3 - IMAGE TRANSFORMS (B)

THE DISCRETE FOURIER TRANSFORM

Suppose that a continuous function f(x) is discretized into a sequence
{f(xO)a f(:ljo + A:E), f(iljo + 2A$)7 SR f(l’() + [N _ 1]AQZ)}
by taking N samples Az units apart.

Note that x may be used as either a discrete or continuous vari-
able, depending on context. In the discrete case, we define

f(z) = f(zo + zAx) r=0,1,2,..., N—1
Likewise, in the frequency domain, we have

F(u) = F(uAu) u=20,1,2,..., N—1

fix, +(N-1)AX




The discrete Fourier transform (DFT) pair is given by

1 N-1

F(u ):— Z f(z)exp[—j2muz/N]; w=0,1,2,...,N—1 (1)
and
f(x) :J\[Z:;F(u)exp[jZWuaz/N]; r=0,1,2,.... N—1 (2)

The values u = 0,1,2,..., N —1 in the DFT correspond to samples of
the continuous transform at values 0, Au, 2Au, (N —1)Au. The terms
Au and Ax are related by

Au = NAz (3)

In the 2D case, the DFT pair is

Flu) = iy 5 3 J(og) expl—g2n(ua/M +oy/N); (4

u=01,2.... M—1,v=0,1,2,....N—1,

and
M—1N-1

f(z,y) = Z::O z::o F(u,v)explj2m(uz/M + vy /N)]; (5)

forx=0,1,2,.. M—-1,y=0,1,2,..., N — 1.

The sampling increments in the spatial and frequency domains are

related by

1 1
A=A BT NAy (6)

The Fourier spectrum, phase, and energy spectrum of 1D and 2D
discrete functions are computed as for the continuous case.

Fourier spectrum: |F(u,v)| = [R2(u, v) + I%(u, v)]"/?
Phase spectrum:  ¢(u,v) = tan ![I(u,v)/R(u,v)]
Power spectrum: P(u,v) = |F(u,v)]* = R*(u,v) + I*(u,v)



The direct computation of an N-point DFT requires of the order of
N? operations. For an M x N array, M?N? operations are required.
This can be considerably reduced by the fast Fourier transform (FFT)
algorithm to M N log, M log, N operations. Suppose M = N = 2.

Then
Direct DFT: M2N? =69 x 10°

FFT: MNlog, M log, N =21 x 10°

Example (1D DFT)
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Example (1D DFT)

f(x) f(x) = f(x , + xA)
A f(x, + 3Ax) 4
4 — f(X0+2AX) © 4 —— ° .
3 31 e
2 2 —¢—
1 —+ 11
————— x —f———>x
0 025 05 075 1 125 0 1 2 3

X X

o 1 X

2 3

Sampling takes place at: x9= 0.5, z1 = 0.75, 29 = 1.0, 9 = 1.25
1 N-1

Flo) = y & fla)expl—j2mua/N
FO) = ;X f@)exp(0
= LLO) + F(1) + £(2) + £(3)
= (2434444
= 3.25

F() = | f@)expl-jzns/A

- i[f(@) exp(0) + f(1) exp(—jm/2) + f(2) exp(—jm) + f(3) exp(—j2)]

Z(_2 +J)

Similarly, F(2) = —-1(1+jx0), F3)=—-12+7)

mu

Fourier spectrum:

IF(0)| =325, |F(1)]=056 |F(2)]=025 |F(3)|=0.56

In this example,
N=4, Az=025, Au=1/(NAz)=



Examples of 2D DFT




Some Properties of the 2D DFT
Separability

We can write Eq. (4) in the separable form

1 M-1 N-1

Flu,v) =+ >, exp[—j2muz/M] E_Zof(ﬂf,y) exp[—j2mvy/N{7)
1 Mol _ "
= u Xz F(z,v) exp|—j2mux/M] (8)
where | N1
F(z,v) = | E_ZO f(z,y) exp[—j2mvy/N] (9)

foru=0,1,.... M —-1,v=0,1,...,N — 1,

The principal advantage of the separability property is that F'(u,v)
(or f(z,y)) can be obtained in two steps by successive applications of
the 1D Fourier transform (or its inverse).

For each value of x, the expression inside the brackets is a 1D trans-
form, with frequency values v = 0,1,..., N — 1. Therefore the 2D
function F(x,v) is obtained by taking a transform along each row
of f(z,y). The desired result F'(u,v) is then obtained by taking a
transform along each column of F(z,v).

The same results may be obtained by first taking transforms along the
columns of f(x,y) and then along the rows of that result.

(0,0) N (0,0) (N1 (0,0 (N-1)
Row Column
f(x,y) . F(x,v) — > F(u,v)
transforms transforms
(M- 1) M-1) M-1)
A A A
X X u



Example

(In this example, the z axis points y
down, the y axis to the right.)

X

4 2 21
2110
1000

Hence, we have

9 2—45 3 24
104 1-—7 2 1+

Fav) =412 125 0 14
11 11
16  5-736  5+;3
1 |7-430 3—j12
Fluw) = 156 1—410 14

7443 2 3+ 0



Translation

The translation properties are
flx —z0,y — yo) & F(u,v)exp|—j2m(uzo/M + vyy/N)] (10)
and

f(z,y) explj2m(upx/M + voy/N)] < F(u — up, v — vy) (11)

Note that a shift in f(z,y) does not affect the magnitude of its Fourier
transform since

| F(u, v) exp|—j2m (uzo/M + vyo/N)]|| = |F(u,v)] (12)

Average Value

The average value of a 2D discrete function is

_ 1 M-1N-1
It is easily shown that
f(z,y) = F(0,0) (14)

Periodicity and Conjugate Symmetry
The DFT and its inverse are periodic with period V.

For the 1D case,
Fu)=Fu+N); (@)= f(z+N)
Furthermore, if f(x) is real, the DFT also exhibits conjugate symme-
try:
F(u) = F*(-u)
or
|F(u)] = [F(—u)|



= The periodicity property indicates that F'(u) has a period of length.
N

= The symmetry property shows that the magnitude of the trans-
form is centered on the origin.

Hence,

e The magnitudes of the transform values from (N/2) +1to N —1
are reflections of the values in the half period to the left of the
origin.

e The magnitudes of the transform values are symmetrical about
u=N/2.

To move the origin of the transform to the point u = v = N/2, we
multiply f(z,y) by (—1)*"¥ prior to taking the transform.

[ F(u)l
A

(a)

VAN / \ JAVRNENAVAN .\/\

-N/2 0 N/2 /' '\ »u
N-1 N

|<7 One period 4>|

| F(u) |

A

(b)

N/2 N-1

0
|<7 One period 4>|

v

lllustration of the periodicity properties of the discrete Fourier transform:
(a) Fourier spectrum showing back-to-back half periods in the interval [0, N - 1];
(b) Shifted spectrum showing a full period in the same interval.



Proof of Periodicity and Conjugate Symmetry

Flu) = (UN)'S f(o)expl—j2mus/N]
F(u+ N) (l/N)Zm: (z) exp[—j2m(u + N)x/N|
(l/N)Zm:f(x) exp|—j2rux /N — j2r Nz /N]|
(1/N) - (@) expl—j2mus/N] exp|~j2ra]
(1/N)z$:f(.r) exp[—j2mux/N] since exp[—j2mzx] =1
F(-u) = (1/N) X f(a) explyzmua/N
Fi(-u) = (UN)S f*(x) expl—j2mue /]
(1/N) Ex:f(x) exp|—j2mux/N] for real f
F(u)
2
£ Aheeenens
=
[F@)| osp
NI PO PP ST L
g(x) = ol [N TN AUUURTTUR SRUURRNS SOUURES AOUURRONN I
(Gl VAN ) R P
|G| o5}
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For the 2D case involving an N x N image,
F(u,v) = F(u+ N,v) = F(u,v+ N) = F(u+ N,v+ N)  (15)

Although F'(u,v) repeats itself for infinitely many values of u and v,
only the N values of each variable in any one period are required to
obtain f(z,y) from F(u,v). Similar comments apply to f(z,y) in the
spatial domain.

If f(x,y) is real, the DFT also exhibits conjugate symmetry:
F(u,v) = F*(—u, —v) (16)

|F'(u,v)| = |F(=u, —v)| (17)

11
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Example

Consider a 100 x 100 image f(z,y) given by

_J100 0<2<1, 0<y<2
flay) = { 0  elsewhere
x,y = 0,1,...,99. Determine the points along the u axis where

F(u,v) = 0 and sketch |F(u,0)| for 0 < u < 99.

We have
Fu,v) = NzolNzOl (@, y) expl—j2m(uz/N + vy/N)]
where N = 100. Let
Gu) = F(u ,O)
= 2 % 5 fley)expl-j2n(u/N)
(1/N )[ (0,0) exp(0) +f(1,0)exp(—j2mu/N)
0 1)exp(0) 471 1) exp(—j2mu/N)
f]( ,2)exp(0)  +f(1,2) exp(—j2mu/N)
0

= (1/N%)[300 + 300 exp(—j2mu/N)]
= (300/N?)[1 + exp(—j2mu/N)]

G(u) =0 = 14exp(—j2mu/N)=0
= 1+ cos(2mu/N) — jsin(2ru/N) =0
= u=N/2=50

14



From above,

G(u) = (300/N?)[1 + exp(—j2mu/N)]
= (300/N?) exp(—jmu/N)[exp(jmu/N) + exp(—jru/N)]
= (300/N?) x 2cos(mu/N) exp(—jnu/N)

IG(u)] = (300/N?) x 2| cos(mu/N)|
= 0.06] cos(mu/N)]

We note the following;:
o |G(u)|maz = 0.06 at u =0
e |G(u)|min =0at u= N/2 =50
e |G(u)| decreases monotonically as u increases from u = 0 to u = 50
()

e |G(u)| is symmetrical about u = 50

|G(u) |
O e
] [ ]
° ' s
0 .-"'.' >
0 50 100
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Convolution

1D Continuous Case
The convolution of two functions f(z) and g(x) is defined by

f@)xg(x) = [ fl)g(z - a)da (18)

It can be shown that
f(@)xg(z) & F(u)G(u) (19)
f(@)g(z) < F(u)*xG(u) (20)

i.e., convolution in the x domain in equivalent to multiplication in
the v domain, and vice versa. These two results are known as the
convolution theorem.

1D Discrete Case
Suppose that f(z) and g(z) are discretized into sampled arrays of size
A and B, respectively:

{£(0), (1), f(2),..., f(A=1)}

and
{9(0),9(1),9(2),...,9(B - 1)}

The discrete convolution of f(z) and g(z) is given by

W) = f@)*g@) = 5. flm)g(z —m) (21)

m=—0o0

le.,

o) = S fm)g(—m)

h(1) = 5 Flmg(t—m)

etc.

The convolution of these two arrays will result in a sequence of length
A+ B-—1.

16



f(a) g(a)

1
12
> a > a
(a) 1 (b) 1

g(-a) g(x-a)

A A
1/2

1/2
> O | >
-1 -1 X
(c) (d)
fa@)g(x-a) f@)g(x-a)
A A
0<x<l1 1<x<2
1 1
12
1/2 -
] > a =
-1 x 1 x-1 1 «x
(e) (f)
S (x)Og(x)
A
12 —
; > X
1 2

(9)

Graphic illustration of convolution.
The shaded areas indicate regions where the product is not zero.
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Example

f(x)={1,1, 1}

4

A

9(x) ={3, 2, 1}

Hence,

<0
€r =
€r =
€r =
=3
€r =
>4

|

L.

h(z) = {3,5,6,3,1}

h(z) =0

h(0)=1x3=3
h(l)=1x24+1x3=5
h(2)=1x141x2+1x3=6
h(3)=1x1+1x2=3
h(4)=1x1=1

h(z) =0

18
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The DFT and its inverse are periodic functions. Formulating a dis-
crete convolution theorem to be consistent with periodicity involves
assuming that the discrete function f(z) and g(x) are periodic with
some period M. The resulting convolution is then periodic with the
same period.

For the discrete convolution theorem to hold, we require
M>A+B-1 (22)

Zeros are appended to the samples so that each input signal is of
length M. The extended sequences are

o-{{0 92 @

and

{g(x) 0<z<B-1 (24)

0 B<x<M-1

The discrete convolution of f.(x) and g.(x) is

M—1
£.(2) * go(2) :]\14 > fmglo—m); 2=0,1,2.., M1 (25

The convolution function is a discrete, periodic array of length M, with
the values x = 0,1, 2, ..., M —1 describing a full period of f.(z)*g.(x).

19



Convolution Theorem: h(x) =f,(x) 0g,(X) = F.(u)xG,(u)

f(x) a(x)
44— 4—>
0 A-1 0 B-1
Extend domain
M>A+B-1

f.(X) 9 (X)
> +—>
0 M-1 0 M-1

ﬂ M-pt DFT ﬂ

F.(W) G ()

20



2D Continuous Case
In the 2D case,

oo

flz,y)xg(x,y) = //f(a,ﬁ)g(fc — o,y — B)da df (26)

The convolution theorem is
f(z,y)*g(z,y) & F(u,v)G(u,v) (27)
f(z,y)g(z,y) & Flu,v)xG(u,v) (28)

2D Discrete Case

The 2D, discrete convolution is formulated by letting f(x,y) and
g(x,y) be discrete arrays of size A x B and C x D, respectively. These
arrays must be assumed periodic with some period M and N in the
x and y directions, respectively. Wraparound error in the individual
convolution periods is avoided by choosing

The periodic sequences are formed by extending f(z,y) and g(x,y):

f(xy):{f(x’y) 0<z<A-1 and 0<y<B-1
v 0 A<z<M-1 or B<y<N-1
(29)
and
glz,y) 0<z<C-1 and 0<y<D-1
ge(x’y):{O C<z<M-1 oo D<y<N-1
(30)

The 2D convolution of f.(z,y) and g.(z,y) is defined by the relation

1 M-1N-1
fe(xﬂy) *ge(x,y) - W Z:Q ;0 fe(m7n)g€(x -—m,y - n) (31)

forr=0,1,2,....M—1andy=0,1,2,...,N—1. The M x N array
is one period of the discrete 2D convolution.

The continuous convolution theorem also applies to the discrete case.

21



f(a.p) g@a.p)

a (a) a (b)

gx-a,y-pB) fa,Bgx—a,y-p)

Volume = f(x, y) Ug(x, y)

%5

Ly y —

Jx

(c) (d)

lllustration of the folding, displacement, and multiplication steps
needed to perform two dimensional convolution.
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IMAGE SAMPLING

In digital image processing systems, one deals with arrays of numbers
obtained by spatially sampling points of a physical image. Image sam-
ples nominally represent some physical measurements of a continuous
image field, e.g., measurements of the image intensity or photographic
density.

Given f(x,y), which denotes a continuous, infinite-dimensional ideal
image field representing the intensity of a physical image, the sampled
image is given by

fS(xvy) - f(:I?,y)S(J?,y) (32)

where
s(z,y) = :z_: :z_: d(z — mAz,y — nAy) (33)

Hence

fs(z,y) = § i f(mAz,nAy)d(z — mAz,y —nlAy)  (34)

m=—o0 nN=—oo

where fs(z,y) is evaluated only at sample points (mAx, nAy).

The Fourier transform of fs(z,y) is

Fu(w,v) = [ [ fie.) explj(2nur + vy)ldady  (35)

—0o0

or, equivalently, by the convolution theorem,
Fy(u,v) = F(u,v) * S(u,v) (36)

where S(u,v) is the Fourier transform of s(zx,y).

23



It can be shown that

1 00 00
S(u,v) = AzAy m;oo n_z_joo d(u — mus, v — nug)
where
b S
Us Az’ Us Ay

Hence, the convolution of F'(u,v) and S(u,v) is

+00 0 00
Rl = 5o | ] [F<u —av=0) ¥ % dla—mu,f—nv,)|dodf

m=—0o0 N=—00
(37)
Upon changing the order of summation and integration and invoking
the sifting property of the delta function, the sampled image spectrum
becomes

]_ e’} e’}

Fy(u,v) = Al mz > F(u— mug,v — nug) (38)

=X N=—0c0

The spectrum of the sampled image consists of the spectrum of the
ideal continuous image infinitely repeated over the spatial frequency
plane in a grid of resolution (1/Az,1/Ay).

24
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(a) X -w (b) 174 u
s(x) S(u)
""" — x “1/A 1/Ax u
(0 & (d)
S0/ () FtBw)
<« i<2W
— X T N
@ V7N S R V)"
s(x) f(x) F(u)US(u) 1
L sow
<> ) NAx
| , | , | , | , | , | , | , | ,, ﬁTmﬂ I\ | | /I
u
- P&x ¥ “1Ae -W W 1/Ax
(@) (h)
G(u)
1
-w (|) |4/4 u
S G()[F () 0S(u)] = F(u)
X -W w u
() (K)

Graphic illustration of sampling concepts
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J(x)

. F(u)
(a) X -W (b) w u
s(x) S(u)
""" —| x /A 1/Ax u
© & (d)
s(x) f(x) S(u) OF (u)
<+—>
S il NN
— X
ll_x ~-1/Ax  —W w1/
(e) ®
h(x) H(u)
1 <>
W\ S
X X -1/X 1/X
) h)
h(x)[s(x) f(x)] H(u) OS(u) OF (u)]
<+—> _ _
[ici
(i) ()

Graphic illustration of finite-sampling concepts
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(a) Spectrum of original
image

N
I

(b) Spectrum of sampled
image
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Spectra of undersampled two-dimensional
function
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