ
n=I�FHGHNjm*Nj\*NPOHOH_:V�W
sLD�m�DLkHN���� [ ¢��¾�x%ÄSxT��x Ö � � Ö �Hça\=b�k=D&dHO=D�K'W�Nj\*QHkHQHO=D

ξ
G=D&W�OHI�RTNPGHOHI�G=D&]PFHGHNjm*Nj\*NPO*D�O=DSI&J�oGHN^stY�N

[0, 2π]
~
η1 = cos ξ

~
η2 = sin ξ

��CED&d�J�Q
Eξ
n
Eη1

Q
Eη2

����W�\=KHf[J�]rKu\*Q
η1

Q
η2
OHN^sLD&W�QH]PQHRT_-RTQ*w¾�x%ÄSxT��x Ö � �L���*��b�]^J�l

ξ ∼ K(0, 1)
�*��I�Y�D�sLD�J�lHn=k�J�I

Eξ
OHNE]^b�i�NP]^J.W&b�NPJ��¾�x%ÄSxT��x Ö � [&� ����GHQ�m=b�RaD�J�lSFHGHQHRTNPGzm*QH]PYHGHN^J�O=I�UPI�G=D&]PFHGHNjm*Nj\*NPOHQ�K']j\=b�k=D&d�oOHI�dyW�N�\*QHkHQHOH_

ξ
J�D&Y�I�UPIHnHk�J�I5]^b�RTRaD�nH]jJ�I�K�i
D�KyW
FHG=D&W&I�dyk=D�]^J�Q`� Ö � £��aY�I�OHNPkHO=D�nOHI

Eξ
OHNE]^b�i�NP]^J.W&b�NPJ��
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��b�]^J�l"sLD�m�D&OHI"OHNPY�I&J�I�GHI�N�W�NPGHILK�J�OHI�]^J�OHI�N
FHGHI�]^J�G=D&OH]^J�W�I
(Ω, F , P)

Q+]j\=b.ok=D&dHO=D�KyW�Nj\*QHkHQHO=D
ξ
O=D5OHNPR-�¤��EÁ���Ä��¦Ã��aCE��� Ö � Ö �{�,'���A��B

��'���1K�B��HE><��1!���*1]���B��'!><'!�!$

ξ
�!��;+$��+�	������^><'��B�
�

Dξ = E(ξ − Eξ)2.

¾�x��S�a��x�CE��� Ö � ���HÄSQH]PFHNPGH]PQ�K)NP]^J�l"]PGHNjm*OHNPN�YHW.D�m*G=D�J�QHkHNP]PY�I�NSb�Y�\*I�OHNPOHQHNstO=DLkHNPOHQHd�]j\=b�k=D&dHOHI�d¸W�Nj\*QHkHQHOH_¼I&J`NPN�RaD�J�N^R�D�J�QHkHNt]PY�I�UtI�ILM9Q�m�D&OHQ�K��a��D&YHQHRI�v�G=D�stI�R-n�m*QH]PFHNPGH]PQ�K NP]^J�ly��RTNPG=D'G=D�stv�GHI&]tD��
G=D&]PFHGHNjm*Nj\*NPO=Q�K�]j\=b�k=D&dHOHI�d W�Nj\*Q�okHQHOH_��¾�x��S�a��x�CE��� Ö � � � ��ÄSQH]PFHNPGH]PQHfÇJ&D&Y�M
NERTILM9OHI
I�FHGHNjm*Nj\*Q�J.l9Y�D&Y
min

a
E(ξ − a)2,

FHGHQHkHNPR�m�D&OHOH_-d RTQHOHQHR¦b�R�m*I�]^J�QHUjD&N^J.]rK�FHGHQ
a = Eξ

���¦D&YHQHR�I�v�G=D�stI�R-n�kHQH]j\*I
Eξ
NP]^J�l9O=D�Q�\=b�k�p
D�K�I��HNPOHY�D5Wz]PGHNjm*OHNPYHW.DLm*G=D�J.QHkHOHI�R�]j\=b�k=D&dHOHI�duW�Nj\*QHkHQHOH_

ξ
�¤��EÁ���Ä��¦Ã��aCE��� Ö � ���!�@�\��'!><'!�!� √

Dξ
�!��;+$��+�	������^¾���"���!)��#
��"�!$&��HE=��
�*.�����!'��\�VRÄSQH]PFHNPGH]PQHQS]j\=b�k=D&dHOH_:VEW�Nj\*QHkHQHOXI�v�\�D�m�D&f[J%]j\*Njm=b�f[i�Q=RTQXI�]POHI�W�OH_-RTQX]PW�I�d�o]^J�W.D&RTQ�h

���
Dξ = Eξ2 − (Eξ)2 ~

[ �
Dξ ≥ 0

nHFHGHQHkHNPR
Dξ = 0

J�I�Uem�D5QyJ�I�\*l�Y�I5J�I�Urm�D�n=Y�I�Urm�D
ξ árâ ãrâ= const

~
@ �

D(a+ bξ) = b2Dξ
nHUrm*N

a, b ∈ IR
~

£��'NP]j\*Q
ξ
Q
η
]^b�J�l§OHN^sLD&W�QH]PQHRT_-Nq]j\=b�k=D&dHOH_-NqW�Nj\*QHkHQHOH_�n:J�I

D(ξ + η) =
Dξ + Dη

�
¾�x%ÄSxa��x Ö � [ ����ÄSI�Y�D�sLD�J�lz]PW�I�dH]^J�W�Iz£
m*QH]PFHN^GH]PQ=Q��Á���om�aCE���-�=ÄSN^dH]^J�W�Q�J.Nj\*l�OHIHn

D(ξ + η) = E(ξ + η)2 − (Eξ + Eη)2 =

= Eξ2 + 2Eξη + Eη2 − (Eξ)2 − 2EξEη − (Eη)2 =

= Eξ2 − (Eξ)2 + Eη2 − (Eη)2 = Dξ + Dη.



b!cWd�e�f0g7iFj	j Ö �
¾*m*NP]Pl"RT_�W�I�]PFHI�\*l&stI&W.D�\*QH]Pl"]PW�I�dH]^J�W�I�R��zRaD�J�NPRaD�J�QHkHNP]tY�I�UPI'I�MzQ�m�D&OHQ�K��
�T]j\*QM5N�]j\=b�k=D&dHOH_-NXW�Nj\*QHkHQHOH_1OHN�KHW�\=KHf[J�]�KuOHN^sLD&W�QH]PQHRT_-RTQ�n*RT_¯FHI�\=b�kHQHR

D(ξ + η) = Dξ + Dη + 2(Eξη − EξEη).¤��EÁ���Ä��¦Ã��aC���� Ö � � � �
ñ����+�#
�'!���!'���1Q�\��HE><��1!�!$&%M���\��'!><'!�
ξ

'
η

�!��;+$��+��.������^M><'��\�
�
����� (ξ, η) = Eξη − EξEη = E(ξ − Eξ)(η − Eη).

¾�x��S�a��x�CE��� Ö � ��������I�W.D&GHQ=D&�HQ�K9J�D&Y�M
N�O=D�st_-W.D&N^J�]rKQ�����!��
��9��IE�!$&�m�\����.k"���!�!$&�_���D�����!�����1]j\=b�k=D&dHOH_:VuW�Nj\*QHkHQHO
ξ
Q
η
�¤��EÁ���Ä��¦Ã��aC���� Ö � �����Eñ��������0'!�!'����!���D�}=��`
	

�B�U^!�!'!'G)+�+H+%G���-�+$¥

�98F)+���!.�!$&%,�B��HE><��1!�!$&%,���\��'!><'!�UCq'<����6�?"'<%(=��*����><�!$���)�'���A��B

��'!'UCq�!��;+$��+�	������^�><'��\�
�

ρ(ξ, η) =
����� (ξ, η)√
Dξ

√
Dη

.

¤��EÁ���Ä��¦Ã��aC���� Ö � � [ �0|q��HE><��1!�!$������B��'!><'!�!$
ξ

'
η

�!��;+$��+��6�����^M����=��`
�.

�\��'�

���+���!�!$&�7'UCl�-�\��' ����� (ξ, η) = 0
'���'

ρ(ξ, η) = 0
R¾�x��S�a��x�CE��� Ö � � [ ����s+GHN^p�NPOHQ�K¸sLD�m�D�kHQ Ö � [ ���aW�Q�m*OHIHn�k�J�IHn:W�I�o�FHNPGHW�_:V�n

D(ξ+η) = Dξ+Dη+2 è ±Lé (ξ, η) n�Q�n�W�I�o�W&J�I�GH_:V�n�Y�I�W.D&GHQ=D&�HQ�K���D�]j\*Njm*I�W.D�J�Nj\*l�OHI�nQ5Y�I�|PZEZEQH�HQHNPO�JXY�I�GHGHNj\=KH�HQHQ*��m*W&b.V
OHN^sLD&W�QH]PQHRT_:V5]j\=b�k=D&dHOH_:V5W�Nj\*QHkHQHO5W�]PNPUrm�DG=D&W�O�KHN^J�]�KzO�bL\*fS���]T%� � RT_¨G=D&]P]PRTI&J�GHQHR`N^i�N[OHNP]PY�I�\*l�Y�IS]PW�I�dH]^J�WXY�I�W.D&GHQ=D&�HQHQQuY�I�|PZEZEQH�HQHNPO�J�D9Y�I�GHGHNj\=KH�HQHQ��¤��EÁ���Ä��¦Ã��aC���� Ö � � @ �	�M�������!���D�:A!�`
U^!)�=E�
k

�B��HE><��1!���*1,���B��'!><'!�!$
ξ

�!��.;+$��+�	������^]><'��B�
�
Eξk

R
	����!��
��9��IE�!$&�N���D�����v������A��`
U^!)*=��
k

�B��HE><��1!���*1Ü����.��'!><'!�!$
ξ

�!��;+$��+�	������^�><'��B�
�
E(ξ − Eξ)k

Rl� / �-����6��"�!$&�N���������!�����ÑA�� 
U^!)�.=E�
k

�B��HE><��1!���*1n���B��'!><'!�!$
ξ

�!��;+$��+�	������^�><'��B�
�
E|ξ|k R�	����!��
��9��IE�!$&�N� / �-�*.��6��"�!$&�Û���D�����!�����©A��`
U^!)�=E�

k
�\��HE><��1!���*1����\��'!><'!�!$

ξ
�!��;+$��+�	������^�><'��B�
�

E|ξ − Eξ|k R�å���=E���`
�'!�9��IE�!$&�3���D�����!������A��`
U^v)�=E�
k

�\��HE><��1!���*1����\��'!><'!�!$
ξ�!��;+$��+�	������^M><'��B�
�

Eξ[k] = Eξ(ξ − 1) . . . (ξ − k + 1)
R¾�x��S�a��x�CE��� Ö � � @ ��½cM5N"Q�suI�FHGHNjm*Nj\*NPOHQ�K�m*QH]PFHNPGH]PQHQ¨W�Q�m*OHIHnTk�J�IqNPNyOHN]^b�i�NP]^J.W&b.N^J�n�NP]j\*Q9OHN%]^b�i�NP]^J.W&b�NPJ�RaD�J�NPRaD�J�QHkHNP]PY�I�UPISILM9Q�m�D&OHQ�K���ç`m*G�b�UPI�d9]^J�I�oGHI�OH_�n¦NP]j\*QgQ�stW�NP]^J�OHI RaD�J�NPRaD�J�QHkHNP]PY�I�NyILM9Q�m�D&OHQHN&n¦OHQHkHNPUPIqI)]^b�i�NP]^J.W�I�W.D&OHQHQm*QH]PFHNPGH]PQHQ¯]PY�D�sLD�J�l§OHNj\*l&sPK���Ä�D&OHOHI�N+FHG=D&W�Q�\*I�G=D&]PFHGHI�]^J�G=D&O�KHN^J.]rKêO=D�\*fcv&_-NRTI�RTNPO�J�_}]j\=b�k=D&dHOH_:V§W�Nj\*QHkHQHO§]j\*Njm=b�f[i
QHR¥I�v�G=D�stI�R-�h�T]j\*Q§]^b�i�NP]^J.W&b�NPJq\*f%ov�I�d+RTI�RTNPO�JyFHI�G.K�m*Y�D

r
n*J�I']^b�i�NP]^J.W&b.N^J'\*fcv�I�d+RTI�RTNPO�JyFHI&G�K�m*Y�D

q ≤ r
�¥�T]j\*Q]^b�i�NP]^J.W&b.N^J'RTI�RTNPO�J9FHI�G.K�m*Y�D

q
nHJ�Iz|^J�IHn*W�I�I�v&i�NEUPI�W�I�G.K�n=OHNEI&stO=DLk=D&N^J�n*k�J�I9]^b.oi�NP]^J�W&b.N^J"RaI&RaN^O�J9FHI�G.K�m*Y�D

r > q
�
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�4T-�ERT_¨m�D�\*Q9I�FHGHNjm*Nj\*NPOHQ�K'OHNP]PY�I�\*l�YHQ�V"O=D&QHv�I�\*NPNck=D&]^J�I
W&]^J�GHNPk=D&f[i
Q�V�]rKG=D&]PFHGHNjm*Nj\*NPOHQHd�����]j\*Njm=b�f[i�NtdqJ&D&v�\*QH�HN5FHGHQHW�Itm=K�J�]rK ]PI�I&J�W�N^J�]^J.W�b�f[i�Q=Nz|^J�QHRG=D&]PFHGHNjm*Nj\*NPOHQ�KHR�RaD�J�NPRaD�J�QHkHNP]PYHQ=NXI�M9Q�m�D&OHQ�K'Q'm*QH]PFHNPGH]PQHQ��

Pξ Eξ Dξ

ξ árâ ãrâ= a a 0

Bi(n, p) np np(1 − p)

Pois(λ) λ λ

G(p)
p

1 − p

p

(1 − p)2

R[a, b]
a+ b

2

(a− b)2

12

N(a, σ2) a σ2

exp(λ)
1

λ

1

λ2

K(a, σ) ∞−∞ {
éZ§¨�¨Á���Ë�§�ë�¾ £

¾�x��S�a��x�CE��� Ö � �t£H�:ç:D&RT_-R;FHGHQHRTNPk=D�J�Nj\�l�OH_-RÀW J&D�v�\*QH�HN Ö � �uKHW�\=KHN^J�]rKI&J�]^b�J�]^J.W�QHN�RaD�J�NPRaD�J�QHkHNP]PY�I�UPI�ILM9Q�m�D&OHQ�K�nTD)]j\*Njm*I�W.D�J�Nj\*l�OHIHnaQ`m*QH]PFHNPGH]PQHQ�nTbG=D&]PFHGHNjm*Nj\*NPOHQ�K)��I&p�Q��
paJ�I9W�_�stW.D&OHI5J�NPR-n=k�J�IzQHO�J�NPUPG*DL\
1

π

∫ σx

σ2 + (x− a)2
dx

G=D&]eV.ILm*Q�J�]rK��*�¦D&YHQHRgI�v�G=D�stI�R-nHG=D&]PFHGHNjm*Nj\*NPO=QHN���I�p�QyKHW�\=KHN^J�]�KuItm*OHQHR¨Q�sXFHGHQ�oRTNPGHI�W§G=D&]PFHGHNjm*Nj\*NPOHQHd�n�mH\=K�Y�I&J�I�GH_:VêOHN)]^b�i�NP]^J.W&b.N^J¸RTI�RTNPO�J�I�W�n-O=D�kHQHO=D�K�]FHNPGHW�I�UPIH��`m�D�\*l�OHNPd�p�NPR`FHGHQ9GHN^p�NPOHQHQzsLD�m�D�kzRT_¨k=D&]^J�IXv&bLm*NPR`QH]PFHI�\*l&stI�W.D�J�lS]j\*Njm=b.of[i�NPNEb�J�W�NPG.M5m*NPOHQHN&��@��¤�Á����ux Ö � [ ��OHNPG=D&W�N^OH]^J�W�Ig��NPv�_�p
�NPW.D.�j�@�VH����"I��B��HE><��1!�!�*^F���\��'!><'!�!�
ξ

'<���-���Ñ=��*����><�!$01L�+���`

�*1O���D�����!��RV½v��PD)��S)��U^O��6 / ��P#�
ε > 0

��A�
��	����)#��'�������B
��	�������������
P(|ξ − Eξ| ≥ ε) ≤ Dξ

ε2
. (8.9)



b!cWd�e�f0g7iFj	j Ö �
¾�x%ÄSxT��x Ö � [m[ ��CED&d�J�Q5m*QH]PFHNPGH]PQHQ']j\=b�k=D&dHOH_:V"W�Nj\*QHkHQHO

ξ2
Q
η
n�I�FHGHNjm*Nj\*NPO�oOH_:VuW
sLD�m�DLk=D�V���� £�£5Q+��� £�¢�]PI�I&J�W�N^J�]^J.W�NPOHOHIH�Á���om�aCE���-�*Á�N^p
D�KysLD�m�DLk�b Ö � ��nHRT_êO=D�pX\*QyFHNPGHW�_-NERTI�RTNPO�J�_¯]j\=b�k=D&dHOH_:VW�Nj\*QHkHQHO

ξ2
Q
η
�H�:I�]PFHI�\*l&sPb�NPRT]�Ky]PW�I�dH]^J�W�I�Rê�cm*QH]PFHNPGH]PQHQ'mH\=K'NPN�W�_-kHQH]j\*NPOHQ�K��ÄE\=KXO=D�V�ILM5m*NPOHQ�KSW&J�I&GHI�UPIcRTI�RTNPO�J�Dc]j\=b�k=D&dHOHI�dSW�Nj\*QHkHQHOH_�W�I�]PFHI�\*l&sPb�NPRT]rKSJ�NPI�oGHNPRTI�d Ö � ��n&FHI�\*ILM9QHW

g(x) = x2 �.ça\=b�k=D&dHO=D�K5W�Nj\*QHkHQHO=D ξ2 KHW�\=KHN^J�]rK
W�_-GHI�M5m*NPO�oOHI�d"WSNjm*QHOHQH�HN&�=ça\*Njm*I�W�D�J�Nj\*l�OHIHn
Dξ2 = Eξ2

2 − (Eξ2)
2 = 1− 0 = 1

���:_-kHQH]j\*NPOHQHNm*QH]PFHNPGH]PQHQ�Y�D&Y�G=D�stOHI�]^J�Q`W&J�I�GHI�UPI�RTI�RTNPO�J�D�Q�YHW.D�m*G=D�J�DuFHNPGHW�I�UPIuKHW�\=KHN^J�]rK`Wv�I�\*l&p�QHOH]^J�W�N�]j\=b�k=D&NPW9bLm*I�v�OH_-R�QymH\=K)D�v�]PI�\*f[J�OHI"OHNPFHGHNPGH_-W�OH_�V+]j\=b�k=D&dHOH_:VW�Nj\*QHkHQHO�����RTNPNPR
Dη = Eη2 − (Eη)2 =

1
∫

0

x2 1

2
√
x
dx− 1

9
=

1

5
− 1

9
=

4

45
.

¾�x%ÄSxT��x Ö � [&@ �Hça\=b�k=D&dHOH_�NEW�Nj\*QHkHQHOH_
ξ1, . . . , ξn

OHNjsLD&W�QH]PQHRT_êQ"ILm*QHO=D&Y�I�oW�I'G=D&]PFHGHNjm*Nj\*NPOH_En�FHGHQHkHNPR
P(ξ1 = 1) = P(ξ1 = −1) = 1/4

n
P(ξ1 = 0) = 1/2

�CED&d�J�Q)RaD�J�NPRaD�J�QHkHNP]PY�I�N
ILM9Q�m�D&OHQHNXQum*QH]PFHNPGH]PQHf;]j\=b�k=D&dHOHI�d)W�Nj\*QHkHQHOH_
Sn =

ξ1 + . . .+ ξn
�Á���om�aCE���-��CED&d�m*NPR¨RTI�RTNPO�J�_1]j\=b�k=D&dHOHI�d�W�Nj\*QHkHQHOH_

ξ1
�=��RTNPNPR

Eξ1 = 1 · 1

4
+ 0 · 1

2
− 1 · 1

4
= 0,

Dξ1 = Eξ2
1 = 1 · 1

2
+ 0 · 1

2
=

1

2
.��I%]PW�I�dH]^J�W&b [ RaD�J�N^R�D�J�QHkHNt]PY�I�UPIcILM9Q�m�D&OHQ�K�nPFHI�]PY�I�\*l�Y�b�]j\=b�k=D&dHOH_-N�W�Nj\*QHkHQHOH_

ξi
Itm*QHO=D&Y�I�W�I5G=D&]PFHGHNjm*Nj\*NPO=_�n

ESn = E

n
∑

i=1

ξi =
n
∑

i=1

Eξi = n · 0 = 0.

��GHQ FHNPGHNjV.Itm*NzI&J'm*QH]PFHNPGH]PQHQ�]^b�RTRT_¥Y ]^b�RTRTN�m*QH]PFHNPGH]PQHd�RT_¥W�I�]PFHI�\*l&sPb�NPRT]rKOHN^sLD&W�QH]PQHRTI�]^J�l�fê]�\=b�k=D&dHOH_:VzW�Nj\*QHkHQHO
ξi
����I�]PW�I�dH]^J�W&b
£cm*QH]PFHNPGH]PQHQzFHI�\=b�k=D&NPR

DSn = D

n
∑

i=1

ξi =
n
∑

i=1

Dξi = n · 1

2
=
n

2
.

¾�x%ÄSxT��x Ö � [ £H�-ça\=b�k=D&dHOH_-N�W�Nj\*QHkHQHOH_
η1, η2, . . .

OHN^sLD&W�QH]PQHRT_æQêQHRTNPf[JILm*QHO=D&Y�I�W�I�N
Bi(1, 1/2)

G=D&]PFHGHNjm*Nj\*NPO=QHN&n�D
]j\=b�k=D&dHOH_-NSW�Nj\*QHkHQHOH_
ξi
I�FHGHNjm*Nj\=K�of[J�]�K¨G=D&W�NPOH]^J�W.D&RTQ

ξi = ηi − ηi+2
n
i = 1, 2, . . .

����I�Y�D�sLD�J�lHnak�J�I�]j\=b�k=D&dHOH_-NW�Nj\*QHkHQHOH_
ξ1, ξ2, . . .

Itm*QHO=D&Y�I�W�I�G=D&]PFHGHNjm*Nj\*NPOH_En:FHGHQHkHNPR
ξ1
QHRTNPN^J`J�D&Y�I�NyM5NG=D&]PFHGHNjm*Nj\*NPO=QHN&n*Y�D&YyQyW�sLD�m�DLkHN Ö � [&@ �H��I�Y�D�sLD�J�lHnHk�J�I5]j\=b�k=D&dHOH_-NXW�N�\*QHkHQHOH_

ξi



� � s ê<t!ý Ú�¤:«�­¥z9²¿Ù w Æ�ß.Þ�àH­v² Î ª�« w ®�ß&®H­
Q
ξi+j

OHN^sLD&W�QH]PQHRT_;FHGHQ
j ∈ IN

n
j 6= 2

��CED&d�J�Q�RaD�J�NPRaD�J�QHkHNP]tY�I�N"ILM9Q�m�D&OHQHN5Qm*QH]PFHNPGH]PQHf¿]j\=b�k=D&dHOHI�d�W�Nj\*QHkHQHOH_
Sn = ξ1 + . . .+ ξn

n
n ≥ 2

�Á���om�aCE���-��CED&d�m*NPR
P(ξ1 = 1)

�L��I�]PY�I�\*l�Y�b�]j\=b�k=D&dHOH_-N�W�Nj\*QHkHQHOH_
ηi

OHN^sLD�oW�QH]PQHRT_�n=QHRTNPNPR
P(ξ1 = 1) = P(η1 − η3 = 1) = P(η1 = 1, η3 = 0) = P(η1 = 1)P(η3 = 0) =

1

4
.

xcO=D�\*I�UPQHkHOHIzFHI�\=b�k=D&NPR
P(ξ1 = 0)

Q
P(ξ1 = −1)

�ÄE\=K�FHGHI�W&NPGHYHQ§OHN^sLD&W�QH]PQHRTI�]^J�Q�m*QH]PYHGHNjJ.OH_:V§]j\=b�k=D&dHOH_:V§W�Nj\*QHkHQHO
ζ1
Q
ζ2m*I�]^J�D�J�I�kHOHI�FHI�Y�D�sLD�J�lHn�k�J�I

P(ζ1 = x1, ζ2 = x2) = P(ζ1 = x1)P(ζ2 = x2)
mH\=KW�]PNjV

x1
Q
x2
�!p�J�I
]j\*Njm=b�N^JzQ�s�G=D&]P]^b�M5m*NPOHQHd�n=D&O=D�\*I�UPQHkHOH_:V'FHGHI�W&Njm*NPOHOH_-RgFHGHQGHN^p�NPOHQHQusLD�m�D�kHQ+��� [ ���*��k=D&]^J�OHI�]^J�Q�n=mH\=K

j 6= 2
QHRTNPNPR

P(ξi = 1, ξi+j = −1) = P(ηi = 1, ηi+2 = 0, ηi+j = 0, ηi+j+2 = −1) =

= P(ηi = 1)P(ηi+2 = 0)P(ηi+j = 0)P(ηi+j+2 = −1) =
1

4
· 1

4
=

= P(ξi = 1)P(ξi+j = −1).ÄE\=K9I�]^J�D�\*l�OH_:V9stO=D�kHNPOHQHd']j\=b�k=D&dHOH_:V"W�Nj\*QHkHQHO
ξi
Q
ξi+j

]PFHG=D&W�NjmH\*QHW�_êD&O=D�\*I�oUPQHkHOH_-NXG=D&W�NPOH]^J�W.D���¿GHN^p�NPOHQHQ`sLD�m�DLkHQ Ö � [&@ RT_;FHI�Y�D�sLD�\*Q�n�k�J�I
ESn = 0

���Â]PILM5D�\*NPOHQHfSn�RT_OHN"RTI�M
NPR�W�I�]PFHI�\*l&stI�W.D�J�l�]rK§]PW&I�dH]^J�W�I�R¿£�m*QH]PFHNPGH]PQHQ�mH\=K�O=D�V.I�M5m*NPOHQ�K
DSn

nFHI�]PY�I�\*l�Y�b�n�I�kHNPW�Q�m*OHIHn�]j\=b�k=D&dHOH_-N�W�Nj\*QHkHQHOH_
ξi
Q
ξi+2

OHN%KHW�\=KHf[J�]rK"OHN^sLD&W�QH]PQ�oRT_-RTQg��|^J�I"\*NPUPY�IyFHGHI�W�NPGHQ�J�lHn�FHI�Y�D�sLD&WHn�O=D&FHGHQHRTNPG�n�k�J�I
P(ξi = 1, ξi+2 = 1) 6=

P(ξi = 1)P(ξi+2 = 1)
�j�*CED&d�m*NPR

ES2
n = DSn

�=��GHQu|^J�I�R¸v&bLm*NPRgb�kHQ�J�_-W.D�J.lHn*k�J�I]j\=b�k=D&dHOH_-N�W�Nj\*QHkHQHOH_
ξiξj
]^b�J�l

ξ2
i

FHGHQ
i = j

Q9G=D&W�O�KHf[J�]rK"FHISG=D&]PFHGHNjm*Nj\*NPO=QHf
η1η3 − η2

3 − η1η5 + η3η5
FHGHQ |i− j| = 2

�=��RTNPNPR
ES2

n = E

(

n
∑

i=1

ξi

)2

= E





n
∑

i=1

ξi ·
n
∑

j=1

ξj



 =

= E





∑

i, j: i=j

ξiξj +
∑

i, j: |i−j|=2

ξiξj +
∑

i, j: |i−j|6=0, 2

ξiξj



 =

= nEξ2
1 + 2(n− 2)E(η1η3 − η2

3 − η1η5 + η3η5) + (n2 − n− 2(n− 2))Eξ1Eξ2 =

= n · 1

2
+ 2(n− 2)

(

1

4
− 1

2
− 1

4
+

1

4

)

+ (n2 − 3n+ 4) · 0 = 1.¾�x%ÄSxa��x Ö � [ ¢��¦�cb.]^J�lq]j\=b�k=D&dHO=D�K�W�Nj\*QHkHQHO=D
ηn

G=D&W&O=D+]^b�RTRTN'I�kHY�I�WHn�FHI�oKHW�QHW&p�Q�V.]rK�FHGHQ
n
OHN^sLD&W�QH]PQHRT_:V�v�GHI�]tD&OHQ�K�V¸FHG=D&W�Q�\*l�OHI�d�QHUPG=D�\*l�OHI�d�Y�I�]^J�Q��



b!cWd�e�f0g7iFj	j ���
��]PFHI�\*l&sPb&K�OHNPG=D&W�NPOH]^J�W�I¨��NPv�_�p�NPW.D�� Ö � �.�jn:I��HNPOHQ�J�l§]PW�NPG�V�b¨mH\=K�OHNPY�I&J�I�GHI�UPI
ε > 0

P

(∣

∣

∣

∣

ηn

n
− 3.5

∣

∣

∣

∣

≥ ε
)

.Á���om�aCE���-�T��b�]^J�l
ξi
{ÑY�I�\*QHkHNP]^J�W�IqI�kHY�I�WHn�W�_-F=D&W&p�NPN"FHGHQ

i
o�I�R�v�GHI�]tD�oOHQHQ��H�:I�]PFHI�\*l�stI�W.D&W&p�QH]Pl
Y�\�D&]P]PQHkHNP]^Y=QHRgI�FHGHN�m*Nj\*NPOHQHNtR§W�NPGHI�K�J�OHI�]^J�Q�n�FHI�\=b�k=D�oNPR-n%k�J�IgFHGHQêILm*OHI�Räv�GHI�]tD&OHQHQêQHUPG=D�\*l�OHI�d¯Y�I�]^J�Q¯]PGHNjm*OHNPN�kHQH]j\*IgW�_-F=D&W&p�Q�VI�kHY�I�W

Eξi
G=D&W�O�KHN^J�]rK

3.5
�*��I�]PY�I�\*l�Y�b

E
ηn

n
= E

∑n
i=1 ξi
n

=
3.5n

n
= 3.5,

QuW�W�Q�m=b'OHN^sLD&W�QH]PQHRTI�]^J�Q+]j\=b�k=D&dHOH_:VuW�Nj\*QHkHQHO
ξi
nHQ�sXY�I&J�I�GHI&d�]j\*Njm=b�N^J

D
ηn

n
= D

∑

i=1 ξi
n

=

∑n
i=1 Dξi
n2

=
n(91/6 − (21/6)2)

n2
,FHI�\=b�k=D&NPR

P

(∣

∣

∣

∣

ηn

n
− 3.5

∣

∣

∣

∣

≥ ε
)

≤ 105

36nε2
.

�M�5�~���_�7��� � �������7�7�
¾�x%ÄSxT��x Ö � [ ���*��I�Y�D�sLD�J�lz]^FHG=D&W�NjmH\*QHW�I�]^J�l9sLD&RTNPk=D&OHQ�K Ö � � � �¾�x%ÄSxT��x Ö � [ ����ÄSI�Y�D�sLD�J�lz]^W�I�dH]^J�W.Du�^o @ m*QH]PFHNPGH]PQHQ��¾�x%ÄSxT��x Ö � [&Ö ��ÄSI�Y�D�sLD�J�lzGHNjsPbL\*lLJ&D�J�_En*FHGHQHW�Njm*NPOHOH_-NSW
J&D&v�\*QH�HN Ö � ���¾�x%ÄSxT��x Ö � [ ������b�]^J�l

ξ
{û]j\=b�k=D&dHO=D�K)W�Nj\*QHkHQHO=D']�Y�I�OHNPkHOHI�d+m*QH]PFHNPGH]PQHNPdJ&D&Y�D�K�n=k�J�I

Dξ ≥ Eξ2 ��ÄSI�Y�D�sLD�J�lHn=k�J�I 2E|ξ| ≤ Dξ + 1
�¾�x%ÄSxT��x Ö � @�� �¦��b�]^J�l

ξ
{ý]j\=b�k=D&dHO=D�K§W�Nj\*QHkHQHO=D+J�D&Y�D�K�n�k�J�I

P(0 < ξ <
1) = 1

��ÄSI�Y�D�sLD�J�lHnHk�J�I
Dξ < Eξ

�¾�x%ÄSxT��x Ö � @ ���=��b�]^J�l
ξ
{}FHI�k�J�Q�O=D&W�NPGHOHI�NEI�UPG=D&OHQHkHNPOHO=D�Ku]j\=b�k=D&dHO=D�K�W�Njo\*QHkHQHO=D�h

P(|ξ| ≤ c) = 1
��ÄSI�Y�D�sLD�J�lHn=k�J�I

Dξ ≤ cE|ξ| �¾�x%ÄSxT��x Ö � @�[ ��CED&d�J�Q)RaD�J�NPRaD�J�QHkHNP]PY�I�N
ILM9Q�m�D&OHQHNSQ�m*QH]PFHN^GH]PQ=f;]j\=b�k=D&d�oOHI�d�W�Nj\*QHkHQHOH_
ξ = ξ(ω)

ncI�FHGHNjm*Nj\*NPOHOHI�dÇO=D¸W�NPGHILK�J�OHI�]^J�OHI�RûFHGHI�]^J�G=D&OH]^J.W�N
(Ω, F , P)

n=Urm*N
Ω = [0, 1]

n F = B[0, 1]

n
P = λ

{ÂRTNPG=D5ÃXNPv�NPUjD�n*NP]j\*Q+D.�
ξ = ω2 ~v��

ξ = ω − 1/2
~=W��

ξ = sinπω
~HUL�

ξ = sin 2πω
�¾�x%ÄSxT��x Ö � @�@ �jÄSQ=D&RTN^J�GXYHG�b�UjD

d
Q�stRTNPGHNPOXFHGHQHv�\*Q�M
NPOHOHIHnLQ�Q�stW�NP]^J�OHI%\*Q�p�lHnk�J�I

0 < a ≤ d ≤ b
�¦ç:kHQ�J&D�K

d
]j\=b�k=D&dHOHI�d�W�Nj\*QHkHQHOHI�d�n�G=D&W�OHI�RTNPGHOHI+G=D&]PFHGHNjom*Nj\*NPOHOHI�d�O=D'I&J�GHN^stY�N

[a, b]
n�O=D&d�J�Q�RaD�J�NPRaD�J�QHkHNP]PY�I�NzILM9Q�m�D&OHQHN
Q)m*QH]PFHNPGH]PQHfF�\*I&i
D�m*Q�YHG�b�UjD��



� [ s ê<t!ý Ú�¤:«�­¥z9²¿Ù w Æ�ß.Þ�àH­v² Î ª�« w ®�ß&®H­
¾�x%ÄSxa��x Ö � @ £H�=��b�]^J�l"]j\=b�k=D&dHOH_�N�W�Nj\*QHkHQHOH_

ξ1, . . . , ξn+1

I�FHQH]P_-W�D&f[J"GHNjosPbt\*l�J�D�J�_
n+1

QH]PFH_�J�D&OHQHdz :NPGHO�bt\H\*Q5]:W�N^GHI�K�J�OHI�]^J�l�fg�ºb�]PFHNjV�D��
p
Q�]j\=b�k=D&dHO=D�KW�Nj\*QHkHQHO=D

ηn

G=D&W�O=D
kHQH]j\=b'J&D&YHQ�V
i
�
i = 1, . . . , n

�jn=k�J�I
ξi = ξi+1 = 1

�=��]PFHI�\*l�osPb&K¨OHNPG=D&W�NPOH]^J�W�I���NPv&_�p�NPW.D�� Ö � �.�jn¦I��HNPOHQ�J�l`]PW�NPG�V�b
P(|ηn/n − p2| ≥ ε)

mH\=KW�]PNjV
ε > 0

�¾�x%ÄSxa��x Ö � @ ¢�����b�]^J�l
ξ
Q
η
{¼OHN^sLD&W�QH]PQHRT_-N
]j\=b�k=D&dHOH_-N5W�Nj\*QHkHQHOH_Ç]�Y�I�oOHNPkHOH_-RTQym*QH]PFHNPGH]PQ�KHRTQ��HÄSI�Y�D�sLD�J�lHn=k�J�I

Dξη ≥ Dξ · Dη �¾�x%ÄSxa��x Ö � @ ������b�]^J�l
ξ
{ ]j\=b�k=D&dHO=D�K)W�Nj\*QHkHQHO=D9]SY�I�OHNPkHOH_-R�kHN^J�W�NPG�J�_%RRTI�RTNPO�J�I�R-��ç:G=D&W�OHQ�J�l

Eξ4 Q (Eξ)4 �¾�x%ÄSxa��x Ö � @ ���=��b�]^J�lz]j\=b�k=D&dHOH_-NXW�Nj\*QHkHQHOH_
ξ
Q
η
OHN^sLD&W�QH]PQHRT_¯Q

Eξ = 1
n

Eη = 2
n
Dξ = 1

Q
Dη = 4

�TCED&d�J�Q§RaD�J�NPRaD�J�QHkHNP]tYHQHNuILM9Q�m�D&OHQ�K�]j\=b�k=D&dHOH_:VW�Nj\*QHkHQHO�D.�
ξ2 + 2η2 − ξη − 4ξ + η + 4

~Hv��
(ξ + η + 1)2 �¾�x%ÄSxa��x Ö � @�Ö �aÄSI�Y�D�sLD�J�lHn�k�J�I�mH\=K¨\*fcv�_:V�]j\=b�k=D&dHOH_:VêW�Nj\*QHkHQHO

ξ
Q
η
nQHRTNPf[i�Q�VuY�I�OHNPkHOH_�NEm*QH]PFHNPGH]PQHQ�n*]PFHG=D&W�NjmH\*QHW�_1OHNPG=D&W�NPOH]^J�W.D

(

√

Dξ −
√

Dη
)2

≤ D(ξ + η) ≤
(

√

Dξ +
√

Dη
)2

.

¾�x%ÄSxa��x Ö � @ ���aÄSI�Y�D�sLD�J�lHn�k�J�I�mH\=K¨\*fcv�_:V�]j\=b�k=D&dHOH_:VêW�Nj\*QHkHQHO
ξ
Q
η
nQHRTNPf[i�Q�VuY�I�OHNPkHOH_�NSW&J�I�GH_-NERTI�RTNPO�J�_�n�]PFHG=D&W&NjmH\*QHW�I9OHNPG=D&W�NPOH]^J�W�I

E|ξη| ≤
√

Eξ2 ·
√

Eη2.¾�x%ÄSxa��x Ö � £ � �=��I�Y�D�sLD�J�lHnHk�J�I
mH\=K"\*fcv�I�dy�HNj\*I�kHQH]j\*NPOHOHI�d�]j\=b�k=D&dHOHI�duW�Njo\*QHkHQHOH_
ξ
n�QHRTNPf[i�NPd�Y�I�OHN^kHOH_-d�W&J�I�GHI�d¸RTI�RTNPO�JLn:]PFHG=D&W�NjmH\*QHW�I`OHNPG=D&W�NPOH]^J�W�I

Eξ(1 − Eξ) ≤ Dξ
�
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��b�]^J�l"sLD�m�D&OHI9OHNPY�I&J�I�GHI�NSW�NPGHI�K�J�OHI�]^J�OHI�N�FHGHI�]^J�G=D&OH]^J.W�I
(Ω, F , P)

Q�]j\=b.ok=D&dHO=D�KgW�Nj\*QHkHQHO=D
ξ
O=DqOHNPR-�aCED&G.K�m=b�]uW�N^i�N^]^J.W�NPOHOH_%RTQ¸]j\=b�k=D&dHOH_-RTQ¨W�Nj\*Q�okHQHO=D&RTQzJ�D&Y�M
N[RTILM9OHIEG=D&]P]PRaD�J�GHQHW.D�J�lSY�I�RTF�\*NPY�]POHI&stO=DLkHOH_-Nc]j\=b�k=D&dHOH_-NcW�Nj\*Q�okHQHOH_�n�FHI�OHQHRaD�KgFHItm�|^J�QHR;Z�b�OHYH�HQHf

ξ1(ω) + iξ2(ω)
nTUrm*N

(ξ1, ξ2)
{ ]j\=b�k=D&d�oOH_-d¨W�NPY�J�I�G���FHItm*GHI�v�OHNPNuI ]j\=b�k=D&dHOH_:V¨W�NPY�J�I�G=D�VgGHNPkHl�FHI�d�m*N^J�W�T�� � �j�T��GHQ|^J�I�RgFHG=D&W�Q�\�D�G=D&v�I&J�_�]PI
]j\=b�k=D&dHOH_-RTQyW�Nj\*QHkHQHO=D&RTQyI�]^J�D&f[J�]rKuOHNPQ�stRTNPOHOH_-RTQ�nD5RTOHQHRaD�KyNjm*QHOHQH�=D

i
G=D&]P]PRaD�J�GHQHW.D&N^J.]rK+Y�D&YyI�v�_-kHO=D�KuY�I�OH]^J�D&O�J&D��¤��EÁ���Ä��¦Ã��aC����§��� �������#
���=E���B
�'����"'!>U�-��=��*1S�0HE�!=E�!'���1[�\��HE><��1!���*1S���B��'!.><'!�!$

ξ
�v��;+$5�+�	�#���`^�=��D�7A��
��=������-;+�!��><�!�*^n�0HE�!=E�!'<^n)+�#1������+'!���\��IE����P#�[A��B

��.�����!����P#�
ϕξ : IR −→ C C5�*A�

��)+�\�U^��\�7�*^O)��U^O���-��%

t ∈ IR
�-���*�"���*k����v'�� �

ϕξ(t) = Eeitξ =
∫

eitx dFξ(x). (9.1)

¾�x��S�a��x�CE���;��� ���:¡Sb�OHYH�HQ�K
ϕξ(t)

naI�FHGHNjm*Nj\=KHNPRaD�K¸]PI�I&J�OHI&p�NPOHQHNtRæ����� ���O=D�st_-W.D&N^J�]rK"J�D&Y�M
NVA�

�-� / 
���;����+���!'��\��å�H-
�I���.#|h�"'����"I��-� �-Z�b�OHYH�HQHQ
Fξ(x)

���T]jo\*Q"Z�b�OHYH�HQ�K
Fξ(x)

QHRTNPN^J
F�\*I&J�OHI�]^J�l
fξ(x)

n.J�IEV�D&G=D&Y�J�NPGHQH]PJ�Q=kHNP]PY�D�K"Z�b�OHYH�HQ�KNP]^J�lSA�

�-� / 
���;����+���!'��Gå�H-
�I���Z�b�OHYH�HQHQ
fξ(x)

h
ϕξ(t) =

∫

eitxfξ(x) dx.¾�x��S�a��x�CE���Â��� [ ��ï�D&G=D&Y�J�NPGHQH]^J.QHkHNP]tY�D�K1Z�b�OHYH�HQ�K¯W�]PNPUem�Dg]^b�i�NP]^J.W&b�NPJ�nFHI�]PY�I�\*l&Y�b
|ϕξ(t)| =

∣

∣

∣

∣

∫

eitx dFξ(x)
∣

∣

∣

∣

≤
∫

∣

∣

∣eitx
∣

∣

∣ dFξ(x) = 1.

� @
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¾�x��S�a��x�CE���¿��� @ �¦��s']PW�I�dH]^J�W)Y�I�RTF�\*NPY�]POH_:V§kHQH]PNj\¨Q�I�FHGHNjm*Nj\*NPOHQ�Kg��� �]j\*Njm=b�N^J�n*k�J�I
V�D&G=D&Y�J�NPGHQH]^J.QHkHNP]tY�D�K�Z�b�OHYH�HQ�KuJ�D&Y�M
NEFHGHNjm*]^J�D&W�QHRaDzWzW�Q�m*N

ϕξ(t) = E cos(tξ) + iE sin(tξ). (9.2)ï�D&G=D&Y�J�NPGHQH]^J.QHkHNt]PY�D�K�Z�b�OHYH�HQ�KuI�v�\�D�m�D&N^Jz]j\*Njm=b�f[i
QHRTQ�I�]POHI�W�OH_-RTQu]PW�I�d�o]^J�W.D&RTQ�h
���9mH\=K"\*fcv�I�du]j\=b�k=D&dHOHI�d�W�Nj\*QHkHQHOH_

ξ

ϕξ(0) = 1
Q |ϕξ(t)| ≤ 1

mH\=KuW�]PNjV
t;

[ �9mH\=K"\*fcv�I�du]j\=b�k=D&dHOHI�d�W�Nj\*QHkHQHOH_
ξ
Q"\*fcv�_:V

a, b ∈ IR

ϕaξ+b(t) = eitbϕξ(at);

@ �'NP]j\*Q
ξ
Q
η
]^b�J�l9OHN^sLD&W�QH]PQHRT_-NX]j\=b�k=D&dHOH_-NSW�Nj\*QHkHQHOH_�n=J�I

ϕξ+η(t) = ϕξ(t)ϕη(t);

£��9V�D&G=D&Y�J�NPGHQH]^J.QHkHNt]PY�D�K�Z�b�OHYH�HQ�K
ϕξ(t)

KHW�\=KHN^J�]rK�G=D&W�OHI�RTNPGHOHIuOHNPFHGHNPGH_�W�oOHI�d�~
¢��'NP]j\*Q

E|ξ|k < ∞ n k ≥ 1
n�J�I']^b�i�NP]^J.W&b�NPJuOHNPFHGHNPGH_-W�O=D�K

k
oºK+FHGHI�Q�stW�Itm*O=D�KZ�b�OHYH�HQHQ

ϕξ(t)
n=FHGHQHkHNPR

ϕ
(k)
ξ (t)

∣

∣

∣

t=0
= ikEξk;

�.�9mH\=K
Y�I�RTF�\*NPY�]POHIE]PI�FHG�K�M
NPOHOHI�dSV�D&G=D&Y�J�NPGHQH]PJ�QHk=NP]PY�I�dzZ�b�OHYH�HQHQ5]PFHG=D&W�NjmHo\*QHW�I5G=D&W�NPOH]^J�W�I
ϕξ(t) = ϕξ(−t) = ϕ−ξ(t).

�@��¤�Á����ux¥��� �"� J�NPI�GHNPRaDzNjm*QHOH]^J.W&NtOHOHI�]^J.Q*�j�����#
���=E���B
�'����"'!>U�-��=E�*^O�0HE�!=E.�!'<^Ü�B��HE><��1!���*1Ü���B��'!><'!�!$3�*;+��'<�7���M�*)����-;+�!��><���Q�*A�

��)+�\�U^���� �-��
��	��A�

��)+�\�
��.�!'��9R¤��EÁ���Ä��¦Ã��aCE��� ��� [ ����

�*'U;����*)-^!?���1Û�0HE�!=E�!'���13A����\�
��)+�*�+�����B��IE�������"')+��1������+'!���B��IE�!$&%L><'��-�\�
a0, a1, . . .

�!��;+$��+�	������^��0HE�!=E�!'<^�=����7A��
��=�������P#�[A���.

�\�����!����P#�
ψ : C −→ C Cl�*A�

��)+�B�
���!�!�*^O)��<^ |z| ≤ 1

�B�
��)�HE6�?"'<�r� / 
���;��D�V�
ψ(z) =

∞
∑

n=0

anz
n.
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�*'U;����*)-^!?���1O�0HE�!=E�!'���1M���\�
�*><'��B�
���!���*1��B��HE><��1!.���*1(���\��'!><'!�!$

ξ
C{A�
�'!�!'<�7��6�?���1(��A��`�
�98F'!���\��IE�!$&�7'(���B

��^!�"�������V^<�7'���'!k"I���-�*��
�'!�!�����\��IE�!$���;+�!��>U���!'<^UCY�!��;+$��+�	������^[�0HE�!=E�!'<^~=��D�7A��
��=����!��P#��A��B

�\�����!.����P#�

ψξ : C −→ C Cl�*A�

��)+�B�
���!�!�*^Q)��U^ |z| ≤ 1
�\�
��)�HE6�?"'<�r� / 
���;����V�

ψξ(z) = Eξz.

¾�x��S�a��x�CE���¯��� £H��ÄE\=Kq]j\=b�k=D&dHOHI�d W�Nj\*QHkHQHOH_�n�bLm*I�W�\*N^J�W�I�G.KHf[i�NPd�b�]j\*I�oW�Q�KHR�I�FHGHNjm*Nj\*NPOHQ�K ��� @ Q+FHGHQHOHQHRaD&f[i�NPd)stO=DLkHNPOHQ�K
0, 1, . . .

]�W�NPGHILK�J�OHI�]^JLKHRTQ
p0, p1, . . .

]PI�I&J�W�N^J�]^J.W�NPOHO=IHn*]PFHG=D&W�NjmH\*QHW.D5ZEI�GHR¦bL\�D
ψξ(z) = Ezξ =

∞
∑

n=0

znpn,

Q�s�Y�I&J�I�GHI�d"]j\*Njm=b�N^J�n�k�J�I�FHGHI�Q�stW�Itm=K�i
D�K"Z�b�OHYH�HQ�K"]j\=b�k=D&dHOHI�d'W�N�\*QHkHQHOH_�NP]^J�lOHN�k�J�IEQHOHI&N&n�Y�D&Y�FHGHI�Q�stW�ILm=K�i
D�K
Z�b�OHYH�HQ�K
FHI�]j\*Njm*I�W.D�J�Nj\*l�OHI�]^J�Qzk=D&]^J�OH_:V
stO=D�okHNPOHQHdXW�NPGHILK�J�OHI�]^J�Q
p0, p1, . . .

�L��RTNPOHOHI%FHI%|^J�I�dXFHGHQHkHQHOHNaFHGHI�Q�stW�Itm=K�i
D�KEZ�b�OHY�o�HQ�KuI�FHGHNjm*Nj\*NPO=D
\*Q�p�l
mH\=Ku�HNj\*I�kHQH]j\*NPOHOH_:V�]j\=b�k=D&dHOH_:V�W�Nj\*QHkHQHO��
��GHI�Q�stW�Itm=K�i
D�KSZ�b�OHYH�HQ�K�I�v�\�D�m�D&N^Jc]j\*Njm=b�f[i�Q=RTQ
I�]POHI�W�OH_-RTQS]PW�I�dH]^J�W.D&RTQ�h
���

ψξ(e
it) = ϕξ(t)

~
[ �"NP]j\*Q

ξ
Q
η
]^b�J�l OHN^sLD&W�QH]PQHRT_-Ny]j\=b�k=D&dHOH_-NyW�Nj\*QHkHQHOH_�n�J�Iq]PFHG=D&W�NjmH\*QHW�IG=D&W�NPOH]^J�W�I
ψξ+η(t) = ψξ(t)ψη(t);

@ �"NP]j\*Q
E|ξ|k <∞ n k ≥ 1

nHJ�I
ψ

(k)
ξ (z)

∣

∣

∣

z=1
= Eξ[k].

�@��¤�Á����ux¯��� [ �U��

�*'U;����*)-^!?"�*^¾�0HE�!=E�!'<^UCh�-�B��'S�*�!�"��HE?��-�����+H�����Ch�*;+��'<�7.�����*)����-;+�!��><�����*A�

��)+�B�U^����m
��	��A�

��)+�\�
���!'����B��HE><��1!���*1Q���\��'!><'!�!$5R

ξ

Fξ

ϕξ

ψξ
fξ

ξkE

ξP

Ïd����»¼±���º7ì�¾ £

��J�D&Y�n*RT_1FHI&stO=D&Y�I�RTQ�\*QH]Pl9]PI9W�]PNPRTQ�I�]POHI�W�OH_:oRTQuV�D&G=D&Y�J�NPGHQH]^J.QHY�D&RTQq]j\=b�k=D&dHOH_:V)W�Nj\*QHkHQHO)Q+Q�VG=D&]PFHGHNjm*Nj\*NPO=QHd���CEDgGHQH]^b�OHY�N���� ��FHI�Y�D�sLD&O=D§m*Q=D�oUPG=D&RTRaD-QHRTF�\*QHY�D&�HQHd�mH\=KEI�FHGHNjm*Nj\*NPOHOH_�VXO=D&RTQ�V�D�oG=D&Y�J�NPGHQH]^J.QHY�]j\=b�k=D&dHOH_:V¸W�Nj\*QHkHQHO��:ç�J�GHNj\*YHQ�FHI�oY�D�st_-W.D&f[JLn9Y�D&YHQHN�V�D&G=D&Y�J�NPGHQH]^J.QHYHQ I�FHGHNjm*Nj\=KHf[Jm*G�b�UPQHNSItm*OHI&stO=DLkHOHIHn=NP]j\*Q�]^b�i�NP]^J.W�b�f[J��
�»]j\*Njm=b�f[i
NPdgJ�D&v�\*QH�HNyFHGHQHW�Njm*NPOH_ÂZEI�GHR¦bt\*_mH\=KEV�D&G=D&Y�J�NPGHQH]^J.QHkHNt]PYHQ�V�QXFHGHI�Q�stW�ILm=K�i�Q�VXZ�b�OHY�o�HQHduI�]POHI�W�OH_:VuG=D&]PFHGHNjm*Nj\*NPOHQHd��



��� s ð�t�� Þ x Þ�Û¥z�« x ®�Ù-zL®�ß�«PÙ�ÛH®�«�® Ø�x Ú�®=Ý^ª�Úe¬¥y��S®�«VÇ�Æ�­HÛ��H®H®
Pξ ϕξ(t) ψξ(z)

ξ árâ ãrâ= a eita za

Bi(n, p) (1 + p(eit − 1))n (1 + p(z − 1))n

Pois(λ) eλ(eit−1) eλ(z−1)

G(p)
1 − p

1 − peit

1 − p

1 − pz

R[a, b]
eitb − eita

it(b− a)

{
R[−a, a] sin at

at

{
N(a, σ2) eita−σ

2
t
2

2
{

exp(λ)
λ

λ− it

{
K(a, σ) eita−b|t| {

éZ§¨�¨Á���Ë�§�ì�¾ £
¾�x��S�a��x�CE���)���Ô¢��&¡�I�GHRaD�\*l�OHIHn�FHGHI�Q�stW�Itm=K�i
D�KSZ�b�OHYH�HQ�KXmH\=KSW�_-GHILM5m*NPO�oOHI�dy]j\=b�k=D&dHOHI�d�W�Nj\*QHkHQHOH_1OHNEI�FHGHNjm*N�\*NPO=D�n*NP]j\*Q�kHQH]j\*I

a
OHN�KHW�\=KHN^J�]rK��HNj\*_-R-�¾�x%ÄSxa��x ��� ����ÄSI�Y�D�sLD�J�lHn¦k�J�I)Z�b�OHYH�HQ�K

cos t
KHW�\=KHN^J�]rK`V�D&G=D&Y�J�NPGHQH]^J.QHkHNjo]PY�I�duZ�b�OHYH�HQHNPd�OHNPY�I&J�I�GHI�d�]j\=b�k=D&dHOHI�d�W�Nj\*QHkHQHOH_��Á���om�aCE���-����I�]^J�GHI�QHR�G=D&]PFHGHNjm*Nj\*NPOHQHN
]j\=b�k=D&dHOHI�dqW&Nj\*QHkHQHOH_ÇJ�D&Y�I�N&n�k�J�INPUPI�V�D&G=D&Y�J�NPGHQH]PJ�Q=kHNP]PY�I�d1Z�b�OHYH�HQHNPdêKHW�\=KHN^J�]rK

cos t
�%��s ]PI�I&J�OHI&p�NPOHQ�K;����� [ �W�_�J�NPY�D&N^J�n�k�J�I

cos t =
eit + e−it

2
=

1

2
· e1·it +

1

2
· e−1·it.¾�D&RTN^J�QHR-n:k�J�I`FHG=D&W.D�K¸k=D&]^J�l�FHI�]j\*Njm*OHNPUPI�G=D&W�NPOH]^J�W.D`NP]^J�l§OHN�k�J�I�QHOHI�N&n�Y�D&YV�D&G=D&Y�J�NPGHQH]^J.QHkHNt]PY�D�K)Z�b�OHYH�HQ�K)]PQHRTRTN^J�GHQHkHO=I�UPIyv&QHOHI�RTQ=D�\*l�OHI�UPI"G=D&]PFHGHNjm*Nj\*NjoOHQ�K��¾�x%ÄSxa��x»��� [ �=ÄSI�Y�D�sLD�J�lHn�k�J�IyZ�b�OHYH�HQ�K

e−i|t| OHN�RTILM
N^J'v�_�J�l9V�D&G=D&Y�J�NPGHQ�o]^J�QHkHNP]PY�I�d�Z�b�OHYH�HQHNPd�]j\=b�k=D&dHOHI�d�W�Nj\*QHkHQHOH_��Á���om�aCE���-�aÄE\=K�m*I�Y�D�sLD�J�Nj\*l�]^J�W.D b�J�W�NPG.M5m*NPOHQ�K¸sLD�m�DLkHQ¨W�I�]PFHI�\*l&sPb�NPRT]�K]PW�I�dH]^J�W�I�R»�+V�D&G=D&Y�J�NPGHQH]^J.QHk=NP]PY�I�d¨Z�b�OHYH�HQHQ�����GHNjm*FHI�\*I�M9QHR-nTk�J�I
e−i|t| NP]^J�lV�D&G=D&Y�J�NPGHQH]^J.QHkHNt]PY�D�K�Z�b�OHYH�HQ�KuOHNPY�I&J�I�GHI�d�]j\=b�k=D&dHOHI�d�W�Nj\*QHkHQHOH_

ξ
�=��I�Uem�D

ϕ−ξ(t) = ϕξ(−t) = e−i|t|, ∀ t ∈ IR,



b!cWd�e�f0g7iFj ¢ �.�
J�IXNP]^J�lXG=D&]^FHGHNjm*Nj\*NtOHQ�K

ξ
Q −ξ ]PI�W�F=D�m�D&f[J"��FHGHQ5|^J�I�R UPI�W�I�G�K�J�n�k�J�IE]j\=b�k=D&dHO=D�KW�Nj\*QHkHQHO=D

ξ
QHRTNPN^J���'<�@������
�'!><�����h
��	��A�

��)+�B�
���!'��r�j�.C�I[J�I�Uem�D[mH\=K
Y�I�RTF�\*NPY�]POHI]PI�FHG�K�M
NPOHOHI�d'V�D&G=D&Y�J�NPGHQH]^J.QHkHNt]PY�I�d+Z�b�OHYH�HQHQ�QHRTNPN^J9RTNP]^J�IzG=D&W�NPOH]^J�W�I

ϕξ(t) = ϕξ(t).�ED&YqQ�stW�NP]^J�OHIHn�Y�I�RTF�\*NPY�]POHI�]PI�FHG.K�M
NPOHOHI�N5kHQH]j\*IuG=D&W�OHIy]tD&RTI�R¦b)kHQH]j\=b+J�I�Urm�DQ)J�I�\*l�Y�I'J�I�Uem�D�n�Y�I�Uem�D'Y�I�RTF�\*NPY�]POHI�N5kHQH]j\*IyKHW�\=KHN^J�]rK)m*NPdH]^J�W�Q�J.Nj\*l�OH_%RÀ��|^J�IHnW5k=D&]^J�OHI�]^J�Q�n*]j\*Njm=b�N^J"Q�s9����� [ �e�j�*ça\*Njm*I&W.D�J�Nj\*l�OHIHn*RT_êFHGHQ�V�Itm*QHR¨YyFHGHI&J�QHW�I�GHNjokHQHfSn=FHI�]PY�I�\*l�Y�b'Z�b�OHYH�HQ�K
e−i|t| OHN�KHW�\=KHN^J�]rKym*NPdH]^J�W�Q�J�N^\*l�OHI�d��¾�x%ÄSxT��x}��� @ ����GHI�Q�stW�Itm=K�i
D�K�Z�b�OHYH�HQ�K�OHNPY�I&J�I�GHI�d`�HNj\*I�kHQH]j\*NPOHO=I�d�]j\=b.ok=D&dHOHI�dEW�Nj\*QHkHQHOH_

ξ
nPFHGHQHOHQHR�D�f[i�NPdS]TFHI�\*ILM9Q�J�Nj\*l�OH_-RTQXW�NPGHI�K�J�OHI�]jJ�KHRTQ�\*Q�p�lOHNPI&J�GHQH�=D�J.Nj\*l�OH_-NXstO=DLkHNPOHQ�K�n*G=D&W�O=D

ψ(z)
�=CED&d�J�Q

Eξ
Q

Dξ
�Á���om�aCE���-���:I�]PFHI�\*l&sPb�NPRT]�K"]PW�I�dH]^J�W�I�R @ FHGHI�Q�stW�Itm=K�i�NPd'Z�b�OHYH�HQHQ�����RTNjoNPR

Eξ = Eξ[1] = ψ′(z)
∣

∣

∣

z=1
,

Dξ = Eξ2 − (Eξ)2 = Eξ(ξ − 1) + Eξ − (Eξ)2 = Eξ[2] + Eξ(1 − Eξ) =

= ψ(2)(z)
∣

∣

∣

z=1
+ ψ′(z)

∣

∣

∣

z=1

(

1 − ψ′(z)
∣

∣

∣

z=1

)

.¾�x%ÄSxT��xÀ��� £H����b.]^J�l
ξ ∼ Pois(λ1)

Q
η ∼ Pois(λ2)

{ûOHN^sLD&W�QH]PQHRT_-Nz]j\=b.ok=D&dHOH_-NXW�Nj\*QHkHQHOH_���CED&d�J�QuG=D&]PFHGHNjm*Nj\*NPO=QHNX]j\=b�k=D&dHOHI�d�W�Nj\*QHkHQHOH_
ζ = ξ + η

�Á���om�aCE���-����IXJ�NPI�GHNPRTN���� �-m*I�]^J&D�J�I�kHOHI�O=D&d�J�Q"W�Q�m9V�D&G=D&Y�J�NPGHQH]^J.QHkHNt]PY�I�dZ�b�OHYH�HQHQ
ϕζ(t)

��CED&d�m*NPR`V�D&G=D&Y�J�NPGHQH]^J.QHkHNt]PY�b�f�Z�b�OHYH�HQHf�]j\=b�k=D&dHOHI�dyW�Nj\*QHkHQ�oOH_
ξ
�=��I5J�N^I�GHNPRTN Ö � �EQHRTNPNPR

ϕξ(t) = Eeitξ =
∞
∑

k=0

eitke−λ1
λk

1

k!
= e−λ1

∞
∑

k=0

(λ1e
it)k

k!
= e−λ1eλ1eit

= eλ1(eit−1).

��I5]PW�I�dH]^J�W&b Ö RaD�J�NPRaD�J�QHkHNP]PY�I�UPI9ILM9Q�m�D&OHQ�K
ϕζ(t) = ϕξ(t)ϕη(t) = e(λ1+λ2)(eit−1).¾�D&RTN^J�QHR-n�k�J�I
]^b�RTRaD�OHN^sLD&W�QH]PQHRT_:V'F�b.D&]P]PI�OHI�W�]PYHQ�V']j\=b�k=D&dHOH_:V'W�Nj\*QHkHQHO'QHRTNjoN^JzJ�D&Y�M
NEF�b�D&]P]PI�OHI�W�]PY�I�NXG=D&]PFHGHNjm*Nj\*NPOHQHN&�



� Ö s ð�t�� Þ x Þ�Û¥z�« x ®�Ù-zL®�ß�«PÙ�ÛH®�«�® Ø�x Ú�®=Ý^ª�Úe¬¥y��S®�«VÇ�Æ�­HÛ��H®H®
�M�5�~���_�7��� � �������7�7�

¾�x%ÄSxa��xÇ���Ô¢���ÄSI�Y�D�sLD�J�l5GHN^sPbL\*lLJ&D�J�_En*FHGHQHW�Njm*NPOHOH_-NSW
J&D&v�\*QH�HNS��� ���¾�x%ÄSxa��x���� ����ÄSI&Y�D�sLD�J�lHnHk�J�I5Z�b�OHYH�HQ�K
ψ(z) = |z| OHN�RaILM
N^J5v�_�J�l5FHGHI�Q�s^oW�Itm=K�i�NPduZ�b�OHYH�HQHNPd�]j\=b�k=D&dHOHI�d�W�Nj\*QHkHQHOH_��¾�x%ÄSxa��x����Ô������b�]^J�l

ξ
Q
η
{¥]j\=b�k=D&dHOH_-NcW�Nj\*QHkHQHOH_�n�FHGHQHkHNPR

ξ
FHGHQHOHQHRaD&N^JstO=DLkHNPOHQ�K

0
Q

1
]:W�NPGHILK�J�OHI�]^J�KHRTQ

1/2
Y�D�M5m*I�N&n�D

η
{1stO=D�kHNPOHQ�K

0
n
1
n
2
n
3
]:W�NPGHI�oK�J�OHI�]^JLKHRTQ

1/8
n
1/4
n
1/2
n
1/8
]PI�I&J�W�N^J�]^J.W�NPOHOHIH�HÄSI�Y�D�sLD�J�lHnHk�J�IzOHN�]^b�i�NP]^J.W&b�NPJ]j\=b�k=D&dHOHI�d�W�Nj\*QHkHQHOH_

ζ
nHOHN�sLD&W�QH]�K�i�NPduI&J

ξ
QyJ�D&Y�I�d�n=k�J�I

ξ + ζ = η
�¾�x%ÄSxa��x}��� Ö ����b.]^J�l

ξ
Q
η
{ÑOHN^sLD&W�QH]PQHRT_-N"]j\=b�k=D&dHOH_-N"W�Nj\*QHkHQHOH_�n�QHRTNjof[i�QHN�]^J&D&O�m�D&G�J�OHI�N+OHI�GHRaD�\*l�OHI�N�G=D&]PFHGHNjm*Nj\*NPOHQHN��aÄSI�Y�D�sLD�J�lHn�k�J�I`]j\=b�k=D&dHO=D�KW�Nj\*QHkHQHO=D

ξ2 + η2 QHRTNPN^J9FHI�Y�D�sLD�J�Nj\*l�OHI�NXG=D&]PFHGHNjm*Nj\*NPOHQ=NX]EF=D&G=D&RTN^J�GHI�R 1/2
�¾�x%ÄSxa��xæ��� ����CED&d�J�Q¸G=D&]PFHGHNjm*Nj\*NPOHQHK�Y�I&J�I�GH_-RÀ]PI�I&J�W�NjJ�]PJ�W&b�fcJ§]j\*Njm=b�f%oi�QHN�V�D&G=D&Y�J�NPGHQH]^J.QHkHNP]tYHQHNSZ�b�OHYH�HQHQ�h�D.�

cos2 t
~Hv��

exp{−t2} �¾�x%ÄSxa��x���� � � ��ÄSI�Y�D�sLD�J�lXI�]POHI�W&OH_-N%]PW�I�dH]^J�W.D�V�D&G=D&Y�J�NPGHQH]PJ�QHk=NP]PY�I�d9Z�b�OHY�o�HQHQ��¾�x%ÄSxa��xÇ��� ������ÄSI�Y�D�sLD�J�lzI�]POHI�W�OH_-NE]PW�I�dH]^J�W.DzFHGHI�Q�sPW�ILm=K�i�NPd�Z�b�OHYH�HQHQ��¾�x%ÄSxa��x¥��� � [ �*��b.]^J�l
ξ
Q
η
{ OHN^sLD&W�QH]PQHRT_-N�]j\=b�k=D&dHOH_-N�W�Nj\*QHkHQHOH_�n�FHGHQ�okHNPR

ξ + η
FHGHQHOHQHRaD&N^J
stO=DLkHNPOHQ�K

0
n
1
Q

2
]�W�NPGHILK�J�OHI�]^J�KHRTQ

1/3
Y�D�M5m*I�N&�.ÄSI�Y�D�osLD�J�lHn=k�J�IzILm*O=D
Q�sXW�Nj\*QHkHQHO

ξ
Q�\*Q

η
QHRTNPN^J9W�_-GHILM5m*NPOHOHI�NEG=D&]PFHGHNjm*Nj\*NPOHQ=N&�¾�x%ÄSxa��x;��� � @ ��CED&d�J�QqG=D&]PFHGHNjm*N�\*NtOHQ�K Y�I&J�I�GH_-R¯]PI�I&J�W�N^J�]^J�W&b�f[J�]j\*Njm=b�f%oi�QHNEFHGHI�Q�stW�ILm=K�i�QHNXZ�b�OHYH�HQHQ�h*D.�

(1 + z)2/4
~=v��

p(1 − (1 − p)z)−1 �¾�x%ÄSxa��x}��� �t£H��ÄSI�Y�D�sLD�J�lHn�k�J�IyV�D&G=D&Y�J�NPGHQH]^J.QHkHNP]tY�D�K�Z�b�OHYH�HQ�K`kHN^J�O=DuJ�I�oUem�D5QyJ�I�\*l�Y�I5J�I�Urm�D�n=Y�I�Urm�D5]PI�I&J�W�N^J�]^J�W&b�f[i
D�K�Z�b�OHYH�HQ�K�G=D&]PFHGHNjm*Nj\*NPOHQ�K
F (x)btm*I�W�\*N^J�W�I�G�KHN^J9]PI�I&J�OHI&p�NPOHQHf

F (x) = 1 − F (−x− 0)
�¾�x%ÄSxa��x���� ��¢��&ÄSI�Y�D�sLD�J�lHn.k�J�IEV�D&G=D&Y�J�NPGHQH]^J.QHk=NP]PY�D�K9Z�b�OHYH�HQ�K9W�N^i�NP]^J�W�NPO�oO=D�J�I�Urm�D5QyJ�I�\*l�Y�I5J�I�Uem�D�n*Y�I�Uem�D5I�O=D
kHN^J�O=D��¾�x%ÄSxa��x¸��� �L���tÄSI�Y�D�sLD�J�lHn&k�J�I�kHNjJ�O=D�K�V�D&G=D&Y�J�NPGHQH]^J.QHkHNt]PY�D�K5Z�b�OHYH�HQ�K

ϕ(t)FHGHNjm*]^J�D&W�QHRaDzW5W�Q�m*N
ϕ(t) =

+∞
∫

−∞

cos tx dF (x),

Uem*N
F (x)

{}]PI�I&J�W�N^J�]^J�W&b�f[i
D�K�Z�b�OHYH�HQ�K�G=D&]PFHGHNjm*Nj\*NPOHQ�K��¾�x%ÄSxa��x¿��� �����*��b�]^J�l
ξ
Q
η
{ÂOHN^sLD&W�QH]PQHRT_-NSItm*QHO=D&Y�I�W�IzG=D&]PFHGHNjm*Nj\*NPOHOH_%N]j\=b�k=D&dHOH_-N
W�Nj\*QHkHQHOH_¿]XV�D&G=D&Y�J�NPGHQH]^J.QHkHNt]PY�I�d Z�b�OHYH�HQHNPd

ϕ(t)
��CED&d�J�Q+V�D&G=D&Y�oJ�NPGHQH]^J�Q=kHNP]tY�b�f¥Z�b�OHYH�HQHfÇ]j\=b�k=D&dHOHI�d�W�Nj\*QHkHQHOH_

ξ − η
�¾�x%ÄSxa��xÇ��� � Ö �H��b.]^J�l

F (x)
{}Z�b�OHYH�HQ�KuG=D&]PFHGHNjm*Nj\*NPOHQ�K�]�V�D&G=D&Y�J�NPGHQH]^J.Q�okHNP]PY�I�d
Z�b�OHYH�HQHNPd

ϕ(t)
�LÄSI�Y�D�sLD�J�lHn�k�J�I��
�

ϕ(t)
KHW�\=KHN^J�]rK�V�D&G=D&Y�J�NPGHQH]^J.QHkHNt]PY�I�dZ�b�OHYH�HQHNPd�n*QuO=D&d�J�Qu]PI�I&J�W�N^J�]^J.W&b�f[i�b�f¥Z�b�OHYH�HQHf¿G=D&]PFHGHNjm*Nj\*NPOHQ�K��



b!cWd�e�f0g7iFj ¢ ���
¾�x%ÄSxT��xÇ��� �L���=��b�]^J�l

F (x)
{}Z�b�OHYH�HQ�KuG=D&]PFHGHNjm*Nj\*NPO=Q�K�]cV�D�G=D&Y�J�NPGHQH]PJ�Q�okHNP]PY�I�d'Z�b�OHYH�HQHNPd

ϕ(t)
��ÄSI�Y�D�sLD�J�lHn�k�J�I |ϕ(t)|2 KHW�\=KHN^J�]rK"V�D&G=D&Y�J�NPGHQH]^J.QHkHNt]PY�I�dZ�b�OHYH�HQHNPd�n�QyO=D&d�J�Q�]PI�I&J�W�N^J�]^J�W&b�f[iSb�f¿Z�b�OHYH�HQHf¿G=D&]PFHGHNjm*Nj\*NPOHQHK��¾�x%ÄSxT��x¥��� [�� ����b�]^J�l

ξ
Q
η
{ÂOHN^sLD&W�QH]PQHRT_-N�Itm*QHO=D&Y�I�W�IzG=D&]PFHGHNjm*Nj\*NPOHO=_-N]j\=b�k=D&dHOH_-N-W�Nj\*QHkHQHOH_�n&QHRTNPf[i�QHN�]PQHRTRTN^J�GHQHkHO=I�N�G=D&]PFHGHNjm*Nj\*NPO=QHN&n�FHGHQHkHNPR

ξ−ηQ |ξ| − |η| Itm*QHO=D&Y�I�W�I5G=D&]PFHGHNjm*Nj\*NPO=_���CED�d�J�Q�G=D&]PFHGHNjm*Nj\*NPOHQHN ξ �



ñ ò! æóø÷ ç�ß#" ßm  ãÛä�ç«ª ã Ê�õ«·¼Ï æ¿Ð�ç«ª ã
B ã§õ èÑÏ�è�ç«ª

ø ùûúýüËþ¿ÿ�� ��­
��b�]^J�l"sLD�m�D&OHI"OHNPY�I&J�I�GHI�N�W�NPGHILK�J�OHI�]^J�OHI�N
FHGHI�]^J�G=D&OH]^J�W�I

(Ω, F , P)
Q+]j\=b.ok=D&dHOH_-NEW�Nj\*QHkHQHOH_

ξ1, . . . , ξn
O=D5OHNPR-�¤��EÁ���Ä��¦Ã��aCE���Â� � � ���l�@��=E���`


ξ(ω) = (ξ1(ω), . . . , ξn(ω))
�!��;+$��+�	������^

n
. ���B
����*1��B��HE><��1!���*1����\��'!>�'!���*1L'���'L�\��HE><��1!�!$&������=E���`

�D�N�-�(;+�!��>U���!'<^<�7'�(�-�+=���'!)+�������3A�

������
������������

IRn R¤��EÁ���Ä��¦Ã��aCE���¯� � � [ ��å�HE�!=E�!'<^
P(ξ ∈ B) = P{ω| (ξ1(ω), . . . , ξn(ω)) ∈ B},�*A�

��)+�B�
���!�!�*^Ü)��U^4���-��% / �`

�\�
�-����=E'<%n�7���98:�-�����

B ∈ Bn

C�PD)+� Bn

�-���"I / �*.

�B�
�-����=E�*^
σ
.B�9�
P#� / 
���A��*)-�7���98:�-�����

IRn C��!��;+$��+�	������^O
��	��A�

��)+�\�
���!'��\�ø�\��HE.><��1!����P#�Q����=E���`
��
ξ

'���'Ü�-���9���-���"�!$&�¼
��	��A�

��)+�B�
���!'�� �ø�B��HE><��1!�!$&%Ü���\��'!><'!�
ξ1, . . . , ξn

R¤��EÁ���Ä��¦Ã��aCE����� � � @ �!��A�

��)+�B�
���!�!�*^�)��U^����-��%�����?��-���������!�!$&%
x1, . . . , xn�0HE�!=E�!'<^

F (x1, . . . , xn) = P(ξ1 < x1, . . . , ξn < xn)
�!��;+$��+�	������^n�0HE�!=E�!'���1
��	��A�

��)+�B�
���!'<^L�B��HE><��1!����P#�,����=E���`
��

ξ
'���'��-���9���-���"���*1��0HE�!=E�!'��#1G
��	��A�

��)+��.�
���!'<^Q�B��HE><��1!�!$&%Q���\��'!><'!�

ξ1, . . . , ξn
R¤��EÁ���Ä��¦Ã��aCE���ä� � � £H�0���B��'K��HE?��-�����+H����ø���-�*��
�'!�!�����B��IE�!�*^K�0HE�!=E�!'<^

f(x) = f(x1, . . . , xn)
C
x ∈ IRn C5�"��=E�*^UC�><����)��U^Q���-��%

B ∈ Bn

P(ξ ∈ B) =
∫

B

f(x) dx ≡
∫

. . .
∫

B

f(x1, . . . , xn) dx1 . . . dxn,

���K�-���*�������������+HE6�?��-�¾
��	��A�

��)+�B�
���!'����!��;+$��+�	������^�� / �-�`��6��"���]����A�

�B
�$��+.�!$&��CY���0HE�!=E�!'<^
f(x)

2ZA��
�*�"�������"IE6L
��	��A�

��)+�B�
���!'<^¾�\��HE><��1!����P#������=E���`
��
ξ'���'Q�-���9���-�#���!�*1QA��
�*�"�������"IE6_�B��HE><��1!�!$&%Q���\��'!><'!�

ξ1, . . . , ξn
R

� ���



b!cWd�e(fhg�iFj�® � � �
¤��EÁ���Ä��¦Ã��aC����;� � �Ô¢��h�¾�#

PD'!�!�9��IE�!$&�7'�'���'�><�	���"�!$&�7'S
��	��A�

��)+�\�����!'!.^<�7'O�!��;+$��+��6�����^G
��	��A�

��)+�\�
���!'<^��B��HE><��1!�!$&%����\��'!><'!�

ξi
C
i = 1, . . . , n

C�=��D�7.A��*�����!�N����=E���`
��
ξ
R¾�x��S�a��x�CE���¿� � � �&�&�¾�#

PD'!�!�9�!I��v$5�cQ�\*Q�><�	���"�!$����0HE�!=E�!'!'~
��	��A�

��)+�B�
��.�!'<^1Y�I�RTFHI�OHNPO�J�]j\=b�k=D&dHOHI�UPIEW�NPY�J�I�G=D

ξ
h
Fi(x) = P(ξi < x)

{ÇW�_-kHQH]j\=KHf[J�]rK5FHI]PI�W�RTNP]^J�OHI�d�Z�b�OHYH�HQHQ�G=D&]PFHGHNjm*Nj\*NPOHQ�K
F (x1, . . . , xn)

]j\*Njm=b�f[i�QHR�I�v�G=D�stI�R-h
Fi(xi) = F (+∞, . . . , +∞, xi, +∞, . . . , +∞).�©T Ö v�_:\*I`m�D&OHI�I�FHGHNjm*Nj\*NPOHQHN OHN^sLD&W�QH]PQHRT_:V�]j\=b�k=D&dHOH_:VêW�Nj\*QHkHQHO��-��I�oW&J�I�GHQHR»|^J�I�I�FHGHNjm*Nj\*NPOHQHN+QgFHGHQHW�Njm*NPR;G.K�m¨b�J�W�NPG�M5m*NPOHQHdgmH\=KgOHN^sLD&W�QH]PQHRT_:V]j\=b�k=D&dHOH_:V�W�Nj\*QHkHQHO��¤��EÁ���Ä��¦Ã��aC����í� � � ���¾|q��HE><��1!�!$��]���B��'!><'!�!$

ξ1, . . . , ξn
�!��;+$��+��6�����^

Ò ������%!�	���"'!>U�-��=E' Ó ���D;+�	�+'���'<�7$&�7'UC5�-�B��'Q)��U^Q���-��%
Bi ∈ B C

i = 1, . . . , n
C

P(ξ1 ∈ B1, . . . , ξn ∈ Bn) = P(ξ1 ∈ B1) · . . . · P(ξn ∈ Bn). (10.1)

¾�x��S�a��x�CE���1� � � [ ���:_-GHILM5m*NPOHO=D�K+]j\=b�k=D&dHO=D�K+W�Nj\*QHkHQHO=D9]^J�ItV�D&]^J�QHkHNt]PYHQOHN�sLD&W�QH]PQ�J9I&J
\*fcv�I�du]j\=b�k=D&dHOHI�d�W�Nj\*QHkHQHOH_��¾�x%ÄSxT��x1� � � ������I�]^J�GHI�Q�J�lXFHI�]j\*Njm*I�W.D�J�Nj\*l�OHI�]^J.lXOHNPW�_-GHILM5m*NPOHOH_:V5OHN^sLD&W�Q�o]PQHRT_:Vu]j\=b�k=D&dHOH_:V�W�Nj\*QHkHQHO��Á���om�aCE���-�c��b�]^J�l¨v.D�stI�W�I�NqW�NPGHILK�J�OHI�]^J�OHI�N`FHGHI�]^J�G=D&OH]jJ.W�I¸NP]^J�lgJ�GHI�dHY�D
([0, 1], B[0, 1], λ)

n�Uem*N
λ
{»RTNPG=DEÃXNPv�NPUjD���¤�FHGHNjm*Nj\*QHR�FHI�]j\*Njm*I�W.D�J�Nj\*l�OHI�]^J�l
]j\=b.ok=D&dHOH_:VuW�Nj\*QHkHQHO

ξ1, ξ2, . . .
]j\*Njm=b�f[i�QHR�I�v�G=D�stI�R-h

ξn(ω) =
{

1,
NP]�\*Q

ω ∈ An;
0,

NP]�\*Q
ω ∈ An,Urm*N

An =
2n−1
⋃

i=1

[

2i− 2

2n
,

2i− 1

2n

]

,

n = 1, 2, . . .
��CED9GHQH]^b�OHY�D�V�� � � ��Q�� � � [ Q�stI�v�G=D�M
NPOH_ÇFHNPGHW�_-NSm*W.D9k�\*NPO=D"|^J�I�dFHI�]j\*Njm*I�W.D�J�Nj\*l�OHI�]^J.Q��

ω

ξ1(ω)

1

1

1
2

0 ω

ξ2(ω)

1

1

1
2

1
4

3
4

0

Ïd����»¼±���º £`í�¾ £ Ïd����»¼±���º £`í�¾ ¤
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��b�]^J�l

n
{1FHGHI�Q�stW�I�\*l�OHI�N�O=D�J&b�G=D�\*l�OHI�N:kHQH]j\*IH�LÄE\=KXFHGHI�W�NPGHYHQSOHN^sLD&W�QH]PQHRTI�o]^J�Qum*QH]PYHGHN^J.OH_:V)]j\=b�k=D&dHOH_:V+W�Nj\*QHkHQHOum*I�]^J&D�J�I�kHOHI"FHI�Y�D�sLD�J�l9]PFHG=D&W�NjmH\*QHW�I�]^J�lG=D&W�NPOH]^J�W.D`�Ó� � � ���[J�I�\*l�Y�IymH\=K W�]PNjV Itm*OHI&J�I�kHNPkHOH_:V`RTOHILM
NP]^J�W

Bi = {xi}
��]PR-�GHN^p�NPOHQHNXstD�m�D�kHQ+��� [ ���j�=��k=D&]^J�OHI�]^J�Q�nHmH\=K

x1 = . . . = xn = 1
QHRTNPNPR

P(ξ1 = 1, . . . , ξn = 1) = P

([

0,
1

2n

])

=
1

2n
= P(ξ1 = 1) · . . . · P(ξn = 1).

¤�kHNPW�Q�m*OHIHn=k�J�I
mH\=KyI�]^J�D�\*l�OH_:V
x1, . . . , xn

G=D&W�NPOH]^J�W�I5J&D&Y�M
N�W�_-FHI�\*O�KHN^J�]�K���@��¤�Á����ux � � � � ��YHGHQ�J�NPGHQHd OHN^sLD&W�QH]PQHRTI�]^J�Q*�j��|q��HE><��1!�!$������B��'!><'!�!$
ξ1, . . . , ξn

���D;+�	�+'���'<�7$n����PD)���'¾���`��IE=�������PD)���C�=���PD)���'<%¾�-���9���-���"�!�*^M�0HE�!=E.�!'<^V
��	��A�

��)+�B�
���!'<^GA�

��)+���"�	�+'<�7���V�+'!)+��A�

�*'U;�����)+�#�!'<^��7�#

PD'!�!�9��IE�!$&%,�0HE�!=E.�!'!1(
��	��A�

��)��\�
���!'<^Q)��U^O���-��%
x1, . . . , xn ∈ IR

�
F (x1, . . . , xn) = F1(x1) · . . . · Fn(xn).

ç�Ã���Ä
ç:�[�����}� � � ���h�T]j\*QgG=D&]PFHGHNjm*Nj\*NPOHQHN�]j\=b�k=D&dHOHI�U^I�W�NPY�J�I�G=D
ξ = (ξ1,

. . . , ξn)
KHW�\=KHN^J�]�K�D&v�]PI�\*f[J�OHI�OHNPFHGHNPGH_-W�OH_-R-n:J�I`OHNPI�vtV.ILm*QHRT_-RÀQ§m*I�]^J&D�J�I�k�oOH_-R�b�]j\*I�W�QHNPRÇOHN^sLD&W�QH]PQHRTI�]^J�Q

ξ1, . . . , ξn
KHW�\=KHN^J�]rK�W�I&stRTI�M9OHI�]^J�l+FHGHNjm*]^J�D&W�o\*NPOHQ�K`mH\=KgW�]PNjV

x1, . . . , xn ∈ IR
]PI&W�RTNP]^J�OHI�d¨F�\*I&J�OHI�]^J�Q¨Y�D&Y§FHGHI�Q�stW�Njm*NPOHQ�K�7�#

PD'!�!�9��IE�!$&%MA��
�*�"����������1=h

f(x1, . . . , xn) = f1(x1) · . . . · fn(xn).��b�]^J�l
ξ
Q
η
{ OHN^sLD&W�QH]PQHRT_-N)]j\=b�k=D&dHOH_�NqW�Nj\*QHkHQHOH_¼]�Z�b�OHYH�HQ�KHRTQ�G=D&]joFHGHNjm*Nj\*NPOHQ�K

H(x)
Q
G(x)

]PI�I&J�W�N^J�]^J�W�NtOHOHIH�HCED&d�m*NPR�Z�b�OHYH�HQHf¯G=D&]PFHGHNjm*Nj\*NPOHQHK]^b�RTRT_1|^J�Q�Vu]j\=b�k=D&dHOH_:V�W�Nj\*QHkHQHO�����I5I�v�I�v&i�NPOHOHI�duZEI�GHR¦bt\*NXFHI�\*OHI�duW&NPGHI�K�J�oOHI�]^J�Q�QHRTNPNPR
F (x) = P(ξ + η < x) = P(ξ < x− η) =

+∞
∫

−∞

H(x− y) dG(y).

¾�D&RTN^J�QHR-n=k�J�I
m�D&OHO=D�KuZEI�GHR¦bt\�D
KHW�\=KHN^J�]rK�]PQHRTRTN^J�GHQHkHOHI�d�n*J�IzNP]^J�l
F (x) =

+∞
∫

−∞

G(x− y) dH(y).

¤��EÁ���Ä��¦Ã��aCE���¯� � �Ô���0|0���B
��"=��*1M�0HE�!=E�!'!1�
��	��A�

��)+�\�
���!'<^
H(x)

'
G(x)�!��;+$��+�	������^M�0HE�!=E�!'<^

F (x) =

+∞
∫

−∞

H(x− y) dG(y) =

+∞
∫

−∞

G(x− y) dH(y).
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� / �-;+�!��>U���!'��9�

F (x) = (H ∗G)(x) = (G ∗H)(x)
'���'

F = H ∗G = G ∗H R¾�x��S�a��x�CE���¨� � � @ ��¡Sb�OHYH�HQ�K"G=D&]PFHGHNjm*Nj\*NPOHQ�K"]^b�RTRT_¨m*W&b.VzOHN^sLD&W�QH]PQHRT_:V]j\=b�k=D&dHOH_:V�W�Nj\*QHkHQHO�NP]^J�lz]PW�NPG�J�Y�D5Z�b�OHYH�HQHd�G=D&]PFHGHNjm*Nj\*NPOHQHK�]j\�D&UjD&NPRT_:V��¾�x��S�a��x�CE���¼� � � £H���T]j\*Q�Z�b�OHYH�HQ�K�G=D&]PFHGHNjm*Nj\*NPOHQ�K
H(x)

QHRTNPN^JgF�\*I&J�oOHI�]^J�l
h(x)

n�J�Iz]PW�NPG�J�Y�D
F (x) = (H ∗G)(x)

J�D&Y�M5N�QHRTNPN^J"F�\*I&J�OHI�]^J�l
f(x) =

+∞
∫

−∞

h(x− y) dG(y). (10.2)

¤��EÁ���Ä��¦Ã��aC����1� � � Ö �0å�HE�!=E�!'<^(
��	��A+

��)+�\�
���!'<^
H(x)

�!��;+$��+�	������^¾=��D�7.A��*�����!���*1Ü�0HE�!=E�!'!'�
��	��A�

��)+�\�
���!'<^
F (x)

C��-�B��'4��HE?��-�����+H����¶�0HE�!=E�!'<^�
��	��.A�

��)+�\�
���!'<^
G(x)

�"��=E�*^UC5><���
F = G ∗H R¤��EÁ���Ä��¦Ã��aC������ � � ���&|h'<�@������
�'U;+���!'���1S�0HE�!=E�!'!'"
��	��A�

��)+�\�
���!'<^

F (x)�!��;+$��+�	������^Q�0HE�!=E�!'<^(
��	��A�

��)+�B�
���!'<^
F (s)(x) =

+∞
∫

−∞

F (x+ y) dF (y).

¾�x��S�a��x�CE����� � �Ô¢���ç:QHRTRTN^J�GHQ�s�D&�HQ�K5Z�b�OHYH�HQHQ
G=D&]PFHGHNjm*Nj\*NPO=Q�K
F (x)

NP]^J�lZ�b�OHYH�HQ�K�G=D&]PFHGHNjm*Nj\*NPOHQ�KÇG=D�stOHI�]^J�Q�OHN^sLD&W�QH]PQHRT_:V�Itm*QHO=D&Y�I�W�I¸G=D&]PFHGHNjm*Nj\*NPO�oOH_:Vu]j\=b�k=D&dHOH_:V�W�Nj\*QHkHQHO�n=QHRTNPf[i�Q�V�Z�b�OHYH�HQHfÇG=D&]PFHGHNjm*Nj\*NPO=Q�K
F (x)

�¾�x��S�a��x�CE����� � � ����ç:QHRTRTN^J�GHQHsLD&�HQ�KyZ�b�OHYH�HQHQ'G=D&]PFHGHNjm*Nj\*NPOHQ�K'KHW�\=KHN^J�]rKZ�b�OHYH�HQHNPdzG=D&]PFHGHNjm*Nj\*NPO=Q�Kz]j\=b�k=D&dHOHI�dzW�Nj\*QHkHQHOH_
η
n�QHRTNPf[i�NPdS��'<�@������
�'!><�����
��	��A�

��)+�\�
���!'��^nHJ�I9N^]^J�l

P(η < x) = P(η > x)mH\=K9W�]PNjV
x ∈ IR

�&ÄSNPdH]^J�W�Q�J.Nj\*l�OHIHn�F�b.]^J�l
η

d
= ξ− ξ1

n�Uem*N
ξ
Q
ξ1
{¥OHN^sLD&W�QH]PQHRT_-NILm*QHO=D&Y�I�W�I5G=D&]PFHGHNjm*Nj\*NPOHOH_%NS]j\=b�k=D&dHOH_-NXW�Nj\*QHkHQHOH_��*��I�Uem�D

P(η < x) = P(ξ − ξ1 < x) = P(ξ1 − ξ < x) = P(−η < x) = P(η > x).¾�x%ÄSxT��xä� � � [ ����b�]^J�l
ξ
Q
η
{ OHN^sLD&W�QH]PQHRT_-N�]j\=b�k=D&dHOH_-N
W�Nj\*QHkHQ�OH_�n�QHRTNjof[i�QHN
G=D&W�OHI�RTNPGHOHI�N�O=D9I&J�GHN^stY�N
[0, 1]

G=D&]PFHGHNjm*Nj\*NPOHQHN���CED&d�J�Q)G=D&]PFHGHNjm*Nj\*NPO=QHN]j\=b�k=D&dHOHI�d�W�Nj\*QHkHQHOH_
ξ + η

�Á���om�aCE���-�.��b.]^J�l
h(x)

{ÇF�\*I&J�OHI�]^J�lX]j\=b�k=D&dHOH_:V5W�Nj\*QHkHQHO
ξ
Q
η
��CED&d�m*NPRF�\*I&J�OHI�]^J�l

f(x)
]j\=b�k=D&dHOHI�d�W�N�\*QHkHQHOH_

ξ + η
�*¾�D&RTN^J�QHR-n=k�J�I

h(x− y) =
{

1
FHGHQ

x− y ∈ [0, 1];
0
FHGHQ

x− y 6∈ [0, 1],

h(y) =
{

1
FHGHQ

y ∈ [0, 1];
0
FHGHQ

y 6∈ [0, 1].
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�:I�]PFHI�\*l&sPb�NPRT]rK�ZEI�GHR¦bL\*I�d`�Ó� � � [ �j�=��RTNPNPR

f(x) =

+∞
∫

−∞

h(x− y)h(y) dy.

��GHQ
x 6∈ [0, 2]

FHItm*_-O�J�NPUPG=D�\*l�O=D�K�Z�b�OHYH�HQ�KqG=D&W�O�KHN^J�]�K O�bt\*fS����GHQ
x ∈ [0, 2]FHItm*_-O�J�NPUPG*D�\*l�O=D�K9Z�b�OHYH�HQ�K9G=D&W�O�KHN^J�]rK9Njm*QHOHQH�HN[J�I�Uem�DXQ5J�I�\*l�Y�IXJ�I�Uem�D�n�Y�I�Urm�D

x− y
Q
y
FHGHQHO=D�mH\*N^M5D�J5I&J�GHN^stY�b

[0, 1]
Itm*OHI�W�GHNPRTNPOHOHIHnHJ�I5NP]^J�l

x− 1 ≤ y ≤ x
��¦D&YHQHRgI�v�G=D�stI�R-nHFHGHQ

x ∈ [0, 1]

f(x) =

x
∫

0

h(x− y)h(y) dy = x,

D
FHGHQ
x ∈ [1, 2]

f(x) =

1
∫

x−1

h(x− y)h(y) dy = 2 − x.

��I�]^J&D�\*l�OH_:VyJ�I�kHY�D�V
f(x) = 0

���T Ö RT_ÂFHI&stO=D&Y�I�RTQ�\*QH]Pl�]yFHI�O�K�J�Q�KHRTQ§��Y�I�W.D&GHQ=D&�HQ�K��'Q���Y�I�|PZEZEQH�HQHN^O�JY�I�GHGHNj\=KH�HQHQ����=Á�D&]P]PRTI&J�GHQHR¨OHNPY�I&J�I�GH_-NE]PW�I�dH]^J�W.D
|^J�Q�VyI�v&¹�NPY�J�I�WH�=�u_�b�M
N�FHI�oY�D�sLD�\*Q�n=k�J�I9N^]j\*Q�]j\=b�k=D&dHOH_-NSW�Nj\*QHkHQHOH_¯KHW�\=KHf[J�]rKuOHN^sLD&W�QH]PQHRT_-RTQ�n*J�IzQ�VyY�I�oW.D&GHQ=D&�HQ�KyG=D&W�O�KHN^J�]rK�O�bL\*fS�*�:NPGHOHI
\*QuI�v�G=D�J�OHI�N�b�J�W�NPG.M5m*NPOHQHNLw¾�x%ÄSxa��xû� � � @ ����I�Y�D�sLD�J�lHn�k�J�I+Q�s'OHNPY�I�GHGHNj\*QHGHI�W.D&OHOHI�]^J�Q§]j\=b�k=D&dHOH_:V�W�Njo\*QHkHQHO
ξ
Q
η
OHNE]j\*Njm=b�N^J�n*k�J�I

ξ
Q
η
OHN^sLD&W�QH]PQHRT_��Á���om�aCE���-�*��b.]^J�l

ζ
Q
ξ
{äOHN^sLD&W�QH]PQHRT_-NE]j\=b�k=D&dHOH_-NXW�Nj\*QHkHQHOH_�n=FHGHQHkHNPR

Eξ = Eζ = 0
�T��I�\*ILM9QHR

η = ξζ
�T¤�kHNPW�Q�m*OHIHnTk�J�I

ξ
Q
η
OHN"KHW�\=KHf[J�]�K§OHN^sLD�oW�QH]PQHRT_-RTQ�� sLDqQH]PY�\*fckHNPOHQHNtR»J�GHQHW�Q=D�\*l&OH_:V¸]j\=b�k=D�NPWHn�O=D&FHGHQHRTNPG�naY�I�Urm�D

ξ
{W�_-GHILM5m*NPOHO=D�Ku]j\=b�k=D&dHO=D�KuW�Nj\*QHkHQHO=D.�j�*��GHQu|^J�I�R

Eξη = Eξ2ζ = Eξ2Eζ = 0 = EξEη.

¾�x%ÄSxa��xÀ� � � £H�*��I�Y�D�sLD�J�l�n�k�J�I9Y�I�|PZEZEQH�HQHNPO�J'Y�I�GHGHNj\=KH�HQHQ
ρ(ξ, η)

\*fcv�_�VOHNPW�_-GHILM5m*NPOHOH_:V9]j\=b�k=D&dHOH_:V"W�Nj\*QHkHQHO
ξ
Q
η
n�QHRTNPf%i�Q�V"Y�I�OHNPkHOH_-NcW&J�I�GH_-NcRTI�oRTNPO�J�_�n*I�v�\�D�m�D&N^Jz]PW�I�dH]^J�W.D&RTQ�h

���
ρ(ξ, η) = 0

nHNP]j\*Q
ξ
Q
η
OHN^sLD&W�QH]PQHRT_�~

[ � |ρ(ξ, η)| ≤ 1
~

@ � |ρ(ξ, η)| = 1
J�I�Uem�DcQXJ�I�\*l�Y�I[J�I�Urm�D�n�Y�I�Uem�D

ξ
Q
η
FHI�k�J�Q�O=D&W�NPGHOHI�NT\*QHOHNPdHOHI]PW&K�sLD&OH_��



b!cWd�e(fhg�iFj�® � � ¢
Á���om�aCE���-����NPGHW�I�NE]PW�I�dH]^J�W�Izv�_:\*IzI�v&I�]POHI�W.D&OHI5WGT Ö �*��b�]^J�l

ξ1 =
ξ − Eξ√

Dξ

Q
η1 =

η − Eη√
Dη

.

¾�D&RTN^J�QHR-n�k�J�I
Eξ1 = Eη1 = 0

Q
Dξ1 = Dη1 = 1

��]j\=b�k=D&dHOH_-N5W�Nj\*QHkHQHOH_�n�btm*I�oW�\*N^J�W�I�G.K=f%i�QHNE|^J�QHR§]PW�I�dH]^J�W.D&R§O=D�st_-W.D&f[J�]rKQ�����!��
�'�

�*�+���!�!$&�7'5Q¾���`
E�7'�

�*.�+���!�!$&�7'X]PI�I�J�W�N^J�]^J.W�NPO=OHI��j��ç:FHG=D&W�NjmH\*QHW.DE]j\*Njm=b�f[i
D�K9�HNPFHI&kHY�D�]PI�I&J�OHI&p�NPOHQHd�h
0 ≤ D(ξ1 ± η1) = E(ξ1 ± η1)

2 = Eξ2
1 + Eη2

1 ± 2ρ(ξ, η) = 2 ± 2ρ(ξ, η),

Y�I&J�I�G=D�KyQ'm*I�Y�D�st_-W.D&N^J9W&J�I�GHI�NE]PW�I�dH]^J�W�IzY�I�|PZEZEQH�HQHNPO�J�DzY�I�GHGHNj\=KH�HQHQ����b�]^J�l
ξ
Q
η
FHI�k�J�Q'O=D&W�NPGHOHI�N[\*QHOHNPdHOHI
]PW&K�sLD&OH_�n�J�I
NP]^J�l

P(η = a+ bξ) = 1mH\=KuOHNPY�I&J�I�GH_:Vym*NPdH]^J�W�Q�J�N^\*l�OH_:V�kHQH]PNj\
a
Q
b 6= 0

�=��RTNPNPR
ρ(ξ, η) = E

ξ − Eξ√
Dξ

· a+ bξ − a− bEξ

|b|√Dξ
=

ò`ó´µ	ô
b.

��GHNjm*FHI�\*ILM9QHRgJ�NPFHNPGHlHn*k�J�I |ρ(ξ, η)| = 1
�H��I�Uem�D

D(ξ1 ± η1) = 2 ± 2ρ(ξ, η) = 0.C�IgFHI�]j\*Njm*OHNPN�G=D&W�NPOH]^J�W�I¨RTILM5N^JgQHRTN^J�l¨RTNP]^J�Ig\*Q�p�lgWg]j\=b�k=D&N&n[Y�I�Uem�Dg]j\=b.ok=D&dHO=D�K�W�Nj\*QHkHQHO=D
ξ1 ± η1

KHW�\=KHN^J�]rKêW�_-GHILM5m*NPOHOHI�d¥��W§OHNPY�I&J�I�GHI�d�J�I�kHY�N
c
�j�ça\*Njm*I�W.D�J�Nj\*l�OHIHn

P

(

ξ = ∓
√
Dξ√
Dη

η ±
√
Dξ√
Dη

Eη + c
√

Dξ + Eξ

)

= 1.

�M�5�~���_�7��� � �������7�7�
¾�x%ÄSxT��xÀ� � �Ô¢��*��I�Y�D�sLD�J�lz]^FHG=D&W�NjmH\*QHW�I�]^J�l9sLD&RTNPk=D&OHQ�K � � � [ �¾�x%ÄSxT��x¯� � � ������I�]^J�GHI�Q�J�l�FHI�]j\*Njm*I�W.D�J�Nj\*l�OHI�]^J.l�OHN^sLD&W�QH]PQHRT_:V
]j\=b�k=D&dHOH_:VW�Nj\*QHkHQHO�n*QHRTNPf[i�Q�VuG=D&W�OHI�RTNPGHOHI�NEO=D5I&J�GHN^stY�N

[0, 1]
G=D&]PFHGHNjm*Nj\*NPOHQHN��¾�x%ÄSxT��xä� � �Ô������b�]^J�l

ξ
Q
η
{ OHN^sLD&W�QH]PQHRT_-N�]j\=b�k=D&dHOH_-N
W�Nj\*QHkHQ�OH_�n�QHRTNjof[i�QHN[G=D&W�OHI�RTNPGHOHI�N%O=D�I&J�GHN^stY�N

[0, 1]
G=D&]PFHGHNjm*Nj\*NPO=QHN&��CED&d�J�Qz]PQHRTRaNjJ�GHQHsLD&�HQHfQ�VuZ�b�OHYH�HQHQ�G=D&]PFHGHNjm*Nj\*NPOHQHK��¾�x%ÄSxT��xÅ� � � Ö �T�uI�U^b�J+\*Q§OHNPW�_-GHILM5m*NPOHOH_-Ny]�\=b�k=D&dHOH_-NuW�Nj\*QHkHQHOH_

ξ
Q
ηv�_�J�lS]^J�ItV�D&]^J�Q=kHNP]tYHQ9OHN^sLD&W�QH]PQHRT_-RTQ�n�NP]j\*QzI�OHQz]PW&K�sLD&OH_¨Z�b�OHYH�HQHI�O=D�\*l�OHI�dzsLD�oW�QH]PQHRTI�]^J�l�fSn*O=D&FHGHQHRTNPG�n

ξ2 + η2 = 1
w
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¾�x%ÄSxa��xÂ� � � ������b�]^J�l

ξ
Q
η
{û]j\=b�k=D�dHOH_-NzW�Nj\*QHkHQHOH_�n

P(ξ > 0) = P(η >
0) = 3/4

n
P(ξ + η > 0) = 1/2

��ÄSI�Y�D�sLD�J�lHn=k�J�I
ξ
Q
η
OHNEOHN^sLD&W�QH]PQHRT_��¾�x%ÄSxa��x � � � � � �Eça\=b�k=D&dHOH_-NgW�Nj\*QHkHQHOH_

ξ1
Q
ξ2
OHN^sLD&W�QH]PQHRT_ Q¿QHRTNPf%JF�b.D&]P]PI�OHI�W�]PY�I�NSG=D&]PFHGHNjm*Nj\*NPOHQ=NS]XF=D&G=D&RTN^J�G=D&RTQ

λ1

Q
λ2

]PI&I&J�W�N^J�]^J.W�NPO=OHIHn�FHGHQ�okHNPR
λ1 ≤ λ2

��ÄSI&Y�D�sLD�J�lHn¦k�J�I+mH\=K�\*f[v�I�UPI
t ≥ 0

W�_-FHI�\*O�KHN^J�]rKgOHNPG=D&W�NPOH]^J�W�I
P(ξ1 ≤ t) ≥ P(ξ2 ≤ t)

�¾�x%ÄSxa��xê� � � �����&ça\=b�k=D&dHOH_-N�W�Nj\*QHkHQHOH_
ξ1
Q
ξ2
OHN^sLD&W�QH]PQHRT_§Q�QHRTNPf%J�F�b�D&]jo]PI�OHI�W�]PY�I�NqG=D&]^FHGHNjm*Nj\*NtOHQHN ]qF=D&G=D&RTN^J�G=D�RaQ

λ1
Q
λ2
]PI�I&J�W�N^J�]^J.W�NPOHOHIH�[CED&d�J�Q

P(ξ1 = k| ξ1 + ξ2 = n)
n
k = 1, . . . , n

�¾�x%ÄSxa��x¿� � � � [ ����b.]^J�l
ξ
Q
η
{;OHN^sLD&W�QH]PQHRT_-N�]j\=b�k=D�dHOH_-N�W�Nj\*QHkHQHOH_�n�FHGHQ�okHNPR

ξ
QHRTNPN^J
FHI&Y�D�sLD�J�Nj\*l�OHI�NcG=D&]PFHGHNjm*Nj\*NPOHQ=N�][F=D&G=D&RTN^J�GHI�R

1
n�D

η
G=D&W�OHI�RTNPGHOHIG=D&]PFHGHNjm*Nj\*NPO=DzO=D5I&J�GHN^stY�N

[0, 1]
�*CED&d�J�QuF�\*I&J�OHI�]^J�l9G=D&]PFHGHNjm*Nj\*NPO=Q�K

ξ + η
�¾�x%ÄSxa��xê� � � � @ ����b�]^J�l

ξ
Q
η
{1OHN^sLD&W�QH]PQHRT_-N�]j\=b�k=D&dHOH_-N-W�Nj\*QHkHQHOH_`J&D�YHQHN&nk�J�IS]^b�RTRaD

ξ+η
QHRTNPN^JSW�_-GHI�M
m*NPOHOHI�N[G=D&]PFHGHNjm*Nj\*NPOHQ=N&�.ÄSI�Y�D�sLD�J�lHn�k�J�IXY�D�M5m�D�KQ�s']j\=b�k=D&dHOH_:V§W�Nj\*QHkHQHO

ξ
Q
η
QHRTNPN^JqW�_-GHI�M5m*N^OHOHI�N'G=D&]PFHGHNjm*Nj\*NPOHQHN&���uI�M9OHI\*Qu|^J�I5b�J�W�NPG.M5m�D�J�lHn*NP]j\*Q

ξ
Q
η
OHN�KHW�\=KHf[J�]rKuOHN^sLD&W�QH]PQHRT_-RTQ*w¾�x%ÄSxa��x¿� � � �t£H����b.]^J�l

ξ
Q
η
{;OHN^sLD&W�QH]PQHRT_-N�]j\=b�k=D�dHOH_-N�W�Nj\*QHkHQHOH_�n�FHGHQ�okHNPR1]j\=b�k=D&dHOH_-N"W�Nj\*QHkHQHOH_

ξ + η
Q
ξ
Itm*QHO=D&Y�I�W�IuG=D&]PFHGHNjm*Nj\*NPOH_E�¦CED&d�J�Q�G=D&]joFHGHNjm*Nj\*NPOHQHNS]j\=b�k=D&dHOHI�d�W�Nj\*QHkHQHOH_

η
�¾�x%ÄSxa��xä� � � ��¢�����b�]^J�l

ξ
{ ]j\=b�k=D&dHO=D�K+W�Nj\*QHkHQHO=D"]SZ�b�OHYH�HQHNPd)G=D&]PFHGHNjm*Njo\*NPOHQ�K

F (x)
��CED&d�J�Q Z�b�OHYH�HQHf}G=D&]PFHGHNjm*Nj\*NPOHQ�K

F2(x, y)
]j\=b�k=D&dHOHI&UPI+W�NPY�J�I�G=D

(ξ, ξ)
�¾�x%ÄSxa��xä� � � �L������b�]^J�l

ξ
{ ]j\=b�k=D&dHO=D�K+W�Nj\*QHkHQHO=D"]SZ�b�OHYH�HQHNPd)G=D&]PFHGHNjm*Njo\*NPOHQ�K

F (x)
��CED&d�J�Q Z�b�OHYH�HQHf}G=D&]PFHGHNjm*Nj\*NPOHQ�K

F2(x, y)
]j\=b�k=D&dHOHI&UPI+W�NPY�J�I�G=D

(ξ, |ξ|) �¾�x%ÄSxa��x�� � � ��������b.]^J�l
ξ
{¥]j\=b�k=D&dHO=D�KzW�Nj\*QHkHQHO=D�n.QHRTNPf[i
D�KzG=D&W�OHI�RTNPGHOHI�NO=D%I&J�GHN^stY�N

[0, 1]
G=D&]PFHGHNjm*Nj\*NPOHQHN��&CED&d�J�QSG=D&]PFHGHNjm*Nj\*NPO=QHN�]�\=b�k=D&dHOHI�d�W�Nj\*QHkHQHOH_

−λ−1 ²õô ξ n λ > 0
�¾�x%ÄSxa��x»� � � � Ö ����b�]^J�l

ξ
{äOHNPW�_-GHILM5m*NPOHO=D�Ky]j\=b�k=D�dHO=D�KuW&Nj\*QHkHQHO=D
]�]PQHR�oRTN^J�GHQHkHOH_-R¯G=D&]PFHGHNjm*Nj\*NPOHQHNtRêQ)Y�I�OHNPkHOHI�d�m*QH]PFHNPGH]PQHNtd���CED�d�J�QqY�I�|PZEZEQH�HQHNPO�JY�I�GHGHNj\=KH�HQHQ�]j\=b�k=D&dHOH_:V�W�Nj\*QHkHQHO

ξ
Q |ξ| �¾�x%ÄSxa��xä� � � �L���*��b.]^J�l

ξ
{Â]j\=b�k=D&dHO=D�K+W�Nj\*QHkHQHO=D�n�FHGHQHkHNPR

P(ξ > 0) = α
n

P(ξ < 0) = β
n
Eξ = a

n
E|ξ| = b

�=CED&d�J�Q è ±�é (ξ, ò`ó´µ	ô
ξ)
�¾�x%ÄSxa��xä� � � [&� �*��I�]^J�GHI�Q�J�l"O=DzOHNPY�I&J�I�GHI�R�W�NPGHI�K�J�OHI�]^J�OHI�R�FHGHI�]^J�G=D&OH]^J.W�N

(Ω, F , P)
m*W�N�OHNPY�I�GHGHNj\*QHGHI�W.D&OHOH_-NX]j\=b�k=D&dHOH_-NXW�Nj\*QHkHQHOH_

ξ
Q
η
nHY�I&J�I�GH_-NXOHNKHW�\=KHf[J�]rKuOHN^sLD&W�QH]PQHRT_-RTQ��
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��b�]^J�l+sLD�m�D&OHI+OHNPY�I&J�I�GHI�N"W�NPGHILK�J�OHI�]^J�OHI�N'FHGHI�]^J�G=D&OH]^J�W�I
(Ω, F , P)

Q`FHI�o]j\*Njm*I�W.D�J�Nj\*l�OHI�]^J.l
ξ, ξ1, ξ2, . . .

]j\=b�k=D&dHOH_:VqW�Nj\*QHkHQHO O=D"OHNPR-����TS�9v�_:\*IyFHI�oY�D�sLD&OHI�n�k�J�ISG=D&W�NPOH]^J�W�IS]j\=b�k=D&dHOH_:V"W�Nj\*QHkHQHO9RTI�M9OHIEI�FHGHNjm*Nj\=K�J�l�G=D�s^\*QHkHOH_-RTQ]PFHI�]PI�v.D&RTQ����¦D&Y�M
N%FHI�o�G=D�stOHI�R¦b5RTI�M9OHIXI�FHGHNjm*Nj\=K�J�l�Q"]eV.Itm*QHRTI�]^J�l
]j\=b�k=D&dHOH_:VW�Nj\*QHkHQHO���Á�D&]P]PRTI&J�GHQHR¸I�]POHI�W�OH_-NXW�Q�m*_êJ�D&YHQ�Vu]eV�Itm*QHRTI�]^J�NPd��¤��EÁ���Ä��¦Ã��aC���� ����� ����a������`
U^!��C[><���KA����\�
��)+���+�����B��IE�������"I
ξ1, ξ2, . . .�\��HE><��1!�!$&%Q���B��'!><'!�Q��%��*)�'!����^QA��*><�"'M�!�	���B
������ Ò �����B

��^!�"�������"IE6J�#)�'!�!'!�!� Ó=~�B��HE><��1!���*1O���B��'!><'!���

ξ
Cl�-�\��'MA�
�'

n→ ∞

P {ω| ξn(ω) −→ ξ(ω)} = 1.� / �-;+�!��>U���!'��9�
ξn î�ï ð�ï−→ ξ

R¤��EÁ���Ä��¦Ã��aC���� ����� [ ��a������`
U^!��C[><���KA����\�
��)+���+�����B��IE�������"I
ξ1, ξ2, . . .�\��HE><��1!�!$&%:���B��'!><'!�:��%��*)�'!����^:A������B

��^!�"�������"':=n�\��HE><��1!���*1:���B��'!><'!���

ξ
C�-�\��'M)��U^[��6 / ��P#�

ε > 0
A�
�'

n→ ∞

P(|ξn − ξ| > ε) −→ 0.

� / �-;+�!��>U���!'��9�
ξn

P−→ ξ
R¤��EÁ���Ä��¦Ã��aC���� ����� @ ��a������`
U^!��C[><���KA����\�
��)+���+�����B��IE�������"I

ξ1, ξ2, . . .�\��HE><��1!�!$&%Q���\��'!><'!�Q��%��*)�'!����^��(�B

��)���� �3A��`
U^!)�=E�
r Ò �,�B

��)����\��C��-�\��'

r = 1
C�G�B

��)����\�r=��+��)�
����"'!>U�-��=��D��C��-�B��'

r = 2 Ó =[�B��HE><��1!���*1����B��'!><'!���
ξ
C��-�\��'QA�
�'

n→ ∞
E|ξn − ξ|r −→ 0.� / �-;+�!��>U���!'��9�

ξn
(r)−→ ξ

R � � �
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¤��EÁ���Ä��¦Ã��aCE��� ����� £H��a
����� 
U^!��CS><���KA����B�
��)+���+�����\��IE�������"I

ξ1, ξ2, . . .�B��HE><��1!�!$&%n���\��'!><'!�n��%��*)�'!����^�A��"
��	��A�

��)+�\�
���!'!6¼=��B��HE><��1!���*1n���\��'!><'!���
ξ
C�-�B��']A�
�'

n → ∞ A����\�
��)+���+�����B��IE�������"I��-�*�*�������������+H�6�?�'�%4�0HE�!=E�!'!1Q
��	��.A�

��)+�B�
���!'<^
Fξ1(x), Fξ2(x), . . .

��%��*)�'!����^�=��0HE�!=E�!'!'¾
��	��A�

��)+�B�
���!'<^
Fξ(x)

�=E�+8F)+�*1M���*><=��V����A�

�B
�$��+�������"'MA����B�
��)�����1
R�� / �-;+�!��>U���!'��9�
ξn

d−→ ξ
R¤��EÁ���Ä��¦Ã��aCE��� �����Ô¢���a
����� 
U^!��CS><���KA����B�
��)+���+�����\��IE�������"I
ξ1, ξ2, . . .�B��HE><��1!�!$&%Q���\��'!><'!�Q�B��� / ����%��*)�'!����^Q=G�\��HE><��1!���*1Q���B��'!><'!���

ξ
Cl�-�\��'M)��U^~��6�./ �*1M����A�

�B
�$��+���*1Q��P¿
����!'!>U���!���*1Q�0HE�!=E�!'!'

f(x)
A�
�'

n→ ∞

Ef(ξn) −→ Ef(ξ).

� / �-;+�!��>U���!'��9�
ξn =⇒ ξ

R¤��EÁ���Ä��¦Ã��aCE�������&� ���+a������`
U^!��C¥><����A����\�
��)+���+�����B��IE�������"IV�0HE�!=E�!'!1@
��	��.A�

��)+�B�
���!'<^
F1, F2, . . .

�\��� / �O��%��*)�'!����^4=��0HE�!=E�!'!'�
��	��A�

��)+�\�
���!'<^
F

C��-�B��')��U^[��6 / �*1Q����A�

�B
�$��+���91Q��P¿
<���v'!>U���!���*1O�0HE�!=E�!'!'
f(x)

A�
�'
n→ ∞

∫

f(x) dFn(x) −→
∫

f(x) dF (x).

� / �-;+�!��>U���!'��9�
Fn(x) =⇒ F (x)

R¾�x��S�a��x�CE���¼����� ���-¤�kHNPW�Q�m*OHI�n�k�J�I�]j\�D&v.D�K�]eV.ILm*QHRTI�]^J�l§Z�b�OHYH�HQHd�G=D&]joFHGHNjm*Nj\*NPOHQ�K
Fξ1 , Fξ2 , . . .

YzZ�b�OHYH�HQHQzG=D&]PFHGHNjm*Nj\*NPOHQHK
Fξ

|PYHW�QHW.D�\*NPO�J�O=DX]j\�D&v�I�d]eV.ILm*QHRTI�]^J�Q�]j\=b�k=D&dHOH_:V�W�Nj\*QHkHQHO
ξ1, ξ2, . . .

Yu]j\=b�k=D&dHOHI&d�W�Nj\*QHkHQHOHN
ξ
�¾�x��S�a��x�CE���¯����� [ �=��I�]PY�I�\*l�Y�b'W5I�FHGHNjm*Nj\*NPOHQ�K�V ����� £
Q �����Ô¢SGHNPkHlzQ�m*N^JzIG=D&]PFHGHNjm*Nj\*NPOHQ�K�V�]j\=b�k=D&dHOH_:V W�Nj\*QHkHQHO�n�D'OHN5Iy]tD&RTQ�Vq]j\=b�k=D&dHOH_:V�W�Nj\*QHkHQHO=DLV�nJ�GHNPv�I�W.D&OHQHNXNjm*QHOH]^J�W�NPOHOHI�]PJ�Q)v.D�stI&W�I�UPIzW�NPGHILK�J�OHI�]^J�OHI�UPI"FHGHI�]^J�G=D&OH]^J.W�D�n�O=D5Y�I�oJ�I�GHI�R;I�FHGHNjm*Nj\*NPOH_û]j\=b�k=D&dHOH_-N+W�Nj\*QHkHQHOH_

ξ, ξ1, ξ2, . . .
naKHW�\=KHN^J�]rK¸W m�D&OHOHI�R]j\=b�k=D&NXOHNP]^b�i�NP]^J.W�NPOHO=_-R-��@��¤�Á����uxæ����� �+� J�NPI&GHNPRaD�OHNPFHGHNPGH_-W�OHI�]^J.Q*�j�W|q��� / �*^���%��*)�'<�������"IQA����B�
��.)+���+�����B��IE�������"'��B��HE><��1!�!$&%L���\��'!><'!�

ξ1, ξ2, . . .
=¾�\��HE><��1!���*1L���B��'!><'!���

ξ
��=E.�+'��+�9�
���!�"�!�M��%��*)�'<�������"'nA����\�
��)+���+�����B��IE�������"'K�-���*�������������+HE6�?"'<%L%!�#
���=E.���B
�'����"'!>U�-��=E'<%[�0HE�!=E�!'!1

ϕξ1(t), ϕξ2(t), . . .
=�%!�#
���=E���B
�'����"'!>U�-��=��*1S�0HE�!=E�!'!'

ϕξ(t)
A�
�'

n→ ∞ ��=E�+8F)+�*1Q���*><=��
t ∈ IR

R¾�x��S�a��x�CE���æ����� @ �-¤�v�_-kHOHIHn:mH\=K¸m*I�Y�D�sLD�J�Nj\*l�]^J�W.Dg]j\�D&v�I�d�]eV�Itm*QHRTI�]^J�QFHI�\*l&sPb�f[J�]rK"QHRTNPOHOHIXJ�NPI&GHNPRTI�d+����� ��n�FHI�]PY�I�\*l�Y�b�m*I�Y�D�st_-W.D�J�lXFHI&J�I�kHNPkHO�b�f¯]rV.I�om*QHRTI�]^J�lyZ�b�OHYH�HQHdqUPI�G=D�s^m*IyFHGHI&i�N&n�OHN^M
Nj\*Qq]eV�Itm*QHRTI�]^J�luQHO�J�NPUPG=D�\*I�WyI&JyW�]PNjVOHNPFHGHNPGH_-W�OH_:V�I�UPG=D&OHQHkHNPOHOH_:V�Z�b�OHYH�HQHd��¾�x��S�a��x�CE���¯����� £H��ÄE\=KuG=D�s^\*QHkHOH_:VuW�Q�m*I�Wz]eV.Itm*QHRTI�]^J�Ntd�]j\=b�k=D&dHOH_:V�W�Njo\*QHkHQHO
Q�Q�V�G=D&]PFHGHNjm*Nj\*NPOHQHd5]PFHG=D&W�NjmH\*QHW.D[m*Q=D&UPG=D&RTRaDcQHRTF�\*QHY�D&�HQHd�n&FHGHQHW�Njm*NPO�oO=D�KyO=D5GHQH]^b�OHY�Nz����� ���
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ξn −→ ξ

ξn −→ ξ

ξn −→ ξ

ξn =⇒ ξ

ξn −→ ξ

Fn =⇒ F

ϕn −→ ϕ

P

r d( )

П Н ..

Ïd����»¼±���º}£�£�¾ £
CEDyFHG=D&Y�J�QHY�N"QH]P]j\*Njm*I�W.D�J�Nj\=K�RTI�U^b�J+QHO�J�NPGHNP]PI�W.D�J�l)G=D�s^\*QHkHOH_-N9W�Q�m*_;]eV.I�om*QHRTI�]^J�NPduWSsLD&W�QH]PQHRTI�]^J�QyI&J
G=D&]P]PRaD�J�GHQHW.D&NPRTI�d'sLD�m�DLkHQ��HCED&FHGHQHRTNPG�n�sLD�k=D&]^J&b�fFHGHNjm*]^J&D&W�\=KHN^J�]�K�OHNPW�I&stRTILM9OH_-RÂW�_-kHQH]j\*Q�J.l¸G=D&]PFHGHNjm*Nj\*NtOHQHN`OHNPY�I&J�I�GHI�d1]j\=b.ok=D&dHOHI�d�W�Nj\*QHkHQHOH_

ξ
W[J�I�kHOHI�]^J�Q�n�m�D�M
N�NP]j\*Q�Q�stW�NP]^J�OH_gW�]PN�F=D&G=D&RTN^J�GH_§RTILm*Nj\*Q��¤[m*O=D&Y�IHn�N^]j\*Q�FHGHQ�|^J�I�R+btm�D&N^J�]rK
FHI�Y�D�sLD�J�lHn�k�J�IcOHNPQ�stW�NP]^J.O=D�K�Z�b�OHYH�HQ�K�G=D&]PFHGHNjom*Nj\*NPOHQ�K

Fξ, θ

]j\�D&v�I9]^J�GHNPRTQ�J�]�K)Y�Q�stW�N^]^J�O=I�d+Z�b�OHYH�HQHQ+G=D&]PFHGHNjm*Nj\*NPOHQHK
G
FHGHQ]^J�GHNPR�\*NtOHQHQ9F=D&G=D&RTN^J�G=D

θ
Y5OHNPY�I&J�I�GHI�R¦b5FHGHNjm*Nj\=b&n.J�IXRTILM9OHI�W�I�]PFHI�\*l&stI�W.D�J�l�]rKD&FHFHGHI�Y�]PQHRaD&�HQHN^d

Fξ, θ(x) ≈ G(x)
QzQH]PY�D�J�lSQHO�J�NPGHNP]^b�f[i�Q=NcO=D&]�V�D&G=D&Y�J�NPGHQH]^J.Q�oYHQyZ�b�OHYH�HQHQuG=D&]PFHGHNjm*Nj\*NPOHQ�K

Fξ, θ

W
J�NPGHRTQHO=D�VyZ�b�OHYH�HQHQuG=D&]PFHGHNjm*Nj\*NPOHQ�K
G
�*çm*G�b�UPI�d�]^J�I�GHI�OH_�n=W
J�NPI�GHN^J�Q=kHNP]tY�I�d�]^J�D�J�QH]PJ�Q=Y�NX]PkHQ�J&D&N^J�]�K�n*k�J�IzI��HNPOHY�D

Tn(X)OHNPQ�stW�NP]^J.OHI�UPI9F=D&G=D&RTN^J�G=D
θ
KHW�\=KHN^J�]�K'��V.I�GHI&p�NPd���n=NP]j\*QuFHGHQ

n→ ∞ QHRTNPNjJ9RTNjo]^J�Iy]eV�Itm*QHRTI�]^J�l
Tn(X)

P−→ θ
���¦D&YHQHNSI��HNPOHYHQqO=D�st_-W.D&f[J�]rKn�-��������^!���B��IE�!$&�7'QqO=D�V.ILm=K�J'p�QHGHI�Y�I�N5FHGHQHRTNPOHNPOHQHN5WyRaD�J�NPRaD�J�QHkHNP]PY�I�d ]^J�D�J�QH]^J.QHY�N&��ç�b�i�NP]^J.W&b.oN^J+RTOHILM
NP]^J�W�I�QHOH_:V�FHGHQHRTNPGHI�W�FHGHQHRTNPOHNPOHQ�K`G=D�s^\*QHkHOH_:V�W�Q�m*I�Wu]eV�Itm*QHRTI�]^J�NPd]j\=b�k=D&dHOH_:V'W�Nj\*QHkHQHO'Y�D&Y"WSJ�NPI�GHQHQ�n�J�D&Y'Q"O=DXFHG=D&Y�J�QHY�N&�HCED�p�NPd"sLD�m�DLkHNPd"W�O=D�o]^J�I�K�i�NPN
W�GHNPR¦K+OHNSKHW�\=KHN^J�]rK)b�Ue\=b�v�\*NPOHOHI�N5Q�s^b�kHNPOHQHN5W�I&stRTILM9OH_:V+FHI�]^J�D&OHI�W�I�YsLD�m�D�k
O=D�]eV.ILm*QHRTI�]^J�lH��¾�D&RTN^J�QHR)\*Q�p�lHn�k�J�I�v�I�\*l&p�I�N-Y�I�\*QHkHNP]^J�W�IEI�FHGHNjm*Nj\*NPOHQHd]rV.Itm*QHRTI�]^J�NPd
]�\=b�k=D&dHOH_:V�W�Nj\*QHkHQHOXKHW�\=KHN^J�]rKSI�FHG=D&W�m�D&OHOH_-R�QXYHG=D&dHOHN�W.D�M9OH_-R-�

¾�x%ÄSxT��xË����� ���T��I�Y�D�stD�J�lHnak�J�I Q�s�]eV.Itm*QHRTI�]^J�Q
ξn

(r)−→ ξ
]j\*Njm=b�N^J�]eV.ILm*Q�oRTI�]^J�l

ξn
P−→ ξ

�
n→ ∞ �j�Á���om�aCE���-��ÄE\=K"m*I�Y�D�sLD�J�Nj\*l�]^J�W.D5b�J�W�N^G�M5m*NPOHQ�KysLD�m�DLkHQ'm*I�]jJ&D�J�I�kHOHIzW�I�]joFHI�\*l&stI�W.D�J�l�]rKÛ� / � / ?����!�!$&� ���B
��	���������������'&&� / $0k��-�+�&n�]PFHG=D&W�NjmH\*QHW�_-RûmH\=KW�]PNjV

ε > 0
Q
r > 0

h
P(|ξn − ξ| ≥ ε) ≤ E|ξn − ξ|r

εr
.

¾�x%ÄSxT��x»����� [ �H��I�Y�D�sLD�J�lHnHk�J�I
Q�sE]eV�Itm*QHRTI�]^J�Q
ξn

P−→ ξ
OHN�]j\*Njm=b�N^J9]eV.ILm*Q�oRTI�]^J�l

ξn
(r)−→ ξ

�
n→ ∞ �j�Á���om�aCE���-�PÄSI�]^J�D�J�I�kHOHI[FHGHQHW�NP]^J�QSFHGHQHRTNPGXFHI�]j\*Njm*I�W�D�J�Nj\*l�OHI�]^J.QEm*QH]PYHGHN^J�oOH_:V ]j\=b�k=D&dHOH_:V�W�Nj\*QHkHQHO�n�k=D&]^J�OH_-N5stO=D�kHNPOHQ�K Y�I&J�I�GH_:V�W�I&stG=D&]^J�D&f[J�v�_-]^J�GHNPN
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]PI�I&J�W�N^J�]^J.W&b�f[i�Q�V�k=D&]^J�OH_:V�stO=DLkHNPOHQHd`W�NPGHILK�J�OHI�]^J�Q�n�OHIu]tD&RTQ�]j\=b�k=D&dHOH_-N9W�Njo\*QHkHQHOH_�]eV.ILm=K�J�]rK�FHIcW�NPGHILK�J�OHI�]^J�Q��&Á¦D&]P]PRTI&J�GHQHR)W�NPGHILK�J�OHI�]^J�OHI�N�FHGHI�]^J�G=D&OH]^J�W�I
([0, 1], B[0, 1], λ)

nHUrm*N
λ
{}RaN^G=D
ÃXNPv�NPUjD�����b�]^J�l
ξn =

{

en,
N^]j\*Q

0 ≤ ω ≤ 1/n;
0,

NP]j\*Q
1/n < ω ≤ 1.¤�kHNPW�Q�m*OHIHn=k�J�I

ξn
P−→ 0

��v�I�\*NPN�J�I&UPIHn
ξn î�ï ð�ï−→ 0

�jnHOHI
E|ξn|r =

ern

n
−→ ∞FHGHQ

n→ ∞ mH\=K'\*fcv�I�UPI
r > 0

�
¾�x%ÄSxa��x»����� @ ����I�Y�D�sLD�J�lHn�k�J�I5Q�sE]eV.ILm*QHRTI�]^J�Q

ξn
P−→ ξ

OHN�]j\*Njm=b.N^Jz]rV.Itm*Q�oRTI�]^J�l
ξn î�ï ð�ï−→ ξ

�
n→ ∞ �j�

A0

A1

A2

A3

ω0

Ïd����»¼±���º £�£�¾ ¤

Á���om�aCE���-����b�]^J�l[v.D�stI�W�I�N¦W�NPGHILK�J�OHI�]^J�OHI�N�FHGHI�]^J�G=D&O�o]^J�W�I
(Ω, F , P)

QHRTNPN^JzW�Q�m�h
Ω
{äI�YHG�b�M9OHI�]^J�l5Njm*QHOHQHkHOHI�dmH\*QHOH_�n F {¯v�I�GHNj\*NPW�]PY�D�K σ oÓD�\*UPNPv�G=D-FHILm*RTOHILM
NP]^J�W Ω

n
P
{RTNPG=D
ÃXNPv�NPUjDzO=D5|j\*NPRTNPO�J�D�V F ��¾�D&ZEQHY�]PQHG�b.NPR¸OHNPY�I&J�I�G�b�fJ�I�kHY�b

A0
O=D�I�YHG�b�M9OHI�]^J�QuQyFHGHI�Q�stW�I�\*l�OHI�NEO=D&FHG=D&W�\*NPOHQHN&�¤cJt\*ILM9QHRÀI&J�J�I�kHYHQ

A0
W�sLD�m�D&OHOHI�R;O=D&FHG=D&W�\*NPOHQHQ¨m=b�U^bmH\*QHOH_

1/2
nHI�v�I&stO=DLkHQHR¨W&J�I�GHI�duY�I�OHNP�'m=b�UPQukHNPGHN^s

A1

n�sLD�oJ�NPR I&J�J�I�kHYHQ
A1
I&Jt\*ILM9QHRqW�sLD�m�D&OHOHI�RqO=D&FHG=D&W�\*NPOHQHQ�m=b�U^bXmH\*QHOH_

1/3
n&W&J�I�GHI�dY�I�OHNP� m=b�UPQ�I�v�I�stO=D�kHQHR1kHNPGHN^s

A2

n�I&J�J�I�kHYHQ
A2

I&Jt\*ILM9QHR¯m=b�U^b
A2A3

mH\*QHOH_
1/4
Q'J&D&Y'm�D�\*NPN&��Ä�D&OHOH_-duFHGHI��HNP]P]XQ�stI�v�G=D�M
NPOuO=D
GHQH]^b�OHY�N9����� [ ���I�]^J�GHI�QHR¨]j\=b�k=D&dHO�b�f¥W�Nj\*QHkHQHO�b

ξn
�
n = 1, 2, . . .

�:FHI5FHG=D&W�Q�\=b
ξn =

{

1,
NP]j\*Q

ω ∈ m=b�UjD An−1An;
0,

NP]j\*Q
ω 6∈ m=b�UjD An−1An.��I�]PY�I�\*l�Y�bymH\*QHOH_1m=b�U�]^J�GHNPR¦K�J�]�KqY+O�bt\*fSn�QHRTNPNPR

ξn
P−→ 0

FHGHQ
n → ∞ ��¾�D�oZEQHY�]PQHG�b�NPRÀFHGHI�Q�stW�I�\*l�O�b�fûJ�I�kHY�b

ω0 ∈ Ω
����I�]PY�I�\*l�Y�b§U^D&GHRTI�OHQHkHNP]PYHQHd¸G�K�mG=D&]eV.ILm*Q�J�]rK�n.m�D&OHO�b�f�J�I&kHY�bzFHI�YHGHI�N^JSv�NP]PY�I�OHNPkHOHI�N[RTOHI�M
NP]^J�W�I�m=b�U

Ai−1Ai

�.�¦D�oYHQHR¯I�v�G=D�stI�R-n�W"m�D&OHOHI�dqJ�I�kHY�Nzv�NP]PY�I�OHNPkHOHI�NzRTOHILM5NP]^J�W�Iy|j\*NPRTNPO�J.I�W�FHI�]j\*Njm*I�oW.D�J�Nj\*l�OHI�]^J�Q
ξ1(ω0), ξ2(ω0), . . .

v&bLm*N^JqG=D&W�O�K�J�l�]rK�Y�D&Y�O�bt\*fSn�J�D&Y§Q�Njm*QHOHQH�HN&n]j\*Njm*I�W.D�J�Nj\*l�OHIHn�m�D&OHO=D�K`FHI�]j\*Njm*I�W.D�J�Nj\*l�OHI�]^J.l)G=D&]rV.Itm*Q�J�]rK��T��I�]PY�I�\*l�Y�b J�I�kHY�D
ω0
W�_-v�G=D&O=DuFHGHI�Q�stW�I�\*l�OHIHn�FHI�]j\*Njm*I�W.D�J�Nj\*l�OHI�]^J�l

ξ1(ω), ξ2(ω), . . .
G=D&]rV.Itm*Q�J�]�KW5Y�D�M5m*I�d'J�I�kHY�N

ω ∈ Ω
nHk�J�IzQysLD&W�NPG�p
D&N^J9GHN^p�NPOHQHNXsLD�m�DLkHQ��

¾�x%ÄSxa��x»����� £H�=��I�Y�D�sLD�J�lHnHk�J�I5NP]j\*Q
ξn

P−→ ξ
Q
ξn

P−→ η
n�J�I

P(ξ = η) = 1
�Á���om�aCE���-��ÄSI�]^J�D�J�I�kHOHI)FHI�Y�D�sLD�J�lHn�k�J�I

P(|ξ − η| > δ) < ε
mH\=Kq\*fcv�_:V

ε > 0
Q
δ > 0

�*��sXOHNPG=D&W�NPOH]jJ�W.D
P (|X + Y | > x) ≤ P

(

|X| > x

2

)

+ P

(

|Y | > x

2

)

, (11.1)



b!cWd�e(fhg�iFj�À �����
]PFHG=D&W�NjmH\*QHW�I�UPIcmH\=K
W�]PNjV

x > 0
QX\*fcv�_:V�]j\=b�k=D&dHOH_:V5W�Nj\*QHkHQHO

X
Q
Y
n�]j\*Njm=b.N^J�nk�J�I

P(|ξ − η| > δ) = P(|ξn − ξ − ξn + η| > δ) ≤
≤ P(|ξn − ξ| > δ/2) + P(|ξn − η| > δ/2) < εmH\=K5W�]PNjV

n
v�I�\*l&p�Q�V
OHNPY�I&J�I�GHI�UPI

n0

�.��J�I�Q
J�GHNPv�I&W.D�\*I�]PlEFHI�Y�D�sLD�J�lHn�FHI�]PY�I�\*l�Y�b\*NPW.D�Kuk=D&]^J�lzOHNPG=D&W�NPOH]^J�W.DzOHN�sLD&W�QH]PQ�J9I&J
n
�

¾�x%ÄSxT��x»�����Ô¢��H��I�Y�D�sLD�J�lHnHk�J�I
Q�sE]eV�Itm*QHRTI�]^J�Q
ξn

d−→ ξ
OHN�]j\*Njm=b�N^J9]eV.ILm*Q�oRTI�]^J�l

ξn
P−→ ξ

�
n→ ∞ �j�Á���om�aCE���-����b.]^J�l

ξn ≡ η ∼ Bi(1, 1/2)
n
ξ = 1 ⇔ η = 0

Q
ξ = 0 ⇔ η = 1

�¤�kHNPW�Q�m*OHIHn=k�J�I
ξn

d−→ ξ
n=OHI |ξn − ξ| ≡ 1

�

�M�5�~���_�7��� � �������7�7�
¾�x%ÄSxT��xË����� ���T��I�Y�D�stD�J�lHnak�J�I Q�s�]eV.Itm*QHRTI�]^J�Q

ξn î�ï ð�ï−→ ξ
]j\*Njm=b�N^J�]eV.ILm*Q�oRTI�]^J�l

ξn
P−→ ξ

�
n→ ∞ �j�¾�x%ÄSxT��xÀ�����Ô����ÄSI�Y�D�sLD�J�lzOHN^G=D&W�NPOH]^J�W�I)�Ó����� ���j�

¾�x%ÄSxT��xÀ����� Ö �*��b�]^J�l
ξn

P−→ ξ
Q
ηn

P−→ η
��ÄSI�Y�D�sLD�J�l

���
aξn + bηn

P−→ aξ + bη
n
a, b ∈ IR

~
[ � |ξn| P−→ |ξ| ~
@ �

ξnηn
P−→ ξη

�
¾�x%ÄSxT��xÀ����� ���*��b�]^J�l

ξn î�ï ð�ï−→ ξ
Q
ηn î.ï ð.ï−→ η

��ÄSI�Y�D�sLD�J�l
���

aξn + bηn î�ï ð�ï−→ aξ + bη
n
a, b ∈ IR

~
[ � |ξn| î�ï ð�ï−→ |ξ| ~
@ �

ξnηn î�ï ð�ï−→ ξη
�

¾�x%ÄSxT��xÀ����� � � �=��I�Y�D�sLD�J�l�n=k�J�I
���"NP]j\*Q

ξn
P−→ a 6= 0

nHJ�I
1/ξn

P−→ 1/a
~

[ �"NP]j\*Q
ξn î�ï ð�ï−→ a 6= 0

nHJ�I
1/ξn î�ï ð�ï−→ 1/a

�
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¾�x%ÄSxa��x;����� ������ÄSI�Y�D�sLD�J�lHn=k�J�IzNP]j\*Q

ξn
P−→ ξ

nHJ�I
ξn =⇒ ξ

�
¾�x%ÄSxa��xÑ����� � [ �Tça\*Njm=b�N^J \*QgQ�sy]eV�Itm*QHRTI�]^J�Q

ξn
d−→ ξ

]rV.Itm*QHRTI�]^J�l
ξn −

ξ
d−→ 0
w¾�x%ÄSxa��xË����� � @ �a��I�Y�D�sLD�J�lHnak�J�I

ξn =⇒ a
J�I�Urm�D QgJ�I�\*l�Y�I J�I�Uem�D�n�Y�I�Uem�D

ξn
P−→ a

�
¾�x%ÄSxa��x;����� �t£H�=��b�]^J�l

ξn
d−→ ξ

Q
ηn

P−→ 0
�*��I�Y�D�sLD�J�lHn=k�J�I

���
ξn + ηn

d−→ ξ
~

[ �
ξnηn

P−→ 0
�

¾�x%ÄSxa��x ����� ��¢���ÄSI�Y�D�sLD�J�lHn�k�J�IuNP]j\*Q
ξn − an

P−→ 0
Q
ξn − bn

P−→ 0
FHGHQ

n→ ∞ n�Uem*N a1, a2, . . .
Q
b1, b2, . . .

{Çm*W�N%FHI�]j\*Njm*I�W.D�J�Nj\*l�OHI�]^J.Q9W�N^i�NP]^J�W�NPO=OH_:VkHQH]PNj\�n=J�I
an − bn −→ 0

FHGHQ
n→ ∞ �¾�x%ÄSxa��xÇ����� �L������b�]^J�l

(ξn − ξ)2 P−→ 0
FHGHQ

n→ ∞ ��ÄSI�Y�D�sLD�J�lHn�k�J�I ξ2
n

P−→
ξ2 FHGHQ n→ ∞ �¾�x%ÄSxa��x ����� ��������GHQHW�NP]^J�Q�FHGHQHRTNPG�n�FHI�Y�D�st_-W.D&f[i�QHd�n�k�J�IyQ�sz]eV�Itm*QHRTI�]^J�QWy]PGHNjm*OHNPR¯\*fcv�I�U^IuFHI�\*ILM9Q�J�Nj\*l�OHI�UPI�FHI�G.K�m*Y�DyOHN5]j\*Njm=b�N^J)]eV.ILm*QHRTI�]^J�l�FHI�k�J�QO=D&W�NPGHOHI�N&�¾�x%ÄSxa��xÅ����� � Ö ����GHQHW�NP]^J�Q§FHGHQHRTNPGgFHI&]j\*Njm*I�W.D�J�Nj\*l�OHI�]^J.Qg]j\=b�k=D&dHOH_:V§W�Njo\*QHkHQHO�n�]eV.ILm=K�i�NPdH]rK�FHI�k�J�Q`O=D&W�NPGHOHI�N&n�Q J&D&Y�I�d�n�k�J�I�OHQHY�D&Y�D�K�NPNzFHILm*FHI�]j\*N�m*I�oW.D�J�Nj\*l�OHI�]^J�l9OHNE]eV.ILm*Q�J�]rK�Wz]PGHNjm*OHNPR¸FHI�G.K�m*Y�D

r > 0
�¾�x%ÄSxa��xû����� �L����ÄSI�Y�D�sLD�J�lHn�k�J�I+]j\�D&v.D�K�]eV.ILm*QHRTI�]^J�l+Z�b�OHYH�HQHd�G=D&]PFHGHNjm*Njo\*NPOHQ�K§YgOHNPFHGHN^GH_-W�OHI�d¨Z�b�OHYH�HQHQgG=D&]PFHGHNjm*Nj\*NPOHQHKg|PYHW�QHW.D�\*NPO�J�O=D FHI&J�I�kHNPkHOHI�d]eV.ILm*QHRTI�]^J�Q�QuG=D&W�OHI�RTNPGHOHI�du]eV.ILm*QHRTI�]^J�Q�O=D

IR
�¾�x%ÄSxa��x ����� [&� �-��b�]^J�l

ξ1, ξ2, . . .
{íFHI�]j\*Njm*I�W.D�J�Nj\*l�OHI�]^J�l¸OHN^sLD&W�QH]PQHRT_:V]j\=b�k=D&dHOH_:V W�Nj\*QHkHQHO�n�FHGHQHkHNPR

ξn
P−→ ξ

FHGHQ
n → ∞ ��ÄSI�Y�D�sLD�J�lHn�k�J�I ξ QHRTNPN^JW�_-GHILM5m*NPOHOHI�NEG=D&]PFHGHNjm*Nj\*NPOHQ=N&�
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��b�]^J�l+sLD�m�D&OHI+OHNPY�I&J�I�GHI�N"W�NPGHILK�J�OHI�]^J�OHI�N'FHGHI�]^J�G=D&OH]^J�W�I
(Ω, F , P)

Q`FHI�o]j\*Njm*I�W.D�J�Nj\*l�OHI�]^J.l
ξ1, ξ2, . . .

]j\=b�k=D&dHOH_:V�W�Nj\*QHkHQHO�O=D
OHNPR-�¤��EÁ���Ä��¦Ã��aC����Ñ� [ � �����VH����"I
ξ1, ξ2, . . .

2àA����\�
��)����+�����\��IE�������"I4�B��HE.><��1!�!$&%M���B��'!><'!�¾��=��*����><�!$&�7'G�7�����\�7���"'!>U�-��=E'<�7'¾�98F'!)����!'<^<�7'
Rqa������`
U^!��C><���K)��U^_�����*1�A����B�
��)+���+�����\��IE�������"'Z�+$0A�������^�������^J;+��=��*� / ����IEk"'<%�><'��-�\�
Ò � Ä*& Ó C5�-�B��'QA�
�'

n→ ∞
∑n

i=1 ξi −
∑n

i=1 Eξi
n

P−→ 0.

¾�x��S�a��x�CE���¥� [ � �����%GHNPv�I�W.D�OHQHN5]^b�i�NP]^J.W�I�W.D&OHQ�K R�D�J�NPRaD�J�QHkHNt]PYHQ�V�I�M9Q�om�D&OHQHd b)]j\=b�k=D&dHOH_:V�W�Nj\*QHkHQHO
ξi
n
i = 1, 2, . . .

n�KHW�\=KHN^J�]rK�]^b�i�NP]^J.W�NPOHOH_-R%n�FHI�o]PY�I�\*l�Y�byW9FHGHI�J�QHW�OHI�R�]j\=b�k=D&NSIzW�_-FHI�\*OHNPOHQHQ�sLD&Y�I�O=D5v�I�\*l&p�Q�V�kHQH]PNj\)W�I�I�v&i�NOHNERTI�M
N^JzQ�m=J�QuGHNPkHQ��¤��EÁ���Ä��¦Ã��aC����Ñ� [ � [ ���VH����"I
ξ1, ξ2, . . .

2àA����\�
��)����+�����\��IE�������"I4�B��HE.><��1!�!$&%M���B��'!><'!�¾��=��*����><�!$&�7'G�7�����\�7���"'!>U�-��=E'<�7'¾�98F'!)����!'<^<�7'
Rqa������`
U^!��C><���S)��U^L�����*1�A����B�
��)+���+�����\��IE�������"'K�+$0A��`���<^�������^nH���'��
���!�!$01�;+��=��*� / ����IE.k"'<%M><'��-�B� Ò ° � Ä*& Ó C5�-�B��'MA�
�'
n→ ∞

∑n
i=1 ξi −

∑n
i=1 Eξi

n
î�ï ð�ï−→ 0.

�@��¤�Á����ux1� [ � ����¾� ���W�ZEI�GHRTN���NPv�_�p�NPW.D.�j���VH����"I
ξ1, ξ2, . . .
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Eξ1 = a
'

Dξ1 = σ2 <∞ R�½v��PD)���)��U^[�����*1¾A����B�
��)+���+�����B��IE�������"'Q�+$0.A��`���<^�������^¾;+��=��*� / ����IEk"'<%M><'��-�\�vC5�����-���"I,)��U^[��6 / ��P#�
ε > 0

A�
�'
n→ ∞

P

(∣

∣

∣

∣

∣

∑n
i=1 ξi
n

− a

∣

∣

∣

∣

∣

≥ ε

)

−→ 0.

�@��¤�Á����uxË� [ � [ ��¾� ��¼WqZEI�GHRTN,ï�QHOHkHQHO=D.�j�l���\��'
ξ1, ξ2, . . .

2øA����\�
��)��*.�+�����B��IE�������"IG���D;+�	�+'���'<�7$&%Q�*)�'!�!��=�������
��	��A�

��)+�\�
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ξ1, ξ2, . . .

2ÑA����B�
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��	��A�

��)+�B�
���!�!$&%_�B��HE><��1!�!$&%:���\��'!><'!�
R�"�U^4�+$0A����������!'<^ÜH���'��
���!����P#�¾;+��=��*�!� / ����IEk"'<%Ü><'��-�\�4)��U^K�����*1ÜA����\�
��)+���+��.���B��IE�������"'L���-� / %��*)�'<���S'L)+�����"�����*><���[��HE?��-���������+���!'��(HQ�\��HE><��1!���*1����\��'!.><'!�!$
ξ1

=��*����><����P#���7�����\�7���"'!>U�-��=���P#���98F'!)����!'<^
RC�NP]PRTI&J�G.K�O=D"J�IHn�k�J�IyJ�NPI�GHNPRT_ � [ � �^o�� [ � @ QHRTNPf[J�I�kHNPOHluFHItV.I�Mzb�f;ZEI�GHR¦b.o\*QHGHI�W�Y�b�n.RTN^M5m=b
F�b�v�\*QHY�D&�HQ�KHRTQ9FHNPGHW�I�dzQ5FHI�]j\*Njm*OHNPd9J�NPI�GHNPR`FHGHI�pX\*ISOHNPRaD�\*IW�GHNPRTNPOHQ`Q�FHILKHW�Q�\*I�]Pl�v�I�\*l&p�I�NzY�I�\*QHkHNP]^J�W�I+OHI�W�_:V�RTN^J�Itm*I�W+Q�s^b�kHNPOHQ�K�]^b�RTR]j\=b�k=D&dHOH_:V`W�Nj\*QHkHQHO�����NPI�GHNPRaD � [ � �9v�_:\�DuI�F�b�v�\*QHY�I�W.D&O=D��
��Ãz����NPv�_�p�NPW�_-RW�� Ö �.�`UPItm=b�W§G=D&v�I&J�N¨����NPv�_�p�NPW¯� Ö �.���jn�D�b�]PQ�\*NPOHOH_-d¯sLD&Y�I�Oêv�I�\*l&p�Q�V�kHQ�o]PNj\¸xS�TC
�T��I�\*RTI�UPI�GHI�W.D§��v�N^s"m*I�Y�D�sLD�J�Nj\*l�]^J�W.D.��b�W�Q�m*Nj\¸]PW�N^J)\*Q�p�l W)G=D&v�I&J�N����±�²´³z±&µ�±�¶e±&·��L� @�@ �j�¤��EÁ���Ä��¦Ã��aCE���¸� [ � @ �Ua������`
U^!��Ch><����)��U^[A����B�
��)+���+�����\��IE�����#��'[�\��HE><��1!.�!$&%r���B��'!><'!�
ξ1, ξ2, . . .

�+$0A������<^�������^3�����!��
��9��IE�!�*^rA�
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� �7�
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∑n
i=1 ξi − E

∑n
i=1 ξi

√

D
∑n

i=1 ξi�B��� / �"��%��*)�'!����^SA�
�'
n→ ∞ =(���"���!)��#
��"���V���`
��7�9��IE����
��	��A�

��)+�\�
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ξ1, ξ2, . . .
2ÐA����B�
��)+���+�����\��IE�������"I����D;+�	�+'���'!.�7$&%L�*)�'!�!��=�������
��	��A�
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Eξ1 = a
C
0 <

Dξ1 = σ2 < ∞ R�½v��PD)���)��U^n�����*1]A����B�
��)+���+�����B��IE�������"'4�+$0A������<^�������^]�����!.��
��9��IE�!�*^MA�

��)+�B��IE�!�*^Q���-�`

� �7��C5�����-���"I,A�
�'
n→ ∞

P

(

∑n
i=1 ξi − na√

nσ2
< x

)

=⇒ Φ(x) =
1√
2π

x
∫

−∞

e−
u
2

2 du. (12.1)
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¾�x��S�a��x�CE����� [ � [ ���:I�RTOHI�UPQ�V9b�kHNPv�OHQHY�D�V"FHI�J�N^I�GHQHQyW�NPGHILK�J�OHI�]^J�NPdyJ�GHNjov�I�W.D&OHQHN�OHNPW�_-GHILM5m*NPOHOHI�]^J�Q ]j\�D&UjD&NPRT_:V

ξi
W'ZEI�GHR¦bt\*QHGHI�W�Y�N�J�NPI�GHNPRT_}� [ � £"OHNb�Y�D�st_-W�D&N^J.]rK�KHW�OHIHn�Itm*O=D&Y�IHn�I�kHNPW�Q�m*OHIHn�k�J�I+b.]j\*I�W&QHN

σ2 > 0
KHW�\=KHN^J�]rK�]^b�i�Njo]^J�W�NPOHOH_-R-�

¾�x��S�a��x�CE���¼� [ � @ ��ça\�D&v.D�K¸]rV.Itm*QHRTI�]^J�lg|PYHW�QHW.D�\*NPO�J�O=D�]eV.ILm*QHRTI�]^J�Q�FHIG=D&]PFHGHNjm*Nj\*NPO=QHfSnHJ�I
NP]^J�l
W�J�NPI�GHNPRTN
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Φ(x)

W�Y�D�M5m*I�dgJ�I�kHY�N�OHNPFHGHNPGH_-W�OHI�]^J.Q�FHI�o]j\*Njm*OHNPd���¤[m*O=D&Y�IHn=Z�b�OHYH�HQ�K
Φ(x)
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x
�= :I�\*NPN�J�I�UPIHnHRTI�M9OHI�FHI�Y�D�sLD�J�lHnHk�J�I5FHI�]PY�I�\*l�oY�b§Y�D&Y�m*I�FHGHNjm*Nj\*l�OH_-N&n�J�D&Y¨Q¨FHGHNjm*Nj\*l�O=D�K¨Z�b�OHYH�HQHQ¨KHW�\=KHf[J�]rK¨Z�b�OHYH�HQ�KHRTQG=D&]PFHGHNjm*Nj\*NPO=Q�K�n�]j\�D&v.D�K)]eV.ILm*QHRTI�]^J�luW �Ó� [ � ���%|PYHW�QHW.D�\*NPO�J�O=DyG=D&W�OHI�RTNPGHOHI�d)FHI

x ∈ IR
]rV.Itm*QHRTI�]^J�Q��

¾�x%ÄSxT��xÀ� [ � �&��ÄSI�Y�D�sLD�J�l5J�N^I�GHNPR¦b � [ � ���
Á���om�aCE���-�[¤�v�_-kHOH_-R}RTN^J�Itm*I�RäFHGHQ�m*I�Y�D�sLD�J�Nj\*l�]^J�W�NqsLD&Y�I�O=D�v�I�\*l&p�Q�VkHQH]PNj\¥KHW�\=KHN^J�]rKÇFHGHQHRTNPOHNPOHQHN§OHNPG=D&W�NPOH]^J�W.Dê��NPv�_�p�NPW.D¿� Ö � �.�j��¾�D&RTN^J�QHR-n�k�J�I

E
∑n

i=1 ξi/n = a
nH]j\*Njm*I�W.D�J�Nj\*l�OHI
P

(∣

∣

∣

∣

∣

∑n
i=1 ξi
n

− a

∣

∣

∣

∣

∣

≥ ε

)

≤ D
∑n

i=1 ξi
n2ε2

=
σ2

nε2
−→ 0

FHGHQ
n→ ∞ �¾�x%ÄSxT��xê� [ � [ ����GHI�W�Itm=K�J�]rK�OHN^sLD&W�QH]PQHRT_-N�QH]PFH_�J�D&OHQ�K5 :NPGHO�bL\H\*Q
]�W�NPGHILK�J�oOHI�]^J�l�f�b�]PFHNjV�D

p
�.��b.]^J�lX]j\=b�k=D&dHO=D�K9W�Nj\*QHkHQHO=D

ξi
FHGHQHOHQHRaD&N^JXstO=D�kHNPOHQHN

1
n�NP]j\*Q

i
o�NyQ

(i + 1)
o�NuQH]PFH_�J�D&OHQ�K¸sLD&Y�I�OHkHQ�\*QH]Pl�b�]PFHNjV�I�R;Q

0
W�FHGHI&J�QHW�OHI�R;]j\=b�k=D&N&��:_-FHI�\*O�KHN^J�]�Ky\*Q'mH\=KuFHI�]j\*Njm*I�W�D�J�Nj\*l�OHI�]^J.Q

ξ1, ξ2, . . .
sLD&Y�I�Ouv�I�\*l&p�Q�VykHQH]PNj\�w

Á���om�aCE���-����b�]^J�ly]j\=b�k=D&dHO=D�K)W�Nj\*QHkHQHO=D
ηi

]PI�I&J�W�N^J�]^J�W&b.N^J
i
o�R¦buQH]PFH_�J�D�oOHQHf; :NPGHO�bt\H\*Q�����I�Uem�D {ξi = 1} = {ηi = 1, ηi+1 = 1} ��¾�D&RTN^J�QHR-n�k�J�I']j\=b�k=D&d�oOH_-NzW�Nj\*QHkHQHOH_

ξi
QHRTNPf[J+G=D&]^FHGHNjm*Nj\*NtOHQHN

Bi(1, p2)
n�OHIuOHN5KHW�\=KHf[J�]rK�OHN^sLD&W�Q�o]PQHRT_-RTQ���CED&d�m*NPR

D
∑n

i=1 ξi
�*��RTNPNPR

E

(

n
∑

i=1

ξi

)2

= E





n
∑

i=1

ξi ·
n
∑

j=1

ξj



 = E





∑

i=j

ξiξj +
∑

|j−i|=1

ξiξj +
∑

|j−i|>1

ξiξj



 =

= E





∑

i=j

(ηiηi+1)
2 + 2

∑

j=i+1

ηiη
2
i+1ηi+2 +

∑

|j−i|>1

ηiηi+1ηjηj+1



 =

= np2 + 2(n− 1)p3 + (n2 − n− 2(n− 1))p4.
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�¦D&YHQHRgI�v�G=D�stI�R-n

D

n
∑

i=1

ξi = E

(

n
∑

i=1

ξi

)2

−
(

E

n
∑

i=1

ξi

)2

= np2 + 2(n− 1)p3 + (2 − 3n)p4.

��GHQHRTNPOHQHW§OHNPG=D�W�NPOH]^J�W�I1� Ö � �.�zY�]j\=b�k=D&dHOHI�d�W�Nj\*QHkHQHOHN ∑n
i=1 ξi/n

n:FHI�\=b�k=D&NPR-nk�J�I5sLD&Y�I�Ouv�I�\*l&p�Q�VykHQH]PNj\)W�_-FHI�\*O�KHN^J�]rK��¾�x%ÄSxa��xÅ� [ � @ �¦��b.]jJ�l
ξ1, ξ2, . . .

{ýOHN^sLD&W�QH]PQHRT_-Ny]j\=b�k=D&dHOH_-NuW�Nj\*QHkHQHOH_�nFHGHQHkHNPR

ξn =































√
n,

1

2n
;

0, 1 − 1

n
;

−√
n,

1

2n
.�:_-FHI�\*O�KHN^J�]rKu\*Q"mH\=KuFHI�]j\*Njm*I�W.D�J�Nj\*l�OHI�]^J.Q

ξ1, ξ2, . . .
sLD&Y�I�Ouv�I�\*l&p�Q�VykHQH]PNj\�wÁ���om�aCE���-��¾�D�RaNjJ�QHR%n*k�J�I

E
∑n

i=1 ξi/n = 0
Q

D
∑n

i=1 ξi/n = 1/n
����GHQHRTNjoOHNPOHQHNXOHNPG=D&W&NPOH]^J.W�D)� Ö � ����sLD&W�NPG�p
D&N^J"GHN^p�NPOHQHNEsLD�m�D�kHQ��¾�x%ÄSxa��xÅ� [ � £H�¦��b.]jJ�l

ξ1, ξ2, . . .
{ýOHN^sLD&W�QH]PQHRT_-Ny]j\=b�k=D&dHOH_-NuW�Nj\*QHkHQHOH_�nFHGHQHkHNPR

P(ξn = ±2n) = 1/2
�E�:_-FHI�\*O�KHN^J�]rK¿\*Q1mH\=K¿FHI�]j\*Njm*I�W.D�J�Nj\*l�OHI�]^J.Q

ξ1, ξ2, . . .
sLD&Y�I&Ouv�I�\*l&p�Q�VykHQH]PNj\�wÁ���om�aCE���-�c¾�D&RTN^J�QHR-n�k�J�I

E
∑n

i=1 ξi/n = 0
�-��GHQHRTNPOHNPOHQHNqOHNPG=D&W�NPOH]^J�W.D� Ö � �.�:Y'm�D�OHOHI�duFHI�]j\*Njm*I�W.D�J�Nj\*l�OHI�]^J.Qym�D&N^J

P

(∣

∣

∣

∣

∣

∑n
i=1 ξi
n

− E

∑n
i=1 ξi
n

∣

∣

∣

∣

∣

≥ ε

)

≤ D
∑n

i=1 ξi
n2ε2

=

∑n
i=1 2i

n2ε2
−→ ∞

FHGHQ
n→ ∞ �H�¦D&Y�I�d'GHN^sPbt\*l�J�D�JzKHW�\=KHN^J�]rKyFHNPGHW�_-R-n=OHI
OHN�W�]PNPUem�D
W�NPGHOH_-R-n=FHGHQ�ostO=D&Y�I�R�J�I�UPIHn�k�J�I'sLD&Y�I�Oqv�I�\*l&p�Q�V)kHQH]PNj\`OHN
W�_-FHI�\*O�KHN^J�]rK�����b.]^J�l

ε < 1
����I�o]PY�I�\*l�Y�b

P
(

ξ1 + . . .+ ξn−2 ≥ 2 − 2n−1
)

= 1,QHRTNPNPR
P

(∣

∣

∣

∣

∣

∑n
i=1 ξi
n

∣

∣

∣

∣

∣

≥ ε

)

≥ P

(∣

∣

∣

∣

∣

∑n
i=1 ξi
n

∣

∣

∣

∣

∣

≥ ε, ξn = 2n, ξn−1 = 2n−1

)

=

= P

(∣

∣

∣

∣

∣

∑n
i=1 ξi
n

∣

∣

∣

∣

∣

≥ ε

∣

∣

∣

∣

∣

ξn = 2n, ξn−1 = 2n−1

)

P
(

ξn = 2n, ξn−1 = 2n−1
)

=

= P
(

ξn = 2n, ξn−1 = 2n−1
)

=
1

4
.



b!cWd�e(fhg�iFj+Í �����
�¦D&YHQHR¯I�v�G=D�stI�R-n�Wym�D&OHOHI�R¯]j\=b�k=D&NzsLD&Y�I�O�v�I�\*l&p�Q�V kHQH]PNj\`m*NPdH]^J�W�Q�J�N^\*l�OHI+OHNW�_-FHI�\*O�KHN^J�]rK��¾�x%ÄSxT��x�� [ �Ô¢��.��b�]^J�l

ξ1, ξ2, . . .
{¥OHN^sLD&W�QH]PQHRT_-N[Itm*QHO=D&Y�I&W�IEG=D&]PFHGHNjm*Nj\*NPO�oOH_-N�]j\=b�k=D&dHOH_-N�W�Nj\*QHkHQHOH_�n�FHGHQHkHNPR
0 < Dξ1 <∞ �.ÄSI�Y�D�sLD�J�lHn�k�J�IXmH\=Kz\*fcv�_:VY�I�OHNPkHOH_:V

a, b ∈ IR

lim
n→∞

P

(

a ≤
n
∑

i=1

ξi ≤ b

)

= 0.

Á���om�aCE���-��¤�v�I&stO=DLkHQHR
m = Eξ1

Q
σ2 = Dξ1

�=��RTNPNPR
lim

n→∞
P

(

a ≤
n
∑

i=1

ξi ≤ b

)

=

= lim
n→∞

P

(

a−mn√
σ2n

≤
∑n

i=1 ξi −mn√
σ2n

≤ b−mn√
σ2n

)

.

��GHQHRTNPOHNPOHQHNXsLD&RTNPk=D&OHQ�K � [ � @ I5G=D&W�OHI�RTNPGHOHI�d�]eV.Itm*QHRTI�]^J�Q+W5J�NPI�GHNPRTN9� [ � £�m*I�oY�D�st_-W�D&N^JzJ�GHNPv&b.NPRTI�NEb�J�W�NPG�M
m*NPOHQHN��

�M�5�~���_�7��� � �������7�7�
¾�x%ÄSxT��xÀ� [ � ���*��I�Y�D�sLD�J�lz]^FHG=D&W�NjmH\*QHW�I�]^J�l9sLD&RTNPk=D&OHQ�K � [ � @ �¾�x%ÄSxT��xÀ� [ �Ô����ÄSI�Y�D�sLD�J�l5J�N^I�GHNPR¦b � [ � £H�¾�x%ÄSxT��xÑ� [ � Ö �¦��b�]^J�l

ξ1, ξ2, . . .
{ýOHN^sLD&W�QH]PQHRT_-Nu]j\=b�k=D&dHOH_-NuW�N�\*QHkHQHOH_�nFHGHQHkHNPR

ξn =































n,
1

2n2
;

0, 1 − 1

n2
;

−n, 1

2n2
.�:_-FHI�\*O�KHN^J�]�Ky\*Q'mH\=KuFHI�]j\*Njm*I�W�D�J�Nj\*l�OHI�]^J.Q

ξ1, ξ2, . . .
sLD&Y�I�Ouv�I�\*l&p�Q�VykHQH]PNj\�w¾�x%ÄSxT��xÑ� [ � ���¦��b�]^J�l

ξ1, ξ2, . . .
{ýOHN^sLD&W�QH]PQHRT_-Nu]j\=b�k=D&dHOH_-NuW�N�\*QHkHQHOH_�nFHGHQHkHNPR

ξn =











2n, 2−(2n+1);
0, 1 − 2−2n;
−2n, 2−(2n+1).�:_-FHI�\*O�KHN^J�]�Ky\*Q'mH\=KuFHI�]j\*Njm*I�W�D�J�Nj\*l�OHI�]^J.Q

ξ1, ξ2, . . .
sLD&Y�I�Ouv�I�\*l&p�Q�VykHQH]PNj\�w¾�x%ÄSxT��xû� [ � � � ����b�]^J�l

µn

{ÑY�I�\*QHkHNP]^J�W�I+b�]PFHNjV.I�W)W
n
OHN^sLD&W�QH]PQHRT_:V`QH]joFH_�J&D&OHQ�K�V� :NPGHO�bt\H\*Q+]EW�NPGHILK�J�OHI�]^J�l�fÇb�]PFHNjV�D

p
��ÄSI�Y�D�stD�J�lHn=k�J�I

µn/n î�ï ð�ï−→ p
�



��� Ö s j ¢ t,+ x «�¬�« w ³�­v²c«�z�«PÚ x «D¤0²�z�«PÚ x ®H®�ª�« x Ú�y¥zt­�Ú�Ù9z�«jà
¾�x%ÄSxa��xÑ� [ � ���&�T��b�]^J�l

ξ1, ξ2, . . .
{ OHN^sLD&W�QH]^QHRa_�NuILm*QHO=D&Y�I�W�IqG=D&]PFHGHNjm*N�o\*NPOHOH_-NX]j\=b�k=D&dHOH_-NSW�Nj\*QHkHQHOH_�n*FHGHQHkHNPR
0 < Dξ1 <∞ �*�:_-kHQH]j\*Q�J�l

lim
n→∞

P(ξ1 + . . .+ ξn < x).

¾�x%ÄSxa��xä� [ � � [ ����b�]^J�l
ξ1, ξ2, . . .

{ OHN^sLD&W�QH]PQHRT_-N�]j\=b�k=D&dHOH_-N
W�Nj\*QHkHQHOH_�nFHGHQHkHNPR
ξn =











n, 1/4;
0, 1/2;
−n, 1/4.�:_-FHI�\*O�KHN^J�]rK9\*QzmH\=K9FHI�]j\*Njm*I�W.D�J�Nj\*l�OHI�]^J.Q

ξ1, ξ2, . . .
sLD&Y�I�O9v�I�\*l&p�Q�V9kHQH]PNj\�w¾�x%ÄSxa��xä� [ � � @ ����b�]^J�l

ξ1, ξ2, . . .
{ OHN^sLD&W�QH]PQHRT_-N�]j\=b�k=D&dHOH_-N
W�Nj\*QHkHQHOH_�nFHGHQHkHNPR

P(ξn = ±√
n) = 1/2

�%�:_-FHI�\*O�KHN^J�]�Kê\*Q�mH\=K¯FHI�]j\*Njm*I�W.D�J�Nj\*l�OHI�]^J�Q
ξ1, ξ2, . . .

sLD&Y�I&Ouv�I�\*l&p�Q�VykHQH]PNj\�w¾�x%ÄSxa��x¸� [ � �t£H�jÄSI�Y�D�sLD�J�l-sLD&Y�I�O�v�I�\*l&p�Q�VEkHQH]PNj\�W-ZEI�GHRTNa :NPGHO�bL\H\*Q"��W�FHNPG�oW�_-N�I�F�b�v�\*QHY�I�W.D&OHOH_-dyW�YHOHQHUPN9�./0�P¶`ôH±21H²´² ó������ @ �e�jh�F�b.]jJ�l
ξ1, ξ2, . . .

{ÀFHI�]j\*Njm*I�oW.D�J�Nj\*l�OHI�]^J�l�OHN^sLD&W�QH]PQHRT_:V9ILm*QHO=D&Y�I�W�IXG=D&]PFHGHNjm*Nj\*NPOHO=_:V"]j\=b�k=D&dHOH_:V"W�Nj\*QHkHQHO�nFHGHQHkHNPR
ξ1 ∼ Bi(1, p)

n
p ∈ (0, 1)

����I&Urm�D"mH\=K |^J�I�d`FHI�]j\*Njm*I�W.D�J�Nj\*l�OHI�]^J.Q`W�_:oFHI�\*O�KHN^J�]rKusLD&Y�I�Ouv�I�\*l&p�Q�VykHQH]PNj\��¾�x%ÄSxa��x¸� [ � ��¢��jÄSI�Y�D�sLD�J�l-sLD&Y�I�O�v�I�\*l&p�Q�VEkHQH]PNj\�W-ZEI�GHRTNa��b.D&]P]PI�O=DS��W�FHN^G�oW�_-NzI�F�b�v�\*QHY�I�W.D&OHOH_-d`W�YHOHQHU^N)�.3�±	óõò`òe±	ôg� Ö�@ ���e�jh�F�b�]^J�l
ξ1, ξ2, . . .

{ÅFHI�]j\*Njm*I�oW.D�J�Nj\*l�OHI�]^J�l�OHN^sLD&W�QH]PQHRT_:V�]j\=b�k=D&dHOH_:V�W�Nj\*QHkHQHO¨J&D&YHQ�V�n:k�J�I
ξi ∼ Bi(1, pi)

n
pi ∈ (0, 1)

n
i = 1, 2, . . .

����I�Uem�D9mH\=Kq|^J�I�d FHI�]j\*Njm*I�W.D�J�Nj\*l�OHI�]^J.Q�W�_-FHI�\*O�KHN^J�]rKsLD&Y�I�Ouv�I�\*l&p�Q�VykHQH]PNj\��¾�x%ÄSxa��x � [ � �L���-��b�]^J�l
ξ1, ξ2, . . .

{íFHI�]j\*Njm*I�W.D�J�Nj\*l�OHI�]^J�l¸OHN^sLD&W�QH]PQHRT_:VItm*QHO=D&Y�I�W�I�G=D&]PFHGHNjm*Nj\*NPOHOH_�V¸]j\=b�k=D&dHOH_�V¸W�Nj\*QHkHQHO��TÄSI�Y�D�sLD�J�lHnak�J�I`NP]j\*Q¨FHGHQ
n→ ∞

ξ1 + . . .+ ξn
n

î�ï ð�ï−→ c,Uem*N
c
{}OHNPY�I&J�I�GHI�NXW�N^i�NP]^J�W�NPO=OHI�NXkHQH]j\*IHn=J�I

E|ξ1| <∞ Q
Eξ1 = c

�¾�x%ÄSxa��x � [ � �����-��b�]^J�l
ξ1, ξ2, . . .

{íFHI�]j\*Njm*I�W.D�J�Nj\*l�OHI�]^J�l¸OHN^sLD&W�QH]PQHRT_:VItm*QHO=D&Y�I�W�I'G=D&]PFHGHNjm*Nj\*NPOHOH_�Vq�HNPO�J�GHQHGHI�W.D&OHOH_:V ]j\=b�k=D&dHOH_:VqW�Nj\*QHkHQHOq]
Y�I�OHNPk�oOH_-RTQ'm*QH]PFHNPGH]PQ�KHRTQ���CED&d�J�Q
Dξ1
n=NP]j\*Q

lim
n→∞

P

(

∑n
i=1 ξi√
n

> 1

)

=
1

3
.

¾�x%ÄSxa��x � [ � � Ö �-��b�]^J�l
ξ1, ξ2, . . .

{íFHI�]j\*Njm*I�W.D�J�Nj\*l�OHI�]^J�l¸OHN^sLD&W�QH]PQHRT_:V]j\=b�k=D&dHOH_:V�W�Nj\*QHkHQHO�n�QHRTNPf[i�Q�V�G=D&W�OHI�RTNPGHOHI�N9O=D�I&J�GHN^stY�N
[0, 1]

G=D&]PFHGHNjm*Nj\*Njo



b!cWd�e(fhg�iFj+Í ���L�
OHQHN&��CED&d�J�Q9FHI�]j\*Njm*I�W.D�J�Nj\*l�OHI�]^J�l�W�N^i�NP]^J�W�NPO=OH_:V"kHQH]PN�\

a1, a2, . . .
n�bLm*I�W�\*N^J�W�I�oG�KHf[i�Q�V'b.]j\*I�W�QHf

lim
n→∞

P

(

n
∑

i=1

ξi ≤ an

√
n

)

= p,

Urm*N
0 ≤ p ≤ 1

�¾�x%ÄSxT��x � [ � �L���-��b�]^J�l
ξ1, ξ2, . . .

{íFHI�]j\*Njm*I�W.D�J�Nj\*l�OHI�]^J.l¨OHN^sLD&W�QH]PQHRT_:VILm*QHO=D&Y�I�W�I�G=D&]PFHGHNjm*Nj\*NPOHO=_:VyOHNPI&J�GHQH�=D�J�N^\*l�OH_:Vu]j\=b�k=D�dHOH_:VyW�Nj\*QHkHQHO�nHFHGHQHkHNPR
Eξ1 = a

�=��b.]^J�l
ηn =

ξ1 + . . .+ ξn
n

.ÄSI�Y�D�stD�J�lHn�k�J�IqFHI�]j\*Njm*I�W�D�J�Nj\*l�OHI�]^J.lq]j\=b�k=D&dHOH_:V§W�Nj\*QHkHQHO
ζn = n

√
η1 · . . . · ηn]rV.Itm*Q�J�]�K�FHI�k�J�QuO=D&W�NPGHOHI�NEY

a
�¾�x%ÄSxT��xÂ� [ � [&� ��CED&d�J�QqFHGHQHv�\*Q�M
NPOHOHI�N�stO=DLkHNPOHQHNSmH\=KqW�NPGHILK�J�OHI�]^J�QqJ�I�UPIHnk�J�I
kHQH]j\*IS�ºb.]PFHNjV.I�W��

Sn

W�]eV�NPRTN
n = 100

OHN^sLD�W�QH]PQHRT_:VyQH]PFH_�J�D&OHQHd� :NPGHO�bt\H\*Q]�W�NPGHILK�J�OHI�]^J�l�f¨�ºb.]PFHNjV�D��
p = 0.5

\*N^M9Q�J�W�FHGHNjm*Nj\�D�V
I&J
35
m*I

65
Q�I&J

47
m*I

53
���GHQ�Y�D&YHQ�V stO=DLkHNPOHQ�K�V

n
W�NPGHILK�J�OHI�]^J�l�J�I�UPIHn�k�J�I

0.35 ≤ Sn/n ≤ 0.65
n�v&bLm*N^Jv�I�\*l&p�N

0.998
w



( ä�èæõ ß�å ãÛç�è�ã54NÊ	æ
ä æ¿ÌÅ÷ ãÛä�èËÊ`÷ èÑÌ�è
ß»Êhç�ß B ç«ª Ê ÎÛæ¿Ì ß�ç�ß B ä æ¥Ê�È�ä�ã á�ã§õ ãÛç�èûö

Pξ fξ(x) P(ξ = k) Eξ Dξ

ξ árâ ãrâ= a
{

1
n
k = a a 0

Bi(n, p)
{

Ck
np

k(1 − p)n−k, np np(1 − p)
n ∈ IN, p ∈ (0, 1),
k = 0, . . . , n

Pois(λ)
{

e−λ
λk

k!
, λ λ

λ > 0, k = 0, 1, . . .

G(p)
{

(1 − p)pk,
p

1 − p

p

(1 − p)2

p ∈ (0, 1), k = 0, 1, . . .

R[a, b]
1

b− a
· IIx([a, b]),

{ a+ b

2

(a− b)2

12
a < b, a, b ∈ IR

N(a, σ2)
1√

2πσ2
· e−

(x−a)2

2σ2 ,
{

a σ2

a ∈ IR, σ2 > 0

exp(λ) λe−λx · IIx ([0, +∞)) ,
{ 1

λ

1

λ2

λ > 0

K(a, σ)
1

π
· σ

σ2 + (x− a)2

{ { {
a ∈ IR, σ > 0

� [&�



+ x ® w Ú769«�­H®�« � [ �

Pξ ϕξ(t) ψξ(z)

ξ árâ ãrâ= a eita za

Bi(n, p) (1 + p(eit − 1))n (1 + p(z − 1))n

Pois(λ) eλ(eit−1) eλ(z−1)

G(p)
1 − p

1 − peit

1 − p

1 − pz

R[a, b]
eitb − eita

it(b− a)

{
R[−a, a] sin at

at

{
N(a, σ2) eita−σ

2
t
2

2
{

exp(λ)
λ

λ− it

{
K(a, σ) eita−b|t| {
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ç�b�i�NP]^J.W&b.N^J
v�I�\*l&p�I�N%Y�I�\*QHkHNP]^J�W�ISb�kHNPv�OHQHY�I�WSQ5sLD�m�DLkHOHQHY�I�WXFHIEJ�NPI�GHQHQ9W�NjoGHILK�J�OHI�]^J�NPd���C�Q�M
NP]j\*Njm=b�f[i�QHd ]PFHQH]PI�YqOHN�FHGHN^J�NPO�m=b.N^JuO=D"FHI�\*OHI&J&b�n�W"OHNPR�]PI�om*NPG.M5D�J�]�K�\*Q�p�l)]P]P_:\*YHQgO=DuJ�N'YHOHQHUPQ�n¦FHI)Y�I&J�I�GH_-R¥D&W&J�I�G`b�kHQ�\*]rK§Q`b�kHQ�J�]rK]tD&R-�
½�kHNPv�OHQHYHQ�h �� :NPGHO�pSJ�NtdHO¯�L� [ ���jn%�� :NPGHO�pSJ�NPd=O¯�L�&£.�.�jn%�� :I�NPW§�L�.¢ � �jn-�� :I�oGHI�W�Y�I&Wy�L�����.�jn����.\*QHW&NPOHY�Iu�t� @ ���jn����.\*QHW�NPOHY�Iu�L� @ �.�jn�����OHNjm*NPO�oY�I¥�L�.¢�£��jn9���c\*QHRTI�W¥�L� Ö�@ �jn9����I�\*RTI�UPI�GHI�W¥�L� @ �.�jn9����G=D&RTNPG�L�&£����jn
� ÃSD&RTFHNPG�J�Qä�L�.� @ �jn
��C�NPYHG=D&]PI�WÇ�L��� [ �jn
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