


I ]
t has been well understood that a given signal can be
represented in an infinite number of different ways.
Different signal represenrations can be used for dii
ferent applications. For example, signals obtained
from most engineering applications are Usually

functions of time. But when studying or designing the sys-
tem, we often like to study signals and systems in the fre-
quency domain. This is because many important features of
the signal or system are more easily characterized in the fre-
quency domain than in the time domain.

Although the number of ways of describing a given sig-
nal are countless, the most important and fundanTlenral
variables in nature are time and frequency. While the time
domain function indicates how a signal's amplitude
changes over time, the frequency domain function tells
how often such changes take place. The bridge between
time and frequency is the Fourier transform.

The fundamental idea behind Fourier's original work
was to decompose a signal as the sum ofweighted sinusoi-
dal functions. Despite their simple interpretation of pure
frequencies, the Fourier transform is not always the best
tool to analyze "real life signals," which are usually of fi-
nite, perhaps even relatively short duration. Common ex-
anTiples include biomedical signals [38], [50], [51], [53],
[62] and seismic signals (Fig. 1). The seismic signals are
not like the sinusoidal functions, extending from negative
infinity to positive infinity in time. For such applications,
the sinusoidal functions are not good models.

Jo addition to linear transformations, the square of the
Fourier transform (power spectrum) is also widely used in
many applications. However, the power spectrum in gen-
eral is only suitable for those signals whose spectra do not
change with time.

One common example is the speech signal. The bottom
plot of Fig. 2 is the time waveform of the word "hood"
spoken by a five-year-old boy. The plot on the right is the
standard power spectrum, which reveals three frequency
tones. From the spectrum alone, however, we cannot tell
how those frequencies evolve over time. The larger plot in
the upper left is the time-dependent spectrum, as a func-
tion of both time and frequency, which clearly
indicates the pattern of the formants. From the
time-dependent spectrum, not only can we see
how the frequencies change, but we also can
see the intensity of the frequencies as shown by
the relative brightness levels of the plot. In
other words, by analyzing the signal in time
and frequency jointly, we are able to better un-
derstand the mechanism of human speech.

Although the frequency content of the ma-
joritv of signals in the real world evolves over
time, the classical power spectrum does not re-
veal such important information. In order to
overcome this problem, many alternatives,
such as the Gabor expansion, wavelets [21],
and time-dependent spectra, have been devel-
oped and widely studied. In contrast to the

classical time and frequency analysis, \ve name these new
techniques as joint time-frequency analysis.

In this article, we introduce the basic concepts and
well-tested algorithms for joint time-frequency analysis.
Analogous to the classical Fourier analysis, we roughly
partition this article into two parts: the linear (e.g.,
shoit-time Fourier transform, Gabor expansion) and the
quadratic transforms (e.g., Wigner-Ville distribution).
Finally, we briefly introduce the so-called model-based (or

parametric) rime-frequency analysis method.

Expansion and Inner Product
In what follows, we will first review the fundamental
mathematical tools to perform the joint time-frequency
analysis, that is, signal expansion and inner product. As we
all understand, for a given signal s from the domain 'F,
where 'F can be of finite dimension or infinite dimension,
we may write a signals in terms of a linear combination of
the set of elementary functions {iy } neZ where Zdenotes
the set of integers for the 'F domain, i.e.,

(1)
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If a physician uses a ruler whose
smallest scale is the decimeter
to measure a patient's height,
then there is no way to tell
the patient's height in terms
of centimeters.
which is known as an expansion or series.

When the set of {w,}€ forms a frame [21], a family
of vectors that characterizes any signal from its inner
products (or scalar product) as in (2) and (3), there will
be a dual set {iui z such that the expansion coefficients
can be computed by

a
for continuous-time signals, or

a
for discrete-time signals. "" in (2) and (3) denote the
complex conjugate operation. In electrical engineering,
formulae (2) and (3) are known as transformations and
j (t) is called the analysis function. Accordingly, (1) is
known as an inverse transform and w(t) iscalled the syn-
thesis function.

The inner product has an explicit physical interpreta-
don, which reflects the similarity between the signal s(t)
and the dual fhncrionx , (a). In other words, the larger rhe
inner product a, the closer the signal s(t) is to the dual
function4i ,(t). {a } depicts the signal's behavior in the 'i'
domain.

The operation of the inner product in (2) and (3) ma
be thought of as using a ruler, constituted by a set oF
functions {4i,,}, to measure the signal under investiga-
tion. Each individual function can be considered as the
tick mark of the ruler, The expansion coefficient {a} in-
dicates the weight of the signal's projection on the tick
mark determined by ,. We all know that the precision
of any measurement largely depends on the smallest uni:
used. If a physician uses a ruler whose smallest scale is
the decimeter to measure a patient's height, then there is
no way to tell the patients height in terms of centimeters.
The goodness of the ruler is measured by the fineness oF
the unit. So, elementary functions for the signal expan -
sionshould be chosen such that the resulting tick mark is
the finest.

For a given frame {w,,},, its corresponding dual
frame is generalls' not unique. One particularly interest-
ing scenario is ij (t)=ct,, (t), where c denotes a constan
number. In this case, we name Ni ,}neZ as a tight frame.
For the tight frame, the expansion coefficients c{a} am
exactly the signal's projection of the synthesis flinctions,

up to a constant multiplier c. When the dual frame is not
unique, the resulting expansion is redundant.

When the dual frame Ni } is unique, then the set
of Ni,} neZ forms a basis and there is no redundancy. In
this case,

(w ,ijk)=c8[n—n']

w'here

11 n=o
othe'ise

(4)

(5)

If then(w, ,i)=c5[n—n'j and{w} are
orthogonal. Otherwise, {w}neZ and -s} neZ are

biorthogonal, when {yc} neZ forms a basis. For the
biorthogonal expansion, the signal's feature described by
the coefficients {an} may not have obvious relations with

(2) the set of the basis function {Nn} neZ [Fig. 3(a)]. For the
orthogonal expansion, however, the expansion coeffi-
cients {a} must be the signal's projection on the basis
function neZ [Fig. 3(b)]. Moreover, in all cases, the
positions of w and 4,, are interchangeable. That is, ei-

(3) ther of them could be used for analysis or synthesis.
The concepts introduced above can also be understood

from the matrix operation point of view. Suppose that the
length of the signal 3' is L. We have the matrix G with di-
mensionM xL and the matrix H with dimensionL xM,
whereM�L. If

, (6)

for all vectors 3' with L elements, then we say that the
space constituted by the matrix H is complete. Note, that
in general, the matrix G could not be unique. If 214 = L (H
and G are square matrices), then G must be equal toH'.
In this case, H and G are said to be biorthogonal to each
other. If G = H-' H", Hand G are orthogonal. The su-
perscript "H" denotes the Hermitian conjugate. In both
biorthogonal and orthogonal cases, the matrix G is
unique.

BeeauseHG = 1(6), taking the transpose, with respect
to HG, yields,

A 3. In both cases, { Wnl,,z is complete for three-dimensional

space, but in orthogonal expansion, expansion coefficients a,
ore exactly the signal's projection on the elementary functions
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The elementary functions
employed in the Fourier series
extend from negative infinite
time to positive infinite time,
and are not associated with a
particular instant in time.

HfGwLs=(GML)TM(HL4M =f

which indicates that either H or G can be used as analysis
(or synthesis). The two most fundamental questions for
the expansion are
A How to build a meaningful set of functions {wfl}nEz
A How to compute the corresponding set of dual flmc-
tions t} nEZ
One of the most well-known expansions is the Fourier se-
ries. For a periodic signal 7(t) with a period T, the Fou-
rier series is defined as

i(t)=aeJ2TtT.

Because the elementary functions e12/T in (8), har-
monically related complex sinusoidal functions, are
orthonormal with respect to the scalar product, the dual
function and the elementary function have the same form.
Hence, we can readily obtain the expansion coefficients of
the Fourier series in (8) by the regular inner product op-
eration (2), e.g.,

a =JThT(t)e-)2n/Tdt

which indicates the similarity between the signal and a set
of harmonically related complex sinusoidal functions
{e)2IWEJT }. Because e2 irnt/T corresponds to impulses in the
frequency domain, the ruler used for the Fourier trans-
form possesses the finest frequency tick marks (that is, the
finest frequency resolution). Consequently, the measure-
ments, the Fourier coefficients {a}, precisely describe
the signal's behavior at the frequency 2itn/T.

For a non-periodic signal s(t) in L2, we have

2rt -" (10)

and the Fourier transform

s(w)=fs(t)c"°dt. (11)

Convcntionally, the square of Fourier transform is named
the power spectrum. According ro rhe Wiener-Khinchin
theorem, the power spectrum can also be considered as
the Fourier transform of the eorrelarion function, i.e.,

P(@)_—N(w)(2 =CRte-at (12)

where the correlation function R('r) is the average of the
instantaneous correlation s(t)s(t- 't), i.e.,

R(t)=f s(t)s*(t_t)dtj s(t+t/2)s*(t —t/2)dt. (13)

Note that the averaging process removes all time infor-
mation from R(t).

Finally, the reader should bear in mind that a func-
tion's time and frequency properties are not independent.

(7) They are linked by the Fourier transform. For example,
we can't find a function that has an arbitrarily short time
duration and narrow frequency bandwidth at the same
time. If a function has a short time duration, its frequency
bandwidth must be wide, or vice versa. From the uncer-
tainty principle point of view, it is the Gaussian-type sig-
nal, such as

exp{-at2}
(14)

that achieves the optimal joint time-frequency concentra-

(3 tion. The balance of the time and the frequency concen-
tration is controlled by the parameter a. The smaller the
value of a, the narrower the frequency bandwidth (longer
time duration), or vice versa.

Cabor Expanthon
As mentioned in the preceding section, the classical Fou-
rier series is unsuitable for characterizing signals that only
last for a short time or whose frequency contents change
over time. The reason for this is that the elementary func-
tions employed in the Fourier series extend from negative
infinite time to positive infinite time, and are not associ-
ated with a particular instant in time. In other words, the
tick mark adopted by the classical Fourier transform does
not contain time information.

/1 —a
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Gabor Expansion and Short-Time
Fourier Transform
In 1946, Dennis Gabor, a Hungarian-born British physi..
cist, suggested expanding a signal into a set of functions
that are concentrated in both the time and frequency do
mains 126]. (In 1970, Gabor was awarded the NobeL
Physics Prize for his discovery of the principles underlying
the science of holography.) Then, use the coefficients as
the description of the signal's local property. The resulting
representation is now known as the Gabor expansion,

s(t)=

where C,,, are called the Gabor coefficients. The set of el
ementary functions {hmn (t) } consists of a time- and fre
quency-shifted function h(t), i.e.,

hm (t)=h(t—mT)e.

In Gabor's original paper, h(t) is the normalized Gaussian
functiong(r), defined in (14), because it is optimally con
centrated in the joint time-frequency domain, in terms of
the uncertainty principle. The parameters T and Q arc
time and frequency sampling steps, respectively. The
product of T� determines the density of the sampling
grid. The smaller the product, the denser the sampling.

Fig. 4 illustrates the elementary functions used in the
Gabor expansion and the Gabor expansion-sampling
grid. Because the frequency-shifted Gaussian functions
have a short time duration, the Gabor expansion is more
suitable for characterizing transients and signals with
sharp changes (Fig. 1). The time and the frequency reso
lutions of h,,,(e) can be adjusted by the parameter ci in
(14). The smaller the value of o, the better the frequency
resolution (poorer time resolution), or vice versa. Be
cause hmn(t) are concentrated in [mT, ne], Gabor sug.
gested that the coefficient Co,,, reflected a signal's
behavior in the vicinity of[mT, ni)]. As a matter of fact,
that is not really true, because {h,,,,(t)} in general does
not form a tight frame. Consequently, the Gabor coeffi
cients C,,, are not a signal's projection on h,,,,,(t). We shall
elaborate on this issue later.

Gabor had the clear insight to see the potential of this
expansion, and it was to a great extent, his work and his
claims that spurred much of the subsequent work on joini:
time-frequency analysis. However, he did not actually
contribute to the mathematical theory of the Gabor cx
pansion. Many important aspects of the Gabor expansiorL
were not known during his lifetime [24], [29]-[31].

Moreover, Gabor limited h (t) to be the Gaussian func.
don and T� = 2x. In fact, as long as the sampling grid is
dense enough, for instance,

(17

all those commonly used analysis functions, such as the
exponential, rectangular, and Gaussian-type functions,

(16

Gabor had the clear insight to
see the potential of this
expansion, and it was to a
great extent, his work and his
claims that spurred much of
the subsequent work on joint
time-frequency analysis

15' can be used in the Gabor expansion. When the product
Tc2 =2ic, it is considered critical sampling. When T2 < 2it,
it is oversampling. Note that the set of {h,,,,,(t) } in general
won't be orthogonal unless h,,, (t) are poorly concen-
trated in either the time or the frequency domain. If
{hm,,(t)} are not orthogonal, then the estimation of the
Gabor coefficients C,,,,, won't be trivial. A natural ques-
tion at this point is "How do we compute the Gabor coef-
ficients?" If the Gabor coefficients are not unique, which
one can better describe a signal's time and frequency be-
havior jointly? Before we answer these questions, let's re-
view another approach, the short-time Fourier transform
(STFT), which appeared at about the same time as the in-
troduction of the Gabor expansion [32].

While Gabor focused on the expansion, the STFT
modified the Fourier transform (inner products of s(t)
and d). Instead of processing the entire signal at once,
STFT takes the Fourier transform (FT) on a block by
block basis (Fig. 5). Therefore, the resulting Fourier
transform can then be thought of as a signal's frequency
behavior during the time period covered by the data
block. The procedure can be described by

STFT[mT,nj=f s(t)7*(t—rnT)e3"dt (18)

where the analysis window function 7(t) balances the
time and frequency resolutions. The smaller the time du-
ration of y(t), the better the time resolution (poorer fre-
quency resolution). The blocks could be overlapped or
disjointed. The percentage of overlap between each block

/207('0
Time

A 5. Short-time Fourier transform.
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is determined by the time sampling step T and the length
of the analysis svindow function y(t).

Let us rewrite (18) in the regular inner product form,
i.e.,

STFT[tnT ,nQ]=i: s(t)1*

where

Ym,n (t)y(t_fl1T)e12Clt

Note that (20) and (16) have exactly the same form; both
are time- and frequency- shifted versions of a single pro-
totype function. Let Cm,, = STFT[mT, nQ], then (15)
and (19) form a pair of Gabor expansions. The relation-
ship between y(r) and h(t) is

h,,,, (t)7* ('t)=ö(t—t)

which is known as a formal identity, Equations (19) and
(15) indicate that the STFT is, in fact, the Gabor coeffi-
cient. Conversely, the Gabor expansion can be thought of
as the inverse of the STFT. However, these relationships
were not widely understood until the early '80s [3]-[5].

Traditionally, we investigate signals and systems in the
time or the frequency domain separately. The Gabor ex-
pansion pair, (19) and (15), now allow us to map
time-domain functions into the joint time-frequency do-
main. This has been found extremely helpful when the
system to be analyzed is time variant.

Importantly, for a given time functions(t) and analysis
window function y(t), we are always able to find the joint
time-frequency flanction Crnn. However, for an arbitrary
2D function, there may be no corresponding signal s(r)
and window function y(t). The set of } is a subsp ace
of the entire set of 2D functions (Fig. 6).

The key issue of the Gabor expansion is how to com-
pute the dual function i(t) for a given h (t). Except for a
few functions at critical sampling [4], [22], [25], the ana-

A 6. The Gabor coefficients are a subset af the set of 2D func-
tions. An arbitrary 2D time-frequency function may not be a

valid Cm,

lytical solutions of(21), in general, do not exist. This fact
inspired many researchers to seek the discrete version of
the Gabor expansion. Recently, one of the major ad-
vances in the study of the Gabor expansion is the discov-
ery of the discrete version [33], [34], [37], [44], [63],
[72]. Although there were some discrete versions of the
inverse STFT [40] suggested before, they were not moti-
vated by expansion and inner product operations. Some
important aspects, such as the relationship between
oversampling and perfect reconstruction were not clear.
In particular, the summation of computing the dual func-
tion derived previously, was generally unbounded, which
is not directly suitable for numerical implementation. By
using digital computers, we can now readily compute the
Gabor expansion and apply it to real-world problems.

Discrete Gabor Expansion

(21) Applying the sampling theorem and the Poisson-sum for-
mula [44], [63], we derive the discrete Gabor expansion
as

s[i]=E EC,h[i-m&VI]W7
(22)

where

, I .2itni
WN

and

=is[i]y*[i—inM4]W (23)

where AM denotes the discrete time sampling interval. N
indicates the number of frequency channels. The ratio
N/AN.! is considered as the oversampling rate. For a stable
reconstruction, the o\'ersampling rate must be more than
or equal to one. Usually, we require thatL is evenly divisi-
ble by N and AM. The number of frequency bins N is a
power of nvo.

The dual function can be solved by AM independent
linear systems [47], i.e.,

k= 0,1,2,.AM—1

where the elements of the matrixA5 and vectors tk andji
are defined as

a(q,p)E i[k+pAM+qN]
Yk(P)— y[k+pAZid]

where 0�p<L/AM, andL denotes the length of h[i] and
y[i]. The periodic auxiliary function i[i] is given by

[h[i] 0�i<L
[ 0 L�ic2L—N
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t)

Ak?*k Pk

2-D Functions

(24)

S
2L

0�q<——l.N (25)



When the signal length is equal to the length of h[i] and
y[i] [63], we can also simply let

i[i+nL] =h[i]
L
N

In this case, the solution of y[i] almost always exists! But,,
the samples have to be periodically extended. Hence, it it
only suitable for finite and small number of samples. OrL
the other hand, using (25), we can impose any type of ex-
tension on the samples, which enables us to perform on
line processing. Moreover, this method guarantees thai:
the length of the dual window will aJwavs be the same at
the length of the original window.

Orthogonal-Like Gabor Expansion
WhenN =M (critical sampling), the solution of y[i] in.
(24) is unique (thereby the Gabor coefficients C, are

unique). Fig. 7 illustrates the dual function y[i] of the
normalized Gaussian functiong[i] in (14) at critical sam-
pling. Note that in this case, y[i] is concentrated neither in
time nor in frequency.

According to (23), the Gabor coefficients C,,,, are in-
ner products ofs[i] and y,,, [1], which reflect the similarity
between s[i] and [i]. If y[i] is badly localized, then the
Gabor coefficients C,, will fail to describe the signal's
property in the vicinity of [rnAM n], no matter how h[i]
is concentrated. To ensure that the Gabor coefficients
C,, indeed characterize a signal's properties around
[mAZVI, n], we have to make 7[i] concentrated in both the
time and frequency domains, Once the function h [i] is se-
lected to be optimally concentrated (as it always is), the
natural solutions of'y[i] are those which are similar to the
predetermined h[i], i.e.,

min1 rltLn

7. Dual function 'y(t) (solid line) for the normalized Gaussian
function g(t) (dotted line) at critical sampling.

In many applications, such as
subband echo cancellation,

(26) the Gabor-expansion-based
filter banks have been found
to be superior to wavelet-based
filter banks.

whereh[i] is assumed to be normalized. The dual relation
is described by (24). It is interesting to know that the op-
timal solution of (27) is the minimum norm of (24)!

When h[i] is a discrete version of the normalized
Gaussian function in (14), the error in (27) is a function
of variance cx and a sampling pattern determined by AM
and N. It is observed that the minimum error occurs
when cx — Tc/(NLXM) [44]. Fig. 8 demonstrates h[i] and
corresponding y0[i]. Note that the difference between
h[i] and y0,[i] is inversely proportional to the
oversampling rate. For critical sampling, the solution of
y[i] is unique. As the oversampling rate increases, a =
N/LVkI, 0[i] becomes closer to h[i].

If y[i] is closer to h [i],for instance, y[i] c h [i], then we
can rewrite (22) and (23) as

s[i]=

C, cs[i]h*[i_mAZIi1]W.'.

Although the set of {h[i] } may not be linearly inde-
pendent, the Gabor coefficients C,, are indeed the or-
thogonal projection on {h,,[i]}. So, we name it as an
orthogonal-like Gabor expansion. For the orthogo-
nal-like Gabor expansion, the Gabor coefficients C,,,,,will
well characterize the signal's behavior in the vicinity of

(27) [mAZI4, n] as long as hm,, [1] is concentrated in [rnAAI, n].
The optimization in (27) can also be considered a pro-

cess to pursue the near tight frame. Finally, the discrete
Gabor expansion, (22) and (23), can be thought of as a
set of perfect reconstruction filter banks [54], [58]. Be-
cause (22) and (23) can be realized by the FFT and in-
verse FFT, the implementation of the
Gabor-expansion-based filter banks is very efficient. In
many applications, such as subband echo cancellation, the
Gabor-expansion-based filter banks have been found to
be superior to wavelet-based filter banks [35].

Time-VaryingFiltering
One of the most important applications of joint
time-frequency representations such as the Gabor expan-
sion, is the detection and estimation of noise-corrupted
signals [70]. While random noise tends to spread evenly
into the entire joint time-frequency domain, the signal
energy is usually concentrated in a relatively small region.
Consequently, the regional signal-to-noise ratio (SNR)
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can be substantially improved in the joint time-frequency
domain [71].

Fig. 9 depicts the impulse signal received by the U.S.
Department of Energy ALEXIS/BLACKE READ satcl-
Ute, After passing through dispersive media, such as the
ionosphere, the impulse signal becomes a nonlinear chirp
signal. While the time waveform is severely corrupted by
random noise, the power spectrum is dominated mainly
by tadio carrier signals that ate basically unchanged over
time (Fig. 9, again). In this case, neither the time wave-
form nor the power spectrum indicate the existence of the
impulse signal. However, when looking at the plot of

C,,,,, we can immediately identify the presence of the
chirp-type signal arching across the joint time-frequency
domain. This observation suggests that we can use a mask
to filter out the desired Gabor coefficients {Cm,,,} from
the noise background and then reconstruct the time
waveform via the Gabor expansion.

The problem here is that the Gabor coefficients are a
subset of the set of 2D functions. Usually, the modified
{Cmn} are no longer in the set of valid Gabor coeffi-
cients. In this case, for a given modified {C,,}, there

may not be an existing signal that corresponds to it. For
the sake of presentation simplicity, let us write (22) in
matrix form, i.e.,

(28)

whcre ?, H, and t denote the signal vector, synthesis ma-
trix, and Gabor coefficients vector. The matrix form of
(23) is

(29)

where C denotes the analysis matrix. IfH and C satisfi' the
dual relation determined by (24), then HG = I and

I = H C = HG t (30)

Note that H and C, in general, are not square matrices ex-
cept for critical sampling. Let td denote the modified and
desired Gabor coefficients, that is,

d (31)
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(a)L=56, N=8,LsM=7,
Oversarnpling = 8/7, err = 0.4018
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(d)L=32, N—8,/xM——2,
Oversampling = 2, err = 0.0865
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A 8. h[iJ (dotted line) and y,,,,[i] (solid line) (as the oversompling rate increases, y,,,,[iJ becomes mare and more c!ose to hfi]).



where 1 is a diagonal matrix whose diagonal elements are
either one or zero. Based on we compute a time wave-
form ,

Because the modified Gabor coefficients are generally not
valid Gabor coefficients,

which says that the joint time-frequency properties of t
are not the same as the desired Gabor coefficients .

Acommon approach is to seek a such that the dis-
tance between the Gabor coefficients of and the dc-
sired Gabor coefficients is minimum, tht is,

n1in/( —G

which is known as the least square error (LSE) method. It
is well known that the solution of (32) is the
pseudoinverse of G, that is,

SOPt(GGYGCd. (33)

Fig. 10 illustrates the LSE algorithm.
The LSE has been widely used and extensively stud.-

ied for many years [7], [23], [27], [65]. But it may not
be the best solution for many applications. In particular,
to solve the LSE, we need to compute the
pseudoinverse, which is computationally intensive and
memory demanding. When the data includes over
10,000 samples, it would he difficult to apply an LSE al-
gorithm with conventional PCs. A more efficient
method developed recently is an iterative algorithm in
which we continuously apply the same mask and recon
struct the time waveform. The procedure can be summa-
rized as follows:

=G1 =ctGHç
2 =Hc1

In this case, the iteration converges at the first step. How-
ever, critical sampling often leads to bad localization of
the dual function y[i], and, as pointed out earlier, it is less
interesting in applications. On the other hand, Ii [i] =

usually implies high oversampling and thereby heavier
computation. To reduce the computational burden in
real applications, we employ the orthogonal-like Gabor
expansion introduced in the preceding section. Although
-y[i] is hardly exactly equal to h [i], the performance of the

(31) orthogonal-like, Gabor-expansion-based algorithm has
been found to be good enough for most applications.

Fig. 11 plots the simulation results for the example II-
lustrated in Fig. 9. Fig. 11(a) depicts the error vs. the
number of iterations, which shows the iteration exponen-
tially converging. Note that there is a substantial im-
provement between the first and second iterations. The
result obtained by the first iteration is closer to that corn-

(32) puted by the LSE method. But, they are generally not
equal unless the convergence condition [69] is truly met.
In many applications, the LSE solution often is not the
best one. Fig. 11(b) depicts the reconstructed signal after
30 iterations. In this example, the number of samples is
9000, which is impossible to be solved by the LSE de-

A 9. Due to the low SNR, the ionized impulse signal cannot be
recognized in either time or frequency domains. However, from

ic we can readily distinguish it. (Data courtesy of the
Nonproliferation and international security division, Los
Alamos National Laboratory.)

i, =Gs2 —GHc _—(GH)2 i

The sufficient condition for the iteration above to con-
verge can be found in [69]. Under that condition,

converges to inside of;
A The result of the first iteration is equivalent to
computed by the LSE method.
Two trivial cases, h[i] = y[i} or critical sampling ({h,,}
forms a basis), satisfy the sufficient condition [69]. For
critical sampling, the modified Gabor coefficients are al-
ways valid Gabor coefficients, that is,

G'1 =.
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scribed by (33) due to the computational complexity and
memory limitations. The iterative algorithm not only
yields a better SNR, but also is practical for online imple-
mentation.

Time-Dependent Spectrum
Besides the linear transforms, such as the Gabor expan-
sion and wavelets, another important method for the
joint time-frequency analysis is the time-dependent spec-
trum. The goal here is to seek a representation that de-
scribes a signal's power spectrum changing over time.
Analogous to the conventional power spectrum, a
straightforward approach of computing the
time-dependent spectrum is to take the square of the
STFT, the counterpart of the classical Fourier transform,
i.e.,

P(t,w)=s(t)y(t—t)ed. (35)

We call it the STFT-based spectrogram to distinguish it
from the Gabor-expansion-based spectrogram intro-
duced later.

Fig. 12 illustrates the STFT-based spectrogram for a
linear chirp signal. While the time waveform (bottom
plot) and classical power spectrum only tell a part of the
signal's behavior, the STFT-based spectrogram indi-
cates how the linear chirp signal's frequencies change
over time. The main problem of the SIFT-based spec-
trogram is that it suffers from the so-called window ef-
fect. As shown in Fig. 12, the width of y(t) governs the
resulting time and frequency resolutions. In the left plot,
a short time duration window function is used, whereas
the right plot uses a long time duration window. Obvi-
ouslv, the left plot has better time resolution (poor fre-
quency resolution). On the other hand, the right one has
poor time resolution (better frequency resolution). Al-
though the STFT-based spectrogram is simple and eas-
ily implemented, it has been found inadequate for the
applications where both high time and frequency resolu-
tions are required.

Wigner-Vile Distribution
As mentioned in the preceding section (12),
the conventional correlation, in fact, is the av-
erage of instantaneous correlations
s(t+t/2)s*(tt/2), i.e.,

R('t)=f s(t +/ 2)s* (t +t/2)dt _—fR(t t6)

By averaging the instantaneous correlations,
we lose the time information. How about us-
ing R(t,'t) to replace R('t)? For instance,

t)e1'

Obviously, there is no window effect, Compared to the
STFT-based spectrogram, as we shall see later, (37) can
better characterize a signal's properties in the joint
time-frequency domain. Formula (37) is known as the
Wigner-Ville distribution (WVD), which was originally
developed in the area of quantum mechanics by a Hun-

-
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It is the crossterm interference
that prevents the Wigner-Ville
distribution from being used for
real applications, though it
possesses many desirable
properties for signal analysis.

garian-born American physicist, Eugene P. Wigner [64],
in 1932. Fifteen years later, it was introduced into the sig-
nal processing area by a French scientist J. Vile [59].
(Wigner's pioneering application of group theory to an
atomic nucleus established a method for discovering and
applying the principles of symmetry to the behavior of
physical phenomena. In 1963, he was awarded the Nobel
Physics Prize.)

Let s(t)=A(t)e3, where both A(t) and (t) are
real-valued time functions. Then, the first derivative of
the phase (t) represents the weighted average of the iii-
stantaneous frequency. Traditionally, the first derivati'e
of the phase is called the instantaneous frequency, whic.h
is actually incorrect for several reasons. For example, '(t)
is a single-valued fl.inction, whereas at each time instant,
generally there are multiple frequencies.

We can prove that the mean frequency of
the WVD at time t is truly equal to the sig-
nal's weighted average instantaneous fre-
quency, i.e.,

$ ciTVVD(t,c)do

(38)

Therefore, the WVD indeed describes the sig-
nal's joint time-frequency behavior. More-
over, the energy of the WVD is the same as the
energy content in the signais(t), i.e.,

s: 5 wD(t,)dtdw=J: k(2dt

i5 (w)2do2it - (39)

As a result of this property, the WVD is often thought of
as a signal's energy distribution in the joint
time-frequency domain. It is interesting to note that all
useful properties of the WVI) [i.e., (38) and (39)] are as-
sociated with certain types of averages. The STFT-based

spectrogram possesses neither (38) nor (39). Fig. 13 il-
lustrates the WVD of the linear chirp signal. Compared
to the STFT-based spectrogram in Fig. 12, the WVD has
much better time and frequency resolutions.

The problem ofthe WVD is the so-called crossterm in-
terference. As an example, let's look at two time- and fre-
quency-shifted Gaussian functions in Fig. 14. From the

time waveform and the power spectrum, we can easily
distinguish those two components. Essentially, there is
nothing in the vicinity of 2 kHz during the time interval
from 0.01 — 0.015 s. However, the WVD plot shows a
strongly oscillated term in that area. Because this term re-
flects the correlation of two signal components [47], it is
named the crossterm. Although the average of the
crossterin in this example is near to zero (in other words,
it does not contribute energy to the signal), the magni-
tude of the crossterm can be proven to be twice as large as
that of the signal terms. It is the crossterm interference
that prevents the Wigner-Ville distribution from being
used for real applications, though it possesses many desir-

able properties for signal analysis.
In what follows, we shall introduce two alternative

methods, the Cohen's class and the Gabor spectrogram,
to reduce the crossterm interference with limited affects
on the useful properties. 'While the Cohen's class can be
thought of as 2D linear filtering of the Wigner-Ville dis-
tribution, the Gabor spectrogram is a truncated
Wigner-Ville distribution.

Cohen's Class
As mentioned previously, the crossterm is almost always
strongly oscillated, So, an intuitive approach of removing

HT-1PH
0.005 0.010 0.015 0.020 0,025

Seconds
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the crossterm is to apply a 2D low-pass filter (o,t) to the
Wigner-Ville distribution, i.e.,

f21t -

Expanding the term of WVD in the above equation yields

C(t,e) =STf"(t—.t , t)s(t+)s* (t —-)dpd'r

Gabor Spectrogram
Anotherway of separating a signal's components in time
and frequency is to apply the Gabor expansion jj42J, [46]
as introduced in the preceding section. For example, we

(40) first expand the signal into,

s(t)=

Then take the Wigner-Ville distribution on both sides to
obtain

WVD(t ,e)

= t C,,,,,C*,,,.,, TVfDhh(t,co)
.—. =— ,'=— =—- (42)

where WT/Dh ,. (t,w) denotes the WVD of two time- and
frequency-shifted Gaussian functions defined in (16). As
illustrated in Fig. 15, WTTDbb, (t,co) is concentrated, sym-
metrical, and oscillated. It can be shown that the energy
of WT'Dhh. (t,o) is inversely proportional to the rate of
oscillation. If we consider TVlTD, (t,co) as an energy
atom, then (42) indicates that a signal's energy can be
thought of as the sum of an infinite number of energy at-
oms. The contribution of each individual energy atom to
the signal's energy not only depends on its weight,
C,,,,C*,,,, but also on the oscillation rate. The highly
oscillated atoms are directly associated with crossterm in-
tei-ference, but have negligible influence to the signal en-
ergy [46], [47].

Based on the closeness of h,,,,,(t) and h,,,, ,(t) in the
time and frequency domains, we rewrite (42) as

GS0(t,o)= WVI)1, (t,w)� 1) (43)
which is known as the Gabor spectrogram (GS), because
it is a Gabor expansion-based-spectrogram. The parame-
ter D in (43) denotes the order of the GS. When D = 0,
the CS only contains those terms in which m = rn' and n
= n In other words, in this case, we only consider the
correlation of two identical components. As the order D
increases, increasingly more less-correlated components
are included. WhenD goes to infinity, the GS converges
to the WVD.

Fig. 16 depicts the WVD of an echo-location pulse
emitted by the large brown bat, Eptesicusfrtscns. In addi-
tion to the true signals, the W\"D also exhibits strong
crossterm interference. Fig. 17 illustrates the STFT-based
spectrogram and Gabor spectrogram for the same bat
sound. Obviously, as the order increases, the resolution
improves. The best selection usually is D = 3 — 4. When
D gets larger, the GS converges to the WVD. While the
instantaneous frequencies computed by the STFT-based
spectrogram are subject to the selection of the analysis
window function, they are much closer to the real value in
the Gabor spectrogram cases.

It is worth noting that the energy atom, WJ'D51/t,co)
in (43), has a closed form that can be saved as a table.

(41)

where the function cD(t, t) denotes the Fourier transform
of(1.t, 't). Formula (41) was first developed in the field of
the quantum mechanics by Leon Cohen [17] and, it is
named as Cohen's class. Because the kernel function (t,
't) [or (t, co)] determines the property of (41), Cohen's
class greatly facilitates the selection of our desired trans-
formation. It is interesting to note that almost all previ-
ously known time-dependent spectra [38], [49] can be
written in the form (41). The prominent members of Co-
hen's class include the STFT-based spectrogram, the
Choi-Williarns distribution [14], the cone-shaped distri-
bution [74], the adaptive kernel representation [6], and
the radial Butterworth kernel representation [67] and
[68]. Comprehensive discussions of Cohen's class can be
found in [16], [18], [19], [28], [47], and [66].

5.

o.0E

£ 14. WVD of the sum of two Gaussian functions.

15. The signal energy in the joint time-frequency domain can
be represented in terms of an infinite number of elementary
energy atoms. All those atoms are concentrated, symmetrical,
and oscillated. The amount of energy contained in each indi-
vidual atom is inversely proportional to the rate of oscillation.
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Consequently, once we ob-
tain the Gabor coefficients
Cm. (which can be effi-
ciently computed by the
windowed PET), the rest of
the process is nothing more
than repeatedly using the
look-up table.

In principle, we can also
decompose other trans-
forms, such as the Hz
Choi-Williams distribution,
via a signal's Gabor expan-
sion. It has been found, how-
ever, that the Wigner-
\IiHe-distribution-based de-
composition (42) has the
best performance—a result ______
of the energy atom
WVDJJh.(t,o) in (42) being
optimally concentrated in
the joint time-frequency domain. Moreover, as previ-
ously mentioned, the energy atom WYDJ .(t,to) has a
closed form. Consequently, we don't need to compute it
online, resulting in a tremendously improved computa-
don speed.

Parametric Time-Frequency Analysis
The joint time-frequency analysis methods presented so
far are essentially nonparametric in that no model is as
sumed to be a priori. When the analyzed signal is discrete
the time and frequency resolutions of all those methodc
are subject to the number of data samples. In contrast:
with the nonparametric methods, there are several para-
metric approaches, such as the matching pursuit and
adaptive spectrogram that have been proposed recently
[36], [41], [43], [45]. In what follows, we shall briefly in-
troduce the signal adaptive approximation and adaptive
spectrogram.

Assume that the given data are samples of the signal
s(t), i.e.,

s(t)=Akhk (t)+s11 (t)

where h5(t) denotes a desired signal model, such as a
chirplet,

exp{-ak(t-;k)2 +I[@

GSa STFTI

sfr(t) in (44) denotes the residue after the kth approxima-
tion. For example,

s0(t)=s(t) (47)

s1 (t)=s0 (t)—(s0 (t),h0 (t))h0 (t)=s0 (t)-A3h0 (t) (48)

S\1 (t)=s (t)—s (t),h (t))h\. (t)=s (t)—Ay/IN (t)

(49)

where the eoefficientA5 indicates the signal projection on
the elementary function hk(t). The elementary function

(45) h5(t) is selected such that the residue is minimum, i.e.,
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(44)

which has unit energy, that is,

h5 (r)J2 F i (t)2 dt =1

minh ()k1 (t)2 5( s5 (t)—(sk (t),1i5 (t))h5 (t)2.

(46) (50)



It is easy to see that adding (47), (48), and (49) yields
(44). Based on (46) and (48), we have

I1(t)2 His 0(t)112 -IA0 12

1S2 (t)112 (t)112 -IA1
2

II (t)112 _1412 -IA1
2

and finally,

N
2

Is(t)l =>IA0
2

+llsN+1 (t)i12
k=0

It can be shown that the residue Is+1 (t)112 converges as
the number of terms N increases. In real applications, we
usually neglect the residue when it is small enough, to re-
write (44) as

s(t)_—A0h0 (t)
kD (54)

and (53) as

Ils(t)112 =IAol2

Taking the WVD on the both sides of (54) yields

WVD (t,o)=iA0I2 WV1J (t,o)

-f-i A(A )*T4/T/D,, (t,Co)
k0 k0

The first summation represents the set of autoterms,
whereas the second indicates the set of crossterms. Be-
cause the Wigner-Ville distribution conserves energy
(39) and is a using relationship (55), we have the adaptive
spectrogram as

,ID, (t,w)=lA0l2T17VD1, (t,w)
0=0 (57)

Formula (54) is a signal adaptive approximation, which
was independently developed by the authors of this article
and Mallat et al [36], [41], [43], [45]. When the elemen-
tarv function h0(t) has a form (45), we name (57) as a
chirplet-based adaptive spectrogram.

The chirplet-based adaptive spectrogram has very high
resolution without crossterm interference. Compared to
the nonparametric methods, the parametric algorithms
are computationallv intensive. The key issue of signal
adaptive approximation and chirplet-based adaptive
spectrogram [73] is the estimation of the optimal elenien-
tary function h0() in (50). Usually, they are only suitable
for certain types of signals. However, they could perform
extremely well if a parametric model indeed fits the ana-

lvzed signal [57], [60].

While the SIFT and Gabor
expansion provide vehicles to

(51) map a signal between the time
domain and time-frequency

(52) domain, the time-dependent
spectrum is a powerful tool for
understanding the nature of
those signals whose power

(53) spectra change with time.

Summary
In this article, we briefly introduced the concepts and
methods ofjoint time-frequency analysis. Like the classical
Fourier analysis, the mathematical tools of joint
time-frequency analysis are also inner product and expan-
sion. Moreover, the joint time-frequency algorithms also
fall into two categories: linear and quadratic. While the
STFT and Gabor expansion provide vehicles to map a sig-
nal between the time domain and time-frequency domain,

(5) the time-dependent spectrum is a powerful tool for under-
standing the nature of those signals whose power spectra
change with time. The material presented in this article ap-
pears to have reached a level of maturity for real applica-
tions [9], [11]-[13], [15], [52], [55], [56], [60], [61].

Note that all methods introduced in this section are
(56) mainly designed for signals whose frequency contents

change rapidly over time. But their high performance is at

the cost of computational complexity. Many applications
may start with the STFT-based spectrogram when a sig-
nal's frequencies do not change dramatically because the

STFT-based spectrogram is simple and easily imple-
mented. When high resolution is a must, the Gabor spec-
trogram is usually a favorite because it is relatively robust
and computationallv efficient.
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