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The Undersampled Discrete Gabor Transform

Sigang Qiu

Abstract—Conventional studies on discrete Gabor transforms Euclidean norm ofz. CY with this norm is a finite-
have generally been confined to the cases of critical sampling and dimensional Hilbert space.
oversampling in which the Gabor families span the whole signal 2) We identify linear mappings (operators) on signal spaces
space. . . L .

In this paper, we investigate undersampled discrete Gabor W't_h _matrlx multlpllcatlon from the right ‘”H*A' The
transforms. For an undersampled Gabor triple (g,a,b), i.e., adjoint operator is represented #s— z * A", where
a-b> N, we show that the associated generalized dual Gabor AH is the conjugate transpost™ of A.

window (GDGW) function is the same as the one associated with  3) The discrete time translation operatdf’, is taken to
the oversampled (g, N/b, N/d, except for the constant factor B n h lic rotation
(ab/N). Computations of undersampled Gabor transforms are correspond to the cyclic rotatio

made possible. By applying the methods (algorithms) developed Ti(x) := (z(j — k))l\_—l for keZ.
in oversampled settings, the undersampled GDGW is determined. =0
Then, we are able to obtain the best approximation of a signat The discrete modulation operatak/; is given as

by linear combinations of vectors in the Gabor family.

- Napd YV —1
Index Terms—Gabor operator, Gabor transform, generalized Mi(z):= (z()w’)jsy for 1€Z

dual Gabor window (GDGW). wherew = e—2%i/N

|. INTRODUCTION AND PRELIMINARIES B. Discrete Gabor Representation

HE SUBJECT of the Gabor transform [12] concerns Let ¢ and b be integers that divideV. For a signalz, a
the problem of representing signals in terms of buildingiscrete Gabor representation sfwith respect to a Gabor
blocks that form a Gabor family. The Gabor family is obtainettiple (g, a,b) [22] is a series expansion of the form
from one single function by appropriate time and frequency

shifts. For a signalf(t), the Gabor representation gft) is et

r= Z Z Cn,m8n,m (2)

defined as — =
f(t) = Z Crmbon,m(t) (1) whereg,, ,,, = M, .9 is a Gabor elementary function [22],
nm [23], [32], {g,,,mm } n,m is called aGabor family[22], [27], and
where {¢n,m }n,m IS @ set ofGabor coefficientsWe calla andb the

lattice constantsand & = (N/a) and b = (N/b) the dual
Ry m = h(t — nT)e Frimidt lattice constantsThe (discretelGabor operatorS associated
with (g,a,b) is defined by
i = v/=1,h(t) is a Gabor (synthesis) window function, and
Cnm} is a set of Gabor coefficients.
{ In osder to do digital computation for the Gabor transforms, Sz = Z Z {2 1 m )9 m- (3)
the authors in [1], [16], [28], [30], and others have derived n=0 m=0
discrete formulations of (1). In this paper, we study the discrei2epending on the number of points in the time—frequency (TF)
Gabor transform (DGT). In order to briefly review the DGTplane, we have the following situations.

(N/a)—1 (N/b)—1

we need to set up relevant notation. * The case in whiclja, b) satisfieszb = N is calledcritical
sampling
A. Notation » The case in whicla, b) satisfiesab < N is calledover-
) L . . ling
1) Let N be a fixed positive integer. A signal is rep- Samp . . - .
resented as a row vectar = {z(k)} ! e CV. . l:;;:leix:ge in whiclia, b) satisfiesab > NV is calledunder-

Throughout the papet; is assumed to beéV periodic, ) ) _ _ _
i.e., z(j + kN) = z(j) for j = 0,1,---,N — 1 and There Is much in the literature concerning the first two cases.
k € Z. The inner product of two signals is expresselflany interesting results and algorithms have been obtained.
as (z,y) = ¥t 2()(). ||s]l:=(z,5)Y? is the Wereferto[9], [11], [16], [17], [19], [20], [22], [23], [28]-{30]
for detailed information.
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The organization of this paper is as follows. In Section Iis at mostN < N. The N-by-N matrix S is not invertible,
we introduce thegeneralized dual Gabor windoyGDGW) and S~! does not exist.
function. We show that the GDGW plays a role similar to However, the pseudo-inverse matrix pii) is uniquely
the dual Gabor window. It can be used to determine a s#fined [25], [26] [the definition of pinS) is given in (20)].
of Gabor coefficients. Then, we are able to obtain the beske define
approximations of signals by linear combinations of vectors . .
in the Gabor family. The main results are stated in Section Ill. g:=g+pinv(5)
We formulate relations between the undersampled DGT agd thegeneralized dual Gabor windoWGDGW). SinceS is
the oversampled DGT. The undersampled GDGW (GTGW) jysitive semi-definiteS™/2, (pinv (S))Y/2 and pinv(§*/2) are
obtained by the dual (tight) Gabor window in the approprialge| defined [14]. We define
oversampled setting. There is a key lemma, which may be
interesting by itself in linear algebra. All the technical proofs gt =g (pinv(S))
are presented in the Appendices. In Section IV, we propose

relevant numerical algorithms and simulations. We give a brigﬂtr?:gfiﬂgralr']ze?eignt r?aibzr g’grggﬁgfygi i bresented in
conclusion in Section V. wing u X ult p i

/2 — g« pinv(8Y/?)

[8, p. 971].
Proposition 1: For a Gabor triple (g,a,b), let S =
Il. GENERALIZED DUAL GABOR WINDOW (GDGW) [GAB(g, a,b)]"! « [GAB(g,a,b)]. Then, both the actions of
In order to define the GDGW, we need more notation from and pinv(S) commute withM,,, and T,,, for m,n € Z
[22]. in the sense that

For a Gabor triplég, a, b), we Qefine thé&sabor basic matrix (M Toat) % S = My Toa( + S),for anyz € Y (4)

GAB(g, a,b) as the block matrix form
and
the kth row of GAB(g,a,b) = M,,5T 5.9 )
(MmpThoz) * pinv (S)

wherek = (ma+n+1),m =0,1,---, 5—~1,n =0,1,--+,a— = M,wTha(z + pinv(S)),for anyz € Ligos  (5)
1 so thatk = 1,2,---,N (N = ab). It is clear that ) )
GAB(g,a,b) is an N-by-N matrix. ¢ and Z,g are the first where L(g.q,4) is the linear subspace spanned by the Gabor

and second rows of the Gabor basic matrix. family {g,, ,,: n=0,1,---,a—1;m =0,1,---,b— 1} over
Immediately, we have the matrix representation of the Gabbr _
operatorS as In particular
Sz = z + S, for any signake € C 9nm = In,m (6)

whereg, . = = pinv(S) = (M., Thag9) * pinv(S), and
whereS = [GAB(g, a, b)|"«[GAB(g, a, b)] is called theGabor P i}"’m bj?"’gf PIV(S) = (Mt Tnag) + pinv (S)
matrix, and+ denotes the matrix multiplication. ni\r/rlloreover?gm € Ligay.
Clearly, S is positive semi-definite [14], [26]. By well- o« ’Se"é"‘Appeg«‘gi‘;)A
known results on frames (we refer to [7] and [13] for details - " : . .
( [7] [13] For a signalz € C%, we say the uniquer,,,, is the

on frames) and standard linear algebra, the following agg approximationof z from the Gabor spacé g, ) if

equivalent. . . Tapp € L(g.ap) and
1) A Gabor family {g, ;. },201 .. a—1:m=01...5—1 IS @ )
frame in CV. ||z = Zapp|| = yegﬂn Uz —yll}.
. . . T ,a,b
2) The linear span of the family is the whole spac®. (G2
3) S and S are invertible. If gis known, the following proposition shows how to obtain
4) S is positive definite. Lapp-

If {g,,, }nm is @ frame, theg = S~1g andgy = S—(1/2g Proposition 2: The best approximation af from L g 4 )
are well definedg andgy are called thelual Gabor(analysiy ~Ccan be represented as

window and tight Gabor windowfunctions. Then, the Gabor 1 b—1
coefficients in (2) are obtained aSm = (x,8,, ) for Topp = Z Z CrnmGnm  TO0 Con = (& 8pm)-  (7)
n=201---,4a—1andm = 0,1,---,b6 — 1. The authors n=0m=0

in [9], [11], [16], [17], [19], [20], [22], [23], and [28]-[30]

have derived interesting approaches to determining the dbrélpartlcular
Gabor windowg. a—1b-1
In the undersampled case, how can we represent or approxi- « = Z Z (Z,90m)Gn,m: for T € Lgap. (8)
mate a signat in the form of (2)? Can we defirngin the same n=0m=0
way so that we can determine a set of coefficiefits,,, = Proof: See Appendix B.
(%, 81 m) n,m? The answer is no. In facth > N impliesN = ysing the arguments of the proofs of Propositions 1 and 2,

(22) < N. The rank ofS = [GAB (g, a,b)]" « [GAB (g,a,b)] the following corollaries are easy to verify.
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Corollary 1: The action of pin\(Sl/Q) commutes Theorem 2—Undersampled Generalized Dual Gabloet
with both M,,, and T,, for m,n € Z. Consequently, (g,a,b) be a Gabor triple withub > N, §,;, and letg, be the
(9)n.m = MmpThagt = M Thnal(g*pinv (31/2)) € Ligap 9eneralized dual Gabor windows associated Withz, &) and
and My Tragy = (Mo Trag) * pinv(sl/Q)_ (g,b,a), respectively; theng, coincides withg, up to the

Corollary 2: For a signalz, the best approximation from constant factorb/N
L(g,a,5) 10 z is determined as

b
a-1b-1 g, = %52. (16)
Tapp = D, D Com(9t)nm 107 Cnm = (2, (ge)nm)-
n=0m=0

(9 If (g,b,a) generates a frame, the, is the dual Gabor
window, and (16) holds.
I1l. UNDERSAMPLED GABOR TRANSEORM AND ITS Proof: It follows from Lemma 1 and Theorem 1 that

RELATION TO THE OVERSAMPLED GABOR TRANSFORM

In this section, we present the main results that reveal §, =g*pinv(S;) = a-b inv (Ss)
relations between undersampled and oversampled Gabor trans-

forms. Then, we are able to compute the undersampled GDGW — g% pinv <£ * SQ> _ %bg % pinv (Ss)
a .

and GTGW. We need the following lemma, which is of interest b

by itself in linear algebra. _a-b .
Lemma 1: Let S; andS, be positive semi-definite (Hermi- =N 92

tian) matrices inC™V*™, Then, there exists a real polynomial

p(t) of degree<2N such that Similarly, we derive a relation between the undersampled

GTGW and oversampled tight Gabor window based on the
binomial expansion of the inverse square root.

Theorem 3—Undersampled Generalized Tight Gadost
gél) andgf) be the generalized tight Gabor windows corre-

zxSY=x+S5, for k=1,2,---,2N (11) sponding to(g, a,b) and (g, b, @), respectively. Then

pinv(S1) = p(S1) and pinv(Ss) = p(S2). (20)

Moreover, if there is a signat ¢ C" satisfying

then 12
W _ (@) @ (17)
Z * PNV (S1) = x * pinv(Sa). (12) 9% ~\ N 9t -

Proof: See Appendix C. B
Theorem A is obtained in [22, Algorithm 2]. We reformulatdf (g,b,a) generates a Gabor framgf) is the tight Gabor

it in order to keep this paper self-contained. window, and (17) holds.
Theorem A [22]: Assume thatS = [GAB(g,,a,b)]" *
[GAB(gy,a,b)]; then, for a signalz = (x(j))}55'y = IV. NUMERICAL ALGORITHMS AND SIMULATIONS
z x 8:=(y(j));; is given as Algorithm 1: For a Gabor triplég, a,b) with a-b> N and a
b1 il signalz € CV, suppose thatg, b, @) generates a Gabor frame;
N T L5 - SR . then, the GDGW and the best approximatieg,, from the
j)=0b v b Trag1(pb + o) Trag2( : P
vu) ;x(‘] tp ){le::o 91(pb+ jo) 92(‘]0)} Gabor space g ,,) are determined by the following.

GDGW and GTGW:The rich structures of oversampled
Gabor matrices allow us to determine the dual Gabor window

b—1 a—1 Ny . . ) P
- . i —Tna bt ) agali 14y 9o and tight Gabor windovg, corresponding tdg, b, a) [22],
Zx(‘] +p ){Z 9u.(pb+ ) 92(‘])} (14) [23]. Applying Theorem 2

(13)

p=0 n=0

where j = jo + ra with jo = 0,1,---,a —1 andr =

. ab

0,1,---,4— 1. 9= 779

Note: Theorem A holds for all Gabor situations, whether
oversampled, critically sampled, or undersampled.

Theorem 1:Let S; andS» be Gabor matrices correspond—and
ing to Gabor tripleqg, a,b) and (g, b, @), respectively. Then _Jab

gt = Ngto'
gxSy =r"gxSy for k=12, (15) Tapp Dy GDGW: We calculate the Gabor coefficients as

wherer = (%) is the redundancy of the TF lattice given by N-1
(CL, b) cn,"l = <'1'.7§n,rn> = Z x(k)gn,nl(k)

Proof: See Appendix D. k=0
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which can be done efficiently using the short time Fourier Gabor window
transform (STFT). ‘ T T
Then, z,;,, is obtained as r /
0.8 /
{ \
a—1b—1 0s [
L /
Lapp = Z Z Cnomn,m:+ .
n=0m=0 0.2F 4
. . 0 50 160 15‘>O 2;0 ZéO 300 35;0 430 45‘>O 5(30 55;0
In particular, ifx € L(g.az)
dual Gabor window
a—1 5_1 0.03r /\ B
/ \
T = .’L'app - Z Z cnmlgn,rn' 0.02r f’f \\
n=0m=0 / \
001 i / \
xapp by GTGW- O v \,, // \\ / ,,/ T
—0.01F / \\ i
a—1 5_1 50 1(30 15‘>0 2(30 25‘>0 360 35;0 460 45‘>0 5(30 55;0
Lapp = Z Z <I7 (gt)mm>(gt)n,m- tight Gabor window
n=0m=0 T T T T

Forz € Ligau . [

0.05- / ‘ 1
/

[
N \ T

50 100 150 200 250 300 350 400 450 500 550

a—1 b—1

T = Tapp = Z Z <'1"7 (gt)n,m>(gt)n,m-

n=0m=0

[=]

. . . . . Fig. 1. Gabor window and the associated GDGW and GTGW. The signal
The algorithm is easily derived from the results of Sectiorig,qi is 600 and the lattice constants= 40,5 = 25.

Il and III.

By Algorithm 1, the computations of undersampled DGT are . . . )
made possible. For an undersampled Gabor t(iple, b) with ~ Gabor window and tight Gabor window, respectively. They
ab> N, we need to consider the corresponding oversamplé§!l @pproximate the original Chirp.
case with (g,b,a). By employing algorithms in [22] and
[23], we determine the dual (tight) Gabor window function
§, (g¢,) associated witlig, b, @). By Algorithm 1, the GDGW
g associated witlg, a, b) is given byg = (ab/N)g,, whereas =~ We have developed relations between undersampled and
the GTGW g; = /(ab/N)gg . Then, for a signalks, the oversampled Gabor transforms. The introduced GDGW func-
best approximatior,,,,, is determined by using the GDGWtion is similar to the dual Gabor (analysis) window. It is used

V. CONCLUSION

g (GTGW gy). to determine a set of Gabor coefficients. We proved that the
In the following, we present some numerical simulationgndersampled GDGW is the same as the oversampled dual

related to the computations of undersampled DGT. Gabor window with respect to dual lattice constants up to a
Fig. 1 shows a Gabor window of signal lengti = 600 constant factor. Similar results were derived for the GTGW.

with lattice constants = 40 andb = 25. Since40 x 25 = This makes it possible to compute the undersampled DGT.

1000 > 600, it is undersampling. The undersampled GDGW
and GTGW are illustrated. Using GDGW and GTGW, we are
able to obtain the best approximatiotg,)p and:cgfgp from the
Gabor space to a signal Fig. 2 shows the original signal

APPENDIX A
PROOF OF PROPOSITION 1

and the best approximatioa&?), andz'%),. The relative errors Proof: Following the arguments used in [10, Th. 2], we
Iz — 2311/ |2|| and ||z — 20,]| /||| are about 1.0261e-13¢an easily check that (4) holds. .
and 1.1502e-14, respectively. Since the matrixs = [GAB(g, a,b)]" * [GAB(g, a,b)] for

Fig. 3 shows the Gabor window and the GDGW and GTGW"Y signalz € Lg ), We see thatr is in the row space
with large signal lengthV = 2520. The lattice constants Of the Gabor matrixS. Therefore (cf. [25, pp. 853-854] and
a = 70 andb = 56. Clearly,70x 56 = 3920 > 2520; therefore, [26, pp. 137-140])
it is undersampling. Fig. 4 illustrates an original Chirp signal
and the best approximations?, and z{), from the Gabor {z+pinv(8)} + S ==z« {pinv(S) « S}
space to the Chirpcg‘é)p and:cgfp)p are computed with the dual =z for z€Ligap- (18)



QIU: UNDERSAMPLED DISCRETE GABOR TRANSFORM

a signal

T T T T

05F

I

the best approx signal by the dual Gabor)}

1 L 1 ] ] L L
50 100 150 200 250 300 350 400 450

L
500

L
550

1
05F

o — —
-05rF

the best approx signal by the ‘ught Gabor)

50 100 150 200 250 300 350 400 450

1
550

1F
05F
0 _
~05F
A

100 150 200 250 300 350 400 450 500

L

550

Gabor window

1225

T
I /
0.8 /\
{ \
0.6 / \
// |
0.4
/
021 / -
0 | A | |
500 1000 1500 2000 2500
dual Gabor window
T
151
10 0
S noN /\\ ‘\“ “l |
AN AT AT R
/\f\\f'w\}u“w
Y i / o 1 I
S0 VY \'/ \/ \‘,‘ ‘\,‘
A
-10F |
-15F I I I I
500 1000 1500 2000 2500
tight Gabor window
T
A
0.1 a B
I
.
“ 1
0.05r ! \ |
f
r‘
fo] S /\/\/\/\/\1/\\/‘ /\/\/\/\/\/\/\, e
500 1000 1500 2000 2500

Fig. 2. Original signal and the best approximate signals from the GabBig. 3. Gabor window and the associated GDGW and GTGW. The signal
space. The signal length is 600. length is 2520, and the lattice constants= 70,5 = 56.

Since S and pinv(S) are Hermitian, we deduce that [26, APPENDIX B

p. 145] PROOF OF PROPOSITION 2
) ) Proof: We show the special case (8) first. Far
{z xS} *pinv(S) ={x xpinv(S)} xS L(g.a3) using (6)
=z for ze€ ['(g,a,b)- (29) ~
a—1 b—1
Using (4) and (19), we derive that — _0<$’gnml>ymm
. a—1 b—1
M na 2 PIOV(S)) | =S @ g PV
= ranTw«("l" * pinv (S)) * {S * pinv (S)} n=0m=0
= M Tho{z * pinv(S) x 8} * pinv(S) a—1 b—1 .
= (Mranna-'L') * piﬂV (S) = <'1" * pan(S )7gn,rn>yn,rn
n=0m=0
Therefore, (5) holds. Taking = g in (5), we derive (6) easily. a-1b-1
Since S is positive semi-definite = E:O ZO %% PINV(S), g, )G, m

=9nm = Gnm * PINV(S) = {z *pinv(S)} * 5.

=8,.m * PINV(S) * S+ pinv(S)

=Gy * pinv(S?) x §

=g, * PINV(S?) x [GAB(g, a, b)|"
x [GAB(g, a, b)].

gn,rn
Using (18), we conclude that

a—1 b—1
S)} xS = Z Z <'1"7 gn,rn>gn,rn'

n=0m=0

z = {z * pinv(

In order to verify the general case (7), let us lookgt;, in
another way. Suppose that the mappg C~ — L(g,ap)

By the construction of Gabor basic matrix GABa,b), we
is the orthogonal projection. Thery,, = P(x).

deduce thag,, ,,, € L(g,a.1)-
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Write

A

I
0.5F /
/
of [
r/
-0.5F q
i
1000 1500 2000 2500
‘

the best approx. signal (by the dual Gabor)

1226
a Chirp signal

[ —

i
2500

500
the best approx. signal (by the tight Gabor)

for 7=1,2 (22)

AR
,N,andj = 1, 2. Assume that

| for somel < K < 2N are all the dlfferent numbers

Where)\(j) >0forl=1,2,-
from {)\ t<i<n;j=1.2. Then, there exists a real interpolation
K

L Hie
)
polynomial [15]p(¢) such that fork = 1,2,-
p(ﬂk):{u_ 70
0 if g = 0.
It follows immediately that for = 1,2 ,Nandj=1,2
1 -
. — it A #£0
/N p(N) = { A . (22)
: 0o ifAY =0
This implies that [25], [26] forj = 1,2
= p(D;).

500

i)

A

Gabor space. The signal length is 2520.

Since P is the orthogonal projection angl, ., € £g,q.1)

and

by Proposition 1
('1") S [’(g,a,b)v

(P(x), gp.m) = (&, P(9y,n))

-1
Tapp = P(T) = Z
n=0m

b—1

It follows by using (8) that

|M'

|
—

<'1"7 gn,m >gn,m

0

om

n

APPENDIX C

PROOF OF LEMMA 1
Proof: Since bothS; and S, are positive semi-definite
Hermitian matrices, there exist diagonalizing unitary matrices

Uy and U (see [26]) and diagonal matricd®; and D» with

non-negative diagonal entries such that
ji=12

S;=U'«D;x U,

Then, we have, by [26, p. 449] and [25]
for

1 % pinv(D

)=

pinv(S;

1 ) -
N
/ /
0 / /
//’ i i
—05F / -
1000 1500 2000 2500 LAY )\(j)
Fig. 4. Original Chirp signal and the best approximate signals from thq)mv( = p( 2 )
pOAF

= <$7§n,m>'

1
<P($)7 gn,rn>gn,rn
0

UF xp(Dy) x Uy

Thus
p(UR« D xU)) =
Ul s pinv(Dy) * Uy

P(Sl) =
= Ul x*p(Dy) x Uy =

=pinv(Sy).
(S1). Similarly, pinv(S5)

(

completes the proof of (10)

)

z+piNvV(S1) =z +p(S1) =z * p(S>2)
=z xpinv(Ss).

APPENDIX D
PROOF OF THEOREM 1

Proof:
Step One:Let

=g*51

= (9N y

and write g =
N—-1

—0 -

for
(2(4));

j=1,2. (20)

i) * Uj

Hence, pinyS;)
From (10) and (11), (12) is easy to derive. In fact

and z=g¢x*S>

= ()

2). This

N-1
=0

and z
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Using Theorem A and thé&/ periodicity of signals, for any

j:0717"'7N_1,We haVe
~b_1 ~ a_li,v
)=b> g0 +pb){z Trag(pb +j)ng(j)}
p=0 n=0
b—la-l o
:bz Z{g(j + pb)g(pb+ j +na)g(j + na)}
p=0n=0
~(~1—1 b_1~— .
:bzg(j+”“){Zg(1’b+”a+i)g(y’ +pb)}
=0 p=0

_ngJ+na {Z pg(na+j)T, Q(J)}

7 a—1 b—1
- g{aZg(j +na){ZWszg(j)}}

sy =120

Thus, g * S1 = rg x Ss.
Step Two: Inductively, assume that for some € N, we
have

y::g*S’f = kg« S*,
We need to verify that
* SETL

= phtlgy GFHL

Write z = g+ 53, u = g+ 51! = y* 51, andv = g« Sy =

zx Sy; then, for anyj = 0,1,---,N —1
(9% ST7)0)
”’b_l > &_17~
=u(j) = be(j —i—pb){Zng(pb-i-j)Tnag(j)}
p=0 n=0
_b=la-l o
=br* > {2 + pb)g(pb + na + j)g(j +na)}
p=0n=0
_oazl [ S i
= ¥ Z 90 + na){Zg(pb +na+7)2(j +pb)}
n=0 p=0

{aZgJ+na {Z wpg(na+j)
. szz(j)}}
=g H)(j)
where
= [GAB (g, b, @)™ % [GAB (2,b, ).

The last equation is derived from Theorem A.

1227

Since

b—1 a—1

Z Z <gv Mnl&Tni,g>Mnl&Tnzz
n=0m=0

b—1 a—1

Z Z <yv Mm&T >MmaT (g * SQ)

n=0m=0
b—1 a—1
Z Z <yv MmaT bg>{MmaTnbg} Sk
n=0m=0
b—1 a—1

{Z Z <g7 Mm&TnZ,g

n=0m=0

gxH=

>Mm&Tn5g} * S%

:{g*SQ}*S’“:g*S’;H

where the third equation is derived by using (4), we deduce
that

u(j) =g« H)(j) = (g = S5)(5) = ()
for 7=0,1,---,N —1.
Therefore
* S’f"'l = * S’;"'l. [ ]
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