122 IEEE TRANSACTIONS ON SIGNAL PROCESSING. VOL. 41, NO. I. JANUARY 1993

The Order of Computation for Finite Discrete Gabor
Transforms

Richard S. Orr, Member, IEEE

Abstract—Equations for the continuous-parameter Gabor
transform are presented and converted to finite discrete form
suitable for digital computation. A comparative assessment of
the computational complexity of several algorithms that exe-
cute the finite discrete equations is given, with results in the
range O(P%) to O(P log, P), where P is the number of input
data points being transformed. The most efficient of the re-
viewed methods, which uses the Zak transform as an opera-
tional calculus, performs Gabor analysis and synthesis trans-
forms with complexity of the same order as a fast Fourier
transform (FFT).

1. INTRODUCTION

HOUGH Gabor representations promise to become

more widespread in signal and image processing
through judicious exploitation of their potential advan-
tages relative to classical and short-time Fourier analysis
[1], ultimate realization of these advantages will depend
on the ability to make accurate and efficient digital com-
putation of the transforms. In this paper we focus on the
computational complexity of finite discrete algorithms for
the forward and inverse Gabor transforms.

Section II introduces the basic formulation of the con-
tinuous-parameter Gabor transform, including a short dis-
cussion on the relationship of contemporary Gabor theory
to that originated by Gabor [2]. Section III presents the
various formulas for the both the forward (analysis) and
inverse (synthesis) transforms as derived by three differ-
ent techniques: 1) the method of biorthogonal functions;
2) the Zak transform; and 3) deconvolution of the sam-
pled short-time Fourier transform (STFT). In order to map
the Gabor formulas into constructs suitable for digital
computation, we address, in Section IV, the problem of
finding finite discrete replacements for them. A finite dis-
crete version of each Section III formula is presented, with
details of the proof referenced.

In Section V, the computational complexity of each fi-
nite discrete algorithm is evaluated, using the number of
complex multiplies and divides as the unit of measure. It
is shown that for various rearrangements of these formu-
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las, the computational costs can differ significantly. Re-
sults are summarized in Section VI in a tabulation of the
computational complexity of each algorithm.

II. GABOR REPRESENTATION
A. The Fundamental Formulas

A Gabor representation of a time function f () is a se-
ries expansion of the following form:
-~ ~

2 20 auw(t — nT)exp (j2amet/T).

m= —o g=—

f@ =
(1

The ingredients of this expansion, which we designate as
the inverse, or synthesis transform, are 1) a set of com-
plex weights, {a, .}, m, n € Z, called the Gabor coeffi- -
cients, and 2) a set of time and frequency translates of a
single function, w(¢), the window. The translates of w(r)
form the Gabor basis {w,, ,(f)}, as follows:

Wy () = w(t — nT)exp (2amt/T); m, ne L

@

The grid of time-frequency points, (t,, f,) = (T,
m/T), over which w(r) is displaced in forming
{Wn. . ()} —called the von Neumann or Gabor lattice—de-
fines a unit area cell of dimension 7 X (1/7T) in the time-
frequency plane. Stated another way, the time-frequency
plane density of basis functions is one per unit area for
any 7 > 0. This unit density is a distinguishing charac-
teristic of Gabor representations, and it is in fact the most
sparse that can give rise to complete expansions. In this
regard, the Gabor expansion may be compared to its gen-
eralization, the Weyl-Heisenberg expansion, which can
use any density of basis functions = 1 [3].

In general, the {w,, ,(f)} arc nonorthogonal, and (1) is
a nonorthogonal expansion, causing one to take some
pains to assure accuracy and stability of algorithms com-
puting the transformation. A Gabor expansion can be or-
thogonal, but this is not required or always desirable. A
simple example in which the transformation is orthogonal
is the case where w (¢) is a square pulse on [0, T'), in which
case the transform provides Fourier series analysis on
contiguous intervals. Conditions for orthogonality of the
Gabor basis have recently been found in terms of the au-
toambiguity function of the window—see Tolimieri and
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Orr [3]—and a general construction of orthogonal Gabor
expansions has recently been developed by Coifman ef al.

[4].

B. Gabor’s Original Expansion

It is important to place the Gabor expansion defined
above in proper relation to the one originally proposed by
Gabor, especially as it relates to computational matters.
In his seminal work [2], Gabor’s choice of window func-
tion was the Gaussian pulse, which we denote by g(r).
and define in notation different from Gabor’s:

1\'/? T /e\
- () [5G] o

where ¢ is the rms pulsewidth (see (6)). The normaliza-
tion in (3) is that the window has unit energy, or L*(%)
norm,

gl = j_ drlg)® =1 )

but this is not necessary for the expansion to hold. Gabor
chose the Gaussian pulse for several advantageous prop-
erties. First of all, it is an eigenfunction of the Fourier
transform operator, i.e., its Fourier transform is again
Gaussian:

G(f) S_m di g (1) exp (=j2mf)

= (20)'/* exp [—27 (af )’]. (5

In addition, the Gaussian pulse is the unique function that
achieves equality in the Heisenberg uncertainty relation.
If one starts with the time and bandwidth equations for a
unit energy signal,

(An?

S: dt |¢f (0]

2

(Afy ;

S alz’M

© 1
j_ dv |oF @) = — dr

(6)

and applies Schwarz’ inequality to the product (ArAf)%,
(AtAf)2 will be minimized when the two integrands in
(6) are proportional:

dr )
dt

lf (0] = }k : )
The Gaussian is the unique solution to (7), yielding for
any ¢ > O the minimum achievable product

Afar = i, (8)

4x
Gabor exploited the Af Az product of the Gaussian func-
tion to minimize the area of what he called the ‘‘logon,”’
or elementary cell in the time-frequency plane occupied
by the window. Wanting to synthesize waveforms from

time- and frequency-shifted Gaussians that contain the
most ‘‘information”” per unit area, he envisioned placing
a grid on the time-frequency plane with an arbitrary time
step Ar and frequency step Af = 1/Atz, which defines a
unit area cell, and placing in the (m, n)th cell one of his
‘‘elementary signals,’” a Gaussian pulse, having time and
frequency shifts nAr and mAf units from the origin, re-
spectively. He allowed a complex coefficient a,, , to mul-
tiply the (m, n)th pulse, identifying with the real and
imaginary parts of the coefficient two quadrature compo-
nents carrying one ‘‘datum’’ each. The resultant wave-
form given by the superposition of all these weighted cell
components thus contains two items of data per unit cell,
which he believed to be the maximum packing density of
information onto the waveform.

Because of his synthesis viewpoint, Gabor was appar-
ently not motivated to investigate the representation im-
pact of the relationship between the cell dimensions and
the structure of the signal being represented. He is not
known to have published anything on the inverse prob-
lem, the analysis of a waveform into its coefficients, and
it was not until 1980 that Bastianns first gave the inverse
formula for the Gaussian case [5]. It was here. despite the
earlier treatment by Auslander and Tolimieri [6]. that it
first became evident in the engineering literature that the
Gaussian pulse, for all its other niceties. could lead to
numerically troublesome expansions, characterized by
Gabor coefficients whose magnitudes are not square
summable. It was Bastiaans who proposed the general-
ization (1) in which an (almost) arbitrary function could
replace the Gaussian in the window role. There is today
an operational calculus of this general Gabor representa-
tion, mediated by the Zak transform and the theory of
frames, that provides much of the mechanism required to
gain insight into the computational stability issues. In this
language, the problem with the Gaussian window is rec-
ognized as being due to the zero of its Zak transform.
Extensive use of the Zak transform is made in arriving at
the various formulations of the Gabor equations.

III. Tue CoNTiINUOUS PARAMETER FORMULAS

In (1) we have a synthesis formula that tells how to
recover a function from its expansion coefficients. There
is a corresponding need for analysis formulas that gener-
ate those coeflicients from the data signal. We investigate
three rather different looking analytic means to compute
Gabor transforms, given the window function and the von
Neumann grid: the biorthogonal method, the Zak trans-
form method. and the deconvolution method. Each is dis-
cussed below in turn.

A. The Biorthogonal Method

In the biorthogonal method. one uses both the basis
functions {w,, (1} and a related set of biorthogonal func-
tions {b,, (1)},

b ) = bt — nTyexp (j2amt/T); m,ne: (9
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generated from a function b (r) having the property
+

<Wm.n|bp,q> = S drw(t — nT)b*(t — gT)

“exp [j2m(m — p)t/T] = 6,- 46, .
(10)

If such b (1) exists, (10) permits analysis of finto its coef-
ficients by inner products of f(¢) and the {b, ,(} ac-
cording to the formula

-]
@pp = (flbpad = 5 dr f(yby 1y (1D
as shown by the following development:
Cflbmn? =j dif (16}, (1) =S a2 X
~c —x p=-—x g=—0c

*
Ty oy Wp,q([)bm,n ([)
oo

PINDY aMSW dt w, (b}, (1)

p=-—® g=-—-w®
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ot g PaOmor

h)

n-g = Qe (12)
Interchange of the integral and summations in (12) re-
quires uniform convergence of the sum. This formulation
suggests the interpretation of a Gabor coeflicient engine

as a bank of time- and Doppler-offset filters.

B. The Zak Transform Method

A second analysis formula is based upon the Zak trans-
form, a time-frequency mapping given by

Z:(v, 1) = k;_mf(kT + 1) exp (—j2wkeT). (13)

The interpretation of the Zak transform as a time-offset
DFT will be useful in the sequel. Taking Zak transforms
on both sides of (1) yields the following relation among
the Zak transforms of fand w. and the Gabor coefficients

(7, (8]

Zf(L’, 7 =2Z.(,7) > >

am,”
M= - H=—-X

(14)

The {a,. ,} are found formally by inverting the two-di-
mensional Fourier series on the right:

“exp [j27(m7 /T — nvT)).

A
Ay = dr dv -———
' 0o Jo Z.(v, 1)

cexp [j2a(—m7 /T + nvT)]. (15)

It is now clear what is required to determine Gabor coef-
ficients via the Zak transform method. The integrand Z; (v,
7)/Z,. (v, v) must have a Fourier series that converges to

the periodic extension of Z;/Z, on {0, 1/7T) x [0, T),
which requires that Z;/Z, and its first partials be piece-
wise continuous over the integration region. If Z, has a
zero at some interior point and Z; does not, Z;/Z, ap-
proaches £ oo at that point and cannot be continuous in
any interval containing it. It is also true that if w is an
L? () function for which Z, has a zero, the corresponding
b will not be L*(i1). All these hold for the Gaussian win-
dow. Another way to state the consequence of the zero is
that there are unit norm functions in L (%) for which the
maximum magnitude of any Gabor coefficient can be ar-
bitrarily small. The basis functions are on the borderline
of being incomplete. When these conditions obtain, Rie-
mann sum approximations to (15) may not provide nu-
merically accurate formulas. Stabilization of this com-
putational process is possible, but is not discussed in this
paper.

A synthesis formula for £ is evident in (13) using its
interpretation as a time-offset DFT. In this inversion we
first recover Z, (v, 7) via (14) and compute its Fourier coef-
ficients. The inversion is:

/T
fhT+7) =T (0 dv Z; (v, 7) exp (j2wkoT);

W

0<r<T ke’ (16)

C. The Deconvolution Methods

The third method exploits a relationship derived from
(14) among the Gabor coefficients, the sampled short-time
Fourier transform (STFT) of £, {{ f|w,. ,>}. and the Zak
transform of the window. We also need the readily veri-
fied observation that the Zak transform is an isomorph-
ism, preserving inner products to within a constant scale
factor [8]:

1
(Z (v, DIZ,(v, D)) = }(f(fﬂ g (17)

where the inner product of Zak transforms is taken to be
Al/T T

(Z; (v, 1)|Z, (v, 1)) = S dv g dr Z;(v. nZ} (v, 7.

) 0 0 ‘

(18)
Multiplying both sides of (14) by Z*(v, 1),

+® +
Zw, nZiw, n=Z,wn 2 2 a,,

m=—-o n=-—

cexp [j2x(mr/T — noT)H] (19)

and computing the Fourier coefficients of both expres-
sions reduces (19). after simplification, to the convolution

(7]
flwmnd = 2 2 ayWWoopaogd.  (20)
p=—® ¢g=—=

As an aside, we note that (20) is the root of a familiar
comparison between a Gabor representation and a sam-
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pled short-time Fourier transform of some function f,
when each uses window w. The sampled STFT is repre-
sented as a “‘blurred”’ version of the Gabor coefficients
through the two-dimensional convolution with a kernel
that is the sampled ambiguity function of the window
function. To the extent that a window function chosen for
spectral decomposition is as smooth and locally concen-
trated as possible, within the limits imposed by the Bal-
ian-Low theorem [9], its ambiguity function resembles
the point spread function (impulse response) of a well-
designed optical system in which slight input image blur-
ring occurs due to finite aperture.

Extraction of the Gabor coefficients according to (20)
requires deconvolution of the sampled STFT. After Fou-
rier analysis of both sides of (19), we find that the decon-
volution can be carried out in the transform domain:

AT AT

Apon = 5 dr 3 dv —1— >
0 0 o

Z, (v T)‘z P 3=Z_°Q <f|Wm>

cexp {2x[(r —m)7/T — (s — meT]}. (21

Thus the algorithm, given the sampled STFT. is to take
its DFT, divide by |Z,. (v, T)!z, and extract the Gabor coef-
ficients by the inverse 2-D DFT of the ratio. Recovery of
f follows directly once the Gabor coefficients are ob-
tained.

Upon first look the deconvolution algorithm may seem
unnecessarily complicated. It is useful, however, if one
wants to digitally process, by Gabor means, data that has
originally been taken in analog form as an STFT. The
deconvolution formula also yields the generalized inverse
for Gabor expansions, that is, the coefficients that lead to
the minimum Z* norm error between a function (not in the
space spanned by the Gabor basis) and its Gabor repre-
sentation.

These three techniques, the method of biorthogonal
functions, Zak transforms. and deconvolution of the sam-
pled STFT. exhaust the formal structures under consid-
eration. In the following section we convert the equations
of each method to formulations that are amenable to dig-
ital computation.

IV. THE FINITE DISCRETE EQUATIONS
A. The Role of Periodization and Sampling

There are several possible approaches to making the
Gabor equations discrete and finite. The most straightfor-
ward is to truncate the time functions to compact support
and sample them at a rate capturing their significant be-
havior. A more elegant process that better preserves some
of the relationships between the discrete Gabor equations
and the original transforms accomplishes the time trun-
cation by periodization before sampling. The equations
for the latter are summarized in Orr [13]. From the point
of view of computation, it makes little difference which
approach is selected, since the resulting equations have
common computational requirements. We adopt the per-
iodized, sampled approach here as the model for compu-

tation analysis. By periodizing and sampling f(¢), we re-
duce the Gabor transform of fto a discrete linear mapping
that relates the samples of the periodized f (having period
P samples) to a periodic M X N array of Gabor coeffi-
cients, where M is the number of Gabor frequency cells,
N the number of time cells and MN = P. We find that the
samples of the window function are also periodized as a
result of the processes imposed on the signal.

Many of the results presented in this section have been
summarized without proof in [11].

B. The Discrete Biorthogonal Equations

All the equations in which either the Gabor coefficients
or the original signal f are expressed directly in terms of
the window function or its biorthogonal counterpart are
considered to be elements of the biorthogonal method. We
first periodize f

far@y = 2 ft+kNT) 22)
to a multiple of the Gabor time step 7, and sample fyr(2)
at the Mth harmonic of 1/7, i.e., t, = pT/M, yielding

7= fur(pT/M) = 20 f(pT/M + NT),

0<p= (23)

The notatlonf“” will be used throughout; it represents the
pth sample of f periodized to period P samples. By for-
mally inserting the Gabor expansion of f (¢) into (23) and
regrouping the terms, we eventually find

M—1N-1

P-1

y = Z Z ai Wi s exp (j2amp /M) (24)
where
Wil = X W 29)
and
aiﬂ/‘/.[l.ll)\/) = Z Z am+M{J n—=Ng: (26)

p=—o ¢g=—

Equation (24) can be written more compactly by defining

w(nf)p Mn = Wp Mn €XP (]27rmp/M) (27)
to yield
M-1N-1
;7;’) = IZO "; a:rlyn\” :v’:’;; Mn: (28)

Equation (28) shows exactly how the discrete finite rep-
resentation is related to the original continuous-parameter
Gabor formulation: The set of periodized samples of f is
expressed as a weighted sum of the periodized samples of
the window function w, where the weighting coefficients
are the doubly periodized Gabor coefficients of f. In mak-
ing computations with the discrete transform, it is gen-
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erally not possible to ‘‘back out’’ the initial Gabor coef-
ficients {an,,} from the periodic array {a{¥;™}, or to
reconstruct the aperiodic £ (¢) from the { £,7'}, due to the
aliasing that accompanies periodization. But, as in any
other problem using sampled data, one can use the con-
trollable parameters, i.e., the periodization interval (N)
and the sampling rate (M), to make the sampled and con-
tinuous parameter versions closely approximate.

The conditions under which the {a{);*} computed from
{28) should closely resemble the {a,, ,} of (1) are that 1)
any frequency aliasing induced into for the original {a,, ,}
by sampling is made negligible, which necessitates
choosing the sampling rate M /T to sufficiently exceed the
bandwidth of f, and 2) f, w and the lattice are such that at
most the first N Gabor coefficients in (1) are significant at
any frequency up to M /T Hz, that is, the interval of per-
iodization should be great enough that within it, the per-
iodized fand w closely resemble their aperiodic versions.
When we think these conditions are satisfied, we can re-
place (24) by (29) below, a sampled, truncated approxi-
mation to (1), and proceed as though (29), in which per-
iodization is ignored, were an equality, and neglect the
differences between it and (24):

M-1N-1
FT/M) = 2 2 an,wl(p = M) T/M]

©exp (j2mmp /M). 29

If, however, one is dealing with a window function
whose Zak transform vanishes, or nearly so, then the per-
iodized Gabor coefficient sum (26) will be slow to con-
verge, and the correspondence between the periodic and
aperiodic coefficients can be anticipated to be poor.

Given the development above, it should not be surpris-
ing that (11), which expresses the Gabor coefficients as
inner products of f and the biorthogonal functions, is
transformed by periodization and sampling into the fol-
lowing expression:

P-1
/ T T
api = o L 0B = 2 (P (30)
where

ol T
b k) = 2 by, (k— + qNT> 3D
g=-w M

is the periodized and sampled biorthogonal function.

C. The Discrete Zak Transform Equations

In order to find a finite discrete version of (14), which
relates the Zak transforms of the signal and window to the
Gabor coefficients, sampling and periodization must be
applied. One finds that

qa pT g pT\'% S
Z = =)=z, = =) X X oy
f(NT’ M) v <NT M> ne0 nm O

- exp [j27 (mp/M — ng/N)] (32)

from which the solution for the coeflicients follows di-
rectly:

™t T MN ;<0 40 Z.(¢/NT, pT/M)
cexp [—j2n(mp/M — ng/N)]  (33)

when Z,. does not vanish on the von Neumann lattice.
We shall also need the finite discrete analog of the re-
covery of f from its Zak transform (13), which is

1M q pT>
? = - —_, = j N). 4
A zf<NT,M exp (j2mqp /N). (3%)

That is, the finite DFT of the sampled Zak transform is
the sampled, periodized f.

D. The Discrete Sampled STFT Equations
The basis for this approach is (32). Multiplying both
sides by Z%(g/NT, pT /M) and applying the convolution
theorem, (32) becomes the following analog of (20):
M-1N-1

FOwo = 20 ali vl (39)
where the finite discrete inner product is
Pl
O™ = 2 e 36)
p=

and the convolution is circular with period MN. As in the
continuous parameter case, the Gabor coeflicients can be
deconvolved from (35) in the frequency domain:
M-1N-1 1 o »

= = DYDY
p=0 ¢=0 |Z.(q/NT, pT/M)|* r==2 s=~=
POy exp {j2np(r —~ my/M

—q(s — n)/N]}.

One recovers f using (28).

MN)
Q. n

(37

E. Notation

In the following we write N = P and M = P' "% to
emphasize dependence of the results upon both the size
of the data set (P) and the shape of the time-frequency
lattice («). Superscript notation pertaining to periodiza-
tion and sampling is henceforth dropped, since for com-
putation comuplexity purposes it does not matter whether
finitization of the representation has been achieved by
periodization or truncation.

V. ALGORITHMS AND COMPLEXITY ANALYSIS

Explicit algorithms for each formula in Section IV are
presented next. We evaluate algorithm complexity by
counting the number of complex multiplies and divisions
required. A P-point, 1- or 2-D FFT will be said to require
P log, P complex multiplies, as in the case where P is a
power of 2 [12]. We will not take pains to more finely
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tailor the coefficient of P log, P to specific algorithms, or
account for differences in the number of real multiplies
and/or divides needed to implement the complex multi-
plies and divides. As a result, slight revisions of the for-
mulas presented here are possible. For each method, the
coeflicient, or analysis, algorithm is presented prior to the
reconstruction, or synthesis, algorithm. Methods are de-
noted by the letters B (biorthogonal), Z (Zak), or D (de-
convolution), and the total computation for an algorithm
is given by C(*|*), where the first argument is the method
and the second is A or S (analysis or synthesis).

A. Method B1—Multiply and Add

This is the most naive model, presented for reference
only as a worst case. It corresponds to the pre-FFT method
of computing finite Fourier series.

1) Analysis: To obtain the {a,, ,} via (30) by forming
and then adding the summand products requires only one
multiply per term, assuming that the array {b,, o(k)} is
precomputed. There are P terms in the sum for each (m,
n) and P values of (m, n), making the computation

C(BLlA) = P°. (38)

2) Synthesis: Reconstruction in this case is via (28).
For each triplet (p, m, n) there is one multiply, and there
are PMN = P? such triplets. The result is again

C(B1]S) = P%.
B. Method B2—FFT-Based

1) Analysis: Equation (11) is actually a DFT that can
be computed more efficiently by FFT. In this case we fac-
tor the biorthogonal terms into their time- and frequency-
translation components and first compute the signal-
biorthogonal products

hp.n =fpb:—Mn; 0
O0=sn=<N-1

(39)

=p.=P -1,
(40)

There are NP = P'™“ multiplies required to compute all
the {h, ,}. Compute these first and follow with a P-point
FFT for each n:
P-1
A p = p;o h, . exp (j2wmp /P). 40

There are N FFT’s requiring P'*° log, P operations,
making the total count

C(B2|A) = P'"*(log, P + 1). 42)

Method B2 actually produces more than is required, be-
cause it overresolves in frequency, producing data at the
Fourier resolution limit of 1/NT Hz, not the Gabor-cell
1/T Hz resolution. Each FFT yields P output points, of
which only every Nth point is desired Gabor coefficient.
Despite this, the algorithm is a considerable improvement
over the naive algorithm, B1.

2) Synthesis: There is no directly corresponding result
for the synthesis algorithm, since it is cast as a double

rather than single summation. This, however, leads to an
efficient method developed from (24) by factoring the
triple product of the coeflicient, window and complex ex-
ponential such that the summations over m are performed
first. Write (24) as
N1 M—1
ﬁ) = nZO wp—.‘\'{n ZO Qn.n exXp (sznlp/M) (43)

and execute the sums over m as FFT's. Each M-point FFT
accomplishes the sum over m for one value of n and M
values of p. Because the sum is periodic in m with period
M, each FFT actually vields the values for all p. Thus the
effort required to obtain all the sums on /m is N[M log, M]
= (1 — a)P log, P multiplies. Add to these computations
N multiplies for each value of P, another P! ** operation,
for a total of

C(B2|S) = P[P* + (I — ) log, P].

Comparing (44) to (42). we find the synthesis algorithm
to be better. The asymmetry in the answers suggests that
the analysis algorithm has further room for improvement.
Below, the approach that led to (44) is applied to the anal-
ysis algorithm with good results.

(44)

C. Method B3—Expurgated FFT-Based

1) Analysis: The B2 analysis algorithm can be im-
proved by reorganizing (30) as a double summation. re-
casting the computation in lower dimensional FFT’s: for
details, see [14]. The result is

M~-1 -N-1

@y, = ZOE Z)th‘,_n exp (j2amr/M). (45)
¥=0 _g=t

In (45), N multiplies are needed for each instance of a sum
on g, since there are MN values of (r, n), all sums are
obtained in N°M = P' *“ multiplies. To complete the cal-
culation, N M-point FFT s accomplish the sumoverr.i.e.,
NM log, M steps for the FFT portion of the computation.
The multiplies and the FFT's are sequential, summing to

C(B3lA) = P[P* + (1 — a) log, P]. (46)

The computation for this algorithm is exactly the same
as for synthesis via B2, and in fact the two carry out ex-
actly the same set of operations. The FFT portion of this
computation is smaller than a full FFT by a coefficient of
(1 — @). but the dominant term for large P will generally
be P'*® resulting from the point-by-point multiplica-
tions of data and the biorthogonal functions.

2) Synthesis: The synthesis algorithm for this method
is that given in B2. When compared step by step to the
B3 analysis algorithm. one finds that each exactly inverts
the other. The author is unaware of any algorithm using
the biorthogonal functions that has lower computational
complexity.

D. Method B4—Matrix

1) Analysis: Balart [15] has formulated the discrete
Gabor problem in matrix terms, expressing (29) in the
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form f = Ax, where f is the P-vector of signal points, x is
a P-vector of Gabor coeflicients ordered with time as the
slower varying index, and A the matrix

Ao 0
A Ay

= : Ay
Ap

LAN—I.O

Each subblock of 4 is an M X M matrix that is a product
of an M X M diagonal matrix containing values of the
window function and the M X M Fourier rotation matrix.
The system is solved by inverting A4 taking advantage of
its special structure. In [14], {15] it is shown that this can
be accomplished in

C(B4|A) = P[P* + (1 — «) log, P]. (48)

2) Synthesis: The synthesis algorithm works by using
the inverse set of operations, and has then the same com-
plexity:

C(B4|S) = P[P* + (1 — «) log, P]. (49)

The synthesis simply accomplishes the multiplication of
the Gabor coefficients and the windows in an efficient way,
and requires the same amount of computation as the best
of the other biorthogonal-based methods.

E. Method Z—Zak Transform

1) Analysis: This algorithm has recently been expos-
ited by Auslander er al. [7]. It uses the finite discrete Zak
transform implied by (34) to implement (33). In the first
step, Z;(*, pT/M) is computed as the N-point FFT

N-1

Z:(q/NT, pT/M) = EOJ;W exp (—j2wkg/N). (50)

Transforms are taken for each of the M values of p, per-
mitting the set of Zak transforms to be computed in MN
log, N = «P log, P multiplies.

The coefficient algorithm (33) first computes the above
finite discrete Zak transform of the signal, Z;, and divides
by Z,. The division takes P operations, since the Z,, array
can be precomputed. The final step isa 2-D M X N FFT
on the ratio array, taking P log, P multiplies. The total
operation count is thus

C(Z|A) = P[(1 + &) log; P + 1]. (51)

For the first time we see an algorithm that will run at the
same order of speed as the FFT of comparable size.

2) Synthesis: This algorithm was first suggested to the
author by M. Wengrovitz of Atlantic Aerospace Electron-
ics Corporation. It first recovers Zyaccording to (32) by a
2-D Fourier inversion of the Gabor coefficients (P log, P
multiplies), followed by P point-by-point multiplications

AN—IJI Y

by Z,.. These steps are completed in P(log; P + 1) op-
erations. Extraction of f from its recovered Zak transform
is then accomplished according to (34). This recovery

0

(47)

Av-2.x-2 0

AN— I.N=2 AN— ILN-1

takes M N-point FFT’s, which was assessed at «P log, P
multiplies above. These operations add to total computa-
tional cost

C(Z|S) = P[(1 + o) log; P + 11. (52)

As was the case in methods B2 and B3, the best synthesis
algorithm inverts the analysis by performing the identical
operations in the reverse order.

F. Method D1—Deconvolution of the STFT

In this algorithm we assume that the input is the sam-
pled STFT, from which either the function for its Gabor
coefficients can be obtained.

1) Analysis: We wish to carry through the computa-
tions indicated in (37) to get the Gabor coeflicients. If we
assume that the sampled STFT is given, the first step is
to compute its FFT, which takes P log, P steps. Division
by the sampled |Z,|* adds P more steps, and the inverse
FFT another P log, P, for a total of

C(D1|A) = PQlog, P + 1) (53)

operations, where D1|A stands for the analysis compu-
tation excluding the evaluation of the sampled STFT’s.
2) Synthesis: To recover f from its sampled STFT, we
write the inner product of fand a basis function in terms
of their Zak transforms:
| Moo
(fPwany =< 2 2 Z(q/NT, pT/M)
’ N p=0g4=0

- Z¥(q/NT, pT/M)

©exp [—j2m(mp/M — ng/N)] (54)
and implement it as a Fourier transform. In fact, (54) is
no more than (33), the right-hand side of which has the
roles of b and w interchanged thus:

1
Z.(v. 1)

Calculation of Z; from (54) first requires a 2-D P-point
FFT, which yields the Zijf product array, followed by P
divisions by Z. The map to f takes aP log, P steps (see
the method Z discussion), resulting in a total computation
of

=TZf(w, 1) = TZX(@, 7). (55)

C(D1|S) = P[(2 + «) log, P + 1]. (56)
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,,;P logaP

f zf

D1|S
P (log;P

PlogP+1) ™™

am, n

Fig. |. Relationships among the fundamental quantities in the Zak-based methods.

The Method DI results are asymmetric because the
starting point is intermediate between the function and its
Gabor coefficients, although, as we can see, it is closer to
the coeflicients in terms of required operations.

G. Method D2—STFT-Based

Here we consider the computations required in passing
through the sampled STFT en route between the function
and its Gabor coefficients.

1) Analysis: We need to start with the complexity of
computing the STFT from f. Since the computation is an
inner product, it could be executed in a variety of ways.
Done according to the biorthogonal prescription in (30),
where we replace b, with w(,, the calculation can be
organized as in method B3, equation (45), and accom-
plished in P[P* + (I — «) log, P] steps. But the Zak
transform provides a faster method, reversing, in effect,
the flow evaluated immediately above. First compute Z,
in aP log, P multiplies. Then follow (54); construct the
Z,Z products and follow with an FFT, taking P (log, P
+ 1) multiplies. The final step is the map to the Gabor
coefficients, shown in (53) to require P(2 logs P + 1)
operations. The sum total, then is

C(D2|A) = P[(3 + a) log, P + 2]. (57

2) Synthesis: Obtaining f from the Gabor coeflicients
can be done by reversing the analysis argument. Conse-
quently the computation is the same:

C(D2|A) = P[(3 + o) log; P + 2]. (58)

Methods Z and D, both dependent upon the Zak trans-
form, are tightly intertwined. In Fig. 1 we illustrate their
interrelationships via a ‘‘state’’ diagram that shows the
direct computational paths connecting the function, its
Zak transform, its sampled STFT, and the Gabor coeffi-
cients. Each path is labeled with its computational com-

plexity, and the paths corresponding to the D1 and D2
algorithms are marked. This graphic should make it easier
for the reader to sort out the operations pertaining to each
algorithm.

VI. SuMMARY

In this paper we have demonstrated several ways to cal-
culate finite discrete Gabor transforms. Table I summa-
rizes the complexity results. For reference, the first entry
is the standard complexity of the FFT on a P-point data-
set. Method Bl represents the pre-FFT approach and
would only be used today in very special circumstances.
Method B2 illustrates that straightforward use of FFT’s
to replace the DFT’s improves upon Bl, but achieves an
asymmetric result in which the analysis algorithm is of
greater complexity than the synthesis algorithm. This de-
fect suggests that there is further room for improvement,
and it is remedied in both an algorithm (B3) that imple-
ments the result as a single stage of decimation in fre-
quency and one (B4) that treats the Gabor expansion as a
linear system with a fast inverse resulting from the highly
structured form of the defining matrix. Algorithms B3 and
B4 appear to have the minimal achievable complexity of
any that uses straightforward application of the FFT in a
biorthogonal method.

None of the biorthogonal-based method achieve the
O(P log, P) complexity of the FFT. By contrast, both
methods Z and D, both relying on the Zak transform as
an operational calculus, do achieve O (P log, P) with coef-
ficients no greater than 2 and 4, respectively, demonstrat-
ing that Gabor analysis can be carried out with the order
of efficiency of an FFT.

Each of the algorithms discussed is subject to tailored
enhancements under appropriate restrictions on the signal
or window. For the most part these modifications result
in coefficient improvement only, and are not discussed in
this paper.
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TABLE 1
COMPARISON OF GABOR ALGORITHM COMPLEXITY AND THE FFT
Complexity Complexity
Method (Analysis) (Synthesis)
Standard FFT Plog, P Plog, P
Gabor Methods

B1. Multiply and add

B2. FFT-based

B3. Expurgated FFT-based
B4. Matrix

Z. Zak transform

DI. Deconvolution

D2. STFT-based

PZ

P'*elog, P+ 1)
P[P* + (1 = a) log, P]
P(P* + (| — «) log, P]
P{l + a)log, P + 1]
P2 log, P + 1]

P[((3 + &) log; P + 2]

P2

P(P* + (1 — a)log, P]
P[P* + (1 — «)log, P]
PP* + (I — ) log, P}
Pl(1 + a)log, P + 1]
P{2 + a)log, P + 1]
P((3 + o) log, P + 2]

P total number of sampled data points,

M number of Gabor frequency resolution cells,

N number of Gabor time resolution cells,
P MN.
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