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A Gabor Expansion-Based Positive II. POSITIVE GABOR SPECTROGRAM

Time-Dependent Power Spectrum The positive Gabor spectrogram is designed as a positive TF
distribution with marginals corresponding to the instantaneous power
Flemming Pedersen (IP) |(t)]* and power spectrum (P$X (w)[*
Cu(t, w) >0
Abstract—T his correspondence presents a novel approach to the synthe- / Cu(t, w)dt = |X(w)z
sis of positive time—frequency distributions with marginals correspond- ’

ing to the instantaneous powerand the power spectrum.This class of 1 " 9
distribution has mainly been constructed using an entropy approach, b Cr(t~ w)dw :|T(f)| : (1)
whereas this correspondence presents a noniterative approach based on "

the Gabor expansion. The resulting distribution has been named the These constraints are not unique and can be satisfied by many
positive Gabor spectrogranand is evaluated using different test signals. itterently looking distributions. This group of distributions has been
Interpretation and applicability of positive distributions in connection .
with signal analysis are discussed. parzlalr.neter.lze.d by Coheat gl. as Fhe (?ohen—PgsF:h class [4]. As
positive distributions are distributions in a statistical sense, Cohen
named this class of distributiorgoper distributions,which have
been widely accepted. However, this work by Cohen did not specify
I. INTRODUCTION a way to synthesize a distribution in t_his class, e_lnd it rt_amgine_d a
Th £ ioint ti f sis (JTFA) is t problem for many years as to how to find a meaningful distribution
€ Eurpos_e 0 ljojl_nD |rf11e—t_reque](nt(?y ar:(a ysis . t) IS t\(/)v M3y a given signal. A solution to this problem came with the work
3. one- .|me|nsz|ogaf( -t') ur}ct.lon odflmmr requ_le_ﬂf:y2|nDofa t'o- by Loughlin [5], [6]. He used an information theoretic approach to
cimensiona (2-D) function of timan requency. This 2D IUnclion o qtimate 4 positive distribution. This entropy optimization problem
illustrates how the spectral content of the signal is changing in tmmVOlved the principle of minimum cross-entropy, and he therefore
As the spectral/time resolution of the traditional Fourier spectrogr%med his distribution a minimum cross-entro;)y time—frequency

(FS) is limited because of smoothing, considerable effort has beﬁgtribution (MCE-TFD). Now, instead of following Loughlin's ap-

put into the development of new candidates for the FS. roach to a positive distribution, we propose a similar distribution
Two popular approaches are “Wigner—Ville (WV) modified dis-p P ' prop

Lo e " ) N ~based on the Gabor theory.
tributions” and “statistical correct positive distributions.” In this It is known from the Wigner-Ville case that an important task in
correspondence, we will show how to obtain the later type %f

distribution f Gab . f the functi onstructing a meaningful TF energy distribution is to control the
Istribution from f‘ =abor expansion of the l_Jnc_lon.” . . contributions from the inevitable CT’s. The idea of the PGS is to
The group of “Wigner-Ville modified distributions” is designed

ith the ai f reducing the effect f th i cT ove the marginal contribution of the CT's to the position of each
w € aim of reducing the etiect from the cross-term (. )'an \I without changing the marginals and preserving a positive level
preserving the auto-term (AT) in the WV. Numerous dlStrIbutIOI’]S

have been obtained by filtering the WV with different filter func-dif frﬁ)cuﬁigr' This modification of the WV will result in a proper

tions, and they can all be parameterized by the Cohen’s class 0 T’s are not a phenomenon limited to bilinear distributions but are

distributions. However, the problem with this filtering approach iaue to the nonlinear nature of an energy representation. The CT in

that it cannot distinguish completely between CT’s and AT’s. A MOIg . ES are an acknowledged fact [7], [8]. As CT's exist in all energy

ép:(_)rv,ve:ul tte)chm((]jue (rot bdelt())nglngnlnlthle C(ZJhends r(;,lastsa) to control(; istributions, they are also present in 1-D distributions like the IP and
th St as feen cve g.pf.b )t’_QIG a_.[ ]"I['F]Dasn T?\S een narr(13e PS. In order to construct a 2-D distribution, it will be advantageous
e time—frequency distribution series ( )- They use a abI‘?st to consider 1-D distributions. This will reveal part of the nature

expansion of th-e signal .to dec?mpose the WV into CT's and '_A‘T f CT's and enable us to construct 2-D positive energy distribution
The problem with negative CT’s in the WV can now be localize ith IP/PS marginals

and reduced efficiently. B_y changing the number of decompOSIngThe following simple example of the CT phenomenon illustrates
terms, the spectral resolution of the TFDS can be changed in a mﬂL
o

Index Terms—Gabor expansion, positive time—frequency distributions.

& principle of how the CT’ be divided bet the AT’s. Th
advantageous way than known from the FS. However, the res princip'e of how the > can be dvided between the A's. The

o solute square of three arbitrary numbers is
strongly depends on how the Gabor expansion is made.
The work of Qianet al. has been the inspiration for the develop- L+4—2P =17+ 4+ 2 - 12 . )
ment of a new positive time—frequency (TF) distribution known as the >
positive Gabor spectrogram (PGS) [3], which belongs to the grou

of statistical correct positive distributions. The aim of the TFDS i . e . L .
to use the Gabor expansion to reduce the contribution from the Colf‘the AT’s. Therefore, it will be possible to divide the contribution

in the WV, whereas the PGS uses the Gabor expansion to move fiin the CT's between the three AT's and preserve the positive level
CT's to the position of the AT’s without changing the marginals. ©f €ach of the AT's as

AT cT

he negative level of the sum of CT’s will never exceed the sum

|1

912 _ 2 i
11 4+4—2| —<|1| Eivicen riimrrell 12))
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Second, following the recipe, the PS is divided into an AT and a

CT part
| X (w)]* = AT(w) + CT(w)
where
, ) M—1 N—1
e cr e AT(@) = 3" D |am,n G, n(w)*
JL JL m=0 n=0
CT(w) =X (w)|* — AT (w). ®)

Finally, following the recipe from (3) and (8), we define

/ \ M—1 N—1
1 P, IX(w)|* = Z Z P n(w)

P
m=0 n=0
- where
Fig. 1. Procedure for splitting up the cross-term between two Gaussian |X(w)|2 )
functions. (W) = TR Nam, n G, n(w)|”.
Z Z |a'7n’7 n’ Gnr’, n’ (u})|2
Each of the three positive numbers contains its own AT and part of m’=0n'=0
the CT's. )

This example will serve as the recipe for the general case. AnWe have now likewise expressed the PS as a summatidd ol
arbitrary function can be represented by a Gabor expansion in fipsitive functions 3, n(w). The link between the two functions
following way: Pm, n(t) and P, » JJ) is a common AT, which is related to the

Yt Nt same TF shlfted Gaussian functigh,, . in the Gabor expansion.
. . N —jtnQ The key to use this fragmentation of the IP and PS jnt9,(¢) and
2. > @monglt—mT)e P, n(w) relates to the fact that the WV of a Gaussian function can

x(t)

:}ig '\li(i be expressed as the product between the IP and PS divided by the
_ Z Z e, e, n(t) (4) energy of the Gaussian function | |
m=0 n=0 ) — |g(t)|2 ) |C:("‘/‘)|2

WV, (t, w) (10)

where /|g(t)|2 .
gm, n(f) = g(t _ 771T)(17Jtn9-
Now, we have not only one Gaussian function Bifit N Gaussian

When calculating the IP of(#), the AT and CT part can now be functions given by the Gabor expansion. The resulting distribution is,

separated ) therefore, obtained by summing up these products between the time
()" = AT(t) +CT(t) functionsp»., »(t) and the frequency functionB,., »(w) normalized
where by the area of one of them. The resulting distribution is referred to
M1 N as the positive Gabor spectrogram
AT() = [, g (D VAL palt)- P
Z:o T;J Pegrw) = > Y 4 P o) Pon.n() (11)
CT(t) =|z(t)]* = AT(¢). (5) m=0 n=0 ﬂ Pl )dw'
Following the recipe from (3) and (5), we define It is clearly seen that the PGS is positive, as each fungtion, (t)
M1 N-1 and P, »(w) is positive per definition. A test for the time marginal
le(t)]* = Z Z P, n( gives
m=0 n=0
where 1 r M—1 N—1 1 P,n n(w) dw
2(1)]2 ) — / PGS, w)dw = DPm, n(f)
P, n(t) = I N_1 [2(*) : |am,ngm,n(t)|2- (6) 2 rn,Z:O Z /Pm n(w') dw!
Z Z |arn’7 n’ 9m’ n’ (IL>|2 M—1 N—1
s _ =3 > pmald) =) (12)
We have now expressed the IP of &h- N component function as m—0 n—0

the summation of\l - N p,,, »(t) functions, each with its own AT

and part of the CT. It is obvious that,, .(¢) is non-negative. The In the case of the frequency marginals, we have

procedure for only two Gaussian functions is illustrated in Fig. 1. M1 N1 /p (t) dt
The same decomposmon can be made for the PS. First, the Gabor/ PGSt, w)dt = Z Z P n(w)
expansion is Fourier transformed =0 = 1 /p (w') (]w/
M—1 N—1 - (13)
X ¢ = FTrIT t = m,n Gvn n ‘ 7 i
() {at)} MZ:O ngo . () ™ To have correct frequency marginals

where G, () denotes the Fourier transform gf,, »(t), which is / Do nlt) dt = i / Pov. () dus (14)
also a Gaussian function. 27
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Fourier spectrogram, Wigner-Ville, and positive Gabor spectrogram of five test signals.
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Fig. 3.

lllustration of the nonaddivity of energy distributions.

must be satisfied. At present, no analytical proof of (14) has bessulting distribution of a real signal will therefore have a very spiky
found, but numerical simulations, in all cases that we have testesthape. This effect is calle@F fading and is a consequence of the
indicate that the differences between right and left sides integratiomsnadditivity property. When the distribution was implemented, the
are negligible. corresponding distribution was sampled in discrete points. However,
In order to evaluate the nature of a proper distribution, we wiif a sequence of these points falls close to or identical to these zero
test the PGS with some synthetic test signals (toy signals). Tbessings, a part of the resulting distribution will fade to zero. Another
Gabor coefficients are calculated using an orthogonal-like Gabmnsequence of TF fading is that if two distributions are calculated for
expansion [9]. For each test signal, we have calculated the FS, the same signal, except that one has all time points shifted one half
WYV distribution, and the PGS. The reason for these choices is tluitthe sample, then the two distributions will be quite different. This
both the WV and FS have properties that we want the PGS to posses$fect is not known from the FS because of the smoothing effect. TF
i.e., correct marginals and a positive level. For each distribution, théading is one reason why correct marginals may not be practicable.
corresponding marginals have been calculated and placed above (tim& consequence of the frequency marginal is that one should be very
marginal) and to the left (frequency marginal) for the distribution. cautious when interpreting, as an example, an analysis of a speech
By inspecting the PGS in Fig. 2(a)—(l), it is seen that the AT’signal. A proper distribution is context dependent, which means that a
are only affected by the CT's when these are contributing to tlspectral representation of a particular word in a sentence will depend
marginals. The WV always has CT’s between the AT’s independentjrongly on what is said before and after this word. Therefore, proper

of whether they contribute to the marginals or not. The FS givasstributions may not be the best tool for speech analysis.

a traditional low-resolution result. These results of the PGS are in
agreement with our expectations. The last test sigestb contains

a Gaussian shaped chirp signal, and the results are illustrated in
Fig. 2(m)—(0). This result is not as convincing as the results fron“[l]
(a)—(l), and the reason for this will be addressed in the Discussion.

[2]
Ill. DiscussioN

This correspondence has presented a positive TF distribution bas
on a Gabor expansion of the signal. Both the TFDS and the PG
utilized the Gabor expansion and the resulting distributions depend]
strongly on the particular orthogonal Gabor expansion. For both
distributions, the Gabor coefficients that best reveal the TF conterré]
of the signal have to be used.

Distributions with only positive/marginal constraints have only|[6]
optimal focus when the signal components are oriented in vertical
or horizontal lines in the TF plan (which is not the casetesty. -
This orientation dependency of the marginal constraint was discussé‘c}
by Fonollosa in [10], and here, he suggested that Loughlin’s approach
could be extended by including arbitrary directions in the TF plan as
constraints in the optimization problem. On the other hand, he also
pointed out that it will only be possible to use a finite number of 8l
angles because the only distribution that is optimally concentrated in
every direction is the WV, and this is not a positive distribution.  [9]

A fundamental property of a true energy distribution is tiomad-
ditivity property. Because of the nonlinear nature of energy distrib{t0
tions, the components are interacting with each other.

For this reason, the logic in Fig. 3 is true.

It illustrates the fact that the spectral contents of two functions
added together are not the sum of the spectral content for each indi-
vidual function—the spectral content is not additive. The implication
of this property will be the subject of the rest of this discussion.

The effect of satisfying the marginals is that every zero-crossing
in the signal is fading the distribution to zero (making vertical
zero lines). Likewise, every zero in the power spectrum is also
fading the distribution to zero (making horizontal zero lines). The
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