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OT PEAAKTOPA MNMEPEBOJA

Ha npotsizkeHuu JABYX NMOCJENHHX NECATHJNETHH MH OBIIH CBHIe-
TeJNSIMH POXKJAEHHS H paclBeTa TEOPHH COJNHTOHOB. JTa TEOPHUS OKa-
3aJla 3aMeTHOe BJHsIHHE KaK Ha pa3BHTHe (PU3HKH, TAK U Ha MaTe-
MaTHKy. C TOYKH 3peHHs (H3WKa oOHa jpaja GoraTeli MaTepuad
JJi OTTAa9YHBAHHS «HeJWHEHHOH WHTYHLHH®, MO3BOJHJA Pa3PeUIHTh
psj mapajoxkcoB (TakHX kak mnpoGiema Depmu — [lacTer— Yaa-
Ma), obecneynsia 3amacoM HETPHBHAJBHBIX TOYHO pelIaeMBIX (HH-
TErpHPyeMbIX) MojeJsiell KJaccHYeckol Teopuu noss. Cpend 3THX
MoZeJied 0Ka3ajoCh MHOTO XOPOWIO H3BECTHBIX H Ype3BblYafHO BaXK-
HBIX OJ5 NPHJIOXKEHHH ypaBHEHHH, TaKHX KakK ypaBHeHHe Koprese-
ra— e Ppusa, HeauHeliHoe ypasHeHne IlIpénunrepa, ypaBHeHUe
sin-l'oppona # JAp.—3Kecb HECOMHEHHO MPHUCYTCTBYET 3JIEMEHT
yaaud. JJas MaTeMaTHKa TeOPHsI COJUTOHOB IIpeNCTaBJseT coGoi
VAUBHTEJLHEIH CIJIaB KJIACCHYECKOH TEOPHM JHMHeHAHBIX nuddepeH-
HHaJBHBIX ONEpaTopoB, TeopHH PyHKuui anre6p Jlu (B ToM uucie
6eCKOHEUHOMEPHHIX), 3JeMEHTOB aJjreGpanueckofl reoMeTpHH H MHO-
THX Apyrux jaucuuniaud. OHa yray6uja Hallld TpelCcTaBJeHHs 06
HHTErPHPYEMOCTH OeCKOHEUHOMEDHHIX JHHAMHUYECKHX CHCTEM, H
Jaxe B KOHEYHOMEDPHOM cJydae NO3BOJHJA CYHIECTBEHHO INPOJBH-
HYTbCAl B KJaccHUecKoH Teopuu ypaBHeHHH [lensese.

B Hacrodillee BpeMsi O TEOPHH COJHTOHOB HMeeTcsl OGIIHpHAs
auteparypa. B usmatensctBe «Hayka» B 1980 roay BHimsa oasa
M3 mepBHX MoHorpaduit Ha 31y TeMy («Teopust comutoHoB. MeToj
o6paTHoii 3ajxauu», B. E. 3axapos, C. B. Manaxkos, C. II. Hosu-
KoB, JI. I1. TluraeBckuit). CpaBHHTENbHO HENAaBHO MOSIBHJIACH MO-
Horpatus JI. A. Taxrapxksana u JI. JI. ®anneesa «I'aMHJIBTOHOB
MOAXOA B TEOPHH COJIMTOHOB». MHOro c6OpHHMKOB cTaTeil M MOHO-
rpaduii ony6/aHKOBaHO 3a py6exoM. Jlyuiine M3 HHX NepeBefeHB!
Ha DYCCKHMil $I3BIK H BHIIAM B H3jxatejbcTBe «Mup». HecMmorps na
Gosbloe KOJHMYECTBO NYyOJHKAUM#t ¥ HeMaJsble THPAXH H3JaHUH,
KHHTH N0 TEOPHH COJIHTOHOB INOJB3YIOTC HeOCJa0eBaloUIMM CHpO-
COM, HX IONPOCTY HEBO3MOXKHO KyNHTh B MmarasuHax. OnHako He
3T0 06CTOATENLCTBO MOGYAHIO Hac 3aHAThCS TNEepPeBOJOM MOHOIpa-
¢un npodeccopa Hewoanna. B nacrosmell KHUre clenaHa NOMKITKA



6 OT penaxkrTopa mepesoaa

NOKa3aTh MHOroo0pasHe TOYEK 3PeHHsS Ha TEOPHH COJHTOHOB H MO
BO3MOXHOCTH yBfI3aTh MX Apyr c apyroM. Oco6yio LEeHHOCTh Npe-
CTaBJseT JAONOJHeHHe, NPHCJAaHHOe aBTOPOM JMJS DPYCCKOTO H37a-
HHsl, B KOTODOM H3JI0XKeH HOBHIH, YPe3BHYAHHO HHTEPECHHIH U KOH-
CTPYKTHBHbBIH B3IVIsA Ha Npo6JeMy HHTErPHPYEMOCTH -— MHOTOOGe-
IAaIui nober aHaJHTHYECKOH TEOPDHH HeNHHeHHBIX YpaBHeHHH B
YaCcTHBIX NPOH3BOAHBIX. ABTOP HE CTaBHJ CBOEil LEJBI0 OTPa3HTh
BCE CyLIeCcTBYIOIIHE NOAXOAH H METOAH B TEOPHH COJNHTOHOB, €ro
KHHTa TpejcTaB/seT co00H CKopee MIHOBEHHOe H306paKeHHe OCTPO
pasBHBawulerocs croxera. llpurogHas Ans 0epBOro 3HAKOMCTBA
C NPEAMETOM, OHA NpeJCTaBJAseT HHTepeC H AJ9 NPodecCHOHAJIOB.

Anan Herosan HeogHokpaTHo mnpuesxkan B Coberckuét Coios.
Kuura emie He Obla 3aBeplleHa, a Mbl yxe 00CYXJAa/JH BOIPOC
0 ee nepeBofe. HaM npusTHO BHIPa3HTh 6JarojapHocTh npodeccopy
Hpio3/0y 32 NOCTOSIHHEIA KOHTAKT M COTPYAHHYECTBO IPH IOATrO-
TOBKE H3JaHUsl Ha PycckoM sshike. IIpu mepeBozxe GBLIO TPYXHO CO-
XpaHUTb HENPHHYXJEHHBHIH CTH/Ib (KHHra BO MHOTHX MeCTax HalH-
caHa OT nepBOro Juua), cBoicTBeHHb Asany Heloasuny, yemosexy,
BIEYaT/IAIIEMY CBOeH aKTHBHOCTBIO B HayKe, CHOPTe H MHOTOM
ApyromM, HO C 3TOH 3ajadyeHd YCHENIHO CIPaBHJIHCh NEPEBOJUHKU
(M. P. I'abutoB nepeses BBeAeHHE, [V1aBy 4, HaYaJo I'V1aBH 5 H OpH-
aoxenne, E. W. Illynsman — raasw 1, 2, 3, A. 0. Opsos — koHel
raaBh b).

A. B. Muxaiiros



BBELAEHUE

3a mocseHHe ABajUATH JeT B HeJWHEHHOH (H3MKe NPOM3OIIIA
peBosifonus. JlBa 3HAUHTENBHBIX OTKPBITHS, Ka)J10€ H3 KOTOPBIX
(moGonbiTHOE CcOBNAjeHHe) OBIO CHEJaHO ¢ TMOMOLIBIO BHIYHMCJIH-
TeJIbHOTO 3KCIIePHMEHTa, PaJHKa/JbHbBIM 00pa3soM H3MEHHJH HAaIlH
NpPEACTaBJIEHHA O INPHPOAE HENHHEHHOCTH U BBeJIH B JAHHAMHKY
ABE HOBHIE TEOPETHYECKHe KOHCTPYKUHH. IIepBHIM M3 HHX sBJAseETCA
COJIUTOH, BTOPBIM — CTPAHHHIH atrpakrtop. HakaHyHe 3THX OTKpHI-
THH NOHHMaHHe HEeJHHEHHOrO MNOBEAEHHs B CHCTEMAaxX CO MHO-
THMH CTeNeHsAMH CBOGOAB OTPAaHHYHBAJIOCh CHTYaLHSIMH, KOTOpHE
JH60 MOXHO OBbLJIO ONHCAaTb CHCTEMOH ypaBHeHHii rumepbosuye-
CKOro THHa (CXXHMaeMble TeYeHHS, yLapHEie BOJHHY), JHGO OHH
SIBJISIIHCh  MAJIIMH  BO3MYILUEHHAMH JHHEHHEIX COCTOAHHMH. XOTs
NO-IpeXHeMy CYyIIeCTByeT MHOIo HeJHHEHHBIX INpPOILeCcCOB, TaKHX
KaK pasBuTad TypOyJEeHTHOCTb M IPOLECCH B KBAHTOBBIX CHCTe-
Max ¢ OGoJbIMMH GJAYKTyanusiMH, O KOTOPHIX HOKA H3BECTHO
JOBOJBHO MaJio, HO €CTb TAaKKe M HeCKOJbKO MAPYTHX THIOB
HEJUHEAHOrO MOBeJEHHSl, LIMPOKO BCTPEYAIOIMHXCS B NPHPOJE,
KOTOphle Telepb MOryT OBITb KJacCH(pHUHUPOBAHH, NPeACKa3aHb H
nousTe. HbiHe c0BO HesMHHEHAHOCTh, KOTOpPOe GYyKBaJbLHO O3HAuaeT
«OTCYTCTBHE JIHHEHHOCTH», GOJibllIe He SIBJASeTCS CHHOHUMOM 006Ja-
CTH, Jiexalllel 3a NmpefeJaMH JOCTYIHOrO MOHUMAHHIO.

dTa KHHTa O COJNMTOHAX H O TOM, KaK OHH BHIIVIIAAT B MarTe-
MaTHKe H ¢usuke. OHa sBJseTCd HTOrOM JIEKUMH, NPOYHTAHHBEIX
MHOI0 B HioHe 1982 r. B paMkax uukgaa, nmoauep:kansHoro Hamwo-
HaJIbHBIM Hay4yHBIM GOHZOM uepe3 KoHCYJbTaTHBHHIE COBeT IO Ma-
TeMaTHYecKUM HaykaM. IIpum ee HamucaHuM s cTapaJjcsi OpPHEHTH-
poBaThCsl HAa CEPbE3HOro CTyJAeHTa, He ClelHaJiucTa B JaHHOH o6Ja-
CTH, IPHHHMAasi BO BHMMaHHMe KaK CTHJb H3JIOXKEHHs, TakK M IleHy.
Kuura He saBaseTcs sHUMKJIONEAHeH HHQOPMALMH IO COJHTOHAM,
B KOTODOH KaXAoe INpefJoXKeHHe IMpepHBaercs JHGO CCHIIKOH,
Jau60 crnopom MO MOBOAY NPHOPHTeTa. S cKopee cjenat NONBITKY
H3JIOXKHTh MCTOPHIO COJIMTOHA TaK, Kak s XOTeJ Obl YCABIIATH €€
B KaueCTBe acClHPaHTa, C HEKOTOPHIMH HCTODHYECKHMH OTCTYILJie-
HHSIMH, TOAPOGHOH MOTHBHPOBKOH, YacCTO DOHTAsiCh YCTAHOBHTH



8 Beepenue

cBfi3b 00CYXKZaeMOH TeMbl C IeJOCTHOH KapTHHOH H ACHBIM yKasa-
HHeM HallpaBJIeHHs HJM HalpaBJeHHH, B KOTOPHIX HPOMCXOAUT pas-
BUTHE H3yYaeMmoro IpeiMeTa. BaKHHe HAeH 3a4acTyK NOBTOps-
IOTCSi HECKOJBKO pa3, HHOrZAa B HECKOJbKO OTJHYalOIHXCH KOHTEK-
crax. BeaencTBue TaKoH MaHepHl H3JIOKEHHs] KHHTa MeCTaMHU SIBHO
He OIleHHBaeT MAOJKHHM 00pa3oM BkJaja MHOIHX KOJUler, TakK
MHOTO C[EeJaBIIXX JJIsi Pa3BHTHS 5TOH yAMBHTeJNbHOH TeMbl S npu-
HOLIY H3BHHEHHS 32 3TH ONYLIEHHA.

C upyroil cTOpDOHBI, KHHra He fIBJsieTcf NPOCTOH H, HCKJ/IOUas
HauaJbHYIO I'JiaBy, B KOTOPOH NOBecTByeTcss 00 OTKPBHITHH COJIMTOHA,
He NpeJHas3HaueHa JJis uTeHHs B Kpecie. OHa TpeOyeT ocTpo 3a-
TOUEHHOr0 KapaHjama U eile 6oJjee OCTPOH COOGPasHTENbHOCTH.
B Heil nsaTh riaB, Uedb NepPBOH 5 yKe H3J0xuJ. Bropas riaBa 3Ha-
KOMHT 4YHTaTeNisi C HCTOKaMU H (H3HKOH ypaBHeHHs KopTesera —
ne ®pusa (Ka®) u HeauneiiHoro ypaBHenus Illpéaunrepa (HYII),
npuyeM ocoOblii YIOp Je/aeTcs Ha HX YHHBEPCAJbHOCTbL H HIHPOKYIO
pacnpoctpaHenHocTb. O6 3TOM s GoJbllle CKa)XXy BO BTOPOH I0JIO-
BHHe BBeJeHHUs. B sTo#i riaBe Takxe o0cyxaaeTcs BBIBOJ 3THX
ypaBHeHHH KaK YyCJOBHH acHMITOTHYECKOH pa3pellHMOCTH. B mo-
MEITKE MOAYEPKHYTh, YTO HMEHHO HOCHT YHHBEPCAJbHHIH XapakTep,
B JaHHOH TIJlaBe MH yjeaseM oco60e BHHMaHHE HEYCTOHMYHMBOCTH
Benpxamuna — Pefiepa, HIH MOAYJSUHOHHOH HEYCTOHYHBOCTH OIH-
6atoulefl, KoTopasi Urpaer BaXXHYI0 POJb BO MHOTHX (PH3HYECKHX
npuaoxenusax. OHa mpeacras/seT cO60H NPOsIBJEHHE TOro, 4YTO
MOHOXPOMaTHYecKasi BOJHa 3a4YacTyl0o HeycTOHYMBA U IIOPOXKIAET
JIOKaJIbHOE IOBeieHHe, N0J00HOe HMIYJbCY HJH COJNHTOHY. B oaHo-
MepHOM cJlydae HMHYJbC 3BOJIOLHOHHPYeT AO TeX INOpP, IOKa He
copmMHupyeTcsl COJHTOH orubaiomieli. B MHoroMepHoM caydae 3¢-
(dekT GoJiee BHEYATASIONI, TAK YTO DpellleHHe MOXKET cTaTh CHHIY-
JADHBIM 3a KOHeyHoe BpeMs; 3TO Ha6jogaercs B HeJIMHEHHOH
onTHke (camMo(oKycHpOBKa) 4 B (pU3HKe MIa3MHE (KOJJIAIC JIEHTMIO-
poBckux BoJH). [lociennuit pasgen mocBsilieH JeTaJbHOMY 00CYXK-
JEeHHIO CBfI3M TEOPHH Yu3eMa H HesuHefiHoro ypaBHenus IlIpénun-
repa. Ilo BuAy MoOXeT NHOKa3aThCdl, 4TO MNOCJelHee IPeAcCTaBAseT
co6ofi mpocTOi mpefes] MaJbiX aMIUIUTYJ HNpPeABAyllero. dTO He
TaK, HCIOJb3YIOTCS HaMHOro GoJiee TOHKHe IpeflefbHBIE IEePeXOAbl.
OxkasniBaercs, 4TO 3TOT cJaydad fABJAsETCA NPSIMBIM aHAJOIrOM IpoO-
6JeMbl, Kacalolieficss NOBeLeHHsI HeNpepbIBHOW CHCTeMBl BJAJH H
B OKpecTHOCTH (Pa3oBoro nepexopa. Bpajau oT TOYKH mepexojxa am-
IVIHTyAa MNapaMeTpa HOPsJKAa XKEeCTKO IpHBA3aHa K TIPagHEHTy
da3bpl (Kak 3TO HMeeT MECTO B pelUeHHAX TEeOpHH YH3eMa), B TO
BpeMs Kak BOJM3U OT Hee aMIJIMUTYAAa oOjajaer HE3aBUCHMOH IH-
HaMHKOH pa3BUTHS.

B TpeTheli riaBe cTaHZapTHBHIM O6Pa3oM BBOAUTCA COJNHTOHHASI
mareMaTHKa. CHayana MBI IIOKa:XeM, KaK BEIBOAHTCS CeMeHCTBO



BaejicHHe 9

HHTETDHPYEMBIX YDaBHeHHH, CBSI3aHHOe ¢ 3aaHHOH (CIeKTPaJbHOH)
3aflayedl, H KakK HajeJaTh ypaBHEHHS TaMHJIbTOHOBOH CTPYKTypOil.
XoTg 3Ta riaBa B OCHOBHOM INOCBSIIIEHA ABYM TPOCTEHIIHM ceMel-
crBaM, Kn® n HVI, maTepHann ynpaxHeHH# B KOHLE Pa3jesoB
3b u 3c BraOUalOT Gojlee TPYAHBIe TeMul. UHTaTeab AOMKeH Ha-
YUHThCSI YBEPEHHO oOOpamlaTbCsl C ITHMH YIHpPaXKHEHHSIMH;, B 9YacT-
HocTH, ynpaxkHenHe 3b (5) 3HaKOMHT co cxeMmoft MeTtona o6GpaTHOMR
3ajlayd AJs1 3BOJIOLHOHHHIX YpPaBHeHHil ¢ IPOCTPAHCTBEHHOH paa-
MepHOCTbI0 OoJiblie efvHHIB. OCHOBHIBasCh Ha 3THX pasjenax,
A TNpHUBeAy MeToj o6paTHOH 3ajauM H TNOKaXy, KakK pemiaTh Ha-
4aJbHO-KPaeBYI0 3ajnady pJsi ypaBHeHus Kopresera — ne @®pusa
Ha GeckoHeyHOR ocH. §I TakXe NPHBOXKY NPOCTPAHHOE OGCYKIAEHHE
TOrO, KaK HCIOJb30BaTh HIEH TEOPHH OGPaTHOH 3ajauu JJIsi H3yye-
HUSI CHTyalHH, KOTOpPHE MOryT OLITh ONHCAHH BO3MYLIEHHHIM ypaB-
Henuem KoprteBera — e ®pusa. B uacTHOCTH, BechbMa mOAPOGHO
obcyxpaeTcsl 3aflaua O PacHPOCTPAHEHUH VeAHHEHHOH BOJIHEI B Ka-
HaJjle ¢ MeJJIeHHO MeHsomedca TIyOHHOR M pasBHBaeTcs OGmIMH
MeTOJl pacueTa II0Jis BO3MYIIEHHOro NOTOKA, BKJIOYast BOJNHY OTpa-
xenus. Kak BHl yBHAauTe, 3Ta npo6/ieMa HeTPHBHAaJbHA, TaK KakK
BO3MYIIEHHE He TOJNBKO H3MeHsdeT YeIHHEHHYI0 BOJHY, HO TaKkKe
NOpOXK/JaeT HOBLle KOMIOHEHTH NOTOKAa. B mocienneM paspene sTo#
IJIaBBl PAacCMaTPHUBAIOTCS NYTH IMOCTPOEHHUS CHelHaJbHBIX KJacCOB
pelleHu#, KOTOpLIe 3a4acTyio HanboJee HHTEPECHBl B NPUIOKEHHSAX;
3lleCb BBl BCTPETHTE MHOTOCOJIMTOHHHE DeILIeHHS, pallHOHAJbHEE
pellleHHsl M, HaAKOHell, MHOorodasHule NepHOAHYECKHe pemienus. B mo-
caefHedl YacTH IM. 3 HAYHHAIOT NMPOSIBJIATHCS HEKOTOPHE OCOBEHHO-
CTH HOBOrO IOJAXOMA K COJHTOHHBIM YDaBHEHHSIM, KOTOPHIH 6yner
npeacrasjeH B ra. 5. ITocTOSIHHO NOxuepKHBaeTcs, YTO OTHLICKHBA-
eTcs pelleHHe He NMPOCTO OJHOrO KAaKOTo-TO YPaBHEHHS, a IeJoro
ceMeHcTBa ypaBHEHUH.

B ra. 4 noseaserca HoBui# repofi. MM aBasiercs t-bynxuus.
B nepBeIX pasjenax 3Tof IVIaBH 51 MOKA3HBAl0, KAK OHAa BBOJHUTCS
B BHJe INOTCHUHAJbHOR (YHKIHM H B KayecTBe eCTECTBEHHOTIO
cnenctBuss (GOPMEI 3aKOHOB COXpaHeHHst W cumMerpuit. Ha sToit
CTaAMH YHUTATEJNI0 JOJXKHO ObITh abCONIOTHO SICHO, 4TO OH HMeeT
nejno ¢ 6ecKOHeYHBIM HAa60POM KOMMYTHPVIOIIHX NOTOKOB H UTO T
JIOJI)KHA pacCMaTpHBaThesl KaK QYHKUMA BpeMeH {f,} BCex MOTOKOB,
BHIODAHHEIX B KauecTBe HE3aBHCHMBIX NeDeMeHHHX. B ueHtpasn-
HBIX pasjenax JJsi MOCTPOeHHsi MHOTOCOJNHTOHHBIX PelleHHil HCIOJMb-
ayercsi ¢opmannsm XHPOTH H yaedsiercs oco6oe BHHMaHHe aJjiTe-
Opanuyeckofl CTPYKType OHJHMHeHHBIX ypaBHeHHH Xuporhl, KOTOpHIE
nonyckalT N-COJHTOHHBIE PEIlleHHsl JJs NpousBoabHoro N. B gacr-
HOCTH, MBI IIOKaXeM, KaKHM o6pasoM cyllecTBoBaHHe N-COMHTOH-
HOro pemeHHst (AJsi NPOH3BOJbHOrO N) CNENHaNbHOTO YpaBHeHHS
XUpOTHl SIBJSICTCS SKBHBAJIEHTHBIM CYIIECTBOBAHWIO GECKOHEUHOrO
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cemeficTBa ypaBHeHHH XHPOTH BO3pacTamolled CTEHEHH, K KOTOPOMY
NPHHAAJEKHUT CellHabHOe YPAaBHEHHE U KOTOpOe XapaKTepH3yeTcs
obie#i JiJis BceX ypaBHeHHH ceMelcTBa dyHKUUeH (as3oBOro ciapura.
Oco6o monuepkuBaeTcsi poJb (PyHKHuH (Ha3oBOro cABUra IMpH IO-
cTpoeHHH GecKOHeyHOro cemefictBa. Hekoropble M3 3THX uneli ab-
coqrotHo HoBHL. [locie oGcyxpenusi gopmasiusma XHPOTH B Clle-
AYIOlleM pasjiese si 3HAKOMJIO uyHTaTensi co cBolictBoMm [leHiese,
KOTODHIM, [IO-BHIAUMOMY, 06/1alalOT BCE HHTErpHPYeMble CHCTEMHI ).
[ToguepkuBaerca CBA3b 3TOr0 BAaXKHOTO CBOHCTBA, W3 KOTOPOrO BHI-
TeKaeT JIeTKO peaNu3yeMBi TeCT Ha TOYHYIO HHTErPHPYEMOCTbH
cucreM, ¢ ycroBHeM XHPOTH (YCJIOBHE, KOTOPOMY JOJIKEH YIOBJIE-
TBOPSTb 3aJaHHHIH MHOrouaeH XHPOTH AJsl TOro, 4TOOH COOTBET-
cTByoOIlee OHAHHEHHOe ypaBHeHHe NONyCcKaJo N-COJUTOHHOe pelle-
Hue). B 3ak/a049HTENIbHOM pasjesie 3TOH IJaBbl BBOAATCA Npeobpa-
30BaHHsl B3knyHza, MpH NMOMOLIM KOTOPBIX H3 HPOCTBIX MOIYT OBITh
MOCTPOEHK 3HAYHTENbHO OoJjee caA0XKHBE pemedus. OKasbiBaercs
0co60 NOJIe3HBIM NIpeNCcTaBUTh npeobpa3oBanue bakiayHna B ¢opme
Terap = €B¥Tuos. Omeparop Y sBisieTcss oueHb BaXkHBIM. OH Hasbl-
BAETCA 8EPUIUHHbIM ONEepaTOPOM.

Ha nporsxeHHH NepBBIX YeThIpeX IJaB IPOHCXOIHJO MOCTEIeH-
Hoe u3MeHeHHe KoHuenuuu. [ToHawany coluTOHHOE ypaBHEHHe NO-
HUMaJId KaK HeJMHEHHOe 3BOJIIOIHOHHOE ypaBHEHUe, KaK PelenT, 1o
KOTOpOMY H3MeHseTcsl 3ajaHHass (QYHKLUHsA NPOCTPaHCTBEHHO-NOL0G-
HOH NepeMeHHOH X OTHOCHTeJBHO BPEMeHH-NOLOGHON mepeMeHHOH f.
HecomHeHnHO, YTO NpHHHMaeTcss HMEHHO 3Ta TOYKAa 3PEHHs, KOrjia
IpUMeHsieTcs] MeTOX OOpaTHOH 3ajauH paccesiHHSl, B KOTOPOM JJis
3BOJIIOLMOHHOI'O yDaBHeHHS paccMaTpHBaercs 3agaya Kowwn (3a-
nlaya ¢ HavyaJibHBIMH ycaoBHAMH). OfHaKo Mo Mepe NMPOSCHEHHs uy-
Jec COJNUTOHHEIX YPAaBHEHHH CTAaHOBHUTCSI BCe SICHEE, UYTO [aHHOE
ypaBHeHHe IIpaBUJbHee BCETO CUHTATb AOKAAbH6IM COOTHOUIEHHEM
Mexay ¢yHkunel (MaH QYHKUHSAMH) GeCKOHEYHOro uuc/a He3aBH-
CHMBIX IIeDEMEeHHBIX U ee Pa3JHUHBIMH NPOH3BOAHBIMH MO OTHOILIe-
HHIO K HE3aBHCHMBIM INepeMeHHBIM — COOTHONIEHHEM, SBJSIOUHMCH
BecbMa cHelM(DHUUECKHM H3-3a 3aJI0JKEHHOH B HeM aJre6panueckoi
CTPYKTYpH. bBJjaropapsi JIOKaJIbHOCTH YpaBHEHHsS] HET Heo6XOAHUMO-
CTH paccMaTpHBaTh KakKylo-THGO HepeMeHHYI0 KaK HPOCTPAHCTBEH-
HO-TIOAOOHYI0 H TIO3TOMY CNelHaNbHEIM 06PasoM BHAEJEHHYIO.

HoBas KoHlenuusi MoAxoaa K COJNHMTOHHBLIM YPaBHEHHSIM, OCHO-
BaHHas Ha 3THX HUAesiX, NPHBeJeHa B M. 5. DT0 camas 6oJblias
rJaBa, MOCBSIIEHHAS MaTepHaJy, KOTOPHIl NO/XKeH GHTh HOBHIM IS
BCeX, KpoMe HeCKOJbKHX CHeIHaJHCTOB B 3ToH obaactd. §I cra-

1) OGcyxnenuio 5TOR IHNOTe3H MOCBSLIEHO MHOXecTBO pa6otT. B psime wacr-
HBIX caydaeB e€e yAanoch obGocHoBaTh. OfHAKO B MOCJAeRHEe BPeMsS CTAHOBHTCS
icHo, uTO cBofictBo IlenneBe He ABJAsIETCA HM HEOGXOAHMBIM, HH AOCTATOYHBIM
Anst uHTerpupyemoctd. KonTpnpuMeps MOXHO HafiTh B paGote [1*]. — Ipum. ped,
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pancsa u3bexaTb H3JI0OKEHHA HOBHIX HAEH Ha uYpe3MepHO MaTeMa-
THYECKOM A3bIKe, TaK YTO sl PAaCCUHTHIBAIO, YTO Yy YHUTATeNs] XBATUT
BBIHOCJIUBOCTH, YTOOLI €€ OCHJIHTL. 51 HayHy C NOSICHEHHUsI POJIH, KO-
TOPYyI0O HrpaerT MeToJ YoJKBHCTa — Dcrabpyka NpPH BHIABJACHHH aJ-
re0panyeckoil CTPYKTYpHI, IPUCYILell 3alaHHOMY ypaBHeHHIO. B ciy-
yasix Knd® u HYI okasbiBaercs, uto pa3oBoe mpocTpaHCTBO, B KO-
TOPOM «XKHBYT» COJHUTOHHBIE NOTOKH, ABJsieTCd OeCKOHeWHOMepHOM

rpaayupoBaHHo#l anare6poit Jlu G=s~1(—2—;_C), anre6poll meteJb
N =N
> X,-g‘f nas sl (2, C). Bupawkenue Y. X,c‘f SIBJISETCS [PO-

CTO CTeNeHHBIM DSAJOM, B KOTOPOM Bce KO3(Q(UIHEHTH NpHHAJJE-
xar sl(2, C) u Moryt GHITh NpeJCTaBJeHH B MAaTPHYHOM BHje MarT-
punaMH 2 X 2 ¢ HyJeBbM cienoM. DPH3HK JErko YBHAHT, YTO CIH-
HOBble MaTpuubl Ilay/am MOXKHO Hcnosb3oBaTh B KauectBe Gasuca
B 3TOM BEKTOPHOM IIDOCTPAHCTBE.

Anre6py G MOXKHO Pas3JIOXHTb Ha ABEe NOAANTe6DH, U Ha OPTO-
rOHaJbHOM JOIOJHEHHH K ONHOH M3 HHX, KOTOpasi MOXKET ObITb
OTOXK/ECTBJEeHA C JBOHCTBEHHOH K APYrodl H NMOITOMY SIBJSIETCS MHO-
roo6pasuem Ilyaccona, uMeloTcst ecTeCTBEHHBIE TaMUJIbTOHOBLI BEK-
TOPHBIE I0JIS1 HJIH NIOTOKH. BeKTOpHbie NOAR ABAAIOTCA COAUTOHHBIMU
YpasHenuamu, ecJid OHH NOPOKIAIOTCA cllenHabHbiM HaGopoM (mo-
CIE0BATENbHOCTBIO) (QYyHKUUHA. OHHU ABJAIOTCS NepeonpeieeHHOH
GeCKOHEYHOH CHCTeMOH OGBIKHOBEHHBIX AH(depeHuHalbHbIX YpaB-
HeHHH ¢ GECKOHEYHBIM YMC/IOM HEe3aBHCHMBIX Ie€pPeMEeHHBIX {tk}g"‘

[Ipu XenaHMH BHIAEJHTb OAHY H3 HE3aBHCHMBIX IleDPEMEHHBIX, cKa-
XKeM ¢;, KOTOPYI0O MBI 3aT€M HA30BEM X, 3TH YDaBHEHHsS MOKHO
HCI0JIb30BATh JJIST BBIPAXKeHHsl 6€CKOHEYHOTO YMCJa 3aBHCHMBIX IIe-
PEMEHHBIX B BHJe NPOHM3BOAHBIX Bce GoJsiee u 6oJiee BEICOKOTO IO-
psiika [0 X OT IePBHIX YWIECHOB 3TOH mocienoBaTenbHocTH. Ocras-
IIHecs: ypaBHEHHs1 JaloT TOTAa XOPOLIO H3BECTHYIO HEPAaPXHIO COJIH-
TOHHHIX ypaBHenn#t AKHC; nepBhM HeTpDHBHAJBHHEM ee YJ€HOM
ABJsieTcsl HeJMuHeHHoe ypaBHenue Illpémuurepa (HVII). Opnako
PaBHO JONMyCTHMO BHIOpDaThb B KayecTBe BHIASJAEHHON IepeMEHHOH X
INEPEeMEHHYI0 f3, H B 3TOM cJydae GECKOHEYHOE YHCJAO 3aBHCHMBIX
NlepeMeHHbIX BHIpaXKaeTcsl KaK NPOU3BOJHBIE N0 X OT HEPBOro M
BTOPOr0 YIEHOB 3TOH IociaefoBaTesNbHOCTH. OcCTaBlIHecs ypaBHe-
HHsI TOTZa MAalOT HOBYIO HEPAPXHIO COJHTOHHHIX YDaBHEHHH; B 3TOM
clyyae OHH u3BecTHH Kak Hepapxuss HYIUII (menuueiiHoro ypas-
Henust Illpénunrepa c mpousBoxHoil). B pasmenax, B KoTophx 06-
CYXK/JA2I0TCSl 9TH BONPOCH], MBI TaKXKE€ 3aTPOHEM CBSI3H MEXAY HOBO#H
FaMHJbLTOHOBOH CTPYKTYpPOH, KOTOpAasi ecTeCTBEHHHM 06pasoM cBs-
3aHa ¢ anre6poHl, H cTapod BapHANHOHHOM TaMHJILTOHOBOH CTDYK-
TYpO#, 3HaKOMO# M3 NpeAbAYIHX IJaB. B KoHue paspmena, B KOTo-
POM OuYepYEHH 3TH HJeH, i NPHUIJAILAI YHTATENs NONHEITaTbCH (M
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NOMOrai0 €My) BHINOJHHTb HECKOJbKO YNPajKHEeHHH, B KOTOPHIX C
3TOH TOUKH 3DEHHs BHIBOAATCA YPaBHEHHS IJIsi rapMOHHYECKOro
OCLMJIIIATOPAa H KOHEYHOH menoukH ToAH co CBOGOJHHMMH KOHLIAMH.

OxasmBaeTcss TakXe, 4TO (opMa ypaBHeHHH MOJCKa3hBAET
H/J€I0 BBECTH NOTeHIHAaJbl, KOTOPhle 3aMeHSIOT OeCKOHEYHOe YHCJIO
3aBHCHUMBIX INepeMeHHHX. MMu s#ABasiioTcs t-QyHKuuH XHPOTH

(zns sl(2, C) cymecTBYIOT TPH H3 HHX, OLHA <«IJaBHAsi», Ha3bl-
BaeMas T, H ABe BCIOMOrareJbHbie QYHKUMH ¢ H P, XOTS MHl YBH-
I¥M, 4TO 3TOT TPHILIET Jydlle BCEro BOCIPHHHMATH KaK HOCJENO-
BATEJIBHYIO TPOHKY p, T, 0 6eCKOHeUHOH MOC/eN0BaTeNbHOCTH {Ta}),
¥, 6yAyud BHPaXKeHHHMH 4Yepe3 3TH HOBHE IIOTEHIHAJH, SBOJIOIH-
OHHBlE YPABHEHHS ABJAITCS OHJMHEHHBIMHM ypaBHEHHSMH XHPOTHL
B srtom pasgese MH Takxke BpeleM OOOGHIEHHHE HOTOKH Fip=—=
= (0%2/8t;0t,) InT, KOTOpPHE HrpalOT OYeHb BaXKHYIO POJb BO Bceil
TEOPHUHU.

B nocaeayiomux pasgenax sToi IVIaBH ¢ YHCTO ajireGpaHuecKoi
TOUKH 3PEHHS NMPOROJIKAIOTCA OOCYXKAEHHS KaJIHGPOBOYHBIX NPeons-
pasoBaHu#d, npeobpasoBanuii Bakaynna u Illnesunrepa, merona o6-
paTHO# 3amavyu M nmpoGiaeMum PumaHa — ImianGepra, a Takxe Apy-
rHe pa3HOOOpa3HHe BONPOCH, O0beJHHHBILIMECS I0J 30HTOM HAUIEro
HOBOro moaxozaa. Bosee moxpo6noe o6cyxkaeHHe 3THX BOINPOCOB OT-
KJaJAblBaeTCsl 10 NATOH IVIaBHl, a cedyac g Xouy OGCYAHTb C BaMH
HEMHOr0 M0JApo0Hee 3HaueHHe OTKPHTHS COJNHTOHA H €ro BJHSIHHE
Ha JApyrue pasfesan (uaukd. OQHaAKO, Nmpexae uYeM 3TO CAeJaThb,
A X04y, 4ToObl B BallleM CO3HaHHH HECTHPAeMO 3aneyarJienach OiHa
MbIc/ib. OHA COCTOHMT B TOM, YTO COJMTOHHBIE YPaBHEHHs SBJAIOTCH
Maru4ecKHMH HCKJIIOYHTEJBHO N0 ajre6paHyecKMM HNPHYHHAM, KO-
TOpHE NOJIXKHE NMPOSABJIATLCS B CTPYKTYDE YPaBHEHHH B BHJEe BecCh-
Ma crelM(HYeCKOro OTHOUIEHHS MeXJy GYHKIUeH H ee pas/iHUHBI-
MH NpOH3BOJHLIMH. He TpebyeTcsi HHKakHX ryI06aJbHBIX CBONCTB,
4TOOB! 06ecreynTh 0CO6YI0 3HAUHMOCTb 3TOrO OTHOIIEHHS,

HManbneiimee o6cyxnenne. ConuTon cam no cebe aBjsieTcs Apa-
MaTHYeCKH HOBOH KOHULeNIHell B HeJHHeHHOH TeopuH. B HeM HaKo-
Hell Ha KJaCcCHYECKOM YDOBHE peaJsiH3yeTcsl OOBEKT, CYUIECTBOBA-
HHEe KOTOPOrO CIEUHAaJHCTH IO TEOPHH NOJsS NOCTYJHPOBANH MHO-
rMe TOAH: JIOKaJbHHH Gerymuii BOJHOBOH HMIYJAbC, KOMIIAKTHas
KOrepeHTHasi CTPYKTypa, YAHBHTEJNBHO YCTOHYHBOE pelleHHe IoJe-
BOrO YpaBHEHHS M 4YacTHIle-nofo6HBe cBoHcTBa. OH CyLeCTBEHHO
He/lHHeeH M BO3HHKAeT 6Jarofaps PAaBHOBECHIO ABYX CHJI; OfHA H3
HHX JIHHE#HA H CTPeMHTCS Pa3Ma3aTh HMIYJIbC, APyrasi SBASeTCS
HeJIUHeHHOW H cxHMaer ero. [lo nosBienHs coJUTOHa (DH3HKM ua-
CTO FOBOPUJIH O BOJIHOBHIX makeTax H (OTOHAX, KOTOPHIE SBJSJIHCDH
pellleHHsIMH JHHEAHOrO He 3aBHCAILErO OT BpeMeHH ypaBHeHnus LlIpé-
nunrepa. Ho Takue nakern Bcerja GyAyT pacmiHBaThCS 32 BpeMs
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o6paTHO NpPONOPHHOHAJbHOE KBaApary IIHDHHBI NakKera B R-Ipo-
cTpaHcTBe. HeJMHeHHOCTh cyHlecTBeHHA [JIi MPEeKpailleHus U ypaB-
HOBEIIWBaHHsl JHCIIEDCHOHHOIO pacIiibiBaHusl. B opHOMepHH B3aH-
MOJeHcTBHE JHCIIEPCHH H C3KATHA BOJHOBHIX MAKETOB ONKCHLIBAETCH
HequHeHHBIM ypaBHeHueMm lpénunrepa (HYIL)

2ig; +- g4 + 2¢°¢" =0, (1

KOTOpO€ ONKCHIBAET 3BOJIONHIO orubamouledi g(x, t) uyra BoJH (B
CHCTEME KOOPAMHAT, ABHXKYINEHCS ¢ IPYNHOBON CKOPOCTHIO Hecylieh
BoJHbI). OHO 4BJISiIeTCSI YHHBEPCAJbHBIM YpPaBHEHHEM HEJIHHEHHOH
(GH3HKH M BO3HHKAaeT B OTPOMHOM Pa3HOOODPA3HH CHTyauul: B HeJH-
HeiHOH onThke [19], B Teopuum BosH Ha ray6okod Boxe [59], mnpu
ONHCAHUY TepeHoca 3HEPTMH BAOJAb o-cnupajeill GenkoB [112].
OHO He TONBKO YHHBEPCAJbHO; JIETKO MNPEACKa3aTh YCJAOBUS, NPH
KOTOPHIX OHO BO3HHKAeT.

Xorss HYIIl mepBHIM NOABHJIOCH CPEAH COJNHTOHHBIX YPaBHEHHH
[21], HO poxoOHAYaJBLHHKOM COJHTOHA CTAJO He OHO, a 3HAMEHHTOe
ypaBHenne Koptesera — ne @pusa (Knd) [12],

q; + qux + Gixx = 0. (2)

Ono Ttakxe yHuBepcasbHO. YpaBHeHHe Kn® onuchbiBaer, Kak HHBA-
puaHT FHMaHa, KOTOpHIH INpPH OTCYTCTBHH MOCTOPOHHHX BO3Jeil-
CTBMH pacnpocTpaHsicid Obl HeMCKaXKeHHBIM BJOJb NPSIMHX NapaJ-
JEJbHBIX XapaKTEePHCTHK JIMHEHHOH rHNepOOJHUECKOH CHCTEMBI
(Bciomuute pemenne JdanamGepa u(x, t)=f(x— 1)+ g(x+¢) au-
HEHHOTO BOJIHOBOTO YDPaBHEHHs), 3BOJIONHOHHDPYET I[OA BO3JeEi-
CTBHEM HeJHMHeHHOCTH M AHcrepcud. B (2) x usaMepsieTcss OTHOCH-
TEJbHO CHCTEMBI OTCY€Ta, JBHXKYHIEHCA C XapaKTepPHCTHUECKOH
CKOPOCTbIO JHHEHHOH BoMHBL. B Ka® HenuHeHHOCTh NOpOXK/1aeT TeH-
JNEHIHIO K ONDOKH/JBIBAHHIO BOJNHH H HOSIBJEHHIO CXOAUMOCTH B Ce-
MeHACTBe XapaKTEPHCTHK H IIOITOMY CTPeMJICHHE K BO3HHKHOBCHHIO
33 KOHe4YHOe BpeMs OeCKOHEUHEIX NPOCTPAHCTBEHHBIX NPOM3BOMHEIX.
C npyro#t CTOPOHBI, AHCHEPCHS CraXXHBaeT NPOLECC, Paciiensis
Bce 6ojiee KPYyTOl (POHT B UYr HMIIYJbCOB HJIH COJHTOHOB, KaXK/bIH
H3 KOTOPBIX, B3SITBIH OT/AENbHO, UMEET CIeAYIOUHH BHJ:

q (x, t)=2n%sech? n(x — x, — 4n%). (3)

Ypapnenue Kn® Takxke BcTpeuaeTcst NOBCIOAY, M, Kak u mias HYII,
MOXKHO c(OPMYJIHPOBATH YCJIOBHS, NPH KOTOPHIX OHO BO3HHKAET.
ITO ypaBHeHHe CIHCHIBAET SBOJIOLMIO BOJH Ha MeJKOH BOLe, HOHHO-
aKyCTHYECKHEe BOJIHBI, JJIHHHBIE BOJIHBl B CABHMIOBBIX IOTOKAaX (CM.
[120]) # MHOXecTBO APYrHX CHTyauHi, KOTOphle YHTAaTelb MOMKET

HaiTH MePeYUCICHHHIMH B PAa3IHYHLIX 0630pax H MaTepuanax, yKa-
3aHHHIX B CIIHCKE JIHTEpPATYpPHL.
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Kak ypasHenue Ka®, tax u HYII nosiBasioTcs B KauecTse
4CHMNTOTHYECKHX YCJIOBHH paspemumoctH. BkpaTue ¢opmyanposka
«aCHMIITOTHYECKOE YCJOBHE Pa3pelluMOCTH» O3HauaeT yCJOBHE Ha
TJIaBHEIA TNOPSJOK AalNpPOKCHMALMH pelleHHs GoJiee CIOXKHOH CH-
CTeMBl ypaBHEHHH, KOoTopoe ofecneuHBaeT PaBHOMEPHYIO OrpaHH-
YEeHHOCTb IOCJe[yIOIUX HTePalHil annpokcMMauuu. Jpyrumu yHu-
BepcaJbHEIMH ypaBHEHHSIMH, BO3HUKAIOHMIMMM AHAJOTHYHO H TaKike
JONYCKAIOIIUMH COJNHTOHHBEIE PellleHHs], SIBJASIOTCA MOAMDHIHPOBaH-
Hoe ypaBHenne Koprtesera — ne ®pusa (MKnd), nenuneiinoe ypas-
HeHue llpénuurepa ¢ npoussogdodl (HYILII), ypaBHenus TpexsoJ-
HoBoro B3aumojeihcTBus (YTB), ypaBHenue Byccunecka, ypaBHeHue
Kanomuepa — IlerBnamBuan (aBymepHoe Kn® nau KII), yparHe-
Hue Benmxamusa —Ono (BO), ypaBHeHHe AJs yMepeHHO MJIHH-
HBIX BOJH, ypaBHeHue bennu — Pockeca — J{aBu — CrioapTcona
(nBymepnoe HYII), ypasnenus sin-I'opaon wu sh-Topaon, mac-
cHBHas Mozeab Tuppudra, ypasHenue Jlanpay — JInpmuua, mo-
Jdenu KupagabHoro noas Bakca — Jlapkuna — Ham6y — Ploun Jla-
3HHHO.

Yro npuMeuaTesibHO ¥, HACKOJNBKO MHE HM3BECTHO, JO CHX HOD
He OODBACHEHO, 3TO TO, YTO MHOTHE YPaBHEHHs, IOJYUYeHHHIE Kak
4CHMNTOTHYECKHE YCJOBHS Pa3pelIMMOCTH IPH OueHb OOIUHX H LIH-
POKO IPHMEHHMBIX NPENNOJNOXKEHHSIX, TaKXKe SBJSIOTCH COJNHTOHHBI-
MH ypaBHeHHAMH. [pyrHMH c/JoBaMHM, IoyeMy YpaBHEHHe, SBJISIO-
Ieecsl yHHBepcaJibHBIM B (DH3HKe, NOJIKHO TaKXe 00/1afaTh CTOJb
YAHBUTEIbHEIMH MaTeMaTHYeCKUMH cBoHcTBaMu? §1 6yay OOBACHATD
3TH cBolicTBa GoJiee MOAPOGHO KakK B ChaeAyIOIHX ab3alax, Tak H
Ha HPOTAXKEHHH BCeX 3THX JIEKIHH, HO ONHO H3 KJIOYEBBIX CBOHCTB
COJIUTOHHOTO YyPaBHEHHSI COCTOHT B TOM, UTO OHO o06Jajaer Gecko-
HEYHBIM 4YHMCJOM 3aKOHOB COXDAHEHHS H acCOIUHPOBAHHBIMH CHM-
MeTpusMH. HecoMHEeHHO $CHO, YTO NP NOCTPOEHHH MaTeMaTHYe-
CKHX MoJesie#i aJs (DH3HYeCKHX NPHJOXKEHHH eCTeCTBeHHBHIM 06pa-
30M YYHTBHIBAIOTCS HEKOTODble CHMMETDHH, BPOIE TPaHC/IANHOHHOH
HHBAPHAHTHOCTH, NP NOMOILH KOTOPHIX OTOpACHIBAETCS HEHYKHOe
U BBISIBJISIOTCS CYLlecTBeHHEIE OCOGEHHOCTH H3y4aeMoro Ipolecca.
Onnako moueMy npouecc HaXOXKIECHHS aCHMITOTHYECKOTO YCJIOBHS
PaspeIHMOCTH JOJ/IKeH BBOAMTh TaK MHOTO CHMMeETpPHil, GOJbINHH-
CTBO M3 KOTODHIX CKPBHITHIE H He 06JafaloT JIETKO NMOHSATHOH (u3u-
yeckol HHTepnperauueii? UToGH HarasigHee MOAYEPKHYTh HEOGHIY-
HOCTb CHTYallHH, MPeANOJNOXKHM, YTO BaM IpeAJJaraioT NOJIHYIO INJis-
Iy ypaBHEHHH H NPOCAT CAyYaiiHBIM 06pa3oM BHIGPATh OJHO H3 HHX.
OueHp MaJIOBEPOSITHO, YTOOGH OHO 0KAa3aJ0Ch MOJHOCTHIO MHTErpH-
pyembiM. OfHAKO B COBOKYNHOCTH ypPaBHEHHH, KOTOPHE BO3HHKAIOT
B (M3MKe B KauecTBe aCHMITOTHYECKHUX YCJIOBHH DPa3pelIMMOCTH,
N0XKAJMyH, COXEPKUTCH HEMPONOPUHOHANBHAS [0JISI YPaBHEHHUH ¢ co-
JUTOHHBIMH CBOHCTBaMH. MOXKeT JIH 9TO GHITh MPOCTO COBMAfCHHEM?
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YTo MB NOHHMaeM IOJ COJHTOHHHIM ypaBHeHHeM? Bce, uTo =
J0 CHX IIOD TOBOPHJ O COJHTOHE, CBOAHTCSI K TOMY, YTO OH Ipej-
cTaBJsieT co00H yeJHHeHHBIH Gerymui BOJHOBOH HMIYJbC HeJHHEH-
HOro JuddepeHIHaJbHOIO YPaBHEHHS B YaCTHBIX IPOH3BOIHEBIX
¢ BBHIDaXKEHHLIMH CBOHCTBAMH YCTOHYHBOCTH H TNOBEJEHHEM, MOL0G-
HBIM YacTHue. J1 HaMeKHyJl, 4TO HCTHHHBI! COJINTOH, PeliieH¥e ypaB-
HEeHHsl C OYeHb CHeNH(PHUECKHMH CBOHCTBAMH, — 3TO HEUTO Cylle-
CTBEHHO OGoJiblllee, 4YeM MNPOCTO YeZHHEHHAs BOJHA. IDTO AEHCTBH-
TeNbHO TaK. MHOrue ypaBHeHHS AONYCKAalOT yeIMHEHHBIE BOJHBI, a
HMEHHO JIOKaJbHble Oeryliie BOJHOBBIE peIIeHHS C HeJHHEHAHBIMH
CBOHCTBaMH ycroHuumBocTH. Hampumep, ec/iM MBl 3aMeHHM KeppoBY
MK KyOHdyecKylo HeJHHeHHOCTh B (1) Ha HachlllleHHYI0 HeJHHEH-
HOCTb — iq (1 4 2¢gg*)~! uau craraemoe 6gq. B (2) Ha 6¢3gy, TO
no-npexHeMy OYyAyT CYINeCTBOBATh O€ryliiHe BOJIHOBLIE pelleHHS,
HEATPAJIbHO YCTOHYMBEIE 1O OTHOMIEHHIO K MaJbiM BO3MYILEHHSM.
Onnako pemienus B BHIE YeJIHHEHHBIX BOJH COJHTOHHBIX YPaBHeHMl
HMEIOT JIOTIOJIHHTE/IbHbIe cBOHcTBA. ONHO M3 CBOHMCTB COCTOMUT B TOM,
YTO [B€ yeJIUHEHHBIE BOJHHI NPOXOAAT APYr Yepe3 Apyra, He yTpa-
YHBas CBoeH HHAMBHAyanabHocTH. Hanpumep, samerum, uTto cKo-
POCTb yeJHHEHHOH BOJIHBI (3) 3aBHCHT OT aMIIHTYAH. Temeps mpes-
CTaBHM, YTO B HEKOTOPHIH HayaJbHLI MOMEHT BDEMEHH [BE Ye[H-
HEHHBIE BOJIHBI JaJIeKO OTCTOSIT APYT OT ApYra, IPpUueM BOJHA CJeBa
uMeeT OOJbHIYIO aMIUIUTYRY M CKOPOCTb. BOJsblnasi BosHA B KOHILE
KOHIIOB JOTOHHT MeHblIyl0. BaanmopefictBre Oymer cyliecTBeHHO
HeJIMHeHHBIM H GyAeT cOBepLIEHHO HEMOXOXKHM Ha B3aUMOJAEHCTBHE
ABYX JIHHEHHBIX BOJH, B KOTOPOM DPe3y/IbTHPYIOLIeEe pellleHHe SBJS-
eTcsl JIMHeHHOH cyMMO# ABYX HHIHBHIYaJbHEIX BoJH. TeM He MeHee
nocje HeJUHEHHOro B3aMMOJEHCTBHS ONSITH MOSIBASIOTCA ABa HM-
mysbca ¢ GOMBIIAM B KauecTBe JHJAepa, NPHUEM KaXKABH MpPUMET
B TOYHOCTH MpexHI0I0 (opMy. Ilpm 3TOM He BO3ZHMKHET HHKAKOrO
H3JyueHHs, NPOLECCOM paccCesHHsl He TMOPOXKAaeTcsl HHKAKOH py-
roi MoArl. EJHHCTBEHHEIM NOCJHEACTBHEM B3aHMOMEHCTBUS SIBJIS-
ercst (asoBHIA CABHMI; KaXKABIH HMIyJbc 6yIeT CABHHYT Ha HEKOTO-
poe paccTosiike OT TOro IOJNOXKEHHS, B KOTODOM OH HAXOAMJCS GBI,
nepeMennasch GecnpensTCTBeHHO. XOTS NaHHOE CBOHCTBO B3aHMO-
JeHCTBHS NPeACTaBJSIETCS NPHMEUATEJNbHEIM H B AeHCTBHTENbHOCTH
YacTO HCMOJb3YeTCst KaK TeCT AJisi OOHAPYIKEHHS COJMHTOHHBIX ypPaB-
HeHHH, caMo mo ce6e oHO HefocTaTOYHO. CyINECTBYIOT ypaBHEHHS,
KOTOpBble NOMYCKAalOT pelleHHusl, NPeAcTaB/sonme coboll HeJuHel-
HYIO CYyNepmOsHIHIO NBYX YeAMHEHHHX BOJIH, HO He o6jajfaloliue
BCEMH CBOHCTBaMH, NPUCYIIHMH DelIeHHSIM CONHTOHHHIX YpaBHEHHH.
ConnToHHOE ypaBHeHHe, eClIH OHO [OMYCKAeT PENIEHHS THIA yexH-
HeHHBIX BOJIH, JIOJIKHO JONYCKaThb pellleHHe, TpPeACTaBJAIONIee CO-
Goft HeMuHEHYIO Cynepnosuuuio N yeAHHEHHBIX BOJH TNpH NPOH3-
BoJIbHOM N.
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OHO TakiKe gBJseTcss TOYHO HMHTErPHDYEMHIM B CMEIC/Ie GecKo-
HEYHOMEPHOro 06006IIeHHs] MOJHOCTbIO MHTErPHPYEMOH raMHJIbTOHO-
BO# cHcTeMbl. ME TOBOpHM, YTO KOHeYHOMepHasi (2m NepeMeHHBHIX)
raMHABTOHOBA CHCTEMa IOJIHOCTbIO UHTErpHpyeMa, ecad OHa J0-
nycKaeT m HHTErpajoB ABHXeHHs F; i=1, ..., m, KoTOpHe He-
3aBHCHMEI M HaXONSITCS B HMHBOJIOIHMH [0 OTHOWIEHHIO K CKOOKe
Ilyaccona, cBA3aHHOH C TaMHJBTOHOBOH CTPYKTYPOH, H NMOBEPXHOCTD
YPOBHS, ONpejie/eHHasl MepecedeHHeM INOBepXHocTed F; = ¢;, aBJd-
eTcsl KOMIAkTHOH M cBs3HOH. CyHiecTByeT TeopeMa, KOTOpas rja-
CHT, YTO TaKYIO CHCTEMY KaHOHHYECKHM 00pa3oM MOXKHO npeoGpa-
30BaTh (TeM CaMBIM COXpaHssl FaMHJBLTOHOBY CTPYKTYpPY) B Habop
HOBHIX KOODIHMHAT, NE€pPEMEHHHIX THOA AeiCTBHE — YIr'oj, B KOTOPHIX
CHUCTeMa INOJHOCTBbIO pacuennisieMa. Ilepemennwle pefictBus J;, 1 <<
<i<<m (koTophle SBJAAIOTCH (YHKUUSMH HHTErpajioB ABUXKeE-
Husi F;), HeU3MeHHH BO BpPEeMeHH, a YIVIOBHE NlepeMeHHbe 0; Ju-
HeHHO MEHSIIOTCS BO BpeMeHM; T. €. 0, =it a;, 1 <i<< m, a;, o;
noctosiHHE. Kaxk chaexcTBue, JBHKEHHE JOMKHO OHTH KBa3HIEPHO-
JHYECKHM H OCYIEeCTBJSTbCH Ha M-MEPHOM TOpe, TOIOJOTHYECKH
S5KBHBAJIEHTHOM IIPSIMOMY IIpOU3BeleHHIO m OkKpyXHoctedt. Ha ce-
TOOHAIIHUN JeHb BCEe H3BECTHhIE COJHTOHHBIE YDAaBHEHHS HMEKT
FaMHJBTOHOBHE CTPYKTYpPH U GeCKOHeyHBIi HaGop HHTErpaJioB ABH-
JKeHHS, HaXOASIIHXCss B WHBOMIONMH. CyliecTByeT TaKiKe KaHOHH-
yeckoe npeo6pasoBaHue (Metoj obpatHoit 3amayn nau MO3P, ne-
JuHeAHBIA aHaJor npeo6pasoBaHus Pypbe), Koropoe TpaHchOpMHU-
pyeT COJHTOHHOe ypaBHeHHe B OeCKOHEUHYI0 CHCTEMY OTAEJNbHBIX
YpaBHeHHH ¢ TepeMEeHHBIMH THIA JeHCTBHe — yroJ, KaxJoe H3 Ko-
TOPBIX MOXeT OHITh NPOHHTErPUPOBAHO TPHUBHAAbHHM oOpaszoMm. Ha
5TOM NYTH MOXHO B NpHHIIMIIE DeIIUTh HAayaJbHyIO 3afady Komwu.
IIpu sToM oxasmiBaeTcsi, UTO HEKOTOPhle MEepEMEHHBIE NEHCTBUS SIB-
JISIOTCS COMMTOHHBIMH MapaMeTPaMH; B 3TOM 3aKJ/IyaeTcs NPHYHHA
COXpaHeHHs HMHAMBHAYAJbHHIX NIPH3HAKOB COJIUTOHA NPH PaCCesHHH,
a HMeHHO NapaMeTpPOB, 3afalouux ero Gopmy, CKOpOCTb, aMILJIHTY-
Iy, cOGCTBeHHYIO yacroTy u T. A. OcTajbHbe NepeMeHHHe AeACTBHS
CBfI3aHHl C 3HEpPrHeH H3JIyUeHHUS KaXKAOH HeJHHeHHOH MOABI, HeNH-
HeHHBIM aHaJOroM KOHTHHYyMa Moj Pypbe JHHEHHOH CHCTEMBEI.

CpaBHHTe 3TO INOBEJeHHe C TeM, KOTOPOe OXHAaJoch OBl B Me-
XaHHUECKOH cHCTeMe ¢ CHABHON CBA3bI0O MEeXAY MHOTHMH CTeNeHSIMH
cBo6oaH. B ofmeM cayyae He cilefyeT OXHAATh, YTO TaKas cHCTeMa
6yper pacuenasiemoii. CilefoBaTe/bHO, He/b3sl OXHAATh, YTOOHI
SHEPreTHUECKHil CHEeKTP BPEMEeHHHIX PSAMOB s KakKo#-i1u6o u3 3a-
BHCHMHIX IIEDEMEHHHEIX COCTOSJI H3 m OTAeJbHBHIX YacTOT, KaK 3TO
6b110, HanpHMep, B CJydae IOJHOCTBIO HHTerpHpyeMo#l TaMHJbTO-
HOBOH cHCTeMBl C KOMIAKTHBIM ramusabroHnaHoMm. Hanpotus, cie-
JYeT OXHJATh MO KpaliHell Mepe HeGOJBIIOro CIEKTPAJbHOTO YIIH-
peHHsI, CBHMETEJbCTBYIOIETO O CTOXACTHYHOCTH TNOBEJEHHS, XOTS
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OHO He o0sizaTeJibHO Gyner sprogudyeckuM. J[eHCTBUTENHHO, BTOPHIM
3HAYUTENbHHIM OTKDBITHEM HOCJHEeRHEro MAeCATHJIETHS, YHOMHHAB-
IIHAMcs B NepBoM ab3aile, sIBJASETCH OCO3HAHHE TOTO, UTO B CHCTEMAX
ypaBHeHHH ¢ HeGOJbIINM YHCJOM cTeneHeH CBOGOIL MOXKeET cylle-
CTBOBaThb CTOXAaCTHYECKOe IOBeJeHHe 3aBHCHMOCTH OT BPEMeHH.
BaxHa KauecTBeHHasi MPHPOJa CHCTeMHl YpaBHEHHii, a He pasMep-
HOCTb CHCTeMH. Ec/in ypaBHeHHS TaKOBH, UTO pPelIeHHS CHJIBHO 3a-
BHCAIT OT HA9aJbHHIX YCJOBHH, TO MaJjbie NOTPEMIHOCTH HaYaJbHEIX
JIlaHHHIX 3KCIIOHEHIHAaJbHO PACTYT B ()a30BOM HOTOKe, U HauMHAS
C HEKOTOPOTO MOMEHTa CTAHOBHTCS COBEPLIEHHO HEBO3MOXKHO Npef-
CKa3aTb OyAyllee COCTOSTHHE CHCTeMBL. IJTOT Npolecc MOXKeT IIpo-
HCXOAMTh fa)ke B JIHCCHNATHBHHIX CHCTEMax, B KOTOPHIX HMeeT Me-
CTO cXKaTHe 3aJaHHOro oGbeMa B $a30BOM NOTOKE IPOCTPAHCTBA
cocrosinufi. OKaseIBaeTcs, YTO MJs CHCTeM OOBIKHOBEHHHIX aAudde-
peHIMaNLHBIX YPaBHEHHH PasMEPHOCTH TPH WJH Oosee (HampuMep,
ypaBHenus Jloperua u Pecsepa), n1s ABYMepHBIX 06pPaTHMBIX OTO-
Opaxenu#t (Hampumep, oroOpaxenuit XeHona u HMkeam) waum aas
OJHOMEDPHHIX HeoO6paTHMHIX OTOOpaKeHHH (HampuMep, JIOTHCTHYE-
CKOTO YPaBHEHHS X,41=WX, (1 — x,), aBTOMOJENbHASI CTPYKTypa KO-
TOPOro B NpOCTPaHCTBe (u, x¥) OHJA OTKPHITA B HOBATOPCKOH pa-
6ore Muruenna ®defiren6ayma), ABHKEHHE MOXKET NMPOUCXOAHUTH HA
aTTPAaKTOPe HOBOTO THNA (B INPOTHBONOJOXKHOCTb H3BECTHHIM TH-
naM, KOTophleé OBlIH JHOO (DUKCHPOBAHHOH TOYKOH, JHGO Mpenesb-
HHIM LHKJOM), Ha3BAHHOM CTDPAHHBIM aTTPAaKTOPOM. ATTpaxkTop Ha-
3BaH CTPAHHHIM He NPOCTO 6Jarofapsl cBoeifl CTPYKType (JOKaJAbHO
OH MOXeT OBITb NpPeACTaBJeH KaK NPSMOe INPOH3BeJeHHE MEXKY
R* n==1,2,3, ..., H KaHTOPOBEIM MHOXECTBOM), a IIOTOMY YTO
JBHXeHHe Ha HeM OYeHb CHJIbHO 3aBHCHT OT HayaJbHBIX YCJAOBHIL.
B camoMm nene, pasyMHO OXHIATb, YTO B HEKOTOPHIX CAYYasiX SBHO
CTOXACTHYECKHH XapakTep 3aBHCHMOCTH OT BPEMEHH CHCTEMH CO
MHOFHMH CTelleHSIMH CBOGOABLI MOXET OHTh OOBACHEH C NOMOMLIBIO
ABHXKEHHs] TOYKH INPOCTPAHCTBA COCTOSHHH Ha CTPAaHHOM AaTTPaK-
TOpe, Pa3MePHOCTb KOTOPOTO MHOTO MeHblle. DKCIePHMeHTaJbHOe

000CHOBaHHE 3TOr0 INPEANOJIOXKEHHs] MOXKeT OHTh HallieHo B pa-
6ote [123].

910 oTcTynieHHe B TeOpHIO HEHHTETPHPYEMBIX CHCTEM HMeJIO
Ue/bI0 MaKCHMAJIbHO 3a0CTPHTh BHHMaHHe HA TOM, YTO AJS NOJHOM
HHTETPHPYEMOCTH YpaBHeHHe MIOJNXHO 06J1ajaTh OuYeHb CHelHANb-
HBIMH CBOHCTBaMH. 3aMETHM, 4YTO pelleHHsS HHTErPHPYEMEIX CHCTEM
He 061121a10T GOMBINOA YYBCTBHTENBHOCTBIO K HAYAJIBHEIM ycro-
BuAM. HauanbHble morpelmHocTH pactyT co BpeMeHeM camoé Gofb-
mee JUHEHHBIM o6pasom. 1o TOSBJIEHHS COJHMTOHHBIX YpaBHeHH
UHCJIO HHTErPHPYEMBIX CHCTEM MOXKHO OBLJIO TMepecyHTaTh Mo Nafb-
uaMm onHo# pykn. HauGosee ynoMHHaeMBIMH GbIIH rapMOHHYECKHH
OCUHJIIIATOD, NBHXKEHHE Tesa B NOJe LEHTPANbHBIX CHJI, ABHMKEHHE
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})ecTKoro tena. JeficrBHTENBbHO, €AMHCTBEHHEIH NpUMep 6eCKOHeu-
HOMEpHOH TOYHO pelllaeMOH (H3HMUecKOH 3asayu GBI BOBCE He CBS-
3aH C HbIOTOHOBCKOH MexaHHko#. Hamporus, 370 OBlNIa ABYMepHas
MO/JeNb PaBHOBECHOR CTAaTHCTHUECKOH MeXaHHKH — Mojenab M3suHra
¢ B3auMojelicTBHeM GJHXaHNIHX coceleH, NpeJoXeHHAs [JS OIMH-
caHusi (a30BBHIX NEPEXOLOB. 3HAMEHUTHIM «CHJIOBHIM IpueMom» OH-
3arep BBIYHC/JAWJ CTATHCTHUECKYIO CYMMY 3TOH MOAENH, NPHMEHHB
PSII HCKYCHBIX M KaXYIIUXCS KOJJIOBCKHMH TPIOKOB. B ToM, uto He-
COMHEHHO JOJIXKHO BOCIPHHHMATbCS KaK COBEePIIEHHO HeOXKHAaHHOE
pasBuTHe, o6HapyxXunachb rJayOoKass CBfI3b MEXKJY COJHTOHHBIMH
VPaBHEHHSIMH M TOYHO pelllaeMBIMH MOJEJSIMH PaBHOBECHOH cTaTH-
CTHYECKOH MeXaHWKM, a TaKxKe KBaHTOBOH Teopuu mnonas. [losxe
3TOT Bonpoc GyAeT ob6¢cyxaaThesl 6osee NOAPOGHO.

K coxanenuo, CBOHCTBO NMOJNHOR HHTETPHPYEMOCTH HEJIb3sl yCTa-
HOBHUTH HENOCPEACTBEHHO K3 camoro ypaBHeHus!). Ilostromy mosaes-
HO MOWUCKATh JpyrHe CBOMCTBA, XAapaKTEPH3YIOIIHE COJNUTOHHEIE
YpaBHEHHS, KOTODHIE Jierde NPHMEHHTbh B KaueCTBE TeCTa Ha HHTe-
TPHPYEMOCTh K 3aJaHHOMY YypaBHeHHI0. TakKe IOYYHTENTBHO BHI-
SICHHTb, YTO NPOMCXOJHT C 3THUMH CBOHCTBAMH, KOTJla COJNHTOHHAS
NIpHPOAa ypaBHeHUH Hapymaerca A160 no6aBjaeHHeM HOBBIX YJEHOB,
au60 H3MeHeHHeM HEKOTOPHIX KPHTHYecKHMX KoabduuuentoB. Oxu-
JlaeTcsi, 4TO TaKOoe BO3MYILIeHHE IOPOJHT HEKOTOphle 06/JaCTH CTO-
XacTH4HOCTH B ()a30BOM NPOCTPAHCTBE, B YACTHOCTH BOJH3U romo-
KJIHHHBIX HJH TeTePOKJUHHHIX OpOHT. Ecau Bo3MmyllleHue waJo,
MOXKHO OXHJIaTbh, YTO GyneT HMEeThb MeCTO pesyJabraT THma KoJsimo-
roposa — ApHosbia — Mosepa (KAM) (xorst asis GecKoHEuHOMEp-
HBIX CHCTEM 3TO JIO CHX IOp He noxazano). IToBTopum, uTto B mos-
HOCTBIO HHTETPHPYEMBIX FaMHJIbTOHOBBIX CHCTEMax ¢ OTPAHHUEHHBIM
raMHUJIbTOHHAHOM JBUXKEHHE OCYINECTBJSETCS Ha HHBAPUAHTHOM
m-MepHOM TOpe, NapaMeTpH3yeMOM m 3HAUYEHUSIMH TepeMeHHBIX
nefictBus. Teopema KAM raacur, 4to nojx AefiCTBHEM MAaJBIX BO3-
MymieHu# GOJBIIHHCTBO 3THX TOPOB coxpaHsieTca. OZHAKO MexIy
3THMH TOPaAMH CYLIIECTBYIOT Y3KUe OOJAaCTH CTOXaCTHYHOCTH. Mox-
HO 3afaTbCsi BONPOCOM, KaKUM OGpasoM INpoOsBJSETCs 3Ta 0cobeH-
HOCTb NPH HapYHIEHWH APYTHX CBOHCTB COJIMTOHHBIX YPaBHEHHH.
Bosee Toro, MOXHO TakKe HCIONBL3OBATL 3TH HAEH IJs ONHCAHHS
TYpOYJIEHTHOTO HJIH CTOXACTHYECKOT'O MOBEHEHHUS B JPYTHX MOZEJSIX
(G HU3KUKH, MOJeNasiX, KOTOpble, GYIy4YH HEBO3MYIIEHHBIMH, SIBJASIIOTCS
TOYHO peilaeMbMM, Bpone moaenu Msunra, u KoTophie TecHO cBs-
3aHBl C COJHTOHHBIMH YPaBHEHHSIMH.

1) C 3TuMm YTBEPKJEHHEM aBTODA MOXHO He COTJIaCHThCf. B HacTosmee
BPEMsI HMeeTCSl CTPOrasi M INOCJHeAOBATENbHAS TEOpHs, TO3BOJAIUIAS HE TOJBKO
OTBETHTb Ha BONMPOC 06 HHTErpPHPYEMOCTH KOHKPETHOrO ypaBHEHHSI, HO W ONHCATh
BCE HMHTErPHPyEMble ypaBHeHHs 3afaHHOro euja (mopsaxa) [2*], [3*]. — ITpun.
peg.
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CpesH MHOTHX CNelHaJbHBIX CBOHCTB COJIHTOHHBIX PelIeHHH, KO-
Tophle 6YAYT 0OCY:KAAThCSI B 3THX JIGKUUAX, CYIIECTBYIOT ABa CBOH-
CTB4, Ha KOTOPHIX f XOUYy OCTaHOBHTbCs. IlepBBIM M3 HUX SIBJASIETCH
¢BO¥icTBO XHPOTHl, OTKPHITOe XHPOTOH, KOTOPHIH Halllel OYEHb IIO-
JIe3HBIH M BaXXKHBIF MeTOJ BBIYHCJIEHUS] MHOT'OCOJIMTOHHBIX DelieHHi.
HeoGxonumo, uTOOGB ypaBHeHHS] OBIJIM 3anucaHbl B OHJIHHEHHOH
dopme; aasa ypaBHeHHs (2) sToT war (A4Jg9 KOTOPOTO He CyllecTByeT
o6l1ero ajJirOpuTMa) OCYUIECTBJASETCS C IOMOMIBIO IPelCTaBJieHHs

2
qlx, h=2-25Inw. ()

Oyukuus t(x,t) yAOBJEeTBOPSET KBAJAPATHUHOMY ypaBHEHHIO
2
TTxt — Tyl TTyxxx — 4T, Texx + 3tax =0, (5)

Hnst aTux ypaBHenuit Xupora co37aJ HOBOE HCUHCIEHHE, B KOTOPOM
npousBogHble 0/0f, 0/0x 3aMeHeHH omepatopaMu D Dy, B 3THX
0003HaueHHsIX KBaJAPaTHYHOe ypaBHeHHe (5) MOXKeT OHITh 3alHCAHO
B BHJE

P(Di, Dy)v-v=(DDy+Dz)t-1=0; (6)

3fiecb P — MHOrou/sieH OT CBOMX aprymeHTtoB. M3 3Toro ypasHeHHs
JOBOJILHO TPOCTO ONPENENHTb YCJIOBHS (ycaoBuSt XHPOTH), KOTO-
PHIM JOJIKeH YXOBJIETBODATH MHOrouseH P ajas Toro, 4roOu ypas-
HEHHe [0NycKaao N-CONMTOHHbIE DelleHHs [JIsi MPOH3BOJbHBEIX N.
IDas P(D;, Dy)=DyD; + D} (ypasuenne Ka®), uwmu P (D;, Dy)=
=D.D;+ D%  (ypasuenne Kopresera — Capagsl) ycaopus Xupo-
TH BHINOJHSIOTCH. Jas P(D;, Dx)=D,Dx+D3 HX HET, W MOTYT
ObITh HaliJeHbl TOJbKO pelieHHs B BHJe ABOHHOH yeJHHEHHOH BOJI-
Hel. OfHH M Te Xe YCJ0BHA Ha P JONyckaioT POACTBEHHHIH Kaacc
pelileHuH, GECKOHEUHYIO IOCJAEOBATENbHOCTb PAllMOHAJNbLHBIX pelle-
HHUH, AJIS KaXJOro U3 KOTOPHIX T-QYHKUHA ABJAETCS MHOTOYJIEHOM
OT X U [ W JIJs KOTOPHIX COOTBETCTBYIOLlee pellleHHe g§ SBJsEeTCS
pauuoHanbHON (yHKuHeH, IlepBBIMH TpeMss HETPHBHAJNbHHIMH pa-
IHOHAJBLHEIMHA pelleHusiMu (5) siBasores ©=x, 1=x3+ 12¢, 1=
= x6 | 60x3 — 720¢#2. CooTBercTByIOIINE pelleHUss ¢ (x,!) HMeIOT
JBOHHOH mNoJioc ¢ Ko3hduiuneHTOM —2 B KaXKAOM H3 HyJel x ==
= x(¢) dyukuuu 1(x, ).

CyliecTBOBaHHE 3THX PALlHOHAJBHBIX peHIeHHH 3SKBHBAJIEHTHO
JpYyroMy cBOHCTBY, KOTODHIM 00/Mafal0T COJHTOHHBIE YPaBHEHHS,—
cBoiictBy [lensneBe. D10 CBOHCTBO OBIJIO HEPBOHAUAJBHO BBEACHO
B CBSI3H C OOLIKHOBEHHHIMH HEeJIUHEHHHMH YDPaBHEHHSIMH BTOPOro
nopsiaka. Llenbio siBiasiack kaMaccuduranusi Bcex ypaBHEHHH BTO-
poro mnopsika, CBOHCTBOM pelIeHHH KOTOPHIX OBLJIO TO, YTO €JHH-
CTBEHHBIMH NOJBHXHBIMH OCOGEHHOCTAMH OBIIH IOJIOCA. DTO O3Ha-
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YaeT, YTO €IHHCTBEHHBIM THIIOM CHHTYJISIPHOCTEH, MOJOXKeHHe KOTo-
PBHIX 33aBHCHT OT HaYaJbHHX MaHHEIX, ABJSIOTCS MOJIOCA.

Hanpumep, peilenuem ypaBHenus dy/dx=—y?, y(0)=1/c
cayxur y(x)=1/(x-} c), umewomee noaroc npu x=—c. C apy-
roi CTOPOHH, TOUKH ¥ =0, oo NpeACcTaBJAIT cO00H HeNMOABHKHBIC
KPHTHUECKHE TOUKH ypaBHeHus 2xdy/dx =y. [lenneBe oGHapyxua,
YTO CYILIeCTBYeT NSTBAECAT THIIOB YPaBHEHHH, YIOBJAETBOPSAIOUINX
5TOMY TpeGOBaHHIO, COCTOSIIMX M3 COPOKa HeThlpeX IPHBOAHMBIX
K H3BECTHBIM yPaBHEHHSIM H LIECTH HOBBIX YPaBHEHMH, pPelIeHHd KO-
TOPHIX Ha3BaHH TpaHcieHJeHTaMu [lenneBe. BropeiM B cmucke 1re-
CTH YPaBHeHUH ABJETCSA

Ypx =%y + 2y3: (7)

0 KOTOpPOM 3HAuUuTeNbHO 6oJjbiie 6yAeT cKa3aHo B V. 4 u 5. B jpaH-
HbIH MOMEHT BaXHO, 4TO (7) JomycKaeT pellleHHe BHAA

00
Y=gt Y A —x), (®)
0
B KOTODOM X H a3 NPOH3BOJIbHEI, a BCe OCTaJbHBE a, ONpenels-
I0TCSl €AMHCTBEHHBIM 00pa3oM. YpaBHeHHe, KOTOPOe ONpelesseT as,
umeeT BUA 0-a3==0; HyJap cnpaBa BO3HHKaeT B pe3yabTaTe Kak
pas HyXHOro couveraHus cjaaraeMmblx B (7). Ecam 6m xy Oblio 3a-
MEHeHO Ha x2y uaM cjaraemoe y® Ha y* (4To morpeboBaso OHI, YTO-
OBl 4Y/JeHOM IJIaBHOTO IOPSiAKa SABJSJCS HOJIOC BTOPOTO NOPSAKA),
TO BO3HHKJa Obl HECOBMECTHOCTh B YPaBHEHHsX Ha {a,}, KoTopas
Heu36exHO IOBJeKJa OB HEOOXORMMOCTL BBeJeHHs cJaraeMmoro,
NPONOPUHOHANBHOTO (X — Xo)™ In(x —xo). Torma ypaeHeHHe He
uMeJIo 6bl cBolicTBa IleHsieBe, /st MPOHM3BOJbLHOH HadajbHOH TOY-
KH xo 6oJlee He CYILeCTBOBaJO Ol CHHIYJSPHOCTH B BHAE IOJIOCA.

IlpuMeuaTesIbHO TO, YTO BCe HHTErPHPyeMHble YPaBHeHHS Npej-
craBasiorTcs obGhapamouuMu cBoficteamu [leHseBe, xoTs sTa runo-
Te3a NOJIKHA ObITh HECKOJBKO H3MeHeHa, KOrja OHa NpHMeHseTcs
K YPAaBHEHHSM B YaCTHHX IPOM3BOJHHX. DTO CBOHCTBO HpeJCTaBJs-
€TCsl B TOYHOCTH 3KBHBAJIEHTHBIM CYLIECTBOBAHHIO GECKOHEYHOI IIo-
CeOBATEJBHOCTH pAalMOHaJbHBIX peueHH#. OTMETHM B HalleMm
NMpUMepe, UTO €CaM T pasioxuma B psif Teldnopa BOJH3H TOUKH
[IOBePXHOCTH, HAa KOTOPOH oHa obpamiaercs B HyJdb, TO ¢ paaJa-
raercs B paA mo nogawmocaMm. I103TOMy npeAacTaBasieTcs, UYTO BHIPA-
XeHHOe B TepMHHAaX T-GYHKuuH cBofictBo [lenneBe TpeGyer, 4TOGH
T-QYHKUUA He UMesa NOABHKHBIX KPHTHUECKHX TOUEK.

Aro HabJI0feHHE CYIIeCTBEHHO W MMEET NOTEHIHAaJbHO BajKHbIE
CHEICTBHS HE TOJbKO B KOHTEKCTE 5BOJIIOIMOHHHX YpaBHEHHH, HO
TaKXKe H IJs1 JPYrHX TOUHO pelIaeMuIX Mofesel. §I yxe ynoMmuHaJs,
yTO JBYMepHas Mojelpr MsHHra ¢ B3amMofeficTBHEM OJHKaHIIuX
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cocefielf npejAcTaB/sieTcs CBA3AHHON C COJMTOHHBIMH YypaBHEHHSIMH.
Sra cBsA3b OHlJIa BIEpBHIE ycTaHOBAeHa B paGore Caro, MuBH H
Ixum60 [103], KoTopeie MOKasajd, 4TO B CKEHJHHIOBOM NpejeJe
n-ToueyHass KOpPpeJsSUHOHHAsT GYHKUHS VIOBJETBOPSiIET CHCTEME
OuYeHb CHElHaJbHBIX HeJHHeHHBIX Ae(OPMAlHOHHKEIX yYpaBHeHMH, KO-
TOpBHIE BHPaXaloT TOT (PakT, YTO coXpaHseTcs rpynna MOHOAPOMHH
COOTBETCTBYIOILeH JIMHeHHOH cHcTeMB. PaccMOTPHM KOHKPETHBIH
NpHMep JHHEHHOH CHCTEMH NMOpSAKa 1

- —GA+TB+OW,

B KOTOPOH An-TOYeUHAsi KOpPpeJALHOHHAs (QYHKUHS T COAEPKUTCH
B ko3¢ duurenrax Matpun A, B, C. JlaHHasi cUCTeMa HMeeT Hppery-
JISIDHBIE CHHIYJIIDHOCTH B TouKax § =0, co. YcaoBue, yTo rpymnmna
MOHOJAPOMHUH 5TOH CHCTEMHl He 3aBHCHT OT apryMeHTOB 71-TOUEYHOH
KOPPensAlHOHHOK (PYHKUHH, BHHYXKAeT MOCJAEAHIO YAOBJETBOPSTh
HeJIMHeHHOMY AeOpMalHOHHOMY ypaBHEHHIO. PellieHue 3TOro ypas-
HeHusi B NPHHIHIIe MOXeT GBTh IOCTPOEHO C HCIOJAb30BAHUEM CBOM-
CTBA M3OMOHOJAPOMHOCTH. 3THM cHOcOGOM B 3aMKHYTOM BHAE
MOTYT OHITb NMOJYYeHH pelleHHs n-TOYeYHOH KOppeasiliHOHHON (PyHK-
UMH. OTa 3aMedaTesbHasi KOHCTPYKLHSI TECHO CMBIKaeTcs C KOH-
CTPYKUHeH COJMTOHOB M APYTHMH CHEUHaJbHBIMH THHAMH pelueHHH
COJIMTOHHBIX ypaBHeHHH. B uyacTHOCTH, JByxTo4YeuHasi QyHKuus (B
CKEHJIMHIOBOM IIpeJieJie) YAOBJETBOPSIET TOMY K€ YPABHEHHIO, 4TO
onHO(asHoe aBTOMOJeNbHOe pelleHne ypasHeHus sh-Topmon. Kpo-
M€ TOro, CyUIecTBYIOT HaBOAfLIHe Ha JaJjbHefiliive PasMBILIJICHHS
CBSI3H MeX1y MopaeasMu M3MHra H HHTErpHPYEMBIMH CHCTEMaMH.
Hanpumep, Maxkkoit u By [109] mokasanau, 4To HpH KPHTHYECKOH
TeMIlepaType ABYXTOUeYHas KOppeaslHOHHas (YHKUHSA Kak (PyHK-
UHSI JHCKPETHBIX PacCTOAHMA YHOBJETBOPSIET TOYHO HHTErPUPYeMOH
JHCKPETHOH BEPCHH LENOYKH Tomml.

B camMoM gene, ecan 0Kasasoch BO3MOXKHEIM YCTAHOBHTB TOY-
HYIO CBSI3b MEX/Y COJIHTOHHBIMH YDaBHEHHSAMH H JPYTUMH HHTErpH-
PyeMBIMH MOJENSAMH, KaXKeTCsl eCTeCTBEHHBIM 3a4aThCsi BONPOCOM
0 TypOy/JeHTHOM HJH CTOXAaCTHYECKOM MOBEJAeHHH NocJenHHX. Me-
pOH MM KpHTEpHEeM INOTEePH HHTErPHPYEMOCTH 3THX MOAesedl siBJsi-
ercsi moTepsi cBoiictBa Ilensese. B camom gene, I'pusom u Ilepcu-
BajleM [110] mokasano, kak B AubdepeHUHaNLHOM YPABHEHHH, MO-
LeNHpyIolleM IPOsIBJEHHE CTOXaCTHYECKOTO IIOBEIeHMS, MOoJIoca
HaKallJIMBAIOTCS B IIOCKOCTH KOMINJIEKCHOTO BPEMEHH BAOJb ecTe-
CTBCHHBIX I'PaHHMI, KOTOPHE CaMH IO cefe HMEIT HHTepecHOe aBTO-
MozenpHoe nosepenre. Kpome toro, Ceryp [111] morasax, uto npu
OYeHb CNelnaNbHOM BhHOOpe mapaMeTpoB B MOAenu JlopeHua, must
KoTopoi#l MMeer MecTo cBofictBo IlenseBe, Momesnb sBASeTcs HHTe-
TPHPYEMOH.
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Uto Torga ciaefyeT OXHAATb B HEHHTerpHPYyeMOH MOJENH CTaTH-
CTHYECKOH (PH3UMKHP? B mpuHUUIe Bcerpa MOryT OBITh BBEJEHBI CTa-
THCTHYECKAast CyMMa, CBOOOAHAsl SHEPTUsi U KOPPEJNSAIMOHHbIE (DYHK-
nuu. Hanbosee ecrecTBeHHBIM ObLIO Gbl NPEANOJIOKHTL, YTO KOppe-
JALHMOHHAA OGOYHKLIHS KakK (YHKUHS CBOHX apryMeHTOB (IOBTOPHM,
YTO OHa fABJAsAETCS aHaJoroM T-QYHKUHH XHDOTH) He HMeeT CBOU-
cra IleH/seBe U BMeCTO 3TOro UMeeT ajreGpaHyecKue H CYLECTBEH-
HBle OCOOEHHOCTH, 3aBHcAllMe OT NaHHHX. [losTomMy (yHKuuu Oy-
AyT BecTH cebsi BOJM3M CHHTYJSPHOCTEH OYeHb HeperyJspHBIM
ob6pasoM; npu 3TOM HeOoJbpllasi HETOYHOCTh B 3HAHHH HCXOAHBIX
JaHHBIX NpHUBeJa OBl K KaTacTPO(HUECKOH IOTpelIHOCTH.

ITogBoasi uTor obCy:KAeHHH, elle pa3 BBILEJHM [IBAa MOMEHTA.
[TepBuifi cocTouT B TOM, 4TO aJjrefpanyeckue CBOMCTBA pelllaeMBIX
MoOJeseH ABJAAITCS OOBEAUHSAIOWHM 3J€MEHTOM, H BTOPOH B TOM,
YTO MHOrOe MOXKeT JaTb NOHHMaHHe CBsi3eH MeXAY COJHTOHHBIMHU
ypaBHeHHSIMH M HX Da3pelIMMbIMU aHaJoraMH B CTAaTHCTHYECKOM
¥ KBAaHTOBOH (bH3HKe.

baaropapuocru. §I xouy nobsarogaputb TeX, KTO HpPOYHTA] H
cllejial TOJIe3HbIE 3aMEYaHHsl 10 HEKOTOPHIM pasjiesaM HJH IO
BceMy Kypcy Jexkuufi: Anexanapo Aceseca, Hxeppu Bona, Kona
I'puna, Dpuky [Hxun, [eliBa MakyoxjuHa, Mapruna Kpyckaua,
Bbo6a Muypy, Tiomopa Parny, Hopmana 3aGycku. HeomeHumbl-
MH OBIJIH, 3a4acTyl0 OCTphie H (e3XKaJOCTHblE, HO BCerja yMecT-
Hble, KPUTHKA H COBETH Moero 6oJbluoro apyra I'epmanna ®Juamku.
S1 Takxke upesBbiyaiiHo GJgaromaped Iefin JluckepceH, KoTopasi cy-
MeJia IlepereyaTaTb PYKONHCh U COXPAHHTb IIPH 3TOM IOMOp H 3apa-
Bold cMblcs. KHura mocBsuiaeTcss MouM yuureasm Bukropy I'pamy,
HsBuny bennu, Buanemy Mankycy u Maptuny Kpyckany u moum
neram Jxxeiimu, lefiny, Moty u Ilunme, koTopsie Takxke MHOromy
MeHsI Hay4YuJid,

Kpome TOro, i mpusHarejeH MaTeMaTHUECKOMY OTIeldy YIpas-
JIeHHsI 0GOPOHHLIX HCC/IeJOBaHUN M YIpaBJeHHS HAYYHBEIX HCCJeJ0-
BaHHH BOGHHO-BO3JAYUIHBIX CHJI 3a LIEAPYI0 H BIOXHOBJSIOLIYIO IO~
HEPKKY.

Yunsepcuter wr. Apusona
Jeka6pp 1983 r.



I'JIABA UCTopPra COJIMTOHA

1

la. Orkpeitde JIxkoHa Ckorra Paccenna. OTKpHITHE COJHTOHA,
ero 3aMeuaTe/lbHHX CBOHCTB H HeOOBIKHOBEHHOrO 60raTcTBa Mare-
MaTHYeCKHX METOJOB €ro ONUCAHHS OCYLIEeCTBJISJIOCh B ABa 3Talia,
Ha IPOTSXKEHHH IIOYTH cTa copoka JeT. Mcropus Geper cBoe Ha-
yajgo ¢ Habuwogesds [Ixomom CkorroM Paccennom «60abIoi

BOJIHBI TpaHcAAuMu». §1 mosBomio cebe pacckazath 06 3TOM CO-
OBITHH.

«$1 monarao, uTO HauJyyllee NPEACTaBJCHHE 06 STOM SABJECHHH JACT OIHCAHHE
O6CTOSITE/ILCTB MOETO NEPBOr0 3HAKOMCTBA ¢ HUM. §I na6uionan 3a JBHKEHHEM
GapxH, KOTODPyI0 GHICTPO TAHYJa IO y3KOMY KaHaly mapa Jouwageli, Korga Gap-
Xa HeOXKHAAHHO ocTaHoBHiach., Ho Macca BoAbl, KoTopyio Gapxa mnpusesa B
ABHXKEHHE, HEe OCTAaHOBHMJACh, a cobpaJjach Yy HOCa CYAHA B COCTOSIHHH HMHTEHCHB-
HOTO JIBHIKCHHA, 3aTeM HEOXHJIAHHO OCTAaBHJA ero mo3ajH, KaTacCb BHEPEN C Or-
POMHOI CKOpOCTBIO M mnpHeHMasi ¢(opMy GOJBIIOrO OAMHOYHOTO BO3BHILIEHHSI,
TO €CTb OKPYIJIOrO, MVIaAKOTO M YeTKO BHIPaXKEHHOTO BONSIHOTO XOJIMa, KOTOPHIH
NPOROJKAJL CBOH MNyThb BHOJb KaHaja, He MeHfs cBoedl (GOPMH M He CHHXKAf
CKOPOCTH. §I MOCJENOBAJ 3a HHM BEPXOM, M, KOTJa HauieJ ero, OH MO-TPeKHeMy
KaTHJCA BIepef CO CKOPOCTbIO NPHOIM3HTENBHO BOCEMb HJM AEBSITb MHJb B yac,
COXPAaHHB CBOH MePBOHAYaNbHBI NPOGUAbL BO3BBILEHHS AJHHON OKOJMO TPHALATH
(yToB U BbICOTOR OT ofHOro Mo moamytopa ¢pyros. Ero BeicoTa mocTemenHo yMeHs-
I1anach, ¥ Moc/e OAHOH MM ABYX MHJb NOTOHH 5 MOTEPSJ ero B Harubax KaHaJja.
Tak B aBrycre 1834 r. MHe BIepBHE AOBEJOCh CTOJKHYTHCS C HEOGBIMAHHBIM H
KPacHBHIM fIBJIEHHEM, KOTOpOe 51 Ha3BaJl YeAWHEHHOH BOJHON TDPAHC/SAILMH; Temepb
3TO Ha3BaHHE OGLICMPHHSATO.

Ecan cuutath, uT0 GOJBIIOTO YYEHOrO OTJAHYAET CHOCOGHOCTDL
OCO3HaTb, YTO SIBJSETCH CYIIECTBEHHO HOBBIM, —a 3TO JeHCTBH-
TEJbHO OJHO H3 KJIOUeBHIX KauecTB, To Paccess, Ge3 coOMHeHHS,
3acayxuBaeT 310oro THTyJa. C caMoro nepBoro HaGJIOACHHS OH IIO-
HAJ, 4TO OOHApYXHJ HOBOE SIBJCHHE, M BCJEACTBHE 3TOT0 60JIb-
HIYI0 4acTh cBoel npodeccHOHANbHON [eATeJbHOCTH OH TOCBATHII
SKCHEPHMEHTAJbHOMY H3YUEHHIO CBOHCTB GOJBLHION BOJIHBL.

«dT0 camoe nNpexpacHoe H HeoObluHOE fIBJICHHE: B HepBblﬁ XKe JIeHb A MOHSJI,
9TO 3TO CYACTIUBEHMIHA MOMEHT MOeH KH3HH. HPIKOMy A0 MEHS He NOCYacCTNH-
BHJIOCh HalJAIOgaTh ero HJIH, BO BCAKOM CJydae, NMOHATh, YTO OHO 3HAYHUT. Tenepb
OHO U3BECTHO KaK YyeJHHEHHas BOJHA TPanCAALHH, Hukro HHKOrza H Boodpa-
3UTb HE MOl, 4YTO CYLIECTBYET TaKoe fBJIeHHE, KakK YCAHHCHHAA BOJIHA. Kor,qa A
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onmucan ee c3py Jxony Tepmemio, oH ckasan: «3TC NpPOCTO OTCeYeHHAST MONO-
BHHA OGHYHOA BoJiHH®. Ho 3TO He TaK, MOCKOJbKY OGHIYHLIE BOJNHHI PaclnpoCcTpa-
HAIOTCS YaCTHYHO BHIIIE, & YACTHYHO HHXKe YPOBHS NOBEPXHOCTH, H KPOME TOrO,
ee CKOPOCTb OTJHYAeTCsl OT CKOPOCTH OGHMHBIX BOJH. I103TOMY yeauHeHHast BOJ-
Ha — NOJIHAA BOJHA, a He MOJIOBHHA, C TOH pa3HHIeH, YTO OHa BCHA LEJHKOM pac-
[oJIaraeTcsl BEINIE MOBEPXHOCTH, 4 He YaCTHYHO BHINE KM YacTHYHO HExKe., Takoi
BOIlﬂII:-I(iﬁ XOAM He MOXET CTOSThb Ha MecTe, a PacCOPOCTPaHSETCS BHOJb KaHa-
aa» [2]

OH 3Haj, YTO OGHApYXeHHHH UM chooco6 pacnpocTpaHeHHUs
dyHIaMeHTaJeH B TOM CMBICJe, YTO I[POH3BOJIBHOE BO3BHIIIEHHE
BOJAHl pacrnagaercsi Ha OCHOBHYIO H OCTaTOuHywo BoJaHn. OH 3Haun,
4TO €€ CKOPOCTh MPOMOPIHOHANBHA €€ BHICOTE, W INIOCNe MHOTOUYHC-
JeHHHX 3KCIEPHUMEHTOB MpelJoXua 3akoH c¢2=g(h+ 1), rie
g, h, M— yckopeHHe CBOGOZHOTO mNajieHHs, TIy6HHAZ HEBO3MYILEH-
HOM KHIKOCTH H MaKCHMaJbHas BHICOTA BOJHE OTHOCHTENbHO He-
BO3MYLIEHHOTO YPOBHS cooTBeTcTBeHHO. OH 3HaJ, YTO BOJIHBI MOHH-
JKeHHSI BeAyT cebsl COBEPUIEHHO He TakK, KaK BOJHBI NOBHIIIEHHS H
He NpeBpaulaloTcs B BOJIHBEL, PacnpocTpaHsiomuecsi 6e3 H3MeHeHHd
¢dopmel. On 3HaN O B3auUMONEHCTBHH YeAWHEHHBIX BOJH, HO, Kaxer-
cs1, He 3aMeTHJ MX COJIUTOHHOT'O XapakTtepa — CBOfCTBa, KOTOpOe
s 6yny Bckope obcyxnath. IleficTBUTeNbHO, eC/iu OBl OH NPHUMEHHJI
CBOMCTBO 0GpaTHMOCTH BO BDEMEHM YypaBHeHHH Diiiepa H HCIONbL-
30BaJ TOT GakT, UTO NpH {— 4=00 [(Be BOJNHBI GECKOHEUHO YAaJeHBI
IPYr OT Apyra, OH cMOr 6Bl OGHAPYXUTb 3TO NOHCTHHE 3aMeyaTelb-
Hoe cBoficTBo. OH 3HaJ TakXKe O CTPAHHBIX M YHUKAJNbHBIX CBOH-
CTBaX OTpPaxKeHHsI BOJIH MaJOf KPYTH3HHL.

3Han OH Takxe M O TOM, KaK HX cosnasath! HemaBHo s umen
yecTb NMPHHATH Y4acTHE B YAHUBHTENBHO NPUATHOR H Xopouro opra-
HU30BaHHOA KoHdepenuun B YHuBepcutere XepHoT-YarT, nocss-
HIEHHOH CTOJIeTHIO CO THS CMEPTH 3TOro OOJIbUIOrO YesNoBeKa. DTO
OBLIM NpeKpacHbBe JHH, HaNOJHeHHBle OXHBJIEHHHIMH Pa3rOBOPaMH
H CTHMYJHDYIOUIHMH JAHCKYCCHSIMH, cOOGDaBIIHE MeXAYHAPOAHbIN
KOJIJIEKTHB YYEHBIX, NPEACTABASBIIHA caMoe MEeHbIee [IOKHHY Pas-
JUYHBIX AucuMmuH. Kynapmunauuefi 3Tof BCTpeUH JOMKHO 6HIIO
CTaTh BOCNpOH3BeleHHe HabJuwoneHHs1 Paccensa B TOM caMoM Me-
cte KaHana YOHHOH, rie nNpou3ouUIIO KOrAa-To 370 coburHe. C orop-
YeHHeM BBLIHYX/JEH NPH3HATb, YTO MBI NOTEpIeJNH Heypauy H IpH
BCeX HaNIHX OOUIMPHBIX 3HAHHAX M ONBITE MH He CMOIVIH GHICTPO
OpHAYMaTh cNOco6 CO3TaHHsT 3TOH BOJIHE, KOrAa 0Ka3ajoch, YTO
JABUraTeJb MOIXHOX MOTODHOH JIOAKHM, TaK XOpomo paboraBuiuii Bo
BpeMsi MCIIBHITaHUA, 32 AeHb 10 COOHTHS OTKas3aJ. A BHHOBHHK TOp-
KeCTBa OOLIYHO Jenaj 3TO, pacnoJjaras TOJbKO Mapol Jomanes,
napo# KaHATOB, cTapoii Gapxkell M riyGOKUM HHTYHTUBHBIM TOHH-
MaHHEM TOro, Kak MNepenaercsi UMOyabc or Gapxu K Bome. Ctos
Ha HAacHIA ¥ HAaGJI0ad 32 YCHAHSIMH POSl MOJIOJBIX M PETHBHIX yue-



Ucropus coamrona 25

HbiX, Oeryiiux BAOJb KaHa/Ja B POJIK OGOJIBIIKX JIOMIAJAEH, MOXHO
OnJI0 BHAETh MHOro OHHOKJeH, HOLHATHX B MOJYaJHBOM YyBa-
JKEHHH.,

TeMm He MeHee, HecMOTpPSI Ha HeyAAuH 3TOTO JHS, HH OAHA XHBas
Jylla He COMHEBAEeTCs B CyL[eCTBOBAaHHMH GOJIBLIOH BOJHH, TaK KakK
3KCIepUMeHTH Paccessa NOBTOPAJHCH NPH TINATEJNBHO KOHTDPOJIH-
pPyeMBIX YC/JOBHSIX H ero npefcKasaHusi npoBepeHn. OJHakKo He
Bcerna jeto obcrosiyio TakuM obpasom. CHawasa uien Paccemna
BCTPETHJH OGOJIBHIYIO BPaXKAeGHOCTh U CKENTHUH3M y KPyHNHeHALIHX
CBETHJl HayyHoro oGmiectBa Toro BpemeHn. M Jiipu, 1 Crokc co-
MHEBAaJHCh B TOM, MOXET JIH BOJIHA, paclnpocTpaHsamomasca 6e3 us-
MeHeHHs! (OpMHI, [eJHKOM pacloJiaraTthcsi BHIUE YDOBHSI BOLBI H
CChLIAJIMCh Ha YMeHbIIEHHEe ee aMILIMTYIH KaK Ha yKasaHHe O BHYT-
pPEHHe NpHCYllel 3TOH BOJHE H3MEHUYHBOCTH. Paccellsl NpeAnosoxuI
(IpaBHJBHO), YTO 3TO HECOOTBETCTBHe BHI3BAaHO TpeHueM. [leno B
toM, 4T0 CTOKC B cBoedl pa6ore 1849 r. MeToAOM pasyoxeHHS CH-
HyCOHJa/JbHOH BOJIHEI IO MAaJIOH aMILUIUTYAe «AOKa3aj», 4TO eJHH-
CTBEHHOH HeH3MeHSWolleHcAa BONHOH MOXeT OLITh TOJIBKO CHHYCOH-
JaJibHasi B CBOeHl OCHOBe C HeJHHEHHBIMH YJICHAMH, KOTOpHie IIpH-
BOJAT JIHLIb K HeGOJbUIOMY H3MeHeHHIO (OopMH (BTOpas ¥ BHICIIHE
TapMOHHKHM) H CKOPOCTH (OHa CTaHOBHUTCS cJaGo 3aBHCSAIIEH OT
aMIVIMTY/[bl). B nefcTBHTeNLHOCTH pelleHHe, HafineHHoe CTOKCOM,
ABJsETCS APYrMM NpeJeJbHHIM clydaem OoJee o6LIero pelleHHs
ypaBHeHUH [BMKeHHs (KHOWAAJBbHOH BOJHBI), COOTBETCTBYIOLIHM
cTpeMdAlleMycsl K HYJI0 MOAYJIO 3JJHOTHYECKOH (YHKUHH, B TO
BpeMs KaK JJd yeAHHEHHOH BOJHH OH paBeH enuHHue. Bmocxen-
crBud CTOKC MOHAJ M NpH3HAJA CBOH OWHOKH. Ectb HeKoropas
HDOHHSI B TOM, 4TO BOJIHA, oTKphrtas Crokcom (Boana Crokca),
HeyCTOHYHBA, €CJH OTHOLIEHHe I'NTYyOHHH XHAKOCTH K JJIMHE BOJHH
6JIu3KO K eiuHHIe (3TO OTHOLIEHHEe MaJo JJs yelHHEHHOH BOJ-
uH). Ha Gosee ray6Goko#t Boje NMOYTH MOHOXPOMATHUECKHH LyT
BoJH THma BoJqHH CTOKca pacnajaercssi Ha OTAEJNbHHE BOJIHOBHE
NaKeTH,

Jlumb B 1870-x rr. paGora Paccesmsa 6bi1a OKOHYATEJNBHO IOJ-
TBEPXKJEHa, H ee HayyHoe 3HAUEeHHE MOXHO H3MEPHTb TeM, KaKoMH
BeJIHUHHBL (QUryphl 3To chenand. Byccuneck [3] (1872) u Paueir
(1876) He3aBHCHMO HalJIM pelleHHe [Js BO3BBLIIEHHS CBOGOAHOM
IIOBEPXHOCTH B BHJe KBajipaTa runepbosuueckoro cekanca. Pa6ora
Byccunecka B #efiCTBHTeJBHOCTH 3THM He OrpaHHYHBaJjach H BBeja
MHOTO HOBBIX TIOHATHH, HCHOJB3YEMHX B COBPEMEHHOH HayKe.
B wacTHOCTH, OH HalleJ COXPaHSIOLLYIOCS MJIOTHOCTL TPETHEro HH-
Terpaja JABHXKEHHS — BEJHUHHY, KOTOPYIO OH Ha3BajJ MOMEHTOM
HeycTofunBocTH. OH BBIBEJI CBOe peIllleHHe M3 yPaBHEHHE BOJH Ha
BOJle B NPHOIHKEHHH, HOCAIEM Teneph ero uMms. B stom mnpubiu-
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JKEHHH elLie BO3MOXKHBI JBYXBOJIHOBHIE (BCTpPeuHbIe) ABHKeHHs !),
HO NPHCYTCTBYyeT OCHOBHAasd HjJesi GaJsaHca MeXJy HeJHHEeAHOCTbIO
u pucnepcued. Ocranock ckasatb o KopreBere u e Opuse, KoTopHe
B paGore 1895 r. (oHm, BUAHMO, He 3HaJH pe3yJbTaTOB pabot byc-
cuHecka H Poajes), nmITasicb OTBETHTh Ha BO3paxKeHHss JApPH H
Crokca, BhIBEJIH YDPaBHEHHe 00HOB0AH0B020 NPUbAUNCEHUS, HOCSLIEe
Tenepb HX uUMdA. (IDTo HcclefoBaHME IIAHHPOBANOCh Kak JAHCCEp-
TallHoOHHas paGora jae Ppusa.)

Ha sToM nepBoM sTame OTKpBITHSI OCHOBHOH YHOpP OBII CAesaH
Ha yCTaHOBJIEHHE CYIeCTBOBAHHS yeIMHEHHOH BOJIHBI H €e YCTOli-
4yuBOCTH., OTKpHITHE YHHBEpCaJbHOH NPHPOABI CONHTOHA H APYIHX
€ro CBOMCTB ellle XKAaJO CBOEr0 yaca — KOTJa ellle OJHH 3KCIIepH-
MEHT, NPEANPHHATHHA NI HCCAeROBAaHHS COBEPIIEHHO APYrOH mpo-
OJieMbl, IPHBEJ K HEOXKHJAHHOMY Pe3yJIbTaTy.

1b. ®epmu — Ilacra — Yaam. Hdekopauuu mensiiorcs. Mbl mnepe-
HOCHMCsl TOYTH HA UICCTLAECAT JIeT BMepeld, B COBEPLIEHHO APYroe
Mecto. Tenepp Mbt B Jloc-AnlaMoce, a riaBHBIE TepOH 3THX COOH-
i — dHpuko Pepwmu, IxkoH I[lacra u Cren Yaam. Hx untepeco-
BaJl BONPOC: NOYeMy TBepAble Tesa 0O6JMafal0T KOHEYHOH TemJaonpo-
BOJAHOCTBIO? Mogenblo TBEpAOro Tesla CAyXKHJIA OJHOMepHasi pe-
11eTKa, Ha60p TOUEUHBIX MAcCC, CBSI3AHHBIX NPYXHHAMH.

B 1914 r. [le6ali npeAmoJioxKHuJ, 4TO KOHEUHasi TeIJIOMPOBOJ-
HOCTb DpeIIeTKH CBf3aHa ¢ AHrapMOHHYHOCTbIO BO3BpaLIAIOIIEH
cuabpl npyxuH. Ecaum cuiaa JuHefiHa (3axkoH I'yka), To 3Heprus
GecnpenaTCTBEHHO NePeHOCHTCS HE3aBHCHMBIMH (yHIaMEHTaJbHbI-
MH (HODMAJIbHBIMH) MojgaMH. D¢QeKTHBHAS TEIJIONPOBOAHOCTD
GeckOHeyHa, AJs Iepefayd TelJda ¢ OAHOrO KOHUA peIIeTKH Ha
Jpyrofi He Hy»HO HHKaKOro nepenaja TeMIepaTypH, U ypaBHEHHS
muddysun Tenna He mnosaydaercs. JeGait moJsaraj, yTo ecad pe-
nierka Oyner caaboHeaHHeHHOH, TO HOpMaJibHbiE MOIB (BBLIUHCJ/IEH-
Hble AJIs1 JMHeapH30BaHHBIX YNPYIHX CHJ) CTaHYT BCJEIACTBHE HEJIH-
HeHHOCTH B3aHMMOAEHCTBOBATb M TE€M CaMbiM OrpaHHYaT MHEpeHOC
sgeprud., CyMMapHbH 3(deKT HeJUHEHHBIX B3aHMOAEHCTBHH (co-
yaapeHu#i (OHOHOB) NpodBHJCH Obl B KOHEUYHOCTH KoaddHIHeHTa
nepeHoca B ypaBHeHHH AuU(PQy3HH. DTO NpeanosoxeHHe MOOYAHIO
®epmu, Ilacty u Yaama (PIIY) [5] npeanpuusath umcaeHHOe Mo-
JleJJHPOBaHKe OJHOMEPHOH aHrapMOHMYECKOH IEeMOYKH Ha KOMIbIO-
tepe Manmak I B Jloc-Anamoce. Ouu cobupajuch A0Ka3aTb, YTO

!) S mmeio B BUAY ypaBuenue (2.14) ¢ D = I, KoTopoe SIBAsiETCS XBYXBOM-
HoBHM. Ha camoM jpene BycchHeck ynpocts mpaByio 4vacTh, 3aMeHHB F; Ha
—Fx u Fyt Ha —Fx; B COOTBETCTBHH C OJHOBOJHOBHM mpHGaHxKeHHeM. Ero ums
NO3TOMY CBSI3aHO CKOpee C ypaBHeHHeM (2.26), kOTOpoe XOTS M XOMyCKaeT BCTped-
HOe JBHIKEHHE BOJIH, HO He ONMHCHIBACT BCTPEUHBIE BOJHH Ha BOJME, a He C ypas-
HeHueM (2.14).
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rJafkoe HavaJbHOE YCJIOBHE, NPH KOTOPOM 3HEPrHsl COAEPKHUTCH
B HH3MIEH MOJe, WJH, BO3MOXHO, B HECKOJBKHX HH3UINX MOJaX,
Gaarogaps HeJHHeHHOMY B3aMMOJeHCTBUIO OyAeT IOCTENEeHHO pe-
JIAKCUPOBATh K COCTOSIHHIO CTATHCTHYECKOro paBHOBecHsi. B sTom
COCTOSIHHH 2HEPTHSI paclpejesisieTcss INOPOBHY MeXJAYy BCeMH MO-
namu KoneGaumil. Ilo BpeMeHH 3Ke pesakcalMd MOXKHO ObIO OHI
H3MepUTh K03 duuuerT nuddysHu.

Mopens, ucnonszosanHass OIIY ans onucaHusi ogHOMepHOWH
pelieTkH AJuHH L, cocrosina u3 menoukH N — 1 oaMHAKOBHIX Macc,
CBSI3aHHBIX CO CBOMMH COCeJSIMH M ¢ (DHKCHDOBaHHHIMU KOHIIaMH
pemeTky ¢ nomombio N HeJMWHEHHBIX NPYXKHH JJAHHH h. DT 1py-
JKHHBEI TIDH CXKATHH HJH PAacTHXKEHHH Ha BeJHUHHY A co3zaBaju
cuay

F=F (A4 ah?), (1.1)

rae k— nuHeHHas KECTKOCTh NPYXKHHE H o, NPHHATOC IIOJOXKH-
TeJbHBIM, CJIYXKHJIO Mepof’{ HeJMUHEeHHOCTH. I[PIHaMI/IKa PEUIeTKH MpH
3TOM ONUCHIBAJach CJACAYIONIUMH YpPaBHCHHUAMU!:

m(y)u=k (Y11—2¢+yi-) (It (g —y;-0)), i=1,2,..., N—1,

(1.2)
Yo=yn=0,

rle y; — OTKJIOHEHHe {-fi Macchl OT IOJIOKEHHSI PaBHOBECHS.

B skcnepumentax ®IIY sHeprus o6buHO OGHJI2 BHauyase cocpe-
JIOTOYEeHa B HECKOJBbKHX HH3IIMX MoJax JuHelHOH 3ajgaun. B Ju-
HeliHOHl 3ajaye 3HePrHs HeH3MEHHO ocTraBajiach OBl B 3THX MOJax
M BBHICIIHE MOJBI He MOIJH OBl BO30yXKnatbcs. Baaromaps HesHHei-
HOCTH SHEPrus INepeTeKaeT OT HU3MMX MOA K BeicuuM, u OITY
OXKMJaJIH, YTO 9TO B KOHIIE KOHLOB IIDHUBENET K PaBHOpacmpepele-
HHI0O [0 BCEM CTENeHAM CBOGONB, HMEIOIMIUMCSI B HX YHCJIEHHOH
cxeme. Basitast uMH pemterka u3 64 Touek (B x-IPOCTPAHCTBE) HMe-
Jga 64 pasnuuHBle COOGCTBEHHBIE MOJBI, MEXIY KOTODPBIMH OHH OXKH-
ILaly YBUJETh NepepacnpeneneHne sHeprad. Ecin Gbl HX OXHITAHUS
OTHOCHUTEJILHO 3BOJIOIMH 3HEPrHH ONPAaBAAJHCh, 3TO MO3BOJHJIO GBI
paccMaTpuBaThb HMX pacueT KakK MOJEJNb YCTAHOBJEHHS TEIJIOBOrO
paBHOBecusl GoJiee CJHOKHBIX (HDHUIHIECKHX CHCTEM.

Pesynbrar OBl yAMBHTENBLHBIM — IO KpafiHefi Mepe OH KasaJicsi
TaKOBEIM BCEM, KTO Y4acTBOBaJl B 3TOfi pa6oTe WJH CABINAJT O Heil.
OHeprusa He TepMaJjuszoBasach! BMecTo 3TOro cojpepkasiiasics BHa-
yajle B HaWHU3IIEH MOLe SHEPrHs 3aTeM pachupefenssach 10 He-
CKOJILKHM HH3IIMM MOJaM, NOCJe Uero HOCTelleHHO BHOBb COGHpa-
Jlach B HauHM3IIeH MOJe C TOUHOCTBIO O NBYX IPOIEHTOB, H 3aTeM
npouecc npubaH3UTeabHO NoBTOpsIcA. PIIY 3smanm, uto 3T0 sBJIC-
HHe He MOIJIO OOGBACHATbCA Bo3BpameHHeM no [lyankape, Bpems
KOTOpOro AJsa cucteMH u3 64 Toyek orpomuo. IIpomece 6oJee mo-



28 Fnasa 1

XOJAHJ Ha MOBEJEHHE CHUCTEMBbI JHHEHHO CBA3aHHBIX OCHUJJIATOPOB,
aBUrapluxcsd B $a3oBoM IPOCTPAHCTBe MO TOPY KBasHIepHOAHYe-
ckuM ob6pasoM. (Ecam ecth nBe cOOGCTBEHHBIE YaCTOTH ©; H Oy,
H oi/02 & m/n, TAe m, n—B3aHMHO NPOCTHIE LeJble YHCJAA, TO
BO3BpallleHHe [POH30HAET NPHOJHZHTENbHO 4epe3 BpeMs 2mnn/w@s.)
Ho kak 310 Moxer 6wuiTh? Ilouemy HeamHefiHOCTb He BO30yXxzAaeT
Bce ¢ypbe-rapMoHHKH? MoxeT OBITb, OTBET B TOM, 4TO CHCTEMA,
OyAy4H 3amucaHa B HNOAXOASIINX KOODAHHATAX, SKBHBAJIEHTHA CH-
CTeMe He3aBHCUMBIX FapMOHHYECKHX OCHHJJIATOPOB?

Akcnepument OIIY He npuBes K O0XHAaeMOMY pe3yJbTaTy,
HO, TaK e KaK B IpeABAYUIEM CTOJETHH 3KCIepuMeHT Mafikesb-
coHa — MopJau, 6pocui BHI30B OCHOBHBIM IpefcCTaBJeHHSIM (U3HUKOB
TOro BpeMeHH. TeM He MeHee, TaK KakK 3TO He OBLJIO CBSI3aHO C BOI-
pocaMH, HaxXOAVBUINMHCS B TO BpeMsl Ha IepeiHeM Kpae (DH3HKH
(B 3TOM OTHOIIEHHH BCe BpEMeHa IOXOXH), ITOT Pe3ysbTaT JIErko
Mor OHITh OTHECEH, KaK 3TO H NPOH30ULIO CO MHOTHMH, K paspsiy
JIOOONBITHRX AUKOBMHOK u 3a6biT. Hanpumep, B 1962 r. Ileppunr
u CKUPM HalI¥ JBYXCOJHTOHHOE (COOTBETCTBYIOLICE ABYXYaCTHYU-
HOMY YIPYrOMY CTOJKHOBEHHIO) pellleHHe ypaBHeHHusi sin-T'opnow,
KOTOPOEe OHH HCIIOJIb30BaJM B HEJHHeHHOH Me30HHOH TEOpHH NOJS.
STo TOYHOE pelleHHe, NMPOSBJAIOLIee HeJHHEHHBIH NPHHLUMN Cynep-
NO3HIHK, MOXHO OBLIO CBA3aThb ¢ paboramu BskiyHza u DBoaHky,
KOTOpHIE B KOHIIE NEBSITHAJIATOIO CTOJIETHS PasBHJIH B PaMKax Teo-
pHHM TOBEPXHOCTeH INOCTOSHHOH OTPHLATEJAbHOH KPHBH3HH OOIIYIO
CXeMy MOCTPOeHHS MHOTOCOJIMTOHHBIX pelleHHH ypaBHeHHs sin-T'op-
JoH. BHJIO sicHO, uTo 3TO ypaBHeHHe o6JajaeT BecbMa CHEeHHaJNb-
HBIMH cBoHcTBaMHu, oaHako Ileppunr # CKHPM He HOLLIH IO 3TOMY
OyTH.

K cuactbio, cTpanHbit peaysnbraT PIIY Guin 3a6uT He BCeMH.
CyacTianBasi BO3MOXHOCTh OBlJIa HCIOJNb30BaHA ABYMS CIeLHAJH-
cTaMH N0 MpHKJajHOH MarteMaTHke 3 IIpHHCTOHCKOro yHHBepcH-
tera — Maprunom Kpyckanom u Hopmauom 3abyckm (K3). Ouu
PEIIHIY MOHATh HEOOGHIYHOE fBJEHHE H B Ipouecce paboTH OTKPHIIH
COJIUTOH U TNPEKPACHH HOBHIH MHp HeJHUHEHHBIX SBJCHHH, NPHTH-
THBaloUUH cedyac BOoGpaKeHHe yUeHHIX BceX (DU3HUECKHX NHUCIHMII-
JIHH, MHP, KOTOPHIH 0GOraTHJI apceHan MaTeMaTHYeCKOH GH3UKH H
a1 HOBYIO XH3Hb MHOIHM K/I4CCHYECKHM MaTeMaTHYECKHM CTPYK-
TypaM.

Ic. Kpyckan, 3a6ycku u OTKpbiTHe coJiHTOHAa. Kpyckpan u 3a-
6yckn (K3) [6]—[10] paccMmorpenu npobiemy PIIY B Henpepus-
HoM Tipefienie. OHHM moJiarajy, YTO T4K KaK 3JHEPTHS COHEPKHUTCS
B HAMHH3IIHX MOJAX CHCTEMBI U CMeUIeHHSI COCEJHHX Macc OTJH-
gaiorca Ha O(h/L), TO MOXKHO BBECTH HeNpepLIBHBHIE CMeIleHHs
y(x,t), rne y(ih,t)=y; Paanarass cMeLleHHS Yiy1 U Yi—; B PAAH
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Teiisiopa, noJarasa kh2/m =c?, 2ah=s¢, h2?/12e =82, u3 (1.2)
nosydaem

Yp — czyxx = 302yxyxx + Gczézyxxxx» (1.3)

TJe uJleHHl NOPsAJAKa &2 oTGPOHIeHH M g — MaJablil mapamerp. Kak
MH YBHIMM, COXpaHeHHe BTOPOTO UYJeHa B NpaBoi uyacTH (uieHa
C YyeTBepTOH MNPOHM3BOAHOH) SBJIAETCS PEIUAIIUM OGCTOSTENbCTBOM
NpH NMPHOJMKEHHH KOHEYHOH PasHOCTH BTOPOro mopsiika. Tak Kak
®IIY pemasH cBoe ypaBHeHHEe ¢ LIEHTPHPOBAHHOH BpeMeHHON pas-
HOCTBIO, TO B (1.3) ciienoBano GH BKJIOUHTH TaKXKe UJEH Yy, HO
C XOpOUIeH TOYHOCTBIO Yttt == C*Yfxxxx, H STO HPUBEJET TOJBLKO K Me-
peonpenesenuio BeluuuHu 82 Tak Kak uHcAeHHas cxeMma JIOJIXKHA
yaoBjaeTBopsATh ycaosuio Kypanra — @puapuxca — Jlesn, 10 3HaK 62
IOPH 35TOM HEe H3MEHHUTCs,

Kak anasnusuposats (1.3)? $IcHo, uTO A/ BpPEMeH H paccros-
HUH MopAjKa eJIMHHIE pellleHHe BeJeT cebs TaK, KaK ecJH OBl OHO
VAOBJIETBOPAJIO JIMHEHHOMY ypaBHeHHIO. HauanbHnili npoduas pac-
najfaercss Ha KOMIIOHEHTH, MJyIlHe BOPABO H BJEBO, Kaxkjaas H3
KOTOPHIX pachpocTpaHsiach Gbnl 6e3 BO3MYILIeHHH, eclH GH He co-
BMeCTHOe JeHCTBHE HeJHHeHHHIX H AHMCIEPCHOHHBIX YJIEHOB B npa-
Bo# yactu (1.3). Kak 3BOJIIONMOHUDYET KaXaasi H3 3THX KOMIIOHEHT
NOJ AeHCTBHEM 5THX HOBHIX BJAHSHHH? YUTOOB M3y4HTH 5TOT BOIpOC,
K3 cranu nckate pemenune (1.3) B Bume

y(x, )=FE T)4eyM(x, ) + ..., (1.4)

rie E=x—ct, T =¢tf, u 3aBECUMOCTb [ OT T OMNHCHIBaer 3BOJIO-
uuo npoduas f(§ T) Ha GOJbUIMX PACCTOSIHHSIX H BpeMeHax Io-
paaka 1/e. YpaBHenue pis yl) uMeer BuJ,

Y — =2y + Cfifyy + gy (1.5)

Pemenne yV Gymer JHHeHHO pacTH IO NepeMeHHON E— = x -} cf,
u acuMmnrorHyeckuit psig (1.4) craser HEOXHOPOAHBIM Ha GOJBIIHX
BPeMeHaX, ecJIH TOJbKO 3aBHCHMOCTD [ oT T He BEIGpaHa Tak, 4TOOH!
o6patuth npasylo dacts (1.5) B Hyas. [Tonaras 6q = f¢, v=cT/2,
noJjyyaem

g:+ 69q, + 62‘7;& =0, (1.6)

T. €. ypaBHeHHe KopreBera — e ®pusa. YeauHeHHOH BoJHe, HA6MIO-
AeHHOH PaccessioM, cOOTBeTCTBYeT 3aBHCsllee OT MapaMeTpa 1)
pellleHue B BHJE KBajpaTa runepGosnueckoro cekanca (62 = 1)

q=2n*sech?n (¢ — v1), (1.7)

noJyyamiieecs H3 NepHOAMYECKOTO pellieHHss (KHOHAAJBbHOH BOJI-
HBI) NPENeNbHBIM NEPeXoJoM K GeCKOHEUHOMY HepHOLY.
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M3 BHIIeCKa3aHHOTO CTAHOBUTCS $ICHO, NOYeMYy OBLJIO Heo0Xo-
JUMO BBECTH BTOPOe TPHOJHXKEeHHe A/ LeHTPHPOBAHHOH KOHEUHOH
pasHocTH Y1 — 2y; + yi-1. Ecin 62 =0, to ypaBHeHue (1.6) umeer
peleH¥si, CTAHOBSIIHECH 3a KOHeUHoe BpeMs Pa3phiBHBIMH. Hamnpu-
mep, Geps HauasdbHOe yciosne B Buae ¢(&, 0)=(1/6)na cos2ag,
COOTBETCTBYIOIIEM  HAYaJbHHIM  ycJoBHAM  y(x, 0) = a sin 2nx,
y¢(x,0)==0 (namomuuM, Tak kak y;(x,0)==0, pacmpocTpansaTbcs
BIPaBO OYAET TOJBKO IOJOBHHA HadajpHOro mnpoduis). Makcu-
MaJbHBLIH OTPHLATENBHBI HAKJIOH g YBeJIHUYHMBAETCS MOHOTOHHO OT
—n2a/3 npu t =0 g0 —oo npH t=1/(naec). Takum oGpasowm,
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Puc. 1, Paspurue Bo Bpemerd $HopMH BoaHH g(x) (no [6]).

HaWBHas HeNpephiBHAsI amnpokcuMauus cHereMsl (1.2) craHoBHTCH
HenpurofHo#. [Ipu KOHeUHBIX, HO MaJbix §? BO3HHKaeT Apyras Kap-
TuHa. Puc. 1, B3sTH# U3 3HaMeHHTOH paborh 3abycku u Kpyckana
1965 r. [6], B KOTOpOH aHOHCHPYeTCS COJHMTOH, NOKa3hHBaeT pe-
3yJbTAaT WX UHMCJEHHBIX PacueToB, B KOTODHIX HJsl pellleHHsl ypas-
wenus Kp® (1.6) Oblia HCoJb30BaHA cxeMa C HEHTPHPOBAHHOH
pPas3HOCTBIO, cOXpaHsiBlIasi Maccy W (NPHOJH3UTENbHO) 3HEPTHIO.
OHHu B3s1M MEepHONUUYECKHE [PaHUYHBIE YCJIOBHS, W HadaJbHBIH Npo-
¢usnp Gelt cunycoupadbHeiM. CHayasa y4acTKH ¢ OTPHUATENbHBIMH
VKJIOHAMH CTAHOBHJIMCH 00Jiee KPYTHIMH, HOCJE Uero 4jeH ¢ TpeTbeH
NPOH3BOAHON TPHBOAMJA K 06pa3oBaHHI0 BOJM3H MaKCHMyMOB H
cJIEBA OT HHX TOHKOH CTPYKTYpHl B BHIe KoJeOaHHI ¢ AJNHHOH BOJ-
el § (eMm. puc. 1, npoduasr B). Co BpemeHem konebGaHud paspens-
JIHCh, 06pAasysl IeMOYKY paclpOCTPAHSIOMWIMXCA BIPABO HMIYJIbLCOB.
[Ipu sTom caMBlél GOJBUIONH HUMIYJALC OKAa3bIBAaJCS CaMbIM NPAaBBIM,
H KaXJBl# H3 HHX, Ka3aJocbh, COXpaHsJ CBOIO HHIMBHAYAJbHOCTb H
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HMeJl CKOPOCTh, NPONOPUHOHANBHYIO ero ammiautyje. Kamxabli H3
3THX HMINYJbCOB NPUOJHAKEHHO MOXeT ObITh ONHCAH COJUTOHHBIM
peuternem (1.7), xots, cTporo roBops, 370 pelleHHe ONMHUCHBAET H30-
JHPOBaHHBIA HMIyJbC Ha GecKOHeyHOH HpsiMoH. BeaencTBue mepuo-
JUYECKHX TPAHHMYHBIX YCJOBHH COJIMTOHHbIE MMIYJbCHI IIOCJTEA0BA-
TeJbHO BO30OHOBJISLIHCh HA JIeBOH I'paHHile, H BCJIEACTBHe GOJIbIIeH
cKopocTd O0JbliMe HMIyJbchl Halerasun Ha Meblune, M Tyt HC-
cJefoBaTe/id O0HADPYXKHJH YAUBUTCNbHOE siBjeHHe. B To BpeMms Kak
B XOJe B3aHMOJEHCTBHSI ABa HMIyJbca BesH cebsl caMbIM HeJd-
HelHbIM 00pa3oM, Mocjde HEero OHH BOCCTAHABJHUBAJHChL B TaKOM
nopsiike, uTo OOJBIIMH OKa3bIBaJCS BHepeiH, NPH 3TOM KaxKIHH
H3 HMX B TOUHOCTH COXPaHSJ CBOIO HHAMBHAYaJbHOCTb (BRICOTA, HIH-
pPHHA H CKOpOCThb). EZMHCTBEHHBIM CBH/ETENBCTBOM CTOJKHOBEHHS
Obll (pasoBBIfl CABHI: GOJBIIHA MMIYJAbC OKa3bIBAJCS CABHHYTHIM
BIlepeJ MO OTHOLIEHHIO K IIOJOXKEHHIO, KOTopoe Obl OH 3aHHMAaJ,
ecJu Obl pacupocTpaHsiics 6e3 CTOJNKHOBEHHS, 4 MEHbLINH — Hasal.
Ecau gBa umnydsbca GBUJIM NOYTH OJHUHAKOBBIMH, [IPH B3aMMOJEH-
CTBHH HMIIYJbCH, Ka3aJ0Ch, 0OMEHHBAJNHCh CBOMMH XapaKTepHCTH-
KaMH, TaK 4YTO IepeJHHH H MEHBUIHH HMIYJbC CTAHOBHUJICS BhIIIE
H yXe, KaK TOJbKO K HeMy NOAXOAHUJ nepelHHH (PpoHT GoJbinero
HMIyJibca, KOTOPHH B CBOIO Oyepelb NMPHOGPeTa] XapaKTepHCTHKH
MeHbllero. Eciy uMnyJibenl 6bIJIM CyLeCTBEHHO Pa3HOH aMILJIHTYAHL,
OosblIHil aguabaTHYecKH NPOXOAHJ CKBO3b MeHbluuil. [das mpome-
JKYTOYHOTO COOTHOUIEHHS aMIIJIMTYJ B3auMOAeHcTBHEe OBIIO GoJee
CIOXKHBIM. Briocenctsuu, aHanusupysi B3aumopeiicraue, Jlake [14]
(1968) crporo oGocHOBaJ 3TH HabJIOAEHHUS.

Takoe mnoseseHHe HMNYJbCOB GHJIO, B CaMOM JeJie, OYeHb He-
o6biuHbIM. OHH 3aCJYXKHBaJH CIeUHAJbHOTO HA3BAaHHSA, H OHH ero
noayuuau. Mx HasBaJu coJMTOHaMH, 4TOGBl IOJAYEPKHYTb HX dac-
THIeNnofo6Hbe cBoficTBa. Ilocje MHOIOKPATHOrO HOBTOPEHHS INPO-
Iecca NPOXOXKAEHHsI CKBO3b PelIeTKY M3 OCTaJbHBIX COJHTOHOB HX
IpexXHee OTHOCHTeJIbHOE II0JI0XKEHHE BOCCTAaHABJHBAJIOCh, H OHH 00-
Pa30BHIBAJIH TOHKYIO CTPYKTYPY C IIOCTOSIHHO YMeEHBMIAIILHMCH
OTPHLIATEJbHEIM HAKJOHOM, IIOKAa NOYTH MOJIHOCTBIO He BOCCTaHAaB-
JHBAJICS HayajbHBIA CHHYCOMJaJbHBIA NpodHIb. DTOT mnpouece
npejcTaBisieT co6ol 3epKaJbHOe OTpaxKeHHe (KakK BO BPeMeHH, Tak
H B IIPOCTPaHCTBE) MePBOHAYAJbHOIO pacrnaja MCXOXHOTO MpodHJIs.
Bpemsi, depes KOTOpoe HMIYJIbCHI CJAHMBAIOTCS B HayajabHBI NpoO-
¢uab, HasbiBaeTcst BpeMeHeM BO3BpalieHus. [IpuudHa 3TOro «mouTH
BO3BpPalllEHHSA» 32 TAaKOe KODOTKOe BPEeMs COCTOMT B TOM, UTO Ha-
YaJbHBIR NPOGPHIAb pacliafaeTcs Ha OTHOCHTENLHO HeGOJIbIIOe YHCJIO
COJMUTOHOB. Bpems Bo3BpallleHHS! MOXHO OUEHHTh KAK MHHHMMAaJb-
HOe BpeMs, 3a KOTOPOe HMIIyJIbChl, JBUTalOIlIHecs MO OKPYKHOCTH
AJIMHBL L ¢ pa3/iMYHBIMH MOCTOSHHBIMH CKOPOCTSIMH, CHOBA IONaayT
B 06IIYIO TOUKY.
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DTa KapTHHA SBASAETCH TOJNbKO AaNNpPOKCHMalUHEH TOUHOrO pe-
LIeHHs] 00 ABYM IpHYHHaM. Bo-NepBhiX, KaK OBJIO IOKa3aHo B Go-
Jee no3gHux paborax 1976 r., ecqin HavyaJdpHBIH NPOPHIL AHAJNUTH-
yeH 1m0 &, pemteHHe (1.6) npu mepHOAMYECKHX TPAHHYHHX YCJIOBHSIX
MOXKeT OHITb NPHGIHKEHHO TaK Ha3HBACMBIM <KOHEUHO3OHHEIM>,
SBJSIOIIUMCS BTOPOH Jlorapmi)anecxon IPOU3BOAHOH OT ©- (pyHK-
uun Pumana, saBHcamei or BEKTOPHOTO apryMeHTa kit + oy, j=
=1, , N, rne N —uucao crenedell cBoGOAbl. DTO 3KBHBAJIEHT-
HO BbICKaSbIBaHH}O, YTO JAJIS IViaJKOoro HauaJbHOro npobuias 06oJib-
l1asi 4acTh 3HEPTHH paclpefenserci N0 OTHOCHTENbHO HeGOJbUIOMY
YHCJAY COJIMTOHHBIX cocTosHui, Jlng 6oabuminx N IHHPHHBL 30H 3KC-
NOHEHUHAJbHO MaJu. Ecin N =1, T0 KOHEYHO3OHHOe pelleHHe
CTAHOBHTCS NEPHOAHYECKOHA 3JIJIHNTHYECKOH QYHKIHEH

0@ 9=p+@—penr{A [ FLE— 2@+ +v % m},

rie m*=(a—p)/(@a—y), a«>p>vy, U M npuHAAH & = l.
B npeaene GeckoHeuHoro nepuoja, m?—- 1, noaysaem (1.7) ¢ a =
=2n?, ecau MH HakKJajblBaeM ychaoBHe ¢-—>0 mpH x— d-oo. Bo-
BTOPHX, B TO BpeMfi Kak IO § pellileHHe IEPHOAHYHO (IIOCKOJBKY
NepHOAHYEeH HayaJbHBIH OPO(MUIL), O T OHO TOJBKO KBa3HIEpHO-
JAHYHO, TaK KaK 4acCTOTH ®;, BOOOLie roBopsl, HECOH3MePHMHL. Takum
oGpa3oM, BpeMsi «BO3BpallieHHsI» OlipejessieTcsl pauHOHaJbHOH al-
NpPOKCHMallHedl YacTOT, COOTBETCTBYIOUIHX 3HEPrOHEeCYLIHM MOJaM
(3onam). TouHOCTb BO3BpallleHHS NO3TOMY SABJASETCS (PYHKUHEH YH-
cjia TakUX MOJ H BHIODaHHOH TOYHOCTH aNIPOKCHMALWH HX Yac-
ToT !).

B s060M cayuae cTpaHHhie CBOHCTBA B3aHMOMAEHCTBHSI COJIHTO-
HOB BMeCTE CO CBOHCTBOM <«IOYTH BO3BPAllaeMOCTH» K HayaJIbHOMY
COCTOSIHHIO Bce Oosiee U GoJsiee YKasblBaJH Ha NOJIHYIO (B HEKOTO-
poM cMhicie) uHTerpupyeMmoctb Ka®, uto nonxkHO 6BI0 GH GHTH
CBSI3aHO C OOJIBIIMM KOJHYECTBOM COXpaHsSIomuxcs BenanuuH. Of-
HAKO MccJefoBaTesd ObIM JaJeKH OT MEICIH O CBSI3H ¢ TeopHei
raMHJBbTOHOBEIX CHCTEM, H MOTHBHPOBKAa IIOMCKOB 3aKOHOB COXpa-
HeHHsi NpHIIa ¢ JApyrofi cropoHw. Ilepes TemM Kax omucaTh 3TO,
f JOJKEH OTMETHTh BaXHYI0 H IVIOLOTBOPHYIO pPOJIb UYHCJAEHHOrO
3KCIIePHMEHTHPOBAHHSI B 3THX OTKPHTHAX, KaK 3TO YacTo NoAYep-
kuBaer 3abycku. (5 oueHp pekoMeHayio ero cratbio [10].) 3to
Obll MepBHI cjayyall B HCTOPHH HayKH, KOTZla MCCJAeNOBAaTeNH IO-
JYYHJH AOCTYN K HOBOH MOry4Yel CHJie — BHIYHCJIHTENBLHON TEXHHKE.

1) Bomee TouHo 6mIo 6 CKa3aTh, YTO BpeMsl BO3BpallleHHs B cJydae 06-
ILEro MOJIOMEHHs OnpeAesseTcss AONYCKaeMEIM OTKJIOHEHHEM KOHEUHOTO COCTOSIHHS
OT HAYaJIbHOTO, 4 3TO JONMYCTHMOE OTK/JOHEHHe B CBOIO OYepelb ONpEejensierT TOY-
HOCTb PAlHOHAJBHOrO NPHOJHIKEHHS 9acToT, — [Ipus. nepes.
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B camom gese, B TeueHHe HEMHOTHX HOCJENHHX JeT MBI BHACJH
HelIpeKpalllaloliecs] CBUAeTebCTBA TOr0, KaK 3TOT HOBBIH CTHJb
HCCJIeI0BAHNS — KOMOHHAIHSL aHaJIH3a U YHCJAEHHOro 3KCIepHMeH-
Ta — CTAHOBHTCH Bce 0oJiee BaXKHHIM B Hay4yHOM OTKpHITHH. CTpaH-
HEIH aTTPaKTOp, HOBOe H (yHJaMeHTaAbHOe MOHATHE TEOPHH JAHHA-
MHYEeCKHX CHCTEM, Hrpaloliiee LIEHTPAJbHYIO POJb B HBIHEIIHHX IIO-
NBITKaX NOHHMAaHHA HEKOTOPHX BHIOB TYPOYyJIEHTHOCTH, TOXe OBl
OTKDHIT Ha 3TOM INyTH.

Tenepp mnpenocrepexenne. TorT ¢akr, YTO y ypaBHEHHSI €ecTh
pellleHHs] THIA YeAHWHEHHOH BOJIHBI, COXpaHAWILHEe CBOW ¢opMmMy B
npoiecce HeTHHEHHOro B3aUMOJEHCTBUS, 4aCTO PaccMaTpUBAETCH U
KaK JlaKkMycoBasi OyMaxkKa Ha HaJHUHe COJIHTOHOB, H Kak olpeje-
JieHHe COJIHTOHA. §1 XOuy mpefocTepeyb YHTaTE]sd, YTO ITO YCJIOBHE
TOJMbKO HeoOxomumo. EcTh ypaBHeHus (HanpuMep, B (1.54) 3awme-
nure D} ma D?,), JonycKawllive AByXx(¢asHue pellleHHsl THNA yeaH-
HEeHHBIX BOJH (M NO3TOMY acCHMIITOTHYecKas ¢opMa Kaxaoro Ta-
KOTO HHJAHBHIYaJbHOIO peLIEHHS COXPAHSETCH MNOCJae CTOJKHOBE-
HHSI), HO TeM He MeHee OHM He 006J1ajaloT BCeMH HeOOXOJHUMBIMH
CBOHCTBAaMH, YTOOH MX MOXHO OBLLIO OTHECTH K COJHTOHHOMY KJac-
cy. Hapnexaiiee omnpefeneHHe COJAWTOHA BKJIOUAET €ro CBA3b
C onpejesieHHKIM THIIOM JaHHBIX PacCesiHUsl 3aJlaul Ha COGCTBEHHBIE
3Ha4eHHs1. DTO MHl oO6cyauMm B pasfx. le. TeM He MeHee yHCJAeHHOE
MOJENHPOBAHHE CTOJNKHOBEHHS ABYX YeJHHEHHBIX BOJH MAJsS Ipo-
BEPKH HX IIOBEJEHHSI B Ipolecce HX B3aUMOAEHCTBHS sBJsSETCS
OYeHb NOJIE3HBIM. DoJslee XOpolIMM TecTOM CJYXKHUT B JAo6aBjeHHe
K TNpPOBEPKe CTOJNIKHOBEHHs [BYX YeAMHEHHBIX BOJH IPOBEpKa ympy-
FPOCTH B3aHMOJEHCTBHSI YeIWHEHHOH BOJHEI C JPYTHMH YaCTHHIMH,
HO JIOKaJIbHBIMH pelleHHsIMH ypaBHeHHd. B cayuae Kn®, nanpumep,
MOKHO CTaJKHBATb yeJAMHEHHYIO BOJIHY C BOJHOH NOHHXKEHHS.

1d. 3akonbl coxpaHenHs H npeoGpasosanne Muypn. Cienyio-
HIMA I0ar B CEePHH OTKPBITHH OBLI CHeNaH B Pe3ysabTaTe MOMNBITKH
onucath peiteHne (1.6) npu MajoMm 62 ycpeaHeHHeM O OCIHHJJSA-
UMAM TOHKOH CTPYKTYpH pellleHHs. DTa NpOIeLypa, ecTeCTBEHHO,
NPHrOAHA He JJIg BCeX BpPeMeH M JOJIXXHaA ObITh H3MEHeHa, Korja
TOHKasl CTPYKTypa Da3BHBaeTCi B YeTKYIO COJHTOHHYIO LEMOYKY,
kak Ha pHc. 1(C). Tem He MeHee OHa MOXKET NO3BOJHTbL HCCJEIO-
BaThb 3aMeyaTesbHble CBOHCTBA (THHAa O6paTHMON yaapHOH BOJIHHI)
TOH YacTH pellleHHs, rAe g Beauko. ClefoBaTeNbHO, 0 aHAJOTHH
C Ta30BOM AMHAMHKOH BaXXHO HaHTH 3aKOHH COXPAHEHHS, AJS TOTO
4TOOH MOXHO OBIJIO 3aMHCATh YCJOBHSI Ha CKaukKax B 06JacTaX
Pe3KHX H3MeHeHHMH penleHHs. Hy»XHO 3HaTb ueThpe TaKHX BeJH-
YHHB (YHCJAO XapaKTePUCTHUYECKHX CKOPOCTell O H MOC/]e CKauKa
IJIOC TMOJIOXKEHHE CaMOro CKauKa) BMeCTO Tpex AJds O6HuHOl

2 A. Hetosaa
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rasoBoi JAUHaAMHUKH. ﬂBa 3aKOHA COXpaHeHHus
g + (3‘]2 + équx)x =0, (1-8)

(z9),+ (20 + 2 (9.~ 54)), =0 (1.9)

COOTBETCTBYIOLHE COXPaHEHWI0 Macchl M uMmyJabca (1.8) u sHep-
rud (1.9) asa BOJIH Ha BOAe M COXPAaHEHHIO MMNYJbCa H 3HEPTHH
AJIsi HeJMHeHHOH NpyXKHHBI, OBLIH YyXe H3BECTHHL YH3eM, Pa3BHB-
mud K 3TOMY BPEMeHH MNJOJOTBOPHYIO TEOPHIO JJif H3YUEHHUS MO-
AyJHPOBaHHEIX NEPUOJANUECKUX BOJH, HalleJ TPeTHH, COOTBETCTBYIO-
IUMH 3HAaMEeHHTOMY MOMEHTY HeyCcTOH4YHBOCTH DyccuHecka. 3abycku
1 Kpyckaa uckand u HamIu 4eTBEepPTHIH, H MX METOA MOUCKa (Ha-
XOXKJEHHe YpaBHeHHH AJs Ko3(p(PUIHEeHTOB Bcex 4YJeHOB Beca 4,
5, 6 u T. A. Npu yCcJTOBHH, U4TO Bec ¢ ecTb 1, a Bec d/0x paBeH 1/2)
yKasaJ, 4TO ypaBHeHHS AJs KoadduuueHToB Ha cTazun 6 (Kak H
IJil CJAEAYIOIIMX) IepeompejeseHbl, U I03TOMY OHU OBIIH He OYeHb
YAHUBJIeHBl, KOI'fla He HALLIH 3aKOHA COXpaHeHHs 3Toro Beca. On-
HaKO OHH cAesaju anarebpanyeckyio OMUOKY, W Ipounio OoJee
roja, mpex/je YeM OHH BHOBb JIBUHYJHCH [I0 3TOMY NyTH.
Crenyromnit mar Bnepef GbliI chenaH c¢ npusjieueHuem PoGepra
Muyph, koToporo Kpyckaj INONpPOCHJ NONBITATHCH OTBHICKATH 3a-
KOH coxpaHeHus Beca 7. OH Halllell ero u OLICTPO MOJYYHJ IPOMY-
meHHHi# Bec 6. Beckope 6bIM HaHAECHB BOCBMOH M AeBsiThIH, U Kpy-
cKaJ ¥ Muypa craju BHoJHe YBepeHbl, YTO UX GECKOHEUHOE YHCJIO.
Onnako u3 HMucruryra KypaHuta npuumiesn ciyx, 4To AeBSITb — 3TO
npezres. (Uto uccaenoBatesau Ha caMOM Jiesie OTKPBIJIM — 3TO HEUTO,
YTO OHH COWJIK M3MeHeHHeM B ajreGpaHueckoll cTpykrype.) Muypa
NocJie 3TOro MOYYyBCTBOBAJ cebst 00s3aHHBIM HalTh gecatwiit. OH
cresall 3TO B TedeHHe ABYX HeJlenb KaHUKYJd B KaHajze JeTom
1966 r. (Ectp Takxke MOJIBa, YTO €0 BHJETH NMPUMEPHO B 3TO XKe
BpeMms Ha rope CuHalf, Hecyuero Bce JecsiTb.) Tenepb OBIO SICHO,
YTO €CThb 3aKOHBI COXPaHeHHus Jwboro Beca. (Kaxkuwlli 3akoH co-
xpaHeHuss uMeer Bum (0U/0t)+ (0F/0x)="0; U uaseBaercsa co-
XpaHsmwlleHcsa MJIOTHOCTbIO, a F — cooTBeTCTBYIOIHM MOTOKOM. MM
MOXeT OLITb NPHIHCAH Bec, MOJYYalOIUHCs CJIOXKEHUEM CTEIeHH ¢
C IOJIOBHHOH uucaa onepauuit §(0/0x) B KaxAOM ujeHe B 3THX
BenuuuHax. Hampumep, Bec ¢ — eauHuua, Beca 392 H §%¢.. 06a
paBHBl 1IBYM, 243, 62qqxx u §%¢2 Bce HMelOT Bec TPH H TaK JaJee.
Bec 3akoHa coxpaHeHHs1 ompefenserTcss N0 BeCy coxpaHswoouleiics
nmaotHocTd.) Kak nx HalTM H K Kakoro poja OrpaHHUeHHSIM Ha
pemtennst ypaBHeHusi Kn® oHy Moryr npHBeCTH — 3TH BONPOCH BOJI-
HOBaJM HccaefoBateneli. IlepBoHayasibHasi MOTHBHDOBKA TIOHCKa
3aKOHOB COXPaHEHHs BPEMEHHO cTaJja HeaKTyaJbHOH. BHesamuo
NOSIBHJIOCh CJAHMIKOM MHOrO HE3aBHCHMHIX 32KOHOB COXPaHEHHS, H
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BCe YCJOBHA Ha ckKaike (cooTHouwleHHss PsHkuHa — loronuo), BH-
BOJASIIHECH M3 3THX 3aKOHOB, JOJIKHB OBIJIM OBITh COBMECTHHIMHU.
Kak yacTo OBIBaeT ¢ HOBBIMH OTKDHITHSIMH, 3TOT BOIPOC y¥XKe He Ka-
3aJCcsl TAKHM BaXKHBIM, KaK paHbIIe.

K cnoBy ckasaTh, 1O CHX NOp TaK H HE SICHO, IIOYEMY TeIIO-
IIPOBOJHOCTb TBEPJLIX TeJ KOHeuHa!

«Kmou» mamea Muypa [11]. On obGuapyxua, uro MoAHHIH-
poBaHHOe ypaBHeHHe Kopresera — ne @puza (MKad)

Uy + 6020:: + Uyxx = 0 (1-10)

TOXe HMeeT OeCKOHeuHOe YHCJIO 3aKOHOB COXPaHEHHS, H eMy yaa-
JIOCb YCTAHOBHTb COOTBETCTBHE MeXJy HHMH M COOTBETCTBYIOUIHMMH
3akoHaMH coxpanenus Kad ¢ moMouipio mpeoGpasoBaHHs, HOCS-
Iero Tenepb ero HMs:

qg=10v%—Iiv,. (1.11)

Haunnas ¢ sroro mecra, Mol 6yaeM nHcaTh X, BMeCTO £, T M NpH-
MeM §% == 1. B melicTBuTesqbHOCTH Muypa nokasas, uto

9+ 640, + Guxr = (20 — 1 2) (0,4 6020, + V5, (112)

¥ T03TOMY eclu v(x,t)— pemenue (1.10), 1o ¢(x, f)-— pemenue
(1.6). Hanee, Tak kak (1.11) npexcrasiasieT coGol ypaBHeHue Puxk-
KaTH, Npeo6pasoBaHHe Muypsl Moxer GHTH JHHEAPH3OBAHO:

v(x, t)=—ige, (1.13)

B pe3yJbTaTe Yero BO3 ™~ 1 ypaBHeHne lllpénmnHrepa c¢ HyseBoi
SHepruen

= — Qy4/O. (1.14)

B cuny ranmieeBckofi MHBapHAHTHOCTH ypaBHenusi (1.6) Huuero
He H3MEHMTCS, eC/IH K ¢ N06aBHTb NOCTOSIHHYIO CKOPOCTb A, MOCJe
dero (1.14) npuHHMaeT BuJ

Pux+ A+ g (x, 1)) p=0, (1.15)
T. €. CTaHOBHTCS CTalHOHapHHIM ypaBHenHeM llpénunrepa c no-
TeHuuatom V(x)=—q(x, t) u sueprueit E=0J\. (3ameuaHue: Bpe-

MeHHasi NepeMeHHass B HecTallHOHapHOM ypaBHenuu Ilpémunrepa
He umeer nudezo obujeco ¢ BpeMeHeM f B ypasHeHnu Knd.) Te-
Iepp yXKe B HaJHYHH HMEIOTCA BCE COCTABJSIOLIHE, H3 KOTOPHIX
AOJKHO IOABHThCs oOpaTHOoe mnpeo6GpasoBaHue paccesnus'). Ha
3T0# cTaaun Iapanep u I'puH OGBbEAHHHIN CBOH YCHJIHS.

1) B auTepaType Ha pycCcKoM AI3HIKe HPHHAT TEPMHH «MeTOA o6paTHOR 3a-
Haun paccesinus» (MO3P).

A
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ITepen onycanueMm AajbHeHIIHX COOBLITHH HMEET CMHIC] OMHCATb
rapAHepoBCcKy0 Moaudukaunuio npeobpasoBaHus Muyps, aBToMa-
THYECKH BKJIOYAIOWYI0O A YU IPHBeJIIVI0O K Hiee, UTO GeCKOHeUHOe
YHCJO COXPAHAIOIINXCSH BEJAHYHH KaKoro-mHG0 ypaBHEHHSA MOKeT
OBITH BHIBEJEHO H3 OJHOH coXpaHgwuleHcss BeAUYHHB AJS APYroro
ypaBHEHHs, €c/JH TOJBKO HX DellleHHs CcBsi3aHbl NpeoGpas3oBaHHeM
ClelHaJbHOrO BHAa {BapHaHTOM npeoGpa3oBaHus bBakaynpa).
Tapauep nosnoxua

g =w + iew, + 2w’ (1.16)
u moay4yus sksuBanent (1.12) B Buze

g+ 64q; + Gexe = (1 + 26%0 + o5 ) (@, +6 @+ e%0%) W, + Wy,

(1.17)
IMocse nuneapusanuu (1.16) noacraHoBKOk
i .
W+ 5m = %" (1.18)

(1.16) npuHnMaer BHA
1
Pex+ (4 + 553 ) 0=0. (1.19)

Teneps BHIpasuM w uepe3 ¢ H ero NPOM3BOJAHLIE B BHJE aCHMITOTH-
YeCKOro pPsijia 1o & NPH MadnX & (MBl YBHAHM NO3JHEe, YTO aCHMII-
TOTHYECKOe pasJioKeHHe ¢ JJs1 OONbUIHX A OYEHb CYIIEeCTBEHHO
B TEODHH) M HaHAeM, UTO

w=q—ieq, — e (qu+ )+ ... . (1.20)
Tak xak Swdx MOCTOSSHHO BO BPEMeHH, ecJH HHTerpaJs Gepercs

10 GeCKOHeYHOH NMpsAMOH M ¢ CTPEMHTCSI K HYJIO BMECTE CO BCEMH
CBOMMH NPOH3BOAHBIMH IIPH X-— =00, WM MO HHTEPBaJy IpPU Ie-
PHORMUYECKUX TIPaHHYHBIX YCJOBHAX, TO He 3aBHCAT OT BpPEMEHH

Squ, qudx, S(q3—-(l/2) q2)dx u 1. i. Takum o6pasoM, u3 nep-

BOrO 3aKOHA COXPaHeHHS AJas ypaBHeHHs w;-+ 6(w 4 e2w?)w, -
+ Wxxx =0 nosyyaercs GeCKOHEUHOE YHCJO 3aKOHOB COXPaHEHHs
ona ypaBHeHus1 Kn®.

le. O6paTHoe npeoGpasoBanre paccesuns [12]. [Tonyuus ypas-
Henue (1.15), ecTecTBEHHO CHPOCHTb: €CJAH NOTeHUHan —q(x, )
3BOJIIOIHOHHPYET B COOTBETCTBHH ¢ ypaBHenneM Knd

qt+sqqx+qxxx=0: (1~21)

TO Kak MeHAOTc A(f) u @(x,£)? Mu paccmorpum ciyuait, Koraa
g onpefeneHo Ha BCeH BelleCTBEHHOH NPAMOH, —oo < x < o, U ¢
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oGpaniaeTcsi B HYJb BMeCT€ CO BCEMH CBOHMH IPOH3BOIHBIMH B
+0c0. DTO MOXKHO cAenath, noacraBus g u3 (1.15) B (1.21). Ilyrem
ApSAMOf MOJACTAHOBKH NOJIyYaeM

A9 4 (9Q: — 9,Q), =0, (1.22)

rie Q=¢:— QPsxx—3(A—¢g)p.. Eciu @ KBajpaTHYHO HHTETPH-
pyemMa u ofpalaercss B HyJdbp NPH x— 400, To A =0. Takum 06-
pa3oM, AHUCKPeTHHEe COOCTBeHHble 3HAaYeHHs A, << 0, n=1,2, ..., N
ypaBueHusi (1.15)— unrerpansl aBuxeHusd. OcraBliascsi dacTb
(1.22) naer

d
q>t+coxxx—3(7~—q)q>x=0q>+0q>8—(p%. (1.23)

H, TaK KakK @ oOpauiaercs B Hyab B =00, D=0. Mu npumem
TaKyl0 HOPMHPOBKY COGCTBEHHHIX (YHKIHH CBSI3aHHHIX COCTOSHHMA

Qp, 4TO @, ~€Xp4/ — A, x npu x—»—oco. Takum oGpasom, C, ==
=4(—A)*, u ecan @, ~ b, ()exp{(— A/—A, x) npu x— + oo, To
bpy=38 (_A'u)al2 b, (124)

H b,(f)=0,(0)exp(8(—An)32t). Oas A=¢2> 0 pewenue (1.15)
npd OoJBWIHX |x| mOpeacTaB/siercs JHHeAHOH KOMOHHauUMeH U3
e*%*, MBl HaJOXHM Ha @ IpaHUYHHE YCJIOBHS

o~e 4 R, t)e'** npu x— oo, (1.25a)
~T(, t)e ', x— — oo, (1.25b)

ITpu oO6nluHOM KBaHTOBOMexaHWYecKoi uuTeprnperamuu (1.15) xo-
spdunventsr enunnua B (1.25a) u (nmompasymesaeMmumil) Hyab B
(1.25b) ykaswiBalOT Ha 3aJaHHOE CTALMOHAPHOE M3JAyYeHHe, HCXO-
Asillee TOJBLKO U3 X = —oo. Kosadpduunents npoxoxpaenus T (E,1)
u oTpaxenus R (L, f) ynoB/ieTBOPSIOT, Kak GyAeT nokasaHo B IJ. 3,
yeaosHio |T|24 |R|2=1. Cnekrp aas A > 0 HenpepniBeH, H Mbl
MOXEM CYHTATh A KOHCTaHTOH, TaK YTO BHOBb cnpaBemiuBo (1.23)
npu ycaoBun D = 0. ITockonbKy MBI NPHHSIJIM HOPDMHDOBKY @ Ha
~+oo, C=4it® IMoncrasass (1.25a, b), nonyuyaem

Tt (g: t) =0, Rt @, t) = 8i§3R (gy t)' (1'26)

910 03Hayaer, 4TO KOSPQPHUHEHT NPOXOKIAECHHS KaK OYHKUHS C
SIBASIETC] MHTErpajoM JBHXKeHHS, a Ko03pHUUHEHT oTpaxKeHHs
R(Z,f) »3BOMIOLHOHHPYET OYeHb TNPOCTO — OT BPeMEHH 3aBHCHT
TOJIbKO ero ¢)asa, npHYeM JHHEHHO.

C navasna 1950-x rr. GblJIO H3BECTHO, YTO MOTeHUHAN —g(x)
ypaBnenus IlIpéaunrepa Moxer GLIThb NMOJHOCTBIO BOCCTAHOBJIEH IO
TaK Ha3blBaeMBIM JaHHBIM DaccesHHs

S={(A, b,)Ys R(), L BELIECTBEHHO}. (1.27)
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ITo S MoxeT OHTb BBIYHC/IEH TakKXKe W KO3(POHHIHEHT NPOXOKACHHS
T(%). Ho ecau usBecTHH paHHBe paccessHHs S miasa g(x,0) mpu
t=0, To (1.24) u (1.26) no3BOJAIOT HaM BHIYHCJAHTb S(f) OuYeHb
npocto. ChaenoBare/ibho, §(x, ) MOxer GHITb HafifeHO AJs JMO60ro
Bpemenn f. Ilponenypa BoccTaHOBJIEHUS MOTEHIHAJa BKJKUYaeT pe-
lleHHe JHHEHHOr0 HHTEerpajbHOrO ypaBHeHHS, ypaBHeHusa [enpdan-
na — JleButana — MapueHko. Jta ¥ MHOrHe Apyrue JeratH 6yayT
BHIBeJeHH B TJ. 3. A ceflyac sameruM, uto obuiee pemenue (1.21)
BKJII0YaeT HeCKOJIbKO KoMIoHeHT. COJNHTOHBI, paclpoCcTpaHsIoUHecs
C TOJIOXKHTENbHOH CKOPOCTBIO, ABJSIOTCA (DH3UUECKUM IPOSBJIEHHEM
JHCKPETHOTO CHEeKTPa, KaXAHI COJUTOH COOTBETCTBYET OAHOMY COO6-
CTBEHHOMY 3HaueHHio. BHe o6sactH B3aumopmefictBusi (npu (=
== =4-00) KaxK/Jbli COJIHTOH HMEET BBICOTY, IINPUHY U CKOPOCTH, HPO-

HOPIHOHAJNBHBIE —Ap, «/ ~—A, ® —A, cooTBeTcTBeHHO. Ero moJio-
JKeHHe B J0060H MOMEHT BPeMeHH MOXKeT  ObIThb BHUHCJEHO C IO-
Momp0 b, HenpepblBHOMY CNEKTPY COOTBETCTBYET KOMIIOHEHTa pe-
HIEHMS, KOTOpasi, XOTs U HeJHHelHa, UMeeT MHOrHe XapaKTepHHE
YepTHl pellleHHs JHHeapH3oBaHHOro ypaBHeHus (1.32). AMniuryna
TPYNNBl BOJIH, CBS3aHHOH ¢ BOJHOBBIM YMCJOM §, H3MepsieTcsl Be-
auunHol |R (L) |, a ee mosmoxkenne — Besnuunoi Arg R(%). B6ausu
x==0 3TH ABa pellleHHs OODBENUHSIOTCA. DTO pelleHHe BKJIOYAET,
NIOMHMO BCEro Ipoyero, aBTOMOJAEJbHOe pellieHue ypaBHeHus (1.21)
H SIBJSIeTCA JOBOJBHO CJ0XKHEIM, HO B OCHOBHOM HrpaeT poJb He-
JuHeliHo# ¢yHkuun fipu (Hxon Ipur JI06HT MoOpaabHO-peH-
THO3HYIO TPAaKTOBKY [IBYX KOMIOHEHT pelIeHUs, B KOTOPOH COJUTO-
Hbl — 3TO Ayllla pellieHHsS, a KOMIOHEHTa, BO3HHKalOLlasi H3 Hemnpe-
PBHIBHOTO cIieKTpa — 3T0 OpeHHas mioTh. § mosaraio, 4To OT Baluei
TOYKH 3DeHHsI 3aBHCHT, KakKasi H3 KOMIIOHEHT 3aCJyXKHBAeT Hashbl-
BaTbCA xopomieli). Ecan paccmMaTpuBaTh pas/iuyHble KOMIIOHEHTHI
pellleHHs] KaK HOPMaJibHble MOJB HEJNHHeHHOH CHCTEMBl — H TaKoe
paccMOTpeHHe T0Je3HO, — TO CJAeAYeT CHelHabHO BBIAENHTH COJIH-
TOHHYIO 4acTbh, IIOCKOJIbKY OHa $IBJsIeTCs IOJHOCTHIO HOBOH M He
HUMeeT JIHHERHOro aHaJora.

Hrak, cyts npumenenuss MO3P cocrout B caenyiouem. Hure-
pecylolliee Hac ypaBHeHUe

G+ 699, + qups =0 (1.28)

nepeNUCHBAeTCSl KaK YCJAOBHE HMHTETPUPYEMOCTH [BYX JIHHEHHBIX
ypaBHEHHH,

(=L+AMo=0q,+RA+q(x, )o=0 (1.29)

¢t = By = —4q,,, — 39,9 — 699, + Cp = (1.30a)
=(q,+C) o+ 4(A—q/2) g, (1.30b)
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(rne C onpeneasietcss no BuGpanHHOH 13 @(x, f; §) HODMHPOBKE).
3atem ¢(x,0) otoGpaxaercsi B naHHele paccesinusi S(0) ypasHe-
Hus (1.29). dsoaouus S(f) npocra W onuchBaercs JHHEHHO. 3Has
S(#), M BoccraHaBiuBaeM ¢(x,f). CxeMaTHYeCKH 3TO BBITVISIHT
TaK:
q (x, O) —> npsaMoe npeoGpaaosanue —> S (O)
BpeMeHHast
l s () 3))

pacceannst
7 (x, t) < obpatnoe npeo6pasosanne «— S ).

ITpouexypa MONHOCTBIO aHAJOrHUHA TOMY, KaK PELIAETCS JIHHEeapH-
30BaHHBbIH BapuaHT ypaBHenus (1.28),

q -+ Grxx = 0, (1-32)

¢ momollbio npeobpaszoBanusi dypee. Posb npsimoro npeobpasosa-
HHsl 31eCh BBHIIOJHSAET

b(k, )= \ q0x, 1) ethear, (1.33)

u b(k, 0) usBectHO, eciu 3anano ¢(x, 0); BpeMeHHAs] 3BOJIOLHUSA
3ajaeTcsl ypaBHeHHeEM

by (k, 1) =ik% (k, t). (1.34)

O6parHbiM npeo6pasoBaHHeM SBJASETCS
q(x, f)= S bk, 1)e**dx. (1.35)

—00

B camom aene, mbl nokaxeM, uto MO3P B suHefiHOM npejese CBoO-
AuTCA K npeo6pasoBaniio dypee.

HaM HsBeCTHO TakKe, YTO MbI MOXeM HHTEPIPETHPOBATH H
(1.28), u (1.32) kKak GeCKOHEUHOMEPHBIE TaMHJBTOHOBH CHCTEMBI:
Kaxaylo U3 HUX (GopMajibHO MOKHO 3aIHCATh B BUJE

0 O0H
9U=3y 5q (1.36)

;;a[e i‘j/aq—napnaunonﬂaﬂ NPOH3BOAHAs GYHKUHOHaa [aMHJIBTOHA
q], 1. e.

1 Y
lim 3 (g + odq] — H lg) = { - 8qd.
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YpaBHenue (1.36) anHaJOTHYHO BbIPa*KCHHIO

2=JVH (2), (1.37)
CNpaBe[JIHBOMY JJisi KOHEYHOMEPHHX CHCTeM. 34ech z ecTb 2N-Bek-
top (T. €. g1, ..., N, P1, ..., Pn), J — QaHTHCHMMETPHYHAsl MaTpH-

na (Hanpumep, (_2N ;")) u V— onepatop rpaauenta (9/dqy, ...

..., 8/dpy). B (1.36) ¢(x) caeayer paccMaTpuBaTh KakK Gecko-
HeYHOMEpHH# BeKTOp, /X — 3TO 3aMeHAIOIHA MaTPHIYy KOCOCHM-
MeTpuyHHi onepatop H §/6¢ — BapHalHOHHas NPOH3BOAHAS, 3aMe-
HAIOWasA onepaTtop rpajauenta. CooTBeTCTBYIOILAsl coXpaHseMas mo-

TOKOM [Ba-popMma > 6q; A dp; ecthb

5§ won(§ wag)a (1.382)

— 00 — 00

X
Wnrerpaan S — 3TO onepartop, obpatuhlit K J, riae J = d/0x. OyHk-
nus Ilyaccona aByx ¢pyHkuuit F u G ectb

T 8F o oG
{F, G} = S 5 7 8y 4 (1.38b)

-0

o0

Oas (1.21) ramuaabToHnan H = S (% q: —-(;3) dx; nas (1.32) H=

— 00
-

= S —;-qidx. ITpeoGpasoBanne Pypbe — 3T0 KaHOHHUYECKOE NPe0l-
—00

pa3oBaHue, CBA3LIBalONIee CTaphle KOOPAHHATH §(x), —oo < x < oo

u HoBwe A =2m|b|2/k, 6 = Argb(k,t), B KoTophx JBa-popma

(1.38)

o0

5 S bq(g aqdy)dx=SoA(k)Aae (k) dk (1.39)

0

—00

coxpansierca !) (unrareno caepyer npoBeputh (1.39) camocrod-
TeJBHO); AAfA TeX, KTO He 3HAKOM ¢ oGosHaueHusmu, 8¢ A 0w o3Ha-
gaer 6,40,w —8:96)w, roe 6, u Oy — He3aBHCHMBbIE BapHaLHH.

) Bonpoc o nepenecenuu cko6ku I'apanepa Ha (yHKUIHOHANH C HeyGHBalo-
OUMH NIPH X —> =00 IJIOTHOCTSIMH penlaeTca B pabore Panpmeepa u Taxran-
xaHa [1*] Cko6kun Tapauepa u PagnseeBa — TaxTagKsHa He KAHOHHYHH B
k.= 0. Kanounueckass cko6ka mas Kn®d nocrpoena B pabore Apkaavesa, Ilo-
rpe6kora u I[lonnBanoBa [2*] Ckob6ka PamaceBa — TaxTagXKsaHA NOJYIaeTCsA H3
KaHOHHYECKOH HaJloxXeHHeM cBf3u. — [Ipum. nepes.
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B (1.39), Tak Kak w,==¢, He clelyeT paccMaTpHBaTb g(x) H
X

w(x) = S q(y) dy xak conpsxeHHbe nepeMmennne. Ckopee, cie-

ayer cmorperb Ha (1.39) Kak Ha HelpepHBHHI Npefes BHpPaXKeHH:

%Z oq; A Z 8q;. C mpyroi cTOpOHH, HOBHE KOOPAHHATH A KO AB-

i i<i
JFI0TCS conpsixkeHHBIMH. M3 (1.34) umeem

A,=0, 8,=F, (1.40)

4TO CyTb ypaBHeHHs I'aMuabTOHA
oH oH
A=—3 Y=77
rae
1 i
H=5 \ gar=5{wa@ar.
—o0 0

Touno Tak xe o6paTHoe npeo6GpasoBaHHe paccesiHHs SIBJASETCA Ka-
HOHHYECKHM INpeo6pa3oBaHHeM, CBSI3BIBAIOUIHM CTapble KOOPAHHATH
(g(x), —oo << x << 00) ¢ HOBHIMH — JAaHHBIMH pacCesiHHsI S, 3aJaH-
HeiMu 10 (1.27).

Fapnuep [13] nepBeiM oco3nas, uro ypaBHeHHe Kad® moxer
OBITb 3aHCAHO B TaMHJbTOHOBOM BHAe. BmnocaexcrBun 3axapos
u ®anjeeB [13] mokasanaH, 4TO 3TO ypaBHeHHE MOXET GHITb HHTEp-
NPETHPOBAHO KaK NOJHOCTbIO MHTErpHpyeMasi raMHJIBTOHOBA CHCTe-
Ma. [lna xoHeyHOMepHOf cHcTeMbl pa3MepHOCTH 2N TepMHUH noanas
UHTeepupyemocTs O3HayaeT, YTo cHcTeMa obJsagaer N He3aBHCH-
MbIMH HHTerpastaMu JBuxenus Fj(p,q) (p=(py, ..., py), ¢=
=(q1, ..., qn)), j=1, ..., N, KOTOpHE HaxoAsATCs B HHBOJIOUMH
no oTHoIIeHHIO K cKoGKe Ilyaccona. B sTom ciyyae MOXHO ompene-
JuTh N nepeMeHHHX aeHcTBHs (kKak ¢yHkuum F;) m N coorser-
CTBYIOIIHX YIVIOBHX NepeMeHHHX. [l 6eCKOHEYHOMEPHHX CHCTEM
BCe 3TO BHIrIAAUT Gosee ¢opMmanbHo, ITo OTHOUIEHHIO K HHM MH
6yfeM HCNOJbH30BATh TEPMHH <IOJHAs HHTErPHPYEMOCTb» I 060-
3HaueHHsd Toro ¢akra, 4YTO MOXKHO HafTH GeCKOHEYHOe YHCJO HO-
BHIX KOODJIMHAT, aHAJOTHYHBIX IepeMeHHHM aeHCTBHE — yroJ, Ta-
KHX 4YTO MepBHe SBJAAIOTCA HHTErpajlaMH JBHXKEHHS, a BTOpHE
MEHSIOTCs JIMHeHHO co BpeMeHeM. Kak yuTaresp MOXeT yxe jora-
naThesi, IepeMeHHble JeHCTBHS SIBASIOTCA QYHKUHAME GECKOHEUHOTro
YHCJIa COXPAHSIOMIHXCSA MAOTHOCTEH.

Tenepp cremyer cuenaThb ellle OJHO 3aMeYyaHHE O BpeMeHHO
3aBHCHMOCTH TpeoGpa30BaHHBIX INEPeMEHHHIX H O TOM, B KaKOM
CMHIC/Ie 3anaua Ha OGeckoHeuHol npsamoh aas (1.28) (q(x, £)—-0,
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x—> oo NpH Bcex {) npollle, 4eM NepHoandeckas 3ajava (q(x, )=
=g¢g(x+ P,t), x u t NpOU3BOJBbHH). B mepBoM ciydae MH 3HaeM
g B IABYX TOYKAax HHTEPBaJa, a HMEHHO X == =00 BO BCE MOMEHTH
BpeMeHH. B caMOM Jedne, JaHHBIe paccesiHHS SIBJSIOTCS Mepoi Toro,
KaK MEHSIOTCSl acHMNToTHYeckue peuteHus (1.29) (exp (:l:iq/l. x))
10 Mepe TOro, Kak x mpoberaer HHTepBaJ MeXAay —oo H -+oo. U3
(1.30) MOXHO BHIETh, UTO B =00 MNPOH3BOJHAS IO BPEMEHH OT
¢(o0,%; ) He 3aBHCHT OT g, TaK KAK TaM ¢ H ero NPOH3BOAHbIE
pasub 0. Bo BTopofi, mepuonuyeckoll, 3ajaue ¢ He H3BECTHO BO Bce
MOMEHTHl BpEMeHU HH 1JI1s OfHOH ToukW uHTepBasa [0, P]. 1 Bcaen-
CTBHE 3TOr0 BpeMeHHasi 3aBHCHMOCTb NAHHBIX PacCesiHHs HaMHOTO
CTI0XKHee,

O6a 3TuX cayyast KapAHHAaJAbHO OTJIHYAIOTCA OT Meroja, ¢ mo-
MOIIBIO KOTOPOro JHHeapHayeTcs ypaBHeHHe Bloprepca uy = uy.+
+ 2uuy. DTO ypaBHEHHE MOXKET OBITh 3aMUCAHO B BUJE YCJIOBHS HH-
TErPUPYEMOCTH YPaBHeHHH @x = u@ H @: = (42 + u,)@. XoTa u Ka-
JKEeTCS, UTO BpeMeHHas 9BoJouus @ (X, {) 3aBHCHT OT 3HaHHA u(x, 1),
3TO B JAeHCTBUTENLHOCTH He TaK, MOCKOJbKY (424 uy) @ = @xx. [lo-
3TOMY IOcJe NOACTAHOBKH @y ==u@ IJs ¢ NoJydaercs JHHefiHoe
ypaBHeHHe TemsonpoBonHocTH. s ypaBHenus Kn®d Ha Geckoneu-
HOH mnpsiMol ypaBHeHHe Mas @(x,?f; A) He JuHeapusyercsi. Bmecto
3TOrO MOsIBJAsSETCA ¢BOOOAHEIA mapaMerp A, H (1.28) aBasercs yciao-
BueM uHTerpupyemoctd pas (1.29) u (1.30) ans Bcex A. Ilostomy,
He 3Has ¢yHkuuO @(x,f;A) npU Bcex x H f, MBI 3HaeM ee IpH
BceX f U A B TOYKaX X = #oo0,

1f. Ypasuenne Jlakca [14]. HecMorpss Ha TO, 4TO BpeMeHHas
JMHAMHKa YIJOBBHIX NEPEMeHHHIX GoJiee CNOXHA, HO KaK NMePHOAH-
yeckuli, Tak U OGhICTPOYGHBAIOWINHA cayuyall obaajgaioT TeM KJawodge-
BLIM CBOMCTBOM, 4TO ec/¥ ¢ (x, t) 3BoJironHOHHpYeT coraacHo (1.28),
To cnekTp omepatopa L B (1.29), paccmaTpuBaeMoro Kak oneparop
B L2(R) (R==(—o0, ) mwm [0, P]), ocraeTcst HeH3MEHHHIM. DTO
CBOMCTBO OBLIO 3JerantHo copmyaupoaHo Jlakcom (1968) B Tok
Xe cratbe [14], B KOTOpO#i OH HceJe[OBaJ JABYXCOJHTOHHOE B3aH-
mogeficrsue. OH 3aMeTHJ, uTo ecau oneparop L(f) (B maHHOM cay-
yae — camoconpsixennsiii) U L(0) HMeOT OAHHAKOBHE CHEKTPH, TO
OHH YHHTAapHO 3KBHBAJIEHTHBI, T. €. CYNIECTBYeT YHHTapHHIl omepa-
top U(UU* =U*U = I, T. e. paBHH TOXJECTBEHHOMY ONepaTopy),

Tako# 4To

LOU@=U()L(0). (1.41)
Takum o6pasoMm, ecan @(x,0;A) sBAseTcsa cobcTBeHHOH (yHKUHeR
oneparopa L = —(d?/dx*)— q(x) npn ¢{=0 c coGCTBeHHHM 3Ha-

yenueM A, 10 @(x, £ A) = U(f)p(x,0;A) ecTp coGcTBeHHass GyHKuuS
omepatopa L(f) ¢ Tem e COGCTBEHHBIM 3HaueHHeM. DTO BHIHO
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npsmo u3 (1.41), nockosbky L (£)U (f)p(x, 0; A)=AU(t)@(x, 0; A).
Ouddepenunposanue (1.41) no Bpemenn gaer

L;=BL—LB=[B, L], (1.42)

raie B = U;U* — xococonpsixkeHHblll onepatop. YpasHeHue (1.42)
HasbiBaeTcsd ypaBHeHHeM Jlakca, a L u B-—napo#t Jlakca. 3awme-
THM, 9TO B MoXeT OBHTb & IIOJyYeH H3 TaKHX cO0OpaxkKeHu:
Qi (x, ;M) =Usp(x,0;A)=U:U*@(x,t;A). Haa Kan® wus (1.30)
nosnyyaeM B B BHae (HAMOMHHM, 4TO AQx = —Qyrx — (¢0)x)

a3 0 ad
B=—4—5=—3(q5r +559)+C. (1.43)

OxasbiBaercsi, uTo Bce MHTerpupyeMble ypaBHeHus Tuna Kad wo-
ryT ObITh NpefacTaBiaeHsl B ¢opme Jlakca. Kak nokasan Jlakce, cy-
IiecTByeT OeckOHeYHasi TOCJeJ0BaTeNbHOCTh AHb(depeHIHaNbHBIX
0 x onepaTopoB B Bcex HeYETHBIX NOPSAKOB U MO3TOMY GeCKOHeY-
HOe ceMeHCTBO NOTOKOB ¢, COXpaHSOWHUX cnekTp L. Mb moayuum
¢dopmyanl pJs HHX B IJI. 3. UnTaTesb MOXKET NPSIMHIM BHIYHCJECHHEM
npoBeputh, 4to (1.42)— 310 Ha caMom gmerxe (1.21).

1g. CnoHTaHHbie sIBJeHHsl B HeJMHEHHOH onTHKe H mpeobpaso-
Banusg bakaynpa. Ilpu6Gau3auTeNibHO TOrAa Xe, KOrha OBIIH JO-
CTHTHYTH 3TH YCIeXH, COJHTOH NOABUJCS B COBEPIIEHHO HOBOM KOH-
TEKCTe, a HMEHHO IIPH paclIpoCcTpaHeHHH YJbTPakopoTkux (1012 ¢)
ONTHYECKHX HMINYJbCOB B Pe30HaHCHBIX cpexax. B 1967 r. MakkoJu1
u XaH [15] OTKpHIH s3JleHHe CaMOMHAYLHPOBaHHON IPO3PayHO-
cTH — 3¢:bexT, npu KOTOPOM NepeAHHH (QPOHT UMNYJbCa BHI3HIBAET
HHBEPCHIO 3aCeJIeHHOCTH aTOMHBIX YPOBHeH, B TO BpeMsl KakK 3aJHHK
GpoHT BO3BpamlaeT 3aceJeHHOCTb B Haya/bHOE COCTOSIHHE NyTeM
HHAYUHPOBAHHOTO H3JYy4YeHHS. DTOT IpollecC peausyercs, ecJH
BPEeMs €ro OCYLUeCTBJIEHMS MaJjio N0 CPaBHEHHIO ¢ BpeMeHeM (aso-
BOH NaMfATH CPeAbl H HUMIYJbC HOCTATOYHO HHTEHCHBEH, YTOOHI BhI-
3BaTb HHBEPCHIO 3acesieHHOCTH. EciH MBI npeanosoxuM, uto cpefa
COCTOUT H3 aTOMOB C JBYMSl HEBLIPDOXKJAEHHBIMH YDOBHSIMH, H Ipe-
He6pexeM 3ddeKTaMH HeOZHOPOAHOrO YIIHPEHHs (BLI3BaHHOE AOM-
IJIEPOBCKMM CABHIOM HECOOTBETCTBHE MEX/JYy HeCyIllell uacToToi
BXOJSAIIEr0 HMIYJbCa H PAa3HOCTBIO MEXIY SHEPrHSIMH IABYX YPOB-
Heit), TO mpouecc MOXeT GBITb ONHCAH B TEPMHHAX OJHOH II0JIeBOf
nepeMeHHOH, NOAYHHALOMeHcs ypaBHeHulo sin-Topaon

s = sin u, (1.44)

Te X — PacCTOsiHHe OT TPaHHLBl CPeiBl, {— BpeMs (pacTsiHyTOe)
u Ou/dx MPOMOPUHOHANBHO aMIUIHTYAe OruGaromes 3JeKTPHYECKOro
noas E(x,t).
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3To ypaBHeHHe GHUJIO H3BECTHO B TeYeHHe JINTeJbHOTO BPEeMeHH.
OueHb JaBHO OHO HCCJEAOBAJOCh B CBA3H C TeopHed HOBepXHOCTed
MIOCTOSIHHOH OTPHLATeJbHOH KPHBU3HH. B uactHocTH, A. ®. Bak-
ayap (cm. [16]) OTKpHLI, YTO HOBOe pellieHHe (MJH IMOBEPXHOCTD)
uy(x,t) MOXeT GHTh MOJY4YeHO H3 CTaporo uo(x,f) mpeoGpasosa-
HHUEM

by — thg = 4if; sin T2 (1.45a)

1 . uyy—u
Uy + Uy = 'E‘ sin =0 b} 2. (l.45b)
Takue npeoGpa3oBaHHs H3BecTHH KaK npeoGpasoBaHus Daxaynna
(ompenesieHHe Mbl AAJHM NO3XKe B IV1. 4) H NO3BOJSIOT OYeHb IPO-
CTO KOHCTPYHPOBATb MHOTOCOJHUTOHHHIE pelieHHsl. Hanpumep, Bo3b-
MeM uo = 0; unterpupys (1.45), nonyuum

u, =+ 4 arctg expw(——2'r|x — -;—) , (1.46)

YTO ONHCHIBAET HMMOYJbC 4, AJAS KOTOPOro COOTBeTCTBYIOLIASl OTH-
Galolmast 3JekTpuyeckoro mons E paBHa 4nsech(2nx-+1/2q) u
o

wiolaab S Edx=u(00) — u(—oo) paBHa 2rx. DTH HMIYJIbCH H3-
—o0

BECTHH KaK 2n-HMIYJbCH H Ha3HIBAIOTCH KHHKaMH (aHTHKHHKaMH),

eCIH Y yBeJHYHBaeTcs (yMeHblIaeTcs) Ha 2m IPH X, H3IMEHSAIOUIEM-

csi OT —oo o -oo. Bosee c/oxHHe peuieHHss MOTYyT OHTHL IOJy-

YeHH lIar 3a IIaroM ¢ IOMOUIbIO TeOpeMbl O NePecTaHOBOYHOCTH,

npunuceiBaeMoii DbhfiHKH, koTOpasi MoXKeT OHITh 3alHcaHa B BHJE

tg ua:uo=§:i§: tg u.:u:' (1.47)

(BuBog 3Tofl GOPMYJH s OCTABJSII0 YHTATENIO B KayecTBe yIpax-
HeHHs.) DBosiee c/oXHHE pelleHHs1 H3BeCTHH KaK On-HMIYJbCH
(u MeHsieTcst Ha 2nx Ha moayocH (—oo, 0] H B NPOTHBOIOJIOXKHYIO
cropoHy Ha [0, o0), 3ToT WMMOyJbC nNpeAcraBiaser co6oi cymep-
MO3HUMIO KHHKA H aHTHKHMHKA) H KakK 4n-HMOYJbCH (Cynepno3HiHs
JBYX KHHKOB).

Tak ke Kak H ypaBHenue KopreBera — ne PpH3a, ypaBHeHHe
sin-T'oplOH BO3HHKAaeT BO MHOTHX NPHJIOXEHHSX:

(1) xag Momesab JJs1 ONHMCAHHSA AMCIOKAIMH B KpHcTaanax (B 3TOH
3anaue 3erep, Houtr u Koxenpopdep [17] nHamau 2n-uMnyssc
¢ nomollbio npeo6pasoBanusa bakaynaa eme B 1953 r.);

(2) B Teopun moas (MH yxe ynoMuHaiau pabory Ileppunra u
Ckupma [18});
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(3) Kak Mouesib JXKO3e(COHOBCKOTO KOHTaKTa B TCOPHH CBEPXIPO-
BOAMMOCTH (4 ONHCHIBAeT pasHOCTb (a3 BOJIHOBHIX (QYHKIHH
N0 pa3Hble CTOPOHHI KOHTAKTa).

Ono onuchiBaeT TakxkKe HArJISAHYI0 MEXaHHUECKYI0 MOAEJb, Npej-
JoxeHHylo CKOTTOM, NPeJCTaBJSIIOINYI0 cOGOH 1eN0YKY MasfTHHKOB,
IOJBEIIeHHBIX K FOPH30HTAJbHONH NPOBOJIOKE TAaK, YTO KaXKJHH Ma-
ATHHK MOXET BpalllaTbCsl BOKPYr 3TOH ocH, 3akpyuuBas ee. [lpu
stoMm u(X,T) npeacraBiaserT co6GoH yrosj NOBOpPOTa, H3MepseMEIH
ot BeprukaJu. [locne samenn x =(X+T)/2, t =(X—T) /2 ypas-
Hen#e (1.44) npuHUMaeT BHJ '

uTT_'uXx"{—Sinu:O. (1.48)

KuHK npeacraBiaser coGoil 3aKPyTKY IPOBOJNOKH Ha YroJ 2w I1po-
THB YaCOBOH CTPe/IKH. AHTHKHHK HMEET NPOTHBOINOJIOKHYIO OPHEH-
TalHIo.

He xotenoch Gbl ocTaBuTh OGCYXAeHHe ypaBHeHusi sin-I'opiow,
He YNOMSHYB O BaXXHOM BKJIaJe, BHECEHHOM B 3TOT Bompoc J[xkopa-
xeMm JIamoMm. B cepuu M3 HeCKONBKHX cTaTel, MOALITOXEHHEIX B
1971 r. B cratee [20], oH moABepr TIaTeJbHOMY aHAJH3y (U3H-
YECKHEe MPHJIOXKEHHS MHOTOCOJHTOHHEIX H aBTOMOJEJLHBEIX pelle-
Hu#t ypaBHeHus sin-Fopaon. OH npeasunen, yto ypaBHenue sin-Iop-
IOH siBJsieTcsl ONH3KHM DPOACTBEHHHKOM ypaBHeHuss Kopresera —
ne ®pusa. M1 oH He3aBHCHMO OTKPHLT «OGPATHBIA» METOA €ro pe-
weHus. Hy)HO oTaaTh JOJKHOE 3TOMY CKPOMHOMY YeJIOBEKY (peji-
Kas noposal), KOTOPH# Aaxe yaepxKaJjcs oT co6aa3Ha IepedyHCIuThb
CBOM JOCTHXKEHHS B cBOeH COOCTBEHHOH KHUTEe W BHEC B CIHCOK JIH-
TepaTyphl JHIIb OJHY H3 CBOMX paborT.

lh. Coautonumiii 6ym u pesyabrathl 1970-x. [Ipy Bcem TOM
o0beme 3HaHMH, KOTOPHI OblI HakomiaeH K 1967 r., Kaxercs J0-
BOJIbHO YAWBHTEJbHBEIM, YTO MOTPe6OBAJIOCh MATH JET, YTO6h A06a-
BHTh K Kn1® HOBoe MHTerpHpyemoe ypaBHeHHe. MHoOrme BOCHpHHH-
MaJii pesysbTaThl MO HHTerpHpyeMocTH Kad kak TPIoK, H30LIpeH-
Hoe mpeo6pasoBanue THna npeoGpasoBauusi Xonda — Koysaa (cum.
takxke ®opcaiit, T. 6, c. 100, rre nuHeapusauns ypaBHeHus Biop-
repca naHa B kKauectBe ynpaxHedus). Oaunako B 1971 r. 3axapos
u [la6ar [21] mamsm napy Jlakca Ajisi HelMHeHHOro ypaBHeHHS
[Ipénunrepa, enle OZHOrO YHHBEPCAJBHOTO YPaBHEHHS, O KOTODOM
rOBOPUTCSI B OCHOBHOM B TJ. 2. Pesysawrar 3axaposa — Illa6ara,
ITorcpamckas xondepennus 1972 r. u jsekunn Kpyckasna o ypasue-
HuH sin-T'opJloH BHI3BaJH MOIIHYI0 BOJHY HHTEPeca K 3THM NpobJe-
mam. Bazatu [22] Hames mocTaHOBKY, B paMKaXx KOTOPOH MOMKHO
NPOHHTErpHPOBaTh MOAM(HUIHPOBaHHOEe ypaBHeHHe KopreBera —
ne ®@pusa (MKa®). A6nosun, Kayn, Heiosan u Ceryp (AKHC)
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[23], pyKOBOACTBYSiCb HECKOJBKHMH KJIIOUEBLIMH HaOb/JIONeHHAMH
Kpyckana, pemiuan ypaBHeHde sin-I'opion (He3aBHCHMO pellleHHOE
JIsMmoM H, Heckoabko mo3nHee, PapneeBuM H TaxTagxKsHOM) H
BeJled 3a 3THM IOKAa3aJjiH, KaK BRINHCHBATHL MOJHBIH HaGop ypaB-
Hehu#i (AKHC-uepapxus), peumiaeMbix ¢ MOMOINBIO 3afayd 3axa-
poBa — Illa6aTa Ha coOGCTBeHHBIE 3HAUEHHUS

le+ igul-'——q(x» t) Uy, (l 49)
Ugx — LUy =7 (%, 1) U}
K sToMy BpeMeHH cTaJjo SICHHIM, KakK o0pamatecs ¢ Jiobof 3a-
nayedl Ha cOOCTBEHHBIE 3HAYEHHS H BBIIHCHIBATH 3BOJICHHOHHBIE
ypaBHEHHS, OCTaBJsiOlHe Heu3MeHHBIM ee crektp. [lo Bcemy mupy
HayaJ/csl COMUTOHHBIA 6yM.
[losiBuuch pesyabTaTel 10 OoJiee TPYAHBRIM 3ajadam. bwuio
nokasaHo (Paamka, XeHoH), yto uenouka Tomael (cM. [24])

Unyy == g'nt174n — 4" n—1 (1.50)

SIBJISieTCSl HHTerpupyemoi mMozennio. OHa OKasaJja Takoe e IJ0JO-
TBOPDHOE BO3JleficTBHe B 006JacTH HeJHHeHHBIX AHM@epeHHHANBHO-
Pa3sHOCTHBIX ypaBHeHHH, Kak U Ka®d B obsactd ypaBHeHHH ¢ 4acT-
HBIMH TIIPOH3BOJHBIMH.

[Tepuonnueckas sagaua aiass Kad Owblna pelreHa B HECKOJABKO
5TallOB HECKOJbKHMH aBTOPaMH B TeueHue u nocte 1976 r. Ileperim
OTKPBITHEM OBLJIO TaK Ha3blBAEMOE KOHEUHO30HHOE pellleHHe, AJs
KOTOPOro CIeKTp MepHOAHYecKOH M aHTHUIepHOAHYEeCKOoH 3ajay AJs
oneparopa (1.29) ¢ nepnoxgnuyeckuMm mnoreHunuaaoMm ¢(x) (ypasHe-
HHe Xusamaa) cocToutT u3 (2n -4 1) nmpocTHIX COOCTBEHHBIX 3HAUEHUH
Ao, A1, ..., Ags, @ Bce ocTaibHEIE ciBoeHH (Makun u Ban MépGeke
[25], HoBukoB [26], Mitc u MarBeeB [27], KpuueBep [28]). Bec-
KOHEYHO30HHBI! npejen Obll paccMorped MakuHom H TpyGoBHLEM
[29]. Muorue pe3y/abTaThl OKasaJHCh INEPEOTKPHITHEM GoJiee paH-
HUxX pabor Deiikepa, [paxa, Bépunemna u Youpu [30]. ITapwm
Jlakca ObiM TakkKe HafileHBl [AJs HEOAHOMEpPHHX YypaBHEHH.
B vactHocTH, MBl 6ylaeM 006cyxKjnaTh HEKOTOPHIE pe3yJbTaThl, Ka-
cawouuecs ypaBHeHus KaxomueBa — ITerBuamsuan (KII)

== Qyy + (qt + qux + qxxx)x =0 (1-51)

(cmaGonBymepHoe ypaBhenue KopteBera —jge Ppusa). 3agaua
C Haya/JbHBIMH JAHHBIMH [Jsi 3TOr0 YPaBHEHHS OYeHb CJOXKHA H
Oblia pelleHa JHIUL HexasHo (Mawnakoe [31], A6aosun, Poxam
u Ceryp [32]). Bein rakxke HaliieH WHCTAHTOH — COJHTOH aBTO-
IAyaJbHBIX ypaBHeHHH Pura — Muuica, a TakxKe KOHCTPYKIUS k-Ta-
pPaMeTpPHYeCKOro HHCTaHTOHHOro pemenust (Artosa, XurumH, [IpHH-
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tdenpn, Manun [33]). Bbula TakKe nokasaia HHTErpHPYeMOCTh
HECKOJIbKHX JAPYTHX NOJEBBIX YPaBHEHHH, BaXKHHIX B HeJHHeHHOH
tusuke.

Ilepex TeM Kak 3aBepHIMTb 3TOT pasjel, s XOUy paccKasaTh
06 omHOM xoJjocce, B. E. 3axapoBe. B cko/ibKux obJaacrsax BHec OH
CBO BKJIaJi — ypaBHeHHe 3axapoBa B (PH3WKe IJIA3MHI, €r0 CTAThbH
¢ A. b. lllaGaTtom, B KOTOpPHIX BHEPBHIE OB MaH OOLIHA METOR IIO-
cTpoenuss map Jlakca nnaa ypaBHeHHH c GoJiee 4yeM OJHHM HpO-
CTPAHCTBEHHHM H3MepeHHeM, ero pabora no CaMOPOKYCHPOBKE H
ero craTthsl B c60pHHKe, HananHoM byanadom u Kompu [113] (cwm.
CCHIIKH HA «METOJ OJeBaHHUSI» — NOCTPOEHHs] HepapXxHil pelIeHH).
Br Gypere 3nech 4acTO BCTPeYaTh €ro HM4.

1i. Yyaeca CONUTOHOB M HEOOXOAHUMOCTb CO3JAHHA 00DBENUHAIO-
el TOUKH 3peHHs. BMecTe ¢ KOHCTPYKTHBHBIMH METOLAMH TIO-
crpoenuss peuwenust (MO3P, npeob6pasoBanusi Baknynna, wmeron
XupoThl) GBI OTKPHIT LEJBIH HOBBIH MHD HHTErPHPYEMBIX CHCTEM.
Meron Xuporsl [34], XOTOpBIf 51 YNOMSIHYJl BO BBEIEHHH, YPE3BHI-
yaiino ocrpoyMmeH. las ypaBHeHusi Kn® oH CBOAHTCS K 3aMeHe

2
G(x, )=225In7(x, 1), (1.52)
NpUBOAsLIE K yPaBHEHHIO BTOPOro nmopsiaka anas t(x, t),
Tl — TxTt + Tyxxx 4Tx1"xxx + 3Tix =M (1.53)

KOTOpoe XHpOTa nepenucaln B BHAE
(DtDy+ DY)t -1=0, (1.54)

rae Dy, D;— BBeeHHBIe HM HOBhHIe AHddepeHUnanbEble ONePaTOPHI.
O6osHnauenus 51 o6bsichio B ra1. 4. M3 (1.53), (1.54) noBosbHO mpo-
CTO MOTYT OBIThb NOJYYeHBI N-COJNUTOHHBIE H PalHOHAaJbHBIE pellie-
HUSI, ecJil B3STh tT(X,!) B BHIE CYMMBI 3KCHOHEHT, $asbl KOTODPHIX
JIHHEHHO 3aBHCAT OT X M f, a TaKKe COLepKaT MPOHM3BOJbHEIE KOH-
CTaHThl (KOTOpbIE OKa3BIBAlOTCS BHINEYNIOMSHYTHIMH CHBHTaMH
das). Oas N > 2 ypaBHeHHS] Ha KOHCTAHTHI SBJSIIOTCS Hepeormpe-
JIeJIeHHBIMY, HO COBMEeCTHBHIMH. UTo ofecneunBaer 3Ty COBMECTHOCTh?
Vpasuenne (DyD;+ DS)v-T==0 HMeeT aHaJOTHUHble CBOHCTBA.
Onnako (DyDi+ D) T-v=0 HMEET TOJIbKO JIBYXCOJIUTOHHEIE pe-
IIEHHS.

Buauane merox XHpPOTH paccMaTpHBaJjCs B OCHOBHOM KaK XHT-
POYMHBIH TPIOK, NPHAYMAaHHHEIA [JIi HaXOXKIEHHs pelIeHufl CoJH-
TOHHEIX ypaBHeHH#. BrlIOo maxke Takoe paBouee ompepesieHHe HH-
TerpUPYeMBbIX YDaBHEHHH: NOILINTE Ballie ypaBHeHHe XHPOTe; ecJu
BH €ro MNOJyuYdTe PEeHHBIM B TeYeHHE TPeX HeAedb, TO OHO
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narerpupyeMo. OnHako He#aBHO OGHapyXKeHHHE CBA3H ¢ KBaHTOBOMH
TEOpHEH TMOJIA H CTAaTHCTHYECKOH (PH3HKOH NMOKa3BIBAIOT, YTO METO.X
XHpOTH HrpaeTr ropasjo 0oJjiee CYIIECTBEHHYIO DOJb B TEOPHH, 4eM
noJiaraj# pasblle. $I HafelCh NPOJEMOHCTPHPOBATh B 3ITHX JeK-
IIHSIX OJMH CN0Cc06, C IOMOIIBIO KOTOPOro MeToJ XHPOTHl MOXKET
OHTL cBfizaH ¢ obwel Teopuefl. §| mpeanoJarai TakXe NOKas3aTb
SICHYI0O ero cBsi3b co cBoHcTBOM IlenseBe [35], xoTOpOMYy HOJIXKHEI
YIOBJETBOPATL HHTEPHPYEMBIE CHCTEMH. IDTO CBOHCTBO, KOTOPOe
a1 6yny obcyxknaTh B IJI. 4, COCTOHT B TOM, YTO €IHHCTBEHHHIMH
0COOEHHOCTIMH HHTETPHPYEMBIX CHCTEM, KOTOPHIE He (PHKCHPOBaHHI
H MOTYT 3aBHCEeTh OT HayaJbHHX AAHHHEX, SBJASIOTCS HoJoca. ITO
IOYTH 5KBUBAJIECHTHO YTBEPXKJAEHHIO (He COBCeM, TaK KaK OBIBAIOT
HENMOJBUKHEIE OCOOEHHOCTH C BeCbMa HENpHATHHIMH CBOHCTBaMH),
uto v-QyHKUHsSE XHPOTH aHAJUTHYHA 110 BCEM CBOHUM HepEMEHHHIM.
W peficTBUTENILHO, KaK MBI IOKaxeM, AJisi HEKOTOPHIX KJaccOB pe-
HIEHHH 5TO TaK.

Uto Xe TOrfia MOXHO Ha3BaTh obuleii teopuefi? Uro 310 32
CTPYKTypa, CBSI3BIBAIONIast BOEJHHO BCe BO3HHKAIOUIHE B COJIHTOH-
HOli MaTeMaTuke uyleca? Uypmeca BKJIIOUAIOT: GECKOHEYHOE YHCJIO
3aKOHOB COXDaHEHHUS, NPHHAAJENKHOCTh OECKOHEeUHOMY CeMeHCTBY
KOMMYTHDYIOIIMX NOTOKOB (51 OOBSCHIO TOT TepPMHH B Ij. 3), ra-
MHJITOHOBY CTPYKTYpY, (opmyiupoBky XHpPOTH H 7T-(PyHKIHIO,
cpoiictBo IleHseBe, cBf3b C JiHHeHHO!N 3ajnaveff Ha cOOCTBEHHBIE
3HauyeHHs, o6paTHOe paccesiHHEe, H30CHEKTPAaJIbHYIO, H30PHMaHOBY
NOBEPXHOCTh, W30MOHOAPOMHEIE (NOCJeJHHEe OBa TePMHHA elle
IOJMXKHH ObIThb OOBsicHeHb) nedopmaunu [36], npeobpasoBanus
Baknynpa.

Cpasyiolllee 3BeHO, 51 NOJAralo, CBi3aHO CO CJEAYIOIHM BONPO-
COM: €CJIH N aHO 3BOJIIOUHOHHOE YPaBHEHHe, KaK MOXHO ONpeesUTh,
 HHTETrpHPYeMO JIM OHO ¥ o6JajaeT JH BCEMH 3THMH 3aMeYaTeJbHH-
MH cBoficTBamMu? IlepBRIMH, KTO [JaJ JOCTAaTOUYHO Pa3yMHBIA OTBeT
Ha 3TOT BOHpOC, GbAM YouakBHCT H crabpyk [37], ¥ cBow BepcHio
TOro, 4To OHM chenanu, s onumwy B . 5. Ilo cymecrBy, oHH TNHI-
TAIOTCSl NPEJCTaBHTh HHTepecylolllee HX SBOJNIOUHOHHOE ypaBHEHHE
B BHJE YCJOBHS HHTErPHPYEMOCTH IBYX JUHEHHHX ypaBHeHHH, CO-
IEepXalluX HEH3BECTHYIO NEDEMEHHYI0 H €e IPOM3BOJHHE IO X
B KauecTBe Ko3(pduuueHtoB. B uTOre OHH NMONYy4alOT GECKOHEUHO-
MepHyIo anreGpy, HJH, HHEIMH CJIOBAMH, HE3aMKHYTHII HaGop KOM-
MYTaUHOHHEIX COOTHOIIEHHH.

Hame yrBepxpaeHne (MOMMH KoJjleraMH B 3Toit pa6ote GHIJIH
Fepmann ®namxka u Tiogop PatHy) cocToHT B TOM, YTO MeTOX
YoakBucTa — DcTabpyka yKaselBaeT Ha TO, 4TO HCTHHHBIM ¢as3o-
BHIM TIPOCTPAHCTBOM, Ha KOTOPOM JKHBYT BC€ MNOTOKH, SIBJSETCH
6eckoHeuHOMepHasl anrebpa JIW, Koropas AJsa OZHOMEPHHX 3ajad
usoMoppHa aarebpe Kama — Myau. Dra anre6pa MOXeT GOBITh



Hcropus coaHuTOHA 49

Ope/cTaBJeHa KakK NpsMas CyMMa JBYX NoaajreGp, OPTOroHaJbHOE
IONOJIHEHHE K KaXXJOH H3 KOTOPHIX AyaJpHO K Apyro#i. Ha nyausb-
HOHl aJjrefpe ecTh eCTecTBEHHble JHHAMHYECKHE CTPYKTYPH -— CKOO-
Ku IlyaccoHa ¥ raMuAbTOHOBO BeKTOpHOe moJsie. YacTHHE KJaacc
raMHJIbTOHHAHOB MOPOXKAaeT Ha6op KOMMYTHDYIOIUHX IIOTOKOB, H
KaX/AblH TakoHl NOTOK SIBJSIETCS BIIOJHE HHTEIPHPYEMHIM YpaBHe-
HHeM !). BaxHO NOAYEPKHYTb, YTO HHTEIPHPYEMHE 3BOJIOLHOHHHE
ypaBHEHHSI BCerZla BO3HHKAIOT KaK WieHH GeCKOHeYHOro cemeficTna.
MHorue cBOHCTBa H3 CIHCKA 4YyJeC OKa3bIBAIOTCS €CTECTBEHHLIMH
cleACTBUAIMH 3TOro (akta [38], H MH ¢ ABYX TOYEK 3pPEHHS OTBe-
yaeM Ha BOIPOC:

«Kaxkoe otHoumienne X Kn® umeer aare6pa JIu s1(2)?»

Becb ator marepuan 6yaer ob6cyxpaatbes B ra. 5. Hama pa6ora
CAYXHT AONOJIHEHHEeM K HelaBHe#l paboTe rpynn u3 Kuoro [39]
(M. u 10. Cato, T. MuBa, M. HO3um60, M. Kacupapa, E. I3iir)
u Orchopra [40] (k. Yuicon u JIx. Ceradx).

!) Bonee npaBuabHO OHJIO OH CKa3aTh <TOYHO DPEIIAEMHM YpaBHEHHEMS.
Kak nokasano B pa6orax [3*], [4*], [6*], Tounas pemaeMocTs (o3nawaiomas Gec-
KOHEYHOe UHCJIO 32KOHOB COXPAHEHHA) He SKBHBaJIHTHA HOJIHOA HHTErpPHPYEMOCTH
11 GeCKOHEYHOMEPHHIX FaMHIbTOHOBHX CHCTEM THIIA SBOJIOLMOHHBIX yPaBHEHHH, —
IIpum. nepes.



I'VIABA BblBOJl YPABHEHMA KOPTEBETA —
OE ®PU3A, HEJIMHEAHOIO YPABHEHWUA
2 LUPEOUHIEPA U APYTUX BAXHbIX
B MATEMATUYECKOW ®U3MKE
KAHOHUYECKUX YPABHEHWU

2a. Ha6pocok Toro, uyto mbl cobupaemcsi cpeaatb. llenan sTof
raaBel — yOEeIHTh Bac B Be3AeCYLIHOCTH H, CJeJ0BAaTEeJNbHO, BaXKHO-
ctu ypaBHeHusa Kopresera— ne ®Ppuza (Kad) #u HeauneiHoro
ypaBuenusi lllpénuurepa (HYIH). OG6cyxneHne 3THX ypaBHEHHH
3aiiMer GoJIBIIYIO YacTh I[VIABEl, a B IOCJEAHEM pasfelsie sl YIOMSAHY
BKpaTlie ApDyrHe KaHOHHYECKHe CHCTEMBI.

Ypasnenne Knd mnosiBisercs BO BceX TeX CHTyalHsix, KOrjaa
B IIaBHOM NODPsKe BO3HHKaeT runepboJnuecKas cHCTeMa NEPBOro
Nopsiika IJIOC MaJble HeJHHeHHBIe M QHCIEPCHOHHblE UJeHB. ITO
ypaBHeHHe ONMHCHIBAET, KaK KaXAblH M3 HHBapHaHTOB Pumana (Ko-
TOPHIE B OTCYTCTBHE HEJWHEHHOCTH M AMCIEPCHH PACIPOCTPaHsJI-
cs 6B BJOJb COOTBETCTBYIOIIEH XapaKTePHCTHKH 0e3 H3MeHeHHH)
MEIJIEHHO U HEe3aBUCHMO MEHSIeTCSl BCJAENCTBHE 3THX BJHAHHHA. Mul
BHJIEJIM MPUMeEpP 3TOro B NepBoi riase. TaM MexaHHuYecKas cHCTeMa
ONMHUCBLIBAJach B NePBOM MOPsAKe JUHEHHBIM BOJHOBHIM yYDaBHEHHEM,
a cnabrle HeJUHeHHOCTh M JHCIEPCHS BO3HHKAJM BCJAEACTBHE aH-
rapMOHHYHOCTH YIPYroro MHOTeHUHAaNa H JAHCKPETHOCTH pellleTKH
COOTBETCTBeHHO. BoaMylleHHe, nepBoHAYaJbHO COCPEROTOUEHHOE
BHYTPH NPOCTPAaHCTBEHHOrO MHTEPBaJia MEPBOrO NMOPSAJAKA MJIHHEL ),
Ha BPEeMEeHHHX MacumTabax HepBOro Nopsaka OyAeT pacnamaTbes
Ha MJylixe BJEBO U BIPABO KOMIIOHEHTHl, KakK M IoJjlaraercs B JH-
HellHOM BOJIHOBOM ypaBHeHun. OnHako Ha GOJIBUIMX BPEeMeHax H
paccTosiHUAX, O6PaTHO NPONOPIHOHANBHBIX HeJUHEHAHOCTH B AHCHEp-
CHM, MOCJEAYIOIIast 5BOJIONHS KaXKJ0H KOMIOHEHTH OyAeT OMHCH-
BaThCsl JIByMA He3aBHCHMBIMH ypaBHeHusmMH Ka®. B cnenyiomem
pasfiesie Mbl MOKaxeM, Kak nosiBasercs Knd B KOHTeKcTe AJIHHHBIX
BOJIH Ha BOJE B Y3KOM H MeJKOM KaHaJje. S BrIOpaJs 3TOT npumep
no nByM npuuyuHam. IlepBas — ucropuueckasi, BTopas COCTOHT B
TOM, 4TO OH JIa€T BO3MOXKHOCTh HAIVISITHO NpPeJCTABHUTb H HHTYH-
THBHO NOHATH KOHTEKCT, B KOTOPOM SICHO NPOSIBJISIETCSH, KaK PasHOro
pona ApYyrue BAHAHHS NOPTAT MHTerpupyemocTs Knd®. B uacrHoCTH,
MBI H3YYHM, YTO OYIeT NMPOHCXOANTH C IJHHHBIMH BOJIHAMH B KaHaJje
C MeNJIeHHO YBeJHYMBaloulelics WK yMeHRblnawliefics riayGHHOMN.

1) Hmeercs B BHAY MeTOl MHOTHX MacmitaGos. — ITpum. nepes.
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OTkiauk BOJH He Oyaer uncTo aanaGaTnyeckKnM. Mel BhiBejieM Tak-
e ypaBHeHHe (MJIH s MONPOLIY BAC BLIBECTH €ro B KayecTBe yIpaX-
HeHHs), MOJAEJNHpYyIollee CHTyallHio, KOraa Bce Ipe6HH BOJH He
COBCeM MNapaJliesbHH JHHHH Gepera WJM APYr JApyry. DTo ypaBHe-
Hue HasniBaercs ypaBHenueM KanomueBa — IlerBuamBuau (KII),
M HHOrja ABYMepHBIM ypaBHeHMeM Ka®. Ono Takxke oGJaanaer
3aMeyaTeJbHBHIMH CcBOHcTBaMH. B ynpakHeHMAX & INONpoIly Bac
BBIBECTH yDaBHEHHS AJIsl Uenoukd Toxbl M MOAyMaTh, B KAKOM Mpe-
Jesie BOJIHBI B 3TOH pellleTKe ONHCHIBalOTcs ypaBHeHuemM Ka®. Mul
TaKKe BCTPeTHMCs C ypaBHeHHeM DyccuHecka, KoTopoe, Tak ke
Kak u ypaBHeHus Kn® u KII, o6sanaer cBoficTBOM HHTErpHpyeMo-
CTH, U MBI 0OCYJIHM, B KaKHX CHTyallHsIX OHO NMOSIBJSIETCS.

Ecnu Ha Bac mpoMsBesad BleyaT/IeHHe Pa3HOOGPa3Hble NPHIOXKe-
HUsl, B KOTOPHIX BO3HHKaeT ypaBHeHHe Kn® HJIH poacTBeHHBIe eMy
ypaBHeHHS, Bac, 06e3 COMHEHHS, YAMBHT Be3NECYUIHOCTb HeJIHHeil-
Horo ypaBHenusi Ilpénunrepa (HYI) u ypaBHeHHu#i, TECHO C HHUM
CBSI3aHHHBIX. DTO €CTh YpaBHeHHe Ha KOMIIJIGKCHOE CKaJsipHOe IoJie
q(x,1),

gy =iq,, =+ 2ig%q", 2.1)

% O3HA4YaeT KOMILJIEKCHOe comnpsixkeHue, OHO ONMCHIBAET 3BOJIOLHIO
orubarolleli BOJHOBOrO MakKeTa H B OTJIHYHE OT COOTBETCTBYIOILErO
JHHEHHOrO ypaBHEHHs CQJepKHUT B cebe COMMTOHHOE pellleHHe, BO-
IJIollajollee KOHIENNUI0 BOJHOBOro mnakera. [lJsi ocylnecTBJ/IEHHS
TaKOro pellleHHs Heo6XO0AHMO, YTOOb BOJHOBOH MaKeT ObLI CHJBHO
JUCNIEPTUPYIOYM, [OYTH MOHOXPOMAaTHYECKMM H cJ/JaboHesHHeH-
HeIM. B (2.1) x — 3T0 KOOpiHHATA B CHCTeMe OTCYeTa, ABHKYLIeHCS
C TPYNIOBOH CKOPOCTbIO JIHHEHHBIX BOJIH, COOTBETCTBYIOILEH BOJIHO-
BOMY UicJy HecylleH BOJIHBL, a caMO ypaBHeHHe ONHCBhIBaeT OaJiaHC
MeXIy JHHeAHON AHcIepcHed, cTpemsiuiefics pasMmasaTh NaKeT, H
GOKyCHPYIOIHM JeHcTBHeM KyOUYHOH HeJHHeHHOCTH, BO3HHKalOLIeH
BCJIEICTBHE CaMOBO3JeHCTBUS BOJIH. MBI BCTpeTUMCS TaKXKe C MOJH-
¢uranuamu 3Toro ypaBHeHusl. HennHefiHOCTD He Bcerja umeeT Ipo-
CTOH BHJ ¢2¢*, NHKTYeMBIH THIOM B3aHMOAEHCTBHA ¢2e2i0.g*e—i0
(6 = kx — wf), HO MOXKeT TaKXe BKJIOYaThb CPeAHIONn (HEOCHHJJIH-
PyIOIIYyI0) KOMHOOHEeHTY p(x,%) BHZa pg. B HeKOTOpHIX cayuasx
cpenHee moJe p ajre6paudyeckd NPONOPUHMOHAJNBHO ¢g¢*, W TOoraa
noayuaercs (2.1). B apyrux cayuasx (2.1) nomosHsieTcss APYyrum
ypaBHEHHeM, CBS3BIBAIOIIMM 3BOJIOLUI0 CPefHEro IoJs p ¢ Opo-
CTPaHCTBEHHLIMH TIPOM3BOJHBIMU OT ¢g*. BMecTo OOWIHMPHHIX BHI-
uHc/eHH#, BO3HHKAIOHMINX BO MHOrMX (H3HYECKHX CHTyaHusix, s
npefsaralo YUTaTeNI0 aHAJU3 KaxX/JOH M3 cHTyauud B npocTeiiei
HeTPHBHAJBHOHA NOCTAHOBKE, NOAYEPKHBAS Te aCHEKTH, KOTOpPhie OT-
JUYaloT OJHY CHTYALHIO OT APYrod, W 3aTeM YKashiBas YHTATEJIO
Ha COOTBETCTBYIOIINE PalOTHI
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¢l xouy TakkKe BBECTH HEKOTvpble CBSi3aHHbiE ¢ 3THM ypaBHe-
HHEeM MOHATHS H Nokas3aTb HX cBs3db ¢ HYII. B uwacTHocTH, MHI
yBUAHM, Kak moayyate HYUI npepeipHbnM NEpPeXoaoM M3 TEODHH
Yuzema, HpeJHA3HAYEHHOH /JIS OIMHCAHHS 3BOJIOIHH HOJHOCTBIO
HeJIUHEHHBIX BOJIHOBBIX IIAKETOB B ¢/J1a60 H3MEHSIOLIHXCA YCJAOBHSAX.
DToT mnpejes He BIOJHEe TPHBHAaJeH H He OYeHb H3BeCTeH B JIH-
Tepatype. Mul Takxe nosHakoMuMcs ¢ 3d¢dekraMH GoJbHIETO YHCAA
NpPOCTPAHCTBEHHHIX U3MepeHHH. B mporuBopeuns ¢ OOLIYHOH HalleH
HHTyHIHeld 3aMeHa B (2.1) 02/0x2 Ha V? mpHu 3HaKe ILIIOC Nepef
HEJIMHEHHOCTLIO NPHUBOAHT K YCHJEHHIO (OKYCHPYIOIUHX CBOHCTB
ypaBHEHHsI /0 TaKOH CTelleHH, YTO PelleHHs CTaHOBATCA JIOKAJbHO
HeorpaHHYeHHEIMH 32 KOHeuHoe BpeMsi. DTo siBJeHHe (POKYyCHPOBKH
IIHPOKO pacnpocTpaHeHO B (PU3HKe H BCTpeyaeTcs B NJIa3Me B BHAE
KoJianca JIeHI'MIOPOBCKHX BOJIH H B ONTHKe IPH caMO(OKYCHPOBKE.
EcTecTBeHHO, UYTO KOrZa aMIVIHTY/]a [lakeTa H BeJU4YHHa, o6paTHas
€ro IIHPHHE, CTAHOBATCS OYeHb GOJBUIHMH, TEPSIOT NPUMEHHMOCTb
Te NpeJNOJOXKEeHHs,, B KOTOPhIX OBbIJIM BHIBEJE€HH yPaBHEHHS, H Tpe-
OyeTcs HOBOe onHcaHHe. TeM He MeHee ypaBHeHHe BCe K€ OMNMCHI-
BaeT HayaJbHYI0 CTAaAMIO Ipoliecca JOKaJbHOH caMOPOKYCHPOBKH
BOJIH.

2b. JlnuHHble BOJHBI MaNoi aMNJMTYABI B KaHaje cJjabo Me-
Haloumelics ray6unnl. YpasHenns tuna Knd [41], [42], [43].
B sTOM pasgene MH Bo3BpaulaeMcsi K MOJEJNH, C KOTOPOH Bce Ha-
yaJjocb. MBl XOTHM akKKypaTHO BhIBecTH ypaBHenusa Kn® n.s Boan
Ha Boge. Cienys cratbe JI:KoHCcOHa [44], MBI BKJIOYHM TaKXKe
BJHSIHHE cJa6o MeHsIOlleHcs: TMIyOGHHBE H KOCHEMCS METOLOB pellle-
HHSl BO3HHKAIOLIETO B pe3yJbTaTe BO3MYIlIeHHOro ypaBHeHus Kop-
TeBera — Je Ppusa. B koHue paszpena caesaHn HEKOTOpHie 3ame-
yaHusa 06 ypaBHeHHH ByccuHecka (aByxBosaHOBoM) u KajgoMmueBa —
[NerBuamBuan (cnaboapymepuom Kad).

PaccMorpum caeayiolyio CHTyanHio, H306paKeHHYI0 Ha pHC. 2.
(OTHOoweHHe MaclITaGOB aMIVIHTYABR H AJHHB BO3MYIIEHHS CHJIbHO
H3MEHEHO TakK, YTOOh Ha PHCYHKe IIOMECTHJIOCH BCe HeoBGXOAHMOE.)
PaccMoTpuM aByMepHoe OGesBuxpeBoe mnoJe ckopoctd U(x,y, t)
JKHJIKOCTH B OJAHOCBSI3HOH 06/1aCTH, OrPAaHHYEHHOH He3aBHCSLIEH OT
BpeMeHH rpaHuueii y =—H(x) ¥ cBOGOAHOHi NOBEPXHOCTHIO Yy =
=Hho+ N(x,f). YcaoBUSA Ha KOHIaX X=—00, -00 OCTAHyTCS
NoKa HeolpejesleHHBIMH, HO MBI GyleM HpeacTaBisTh cefe, 4TO B
3THX TOYKaX IVIyGHHA XKHAKOCTH NOCTOSHHA. MH TakXe BBejeM
noteduuan ckopoctu U = V.

[IpeanonoxuM TakKe, 4YTO paccMaTpHBaeMble BO3MYLICHHS
HMeloT chlelylomue csoicTBa. KX ropusoHTasbHBI pasmep [ Be-
MUK 10 CPAaBHEHHIO CO cpenHedl rayOuHOR hy e=h3[/IP < 1. HUx

aMIUIHTyAa a MaJja IO CPaBHEHHIO cO cpejaHed ray6HHOH Ay, Tak
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uro a/ho = p < 1. MHrepecylouiee Hac siBJjelne NPOUCXOAMUT, KOrjaa
3TH ABE BeJHYHMHH OJIHOro mopsiika. KpoMe Toro, paccrosHus, Ha
KOTOPHIX JHO 3aMeTHO MeHsileTcsi (Ha BeJHYHHY NOPSAKA €IHHHIIHI)
6oabie [. IToMHS Bce 3TO, o6e3pasMepHM 3aBHCHMEIE H He3aBHCH-
MBI€ IlepeMeHHEEe CJAeAYIOIHM 06pa3oM:

x_>lx7 l/"’ho_’/» t__);tr

Veho (2.2)
H— heh, N =an, q>—+,,iolw/g_h_o¢-

3/4ech g — YCKOPEHHe CHJIBI TSXKECTH, H B COOTBETCTBMH C NOCJeN-
HHUM INIPEANOJIOXKEHHEM MBI mosaraem, uTo hy ==gehy, X =¢x u hx

_j\ y=hot N(xt)

—_
A - ulxyt)
o

|

y=-H(x)
L.,

Puc. 2. Yeaunennwe BOJHH, pPacmpOCTPaHSAIOWIECS MO KaHaRy NepeMEeHHORA
rIyGHHEL.

caMoe GoJsiblilee NOpsiAKa enHHHUB. B sTHX 6Ge3pasMepHHX mepe-
MEeHHHX YypaBHEHHe Hepa3pLIBHOCTH, I'PaHHYHOE YCJIOBHE Ha HOD-
MaJIbHYI0 CKOPOCTb NIPH y = —Hh, yCcJI0BHe HeNPephIBHOCTH HOPMaJlb-
HOrO0 HampsixKeHHs ([HaBJieHHs1) Ha CBOGOAHOH NOBEPXHOCTH, 3allH-
CaHHO€ C HCINOJb30BaHHEM yPABHEHHA BepHYJIJIPI, H KHHEeMaTHUYECKOe
rPaHHYHOE YCJOBHE Ha CBOOOAHOH NOBEPXHOCTH, cOCTosillee B pa-
BEHCTBE HOpMaJIbHOﬁ CKOPOCTH }KI/I,lIKOf;I YacTHIbI HAa IIOBEPXHOCTH
HOPMAJIbHOH CKOPOCTH CaMOH IOBEPXHOCTH, IPHMYT CAEAYIOIIUHA BHL
(HPI)KHHe HHAECKCHI 0603Ha4aI0T YacTHHE nponsaonﬂue):

Pyy + @, =0, (2‘3)
P, = —82th)x) y= _h» (2'4)

1 1
o+ntguet+5Ee=0, y=1+upn, (2.5)

1
N+ RO =0, y=1+pn. (2.6)
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Pemenue moayuaercs pasiioxKeHHeM HoTeHuuasa B (2.3) B crelleH-
Ho# psix no y (6osee yno6Ho no (y -+ h)). Hcnoawsys (2.4), no-
Jyuaem

Q% 9 )=F(x, ) — 5 Fo(y + h2 +
+ & (gr Fexex 0+ B — haFe (g +B) + .o @)

BruiBegeMm cHauasla ypaBHEHHSI MeJKOH BOJBI, MoJydalouipecs IpH
e — 0 ¥ KoHeuHwx u. M3 (2.7)

1
?‘pyz_‘Fxx(l +l"n+h)_Fxhx:

rAie MBI 3alHcaJu hy BMecTo ehy. Tenmepp paccmorpuMm npegen e—0
H NOJIOKHM @y == u. das (2.5) u (2.6) nosyuaem

us + puuy + 1, =0,
e+ (1 + A+ un)u), =0,

T. €. YypaBHeHHs1 MeJKOH BoAH. (B pelierouHofi Moxenu 3TOT mpe-
LeJ COOTBETCTBYET HYJIeBOMY pPAacCTOSHHIO MeXJy MaccaMH.) Xo-
pOLIO H3BECTHO, YTO AJs OOJBIIMHCTBA HAuyaJbHBIX YCJAOBHH 32 KO-
HEYHOe BpeMs IIPOHCXOAMT oO6pas3oBaHHe yAapHoro ¢poHTa, Ha
KOTOPOM 1: H 4y CTaHOBATCHA OECKOHEUHBIMH 3a KOHEYHOe BpeMsl.

OnHako JJisi HaC HMHTEpeceH NpejeJs, KOrla HeJUHEHHOCTb, H3-
MepsieMasi W, M JAHCIEpCHsl, U3MepseMas &, MaJjbl M yPaBHOBELIH-
BaioT Apyr Apyra. Ilonaras p=¢ u pasaaras (2.5) u (2.6) B6ausu
y =1, nonyuyaem

(2.8)

1
o+ n+5ei=0, y=1, (2.9)

1
N+ e@Mi=759, y=1, (2.10)
rie Tenephb

@y =—Fx (1 + 1) + 5 Frpax (L + B — eFhy.

DyHpaMeHTaJbHAs pa3HHIla MeXJAY STHMH JABYMSI NpejesaMH CO-
CTOHT B TOM, 4TO [MCIEpPCHS, BXOJsLiasi B BHAE BHICUIHX IPOH3BOJ-
HEIX F, BXOOHT TakuMm 06pasoMm, 4TO MOXKET YPaBHOBECHTb CTpeM-
JieHHe BOJHBI 06pymiuThes. [lpunumas u = F, (4 — eIHHCTBEHHas
rOPH30OHTAJIbHAsl KOMIIOHEHTA CKOPOCTH B TJIABHOM IOpAiKe, TaK
Kak @x = Fx —(€/2) (y + h)2Fxxx -+ O(?)), mul nocne gudepenuu-
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poBaHus (2.9) no x monyuaem
1
u+n,=e (-5 Duyyy — uux) ) (2.11)
1
N+ (Du)y =e (G Dttgsy — (), ), (2.12)

rie D=1+ h. (Hanomuum, uro @.(y=1)=u—ze(h?/2)u. +
-+ O(€?).) DT ypaBHEHHS] ONHCHLIBAIOT ABUXKEHHE XKHIKOCTH C BOJ-
HaMH, HAYIIHMH KaK BIPAaBo, TaK H BJIEBO, OJHAKO, €CJIH HCKaTh pe-
wenuns (2.11), pacnpocrpaHsiolHecss TOAbKO B OAHY CTOPOHY, MOX-
HO B mpejese NoJAy4uTb GoJsee mnpocrtoe ypaBHeHHe Kn®. OueHnp
BaXXHO HCIOJb30BATh NPABUJIbHBIE XaPaKTEPUCTHKH

X

—_— 1 aXx
@i=+t+;gm, (2.13)

rae X =ex. U3 (2.11) u (2.12) MOXKHO NOJYYHTb OZHO ypaBHEHHE
nast F, uarerpupysa (2.11) uan paspewas (2.9):

1 o2
N=—0; — 5 P;.
[Moacrasasas (2.7) B (2.12), moayyaem
D3
Ftt_(DFx)x=_28Fxet""BFtFxx+8—3— Fygrx- (2.14)

Tenepn yke HeTPyJHO BBHIBECTH ypaBHeHHe, ONMCHIBalollee MOBeje-
Hue F Ha O60/bLIMX paccTOsiHHAX. Bo-nepBuix, nmodoxuMm D = 1.
Hanee, 6ynem pemarsb (2.14) urepannsMu (aHaJoruuHas npouesypa
Hcnoab3oBasnack B pasia. lc). Tlonmoxum F=f-+4eF, 4 ..., rae
[=f(@y=—t+x, X=cex). Torna B ruasHoMm mopsaake (2.14)
Gyzer yaoB/ieTBOpeHo, a useHbl nopsiaka O (e) NMpUBEAYT K ypaBHe-
Huio aua F, (nonaraem 0, = @)
2
Fm“ﬂ::;:?—“‘*‘g%=2fe:x+3fefee+%feeee,

rae ©-=1t¢+ x. Unen 2fex Bo3HMK M3 F. W yuuTHBaer caa6yio
3aBucHMOCTb f oT X. Tak Kak mpaBasi 4acTb 3TOr0 ypaBHEHHs He

3aBHCHT oT O, F, Oyner nuneiino#t ¢ynkunedi ©_, ecam TombKo f
He 6y/leT YAOBJETBOPSTL YPaBHEHHIO

2fex+3fefee+%feeee=0- (2.15)

Tenepn, ecain D He KOHCTAHTA, a 3aBUCHT OT X = ex, BCS npoueny-
pa ocTaHeTcsi TOYHO TaKOH JKe, eC/JH TONBKO MOJIb30BAThCS Tpa-
BUJIbHBIMHM XapaKTePHCTHYECKHMH KoopauHaTaMu O, u O_, onpese-
JeHHpiMu B (2.13). $I ocraBiisjo unTaTeN]0 B KayecTBe yIpakHeHHs
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NOKa3aTh, YTO [JI HCKAIOUEHHS ceKyasipHoro pocrta Fj, rue Fy ==

=f(04, X)+eF1+ ..., Heo6X0AMMO BHIOJHEHHE YCJIOBHSA
9 D
gx + 69ge + qeoe = — 75~ 4, (2.16)
rjie MbHl HaliHcaJlH © BMecTO O,
2
fe=3 D, (2.17)

H 7 BhIpaxKaercs yepe3 paccTosHue X no dopmyle

X
7= SDlﬂdx. (2.18)

Mu Gynem HasuBaTh (2.16) Bo3MyleHHBIM ypaBHeHueM Ka®, uiau .
BK1®.

Crenyer chesaThb HECKOJBKO 3aMeuaHHil. Bo-mepBIX, 3aMeTHM,
yro H3GpaHHAs HaMH ¢opMa 3aNHCH YPAaBHEHHs SIBASETCS SBOJIOLH-
OHHOH MO X, a He mo { i npoduas g(t,B), saBucsauiero or (o0r-
PHLATENbHOr0) BpEMEHH C 3ama3/ibiBaHHeM,

X
1 dX
o=—t+\Jm

Ecan D nocrosiHHO, 0AMHAKOBO YAOGHO HCIOJNB30BAaTh H f, U X KaK
5BOJIIOLHOHHYI0 NepemeHHyw. Ecan, onHako, cpeia caMa 3aBHCHT
OT X, HeOGXOAHUMO MCIHOJIb30BaTh NocaenHiol. OnHa W3 HpobJieM,
KOTOPYIO MH GyZfeM IO03XKe J0CTATOYHO MOAPOGHO aHaJ/JHM3HPOBATh,
dopmyanpyercs ciaexyomuM ob6pasoM: ecad npu x =0 3agaHo ¢
Kak (yHknua f, obpamamliasics B HyJb NpPH f-—> oo, HalTH
q(x, t) nas Bcex x = 0.

Bo-BTOpHIX, MBIl IOKaxeM, 4TO AJIsi TOTO, YTOGH CYHTATH MPABYIO
yacts (2.16) Bo3MyuieHueM, HeoOxoauMmo, uToOH Dx/D 6buio 1O-
panka o < 1. OxHako, KaK MH NMOMHHM, MBI yKe NnpeHeOperyan uje-
HaMH mopsjaka &2 B ypaBHenusax (2.11), (2.12), u nostomy MH
JIOJIKHEI TOTPe60oBaTh

e<ao<l. (2.19)

B-Tperpux, paccMOTpHM IIOTOK MacChl uepe3 ceueHue X B 3aBH-
CHMOCTH OT BpeMeHHU. M3 caMux ypaBHeHHH moJydaem

1481

a ~
I3 S fidy = —, (2.20)
-k
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rape 17=(px——9T0 HCTHHHAsA IOPHU30HTAJbHad CKOPOCTbD. Takum 06-
pasom, eCJiH MaccChl IIpH t= —|—oo H —o0 CcOoBNajAamwT, noJyyacm
oo 142y

2 Ja(]

—co ~r

z'idy) =0, (2.21)

H B I'IaBHOM IOpsAAKE 3TO O3HA4Ya4eT, YTO

[+ ]

= S Dudt =0 (2.22)

- 00

¢ u=F, Teneps 3aMeruM, uto U3 (2.16) MOXKHO yBHIETH, UTO

2 S D¥gde =0, (2.23)

— 00

HJIH, BO3BpallasaAChb K KOOpAHHATAM X H t,

3"; S D3tydf =0, (2.24)

- 00

D10 o3Hauaer, uto BKa® He coxpaHsferT INOJHBIH IIOTOK MacCh
yepe3 3ajaHHoe ceueHue, OOBACHAETCA 3TO TeM, YTO HPOHCXOJHT
oTpaxeHHe 4acTH BoAnl. [lo3TOMy A/ KODPEKTHOrO aHajn3a BJHA-
HHS IlepeMeHHOH IJyOMHBI CJejyeT paccMaTPHBaTh TaKiKe ABHIKe-
HHMS TIPOTHBONOJIOKHOTO HanpaBjeHHsi. Mbl chejaeM 3TO, Koraa
6yneM pas3bupaTh pacupocTpaHeHHe yeJHHEHHOH BOJHH B CTOPOHY
6epera.

B-uerBepTHIX, BHIBEJAeM 3aKOH ['pHHA, H3BECTHHIH YyXKe OKOJO
150 ner. IlpencraBuMm cebe JHHEAHYIO BOJHY, BXOAALLYI0O B 06JacCTh
MEeJJIEHHOTO H3MeHeHHusl riy6uHbl. Torjga ypaBHeHHe, ONHCHBaloOIee
9BOJIIOLHIO €e aMIUIMTYAB ¢, paercs (2.16) 6Ge3 ABYX moCaeqHHX
ujieHOB B JIEBOH 4YacTH. Pe3ayabTaT COCTOHT B TOM, uto D%4q, D3/4y
u D4y (HanoMHHM, YTO 1 ~ —@; ~ D~1/2¢,) 3aBHCAT TOJBKO OT
® M M03TOMY He MEHSIOTCS BAOJb HCTHHHBIX XapaKTePHCTHK.

Tenepp MB MOXeM ONMCATh, KaK HaZo paboTaTh C ypaBHEHHEM
(2.16) u c mosHO# ABYXBoJHOBOH 3amauedt (2.11), (2.12). Boo6pa-
3HM CJeAYIOUIYyIO CHTYalHio. YeAHHEHHass BOJHA ¢s aMIVIHTYAH 1o
NOSIBJIsieTCS] B MOMEHT BpeMeHH ! == 0 B Touke x =0, B KOTOpPO# Ha-
YMHAeT H3MEHATbCS HEBO3MYyIleHHast rJAyGHHA. YejHHeHHasi BOJIHA
Gymer agnabaTHYeCKH H3MeHATbCS (T. e. OyAeT MeNJIeHHO MEHAThCS
ee aMIVIMTyJda) TaK, 4TOGH BHIOJIHAJCA 3aKOH COXpaHEHHS 3HEPrHH

9 Dz

-‘%ngd6=—3—-73—8q§de.
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OnaHako npH g = ¢s 3aKOH COXpaHEHHs MacChl

7=\ qd0=— 35 { qa0

He OyJAeT BHINOMHATHCHA. IlosToMy MBI JOJKHEL A00aBUTH K HAIY-
leMy HanpaBO NMOTOKY <«LIeJb(» ¢ aMIJIHTYAOH (OTHOCHTEJNBHO aM-
IJINTYAH yeJHHEHHOH BOJIHBI) IOPSiIKa G, IPOCTHPAIOLIHHACA MEXAY
TOYKOH @4 = 0, 10 KOTOpOH MOTyT HOHTH GEeCKOHEYHO MaJible BO3-
MyIIeHHs,, H caMO# yeIWHeHHOH BOJIHOH, T. €. pacmoJiaramoouiuics
Ha JJIMHE Nopsiaka ¢~! (B eQMHHUAX LIMPUHBI YeJUHEHHOH BOJIHEL).
ITosToMy 3TOT menpd MepeHOCUT MOTOK MaccCh TOrO XKe MOpPsiAKa,
4TO H yeJHHeHHad BoJHa. B ob6maacTu, HEMOCPeXCTBEHHO CJleLyIo-
uleif 3a 3afHUM (QPOHTOM COJNMTOHA, €r0 aMIJUTYAA onpeaeaseTcs
HeBA3KOH B OanaHce macchl. Ero paJspHeHmiasi 5BOJIOLMS M3 3TOH
o6J1acTH MPOUCXOAHUT Mo 3aKoHy I'puHa.

JTOro, OJHaKO, ellle HeJOCTAaTOYHO, TAK KaK Mbl yXKe BHIEJH,
YTO 3aKOH COXpaHEHHsI NOTOKA MAcCChl NO-TIPEKHEMY HE BBIMOJIHSA-
erca U TOJHBIX (JBYXBOJHOBBIX) YPaBHEHHH, JONYCKAIOIHX
BCTpPeyHble BOJHBL. [103TOMY MBI JOJMXKHBEI 100aBHTh elle OAHY KOM-
NOHEHTY — OTPaKEeHHYI0 BOJIHY, HMEUlyI0 aMIJIHTyAy (OTHOCH-
TeJIbHO YeAUHEHHOH) NMOPSIAKAa ¢ H COCPefOTOYEHHYI0 Ha HHTepBale
¢ AJIHHOH, paBHOH BeiuyuHe (0g)~!, YMHOXEHHOH Ha LIMPHHY yeaH-
HEHHOH BOJIHBI, TaK YTO TOTOK MAacCHl, CO3[aBaeMbIll €0, HMeeT TOT
JKe MOPSILOK, UTO U NOTOK MAacCH, BHI3BBAHHBIH IBYMS ADYIHMH KOM-
IIOHEHTAMH, ABHXKYLIHMHcA BrnpaBo. ITojie cKOpOCTH 3TOH OTpaKeH-
HOW BOJIHBI 3aJlaeTcid Ha <«IpaBOH» XapakTepucTHKe npu O, =0
M HMMeeT BeJHUHHY, ONpeflesIsieMyl0 pas3jiHyHeM B IIOTOKaX Macchl,
onpeneasieMbix 10 BKA® H 10 NOJHBIM ABYXBOJHOBHLIM YPaBHEHHSIM.
Ee mpocTpaHcTBeHHOe NOBejeHHe OlpelensieTcsl pellleHHeM 3a1ayH
I'ypca: 3aganu 4 Ha O, =0 u 1\ =u =0 Ha O_ =0, HyKHO HalTH
1, 4, YAOBJETBOPAIOUINE JHHEapU30BAHHBIM ypaBHeHusiM (2.11),
(2.12) B xBapgpante 04 << 0, O_- > 0. OxasniBaercs, yT0 Du u n—
KOHCTAHTBI ¢ TOYHOCTbIO 10 O(ec)? BIOJb OTPHUATENBHEIX Xapak-
TepucTUK O_. 3akod I'puHa 3gech HenpuMeHHM, MOCKOJBKY rpa-
JHEHTBl NOJIEBBIX NMePEMEHHBIX 4, 1) OJHOTO NOPSAKA ¢ TPafgHEeHTOM
HEBO3MYILEHHON TIyGHHBL.

Hcxoas H3 sTux Hpeil (KOTOpHE MOTYT GHTh OXapaKTepH30BaHbI
KaK «PasyMHOe HCMOJb30BaHHE 3aKOHOB COXPaHEHHS»), MOXKHO MO-
JYYHTh IOJHOCThIO CAMOCOIVIACOBAHHOE PellleHHe HCXOJLHOM 3a4auH.
JI1060NBITHO CPaBHHTH NMOTOKH MAcCCHl, CBSI3aHHBIE C KaXIOH H3 Tpex
KOMNOHeHT pemlenus. Ilotok wMaccel 6yAeM HOPMHpOBaTh Ha

(8/3) ngpe'2h}  ((4/3) nieh, — ammiuTypa HaGeraomed yexHHEHHOHN
BOJIHBI, p — IJIOTHOCTb, ho, h(x) W h; — HauaibHasi, TeKyllas H KO-
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HeYHasl HeBO3MYLUIEHHEIE IMyOUHBI COOTBETCTBEHHO) :

h
YeaAHuHEeHHass BOJIHA T
0

2
hio !

hf 1/4 h \V/4
oTpaxKeHHass BOJIHA (70—) _(—E) .

CyMMa BCex THX TpeX €CTh NOCTOsiHHasi BeauuuHa (h;/ho)'/4, pas-
Hasg NOTOKY MacChl BIOPAaBO IIOC/JIE TOro, Kak HMMIYJbC HOCTHTHET
HOBOH HEBO3MYUIEHHOM IJyOHHBH M JajibHeHillero OTPaXKEHHs yiKe
He Oyxer. OTMeTHM, B YacCTHOCTH, TakKoH HHTepecHb!l ¢akT: eciu
hf < ho, OCHOBHasl 10Jisi BOJABl OTpaxaercs. HeKOTOpHeE H3 3THX
BBIYHCJEHH MBI mpopenaem B ra. 3. Bosee neranpHO ¢ 3THMH BHI-
YUCJIEHUSIMH H CBSI3aHHBIMH ¢ HHMH De3yJibTaTaMH MOXHO IO3HaKO-
MHUTBCSL N0 paboram [43, 45, 46]. Ons HekoTOPHIX HEOOXOAMMOCTb
BBEJleHUSl OTPakKeHHOH BOJIHBI BCe ellle fABJASETCH MPEeAMETOM CIIO-
poB. DTO CBSI3aHO ¢ OUIyIleHHeM, YTO cJab0 MeHsIOLHiics YKJOH
OyxeT B JyulieM cJydae NPHUBOJAUTh K aJHabaTHUYECKOMY OTKJIHKY
BOJIHBI, a OTpaxKeHHas BoJIHA OyHeT 3KCINOHeHLHaJabHO Majsol. Ox-
HaKO CyllecTBOBaHHe TOUKH, HAUHHASl ¢ KOTOPOH IMy6MHa HayuHaeT
MEHATbCS, 03HAUAeT, YTO OTKJIUK He ajgnabaTHyeH. YeiHHeHHas BOJI-
Ha 4 aMILIHTYyAa CAeAYIOUIero 3a HeH «xBocra» (uenabda) MeHH-
IOTCSl HE3HAUYHTEJbHO, OJHAKO 3TO He OTHOCHTCSl K 00JacTd, 3aHH-
MaeMoit nociefHuM. OH TsHeTcs OT 3agHero (POHTa COJHTOHA MO
TOYKH, JO KOTOPOH pacnpocTpaHMJIUCh OBl BHLIEAILIHE H3 Ha-
yaJbHOA TOYKM HauboJjee NJMUHHbIE JHHEHHBIE BOJHBL. DTO O03Ha-
yaeT, YTO [BHralouiuiics BHPABO XBOCT MMEET KOHEUYHYIO NJHHY H
NO3TOMY 3a €ro cyeT Bechb MOTOK MAacchl He MOXeT GbITh CKOMIMeEH-
CHpOBaH.

DTOT pasjes MBI 3aKOHYHM HEKOTOPBIMH IOSICHEHHSIMH O DPOJIH
TOYHO pemaeMblx ypaBHeHH#l Byccunecka [47] u Kazomuesa —
[Mersuampuau [48]. IlepBoe W3 HHX HMeeT BHA

Ugp — Uy == Uy Uyy -+ Ugxxxe (2-26)

Msl BuauM, uYTO pemeTouyHoe ypaBHeHHe (1.3) umeeT TOYHO Ta-
KOH e BHA, U €CJH MB [03BOJIHM cefe HEKOTOpYI0 INHPOTY (a
uMeHHO, 3aMeHuM F; Ha —F,), TO e OTHOCHTCS K YPaBHEHMIO
(2.14) 1). Onnako B KakoMm cmbicie (2.26) maer GoJsiee TOYHOE OINH-
caHue coOunTHi, yeM aBa HecBszaHHHX Knd? Orser 3akaiouaercs

XBOCT COJIUTOHA (h—’:)w—— (2.25)

1) 3amerum, uro (2.14) ¢ D = 1 npunnumaer Bum (2.26), TOMBKO ecau Mm
HIieM Geryiuue JHMIL B ORHY CTOpoHY pewtenust F(—f 4 x), nonaras F; = —F,,
Fyt = —F,,. VIMeHHO 3TOT BapHAHT YPaBHEHHsS CBA3BIBaeTCS C UMeHeM DByccu-
HecKa.



60 Faapa 2

B TOM, YTO OHO He sIBJseTcst GoJiee TOYHHM, NOCKOJBKY MAJs TOTO,
yToOH npaBas 4acTb B (1.3), T. e. HeJMHeHHBIA W AHCNIEPCHOHHEIH
YJeHH, OBJI2 OJHOrO MOPSAAKA C JIeBOH, HYXKHO, 4TOGB OTGPOLIeH-
HBle HAMH YJIEHB (82Yxxxxxx U HEJHHEHHBIE THNA &2YxxYrxxx) OBLIH
OZHHAKOBO BaxXHH. MoOXHO 103TOMy 3ajaaTh ApYrod sompoc: OG-
BaeT JIH CHTyallusl, B KOTOPOH KaHOHHYECKUM ypaBHEHHeM sIBJsIeTcs
(2.26)? Otser mojoxureneH. HanomHuIo, Kak 51 yXe yKasuBaJ, 4TO
€CJH B NepPBOM NPHOJHKEHHH CHCTeMa SBJSETCS runep6o/HdecKoi
C HECOBNAJalOUHMH XaPaKTEPHCTHYECKHMH CKODOCTSIMH, TO MaJbie
OTKJIOHEHHSI COOTBETCTBYIOLIEr0 HHBapHaHTa PHMaHa BOJM3H KaX-
JOro XapaKTepPHCTHYECKOTO HANpPAaBJIeHHS! ONHCHIBAIOTCS YPaBHEHHEM
Ka®. OnHako ecln ABe 3TH XapaKTePHCTHYECKHE CKOPOCTH GJIH3KH,
TO 3BOJIOIHH BJOJIb HHX HE MOTYT PAcCMaTPHBATLCS IO OTAEJNBHO-
ctd. Ouenb NMPOCTO MOKa3aTh, YTO NMOBeJEHHE Ha GOJMBLUINX BPeMeHaX
pellleHHH ypaBHEHHS

(G o= V) 8) (e V) =

—~ du 0% d'u
=eVe 5y gm T oG

AEHCTBHTEJNBHO ONMHChIBAeTCS ypaBHeHHeM DByccuHecka. B cHcTeme
OTCYeTa, ABHXYIIEHCS C NPOMEXYTOYHOH CKOPOCTBIO €, 3BOJIOLHSA
noist u Kak Qynkuus or X=x—ct 1 T=+/e! onucwmBaercs
ypaBHeHueM (2.26). Ilpuunna Toro, 4To HeJIMHEHHHIH YJEH [JOJKEH
ObITb BHIOPaH MeHbllle IHCIEPCHOHHONO, COCTOMT B TOM, YTO Ha-

yajbHas aMILIUTYAa AOMKHA yBequuutbes B 1/4/e pas sa cuer
HavaJIbHOro pesoHaHca (B rJaBHOM mopsiake (0/0f -+ ¢d/dx)2u=0),
npexje 4YeM BCTYNAT B HI'PY HEJHHEHHOCTb U JHCIEPCHS,

B kauecTse noc/ie/iHero 3aMeyaHHs B 3TOM pasjene, IOCMOTPHM,
YTO MPOM3OWM/ET, eC/M B 3ajaye O BOJHAX HA BOJIe HWJH B pelIeTKe
AOMYCTHTh €1abyl0 3aBHCHMOCTb OT APYTOH TOPH30HTAJBHOH KOOp-
JAHHATH, KOTOPYIO MBI 6ymeM 0603HauaTh z. ATO NpUBeJEeT K IOSIB-
JeHu10 B JeBHX yactax (2.14) u (1.3) nOnONHHTENBHBIX UYJEHOB,
NPONOPUHOHANBHHX —&F,; H —ec%y,, coorBeTcTBeHHO. He cocras-
JAsfieT TPyAa IOKasaTb, 4TO cooTBeTcTByoulee (1.6) KaHOHHueckoe
ypaBHeHHe, ONHCHBalOllee TNOBeJeHHe Ha GOJBUIHX BpPeMeHax, Te-
nepp 6yneT HMeTb BHI

Faat 2 For + Fefeg + 8%Fpeg = 0.

Ecan nojoxurb fr=6u, 1=c¢T/2 n npunsts 62=1, To ero
MOXKHO 3aNHCaTh B APYroM BHJE:

toz + 55 (e + 6utt, + tigy) = 0. (2.27)
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YpaBuenne (2.27) usBecTHO Kak ypaBHeHue Kamomuesa — [lerBn-
alIBUJIY ¥ TakxKe obJaajfaer psiOM 3aMeyaTeJbHHX CBOMACTB.

YnpaxHenuns 2b

1. BoiBeauTe ypaBHeHHe A/ NJIMHHBIX BOJIH B pelleTKe AJs
cJayuaeB, KOrja BO3Bpallalomasi cuiaa HMeeT BHJL F=k(A -+ aAd).
Bbl 00HapyXuTe, 4TO COOTBETCTBYIOlLlEe ypaBHeHHE — 3TO MOJHQH-
uupoBaHHoe ypaBHeHHe KopreBera — ge Ppuza (MKnd). Hccie-
ILyHTe ero pelleHHsl, HMeLlHe BHJ OeryIIHX BOJH. 3aBHCHT JH HX
CYLLleCTBOBaHHE OT 3Haka o.?

2. OkasbiBaeTcsl, 4TO KoMIAexkcHBi BapHaHT MKa® — Toxe
YHHBepca/JbHOe yPaBHEHHe B TOM CMBIC/IE, YTO OHO BO3HHKAeT BO
MHOTHX acCHMITOTHYECKHX 3ajayax. OaHa M3 HHX — 3TO 3ajava
O HH3IWHX IHGPUAHBIX BOJHaX B nuasMe. Ynratesio peKoMeHAyercs
o6paTuTbes K cchlikam B [118], u B yactHOCcTH K cratbe I'. JIxk. Mo-
paneca u WM. L. Jlu «CoaHTOHONOAOGHKE CTPYKTYPH B IJIa3Me»
B Rocky Mountain J. Math,, 8, 1, 2, suma, Becua 1978.

3. TlokaXuT€, YTO aCHMNTOTHYECKOE MO TNPOCTPAHCTBY H Bpe-

MeHH I[OBeJeHHE NOoJs u(x—ct '\/et HJH '\/e x) NOAYHHAIONIE-
rocsi ypaBHeHHUIO

(F+e—ve)L) (s +l+ve)a)u=

— du a’u a‘u
=& /e ox o T e

3anaercs ypaBHeHHeM DByccuHecka. MoxeTe JIH BB yKa3aThb Ka-
KOH-JH60 KOHKPETHBIH INpHMep, KOTOPHIH NPHBOAHA OH K 3TOMY
ypaBHeHuIo !)? Halinure Takxke craunoHapHbie BoJHE B (2.26). Uem
OHH OTJIMYAIOTCS OT aHAJOTHYHBIX pewieHuii Knd?

4. PaccMoTpuTe ABYMEpPHYIO PeIUETOYHYIO MOAEJb, B KOTOPOH
Kaskjas Mmacca CBsizaHa C JBYMs THIIaMH cocefedl — npaBmiM, Je-
BLIM H BEPXHHM, HHXXHHM. Ecau ynpyras HOCTOsSIHHAast k, BepTH-
KaJbHLIX NPYXKHH HAMHOrO MeHbHIe MOCTOSIHHOA R rOPU3OHTAJIBHEIX
NPYKUH H OJHOrO NOPSJKA C KBaJPaTHYHOH HEJHHEHHOCTbIO ¢ IO-
CHeIHHX, TO eclu k; ~ a ~ h?, rae h— CMellleHHsT PeHIeTOYHBIX
Macc, TO YpaBHeHHe IJs CJerka HakJOHHBIX, PaCIpPOCTPaHSTIOMHXCS
BIPaBO MJH BJEBO BOJH B 3TOH pelleTKe OGyner ypaBHeHHeM Ka-
noMuesa — [lersuamsunu. Bynbre ocropoxnbl. [lomuuTe, uTO B 32-
KOH I'yka BXOAMT yJJIHHeHHe NPYXKHH, a He ero BePTHKAJbHbE HJIH
ropu3oHTa/JbHHE cocrabiasgiomue. Hadipure Oerymue BOJHH JJsi
sTofi Mojeau. Kak oHH cBsizaHH ¢ OeryuiuMu BoaHamu Kpd?

1} Hocae Toro Kak s 3agaj 371ot Bonpoc Ha Jekuusx UBMC, LL.X.Cio namen
tako npumep [49]
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2c. Heanneiinoe ypasuense Llp€aunrepa m apyride ypaBHenHs
aas orn6awomux. Jlydire Bcero HayaTh ¢ mpocToro npumepa. Pac-
CMOTPUM ONHCAaHHYI0 B Il. 1 Mozeap CKOTTa, COCTOSLYI0 H3 pabo-
Taolledl Ha KpydYeHHe MPOBOJOKH C BepPTHKAJbHO MOJBEIIeHHEIMH
K Hell H oueHb GJH3KO APYT K JAPYLY PACIOJOXKEHHBHIMH CBA3AHHBIMH
MasTHHKaMH, KOTOPble MOIYT BpalaThCsl B BEPTHKAJNBHOH ILIOCKO-
CTH BOKDYr JHHHMH mojaBeca. Ecanm u(x, f)— yron nosopora masr-
HHKa B TOYKE X, TO €ro JABHXKEHHE OIHCHIBAETCS YypaBHEHHEM
sin-Fopnon

uy, —cu , + mf, sinu =0, (2.28)

rje cujaa -—mf, Sin # BO3HHKAaeT BCJeACTBHE AeHCTBHUS CHJIBI TS¥Ke-

CTH, & CHJa Uy, MOJeJIHpYeT BausHHe KpyueHHus.. Temeps Boo6pa-
3HM, YTO MBI KOJeOJeM OJHMH KOHell LENOYKH MAaSTHHKOB ¢ OYeHb
MaJIofl aMIIMTYyJ0H M 4acToTOH . JoCTaToOYHO pasyMHO mpenrno-
JIOXKHTb, YTO MOXKHO HMCC/I€A0BaTh BO3HHUKaIOIlee B pe3yAbTaTe JBH-
XKeHMe, passarasi sinu B paa Te#tsiopa Bokpyr u =0. Yaepxupas
nepBble 1Ba 4jieHa, NoJaydaeM

2

Uy —cu,, + olu= —0)61 w+ ... (2.29)

JluneapusoBanHoe ypaBHeHHe NONYCKAeT rapMOHHYECKHE pelleHHs
u=-e~tot+ik% rne k BelllecTBEHHO, H ONpPeJENAETCA JHCIEPCHOHHBIM
COOTHOLLIEHHEM

0’ =02 + c%?, (2.30)

€CJIH TONBKO ® => wp. IIpn ® << @, BelHuHHA & SBJASIETCS YHCTO MHH-
MO#, H HayaJbHBle KoJieGaHHS SKCNOHEHLHAJbHO 3aTyXaloT 1O X.
ITpeanonoxum, 4T0 @ > wp, TAK YTO BAOJb CTPYHH! (M3 MAATHHKOB)
pacnpocTpaHsOTCs HacTosili{e BOJHBL Telepb €CTECTBEHHO TaKXKe
OXHJATh, UTO MOCTENEHHO HeNHHeHHBle WIeHB GYyAyT MoAu(bHUUPO-
BaTh 3TH JBHXKEHHUS, TAK KaK MBI 3HAeM, YTO II€PHOJ HeJHHeHHOM
IPYXHHB (TaK e, KaK H NePHOX OLHOTO MAasITHHKA) 3aBHCHT OT
aMmuTy Al YToObl HAaBTH 3TH M3MeHeHus, GyaeM HCKATb pelleHHs

(2.29) B BUgE
u=ce(uy+ eu, + u, + ...), (2.31)

rpe
Uy == aetkx—iot -+ a'e"‘k"““’t, (2.32)

¥ MBI CYHTAEM, YTO @ MOXKeT ObiThb MeJJeHHOH (yHKuHeH BpeMeHH,

a;=¢eA, (a, a") &4, (@, a")+ .... (2.33)
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Kosdpduuwrentol A;(a,a*) BuiOpaHbl TakuM o6pasoM, 4ToGbl noaa-
BUTb CEKyJsIpHOe NoBefeHue!) uy, iy, ... . Ecan 66l Mbl 110/1b30Ba-
Juch OOBIYHBEIM METOJOM MHOTHX MacwmTaboB, HaM CJIeA0OBAJO OBl
sanuceiBath A; kKak 0a/0T,, T\=¢t, As—Kak 0a/0Ty, T,=¢%
v T. A Pemas (2.29) urepanusimu, noaydaem u; =0,

A=0, = —fred et ("),

.
i O
= 4+ — 227
A2_+4 maa’
B TO BpEMA Kak

2
u, == a,exp (ikx — it (co — —H— e"’aoa;)) +(*) (2.34)

U MEPHOJ ABHXKEHHs Bo3pacraer?). B KoHTeKcTe BOJH Ha BOJE pe-
lieHHe, BBHIYHC/ASEMOE TAKHM CIOCOG0M, HasbiBaeTcs 804HOU CTOK-
ca. Uuratenp OpH KeJaHUH MOMKET BHIUHCAHTb NEPHOJ KoJeOaHHH
MasTHHKa C MaKCHMAaJbHBIM OTKJOHeHHeM 2ge|ao| uepe3 3JJHNTH-
YyeCcKHH HHTerpa/j ¥ IpPOBEPHTb, UTO B pe3yJbTaTe pPasJOKEHHS MO
ammiauTyAe noayuurcsi (2.34) (cm. ynpaxsenue 2c(l)). Ormernm,
YTO NIPH BCeX 3THX BBIUHCJICHHAX IPOCTPAHCTBEHHAs] CTPYKTypa
e’** prpaer maccuBHYO poJib. EciH @ (QHKCHDOBAaHO, TO B COOTBET-
ctBun ¢ (2.30) duxcuposano u k. Ho mockosbkKy KoJjeOGaHHsI CO
cTporo (pUKCHPOBAHHOH YacTOTOH €03[aTh HEBO3MOXKHO, TO CIEKTP
yacToT KoJieGaHus OyaeT HMeTb XOTb H MaJylo, HO KOHEUHYIO ILIH-
puny p. Kak yyecTp 3T0 B HameM onucaHuu? OJHMH H3 CIOCOGOB —
3TO HCKAaTb pellieHHe Uo B BHAE KOHCUHOH CYMMBI BOJIH
=% ad N L), of=of+ o (2.39)
= +I—lK]

Ho sTor moaxoa rpoMo3loK H NPHBOJUT K CHCTeME€ CBSI3AHHBIX
HeJUHEeHHBIX YPaBHeHUH Ha aMINIUTYABl @j, YTO He CJAHIIKOM NpoO-
sicCHsieT cutyauuto. Jlpyro#i cnoco6, Ha KOTODPHIH yKa3biBaeT HaM
(2.35), cOCTOHT B NOWCKE pelleHHS B BHJe BOJHEBI, aMIIHTyJa KO-
TOpOl a sBJseTcs MeJJIeHHO MeHsollelicsd GyHKLIHeH x H BPEMEHH,
6blJl MepBOHAYaJabHO mpenoxed B [53]. HauGosee uHTepecHniil 6a-
JIaHC pasHbIX 3(PdeKTOB BO3HUKAET, KOTJA | = &.

IToBTopUM HpeAbIAyILHE BBIUMC/AEHHS, IpeanoJjaras, uro Ay,
A; — QYHKUMH OT Qy, @Y, Ayy H T. A, OoT X ==gx, a Takke OT

1) CekyaspHoe MNOBefeHHe OTHOCHTCSL K CHTyallid, B KOTOPOH HTepaluu
U, Uz, ... anre6paHuecKH pacTyT MO GHICTPOMY BPeMeHH HJH OBICTPOH KOOPAH-
Hate. Eciau 370 JoOmycKaeTcs, acHMNToTHueckuii psm (2.31) He Oymer paBHO-
MEpHO NpHrofieH Ha GOJbUIHX BpeMeHaX H PACCTOSHHSX.

2) CuMBoa (*) oGo3sHayaeT KOMIUIEKCHO CONpPSMXKEHHOe Bhipaxenue, — ITpunm.
nepes.
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a, a*. B nopsake O(e) umeem
uy, — c’uy,, + 0u, = (2i0a, + 2ikc’ay) e (kx—ot) L (*) (2.36)

rae a; = A,. Jlas nopasieHust CeKyJspHOro pocra u, HeoGXo-
RHEMO, uTOOH

ay, + Sk gy =0, (2.37)

T. €. YTOOK @ ABHIaJiOCh C 'PYNNOBOH CKOPOCTHIO BOJIHOBOIO MAaKeTa
o’ = do/dk, Buuncaennoit no (2.30). Torza u; = 0. B nopsaxe &?
@2
— 2 2y — P 353 (kx—wt)
Uy — Uy, + @2, = 5 ased +

. 1
+ (2"”‘11, —ap gt Cagyt+ 3 0)?,02&') gt (kx=ot) - (%),

H YCJIOBHE OTCYTCTBHS CEKYJSPHOTO POCTa AaeT
io” i o
iy 20 )0 B
ar, g — 75 ¢4 =0. (2.38)

Has nonyuenus (2.38) mu ucnonbsoBaiu (2.37), BBIpasuB  ap .
yepes a,,. Kpome Ttoro, § =e(x—o't), Te==¢ u 0" ecrp Auc-
nepcus d?w/dk?, BuuucieHHas mo (2.30). YpaBHeHue (2.38) ecTb
HeJiuHelHoe ypaBHeHue IlIpénuxrepa. 3aMeTHM, YTO OHO B KayecTBe
YAaCTHOTO DelIeHHs COAEPKHT He 3aBHCAIIEe OT X YacTOTHO-MOAY-
JupOBaHHOe peweHHe (2.34), HO (M 3TO OYEHb CYLIECTBEHHOE HO)
3TO pellleHHe HeycTOHYHBO, €CJH Npou3BejeHHe KoaddHuuHeHToB Ile-
pex aucnepcuoHHEM (0”/2) u nHenunedtHniM ((1/4) 0%/0) uneHamn

HOJIOXKHTENBbHO — CHTYalUUs, KOTOpasi MMe€eT MeCTO B HalleM IIpH-
Mepe. ITo HeycTOHUHBOCTB, OTKpPHITass Denmkamuuom u Pefipom
[51] 1), korma OHM 3KCIEPHMEHTaJbHO MNHTAJHCh HOKa3aThb cylle-
CTBOBaHHE JJs BOJH Ha Boje pemeHusi CTokca. DTO Ype3BHYAHHO
CyllecTBeHHAsl HeyCTOHYHBOCTb, IOCKOJBKY OHa BBI3BIBa€T NpeBpa-
HleHHe NOYTH MOHOXPOMATHUECKOro Lyra BOJH B CEPHIO HMIYJbCOB.
SI Gymy BcKope HECKOJBKO JeTajbHee OOCYXJAaTh NPHPOLY ITOH
HeyCTOHYHBOCTH.

IToka ke, ogHAKO, s XOUY BEPHYTbCS K NMPHYMHAM YHHBEpCaJib-
HoctH HYUI n nokasaTh yHHBEpCaJbHYIO CTPYKTYPY BCeX JHHEHHBIX
ujleHOB B HeM. PaccMmoTpum ypaBHeHHe

a ad
Lo o)u=N@, & ...), (2.39)

1) Ora meycrofiymBocTh OHJIA MpeACKa3aHa TEOPETHUECKH B KaHAHAATCKOM
nucceprauun B. E. 3axaposa 1966 r. DToT pesyanTar, B OTJIHUHE OT TaMHJLTO-
HoBOro (opMaaM3Ma M BOJIH Ha BOJe, He NMOJNYIHJI HIHPOKON H3BECTHOCTH. —
ITpum. nepes.
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roe Lu n N(u? u? ...)—auHeilHbll 1 HesliHeliHBIl OltepaTopHl
C NOCTOSHHBIMH KO3((HLHEHTAMH, COfepiKaline 4 H ee [POU3BOA-
Hele. Ilycty suHefinas yacth (2.39) gomyckaer rapMOHHYECKHE pe-
IIeHHsT BHAA

u == qget (kx—0t), (2.40)
rae

L(—iw, ik)=0 (2.41)
ecTh JIHHEIHOe [LHCIEPCHOHHOE COOTHOLIEHHE, ONpejessiollee @ Kak

GYHKINMIO 0T k, uiau Haobopor. Tak kak (2.41) Bwimoansercs aa4
BCEX &, MBI MOXKEM IOJYUYHTb, YTO

—ialLy 4 il =0, (2.42)
—_ i(D”Ll - 0),2L“ —I" 2(0,L12 _— L22 = O, (2.43)

auddepeHuMpysi MO0 2 OJAMH H [ABa pasa COOTBETCTBeHHO. Tenepb
Oynem HcKaTb pewenust (2.39) B BuAe

u(x, t)=ce(uy+eu; + e+ ...) (2.44)

NpH up, 3ajaHHOM N0 (2.32), ¢ MelJileHHO MeHsilolledcs B 3aBHCHU-
MOCTH OT KOOPJUHATBHl H BpeMeHH aMIIUTYnoi a. Tenepp 3aMeTHM,
YTO B COOTBETCTBHU C AJTOPUTMOM MHOTrOMaclUTaOHbLIX pa3JOKeHHMH
L(0/0¢, 0/0x) dhopmanbHO NPUHHMAET BHI

0 a a a (i)
L(srtear +2 55 o Teax) =
J J g J
=L (5 3¢) +e(bi o +L3p) +
. ? 0? 1 9
e (Lot 5 + ) @45)

=+ L — Lop—-
or, 'rf+ a1, 0x ' 2 "2 ax?
YTOo Mbl OypeM 3anucuBaTh B Buje LO el 4 g2L®, Peiras
(2.39) urepaunsaMH, HoJgydaem

L(O) ( at ] ax uo - 0 (2.46)

C pellleHHeM
u():a(X’ Tl’ T2: .. ') ei (kx—0f) + (*) (2'47)
H @ U k, ynoBaerpopsiomumu (2.41). B cnenyrowem nopsake O (e)
LOy = — LMy 4 N (45)- (2.48)

Kakue 3jech ujeHBl ceky/JsapHHe? IDTO Te 4YJeHb B NPaBoil 4acTH
(2.48), koTopple NMPHBOAAT K PEIIEHHIO 4;, a/ireGpaHuyecKH pacry-
WeMy 10 x HJAH f. IX MOXKHO OTJIHYUHTb MO TOMY, YTO HX CTPYKTypa

3 AL Huosan
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no x u ¢ npuHajgaexur sapy omneparopa L©. Hanpumep, LMu,
IPHHAAJIEXKUT K TAKOMy Kiaaccy, ecid LIOLMyy = LOLOy, Kakue
wieHbl B N (u4f) sABASIOTCS CeKyasipHeIMH? HileH 4] COAepXHT BTO-
pylo rapMoHHKY a?exp 2i(kx — wf) u cpeiHuii uaer aa*. Ho mo-
CKOJIbKY JHCIEPCHsl CHJIbHAasl, TO NOYTH AJsl BCeX R CIpaBeJIHBO
o (2k) %~ 20 (B), 1 mostomy L .e2ilkx—0h 2£ 0. OpHako cpeHHUH ujieH
aa* MoXer npuHapiexats aapy L. Ecan sto tak n N (u3) = 0,
TO B pelleHHe HYJIEBOro NPUGJHKEHHS Uy HEOOXOAHMO BKJIOYHTH
cpeAHHH uieH, MeAJieHHO MeHsolluiics o x K {. B Takoll cuTyauHu
«BoJiHa» e(® gBjasercd TpeTbell yuacTHHIEH TpHajaLl B TPEXBOJIHO-
BOM pe3oHaHce (cM. pasz. 2f).

Yame ObiBaer, yTo N-aa* B 3TOM HOPSAJKEe PaBHO HyJi0. 3TO
IPOUCXOJAHT H3-3a TOTO, YTO yPABHEHHE HMeeT BHYTPeHHHE CHMMeT-
pMH THNA TaJHJieeBOH HHBAPDHAHTHOCTH, YTO JejaeT HEBO3MOX-
HBIM NpOCTO A06aBaATb cpejHHi noTok. (B kxauecTBe mpumepa Ta-
Koro N MOXHO mnpeacTaBastb cebe d/dx.) C Apyroi CTOPOHHI,
BCJeNCTBHe MeAJICHHOH 3aBHCHMOCTH orubaiouied OT x JOKaJbHhHE
cpeiHue NOTOKH THNA &2(d/0X)aa* MOryT BO3HHKATh H, €CIH HX
He y[IaJIiTh, BBI3bIBATh CEKYJSAPHBIH OTKJMK B IOpsiiKe €? B up. Ta-
KOH uJleH He HapyllaeT HHKAKHX IJIOGaJbHBIX 3aKOHOB COXPaHEHHS.
OH MOXeT Ha KaKOM-TO y4acTKe [OBHICUTb Cpe/iHee 3HaueHHe, Ha Ka-
KOM-TO HaoGOpOT, TaK 4TO IIOJIHAST «MacCa» CUCTEMBl He MeHseTcs.
51, ogHaKo, jesaip aklUeHT Ha BO3MOMKHOM IPHCYTCTBHH 3TOro 4Jie-
Ha, TaK KaK HMHOrJa ero o4eHb JIerKo ymycTHTb. [Js ydera 3TOro
sdpdekTa 0T cpejHEero MH JOJNKHH BKJIOYHTb OJLHODOJHOE pelue-
HHe b B u; (WMJH IPOCTO B Up, HO B NOPSIAKE € — 3TO TO JKe camoe).
SroT cpenHHil uwieH b 3aTeM BJMAeT Ha BO3MOXKHOE CeKyJ/sipHOe
nopejgeHue eik*—oh B y, Ha ypoBHe O(e?) u3-3a KBaJPaTHUYHOrO
uneHa N (uowy). YCTpaHssi B 5TOM NOPSAKE CeKyJsipHbIEe YJeHbl, NO-
JyvyaeM CHCTEMY CBS3aHHBIX ypaBHeHHI Ha Orubaiomyro a 1 Mel-
JEeHHO MeHsIleecs cpexHee b. MHorna b MOXKHO BBHIDa3UTb B BHJE
BEJNHYHHBl Qa¥, YMHOXKEHHOH Ha KOHCTAaHTY, HHOrga Het. Mul BcTpe-
THMCS ¢ OOOMMH 3THMH CJy4asiMd B YOpPaxKHEHHSIX, H S YKaxy Ha
TPH KOHKPETHBIX (H3HYECKHX NpHMepa, rae 3TH 3PQPeKTH BarKHHL.

Ceityac paBaliTe NpPeANOJNOXKHM, YTO CpeiHee TEUCHHe He IpH-
HajJexuT K aapy L©, urto BHIOJHseTcs, HalpuMep, B cjyuae,
ecan L= 0%/0f — c?0°/0x* + «?. Torna eAHHCTBEHHBIM CEKYJISPHEIM
uneHoM B (2.48) Gymer Lyo, 1 mO3TOMY MBI JOJKHBl TaK BHGPAThH
3aBucuMocThb g oT X u Ty, utrobut LMyy = 0, a uMeHHO

da da
Ly g7+ L 55 =0.

Oanako u3 (242) Ly=-4w'L;, v ectt L, =0 (uro Mbl npeanoJa-
raeMm), To

a=a(X —a'T,, Ty). (2.49)
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HOanbplle Mbl HAXOAUM U;, COTepxKaliee BTOPHIE I'apMOHHKH H, BO3-
MOXHO, CPeIHHWH YJeH, NPONOPUHOHAMbHHIE aa*. B nopsake &2 ce-
KyJsIpHBIE YJIeHBl, HeJuHefiHble N0 @ U a* BO3HHUKAIOT M3 KBajJpa-
THYHOTO TIPOH3BEJleHHs Uo; H KyOHUHOrO usieHa ud. IOTO NMPHBOAMT

K TIOSIBJIEHHIO 4YJeHa, KOTOPHH Mbl 3amuiueM Kak BLja2a*. Jlunefi-
HBle CeKYJsApHbe uJeHH uMeloT BUE LPuy, uyro ¢ yuetom (2.49)
MOXeT ObITh 3alHCaHO KakK INPOU3BECHHE exp i(kx——o)t) Ha

Ly —= aT +(2 (0'2L11“(°'L19+ 5 Lo ax"

Oxauako ¢ yuerom (2.43) 3to paBHO

, @ 0%
Ly aT2 il axz)’

u nostoMy yHuBepcanabHull Bun HYII takos:

Ja___ 1" 0% 4 iagt. (2.50a)

3T, 2 o&f
Ilpu OGosbireM uwHc/Ie NPOCTPAHCTBEHHBIX H3MepeHHH § OCTaBJSIO
B KauyecTBe YIPAXKHEHUS MOKa3aTh, UYTO (OMATh MpepmoJaras cpen-
Hee HeCeKyJISIPHbIM)
da i 9%e 0% . .
BT~ T ). 9k oh oEor. — pa’d,
2 rs ros r-os
rae 0%w/0k.0ks — nucnepcuoHHbll TeH30p, & = e(X, — /) ¥ @, =
= 0w/3k, — KoMHOHEeHTa (BeKTOpa) rPyNnoBOf CKOPOCTH B Hampas-
JIEHHH X,
S1 cefiuac xouy cKasaTh, a TaKXe IOAYEPKHY NpPUBEAEHHHIM
B yNpa)XHeHUsIX MPUMEPOM, 4TO X M { B3aHMo3ameHsieMbl. Mbl TOU-
HO Tak e MOXeM HCKaTh pelieHde B Bule a(e(f— k'x), g2x)
c B =0k/00w = 1/(6w/0k), n Torna xoacddHUHEHT Aucnepcuu: 6y-
ner ik”/2. Takas dopMmyanpoBka yao6Ha, Korja ofMH HJaH oba ma-
pamerpa ¢? u @) (HanpHMep, KPYTH/IbHAs JKECTKOCTh NPOBOJOKH,
CBSAI3LIBAIOLIECH MASITHHKHM, WM HX [JHHA B HCXOJIHOM NpHMepe)
MeJIJIEHHO MEHSIIOTCS B 3aBUCUMOCTH OT X.
Ypasuenne (2.50a) npuHaAse)RUT K KJIACCy TOUHO peliaeMblX
Mmozedneit. IIpeo6pasoBanue

IIT
g= X, [0} 5 2 T, q B m—ﬂ” a
IIpHBOlIPIT ero K KaHOHI/II{eCKOMy BHlly
g+ iqxx + 2isq’q" =0, (2.50b)

rae s ==sign(p/w”). Mu nokaxem B IM. 3, K&K MOXHO BJOXKHTb
(2.50b) B cxemy oépa’moﬁ sapauu paccesanud. as s = +1 acumn-

3‘
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TOTHYECKOe pellleHHe HauasabHO#l 3anaun s (2.50b) cocrouT us
nocJjiefOBaTeJbHOCTH COJUTOHOB orubalouiei

g (X, T)=2nsech 2n(X + 4vr — X)) X
Xexp(— 2ivX — 4i (02 —n¥) v —ip,) (2.51a)

M Mon u3ayueHHs. JIJAS KaxKIOro COJNHTOHA TepBOHAYAJbHOE II0JIE
u(x, t) uMmeer BHA

u(x, )=2 z\/l%”—_Ien sech 2en (x — o (B — 2ve) t — x,) X
Xexp{i (k — 2ve) x — io (k — 2ue) t + 2i0"m%2%}. (2.51b)

3To BHIpAXKEHHe MOKa3blBaeT Ha OCHOBHOH Hemoctatok HYIII
Kak MojeaMm nJs (u3HUecKHX 3ajay. B To BpeMs Kak CKOpOCTb
pacnpocTpaHeHuss ¢asw KoJjebaHHl 3aBUCHT OT aMIIUTYAH (0T
), CKOPOCTh aMIIHTYAHOrO HMNyJbca (COMUTOHA orubaiomen) ot
1 He 3aBHcuT. [lapaMeTprl conuToHa v, M ompepensioTes (Tak XKe,
KaK H Xo, (o) HauaJbHBIMU AaHHBIMH ¢{x,0) (OHH aHaJOTHUYHLI Be-
JHuHHe §p == in, ana ypasHeHns Kn®), onnako, Kag BHAHMM, CKO-
pOCTb B apryMeHTe THnep60/HYECKOTO ceKaHca ecTh JUHeHHasd rpyn-
noBasg CKOPOCTb C BOJNHOBBIM 4HCJAOM k— 2ve. TPpYAHOCTE COCTOHT
B TOM, YTO Pa3JOXKeHHE BBINOJNHSANOCL TAK, YTOGH BHIYUCAUTL a3y
¢ TouHoctho Ao O(e?), onHako dasza rumepGONHYECKOro cekaHca
HMeeT ¢ B KayecTBe obuiero MHoxHTess. Ha caMoM mene 6ujo0 Gbl
KeJaTeNbHO NMOJYYUTh BHIpaxkeHHe st $asbl ¢ TOYHOCTHIO A0 €2,
T. €. B BHJE

2en (x — @ (B — 2ve) f — O (e%)).

TTocnepun#t wynen Gymer Torga 3aBHceTb OT 7). Bes coOMHeHHs, 3TO
BCE MOXKHO NPoJesaTh, OJHAKO NPH 3TOM MBI MOJIYYHUM JPYroe ypas-
HeHfie, Asadlolleecs Bosmyilennem HYII u yxe He npuHanexa-
Iee K TOYHO pemiaeMbiM. TeM He MeHee B HEKOTOPBIX OGCTOSsI-
TeNbCTBAX HYXKHO TOXEPTBOBATH MAaTEMAaTHUYECKHMH YIO6CTBaMM
TOYHOH pelaeMocTd, YyTOGH OTPA3HUTh CYLIECTBEHHblE (Hu3HUecKue
CBOHCTBA MoJesupyemolt cucreMbl. Masocrpanueil K a3ToMy CIOyXUT
ApaMaTHYeCKast HCTOPUS U3YUEHHSI TYHHENUPOBAHHS COJMHTOHOB. Bo-
Jee MOAPOGHO C 3THM BONPOCOM MOXHO MO3HAKOMHTbcst mo [52].
Ynpaxuenusa 2c
1. TlokasaTp, uTo mepuoj KoseGaHUi MasTHHKA ¢ MaKCHMaJb-
HON amnautynol A ectb
o n/2

T:._4__§ ..._._._dg)______, m2=sin2i_
S @p AT —=m?sin?p 2

Tokasath, uTo Ana Maawmx A 3ta ¢dopmynaa cornacyercs ¢ (2.34).
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2. Busectu HYII pas caenyomux npumepos:
@) uy—u,+ (o",-,u (1 —uu®)=0, u— xoMnIeKCHOe CKaJspHOe
noJe.

(i) uy 4w,y = —6aeuu,. 3ameTpTe, uYTO B STOM TpHMEpe
u = const ynosnersopsier HHEHHOMY YpaBHEHHIO, H iy ==ae® + (*),
0=Fkx —of, 0= —k3 B nopsike & nosy4ure a, —3k%ay=0u
u=b(X, Ty, To) + (a/k?) a’e*® + (a/k®) a*’e~*%. B mopsnxe e
L dug uy du, %u,
Ugt + Usexx = — T, 3 Svaxt — ar, ~ “oxoX

9 a
—_ 6(1'5; (uoul) — ba Tﬁ,—aa .

Hckaiouute B npaBoit 4aCTH UJEHB, MPOMOPUHOHANbHEE e* 0 y €0,
C NOMOMHIBI0 HAAJEeXaUero Bblﬁopa a, u b,. Bo nonque qTO

b, = —6a (ad’)y = (—20/F’) (aa’);, n noaTOMy b——( —2a/k» ada’. T1o-
JyunTe TaKKe ycnosHe a, 4 3ikay, — (6’/k)-ia’a"=0. O6pa-

THTe BHHMaHHe Ha ujeHn Buiaa a’e¥®a’e~'® u ae'®b, U3 KoTophIX.
BO3HHMKaeT HeNHHEeHHOCTh B YpaBHEHHH. YGeluTech B TOM, UTO, ecjH
BBl HE yuTeTe BKJaj b, 3HaK HeJHHEHHOro ujeHa GyneT NPOTHBOMO-
JIOXKHBIM, YTO NPHBEJET K NOJHOCTbIO OIIMGOYHBIM BHLIBOAAM,

({i1) wy — iy + Vlhyins = eBllyllyy,

uy = ae'® + a’e= 4 b; O=kx—ol; o®=c’k?-} vk,

9:9 *2 —2i6
ka +l e~ a, +max—0

U=

B nopsake O(e?) ycTpaHuTe ceKyJaspHBe YJEHbl H TOJYYHTE, UTO

ar+m’ax—~e(“§ Ayx — 5 bx—l-— l2vm 2a):_O,
bTT—C2bXX—ﬁk2(aa.)X, T—"-—'Bf, X =ex.

[Monoxkute by == p u NepelnlIHTE CHCTEMY B BHJE

i0” ip2k?
aT—l—m’ax—e(TaXX— o+ Toye @ ala ):0,

orr — C’pxx = Bk™(aa’)xx.

CpaBHHTE 3TH YPABHEHHSI C B3aUMOLEHCTBHEM JEHTMIOPOBCKHX H
HOHHO-aKyCTHUECKHX BOJMH B Il1asMe, NPHUMEHHTENLHO K KOTOPOMY
OHH Ha3bIBAIOTC YpPaBHEHUSIMU 3axap013a [68]. IIpasas 4acte
B Vpasmweuuu aas cpeatero nodis b(X, T) BoanuKaeT ReAeACTRUE
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T4K Ha3HBaeMOH NOHIEeMOTOPHOH CHJbL. DTO ypaBHeHHE MOXKHO 3a-
NHCATh KaK

Bk, ((aa*)xx - (1/52) (aa‘)TT)
1 —o0'%c?

+ O-(e),

2 —
Prr — CPxx =

NOoCcKOJbKY (aa*)r = —o’(aa*)x <+ O(e). [TosToMy Ta uacTs cpen-
Hero HoJsi, KoTopasi HHIYUHUDYeTCs MAaJBIMH rpafiveHTaMH oruGaio-
mel GEICTPOro MOJs, MOXKeT OHBITh NOJyueHa B IBHOM BHJe:

Bk2aa*
e o—c?’

CaenyeT OTMeTHTh BO3MOXKHOCTb DE30HAHCA, KOrAa IpynmnoBas
CKOPOCTb OLICTPOrO MOJSI COBNAafaeT ¢ (asoBod CKOPOCTHIO JJIHHHBIX
BOJIH, HJIH cpeqHero nojst. UutaTenb MOXKeT NOUEPOHYTh MOXAPOGHYIO
nHpopmauuio 06 3ToM pesoHaHce B crathix bernu (Stud. Appl
Math,, 55 (1976), pp. 93 ff; 56 (1977), pp. 81—94) u Hriosana
(SIAM J. Appl. Math., 35 (1978), pp. 650—664). Tenepp MOKHO
nepenucath ypaBHeHHe aas oruGaroumelt a(E =X —o'T, v=2¢T),

io” B2 o
a ——
d 5 g T 12y 0?—c¢

24
Saa =0,

M Haxonen, komMmeHTapuii k ypaBHenusM 3axapoBa. Ecau B Ha-
IIeM NpHMepe MBI BKJIOUHJAH OBl BTOPOE NPOCTPAHCTBEHHOE H3Me-
peHue,

Uy — CVu - YVu = efVu - V (Vu),

V =(0d/dx, 8/3y), To Mbl He CMOTJIH Gl TaK NMPOCTO BHIPA3HTh CPEA-
Hee moJie p uepe3 aa*. IlpuunHa 3TOr0 COCTOHT B TOM, YTO B ABY-
MepHOM caydae (cM. o6cyxpaeHue B pasi. 2d) «yeZHHEHHAs] BOJHA»
KOJJNANCHPYeT, U apryMeHT orubaimoliell He siBasieTcss GoJblle pas-
HOMEDHO TOCTOSIHHBIM Ha XapaKTEPHCTHKE TPYMIIOBOM CKODOCTH HH-
rie, Kpome HavadbHo# craamu. ITo Mepe pas3BuTHSI KoJJjanca Oru-
Oatomiell 1 cpenHero MoJs NpHOJMKEHHS, B KOTOPHIX OLIJIM BHIBee-
HBl YPaBHEHHUsI, TEPHAIOT CHJY H CTAHOBHTCA HeOGXOAHMBIM YYeCTh
YJIeHH, OTOpOLIeHHBe Npu aHajause. Tem He MeHee moBejgeHHe pe-
IIeHH#i ypaBHeHHH 3axapoBa YacTO PacCMaTpPHBAIOT KaK yKazaHHe
Ha TO, YTO MPOHCXOAUT B PEabHBIX CHTYALHSX.

IMpumepnr (ii) u (iii) caykar Takxke NPOTOTHUIIAMH AJs psifia
OJHOMEPHHX 3ajay TeopHH BOJH Ha Boje. Ilosmb3ysicb pa6oTamu
[54] u. [65], BEBenuTe HYIII

a+ ’ io” . 2._0
t max—"Taxx'l'"ﬁaa“'
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Al TIOBEPXHOCTHBIX TPaBHTALHOHHLIX BOJH. B aTOoM ypaBHeHuH
w?=gkT, T==thkh, S=sechkh,
4 2
ﬁ=-‘-mk2{9T 01249 1w
—®

2 8T* gh
w2 0e’S? hS*
X (g7 + Z- +50)

rae n(x, t), ypoBeHb CBOGOAHOM MOBEPXHOCTH, eCTh (a@/2)eilkx—0h |
+ (*), @ — yCKOpeHHe CHJIBI TSAXKECTH H Hh— HeBO3MylleHHas IJy-
6vHa. 3aMeTHM, 4TO f§ MeHseT 3Hak Ipu kRh = 1.36. IT0 O3Hayaer,
4TO COJIUTOHB 06pasylTcs Ha rIyOokod Boae (kh > 1.36), Ho
3TOr0 He HPOMUCXOJHT, ecau riay6uHa Menpme. Cayuait ABYX Ipo-
CTPaHCTBEHHBIX NepeMeHHBIX ob6cyxpaaercs y Bennn u Pockeca [56]
n y IsBu u Crioaprcona [57].

(iv) Crenpyiomiuii NmpHMep OCHOBBIBAETCS Ha 3KCIEPHMEHTAaJb-
Hblx HabaopeHusx By, Kecasna u PyaHuka (npenpuHT), yKashl-
BAIOUIHX Ha CYIleCTBOBaHME §IBJEHHS, HA3BAHHOFO UMM T'HAPOJHHA-
MHYEeCKHMH NOJSPOHAMHU B Pe30HATOpe B BHJE HANOJHEHHOTO BOAOH
Kesnoba. Mpes B o6mux yeprax Takosa. JIMHeHHOe AHCIEPCHOHHOE
COOTHOUIEHHE JJISI BOJIH B NPAMOYTOJbLHOH KIOBeTe ecThb w? == gk X
X th kh, rne k=(k§+k2y)”2. Honyctum, uto pasmep KioBeThl L,
B HanlpaBJieHWH y MaJ IO CPaBHEHHIO ¢ ee pasaMepoMm L. B Hampas-
JeHHH x. B skcnepumenre 6bio L, =2.54 ¢cMm u L, = 38 cmM, ray-
O6uHa BOoAH OhlIa paBHa 2 cM, OJHAKO BoJa Oblia riayGoKol B TOM
cMBIcTe, 4To kRh =&~ 3. KoMnoHeHTa 10 OCH y BOJIHOBOI'O YMCJA HHU3-
e MoJH paBHa B, = m/L,. OTMeTHM, 4TO eC/M 4acTOTAa @ HCTOY-
HHKa MeHblle co6cTBeHHOH uacToThl Moabt (0, 1) ck,=0, k,=

=ux/L,, o} ==gk,thkh, 1o BoJHAa He MOKeT pacIpOCTPAHSTHCH
no x, a Oy/leT 3aXBayeHHON y CTEHKH KIOBETHl CO CMeLIEHHEM CBO-
60aHOH NOBEPXHOCTH

_(_k2)1/2 .
nx, y, t) ~e ®] cos kyy (Ae—iot 4 A*elot),
rie of > o?=g (k4 k2)/2th (k2 + k2)2h u k% <0. Bumeyro-

MsIHyTbie aBTOPHl OOHApYXKHJM, UYTO BCJAEACTBHE KOMIIEHCAUHH He-
JHHEHHBIMH 5(Q¢eKTaMH JHCIEePCHOHHBIX, HMIYJAbCH THHA COJIHTO-
HOB MOryT pacrnoJaraThcsi B NDOH3BOJbHBIX MecTax KaHaja. OnHu
NMIYT 00 YOHBJEHHH, ¢ KOTOPHIM OHH OOHAPYXKHJIH JIOKAJH30BaH-
HHe HMMINYJbCHl B cJjydae, KOrja BO3MYLeHHe GBUIO OAHOPOLHBIM
no x. DTO, ONHAKO, HHCKOJBKO He YIHBHTEJbHO, H MBI YBH/AHM
B cjeAylolleM pasjee, YTO OAHOPOAHBIH OTKJHMK HEyCTOHYHB, H He-
YCTOHYHBOCTL HPHBOAMT K POCTY COJIHTOHOB HeJHHEHHOro ypasHe-
Hus lpénunrepa. st u3yueHus 3TOro SIBMEHHUS 51 HCHOAb3YIO MO-
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neab Jlspasa u Ilarrepwmana (npenpuiur), KoTopbie 3aMeTHdl, uio
B 3TOH 3apaue noayyaercss HYI u, ciepoBarenbHo, pemieHHsi co-
JHTOHHOTO THNa BO3MOXHbI. OHAKO ONSITh OHH He NMOHSJIH, YTO 3TH
pelleHus: Hen3GexHb. PaccMOTpUM ypaBHeHue

Uy — WV u+ yWau=eV(a?), 0<e<l

a2
9

u:"l(xi yv I)f V- de + d_jz'
ug=(A(X, T)e="" + (7)) cos ky,
uy=B(X, T)+ (Ae~?" 4 B, 4 A;e""“") cos 2ky,
rae Mol Buibpaau k(=£k,) 4 o TaKUMH, YTOGLI
0 = c2k? + vkt — e = 0, — 0’.

Mbi Tak noabepem 3aBUCHMOCTBL OT BpeMeHu A(x, T), rae X ==ex,

T = ef,
Ar=f,+efs +

u B(X,T), utoObl HCKJIIOUHTb CeKYyJsipHble A00aBKH, MPOMOPLHO-
HasbHBle €@ U e® B uy, up W us COOTBeTcTBeHHO. HecsokKHOE BHI-
uhcJaeHHe MNoKasbBaeT, yTo f; = 0 (HyJeBast rpynnoBas CKOPOCTb
(0w/0k:) (0, ky) B HanpaBaenuH caaboil MOAYAAUNH), H

— AL
AF‘@@%AQ’ Bo=— e
2i0dr + e (e T4 —ak?A — ak?A (2B — “‘Y‘: —
k2AA"
T RT 4yk* )) + 0 (82) =0;
Brr — ¢*Byx =ty ax’ AA™+ O (e).

Kax u B npumepe (iii), x mpaBo#l YacTH NOCHEAHEr0 ypaBHEHHS
MOXHO n06aBuTh (—o/c?) (02/0T2)AA*, NOCKOJbKY 3TOT YjleH Mo-
paaka O (e?), u NOAYUHTD

B(X, T)=—— AA',
neecain t=el, T0
oA, 4+ Ay y + (PRPAA" — ) A=0

1
ﬁ~?+ 6yk? + c? 4 4yk?
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Ecau y noJoXHTeJNbHO, TO MOJOXKHTEAbHO H B. ClesaeM HeCKOAbKO
3aMeyaHHH.

(a) Iockonbky npousBeseHue QUCHepCHH (B HalpaBJeHHH MO-
AYJNANHH x) Ha B NOJIOMKHTEJIbHO, ACHMITOTHYECKOE COCTOSIHHE CO-
CTOHT H3 COJUTOHOB BHaa (2.51a).

(b) Osurarbcst onn MoryT (T. €. v 5%0) TOJBKO NPH HEKOTOPOM
CIELHAJBHOM BHAE HEOJAHOPOJAHOCTH HAYaJbHBIX YCJIOBHH WJM NpH
IPHJIOXKEHHH BHeIIHUX cHJI. MX CKOpOCTH He 3aBHCAT OT HX aMIJIH-
tya. HMX nonoxkeHHs M aMIJIHTYAB HaXOAATCA H3 HadaJbHBIX
YCJIOBHUH.

(c) ITapaMerp y ycTpaHsercs HpoCTO H3MeHeHHeM Gasu A.
A remepp — npefoctepexenue. B skcnepumente By, Kecasna u
Pynsuka BoJHBL B0O3GYXKAaaHuCh HENPEPHIBHO H3-332 JHCCHIIALHH,
B OTCYTCTBHe KOTOPOH MOXKHO OblIO OB, CO3[aB HayajJbHOE BO3MY-
HleHHe caMOf HH3KOM MOJBI, MPENOCTaBHTh €ro camomy cefe. ITo
O03HayaeT, 4To B npaBylo yactb HYII HyX)HO n106aBHUTH WjeHLb, CO-
OTBETCTBYIOIHEe BO3OyXKIeHHIO U 3aTyxaHuio, T. e. £ =TA. (Ecau
YCTPaHHTb paccTpoiiky uactoTnl —yA, E mnpuoGperaer ¢a3oBhiii
MHOXHTeNb edf A =(iy/20)e2) OTKIHK BO3MylHaeMOi JQHCCHIA-
THBHOH CHCTEMHBI MOXKET COCTOSITh NPOCTO B NMOPOKAEHHH COJHUTOHOB
¢ HekoTopo#t ¢ukcupoBaHHOH aMmantyaoi (cM. [45]). OmHaxo Bo3-
MOXHHl H Apyrue OTKJHKH, 3aBucsimue oT £ u I'. { He cobuparoch
ofcyXaaTh HX 31eCh, a OTCBLIAID HHTEPECYIOUIErocsl uuTaTe/s
K crathe bumona, ®eccepa, Jlomnaasa u Tpanaunaxkepa (Physica D,
7 (1983), p. 259), B KOTOpO#i M3yuaeTcsi BJHsHHE BHELIHEH CHJIbI
Ha Opusep ypaBHeHus sin-Fopiron. Bpusepn Maso#i amniautyaw
JJISl 3TOTO ypaBHeHHs — 3T0 costutoHsl HYIII.

(V) u, —c’-’uxx+0)f,(e"x) u=¢eud.-vy, ¢* — nocrossuane. Hac
HHTepecyeT NPOCTPAaHCTBEHHAs 3BOJIOIHS BOJHOBOro makerta. Co-
OTBETCTBYIOULHE KOOPJAHHATH —

Xi=ex, X,=¢%x, (- T=c¢l,
1ty == ae'® 4 (*), 8=Skdx—o)t,

ol — (s)i (X2)
—

k=

OrmeTHM, 4TO

O’uo

ovr = €0 (— ka - 2ikeay + & (2ikay, + ay x, +ikya)) + (°).

B nopsnke ¢

X,
a@—l—m’ax‘:O:a:a(T———g k" dX,).

1
£ )
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rae k' = 1/0’ = dk/do. B nopsiake &2 MH NOJAYYHM

ik 3y o 1
G, t 3 O =g 60 — 35 Fx

B KayecTBe IONMOJHHTENBHOrO yIpaxKHeHUs npeobpasyiite aTO ypas-
HeHHEe K KaHOHHYECKOMY BHAY ¢, — igeg = 2ig2q* = T'(k+/k)gq. Uto
takoe T, 7, 0, ¢? TlogpoGHocTH cM. B [52].

(vi) ¥Ypasuenue 0as oeubaroweii neycroiuusoti soanst. Ilpen-
nojoxum, yro L B (2.39) zaBucHT oT napamerpa R Takum oGpa-
30M, 4TO BOJIHOBOe pellexue u(x;, ¢ )~ B g =0 —iv pac-
TeT WJH 3aTyXaeT B 3aBHCHMOCTH oT R = R.. I'IapaMeprx vH O
Kak (yHKuUMH k; U R 3amaioTcsd KOMIJIEKCHBIM ajareGpaduyecKuM
ypaBHeHueM L(—iow v, k;, R)=0. Kpuruueckas noBepxHOCTb —
3TO NOBEPXHOCTb B NpocTpaHcTBe k;, R, cooTBercrByiomas y =20.
Kpurnueckue 3HaueHus k; H R — Te TOUKH Ha 3TOH NOBEPXHOCTH,
OPH KOTOPHIX R MHHUMaJbHO. DTO HalMeHblllee 3HaUeHHe Napa-
MeTpa, NPH KOTOPOM pelUeHHs BOJHOBOro Tuma pacryt. HMcmouas-
3ydTe MIAEH 3TOr0 pasjaena H NOKaXKHTe, 4TO (MEeNJIEHHO MeHSIo-
wasicsi) orubaiomwas A(x;, f) pacTyumie# BONHBI NOAUHHAETCH KOMI-
JIEKCHOMY YPaBHEHHIO

3
04 do 04 R . 0% %4
-07+Z ok, or, 2 Z(aR 5%, ok, + ¢ 9k ok, ) 3, 9%, —
9
= (35— S55-) RatA — (8, + i) A2A".

Hcxoanoe mnose 3zanumeM Kak u(X,f)=eA (X, t)-exp (ik.x —
—io(R))+ (*)+ O(e?), R=R.(1 +e?) u ke — 0MH H3 KPHTH-
YECKHX BEKTODOB, c00TBeTcTBywmux R =R, (Hacro BciaeacrBue
CHMMETDHH HCXOLHOM CHCTEMBl KDHTHUECKMH BEKTOpP BHIPOXKIEH;
HalpuMep, 3afaua O KOHBEKIHH MeXIy ABYMsI GeCKOHEUHRIMH ro-
PH3OHTAJNbHEIMH IIOCKOCTIMH HMeEET BPAallaTeJbHYI CHMMETPHIO.)
KosdduuuenTs B ypaBHEeHHH s orubarouieli OLEHHBAIOTCS B TOY-
Ke k;. 3aMeuaHusi, aHAJOTHYHBIE CAEJAHHBIM B 3TOM pasjefe O He-
06XOZMMOCTH yueTa BO3OYKIEHHS CPEJHEro TeUueHUS MaJbiMU rpa-
nueHTaMu AA*, BepHH M B 3TOH 3azavue.

ITocne Toro Kak BH MpPOYHTAeTe CAEYIOIIUA pasiesn o0 HeyCcTOH-
ynBocTH DBenmxamuua — ®efipa, NokaXurte, 4TO NPOCTPAHCTBEHHO
OJHOPOAHOE 'pelieHHe (PacCMOTPUTE OXHOMEPHYIO CHTYaIHIO)

A= AT exp(—255)

HeycTOfuHBO B cMbic/ie Benjpxkamuna — Defipa, ecan
Bive + By, <O,
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rape
_ dzm) __(0v R
Yi = k2 e’ Yr= R Ok? c'

ITopgpo6HocTH cM. B [127].
2d. HeycrofiunBocth Benaxamuna—Pefipa. BcrmomnuMm, uro
Hallle BOJIHOBOE 1oJie u(x, {) HMeeT BHJ

u(x, ) =aet kx—al) L (%) @y =, (ky),

rae a— ¢yHrRuus ot E=g(x—o'of) M T=¢?f, ynoBaersopsiomas
r

ar=1i % ag + ipa’a’. (2.52)

3anuumeM a = Aei®. EcTecTBeHHO ONpeAe/HTh JI0KaJbHOE BOJHOBOE
YHCJIO B KaK NPOU3BOAHYIO MO X H JIOKAJBHYIO YaCTOTY KaK B3ATYIO
¢ OOpaTHHM 3HAKOM NPOH3BOAHYIO M0 T OT mosHOl ¢asel O = Eox —

— ool +¢(§,7):
k=Fk,+ep, o=0,+ eoip, —ep;.
OTMeTHM COOTHOIUEHHE
kT + 0, == = (‘)682@3 + EQq)gT + 32(06(P5§ - eaq)rg’ (253)

BHpaXxaiollee COXPaHeHHe uHMcJaa BOJH. 3amHlleM H3MeHEeHHe BOJ-
HoBOro uucna eqg kak eK. Torna muumas uyactp (2.52) naer

op (A
Pr= —20‘ %—Kz)'l'ﬁfqz,

H, AHObepeHuUpys 1O &, NoJyyaem
@y ( Age”
KT + CDS/KKg = ﬁpg + _2i (—:jj—)g ’ (2.543)

rae p==A2 YpaBHeHHe (2.54a) —3TO TO e ypaBHeHHe cOXpaHe-
HHS 4Heaa BOJH (2.53), MOCKOMBKY

”
1 ®) Ag
o = o, + e K +- e (5 oK — BA% — -3

(nanomuuM, uro 8/0f = e? 3/0T — ew( 0/JE, 0/0x=¢ 0/0E).
C apyro#t cTOPOHHI, BellecTBeHHAs 4acTh (2.52)

(A2), + o (A%K), =0 (2.54b)

€CTh YpaBHEHHE COXPaHEeHHSA BOJHOBOI'O JeACTBHS.
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Jlajiee, pacCMOTPHM MOHOXPOMaTHYeCKOe pelileHie
A=A, o¢=BAIT 4 const, (2.55)

LJsi KOTOPOTro

k==Fk;, o=won,—pA

d10 — BosiHa CroKca. [Iposepum ee JuHEeHHYI0 YCTOHYHBOCTb, moO-
naras A= Ay+ A, K=K, n us (2. 54) noayuum

I/ rd

A
Rr=28A04y + -2,

0

~ (00 ~
Ar=——5 Ak,

HITH
A ” g ng A
App == — Bof AjA, — —— Ay (2.56a)
ITostomy ecan A ~ el#+97, 10
72
= Bl A2K> — —— K¢, (2.56b)

v noatoMmy ecau Pw; > 0, To peutenne (2.55) Bceraa HeycTORYHBO

N0 OTHOIIEHHIO K JJHHHOBOJHOBHIM BO3MYLIEHHSIM H3 HHTepBaJia
BOJIHOBHIX uncea 0 < K? < 48A%0;. Makcumanbhasi CKOPOCTb PocTa
ocymecrsasiercs, koraa K?=2BA%/eo] u paaa §242. Yurareao
cleayer mpouects pabory [59] Jlsi#ika, HOsua, PoHraapabe u ®ep-
TIOCOHA, H3y4yaBIIMX 3TY HEYCTOHYHBOCTb SKCIEPHMEHTAJIBbHO JJIsi
BOJH Ha Bojae. CieayeT NpoyecThb TaKiKe OPHTHHAJNBHYIO CTaThlO
benaxamnua u fbeupa [51]

ITpuunRy 5TOfi HEYCTOHYHBOCTH MOXKHO MOHSTH CJAEAYIOIHM 06-
pasoMm. IlpeacraBuM ceGe MOHOXPOMATHUYECKYIO BOJIHY NOCTOSIHHOU
aMIVHTY Bl A, ¢ yacToTolf @, — fAJ? BO3MylleHHYIO B TOouke P
TaK, YTO aMIHTyAa B Touke P menbwe Ag. Ilycts g > 0. Toraa
® B ToykKe P GoJablue, 4eM @ cJjeBa oT P. CjenoBaTelibHO, B 3TOH
obnactd wy > 0 u BcaencTBue coxpaHeHus BoJH Ry <C 0. CaenoBsa-
TeJbHO, k yMeHbuiaercsd, H ecin of >0, To @) TakxkKe yMeHblia-
ercsi. CnpaBa ot P o, Bo3pacraer. CyeoBaTesIbHO, 06J1aCTH caeBa

¥ clpaBa OT P NpoRo/KaloT PasfeNsiThCsi H aMIUIHTyAa BO3Mylle-
Hus Bospacraer. IIpn Bo) < 0 BosMylleHHe OrpaHUYEHO H CO Bpe-
MEHeM 3aTyXaerT.

Hrtak, 4TO Ke NPOHCXOAHT C ILYroM NOBEPXHOCTHBIX TPaBHTa-
LIHOHHBIX BOJIH, BO30yxKaaeMbiM B TOYKe S BOJHONPOAYKTOPOM C
OYTH NOCTORHHOI wyacToToll »? Ecau kA > 1.36, To Bo” >0 (cm.
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yrpaxHenue 2¢(2)(ii)) u MOHOXPOMATHYECKHH LYyr BOJIH HEYCTOH-
uyuB. llpn npuHATOGl HaMH MOCTaHOBKE 3a/ayM Jyullle BCEro H3y-
YaTbh 3BOJIOIHMIO @ 10 X == e2x B 3aBHCHMOCTH OT T =g (f— x/w’).
Ecau BpeMs jpeficTBus BOJIHONPOAYKTOpPa KOHEUHO, TO BO3HHKAIO-
L{MH BOJIHOBOH NakeT pa30HBaeTcCsd Ha HOC/EeA0OBATEJbHOCThH HMITYJ/b-
COB CIICLHAJNbHOIO BHAA — COJIUTOHOB HeslHHefiHoro ypaBHeHus 1lIpé-
JHHrepa, onuceiBaeMulx ¢opmyaoil (2.51). Ecian XKe HCTOUHHK J€H-
CTBYET HeNPEepPHIBHO C HOCTOAHHON IO BPeMEHH HJH NePHOAHYECKOl
aMIUIMTY/JIOH, TO HaM HYXHO peHiaTh TaKyl0 KPaeBylO 3ajayy ¢ Ha-
YaJpHBHIMH JIaHHBIMH, B KoTopo# ammautyaa a(X,T) nepuoaHdHa
no T. ITosTOoMy, NOCKOMBKY IPOQPHIAb 3BOJMIOLHOHUPYET Mo X, MOX-
HO OXKH/JaTh BO3BpPAIlaeMOCTb TOTO ke THHA, 9TO H B YPaBHEHHH
Kn®. PasHnua cocTOUT TOMIBKO B TOM, YTO 3JeCh I0JE HEPHOAHUHO
10 BPeMEHH W KBasHIepHOAHYHO IO MPOCTPAHCTBY. A HMEHHO, BHA-
yaJe BOJHOBOH Lyr paslOuBaercss Ha HECKOJbKO H30/JHPOBaHHBIX
HMIyJ1bCOB, OJHAKO HOTOM, IIPH HEKOTOPOM O0J/bllieM 3la4eHHH KO-
OpJAHHATHl, OHH BHOBL COGHPAIOTCSl, BOCIPOM3BOAS HauagdbHoe (Kak
byuxkuuio BpeMcHH npn x =0) ycioBue. IDTa BO3BPALIACMOCTh H
B caMoM Jese Ha6Jojanach, M s OTCbLIA0 UHTATCIA K CTaTbe
0312 u Pepriocona [60].

Ecan Bow” << 0 u MB cosjaeM MaJjoe IJIHHHOBOJHOBOE BO3MY-
1leHHe orufatoumief, To 3T0 BO3MyLIeHHe OydeT paclpoCTpaHATbCH
B cooTBeTcTBUU ¢ ypaBHeHHeM Kad. Uuratesp MOMKeT yBHIAETb JIH-
HelHyI0 uacTb peluerouHoro ypasHeHus (1.3) B (2.56a). B kaue-
CTBe YNpaxHeHUS $ IONPOUIYy BAaC YYeCTb HeJNHHeHHble YJeHH H
BBIBECTH COOTBeTCTBYylollee ypaBHeHHe Kn®d. :

HeycroitunBocts Benmkamuna — @efipa (ee HHOrAa Ha3bIBaIOT
TaKXKe MOJYJSLHOHHOH) WIHPOKO pacnpocTpaHeHa B ¢HU3HKE WU HI-
paer BaXHYIO PoJib B Pa3HOOOPA3HHIX HEJHHEHHHIX BOJHOBLHIX YpaB-
HeHusix. Ilompocry roBopsi, eciM IHCIepPCHS H HeJHHeHHOCTb IIPO-
THBOJEHCTBYIOT APYT APYTY, MOHOXDOMATHYeCKHH Hyr BOJIH He XO-
yeT OCTaBaTbcs MOHOXpoMaTHuecKHM. [lo6ouHbBIE rapMOHUKH BHITS-
CHBAIOT 3HEPTHIO U3 Hecyuled BOJHH C IIOMOLIBI0 PE30HAHCHOIO
MexaHH3Ma, UYTO HNPHBOJIHT K MOAYJsiluH orubaiouiei. B oxnomep-
HOH 3ajaue MOJyJAUHsa orubaroliell MOCTOSIHHO pacTeT BIJIOTh A0
o6pa3oBaHMs COJIMTOHA, MOCJE Hero HacTynaeT TOYHBIA GaJjiaHC He-
JUHeHHOCTH ¥ JHCHEPCHHM M JajbHelilllee HCKaxKeHHE OoJblle He
MPOUCXOHT.

B 1ByMepHBIX 3ajauax, €c/lM NPOU3BeAeHHEe [3 HA JHCIEPCHOH-
HBIHl TeH30p 0%w/0k,0ks, r, s = 1, 2, ABJAsAeTCS MOJOXKUTENBHO ONpe-
IeJeHHOH MaTpuue, npouecc (QOKYCHPOBKH IPOJOJKAETCs Hempe-
pHBHO, MOKa He o0Opasyercs JOKaJbHO OECKOHeYHasi aMIIHTYAa,
YyTO MPOUCXOAHT 3a KOHEYHOe BpeMs. B KOHTeKkcTe HesHHeliHOH om-
THKHM Takoe HHTeoO6pasoBaHHe HalbgawoAanoch, a GopMa 3THX HHUTeH
obcyxnanach B padore 3axaposa n Comnaxa [61]. Pacecmotpum
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q(r,t), MIOAUHHAIOILYIOCS YPaBHEHHIO
2iq; +V?q +B(g9")° ¢=0,

Y KOTOPOro HMEIOTCA CJAeAYIoLlHe HHTerpaJbl ABHKEHHUSA:
N ¢)= {44 ax,
Pg, q S (qvq" — q'vq) dx,
H(g,. q)——%g (ivar— Er1q ) ax.

ITpocTpaHcTBeHHass pa3MepHOCTb 3aauH 7, a ¢ H3MepseT CTeneHb
HenuHeHHocTH. Ons 0 << 2/n MOXHO JoKa3aTh rio6anbHOe 1O Bpe-
MeHH cyllecTBOBaHHe pelleHHusi ¢ (r,f). B uHTepecylouleM Hac cay-
yae n=2, 0 =1, TaK 4T0 0 = 2/n U 3TO 3HAYeHHEe ¢ KPHTHYECKOE.
B oaHoMepHO#l 3amaue KpHTHYECKOe 3HAaueHHe ¢ paBHO ABYM. Te-
neps, ecau N(q(r,0), ¢*(r,0)) meHbile No-KPHTHUECKOrO 3HaueHHS,
HoJiyyalouierocss NoACTaHOBKOH B N (g, ¢*) cdepHuecKH CUMMeETpUY-
HOrO0  pelIeHHs q(r t)=¢"2R(|r|) ¢ Be3ae NOJOKHTEJbHBHIM
R(|r|) c R’(0)=0, R(0)== oo u ynosaersopsiiomero V2R — R -}

+l =0, T0 cHOBa ¢(r, f) CyIUeCTByeT IpPH BCeX BpeMeHaXx,
ec.rm ToAbKO ¢(r,0) yAoBIeTBOpsieT BecbMa CJabOMY YCJAOBHIO

{ (1aP+1vgP ax < co.
Yuraredaio AJIsl CAaMOIIPOBEPKH CJeAyeT A0Ka3aTh, YTO

d?

R Sr2qq dx = 4H. (2.57)
3ameruM, yro ecau ¢(r,0) TakoBo, uto H, HHTErpaJ ABHKEHHS,

orpuunatesed (H B TOYHOCTH paBeH HyJlo, KOria q(r,t)=

== e#/2R (|r|)), To mosoXKHuTeibHAs 1O CBOeHl NPHPOAE BeJHYHHA

r’qq* dr cTaHOBHTCS 3a KOHeYHOe BpeMsi oTpHuuatebHoi. Ilo-

CKOJIBKY 3TO HEBO3MOXKHO, MbI NPHXOAHMM K BRIBOJY, 4TO L0 3TOrO
B ¢(r,f) moaxKHa o6pasoBaThcsl CHHIYJsipHOCTh B |r| = 0. dr1o Ta
caMasl CHHIYJSIPHOCTb, KoTopas oOcyxpaerca B [61]. OcHoBHo#
BHIBOJL TaKOB, UTO BOJIH3H BpeMEHH CXJONBIBAHHS ! ==f;, aMILIu-
TyAa q(r, t) nMpu n=2 uMeer axKCHAJIbHO CHMMETPHUHYIO (opMY,
NpPONOPLHOHANBHYI0 AR (A|F|), rae A(f)=(t— )2/ Has Toro
4TOOBl YYeCTh DAsHHIY B ILIOTHOCTH YHMC/IA YacCTHL MeXJLy pelle-
HHEM B HayaJIbHHH MOMEHT BpeMeHH H peieHHeM AR (A|r]|) (mo-
diéniee Hecer B ceGe N, 4acTHLl), HEOGXOAUMO K 3TOMY LEHTPaJb-
HOMY HHKY J00aBHTb luenbd, KOTOPHIH Ha GOJBIIHX PAaCCTOSHHAX
IOYTH MOCTOSIHEH MO |[r|, a MOTOM BHE3aNHO HcYe3aeT NPH IOKa
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YTO HEeBBIYHCJIEHHOM 3HAUeHHH. OTH HOCTeIHHEe 3aMeyaHHsi OCHO-
BaHbl Ha HaOJIONEHHSX HAajJ YHCJIEHHBIMH 3KCIEDHMEHTAMH H HEKO-
TOPHIX TeopeTHYeckKHX paboTax. CTPYKTypa CXJIONBIBAIOLIErocs pe-
HIeHHs NPH KPHTHUECKOM 3HAYeHHH 0 = 1 NOKa B TOYHOCTH HE M3-
BecTHa. HeusBecTHO TakKe, CXJIONBIBAIOTCS JIH 3a KOHEUHOE Bpemsi
peuleHnss ypaBHEeHHH 3axapoBa B JABYX NPOCTPaHCTBEHHEIX H3Mepe-
HHSIX, T. €. ypPaBHeHHH

ar — ieV?a — iepA =0, (2.58)
0 _c2v2 =V2(AA') V2=6—’ __Q_,_.
T ’ 9x2 ay2

Ins 3THX ypaBHeHHH HeT COOTHOLIEHHs, 3KBHBaJieHTHoro (2.57).

N naxonen, ecnu coorsercrayomee HYI umeer HesHakoompe-
JeJIeHHYI0 AHMCIEPCHOHHYI0O MAaTPHIY, KaK B cJyyae I'PaBHTAIHOH-
HBIX BOJIH Ha IV1y6OKO# Bone, rae

ap — ia,, + ia,, — 2ia%" =0,

TO COJIMTOH, o6pa3oBaBIUKiCS BAONL OCH X, OyneT HeycTOHUHB
K 3aBHCALIMM OT Yy BO3MYILIEHHAM, OIHAaKO 3TO DaspyuleHHe Npo-
TeKaeT MeHee JPaMartHyYHO, yeM IpOIlecc, ONMHCAHHBIA B NpeNBIAY-
mweM ab3ane. ITpuunHOH HeyCTOMUYMBOCTH SIBJAsIeTCS OTTOK 3HEPTHH
OT OCHOBHOH BOJIHBI K DPacHpPOCTPAHSIIOIUMMCS TOX YrJoM 1106oY-
HBIM FapMOHMKAaM, BCTYNAIOUIMM BMeECTe C OCHOBHOH BOJIHOH B ue-
THIpeXBOJNIHOBOH pesoHaHc. (CMm. xHury VYusema [B55], B xoTopoit
oécyx)«maeTcn npensoXeHHbH PUIAHICOM YeTHIPEXBOJHOBOH peso-
HaHC.

3amenanue. YIUBHTENLHO, HO HeYCTOHYHBOCTL BOJHHI CTOKca
He OBl1a OTKPHITA, NMOKA He GBI BHINONHEHB 3KCOePHUMEHTH Bens-
xamuHa u Pefipa. (Unrarenp moxer Takke o6paTHTbes K paboTe
M. IIx. Jlaitirxunaa s Proc. Roy. Soc. A, 299, pp. 28-—53.) ®op-
MaJbHBIH METOX TNOCTPOEHHS HECHHYCOMIAJbHBIX MePHOAHYECKHX
peuteHu#t 6ul1 npepsoxen CroxcoM B 1849 r. (HOx. Hdx. Croxc,
On the theory of oscillatory waves, Trans. Cambridge Phil. Soc.,
8, pp. 441—455), a 10Ka3aTeNIbCTBO CXOAUMOCTH PAfa AJS MOJOTHX
BoJiH 6bio mano T. JleBn-Uesura (Math. Ann., 93, pp. 264—314)
B 1925 r. Xopommuit 0630p poan HYII B onucanun HeycTORYHBOCTH
M CPaBHEHHMH C 3KCIepHMEHTaMHu cojepxurcs B [59].

Ynpaxnenne 2d

Bxmiounre uneHsl ¢ KBaApaTHUHON HeJlHHeHHocThio B (2.562) m
MOKaXXHTe, YTO

72 7
1 ” i O A :
Apy + By AAy = — — Ay +Q,
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rae
(D” 5 ” A 1 AA ” ¢ AN
Q= _22- 4, (KKE)g — Bog A, (AAg)g A, (AAT)T — ® (AK)gT-

3aMetsTe, yto ecan fo; <0 u MH paccmaTpHBaeM OJHOHampa-
BJIEHHBIE€ DPEelIeHHS, TO

A Ay 2___ 7”

A=AX=8E—cT, eT), c*=—BojA,

> 2 r1 ” 12

K=—— AA, Q= —2Ba]A, (A%,
n HenquHefiHbll BapuaHt (2.56a)-— ato ypaBueuue Byccunecka. 3a-
METbTE TaK¥Ke, UTO COJIUTOHBI Y BO3HHMKAIOUIEro B Pe3yJbTare ypas-
Heuuss Kn® Bo3MoxHB TOMBKO, ecid A << 0. Tax Kak TaKHe COJH-
TOHBI NPEACTABJSIOT OO0 JIOKaJbHOE YMeHblUIeHHe HHTEHCHBHOCTH
MOHOXPOMATHYECKOH 10 3TOTO BOJIHBEI, TO OHH HAa3BIBAIOTCS TEMHBIMH
connronamu. [Tokaxure takxe, uto cean foy <0, 10 (2.52) nmeer

peLIeH st
. iv iy + Vi) o
=‘—‘PeXP(l<P+—2'g - —2—7‘—0)

V 4
p2=pg-—a?sech2a(§—— 20)0 T),
h 9
Ox =7, M=p5(p;— )

|44 9 o
Y"I“T:Spo—a“'

3awmerbTe, uTo Koraa «’—>pl, fi—>0, TO

V4
Ve,

p"’Pothpo(g'— ) T)» P = @y.

2e. Teopus Yusema [55]. B cepeaune 1960-x rogos Owblna co-
37aHa JApyrasi OCTPOYMHAs TEOPUsl /Uil ONICalHs PacHpoCTpaHeHHs
CHJIbHOHEJHHEHHBIX, MOUTH NEPHOJUUYCCKHX LYTOB BOJH. DTa TEOpHUs
CYILECTBEHHO CBSI3aHA C HMEHEM YH3eMa, XOTs1 'HeKOTOpble HIeH
6BIIH HE3aBHCHMO Pa3BUTH KpyckaJoM mpH €ro monbiTKax HOHATH,
YTO TPOHCXOAUT B pafioOHaX OCHHJJISLMH, TNOSBJISIOUHXCS NPH pe-
mreyun 3anaud o pemerke ®epmu — IMacra — Ymama. Upes upes-
Buiuafino mpocra. [IpexncraBum cebe, YTO y ypaBHEHHUS B YAaCTHBIX
NPOU3BOAHKX CYIIECTBYeT 2m-NepHOAHuecKoe Geryiiee BOJHOBOE pe-
uenue (8, A), ® = kX — 0T, A — nocrosiHHasA aMIIHTYAA, BO3HH-
Kampomas KakK KONCTaHTa HuTerpipopanusi. Toraa MOXHO CTPOHTbH
fonee ITHPOKHA KJIacC Pellenyit, NONyuaomuXcsl H3 BHILICYTOMAHY-
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TOrO B IIPEANOJIOXKEeHUH, YTO BXOAsALLNE B HEr0 KOHCTAHTH — BOJIHO-
BO€ 4HCaI0 Oy = &, yactota O; = —o ¥ amnauryia A — Moryr GuiTh
MeJIeHHO MeHsomuMucs QyHKUUsIME KoopauHatel X H BpeMmenu T.
YpaBHeHHs HA k, o U A Kak Ha Oyukuun ot x=¢eX, t =eT,
0 < e < | noayuanorcs caeayrouum o6pasom.

Bo-nepBHIX, TOCKOMBKY @ H £ MOJTYyUalOTCst H3 noteHiasa (dasul
0), nmMeeM

ko, =0, (2.59)

T. €. 3aKOH COXPaHEHHS BOJHOBOTO uucia. Bo-BTOphIX, mocae moa-
CTAQHOBKH pelleHHs B BH/AE TAKOTO aH3alla B YPABHEHHE ¢ YAaCTHHIMY
NPOM3BOAHBLIMH, ToJdyuaercss oOnIKHOBeHHOoe nuddepenunnasbroe
ypaBHeHHe 1o O Ha f(0). Mul 3HaeM, UTO OHO HMeeT NEPHOAHYECKOE
pellleHHe BCJeICTBHE HAIIEro NPEeANOJNOKEHHS O CYHIeCTBOBAHHH Y
HCXOMHOTO yPaBHEHHsT B YACTHBIX TPOU3BOJAHBIX pelieHHN B BHIE
nepuonuueckofi Geryuieli Bosnsl. HaJsoxeHnwe ycnoBus mepuoOaHY-
HOCTH ¢ (UKCUpPOBAHHBIM mepuoioM (06BIUHO BHIGHpaercs 2m) naer
anre6paHyecKkyl0 CBsi3b MeXAy ®, £ u A, Kotopas Ha3biBaercs
RHCIepCHOHHKIM cooTHoulenueM. (Odvenb cymecTBeHHa GUKCALHA
nepuona. Ecan ponmycTurth, 4TO MEpPHOA SIBASETCS MENJEHHO MEHSIO-
medca GyHKUHeH, HEBO3MOXKHO KOHTDOJHPOBATH POCT CJEAVIOUIHX
npubmkenuil.) TlockonbKy 3TH mapaMerpsl MeHSIOTCS MeIJIEeHHO,
TO B YPaBHEHHH ¢ YACTHBHIMU NMPOH3BONHBIMH nossasiorcs O (e)-use-
HBI, coleprKallye nepBule NPOU3BOJAHLIE OT B, ® H A no x u t. Tpe-
6opanne, 4ToOBI ciaeqyIOllas UTepallus, YIAOBJETBODSIONIAs JHHeH-
HOMY OfbIkHOBeHHOMY AHbdepeHHaIPHOMY YpaBHEHUW MO O ¢ KO-
shduinentamit, 3aBHCAMUMI OT [ H €r0 MPOH3BOAHLIX, TAKKe OhiNa
2n-nepuo/iiuecKkoil, 1aer YCAOBHE pPa3pellnMOCTH 3TOTO VpaBHeNNs.
Sro ychonue apasercs anddepeHNaIbHBIM YPABHEHHEM B UaCTHHIX
MPOU3BONHKEIX MePBOTO Mmopsiaka Ha k, A 11 o 1 BHpaxkaer coxpame-
HHe BoJHOBOro AeiicTBusA. Takum 06pa3oM, BO3HHKAET TPH ypaBHe-
Husl, OfHO anare6Gpanueckoe u nBa JubdepeHIHa bHBIX, HA TPH He-
U3BECTHHIX k, o ¥ A.

Hanee, MB yKe BUACAH B pasf. 2¢, uro caabosnneiinas orubao-
nias Hecyuiell BOJHBI TaKXKe XapaKTEPH3YeTCst TPEMs napamerpa-
Mu—A, B 1 o (cm. ypasnenust (2.49)—(2.53)), cBSA3aHHBIMH I1O-
cpencrsom HYI. Ssasiorca au 3TH ONHCAHHST 3KBUBAJEHTHBIMH B
TOM CMBIC/IE, UTO TIOCJejHee BO3HHKAeT H3 TeopHH Yu3emMa B mpe-
nene wmanso#i ammiuryan? Oteer orpuuarenshutii. To, uwro HYIII
Kak cjabonuHefiHasi TeOpHS He MOXKeT BKJAWOUATh cefsi NPHTOAHOH
npH JIOGHX aMIIHTYIAax Teopuu Yuszema, oueBuano. C apyroi cro-
POHHI, B TEOPHHM YH3eMa aMINIUTYAA -ONpefensiercs anreGpanueckw
U3 HEJHHeHHOro NHCIIEPCHOHHOTO COOTHONIEHWS, B TO BpPeMs Kak B
HYII ona »XHBET HOCTATOYHO HE3aBUCHMOH XXH3HLIO, ABIASACH pe-
neHHeM nHhpepeHnanbHor0 VPABHeRUS B YACTHHX NPOH3BOIHHIX.
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ITouemy xe Teopus ¥Yusema He comepxur HYHI? Tpyauocts co-
CTOHT B TOM, UTO JIDH KOHEYHOH aMIIMTYJe YCJIOBHEe Pa3pemuMOCTH
B MOpsSKe g MeHseTcsl TakhMM o6pa3oM, YTO SAPO JHHEHHOro ore-
partopa, NeHACTBYIONIETO HA MEPBYIO UTEPALHIO PELleHHs, COCTaBJSET
JIHIIb TIOJIOBHHY (OHO OJHOMEpHO) sApa, KOTOPOe BO3HHKJO GBI,
ecad 661 A GuiIo Majno. DTO NPHBOAHT K TOMY, UTO MOSABJSETCS
TOJIBKO OJHO YpaBHeHHE COXPAHEHHsI BOJIHOBOTO LeHCTBHA, KOTOpOe
ABJsIeTCS ypaBHeHHeM Ha (a3y BOJHBL H COOTBETCTBYET MHHMOM
yacty HYUI, onpepexsiomefi ¢asy ¢ KOMIJIEKCHOH aMIJIUTYIH
(orubaromeit). Ammanryna A yxe 3adUKCHPOBaHa THCIEPCHOHHBIM
cootHowerueM. Uro ke npoucxoaur npu majnaom A? B stom cayuae
OKa3BIBA€TCSH, UTO NHCINEPCHOHHOE COOTHOILEHHE HYKHO NOMOJHHTD,
4TOOH YAOBJETBOPUTH AOMOJHHTENBHBIM YCAOBUSIM PaspelliMOCTH.
IlononHATeNbHBIE UJIeHBl COAEpPXAT NPOM3BOLHBE OT A, mMO3TOMY
TO, YTO GBLIO aire6panyeckKHM COOTHOIIEHHEM, onpeaensiomuM A
Kak QyHKHHIO ® W R, Temephb npespalnaercsd B puddepenunassroe
ypaBHeHHe Ha A. DT0 ypaBHEeHHE COOTBETCTBYET aMIIHTYIHOMH YacTH
HYII. Mu ceffuac npuBeneM MOIHOHKALHIO TEOpHH Yusema, 06b-
enunsiiomyro ee ¢ HYIII u paBHOMepHO NpUrOZHYIO NPH MaJoi
amnauryie. nen, Koropeie HCNOMb3YIO 51, 6a3HPYIOTCSA HA pasjioxKe-
HHSX, HCTONb30BaHHBIX AGsoBuitemM u Bennu B pabore mo MHOro-
dasuoit Teopuu Yusema [62]. Kak A6mopuu u Benuu, Tak u Mei
[63] ykasanm o6nacTH NOTEHUHAJbHON HENPUMEHHMOCTH TEOPHH
Vuszema u HIEHTHOHLHMPOBAJH COOTBETCTBYIOIIME 4UieHH. BoJee
TOro, caM Yu3eM IOKa3aJ, KaK BKJIOUHTb 3TH IHCIEPCHOHHBIE Uje-
HBl 6oJiee BBHICOKHX TOPSIIKOB B TEXHHKE YCPENHEHHBIX JiarpaHKHa-
HOB (cM. [55], ¢. 503 pycek. n3n.).

HnrepecHo OTMETHTh, UTO TOUHO TaKHe XKe TPYAHOCTH BO3HH-
KaIOT TIPY MaKPOCKONHYECKOM OMHCAHHH CHCTEM, JaJlIeKHX OT PaBHO-
BecHsi, ONHUCHIBAEMBIX TTOCPEACTBOM MapaMerpa nopsiaka. Braaw or
ta3oBoro npeBpalleHHs aMNIUTYyAa TNapaMerpa Mopsiika ompejae-
asiercs anreGpanuecku MoayJaeMm rpanuedta $asw (BhIpaxkeHue,
aHAJOTHUHOE HeJHHeHHOMY JAHCHEPCHOHHOMY COOTHOUIEHHIO HJH
ypaBHeHHIO 3#KOHAaJta), B TO BpeMs Kak BOJM3H KPHTHUECKHUX 3Ha-
yeHu#l GucdypkauHoOHHOrO mapamerpa (siBasiiolierocss Mepoft Hajo-
JKEHHOTO Ha CHCTeMY BHEWIHEero BO3JeHCTBUS — TaK Ke, KaK YHCJIO
Panes B 3ajavax KOHBEKIHH XHIKOCTH HJIM KaK TeMmmepatrypa B
MartHeruaMe) amINIHTYAQ CTAHOBHUTCS MaJOH H VAOBJETBODSET nud-
(dhepeHIHAJbHOMY YDABHEHHIO B UYaCTHBIX MPOM3BOAHBIX. DTO ypas-
HeHHe aHajsornuno HYII u, paccMaTpHBaeMoe COBMECTHO € COOT-
BETCTBYIOIINM YpaBHeHUeM JJas (has3sl napaMerpa NOPsiiKa, H3BECTHO
kKak ypaBHeHue Jlannay— I'uuafypra. UuraTesb, 3auHTEPECOBAB-
IWHACA STHMH 3aMeYaHHsMH, MOXeT Haitu Gosee moapobHoe 06-
cyxiaenue B [64]. Mel ke Temeph IPOHLTIOCTPHPYEM 3TH 3aMeua-
HHA Ha JBYX KOHKPETHHIX MpHMepax.
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BniGop mepsoro mpumepa [OCTATOYHO OUEBHIEH, NOCKOABLKY B
HeM BO3MOXKHBI pelleHHs BHAa [ (©)==Ae'®, uro jejaer Bce BH-
UHCJHEHHS SBHBIMH. PaccMOTpHM KOMILIEKCHOE CKaJIsipHOE IoJie
u(X, T), onuceiBaeMoe ypaBHEHHEM

Upp — Uyy + @) (1 — Buuyu==0. (2.69)
Mul niem perieHus Buaa
u(X,T)=f(0, A)+eu +eu+ ..., (2.61)

rie f(@)=Ae'® u Oy=~k, ©;=—0 u A— QyHKUHH OT x=eX
u t==eT. Ilpoussonunie 0/9T, 3/0X nepenumem Kak —»0d/00 +
+ ed/0t, k30O + ed/0x coorBercTBenHo. IToacranoBka B (2.60)
aaer

o? . a2 P a? a

{(mz“kQ) oez — '€ (2"’ atoe T 9t 5g T2k 555 + ks a@) +
az » L] *

+¢ (57 ax,) + 07 (1 — Buyuy — ef (upu; + ugu,) —

— &% (uguy + wuy + u;uz) } ,

(o + euy + uy+ ...)=0. (2.62)
[TepBHii NOPSAROK B 9TOM YPaBHEHHH gaer
(@ — k) T8 4 @2 (1 — Bugy) u, =0, (2.63)
YTO NPHBOAMT K PeHIEHHIO
to = Aev®, y== SR
C HauMEeHBIUHM NEepHOAOM 27, €CIH TOJBKO v = 1, WiIH
w2 — k2= cof, (1 —pA?. (2.64)

Ecan 6Bl MBI NO3BOJHJIH NE€PHOAY OBITh NPOU3BOJNBHOH (QyHKUHEH
X H t, TO IpY BHIYUCJIEHHH OUo/O0x MOABUIHCH Gbl WieHbl BHAA iv,0,
BO3HHKAIOUHEe B CJelylouieM MopsjKe, H 0Ka3anoch Gbl HEBO3MOX-
HBIM HaHTH u; C TeM XKe NMePHOAOM, 4TO H Ug. DTO aHAJOTHYHO mep-
BoMy wary Mmeroaa BKD, B xoropom oueHbp BaxHO BHGpaTh mpa-
BWJBHBIA MaciuTab ObHICTPOTO BpPEMEHH.

YpaBnende (2.64)— 370 AMCIIEPCHOHHOE COOTHOUIEHHE, OIpeje-
Jasiionlee A Kax cpynxumo oT o u k. OJHAKO B 3TOM MECTe MHl He
OyneM NpAMOJHHEHHH, a IOCJAeAyeM MO NyTH, OpeaJjoxeHHOMY AG-
JosuueM u bennn [62], paccmarpuBas (2.64) kak raaBHHI nops-
HOK B Pa3JIOXeHHH 110 aMIIUTYLE:

o — k2 —0,(l —BAY=eg) 2@+ ...  (2.65)
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Teneps (2.62) npuHuMaer Buj

{o(1—pa) (Zr + 1) —ie (20555 +o,o5 +
+ 25T by ) + (eg® + ) 2 et (S — ) —
— e3P (uu| + wgu,) — el f (v, + wu, 4w uy) } X
X (up+ euy + uy+ ...)=0.

Unennl nepporo mopsiaka gawr uy==Ae'®, Caeayiomuiéi nopsijgox
naer '

o (1 — 842 (Zr+ 1) — (Oﬁu"1+”o )uo

+ (kA42),) + g Aete,
OTKyAa MH noayuaeMm g==0, yy=01n
(A% + (RA%, =0. (2.66)

Ycnosue (2.66) HeoO6XoauMo, HOCKOJBKY HMHAue i, ~ 0¢'®; yao6HO

BuOpats gt =0, nociae dero kak ciaeicTBHe nosyuaem u; = 0.
B nopsiake e?

. N sa i g
@ (1 —pA%) (W + I) wy — O3B (- ugie)) uy ==

. 02
— e (g — o) A+ %A, (2.67)

M 3xece HaMm norpebyercst HEKOTOPOE HCKYCCTBO. 3aMeTHM, 4TO JIO-
Goe peuieHue up BUAA e® yHUUTOMAET Npasbifl uwieH B JIeBOH ya-
ctH (2.67). IlockoabKy npaBasi yacTb paBHa NPOHU3BEAEHHIO BEILECT-
BEHHOH BelHUuHBl Ha e'® (A u (uyy; - wg,) BELIECTBEHHBI), TO
(2.67) paspemumo. Hampumep, ecau npasasi yacte paBHa - Ge'®,
10 u,=—(G/2) m“;Aﬁe‘G u 2n-niepuoanuna. OTMeruM, OAHAKO, 4TO
npu A—0 acumnroruueckuil psig (2.61) naoxo ymopspoued. ITo-
3TOMY 3TOT INpejen He sBJsercss paBHoMepHbIM. Huaue rosops,
AP0 OnepaTopa, NeHCTBYIOUEro Ha Uy, OJAHOMEpPHO U HATSAHYTO Ha
ei®, Korfa A He MaJo, H OHO ABYMEPHO H HATSHYTO Ha le®®, ie'S,
korga A maso. (Eciu yyuTeiBaTh KOMIVIEKCHO CONpPSIXKEHHHE TOJS
e~!®, OHO YeThpexMepHO.)

Jas Toro 4roGH BHIIOJHHTH IIpeleNbHBIN Nepexoi, M Gyxem
o6pamarbcs ¢ lef®-unrenaMu Kaxk C CeKyJasipHBIMH H BhiGepem g
TaK, 4To6H o6paTHTh mpaBylo uacth (2. 67) B Hy.nb Torna

2 p2 o 2 1__JA2):;-‘?-2‘ A A, (2.68)
o @, (I —P A az* ax2 )
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Ssosouus o, £ 1 A onpexeasiercs us (2.59), (2.66) u (2.68), u
B 3TOM IIPOCTOM cJyyae pelieHHe u = Ae'® gpasercst Tounmm. [Ipa-
Basi yacth (2.68) Baxna ToNbKO ecid A==0(e) u o —k*— o> =
= O (¢?), npu stoMm (2.68) Oyaer Aud¢epeHUHANbHBIM ypaBHEHHEM
Ha A.

[Tosropio: unen (9%/0f2— 0%/9x%)A B (2.67) He sBAAeTCH CeKy-
JASIPHBIM NpH KoHeyHbX A. OAHAKO ecJH HMeTb B BHAY Npee/bHblil
nepexojl K MaJjbnM A, 10Je3HO o6pauiaThCsl ¢ HAM KaK C CEKyJsip-
HBIM H BKJIOYHTb €r0 B AMCIIEPCHOE COOTHOILEHHE,

IlpenenpHbiil nepexod K MOYTH MOHOXPOMATHUYECKOH BOJIHE Ma-
JOH aMIUIMTYAB A ocyliecTBjasercs ciedyloumum ob6pasom. Ilycrs
A —¢A; BrbepeM ® =~ o, k =~ ky, 0 — k?=o)2 H 3anyiueM

0 = koX — o,T + ¢ (x, ). (2.69)

Tenepb @ == 0w — &@¢, kK = ko + €@x, U YPaBHEHHE COXPaHEHHUs BOJH
HMeeT BH[

(@9 - €@r) A%) + (ko + €9,) A%) =0, (2.70)
a JHCIepCHOHHOE COOTHOUIEHHE
e{—209;, — 2k®,) 1 & (9; — 9) + Pole’A* == (Att A)- (2.71)

Fasga Ha uiaeHsl mepeoro nopsiaka B (2.70) u mopsaka e B (2.71),
yoexaaeMmcs, yto A2 U @ 3aBHCAT OT X H { TOJBKO B KOMOHHALHH
=x — oyf, og=~Rky/e, Iyctb t==gt, u torma (2.71) u (2.70)
NpeBpallaTCcsi COOTBETCTBEHHO B

1— 0)0 AEE ﬁ(ﬁ A'
O =5 @) + g (2.72)
H
03,2
A= (2A§‘Pg + A‘ng) (2.73)
HJY, eclH a = Ael®,
iog ) 1—op
a,=—5—ay + ip 2(;’ aa mg=——6;-°-. (2.74)

B ynpaxunenun 2c(2) (i) Mu Bugens, yro (2.74)—sro HYII pas
(2.60). Hrak, ecnu yuecTb usieH, KOTOPBHIM TpeHEGPEralT B TEOPHH
Yusema, a umeHno (e2/A) (A:— Axx), TO MB BHOBb mostyunm HYIILL.
DTOT ujleH COOTBETCTBYeT NEPBOMY WJeHY B npasoii uactu (2.72).

$l xouy emle mokasarb, 4YTO NPOHUCXOAHT, Koraa [(@) Hesab3s
HafiTH B ABHOM BHJe. §1 HCNOJIB3YI0O MOJENb, KOTOPO# MepBOHaualb-
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HO II0JIb30BaJIcsl YH3eM,
urr —Uuxx + F (u) =0, (2.75)

rae F Gepercsa HeueTHOH IO 4 M NPH MaJabX u paBHOH u— yud. Yu-
rateap Moxer BuiBectH HYIIl B kauectBe ympaxuenus. Eciu

uea(x — of, ef)etkoX-al) L (*) 4 |
o) — kI=1, oj=ky/®, (rpynnosas CKopocTb), TO

. .
i, 3iy
G="g g+ 55,9, (2.76)

rae 1=¢f —e’T u §=x——m6t=s(X—m(’)T).

Hanee, npuMensis Teopuio Yusema kK (2.75), BBenem
0(x, 1)

O=—2, x=eX, (=¢T, (2.77a)
0 — k=g +eg)+e2g®+ ..., (2.77b)
u=7f-+4euV +eu®» 4+ ... (2.77¢)
U MOJYYUM :
g+ F ()= (2.78a)

()
gL P (Hu =R, (2.78b)

(2)
g L8 4 P (Hu =R, (2.78¢)

rae

R1=—g“) 082 +20) a@at +2k 0@0)6 +(wt+kx)

H
ik a2 32V uth)
Ry=—g® a@)i T2 a@uat + 2k g5 + (@t ko) G —
F'(F) ay (9%
~ B0 o (e )
YMHoxasn (2.78a) Ha [e¢(df/d®) u uHTErpupysd, nosyuaem
1 7
&8+ V(H=E, V' =F, (2.79)
OTKyAa

— I
g df _ —
,\/-2— fS_ =6, V(i)=E. (2.80)
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Be3 nmorepu o6uiHocTH nNpHMeM [ HeueTHEM no ©. JlucmepcHoHHOe
COOTHOLIEHHE TOTAa npnmeT BH]

V— T/E_fvaT —n, V() =E (2.81)

u onpeneasier E Kak Q)yHKumo g U1 HaoGopor.

Caenyomefi Hawefi 3agauefi 6yaer NoJjyueHue ycJoBUH Ha R,
u R, obecmeunBaroomux 2n-nepuoguunocts 4 u u? no 6. Pac-
CMOTPHM

g2 4 F (flo=R (2.82)
H nepenyueMm 3TO B BHAE CUCTEMBI
0
1
_EV+—g—(R), (2.83)

rape

V=(;’e), E=(_i% ;) (2.84)

Marpuua E 2n-mepnofiuyHa, U HaM CJeLyeT NPHMEHHTb TEOPHIO
®daoke. B yacrHocty, ectn U, BeKTop-cTpOKa, fBAAETCA pelIeHHeM
ypaBHEHHS

du

a6 = UE, (2.85)

TO AJs 2n-NEePHOAMYHOCTH V HeoO6XOAMMO (Z0Ka3aTeslbCTBO NOJY-
yaercst MpocTo yMHOxeHueM (2.83) Ha crpoky U ¥ nocienyomum

HHTErpHpPOBaHHEM)

25 0

2 ( ) 40 =0, (2.86)
p R

IMycre @ — dynnamenranbHass MarpHua pelleHUHd ypaBHeHuUs
dV/d® = EV, torna @ (0 + 2n)— roxe yHiameHTaNbHAs MaTpPH-
Ha (OHa YIOBJETBOPSET YPAaBHEHWIO), W CYLIECTBYET He 3aBHCSLIAA
or © marpuna M = e?"R gasbiBaemas MaTpuueil MOHOJLPOMHH, Ta-
kasi uro @ (6 4 2n)=D®(0)M. ColbGcreennbie 3HaueHus M Ha3wl-
BawoTcs MHoxureasiMu Paoke. Ecan ennnuna sisiasercs JNBYKpart-
HBIM CcOOCTBEHHBIM 3HAUeHHeM, TO N0 KpaHHe# Mepe OIHH U3
COOTBETCTBYIOIIHX COOCTBEHHHIX BEKTOPOB HaeT 2m-NepHoAHYecKoe
peitteHye 0LHOPOAHON cucTeMHl (2.83), a cTpOKH 06paTHONH MaTPHILE!
®-1(0) ynosaersopsior (2.85).
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B namem ciyuae @O (6) MOXKHO NMOCTPOUTH SIBHO. 3aMETHM, UTO
vi=fe U Vy={[g} Ofe/2g (MHREeKCH 0603HAUAIOT YaCTHBIE MPO-
U3BOXHBIE) YIO0BJETBOPSIOT OAHOPOAHOMY Bapuanty (2.82). 3aecs

fo  Tot g5 Ofe
()= : . ;

fee fge+¥fe+§@fee

det®(8) = -;— Eg (nponnddepenunpyite (2.79))

o' @ =L(fge+§%fe+§%9fee —fg-—%efe)
Eg —fee fe

B 3tom cayuyae matpuua M umeer elHHUUY NBYKPATHBIM COOGCTBEH-

HBIM 3HAY€eHHEM H paBHA
T
1] =
( g )‘
0 1

Heo6xoaumoe ycnosue (2.86) 2m-nepuonuunoctu V Taxoso:
n

Mwaza (2.87)

0

Teneps pemwnm (2.83) Bapuauueit MOCTOSHHBIX:
o

«©=(e =7 § (1 + 57 00) - Ra®) w1 0) +
0

]
+ (02 + -ég— S fo R d@) vy (0). (2.88)

Hanaras ycnosue 2n-nepuoaununoctd v(0), nonyuaem
Vg

¢ =;§;0§ (fe+ 55 0fo) RdO. (2.89)

CnenoBateslbHO, NpPH TaKOM BHOOpE ¢, ACHMITOTHYECKHH Pl
(2.77¢) ocraercs XOpoulo YHOPSAJOYEHHBIM (STO O3HAYAET, YTO
OTHOIIEHHUS] COCEIHHX WIEHOB OCTAIOTCs NMOPAJKA g NPH BCeX 3Haue-
HUAX MapameTpoB) u ycaosue (2.87) sBisercs Kak HeOGXOLHMBIM,
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taxk u gocratouHnM. Ilpumenss 310 K (2.78b), noayuaem

2n I

0 - d - o ar
——(os 1,d0 + 5k \ [2de, (2.90)
U V]

YC/IOBHE COXPaHEHHs BOJHOBOTO ACHCTBHSA, aHAJNOTHYHOE (2.66). Ilo-
CKoJIbKy [(©) HeueTHa, ujeH ¢ gV paBeH HyJIO.

Uro 1poucxoAuT, Korja mnapaMerp E B [ craHOBUTCA MaJibiM?
HecsioxXHOe BbluMCIeHHe TOKA3bIBAET, 4TO B Mpedese MaJjoi aMmmin-
TYAB

[(6)=Asin®+ =5 yA*sin30 + ..., (2.91a)
32
g=1—Sya+ ..., | (2.91b)
E=g A+ ... (2.91¢)

Tenepp obparuMcsi K ¢; H, B HaCTHOCTH, BBHIYHCJIMM €ro BeJH-
YHHy B cJydae, Koraa B KadectBe R B Ry B3ar ujeH
—(02/0t? — 02/0x%)f. Mmul 3aMeTum, 4TO fg+6fe/2g~Agsm@
nopsiaka A-', nockoabky g, =0 (1). Tak ke u £, =E, - (A ) g=
=—%v+ .... [Ilosromy cg mopsaaka 1/A n Takoro :Ke nopsaka

nosyyaiouieecs peniende 4®. dro o3Hayaer, 4To NpejebHBIE nepe-
xon K A=0(e) B (2.77c) He aABAsAETCS PABHOMEPHBIM.

Jssi toro uro6bl Bce-TaKH YJOBHTb KaK-HHOYAb MNOBeJeHHE B
3TOM cJyyae, MH He GyAeM HCNOAb30BaTh Cp AJA YCJAOBHA 25-TIEPHO-
JHYHOCTH v(0), a ayume ucnonb3yem g<2> Mu norpebyem

(fg efe 8%fe0 — W'— 0x2)f)d®_‘0

(unen u(!) He BHOCHT BKJIaja CPABHUMOH BeJHUYMHBI) M HOJYYHM,
Henodbsys (2.91), uro

9 ! ¢
g(‘) = A (Att - Axx) . (2-92)
Teﬂepb AHUCIIEpCHOHHOE COOTHOLUEHLE

— =13y L S (A — A+ .. (2.93)

MMeeT B TOYHOCTH TOT XKe BHA, 4TO U B (2.68), u npenesbHHi nepe-
xoa Kk HYUI noayuaerca us (2.90) u (2.93) TouHO TaK Xe, KakK H
paHblie.

Xora TeopHs Yusema He copfepxkut Bcero HYIL, oHa cozep-
XKHT JOCTATOYHO AJIS1 NPOsiBJIEHHS HeycToHunBOcTH BeHj)kamMuna —
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Deiipa. [lpu A2, onpeaenseMOM AMCIEPCHOHHBIM COOTHOLIEHHEM,
ypaBHeHusi (2.59) u (2.66) npexcraBasioT co0OH cucTemy nepBoro
nopsiika C £ 4 @ B KauecTBe HensBecTHHX. Ecan sta cHerema saun-
THYHa, 3ajaya Komu 15 Hee HEKOppPeKTHa B TOM CMBICJE, 4TO
nA1060e BO3MYIIEHHE pacTeT 3KCIOHEHIHAJbHO H OnIcTpee BCero pa-
CTYT caMble KOPOTKHe BOJHHL. Eciu MB 3anmumem © Kak 0/¢ u pas-
pewnM (2.59), noxaras k =0y, @ =—0; T0 U3 (2.66) moayuyHM
(—0:A%) ¢+ (0:A2), =0, rae A? 3aBHCHT OT X M { TOCPEACTBOM
koMOuHanHu [ =0; — 02, lmeem

dA? dA2 o dA?
0, (— 42— 20057 ) + 20,86, 7 +0,, (42— 20257 ) =0
(2.94)
CucreMa JUIMOTHYHA H HEYCTOHYHBA, €CJIH
a (a2 ) <o, (2.95)
rae
A2= — l M - l .
B\ o

Hdas Mansix A 310 ocywecrsasiercss, Korxa p >0 uau po) > 0,

[ 2 __ b2 3
NOCKOJIbKY of == (0} — kf)/w} Bceraa nosioxuTeabHO. ITOCKOJBKY

TeOpHUsl Yu3eMma He BKJIOuaer 4jeHa Aggye, BXOAALLEro B (2.56), ona
He cnoco6HAa ykas3aTb HauGoJee OBICTPO pacTyllHe NoGouHHE rap-
MOHHMKH Hecyliell BOJIHE, & TaKKe He IPeACKa3biBaeT KOHEYHYIO
006J1aCTh HeyCTOHYHBRIX BOJHOBHIX uuces. C Apyroi CTOpOHHI, OJHa-
KO, €e CHJbHas CTOPOHA B TOM, YTO OHA HE OrPAHHYMBAETCS MAJBIMH
aMILJINTY AaMH.

Mml 3aKOHYHM 3TOT pasjes BONPOCOM O (PH3MYECKHX CJAEACTBHAX
HEJHHEHHOTO AMCIEPCHOHHOro cooTHoleHHsA. B wacrnoctH, Hac Oy-
JeT HHTEpecoBaTb, MOTYT JH HeJHHEHHBE BOJHB TYHHEJHPOBATh.
IIpeacraBum cefe, 4TO MBI CO3AaMH LYT BOJH C aMIIuTyaoll A H
YacToTOH © B Cpeie, B KOTOPOH w, MeajaeHHO MeHseTcs. Toraa k(x)
onpejensieTcs: U3

k=2 — mi(l — BA?.

IMpexnonoxuM BHauase, 4T0 ©?> @), HO 4TO @2 pacreT (Ma-
ATHHKH B Mojean CKOTTA CTaHOBATCs Kopoue). JIuHelHEe BOJHH He
MOTYT paclpoCTPaHATbCA AaJjibliie TOYKH, B KOTOPOH wp = . OnHa-
Ko ecad B > 0, To TouKa, B KoTopoii w? (1 — A?) = @?, pacnonoxena
jaJjblue, yeM KayCTHKa JuHeHHhX BosH. O3Hadaer JM 310, YTO He-
JUHeHHHE HYTH BOJH Moryr 0e3 norepb TYHHEIHPOBaTb uepe3
GapbepHl, HeMpo3payHHe MJs JHHeHHBX BoJAH? OTBET OAHOBPEMEHHO
N MOJOXHTENbHBIH, U oTpHuartenbHbii. OH oTpuHaTesieH, NOCKOJbKY
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TOJBKO YTO MBI NOKa3aJH, No KpalHed Mepe B cnabo HeqHHeHHOM
npenese, YTO MOHOXPOMATHUECKUH HeJHHeHHHH LYyr BOJMH HeyCTOR-
yuB, ecqd B > 0. OgHakKo OH pacrnafaercss Ha HMIYJIbChl — COJHU-
tonst HVYII, xoropbie neficTBUTENBHO MOTYT TYHHEJHPOBaTh Ge3
norepb. JlanvHefimue neranu yutatesb MoxeT HaditH B [52].

[Mpu 6ombuiux ammaurynax (2.95) npurumaer sun 342—2/8<0.
[Tostomy, xors B > 0, 415 BOJH AOCTAaTOYHO GOJBLIOH AMIJIHTYAB!
YCTOHYHBOCTh BOCCTAHABJIHBALTCS.

Ocraercsi MHOTO HHTEPECHBIX BONPOCOB B cayuae rumep6osauy-
HOCTH ypaBHeHuH ¥Yu3eMa, HO B TO Xe BpeMsl yXe CIeJaHO He-
CKOJBKO TpeKpacHux paGor. CMorpure Kuury Yusema [55], mpe-
KpacHyio M u3smHyio crareio ®Paamxku, Popecra m MaxkjoxauHa
[65] (omu oGHapyxu/aM, YTO HMHBAapHAHTH PHMaHa — 3TO mpPOCTO
cnexTp mnepuoauueckoit sagaun Kad®) u unrtpuryoomyo paboty
Jlakca u Jlusepmopa [66]. IIpuHUYIHAALHEIMH CPEIH 3THX BOINPO-
COB SIBJISIIOTCSL BOTMPOCH NOBEJNEHHS] 3THX cHcTeM Ha OoJblIHX Bpe-
MeHax. Bosuukaior su pa3puBH? EciH BO3HHK2IOT, TO YTO OHH
o3navanoTr? Kak Bkiaiouath HoBHE ¢asn? (B pabote Jlakca u Jlusep-
Mopa Tpeanosaraercs, YTo mIockKocTh (x, t) pasbusaercs Ha obna-
CTH, ‘B KaXJOH H3 KOTOPHIX OCYUIECTBJISIETCH OJHO-, ABYX- HJIH
mHorodasusit notok.) Kakue emie MoryT OHTh THIBI NOBEIEHHS Ha
6oabuiux Bpemenax? Mo#i acnupant Kpummna [67] uuciedno mpo-
HHTErPUPOBAJ YPaBHEHHs YHu3eMa AJs IIHPOKOro Kjacca Hayasb-
HHIX YCJOBHH, IPH KOTOPHIX orubaiomas GHCTPHIX KoneGaHH# cTpe-
MHUTCSl K HYJI0O Ha GEeCKOHEYHOCTH, M B ITHX YCJIOBHSAX NPHMEHHM
Meron o6patHoit 3azaym paccesHus. OH MOMYuHsI, 4TO B Cayuae
onHo}ha3HOro peureHust XapakKTepUCTHKH, TPUHAJeXallue JBYM HJIH
TpeM ceMmeficTBaM, NpeBpallaloOTca B NapaJjelbHble PsMbIe 110 Mepe
yBelnyeHust BpeMeHH. IIpu 3TOM ypaBHEHHS CTAaHOBSITCS He THIep-
GoaHYecKHMH, a cKopee napaGoanyeckuMu. JIMHHH B TJIOCKOCTH
(x, ), BIONB KOTOPHIX 06pasyloTcs mapaJjiesibHble XapaKTepucTH-
KH, COOTBETCTBYIOT CKOPOCTSM YeIHHEHHBIX BOJIH, MOJMYYaloNIHXCs
IPH PeleHHH HauaJbHOH 3a/ayH.

¥npaxHenue 2e
[Monaras A —2eA, peumnte noanpas/ieHHble YPaBHEHHs Yu3eMa

2 g2 — 3yA%? L g2 At T fxx
(0] k 1 3YA8 g Y| N

ki+0,=0, (04%;4 (kA%),==0

HTepauUsaMH, ToJaras o = Qg - oy + 82wy, & =Fko+ eK. Tloka-
JKHTE, UYTO o, Ko JOJKHH GHITh KOHCTAHTAMH (B NMPOTHBHOM CJayuae

o6pasyioTcsi CKaukH), o= ki+ 1, 0, = EK/o, 1 Kak A2, tak u K
ABAAIOTEA QYHKUHSAME OT §'==x — (Ro/@o) f ¥ 7 == &f. BBonst K == gy,
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noJjyuaem
oy e WA
‘Pr=‘—2—(—K2+ T)+m A,
(A7), + o] (A2), =0,
uyro Bmecre 3kpuBajenTHO HYI nas a = Aei,

2f. Ipyrue KaHOHHWYeCKHe ypaBHeHHsl. ECTb MHOrO ApPYrux Bax-
HBIX B (DH3HMKE ypaBHEHHi, NPOABJASIONIHX COJUTOHHBIE CBOHCTBa.
CIHCOK CCBUJIOK COIEPXKHUT MHOrO OG30DHBIX cTaTel, CHelHaJbHBIX
H3AaHH#A, TPYAbl KOH(QepeHUUH, U UHTATENb NPHU KEJAHHH MOXKeT
3aHAThCS TIOUCKAMH HMHTEpeCYIOUlero €ro ypaBHeHUs. TeM He meHee
ecTh elle [Ba ypaBHEHHUs, 3ac/yXMBaioliue oco00T0 yNOMHUHAHHSA
H3-3a HX pPACIPOCTPAaHEHHOCTH.

OnHo 3 HHX — 3TO ypaBHeHHe sin-T'opmon. OHo BcTpeuaercs B
HeJIUHEHHOH ONTHKe (B MOJENH PAacHpOCTPAHEHHS UMNYJBLCOB B pe-
30HAHCHOH cpezxe), B (Pu3UKe KOHAEHCHPOBAHHHIX Cpell B Marse-
TH3Me, TJe OHO MOJeJHPYET BOJHBI 3apsJ0BOH NJOTHOCTH B NepHO-
AUYECKOM TMOTeHIHaJe TOAJOXKH M CIHHOBBIE BOJHH B KHIKOM
requd-3. B cBepxXnpoBOAMMOCTH OHO ONHCHIBAeT AMHAMHKY AX03ed-
COHOBCKHX KOHTAKTOB, B CTATHCTHYECKOIl MeXxaHHKe OHO BO3HHKaer
NpY ONHCAHUM KpHTHUYECKOH oO6nacTH B MOJensiX THNA MOJAENH
Hsunra. IMpuunnoit Takolt Be3fecylHOCTH SBJASETCS TO, YTO MHOTHE
CHCTEMHBl OKAa3HIBAIOTCSl SKBHUBAJIEHTHH JHHAMUYECKOH cHcTeMe C Ja-

. 1
rpaHKHaHOM, COCTOSIIHM H3 KUHETHUECKOH 3Hepruu TS gidx

NOTEHIHAMbHOM, COCTOsILIeH U3 ABYX 4acTed — YNPYyro# sHepruH, Ko-
TOPYIO B HEIPEPHIBHOM NIpejiesie MOKHO ONHCATh YJIEHOM

1 o 2
5 ¢ S Px dx,

U noTeHluHnaJNa, co3AaBaeMoOro HeKOoeH HAaJ0XKEeHHOH pemerKoﬁ. Yacrto
HaUJAYULIUM npuémm(enueM JJist 3TOr0 NOTEHIlHaJaa ABJAACTCA

o2 S (1 — cos @)dx.
Herpyano BuaeTh, 4TO W3 3TOrO JiarpaH:xKHaHa 1I0Jy4aeTcss ypaBHe-
HHe Dfinepa BUAa
Ppt — €+ 05 510 =0, (2.96)
OGcyXIeHHe H NMepeueHb 3a1ay, B KOTOPHIX MOSBJAsEICS ypaBHeHHe
(2.96), moxHo Ha#tu B [68], [69], [19], [71].

BTopoe M3 YNOMSIHYTHIX ypaBHEHHH — 3TO He OJHO ypaBHEHHe,
a ¢HeTeMa, ONUCHIBAIOLIAS] PE30HAHCHOE B3aHMOAEHCTBHE TPeX BOMH.
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ATy CHCTEMY MOJKHO 3amucateh B Biie [53]
04;

_at— + Ci . VAI == e,klA;A?) (2'97)

rae (j, k, [)— unkandeckue nepecraHosku (1, 2, 3), A;(x, t)— men-
JEeHHO MeHslollasicsi orubaiowasi BOJIHOBOTO NAKETa ¢ OCHOBHOM
rapmonnkoii ' B, @; = w(k;), ¢; — AnHelinas rpynnosas cKo-
poctb Vo;. JleBast yacth nosyyaercst u3 TeX HPOCTHIX COOOpaXKeHH],
4TO B NOPAAKE & (3/1€Chb £ — cHEKTpaJbHas IIHPHHA NMAKeTa ¢ OCHOB-
HBIM BOJIHOBBIM uucjaoM k) oruGalomass a(X, T,), BXoasimas B
HYII, ynossrerBopsier a, + o’a, ==0. TIpaBas yacTb BO3HHKAET W3

KBaJpPaTHYHO HeJMHEHHBIX YJIEHOB, KOTOpHIe B C/1a00OHeNHHEHHOH CH-
cTeMe COOTBETCTBYIOT HaufoJjiee CHIBHOMY B3aHMOJAEHCTBHIO C Pe30-
HaHCHBIMH COOTHOIUEHUSAMHU

ki+k+ k=0 o)+ ok)tok)=0. (2.98)

B repMunax jayasu3Ma BoJiH H uyacTui (2.98) omuchiBaer coxpaHe-
HHE MMIYJbca ¥ SHEPrHH B TPEXYACTHUHBIX CTOJKHOBEHHSX.

Crpykrypa (2.97) TakoBa, 4TO Hac He IOJKHA YAMBJATb Ta
BaXKHas pOJb, KOTODPYIO 3Ta CHCTEMa Hrpaer B Tex objacrax ¢u-
3MKHM, B KOTODHIX [JOMHHHDYIOT BOJHOBHIEe mpoueccH. [lo cyuiecrsy
OHa ONHCHIBAET NepepacipesesieHne SHePrud Mo CIeKTPy BCJIEACTBHE
HeMHHeAHbIX Pe3OHaHCHEIX B3aumojeiicTeuit. Ona nosBasercsa B Qu-
3WKe MJIa3MHl, B BOJHAX B atMmocdepe u okeane. (HMuorna nuneinoe
aucnepcHonHoe cootHomienne o(k) He jgomyckaer (2.98) Hu aus
KaKHX TPHaj BOJHOBHIX BeKTOpOB ki, kg, ks. B aTux cayuasx mepe-
pacrpejeseHye SHePruu OCyLIeCTBJsIeTCs B CAelyloleM Nopsiike 3a
cyeT YeTHpPeXUYacTHYHBIX MPOLECCOB, KaK, HampuMmep, IJs TOBepX-
HOCTHBIX T'PABUTALHOHHBIX BOJH.)

Hauayumum noapoGubiM o63opom no (2.97) u ee cBodcrBam
MHTErpHpyeMOCTH (IpH ompejejeHHOM BHIGOpe B, OHA TOYHO pe-
uiaema) sBjserca crathsl Kaynma, Pumana u Bepca [72]. (Tlo no-
BOAy ee peiueHust cM. [74].)



TJIABA CEMEACTBA COJIMTOHHbBIX YPABHEHMHA
3 M METOAbl UX PELLIEHWUA

3a. Brepenne. B 3T0i ri1aBe MBI KOCHeMcsl UeThlpex TeM. B pas-
Jenax 3b, ¢ HCIOJb3YIOTCS TPaJHLIHOHHBIE U HECKOJBKO CKYYHBIE Me-
TOAH HACHTH)HKALUHH CeMeHCTB HeJHHEHHBIX MHTErpHpyeMHX Aud-
(bepeHIHAaNbHEIX YPABHEHHH B YacCTHHIX NMPOM3BOAHBIX. B pasgenax
3d,e,f MH ROBOJIBHO rayGoKo OOCYAMM MeTon OGpPaTHOH 3anauu
paccesiHHs, HCIIONIb3YyeMbIll NPH pelleHHH HAuyaJbHOH 3ajayd Ha HH-
TepBaje —oo < x < oo Aad ugdeHoB Knd-mepapxuu. B pasnp. 3g
MBI 3afiMeMcsl MeTOoLaMH BO3MYILEHHH U BecbMa NMoApoOHO pa3bepem
3ajauyy O PACIPOCTPAHEHUH yeJHHEHHOH BOJHHl 1O KaHAaJy yMEHb-
mwamoueiics ryOuHbL. ¥ 3T0H 3a4a4Yd MHOTO HETPHBHAJbHBIX CBOHCTB,
H, KaK 0Ka3aJioch, CIPaBUTbCA C HeHl N0BOJbHO TpyaHO. Hakowel,
B pa3a. 3h MH 06CyINM METOAH IIOCTPOEHHS MHOTOCOJIMTOHHHIX, pa-
IIHOHAMbHHIX H MHOTO(a3HHIX MEPHOJHUECKHX PelleHHHl COTHTOHHHIX
ypaBHEHHH.

3b. Kn®-uepapxus. [TepBas nenar storo pasjena— IpoJeMOH-
CTPUPOBATh, KaK MOJIy4alOTCH CEeMeHCTBAa COJHTOHHHIX YpaBHEHHH.
Bropas — nokasarb, B KAKOM CMBbICJIe KaX/blf U3 OTOKOB I'aMUJIb-
TOHOB. Tperbsi — BBECTH HEKOTOPHIE BaXKHBIE aCHMIITOTHYECKHE pas-
JOXKeHUS, K03 (hHINEeHTH KOTOPHX — HHTErpajbl JABUKEHHS, Ipo-
NOpLHOHAJNbHBIE TAMHJIBTOHHAHAM.

Jlnst BHIBOJA ceMeHCTB ypaBHEHHH MBI HCHOJb3yeM CJeAYIOLIHH
aJTOPHTM:

(i) BmiGepem 3amauy Ha coGCTBeHHBble 3HAUeHHs1 (MO x), Koaddu-
LHEHTHl KOTOPOH 3aBHCAT OT APYrofl nmepemMeHHoil f;

(ii) BbiGepem oOwmuit BUJ M3MeHeHHsT COOCTBEHHBIX QYHKUUH npH
3BOJIIOLUH K03 (HUIHEHTOB MO f;

(iii) samuuieM ycJOBHE pas3pelIMMOCTH 3THX ABYX YpaBHEHHH U
ompelennM, KaKHe 3BOJIONUOHHLIE YPABHEHUS COBMECTHUMHl C 3THM
yCJIOBHEM.

MEr DpOHMIIOCTPHPYEM BCIO NPOLEAYPY HA ceMelicTBe ypaBHEHHUS
Kn®. Kak Mb yxe BuAead B IJ. 1, cCOOTBeTCTByIOIAas 3ajaya Ha
co6cTBeHHEIe 3HAUeHHss — 3T0 ypaBHeHHe Illpéaunrepa

Usx + (A + q (x, t))“U == O’ (3-1)
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KOTOPO€ MOXKeT ObiTb 3alHCAHO TAaKiKe B BHAE CUCTEMH IEPBOrO I0-
pAlKa:

Vix T igvl =4 (xr t) Ug,

Ugy — iUy ==—v|, vy=0v, A=PF. (32

3anmueM 3aBHCHMOCTb U OT [ B BHIE
vy=AWM; q, g5, ... )v—B(; q, gy, ...) U, (3.3)

3aBHCHMOCTb OT BBICLIMX NPOH3BOAHBIX U YUHTHIBAETCS NMOCPEICTBOM
saBucuMoctd A u B or A. Jduddepenuupysa nepekpectio (3.1) u
(3.3), BEIUNTAA M MPHUPABHUBASA HYJI0 KO3(M(QHIHEHTH NPH U H Uy,
nosyyaem

A= B, -+ const, (3.4)
qy=— -5 MB — 2\NB, (3.5)

rae
M=D'+4¢D+2g,, N=D=-2. (3.6)

Tenepb Mbl NepexoAuM KO BTOPOH NoJIOBHHe yacTH (iii) aaropurtma.
BcrmoMHHM, uro Halma Leab — Ha#ltH takue QyHKuuH B(A; g, 9x
Gxx, -..), 4TO ycaoBHe paspemnMocth (3.1) u (3.3), a umenHo (3.5),
npejcrasisier co60f 3BOMIOIHOHHOE YpaBHEHHE BHAA

qt=qt(qv s Gxx» --°)-

JlocTratouHo NPOCTHIM KIaccoM Takux (QyHKUu# B gBisieTcs Kjacc
MOJHHOMOB '

B=BA\"+ ...+ B,, (3.7)

nockoabky u3 (3.5) Boy =0, u mocpeacTBOM CpaBHEHHS COCEAHHX
creneHell A Kaxjnoe B,;; MOXHO BHPa3UTh SIBHO 4yepe3 ero Guauxaii-
nrero Jiesoro cocena B, Be3 morepH o6IHOCTH MBI MOXKeM IPHHSTDH
Bo == —1 u na#itu

NByyy=——MBy k=0, 1, ..., n—1. (3.8)

Torna npu A° noayuaem
1
‘7t=—7MBn=2NBn+1, (3.9)

rie Mbl onpenenuau B,y; paBeHCTBOM

1
NBn+1 =

~+ MB,. (3.10)
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MBI MOKeM 3alucarhb
M=—4NL, (3.11)
rae

X
1
L=— D — g+ deq,, (3.12)
~— HeJOKaJbHBI1 ormepaTop.
[Iponesaem Hexkoropble BHYHCAEHHS. 3aMeruM, uTO Bpy =
= LB, + const. [Ipo koHcranTy noka 3abyaem. Toria

By= -1,
1
By=LBy=—5q,
1 1 o (3.13)
B2: q:——-?(qxx—{—Sq*),

L
2 1 p :
L’q = 55 (qxxx + 5% + 10gq,, -+ 10¢°),

TAe Mbl [PEANONIOXKHJAH, YTO g BMecTe CO BCEMH IPOH3BOAHBIMH
obpamaerca B HyJb B TOUKe x = oo. B pesyabrate nosyyaem ypas-
HEHHA

gt = ., (3.14)

qiy = — L (qxx + 3q3)x, (3'15)
1 . 2

= 16 (Qxxxx _l" 5‘7?5 + IOQQxx “*‘ loqq)x’ (3‘ ]G)

rae Mul npunucanu (2a -4 1)-my NOTOKY C JHHEHHBIM JUCIEPCHOH-
HBIM COOTHoWIeHHeM (k)= —2(k/2)2"!, n =0, 1, 2, ..., BpeMeH-
HYIO KOOPAHMHATY fany;. KOHCTAHTH B B, ¢ £ << n npocro 106aBASIOT
K n-My NOTOKY YJIeHBl, NpONnopuHoHaJdbHEle k-M notokaM. [losaras
BCE€ 3TH KOHCTAHTH HYJSIMH, MBI [IOJYYHM TO, YTO Ha3HIBAETCH <UH-
CTHIM» ceMelcTBOM. KoHcraHTa e B (3.4) HMeeT COBEpLIEHHO Jpy-
ryio npupoay. Beibnpas ee, Mbl MOXKEM HajAjexaluM o6pa3oM HOP-
MHpPOBaTh CcOOCTBeHHYIO (QyHKUHIO v(x, f; §). Mm caenaemM 3T0 B
pasa. 3c.

Kaoncdout norox umeer camunsronosy crpyxrypy. Ceftuac s me-
pexoxy K Haubosee BaKHOMY pe3yJbTaTy, a HMEHHO K FaMHJIbTO-
HOBOCTHM KaXJIO0TO M3 NOTOKOB cemeiictBa. B pasn. 3f 6yner noka-
3aHO, YTO crnpasegnauBa Gopmyna

OH
2B,,, = L"g = —22tL

5 (3.17)
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rje BapHalHOHHAdA Npou3BoAHast 110 g ONpeAeNsdAeTCs KakK

i (=LY OfF (™)
dx (n})
0 aq

TO €CTb
 Higten—Higl _ | 8H
lim 1 __S» 5N dx, (3.18)
rae
¢m=D"q, D=dldx,
% (3.19)
H[q] S (9 9% Gxxs --.)dx.
Hanpuwmep,

1 ¢ 1 N
H1=—2— S qzdx, H3=—8— S (qi—,?qa)dx,

1
H UX BapHalMOHHBbIE NPOH3BOJHLIE CYTb ¢ U — —4—(q” -+ 39% coor-

BeTcTBeHHO. TakuM o6pasom, noToK ¢ n =0, COOTBETCTBYIOLIHH

NPOCTO MEePeHOCY HayaJbHOro NpouJs, MOxKer OBITb 3alHcaH B
BHJE

0 OH
G =qx =737 5. (3.20)
notok Ka®, n =1, moxHo 3anucarh Kak _
0 8,
t =57 8 (3.21)
a (2n - 1)-it norok ceMmeficTtBa — Kak
_ 0 OdHyp4 8Hony1
Qtyns1 = 35 6; =N ; (3.22)
Hanu, ucnonsays (3.11), nonyuum
1 8Han—y
T =M (=57 75) (3.23)

NocKoNbKY 8Hyny1/8g =2B,1 =2LB,, a 2NLB,=—(1/2)MB, =

= —(1/4)M (8H3n—,/8g). OTMeTHM, UTO KaxKJBl MOTOK HMEET BUA
q:=1JIVH, (3.24)

rae J — KOCOCHMMeETpHUHEIT onmeparop, V—rpazuent, a H — ¢yHK-
nuoHan [amusabroHa.

4 A. Hbios.
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3aMeuaTeqbHO, YTO KaXAbH U3 QYHKUHOHANOB Hypyy, n=
=0, 1, ..., IOPOXKAAIOILHX COOTBETCTBYIOIIHA NMOTOK, ABJASETCA HH-
TErpajoM ABHXKEHHS AJIs BCEX OCTAJbHHX NOTOKOB, H 5TH HHTETpaJibl
KOMMYTHDPYIOT JPYyr € ADYIOM OTHOCHTEJIbHO €CTeCTBEHHOH CKOGKH
ITyaccorna (Fapamep [13}):

oo

8G a4 OF
{F, G} = S g (3.25)

EcTecTBeHHOCTh 3TOH CKOOKH COCTOHT B TOM, YTO €CJIH MBI paccMa-

TPHBaeM Da3BHTHE ¢ NOJA JeHCTBHEM IIOTOKA C BPEMEHEM fyzy1, TO
cKOopocTb H3MeHeHHs [ [q] ¢dyHKuuMOHaNa oOT g,

oo

I[q]= S T(l], 9% Gxx» ---)dx;

-0

onpenedsiercss U3 paBCHCTBA

A = (Hyr, I} (3.26)
2k+1

Bce 3T0 o3nauvaer, 4T0 ¢ MOXHO paccMaTpuBaTh Kak QyHKuHIO Gec-
KOHEYHOT'O YHCJa He3aBUCHMHIX NepeMeHHBIX X, fopt+1, B =0, 1, ...,
u (0/0ta41) (0q/0tspt1) ==(0/0t2r41) (0q/0ty+1). Ilpencrasienue o
TOM, UTO DelleHHf COJMTOHHHIX YpPaBHEHHH — 3T0 (PYHKUUH GecKo-
HEYHOT'0 4YMCjIa NepeMEHHHX, OYeHb BaxkHO. BceaencrBue cBo#CTBA
KOMMYTA4THBHOCTH MOXHO Hauath ¢ ¢(x, 0), CABHHYTbCSI Ha fopq
B cuny (Ka®)oet1, a notoM Ha foj4) B cuay (Knd)gp4, ¥ pesyan-
tTat OyAeT TaKoil e, eC/M OCYLIECTBJSTh CABHIH B OOpatHOM IO-
pAIKe.

3amerbTe, YTO KaXKAHIH NOTOK HMEET ABEe IaMUJIbTOHOBH CTPYK-
TypHl. BHpaxenue aias 9,,,, MOXHO NONYUHTb, HCMIOMNL3YS B Ka-

yectBe (pyHkuuonana 'amunabrona Hy,.yy 1 N B KauecTBe onepartopa
Ilyaccona, a MoxHO — ucnonb3ys Hy,; u M. Takasa pyanphas
CTPYKTypa CYHIECTBYeT BO BCEX HHTErPUPYEMHX MOIEJIAX, U OHa
NO3BOJISeT PEKYPPEHTHHIM 06pa30M HAEHTH(HIHUPOBATH BCE HHTEI'PU-
pYyeMHE MOTOKH B ceMeficTBE TOYHO TaK, KaK MH 3TO yXKe AeJaly,
ucrnonb3yst (3.10). Ecan naHbl fBe He3aBHCHMEIE CHMIIJIEKTHUECKHE
CTPYKTYpHl M, N ¥ raMuJbTOHHaH H;, reHepUPYIOWHH TTOTOK, ONpe-

o . 1
Jeassemplit NH;, To cJjeaylomuii NOTOK BO3HHKaeT H3 ——TMHI
(Kad®). Mu 3anuceiBaeM 310 B Buae NHj, 3aTeM CTPOHM CJeAylo-
Wuit MOTOK — —MH; u 1. 1.

Tenmepb 51 NOKaxy, KaK NOJyYaloTCs 3TH (DYHKHHOHAJBI, HO OT-
JOXYy M0 pasi. 3f AoKa3aTesbCTBO TOTO, YTO OHH HHTErpanbl JABH-
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JKeHHsA. 3aMeuy TOJIbKO, YTO €C/IH NOTOK paccMaTpHBaeTcA NpH Ile-
pPHOAHYECKHX TPAHHYHBIX YCJOBHSX IO x, TO uHTerpaa B (3.25) Ge-
percs 1Mo MepHoay.

Acumnroruueckoe pasaoscenue 0as v(x, §) npu [— co. Aaro-
PUTM MOCTPOEHHSI HHTETPaJiOB JABHUMKEHHS COCTOHUT B CJIeLYIONIEM.

[MosoxuM mis coberBenHoft GyHxuun v(x, ¢; §) 3agaun (3.1) v=
=ei§x+<b, ruae

—2i0®, =q + Dy + (DJQC’ (3.27)

i 6yneM HCKaTh ee aCHMNTOTHYECKOE pasjioxkeHHe npu § - oo. Hre-
panusamu nojyuaem jaas My:

= lZ @y Ren
OTKyZAa nojayiaeMm R;==—g H PEeKyppPeHTHOE COOTHOLIEHHE
Rys1=—Rux —:Z:: ReRyp, n=1 (3.28)
IlepBbie NATH 4IEHOB HMEIOT BUA R =—¢q, Ry=¢q,;, Ry=—¢q,, —

- 42’ Ry=qyxx + 499, Rs=— (‘Ixx + 3q2)xx + qi — 2‘73- B uacr-
HOCTH, NO NpPHYHHAM, YKa3aHHEIM B pasfesnax 3e,f, Hac Gyayr
HHTEPECOBATh BENHUHHHI
x
- 1
ve™¥ ~ 1 — 5 Sq(y) dy (3.29a)

0o

H

. 1 —-1§
lim 02——7{01) % Z(wn SRndx (3.29b)

X=r»—

ITepsasi nossossier nmoayunrb g(x) u3 v(x, §)e—®*, a Bropas oka-
3bIBaeTCA HHTErpajioM JBHMKeHHS (ABUKEHHS [0 BCeM BpPEMeHaMm
tont1). BemoMuuM, uto vy =0, vy = —0vx+ iLv (cM. (3.2)). B ka-
YecTBe yNpPaxKHeHHs s MONPOLIY BAC CBSI3aTh 3TOT PE3YJbTAT C TEM,
KOTOpDHIH mnoJaydaercss u3 npeo6pasoBanus Muypel — [apanepa
(pasn. 1d). Mu nokaxem, uto

(o]

e | Ruwsdr, n=0,1,2,.... (330

Hzn+1=(2i)T+3

4*
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OTMeTHM, qToO Rl He SABJSETCS UYJEHOM 3TOro CeMeHCTBa H 4TO

(> ]

S Ry,dx=0,n=1, .... Jle#CTBHUTE/ILHO, Q)yHKuPIOHaJl—-;—H_I =

— 00
oo

= Squ HMeeT HyJaeByl ckob6Ky Ilyaccona c Jo6sIM Apyrum
obyukuuonasom (mosoxure F = H_; B (3.25)). Takoit ¢pyHKIHOHAN
HasuBaercs ¢yHnkuuoHasom Kasumupa.

YnpaxHenus 3b

1. TMoassysice onpenenenuem (3.25), mokaxure, 4to ata CKoOKa
[Tyaccona ynosnerBopsier ToxiaectBy S$lko6u {{F, G}, H} +
+ {{H, F}, G} + {{G, H}, F} =0.

2. Benomuaure, uro B (1.18) wmbl onpepensan w -+ 3/e?=
==(6i/¢)vy/v u mnoayyaau U -+ (g4 1/4e?)v =0. Oroxaecrsure
t ¢ —1/2¢ u nokaxwure, uto @ = —12{((vx/v)— i) = —12iTD,.
[Toatromy coxpansaoujuecs niorHocTu ypasHeHHda Kin®, BBeleHHBIE

B ra. 1, umeror BHJI S R,dx ¥ NMpONOpIHOHAJbHB TFaMHUJIbTOHHA-
— 00
HaM. I pyrue unenn uepapxuu Kad mpuUBOAHT HAC K TeM Ke coxpa-
HSAIOIWUMCS BeJIUYHHAM.
3. Ha nepBblit B3IVIsiA 9TO YIpaKHEHHe MOXKeT NMoKasaTbcs Oec-

cmbiciaendbiM. Ho moBepbTe MHe Ha CJIOBO, CMBICA ecTb. Mbl Bep-
HeMcsl K HCIOJb3yeMBIM B HeM HiesM B ri. 4. IToasoxure

g5, ty ) =200 Int(x, fy I, -..)
¥ NOKAaXKHTE, uTO ¢ TouHOoCThio o O (1/C%)
emz——exp(lnr(x—%, ta—gilg—a, 15——31.%5-, )—
—Inz(x, £, ts, ))

U 4YTO aCHMIITOTHYECKH

o Pl L T (x —1/ik, t3 —1/328, ...)
U(x’ t) ¢ T(x7 13’ t5! "') '
YxazaHue: Hy»KHO 3aNHCAThb
X x X

| Rodx xax — 5 § (@t 30— § 50

—0 -~a0 —ce



CemeficTBa COJHTOHHBIX YPaBHEHHUH M METOAbl HX peuleHHs 101

U BOCIIOJIB3OBATHCA TEM, UYTO

x X
_S _S q¢3=236t:1r11:.

4, Tlokaxute, uro u3 (3.1), (3.3) ¢ A=%Bx, B=—A +—;— q
noJyuaercst
3 3
Up = —Uyyx — Tqvx 7 qxv.

5. ITpoussenure caepyiomue popmaabHble BHKAAIKH. [1ycTh
L=D+aD '+ a, D2+ ...,

rae D=0/0x u D™!'— bopmasbHBi HHTErpajbHbIH oOmneparop
X

de. Onpeneaum B, =(L")+, uro o6o3Hauaer AuddepeHLHANbHYIO

yacte L" Hanpuwmep, (L)+ =D, (L¥)4+=D?+2a,, (L})+=D%+
+ 3a,D + 3Da, + 3a,. PaccMorpuM Hepapxuio ypaBHEHHH

Uy, =Bsv, n=2,3,4,5,....

YCHOBHG Hux paspeUIHMOCTH €CThb
(Bﬂ)xm - (Bm)xn + [Bny Bm] - O- (A)

Cayuadi (i). Ilpennmosmoxum, uto Ko3QDHUIUEHTH a;, a; HE 3aBH-
CSIT OT Xp, U B TAKOM cJydyae MOXKHO MOJNOXKHTE v — ™. v u 3aMme-

HUTb Uy, = Byv Ha Av = Byv. [Tokaxure, uro Toraa (A) paer a, =
=—(1/2)a\x u

(20)e, — - (20,) (2a7); — - (201) sy == 0.

3aMeTbTe, YTO €CJH Mbl 0G03HaUUM X3==—f, TO Uy, == B30 B TOuY-
HOCTH siBJIsleTcst (opMOH ypaBHeHHs u; = By B HOCIeIHEM yIpax-
HCHUU.

Cayuad (ii). Ilycts @), a; He 3aBuUCAT OT x3. Toraa

%
1 i 3
a2="“§‘a1x+7galxg+cy — g Qlxx, T

1
— T Quxxxs — 6 (alalx)x =0,
{Io.rxome a = % (9 —c*2) u npuaeM k ypaBHeHHI0O BycchHecka
2.26)

1
Gxox, — Cqux =73 Gregx — 2 (qqx)x-
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Cayuail (iii). Haxkonenu, nycrb ai, @, 3aBHCAT OT x, Xz U X3. Te-
nepb BBl JOJIZKHBI NOJYYUTD

1 3
2a1x, — 9 Qgxx — 6 (alalx)x — 9 Aixx, = 0,

YTO NOcJe HajAJexaliux npeoOpa3oBaHWi npespamiaercs B ypaBHe-
e KIT (2.27).

Samewarnue 1. Cucrema vxn=B,,v, n=2, 3, ... MNOpOXIaer
nepapxuio ypapaenuit KIL. Murepecytomuiicst unratenb Moxer Haii-
TH oOcyxKiaeHue ajre6paudyeckofl CTPYKTYpHl T-(YHKIHH 3TOro ce-
meiictBa B [39].

3ameuanue 2. Ins cayuas Kn® (i) nauanapHas xpaepasi 3ajaua
pelllaeTcsi B OCHOBHOM HCXOAS H3 3aJayd Ha COGCTBEHHLIC 3HAUEHHS
Av == Byu, u ypaBHeHHE U, = Bju HchoJb3yercs [/ ONpeAeeHUs
3aBHCHMOCTH JaHHHIX paccesHHsA OT X3 B ciaydae ypaBHeHus DByc-
cunecka (i) 3anaua Ha coOcTBeHHBIe 3HAUeHHs Av = B3y uMeer Tpe-
THH MOPAJLOK. DBOJIOLHUS JaHHHX paccesiHHs 3TOH 3afauyu MO x, Ha-
xonutest U3 vy, = Byv. B cayuae (iii) Bce okasmiBaercs coBceM He
TaK npocro. B 3stom cayuyae Boobuie Her 3ajgau¥ Ha coOCTBEHHBIE
3HayeHHs! BmecTo 3TOr0 HyXHO peliath ABYMepHYIO 3ajady pac-
CeSIHHS Uy, == Uy, -+ q (x, X9y X3)v. Huraresp MoxKeT oGpaTUThCA K
TpyAaMm KueBcko#i konpepenuun 1983 r. [124], B ocobeHHOCTH K
pa6oram AGJaoBnua, Pokama n 3axapoa, MaHakoBa, B KOTOPHIX
HMeoTCs HeoOXOANMBIE CCHITKH.

3c. AKHC-uepapxus u ee cpoiictBa [23]. Cefiuac ™Mbl HauHeM
c Apyroi 3azaud Ha coGcTBeHHBIe 3HaueHusi, obobulauei 3agauy,
BBeleHHYI0 3axapoBeiM u Illa6arom [21] nmpu wusyuenun HYII:

A R L) A )

Kakune 3BOJIIOLHOHHEIE CHCTEMbl yPaBHEHHH MOIYT OBIThb pelIeHBl C
ncnoJsb3osanueM (3.31)? Ecau g u r 3aBHcAT OT ¢, TO NyCTh

Ve=0qv, Q=(;l _eh) (3.32)

Ycaopue paspemumoctn (3.31) u (3.32) nmeer B

Py —Q.+[P, Q1=0, (3.33)
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rae [P, Q]—ato maTpuuHHi koMMmyTatop PQ— QP. 3anuchiBas
(3.33) nosnemeHTHO, mOJyyaeMm

hy=gqf —re, e, 2ife=q, — 2hq,
fe—2itf =r, 4 2hr.

Mu GyneM HcKaThb Q B BHAe NOJHHOMA creneHd n (M 0603HAyaTh
Takoe Q Kak Q(, a coorBeTcTBYyIOllee BpeMs — Kak £,). s yno6-
CTBa BHIUHCJAEHUH BBE€AEM MAaTpUUB

i=(3 %) #=(00) 7=(02). e

YAOBJIETBOPAIOUIHE KOMMYTAUHOHHBIM  COOTHOLUEHHSAM a.m‘eﬁpbl

s1(2)")

(3.34)

[H, E|=2E, [(H, F]=—2F, |[E, F]=AH. (3.36)

3aech 3ra anre6pa npocro yao6Ha Ham s BHYHCJIEHHH, HO B IV, 5
Mbl YBHJAHM, YTO OHA WrpaeT LEHTPAJbHYIO POJb BO BCEil TEOPHH.
Mul nmem pemenns (3.33) B Buae

QW= —iH"+ Q"' + ... +Q, (3.37)

rie P= Q(l) == —tHC-i— qE+ rF, Qk =h/¢H+ ekE+ ko Kowmmo-
HEHTHl e, H [, nepen E u F B Q, onpenensiorcs M3 4IEHOB NpH
gr—k+l, a nuaroHasbHasi KOMIOHEHTA fi, HaXOAMTCH H3 WIEHOB NpH
¢k, TlpuBeseM HecKOJIbKO NepBHYHHLIX Matpuu. MMeem

Q0=_iH)
_(0 ¢
Q= r 0)’
i
2

_%‘(qrx_qxr) '_',IT(qxx—Qqu)
Q,— . (3.38)

1 1
—T(rxx—'qu?) T(qrx"—qxr)
YpaBHeHHe

P, —Q+[(} ). @u]=0 (3.:39)

1) O1u Marpuun HasmBaloTcs GasucoM Befs anre6pw s1(2). — Hpum. nepes.
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siBJIsieTCsl 3BOJIIOLHOHHEIM OTHOCHTeJNbHO ¢ u r. lloTokm, coorser-
creylomue n =20, 1, 2, 3, HMelOT BUA

gr, = —2iq, r; =2ir (3.40a)

C
Q9= —iH; (3.40b)
g, =4qy, TIt,=TIg (3413)

Cc
QY= —iHt 4 gE +rF; (3.41D)
qr, = ‘7 (9xx — 24°r), re,=— —f,—(rx,c —2qr)  (3.42a)

C
Q¥ = —iH* + L (gE + rF) — "’ H+Li = q,E er, (3.42b)

1

qt, = — 4 (qxxx - quqx)» Iy, = — T(rxxx — qurx) (3-433)

Cc

Q¥ = —iHE + (G + rF) + 1 (— 4~ H + 5 4.E — 5 1:F ) —
- % (gre—q.r)H — % (9xx — 2¢°r) E — 71- (ryx — 2qr®) F. (3.43b)

HyneBo#i morok (fp) cOOTBETCTBYeT TaKOMYy npeo6pasoBaHmo KOOp-
AMHAT, DA KOTOPOM OCTAETCs HEH3MEHHBIM gr; CJICNYIOMHHA (¢) mo-
TOK — 3TO I[iepeHOC; BTOPOi (fp), ¢ €aMOCOrIacoBaHHOH penyxuneu
r=zg* —aro HYII, tperuii (f3), ¢ CaMOCOrJIacOBAHHOH peAyK-
uHelt r = =4-¢, — 310 MKH.CD Ormerum, yto Q) ajst Bcex NMOTOKOB
tr ¢ k< n KOHTPYSHTHBL B TOM CMBICJe, 4T0 Q*+) = LQ® 4 Qpyy,
k=0, l (n—1).

Cnpaae;mmam cJefyIoIlHe pe3yabTaThl, KOTOpbIEe, OAHAKO, B Ta-
KOM (opMmaJsiH3Me JIOKa3aThb HEMNpOCTO.

(i) Bce ypasHeHus Ptn=Q¥”—l— [@™, P] kommyrHpyiOT, T. €.
Ptntn? = Py 1.

(ii) Bce 3TH ypaBHeHHs TraMH/IbTOHOBH. CyIeCTBYIOT HeKHe
¢ynkunonann {F,}s, Takue uto

0F, 8F,
G, =5 Tt, =" (3.44)

HATUpHMED, I n=2, Fy= — (i/2) S gy + g*r?) dx.
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(iii) Bce F, sBASAIOTCSA HHTETpPAJaMH OT HEKHX NOJUHOMOB F, oT
g, r ¥ X NPOU3BOAHHIX MO x; F, yIOBNETBOPSIIOT COOTHOUIEHHSIM
BHIA
0F,  0Gy; ‘
—55—=T, n=0, 1, 2, oeny (3.45)

KOTOpHIE HAa3BIBAIOTCS 3aKOHamu coxpanenus. F, nHaswiBaerca coxpa-
HAOWeliC NAOTHOCTb10, @ Gnj — NOTOKOM. Bee Fn, Kak u 17151 Hepap-
xun Ka®, o6BIYHO HAXOAATCA ACHMOTOTHYECKUM MO § pasjiokeHHEM
HECKOMIbKUX (PyHKUHOHANOB. B ra. 5 s nonyuy miast Gp; BHIpaXKeHus,
JIOKaJIbHBIE N0 ¢, ¥ ¥ UX IPOU3BOAHBIM.

Ceituac s xouy cAenaTh HECKOJbKO 3aMeuaHuil. Bo-mepsuix, Bce
3TH PESYJIbTATBl MBI MOJYUHM C €IUHOH TOYKH 3peHHs B . 5. Bo-
BTOPHIX, JJI ypaBHeHu#t ['amuiabroHa 6onee 06menpunmon SIBJIS-

eTcs 3a1mc1>Z—JVH ruge Z = () J~—( ) B takux cucremax
g U r SIBJSIOTCS CONDPSIXKEHHBIMU NEpEeMEeHHBIMH, 4 COXPaHAIIIAACS
o0

aBa-(GopmMa HUMeeT BUJ S or Adgdx, rThe ucnoab3oBaHo o6o3Haue-
-_00

Hue 8r Adg anst 8;rd2qg — 021619, u 8; U 8, 0603HAUAIOT HEe3ABUCHMBIE
BapHauuu. B-TpeTbux, 3T0 ocobasi poJb IepeMeHHOH x B BBILIENPH-
BeJeHHBIX GopMynax: Hanpumep, Bce KO3 OULHEHTH B Q, SIBASIOTCA
NMPOU3BOAHBIMH N0 x. 3aMeTbTe, OAHAKO, UTO B Q3 Kosdduumedr ne-
pea E moxer ObITh 3anmucaH KaK NIPOHM3BOAHAA 1O f; BULA (i/2)q:,.
KpoMme Toro, Bce 3aKOHBl COXpPaHEHUS] MMEIOT BHI

9 (coxpaustiomas 11J10'moc'rr>)=i (motok)
015 ox y

B neficTBUTENBHOCTH, €CTh MHOTO APYTHX COOTHOLIEHHH BHIA

4] 4]
5 Fu =5 Fyy.
ot at, "l
YuraTteab MOKET BO3PA3UTh, UTO 0cobasi POJib x CBS3aHA C TeM,
yTo 06J1aCTh HHTEIPHPOBAHMS, BXOAALIAA B onpexenenue F,, pacno-
JIOXKEHa Ha OCH X, B TO BPeMs KaK 3BOJIOLUHS 110 BCEM BpeMeHaM
JokasabHa. Bce 3T0 BepHO, omHakKo BcnoMHuuTte, uto §F,/8g — ato
o0

BCEro JIHIIb CHMBOJ, O0O0O03HAYAIMUH Z(—d/dx)’(aFlaq(’)), rie
0

g0 =drq/dx’, u Bce BO3HHUKAIOUIME MNPH 3TOM WIEHB YHCTO JO-
KaJIbHHIL.

B-uerBepTHIX (M 3TO 3aMeyaHHe MO3BOJIUT HAM MO-HOBOMY B3TJIs-
HYTb Ha BEIIH), AOJKHH BHINOJHATHCS PaBEHCTBA

QY — @iy + [, " =0, (349)
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SIBJAAIOLIHECA yCJIOBPIﬂMH COBMECTHOCTH BCeE€X ypaBHeHHﬁ
Vi, =QMY. (3.47)

Tenepnr BcnoMHHM, uto Q) — 310 noaxHOM no § crenenn j. Pasge-
aum (3.46) Ha §/ ¥ B NoJayyHBIIeMCA ypaBHEHHH clejlaeM Ipepelib-
HHI nepexog j— oo, Eciu M o603naunm

) s
Q=Ilim L=V &, (3.48)

e ¢ 5 &
To U3 (3.46) mosyunm (]Iim (Qg’;)/gf)=0, IIOCKOJIbKY { mpejmoJara-
> 00

ercst GOJIbLIHM)

Q,=[Q®, Ql. (3.49)

Tenepb ypaBHeHHMsl AJISI BceX NOTOKOB mNpHoGpean ropasio OGogee
ajare6pauyecKkylo CTPYKTypy H oaHoBpeMeHHO ¢opmy Jlakca (xorsa
3nech Q mpexpcrapaser coboit psx Jlopana no g, a He auddepenunu-
aJbHHE N0 x onepartop). YpasHenue (3.49) nomyckaer pelieHHe

Q==VQV-, (3.50)

rae V yaosaersopsier (3.47), a Qo— NpoH3BOJIbHAS NOCTOSIHHAA
MaTpHUa, He 3aBHCsHMAs OT f,. YacTo NPHHHMAIOT TAKyK HOPMH-
poBKy V, B Kotopo#t Qp =—iH. B npyrux cayuaax Qo 3anuchBaior
KakK Q(0)— 3HaueHue Q NpPH KAKHX-TO 3HAYEHHAX x H I, (HanoM-
HHM, UTO X H f; MOXHO NOMEHATb POJISIMH). '

Ynpaxuenus 3¢

1. [IpAMBIM BHIYMCJTEHHEM JOKAXKHTE, UYTO Gt.t, == Gt t,.

2. TlonpoGyiite nafiTu aaa Q pemenne Buna QD =(1/5)Q-, u
MONYYHTh W3 Hero ypaBHeHue sin-T'opaoH

Ugt _, = Sin U,
VKasanue: BO3bMHTE —(q = r = U,/2; 4TO NPOH30iiler, ecau B3ATb
g=r=u./2?

3. 3aMeTbTe, YTO €CJH HAJOXKUTL Or'paHHYEHHsI THNA ¢ ==f, TO
OHM COTJIACYIOTCH JIHIIb ¢ HEKOTOPEIMH H3 mortokos. Hanpumep, eciu
BHAuaJie GHJIO r = --¢, TO BCe UETHHIE NOTOKH (T. €. f3,) pa3pymamor
9TO COOTHOUIEHHE, a BCe HeueTHHe (T. €. fa,41) cOXpaHsioT ero. IIpo-
THBOMOJIOKHOE MPOUCXOLHUT NMpPH r == ~4=q*.

4. Haitaute auHefiHble KOMOUHANUY YHCTHIX NOTOKOB QM) QX u
QD, npuBoAfHINE K YPABHEHHSIM

a) gt =T7q:+ 4(Geex + 64%q.),

. 3 5
b) u,, =sinutu, + o Uty
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To ecrb Haliaure Takyio KoMmGuHamuio Q =aQ® 4 BQ 4 yQ-D,
yTOGH ycjOBHe pa3pemldMOcTH ypaBHeHHH V:=QV u (3.31) npum
r == —¢q paBaJjo cootBercTBeHHO (a) u (b).

5. Ecau cuurats, uto mapaMerp { 3aBHCHT OT BPEMEHHU TaK, YTO
L= Za,g’, TO B pe3yJbTaTe MOJYYAETCsl ypaBHEHHE C 3aBHCH-

0

HIMMH OT x Kos¢p¢uuuenramu. [Tokaxure, 4To 3BOTIOHHOHHOE YpaB-
HeHue, cooTBercTByMOUlee Q = QP — ixal (unen if:, 3aech NpuHs-
THIl PaBHHIM (@, o BeLIECTBEHHO, A00ABJAETCS B JIEBYIO 4acCTh Iep-
BOro ypaBHeHus (3.34)), wMeer BHJ

q9;:= ig' (9ex — quf) — 2iaxq,
ry= — —;— (rex — 2qr?) + 2iaxr.

D10 N0O3BOJISIET HAM H3y4aTh BJIMSIHUE I'PAajJHEHTa MJIOTHOCTH B TeX
3ajgayax, K koropbiM npumenumo HYUI. Dto BiusHHe NPUBOAUT K
TOMY, YTO TOYKH AHCKDETHOIO CIIeKTpa (KOTOpHIH OBLT BBeJeH B
ra. 1 u Koropoli Mbl 6osiee NOJAPOOHO PAcCMOTPHM B CJAeAYIOLLEM
pasgese), ObIBIIMe N0 CHX HOP HEHOABHXKHBEIMHM, HAUUHAIOT [BH-
ratbcs npeanucaHHeiM o6pasom. (CM. [75].)1)

6. Paccmorpure 3afayy Ha coOCTBEHHBIE 3HAUEHUA

lB[C, p q 3
Vei=|xp" L r |V, i;{ Bi =0
+q" 1 B

U NOKaxkure, Kak BHOpaTh V; Tak, yToOH B pe3yJabTaTe NOJYUYHAUCH
OJIHOMepHbie YpPaBHEHHS TPEXBOJHOBOI'O B3aHMOJAEHCTBHA, a HMEHHO
pt+ cipx = d,g*r* u elie ABa ypaBHEHHS, MOJYYaOIIHECS IHKAHYe-
CKOH NepecTaHOBKOH p, q U r.

7. Tlo noBoxy o6uieit (7 n) MaTPHUYHOH 3a4aud BHEl MOMKETE
ob6parutbcs K paboram [76] u [77].

1) Pemwraemnie MeToAOM 0GpaTHOM 3afauyd ypaBHEHHA C NEPEMEHHBIMH KO3(-
(HIHeHTaMH BO3HHKAIOT B JIBYX SKBHBAJEHTHHIX MOAXORAX: a) KOTAAa CHEKTPaJb-
HHIA TapaMeTp 3aBHCHT OT KoopAuHAT H 6) npu BBeaenuu B (P, Q)-mapy mpo-
H3BOAHOH MO CHEKTPaJbHOMY NapaMeTPy. YDaBHEHHS TAaKOTO THIA BIEpPBHE
NOSIBUJIHCh, NMO-BHAHMOMY, B pabotax [3*] u [4*]. B ob6uiefi nmocraHoBke Takue
CHCTeMbl H MX (pH3HYecKHe NPHJIOXKEHHS H3ydanuch B cepuu pabot [1%, 2*]. Iloaxoxn
6) BaxeH B TEOPHH CHMMETpPHIl COJNHTOHHBIX YPaBHeHHi: ec/iH 3aJaHa Hepapxus,
NOPOXK/eHHAss HEKOTOPHIM P-0NepaTopoM, TO C MNOMOIIBIO TEXHHKH HHOHHHUTE3H-
MaJIbHOTO OJEBAHHS MOXXHO AJA JIOOOro BXOASLIEro B Hee YPAaBHEHUSI MOCTPOHTD
GeckoHeuHylo cepHio AHpdepenunasbHHX (IO CHeKTPaJbHOMY napamerpy) Q-ome-
paTopoB, ONpeAeJSIOUHX GeCKOHeTHOMEePHYIO anre6py HeKOMMYTATHBHBIX CHMMeT-
pHil, cojepXKalllyl0o HNaHHYI0 HEpPapXHi0 B KayecTBe KOMMYTaTHBHO# nopanreG-
pu [5]. CM. Takxke GubGanorpaduuecknil KoMMeHTapuii K ra. 5.
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8. PaccMmorpute 3azauy Ha coOcTBeHHbIE 3HAYEHHSA

752
v _(—lC CQ)V
T\ i
H TOKa)KHTe, Kak BHOpaTh V, Tak, uyToOb HOJYYHThb HeJHHEHHOe

ypaBHenue lllpémuurepa c¢ npoussoanoit (HYUIIT) u maccusHy
mozxenb TUppuHTa.

3amenanue, Mb yBHAUM, UYTO NOJYUYAIOUIMHCS H3 3TOH CIeK-
TPaJbHOH 3ajaun Habop ypaBHEHHH fBJAseTCH POACTBEHHLIM IO OT-
HomeHuio K uepapxuu AKHC. (Cm. [38].)

3d. Npsamoe npeobGpaszoBaHue AJis HeJuHeHOro ypaBuenus Lpé-
AMHTepa, HiHu paccesHne Ha Geckoneunoi npamoit [12, 80]. Ilo npu-
4MHaM, yKa3aHHBIM B IVI. !, KaxeTcsl eCTeCTBEHHBIM CBA3aTb ypas-
nenune HUlpénunrepa

vxx+(;2+q(x) t))v——_o (3051)

¢ peuwenusiMu ypaBHenuss Knd. B pasa. 3b mbl o6HapyKuiaH, 4TO
ecJu g(x, {) 3BOJIONHOHUPYET [IO NapaMeTpy ! COrJIaCHO ypaBHEHHIO

q: + 6qqx + Gxxs = O: (3-52)
10 B=—42+42¢9, A =¢q,+ C, C—cBo6GoaHass KOHCTaHTa U
0= (g + C) v + (48> — 29) v,. (3.53)

(Cm. (3.15) u coorBercrBylouiee eMy B ==B(). 3amerbTe, uT0 MHI
MoNOXUIU t3==41) «Hy u uro?» — Moxere BB cnpocutb. «Uem
9TO MOXKeT Ham nomoun?» IIpeoGpasoBanne ot ¢(x, f) K v(x, t; §)
He NMPUBOJAHKT K KAKOMY-TO NPOCTOMY, JIEFKO peIlaeMOMY ypaBHEHHIO
s o(x, ¢; §). Hanpumep, oHo He nuHeapusyer Ka®, kak aro npo-
HCXOAHUT AJs1 ypaBHeHus Dioprepca (cm. ynpaxxenue ld). K cua-
cThiO, Tpynna, caenasumas orkpweitue ([apaunep, I'pun, Kpyckad,
Muypa), Gplia XOpOIIO 3HAKOMa C KBAHTOBOH (PU3MKOH, U KOrAa
BO3HHUK/IO ypaBHenue llIpémuurepa, UM NOKa3ajoch €CTECTBEHHBIM
BHIUHCJINTL JJs1 Hero OaHusle pacceanus. Bojee TOro, Kak s yxe
yOOMUHAJ B TJ. 1, OKasajoch, YTO 3TO NpeoGpa3oBaHHE OT IHOTEH-.
uHana ¢{(x, f) K AAaHHBIM paccedHud (MJIH HX MNOAMHOXKECTBY) H
ecTb IpaBWJbHOE INpeobpa3oBaHHe, MO3BOJSIOLIEE IIEPEBECTH CH-
creMy ¢ 6eCKOHEYHBIM YHCJIOM CBSI3aHHBIX cTeleHell cBoGoAH (3.52)
B pa3pelIiMyl0 CHCTEMY ¢ pa3[eNeHHBIMH CTENEeHSIMH CBOGOAHL.

Ocnosubie udeu teopuu paccesnus. CIoBO «paccesHHe» NOApa-
3yMeBaeT HaJHYHe BPeMeHH, COCTOSHUS «A0» H «HOCJHe» W HaBOJHUT
HA MBICJb O HEKOTOPOM paclpOCTPAHAIONIEMCS] HMIYJIbCE WIH BOJIHE,
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KOTOPLIH YacTHYHO (B OJHOMEDHOM CJy4ae) OTpa)Kaercs, a 4acTHY-
HO NPOXOJHT CKBO3b HEKYI0 HEOAHOPOJHOCTb, NPEACTABJEHHYIO IO-
TeHuuaaoM q(x, £). IlepBoe, uTo HyXKHO CcKa3aTh,— 3TO UTO BpeMA,
HQ KOTOpOe YKA3bi8aeT NOHATUE «PACCeAHue», u napamerp t (epe-
ni) 8 ypasnenuu KOD ne umeror mencdy coboli nuuezo obujezo.
[TepBoe 13 3THX BpeMeH MBI Ha30BeM T, 2 BTOPOE BPEMEHHO 3a(uK-
cupyem. Paccmorpum, nanpumep, mogenb CKOTTa, COCTOSILYIO H3
HENPepLIBHO paclpejeNeHHbX MasTHHKOB, IOJBEIIEHHHIX HAa TOP-
CHOHHOH NIPOBOJIOKe, M INpeAcTaBUM cefe, UTO NMpH X—> oo HJH
HCYe3aeT CHMJIA TAMXKEeCTH, WIH CTAaHOBHUTCS GECKOHEUHOH IJMHA MasnT-
HukoB. Torga (2.28) moxHO 3amucaTth Kak

U, — U, + olu=0, (3.54)

rie Ko3QPHUHEHTS ¢ 1 @) — QYHKUHH X, TaKHe uTo ¢*— 7, @ —>0
npH x— t-oo. Jljs npocToTH npumeM c¢2 =1 npu Bcex x. YpasHe-
Hue (3.54) Oyaer omHucBIBATh PAacIpOCTpPaHeHHe BOJH IO CTPyHe, MO-

rpy>KeHHOH B uyacTH cBOell MJMHBL B YIPYryio cpely. Bo Bcsikom
clyuae, MOCKOJBKY mf) He 3aBHCHT OT 7, MOXKHO HCKATb pelieHHUs

o0

ypaBHenus (3.54) B Buze u(x, 1)= S v(x, t)e %%z, roe v(x, §)

— 00
ynosaersopsier (3.51) ¢ —o? (x)=¢g(x, {). BoobGpasum, uro ¢ B
q(x, t) npexncraBaser cofoi mnapamerp, ¢ IOMOLBIO KOTOPOTO
MOKHO HelpepriBHO u3MeHATb ¢(x, £). Ho A onsith noauepxupaio,
4TO KOTJa peub HIEeT O TEOPUH pacCesiHusi, { CUMTAETCS] KOHCTaHTOH,
[TockonbKy ¢(x) obpaliaercs B HyJdb IPH X —> =4-00, ACHMITOTH-
yecKoe NoBejfeHHe v (x, §) 3anaercs JHHEHAHOH KOMOHHAIMEH 3KCIO-
HEHT e*®%* ¢ Kos(pQuUHeHTaMH, 3aBUCAWIUMU OT [. Pemenus e*it*
NpeAcTaBasIoT co60of B u(x, T) uieHBl, 3aBUCSIIME OT X~ H IO-
3TOMYy JBHramlnuecs BJeBo (Buparo). CienoBaTejbHO, €CAH U3
X ==-00 MO HANpPABJEHHIO K IIOTEHIHAJy BIYCKAaeTcss UMNYJbC B
Buae §-pyHkuuu [dupaka, ToO yacTh €ro OTpPasuTcs OT NOTEHIHaJa,
u nosromy v(x, §) 6yaer HMerb ACHMITOTHKY Ha X—>» 4-oco BHAA

Voo (%, §) =¥ 4 R () €'%, (3.55)
rae R(Z) nasmBaercsi xoagppuyuenrom orpaxcenus. Yacts xKe HM-
myJabca INpOHJeT, U NO3TOMY ACHMOTOTHKA v(x, §) mpH X = —oo
HMEET BHJ .

Voo (2, Y =T (f) e~ (3.56)

u T(C) wuasbiBaercs roappuyuentom npoxoxdenus. Vs rteopuu
OGBIKHOBEHHHX JH(G(epeHIHaNbHbBIX yPABHEHUH H M3 NPOCTHIX HH-
TYHTHBHBIX COOOpaxeHui caeayerT (Mbl BKpaTLe CKaxkKeM, MoueMy),

qTo
IRP+ITP=1. (3.57)



110 nasa 3

B sTom npumepe (ypasHenue sin-I'opaon) msi BeiGpanu g (x)= — @,
T. e. BeJIMYHHY, OTpHUATenbHYI0 Bcioay. OIHaKO B KBAHTOBOH ¢u-
3MKe MOTeHUNHan —q(x), B KOTOPOM JBHIKETCS 3JIEKTPOH, MOXET
MecTaMH OHTb H OTPHUATENbHHM, H y (3.51) BO3MOXKHH pelleHHs
He BOJIHOBOTO THIIA. DTO TAaK HAa3blBaeMble CBA3aHHEIE COCTOSIHHA, H
OHHM BO3HHKAIOT NPH OTPHUATENbHBIX 3HAYEHHAX IHEPruH A = E =
= {2 ¢ ydcTo MHUMBIMH §. B orsnune oT BOMHONOLOGHBIX pellieHHuH,
OCYIIeCTBHMHX IIPH BCeX BelIeCTBEHHHX { (MOJOXKHTeNbHHX E),
CYLLECTBYET JIMIIb AUCKPETHOE U KOHEYHOE YUCJIO COOCTBEHHBIX 3HA-
yenu#t {p(==in:), KOTOPHIM COOTBETCTBYIOT HHTerpHpyeMble B KBal-
pate coOGcTBeHHBie (YHKUUH HA HHTepBaje (—oo, oo0). B 3toM
MOXHO yBenutbcs TakuM obpasom. IlpeacraBum cebe peulenue, Be-
ayuiee cebsi MpH X —> —o00 KaK U—w(X, §)== e ¥ H 3KCIOHeHLHaJb-
HO yObiBalomee B a1oH obsactu npu { =in, n > 0. B obumem cayvae
MOKHO OXHJATb, YTO MOCJE B3aHMOAEHCTBHA C NMOTEHLUHAJOM IIPH
X -}-00 BO3HHUKHYT KOMIOHEHTH], IPOMOPIHOHANbHEIE e~&* H et
B To BpeMs Kak BTopas KOMIIOHeHTa Befer cebs Kak e~ ", 1 >0
H BOOJIHE JONYCTHMa, IepBasi, OYEBHAHO, HeT, NIOCKOJbKY OHA Ha-
pyliaer KBaJipaTHuHyi0 HHTerpHpyemocts. CiejloBaTeNbHO, BO3MOXK-
HBl TOJIBKO HEKHe CIlellHajJbHble 3HaueHus {, NpH KOTOPHX aCHMIITO-
THKA v (X, §{) IpU x—> 400 COAEPKHT TOJNBKO UWIEH e®*.

HMeHHO 10 3TOH NpUYMHE H3yuaeMble HAMHK peIUeHHs 3aJ]auH
(3.51) yno6HO HOpMHPOBaTh cielyloluM o6pasoM. [lJs BemecTBeH-
HBIX § onpenenum peweHns ¢(x, t), P (x, §) Tax, 4roOLl OHH HMEH
ACHMITOTHKH

@ (x, §) ~ e, x—>—oo, (3.58a)

P (x, L) ~et*, x—> oo, (3.58b)

B Kavecrte JMHEHHO HE3ABHCHMBIX pelleHHil Mbl GyjeM 6paTh mapsl
@, @ u P, V. _Dynxuus @ ACHMITOTHYeCKH Beser cebs Kak et mpu
x—=-—00, a P ~ e~i&* npu x— -4-oco. Iy BelleCTBEHHHX ¢(x) H §
BepHH COOTHOMIeHH: @ (X, §)=@(x, —L)==9*(x, ) u P(x, §)=
=P (x, —L)=19*(x, §). 3Besgouka 0603HauaeT KOMIJIEKCHOE CO-

npsixkenue. DTH aBa Habopa JHHEHAHO HE3aBUCHMBIX peIleHH# CBf-
3aHHI:

px, D=a@ ¥, =)+ P, L) (3.59)

U3 BHINENDHBEJIEHHHX YCJIOBHH CHMMETPHH JIETKO YBHJAETb, UTO
a*(t)=a(—t) u b*{)=0>b(—1%). Kpome TOrO, ypaBHEHHE BTODOTO
nopsiaka (3.51) He comep:KHT MepBO# NpPoH3BOAHOH (B cucteMe (3.2)
3TO BHIPAXEHO HYJNEBHM C/IeOM MATPHUH KO3(QQHIUHEHTOB), H MO-

9TOMY BPOHCKHAHHI QyHKUHA (¢, 9) 1 (", ‘l[}) He 3aBucar or x. [lo-
cKOMbKY W(Q, @) = @@ — 0. = 2it u W (}, ) = 2if, umeem (BH-
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NOJIHUTE 3TO BHIYHCJAEHHE!)
aa’ — bb* = 1. (3.60)

Teneps cpasunm (3.59) u (3.55), (3.56). dasa Toro YTo6H MOMYUHTD
eMHHIY Nepei e~* npH x — 4-oo, nopenum (3.59) na a(g). Tenepn
OYEeBHJHO, YTO

~

TQ=55 RO=
u yro (3.60)— ato nmpocro (3.57).

b (g
(

e (3.61)

Saneuvanue. <«Jlunednoui» npedes. Ceiiuac camoe BpeMms Ho-

CMOTPETh, KaK CBA3aH KO3(duuueHT orpaxeHus R({) c mpocTeim
npeo6pasosanuem Pypre or g (x)

) Lt B}
G =55 | g(9)etrdr,
Iast aToro ucnoabsyem GopmysnupoBky (3.2) u 3anmumiem fABa HHTe-
TPAJVIBHBIX YpaBHEHHS s Py == —\Px - iCP u P =, rae P(x, §)—
pewenne ypapHenus (3.1) ¢ acumnrornyeckum nosegenuem (3.58b),
X
v | gy
B X
oo =1 — { pretovay.

-0

Teneps Gynem pematb 5TH ypaBHEHHs HTePAUUSAMH, HAXOAS MOCJTe-

AOBATENbHO WJEHH cO Bce (ojiee BHICOKMMH crenmeHsmu ¢. [lo cy-

I1eCTBY HMEHHO 3TH PA3JIOXKEHHS HCIOJB3YIOTCHA MJs JOKa3aTelb-

cTBa yTBepxaenuit (3.64), npuBenenunx Huxe. Ceifyac, 0ZHAKO, MBI

0yZeM CYHTATb g MAJBIM H COXPAHHM TOJLKO JIHHEHHBIE IO ¢ UJIEHHL.
X

Mu nonyunm, uto Piet* npUGIH3UTENBHO PABHO S q (y) e*tvdy.,

Onnako u3 cootHomleHus, o6patuoro K (3.59),
bx, D=a@)o(x, —0)—b(=L)e(x, b, (3.62)

MBI BHAHM, 4TO Y1e%* = (—x - il ) e®* crpemurca k —2ith (—t)
npu x— —oo. TakuM o6pasom,
—2ith (—0) = | q () evay,

-—00
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H [IO3TOMY
A ik k
G =—50(3)-

Kpome TOro, B 3TOM NpelLenbHOM clydae a = 1, U IOITOMY JaHHBIE
paccessnus — sto npeo6pasosanne Pypoe.

§I xouy MOAYEPKHYTb, YTO ITO BBIYHCJEHHE — JIHIIb NpHMep, MO-
Ka3plBalolluil Ge3 HM3JHIIHUX CJOXKHOCTEeH, uTo obpartHoe mpeobpa-
30BaHHEe pacCesiHUs SBJsSETcs HeJHHeHHBIM aHasJoroM mpeofpaso-
BaHus1 Pypre. B pelicTBUTEIbHOCTH TO, YTO HOHUMaercs MOJA Hpe-
neJoM MaJbix ¢, Tpebyer O6oJbIIOH aKKypaTHocTH. Ecth MHOrO
MOTEHINAJI0B, KOTOphIe, Oy1yud MaJbIMH NPU BCEX X, TEM He MeHee
UMeloT cBs3aHHble cocrosiHMsA. Hanpumep, B ynpaxuenun 3d(3)
amnauTy1a @Q Mmoxker OBITH CKOJIb YFOAHO Mana, U TeM He MeHee
BCErja ecTb OJHO CBS3aHHOE COCTOsiHHe. B aroM cMEICHE mpenen
a—1 npu Bcex §, Im§ > 0, He ABNsIeTCA paBHOMEPHHIM.

Hanuote paccesanus u ux ceoticTsa. Jo CHX MOp MBI HMEJIH JL€JIO
C peuleHHsiMH NpH BelllecTBeHHBIX . OkaswiBaercs, uTo eciu ¢(x)
yLOBJIETBOPSIET YCJIOBHIO

oo

S (1 + x%)| g (x) |dx < oo, (3.63)

-0

TO CNpaBeAJIUBBL CJACAYIOILHE DE3YJAbTATHI.

() p(x, e, P(x, Ye ™ u a(f) (ompemeneHHoe Kak
(1/2) itW (9, ¥)) ananutuunst 1o § npu Img > 0. (3.64a)

(ii) @ (x, O)e'*, P(x, {)e ** u uX NPOU3BOAHHE IO {
CYIECTBYIOT W HempepbiBHB B o6sactu Im{ =0
Besje, BKJouast §=0. (3.64b)

3a geransiMp udTaTenb Moxer obpaturbest K pabore [efidra
u Tpy6osuna [80]. MarteMmaTtuueckue npobjeMbl, BO3HHKAIOLIHE B
obpaTHOfi 3ajiaue paccesiHUs, CBOAATCSH K TOMY, YTOGB OXapaKTepH-
30BaTh JaHHble pacCesHHUs, BOSHHKAIOUIHE U3 INIOTEHIMAJOB 3alaH-
Horo Knacca. [TepponauasnbHo PanjeeB HccaenoBal Kiaace q(x), Aas

o

KOTOPBIX S (I+[lxD)g(x)dx < oo, Ho Heiipr u TpyGoBunm yxa-
3aJ1¥, YTO JJIs KOHTPOJIsSI Haj TMPOH3BOAHON 1o § ot ¢ (x, §)e~%* mpu
¢ = 0 Heo0X0AHUMO HeCKOJbKO GoJiee cHIbHOe yciaosue (3.63).
Janee, paccMorpuM (3.29) ¢ v ==1. Bcmomunas, yro ¢, =
= —\y+ CP, ¥ mnoaw3ysacp (3.62), mnosyyaeMm, UTO BeJUYHHA
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(O + (1/248) (px — iCPp) ) e~%* crpemurcs K a(f) npu x— —oo. Ilo-
sroMy (3.29) naer

oo

ha@~—) (2+§),, S R,dx. (3.65)
1 —00

3anuceiBas (3.65), MBI, €CTeCTBEHHO, NMpEANOAaraeM, 4To BCe HHTe-
rpajsl B MPaBOH YaCTH CYIIECTBYIOT, a 3TO ropasdno 0oJiee CUIbHOE
ycioBue, yeM (3.63). Ecan 681 MB!I pacnosaranu toasko (3.63), to
MBI MOIVIH OBl TOJIBKO yTBepKAaTh, utTo a(f)—1 npu {~> oo, Im§ >
= 0. Iloka, oxnako, 310 BCe, 4TO HAM HYXkHO. MH 3HaeM, uto a(g)
a”aautuyHa npu Im¢€ > 0, cymectByer npu Im{ =0 u crpemurcs
K eaunule npu {—oo, Img = 0. [Tosromy a(§) MoxKer uMeThb JHIIb
KOHEUHOe uucjao HyJeH, N, B o6iactin Im¢ > 0, nockoJabKy B mpo-
THBOIIOJIOXKHOM CJydde OHAa MMeJa Obl TOUKY CTyUIeHHsl HyJell U u3
coo6pakeHuit aHAJUTHYHOCTH AOJIKHA Obla Obl GBITh TOXK/IECTBEH-
HeiM HyJseM. (Ecan touxofi crymenus cayxur =0, to tpebyworcs
Gonee ToHkHe apryMmeHTH.) M3 (3.59) bl BuguM, uro a(f) mpomnop-
IIHOHAJIbHO BPOHCKHAHY pewleHuH ¢ (x, §), P(x, T)

W (o, 1
a@) =G — o (@b — 0. 0),
a mMoaToMy B KaxiaoM HyJde g, k=1, ..., N dyuxkuuu a(f,)=0
(P(xs Ck)=bk1p(xs §k)y k=1’ ceey N. (3'66)

3amerbre, uto a(f) Moxer uMers moJitoc npu § = 0. U sto aeiicrau-
TeJbHO, KakK NpaBuJo, ocymectsisercs. Mckmouenus GuiBaor npu
|R(0) | << 1. Uuratesab MOXKeT IOAYMAThb Ha 3Ty TeMy IOCjIe TOTO,
KaK cienaer ynpaxnenus (i), (iii), (iv) u (v) B KoHue storo pas-
neJa.

Ha6op Benuuun
_____b 4
S={R(€)=: aféi (" bk/ak);g:l} (3.67)

HasbiBaeTCst dannoimu paccesrus (a, =ada/dt|. ). [To HeMy MOXKHO
3 ts

BOCCTaHOBHTL ¢ (§) cienyromuM o6pazoM. OyHKIHUsS

rtti
f@= 1 —g—_Tka@)



114 I'nasa 3

aHaauthy#a npu Img > 0, crpemurcs K 1 npu {=o0, Im{ = 0,
H nosromy no Teopeme Komn

nf@ =5 | 212 4,

oo

1 Inf (%)
0= | Fhds, Img> 0.
3amensss §——¢ B NOCHefHEeM ypaBHEHHH, 3aMeuasi, YTO NpPH Be-

mecrsennbx & f(E)f(—E)=a(E)a(—E&)=|a(E)|?% u cxaaauBas
o6a ypaBHeHHs, ToJlyyaeM

1 °S° In(1—|Rj® d

N
§—in,
ma@)=2, ntrm, ) "ot

OTKyJAa yiKe TPUBHAJBHO CJACAYET, UTO

¢ ¢ In(1—|R?)
) e

N
-
Ina@)=Yy mﬂ—z‘i — 4t (3.68)
k=l

(Jlerko BuaeTh, YTO BO3MOXKHBIH npocroit nomioc a(f) npu =10 ue
BJHfACT HA pe3yabraT.) ACHMITOTHYECKOE pasjoxeHue o6eHx uacreit
(3.68) mpu §{— oo paer

s T 82 S,
Honr =Gyt _Sw Ropyidx = — 1;1 e —
—2{ema—1Rrp . (3.69)
0

YpaBuenus (3.69)—3to popmyser caedos, onpenensiomue (GyHK-
uvonansl [amunbrona Hpny, n=1, 2, ... (dopMyna crpasennusa
u npu n=0, onHako H_; He sBJAsercsd pa3yMHHM TaMHJbLTOHHA-
HOM)') KaK (GYHKUMH OT COGCTBEHHBIX 3HAUEHHH {%}Lx H MOAYJS
ko3 ¢dunuenta orpaxenus |R(L)|, T BelllecTBEHHO M NOJOXKHTENb-
HO. OHH NO3TOMY BHIPAXKAIOT KOHCTAHTH [BHKEHHS B CTAPHIX Tepe-
MEHHHIX (g, gx, Gxx, ...) KaK OYHKIMH KOHCTAHT ABHMKEHHS B HOBBIX
nepeMeHHBIX (MaHHBIX paccesiHHs) H, B YaCTHOCTH, MOKA3hIBAIOT, KaK
oro6paxaloTcsi TaMUJIbTOHHAHBI NpH Tepexofie ot ¢(x, £) K S({).

1) H_, npuBonut K ROTOKY g = 0.



CemeiicTBA COJIMTOHHBIX YPaBHEHHH ¥ METOAB MX pelieHHn 115

HMeer CMBICA BHIIHCATb B ABHOM BHJE HECKOJHKQ IE€PBHIX PABCHCTB!

[o=]

N
§ qar=a)m+2
1

-—00

In(1 —|RP)dE, (3.70a)

St §

o N )
Sq2dx=-‘3izn§;—%gg2m(1—|R|2)d§, (3.70b)
—00 i

oo N
{ (qg—zqs)dx:%an—%ggﬂn(l—mmg (3.70¢)
1

-0

Crout npoBepHTh 3TH (HOPMYJBl B clydae, KOrjia g(x)-— OAHOCOJM-
TOHHBIH 0e30TpakaresbHbIl noTeHHa. [Tox 6e30TpaxaTeabHOCThIO
MBI IOHMMaeM TOXKJecTBeHHoe paBeHcTBO R({) nymio. Ilpu atom
HETPHBHAJILHBIE JAHHBIE pacCesiHUs-— 3TO INPOCTO CBA3AHHBIE CO-
crosiuas  {, ==in,, k}l B uacrHocrdy, npu N=1 g(x)=
=21 sech®n(x—X), rae m =1, b =€ OTMerum, 4TO IIpH
N >1 3Heprusfi N-COJIMTOHHOI'O COCTOSIHHSI NPOCTO DaBHA CyMMe
SHEpruil BXOASIHX B pelleHHe COJHTOHHBIX KOMIIOHEHT. DTO Heylu-
BHTEJBHO, NMOCKOJIbKY SHEPTHS COXPAHAETCS, U B npeaene OGObLIHX
BpeMeH N-COJHTOHHOE COCTOSHHMe IpeicTaBiaser coboil JHHEHHYIO
cyMMy N OTAeJNbHBIX cOMUTOHOB (cM. (3.108)). Ilose3no oTMeTHTDL
TaKxe, ;,{TO u3 (3.70a) caepyer, 4yTo Macca, Copepkaulascst B COJH-

TOHAX, Z 4m,, Bcerza GoJblle JeHCTBHUTENbHO cOAepiKaluefica B pe-
1
oo

meHuH q(x) Maccw S gdx, mockoabKy 0<C|[R|? << 1. ITosromy
- 00

BKJaJ HENpepbIBHONO CIEKTpa B MAaccCy BCerjia OTpHUATeseH. IJTOT

pe3yJbTaT MMeeT BaXKHble OTBETBJEHHS NPH PacCMOTPEHHH BO3MY-

meHdd ypasHenuss Ka®. Ceiiuac Xe camoe BpeMs AeTajbHO pa-

306paTh HECKOJIBKO NPHMEPOB.

Ynpaxuenus 3d

1. Pacemorpure (a) ve=u(x, t)v u (b) vi=(u?+ us)v. Ybe-
JUTECh, UTO YCJOBHE MHTETPHPYEMOCTH — 3TO ypaBHeHMe Bioprepca
(¢) u:==2uu,+ u... Onnako, nudbdepenuupys (a), ybexnaemcs,
yto (b) mpeBpalaerci B v; = Uy, T. €. B YPABHEHUE TeNJONPOBOJ-
Hoct. [Tosromy (c) MoxKeT OBITh TOYHO PELIEHO C MOMOMIBIO OTO-
6paxenus (a).

2. Pacemorputre g(x)=Qo6(x) wu mnokaxure, uro a(f)=
= (Qo + 2iC) /2it, R(C)————Qo/(Qo—}—Qt{‘,) Ectb 0fHO cBsi3aHHOE

cocrosinue npu §==iQ/2, u, kxpome toro, R(0)=—1. B zeicrpu-
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TeJBHOCTH AJsI BCeX NOTEHLHaJoB, KpoMe Ge30TpaxaTejbHHX (A
Kotophix R ()= 0), R(0)=—1. IlpoBepbre Bunosnenue (3.60).
Bruncaure ¢ (x, &), $(x, §) 1 Halaure be.

3. Bospmute g{x)=Q npu 0 << x << L U ¢ =10 1npu oCTaJbHBIX
x. ITokaxure, uTo

a(§)=e"’€L(cosw/§2+QL——Ti€(i§;———%sin w/gQ—{—QL),

sin VEFQL.

(3.71)
b () =e th ———

2;«/

[Mouemy a(§) ananauruudo npu Im§ > 0? OtmMersre, uto R (§)— —1
npu §—0.

Uro6sl HaliTh HyaHu a({), nosoxure §=if\/Q cos 0 u nosyuure
a(Z) = sin (20 4 a sin 0)/sin 20, rze a == 1/Q L. Hccrnenyfite 3aBucH-
MocTh HyJe# a(f) oT @ IO NoBejeHHI0 TOYEK lepecedueHHs rpadwu-
KOBy=asinfny=nn—20,n=1,2, ... npu 0 << 0 < m/2.

3ameuanue. OT™MeTBTE, YTO B 310M caydae a (), 6(%) /a(t) u Bce
coOcTBeHHBle QYHKUHH @ (X, §), P(x, ) aHAAUTHUYHBI Be3je, KpoMme
§ =10, co. D10 CBOHCTBO BHINOJHAETCS 1J5 BceX ¢(x) C KOMNAKTHBEIM
HOCHTeJIEM.

4. paCCMOTpHTe g(x)=2n%sech’n(x—X%) #® INOKa)HTe, UYTO
npeo6pasopanueM thn(x —Xx¥)=+¢ ypaBHenue (3.51) Moxer OHITH
npeBpalleHo B NpHcoeAnHeHHoe ypaBHeHHe Jlexkannapa. ITokaxwure,
uyro R(¢) = 0. [lonyuure B siBHoM Buae a(f), co6cTBeHHBIe QYHKIUH
1 cOOCTBeHHbIE 3HAYEHHS (€CTb TOJBKO OAHO ) ==i1n) H HOPMHPO-
BOUHYIO KOHCTAHTY b; H IOKaXKHTe, 4TO

g (x)=—4i (b/a)) n ¥ (¥, &,).

5. Paccmorpure ¢(x)=Asech?x u nokaxure, uro (3.51) wmo-
XKeT OHITb pelleHO B IHIepreoMeTpHYecKHX (GYHKUUAX H 4TO KO3(-
(GHIHEHTH OTPaXKeHHs W INPOXOXKAeHHs Aalorcsi I-OyHKUUSIMH C
aprymenraMy, saBucsumuMu ot { U A. ITokaxure, 4T0 B 4acTHOM
ciyvae A=n(n-+ 1), n—NON0KHUTEJbHOE LEJI0E, BHINOJHIETCS
R (%) =0 u BO3HHKaer B YHCTOM BHJE M-COJUTOHHOE pelleHHe. 3a-
merbre, uto Korga A =~ n(n+ 1), to R(0)=—1, B To BpeMs Kak
mpu A=n(n+ 1) R(§)==0. ([deranu uyuTaTeJlH MOryT HaWTH B
kuure Jlama [69].)

3e. O6parHoe npeobGpasosanue. OCHOBHAS Halla LEeJb B 3TOM
pasjese—I0Kas3aTh, KaK BOCCTAaHABJIMBAaTb IIOTeHLHAJ ¢(x) mo
naHHbIM paccesHusa S. KoHeuHHIM pesysabTaToM OyneT 3HAMEHHTOE
ypaBHeHue ['enbdanna — Jleeurana [81], XoTsi monyTHo MBI moJy-
YHM ypaBHeHHe, Gosee ynoGHOoe A/ HAXOXIEHHsA (e30TparkaTellb-
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HBIX (YHCTO COJIMUTOHHBIX) HOTeHlUHasoB. Mel paccMOTpUM B Aera-
JsIX JIBYXCOJUTOHHBIH NMOTEHUHAJM H 00BbACHHM, YTO MOHHMAETCS MOX
casuroM ¢as.

[Teprasi u HauGoJsiee yTOMHTeJbHasl uacTh aHa/aH3a — 3TO BOC-
CcTaHOBJIeHHe (YHAAMEHTAaJbHOH MaTpHILBl PelleHHH

ot D V(D
q’z(mx(x, 0 %, C))'

Ecan usBecTHa @ M, B YacTHORTH, e 3JeMEHTH, TO MOMKHO NOJY-
UHTh, YTO OHA yHOBJIerBOpsier ypaBHeHnio IlIpéaunrepa, u us aroro
u3BJaeyb noreHunan g(x). Haubonee yioOHBIH, HO He €IHHCTBEHHBIH
cnoco® caenaTh NOCAENHHH LIar COCTOUT B TOM, YTOOBI BEIAEJNHTH
g(x), NpOH3BOAS ACHMITOTHYECKOE pasjoxkeHHe A P (x)e %%,
onpeznenertoe B (3.29a). Iloayuyaem

q (x) :é_l_)n;lo — QZQ% (P (x, ¢ e—itx — 1),
Imz>0.

AvajoriuHblii aHanau3, OCHOBaHHEBIl Ha (3.29), mokasHiBaer, 4TO
byukunn @ (x, §)e’ts, ¢(x, —)e~%*, P(x, —)et* Bce crpemarca
K €JHHHLIEe B TOJYIJVIOCKOCTSAX, B KOTODBIX OHH aHaJHTHUHBI
(Img = 0).

Mu xotuM Ha#itH @(x, §)e®* (unum P(x, §)e**), Koropas, Kak
MBI y2Ke 3HaeM, aHAJUTHYHA B BEPXHEH IIOJYIJIOCKOCTH C aCHMITO-
THYECKHM MOBefeHHeM @et* — 1 npu {—-oo, Im{ > 0. Mul Takxke
anaeM, 4to P (x, —t)et* amanuruuna npu Im§ << 0 u Ha Belecr-
BeHHO# ocu §, { =E§, ypaBHenue (3.59) ompenenser CKauoK MexAay
(®/a)e’**, umerontel JHIIb KOHEUHOE YHCJIO IOJMIOCOB npu Im§ > 0,
u P(x, —&)e’t*. dror ckauok, R ()Y (x, §)e’t*, moakeHn GHTL He-
npepeiBHOH (QyHKuuell. D10 — Kaaccyueckass 3ajavya Pumana —
I'unbGepta, peLieHHe KOTOPOH CTPOHTCA CJAeAYIOUIHM 06pasoM.

[lpu Im¢ >0 paccMoTpuM uHHTErpaj BJOJb BellleCTBEHHOH
ocH E:

(3.72)

(3.73)

_ U { o peltag
I=gr | EESEZE Img>o0. (3.74)

Beiuucaum [/ aByms cnoco6amu. Bo-nmepBBX, MBI BOCIIOIb3YEMCS TEM
dakroMm, uto ¢(x, §)e’t* u a(f) ananuruyus npu Im§ =0, u xe-
bopMupyeM KOHTYD HHTErPHPOBAHHS B OKPYKHOCTH |E|= R, R—oo0,
0 << Arg & << n. Tloayuum

N 'Vk\pkeigkx 1
1=k§ =t T (3.75)
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[Nepsniii ujen B (3.75) mpencras/aser co6oii BKAAA OT HyJeH (yHK-
uuy a(f), KOTopsle NPOCTH W PACHOJOXKeHH B TOYKaX {r, B KOTOPHX
@z =br}, (P o6Go3Hauaer P(x, Lr)). Mn onperensiem y, Kak
b, (a;)_l, rae a,==da/dl;,- BTopoii wieH NpOHUCXOAHT OT HHTErpa-
Jla 10 MOJYOKDPYXXHOCTH Hd 00, OTHOCHTEJIbHO KOTOPOrO MBI 3HAeM,
YTO MOJIBIHTErPaJibHOe BHIpaXKeHue CTpeMHUTCs K L.

Teneps ouenum /, ucnoansya (3.59):

1 P (x, —E) e dg
1—7:?? S tE+¢ + o 2m

—00 — 00

o0 itx
[ R EEB—% (376

M3 cBOHCTB aHAJUTHYHOCTH TOABIHTErPAJbHOTO BhIpaXKeHHS B Iep-
BOM HHTErpaJje nojyuyaem

itx
I=—(x, Do g4 o (REEETL . @77)

E+¢

Tenepb Mul nosyuaem u3 (3.75) u (3.77) 3aMKHyTOe HHTerpaJibHoe
ypaBHeHnne Ha P (x, §)

2:ru

) N kakeick" 1 & P (x, &) ol8%
Yo Petr=1—) St g 3R(§)——§;—-C—d§.(3.78)

k=1

OrmeruM, 4To HeoOxoauMbie s pemreHus (3.78) JaHHBIE — 3TO B
touHocTH S =(R(E), & BellecTBEHHO, (§, yk)f'). Jas saBepmeHus

pemenusi (3.78) u JoKasarejbcTBa CYLIECTBOBAHHSA M €JHHCTBEH-
HOCTH pelleHHs HMHOTZa YyAoOHO B34Tb npeobpasoBaHue Pypbe oOT
(3.74) u BBECTH «BpEMEHHYIO» NepeMeHHYI0, KOTOPYIO Mbl B pasA. 3d
Ha3Basau 1. MH caenaeM NMOACTAHOBKY

00

Pr, Do e =1+ | K(x, 5)ef0-0ds, Img>0. (3.79)

x

Hecnoxuo mnokasateh, uto takoe K(x, s), He 3aBucdAllee OT §, CY-
mecrByer [12]. AcuMmnroruueckoe pasnoxenHe (3.79) naer

—itx =] — L RS
Yix et =1—7K(x 0+0 (&),
1 cpaBHeHHe ¢ (3.73) NpUBOAMT K

g =2-2K(x, »). (3.80)

IToacraBum (3.79) B (3.78), yMHOXHM Ha ¢ M HNPOUHTErPHPYeEM IO
t or —oo JO -}oo BAOJb KOHTYPa, PAcCMOJIOXEHHOrO 4YyTh BhILIE
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BeulectBeHHO# ocu. Toraa, monb3ysicb GpopMmynamu

S dzett (s-9) — 23 (s — 1),

W . i, (=)
—S’o de;‘ = 2nie H (T x),
c ett(x—7) .,
—is T — - §(x— ) ——
Sdg TTE 2nie~ 18> (v — x),

-_00

rae H(y)— ¢ynxuus Xepucaiifa, Mbl NMOJY4YHM

00

K (x, r)—}—B(x-{—r)—l—S K(x, s)B(s+7v)ds=0, ©>x, (3.81)

x

rae

o

N
B@=—iy we+ 45 | RE® et aE. (3.82)
k=1

- 00

Ypasuenue (3.81)—>st10 ypaBHenue I'esnbdpanpa — Jlesurana. Iro
¢pearosbMoBO ypaBHeHHe, M3 Koroporo Haxoxaurcsa K(x, 1) kaxk
¢yukuus or v > x no B(x - t). [Tocne aroro g(x) Haxomurcs us
(3.80). HMuorna ynoGHee 3anuchiBath (3.82) B Gosee KOMIAKTHOH
tdopme

B@) =~ | RE® e, (3.83)

C

rae KoHtyp C uper u3 £ =—oco B =400 Haa nomocamu R(E).
Sra ¢opMmysaa BepHa TOJBKO TOrjia, Koraa R(E) momyckaer aHajH-
THYECKOe NPOJOJIXKEHHEe B BEPXHIOW MOJIYIJIOCKOCTD.

Knacc 6esorpascaressnoix norenyuaros. Knace 6e3orpaxaren-
HBIX MOTEHIHAJIOB ¢(x) BO3HHKaeT, Korja Kosd HIHEHT OTpaxkeHHs
R(T) ToxnecrBeHHO paBeH HyJ 0. B stom ciayuae mpome paGorarsb
HenocpejcTBeHHO ¢ (3.78):

N et
—i% ] — Y TRYRT
Y(x, De 1 Z St (3.84)
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3amerum, uto H3 (3.71) mpu §x = in, noayuaercs
N
, d '
g(x) =2—= ) yebpe ™. (3.85)
I

ITomoxum B (3.84) { =C;=in; u monyuum cucremy N JHHEHAHBIX
ypaBHEHHUH OTHOCHTEJBHO Y,

N
Yke_(nk+nj)x _-mx .
;(6fk+ i(le‘l‘ﬂ,-) )'q)k_‘e ~ ]_l:"" N;

H3 KOTOPOI MOXKHO HAHTH NpSIMBIM BolucaeHueM P(x, T)e%* u
g(x). Ilonbsysice cBoiictBaMu b, U a(f), Jerko noxasarb, 4To Y
SIBJSIETCS YHCTO MHHUMBIM M UTO

Vi = 2in, ek, (3.86)

OnHOCOMHTOHHOE pelleHue ¢ §y = in) (KaxJao0e JHCKPETHOe cOOCTBEH-
HOe 3HayeHHe NPHBOAUT K BOBHUKHOBEHHIO OJHOT'O COJIHTOHA)

it sechm (x — &) e~ ">

— =] —
be” l T+ in )
ity 1 __ _insechn(x—X) e~ N(E=%)
« l E4in
’ 1 -
a (gl :En_; bl:e?ﬂx’
e ™ (3.87)

¥ (x, C1)=l—_é_—2ﬂ—(;:—x-7,

e~

@ (x, &) == by (x, &) =e** PR
q (x) = 2n%sech?n (x — %).

B uacrHocTH, napaMerp b;, otHoumenue ¢(t) u P () B TOukKe i, pa-
BeH e 1 Mo3TOMY OIpeessieT MOJ0XKeHNe COJHTOHA. B caenyioem
pasjese Mbl MOJYYHM, KaK OH 3aBHCHT OT BPEMEHH [

Kpome TOro, MOXHO 1OKa3aTb, 4TO IOTeHLUHAaJ ¢(x), COOTBeT-
CTBYIOILHA N-COJTHTOHHOMY peEIleHHI0, MOKeT OBITh 3alHCaH B BHAE
BTOPOH NPOU3BOAHON NMo x OT Jorapudma QyHKUHH, KOTOPYIO MHI
6yneM HaseBaTh T(x) (3TO HE TO T, KOTOPOE BXOJAUT B ypaBHEHHE
lenbpanna — JleBurana) u KOTopasi UMEET BHA

N
T= Z exp{Zu,H,—i— Z Aijp,iuj}, (3.88)

ujﬂ().l f=1 IQi<j<N
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rae
- . n;—n;\?2
Hy=—ony(e— %), ¢ —(350) (3.89)

v mepBas cymMa Gepercsa mo BceM y; =0 uam 1. Uuratens Moxer
npu N = 2 npoBepHTh, 4TO

=1+ e—2Mm(x—%) -+ e 2M(x—1%) + e M (x—X) =21 (x—%o)+Aus (390)

=anltea, s s A
x=4n, et 3y, M2

x=4anitax

e

xX= 4ﬂzt+ X2

A2

Xz AN T4X 4 = Ty

Puc. 3. JIByXCOJNHTOHHOE B3aHMOAEACTBHE.

Hsyxcoruronnoe szaumodeticTeue. Hdasaiite 3a6exuM BNepex H
BOCIIOJIb3yeMCST T€M, UTO ecld ¢(x, ) 3BOJIOLUOHUPYET COrJIACHO
Ka®, ro ;=4n% + X, u uccrenyem ABYXCOJHTOHHOE B3aHMO-
aeiicrene. [Ipeanonoxnm, 4to 1y =1, U PacCMOTPHM OKDECTHOCTD
X =~ X. [TocKONbKY X; — X _4(1]1 — M) {, BTOPO# M 4eTBepTHIA uJe-
Hel B (3.90) 9KCUOHEHUHAJbHO MaJHB IMpU {—>—00 H NO3TOMY
BOJIU3U X = Xg

T ] e 2mlx-2)
H

g (x) = 2ny sech® 1, (x — Xy).
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C Apyroit CTOpOHHI, NPH X =~ X; AOMHHHPYIOT TPETHHl M UeTBepTHIil
YIEHH, H

T2 e~ 2 (x—%) (]_ S e (x-le'Am))'
CooTsercrByloniee ¢(x) paBHO

- 1
q (x) = 2n sech®q, (x B B Am) .

Aunanornuno npu ¢— --oo BOJIM3H X = X

g (x) = 2ny sech®n (x — %)),
a BOJIH3H X == Xy

q (x)=2n, sech’n, (x — Xy — 5— Al2) .

[ToaTOMy MEHBLIHH COJNHTOH 1)2, KOTOPHIA NPH GOJBIIHX OTPHIATEb-
HBIX BPEMEHaX pacnoJiaraercs COpaBa OT COJHTOHA 1};, HCIBITHBAET
caBur ¢asnl Ha (1/2m3)Ajs, T. €. Ha OTPHUATENBHYIO BEJHYHHY.
BoJbimiui cOMMTOH 7 CABHraeTcsl BIEpes Ha MOJIOKUTEJNbHYIO BeJH-
yuHy — A19/2.

A nakonen, u3 (3.88) uuraTenp NOJKEH 3aMETHTb, UTO €CIH
€cTb N COJIHTOHOB 1)y >>1M2 > ... =1y, TO IPH H3MEHEHHH { OT
—00 0 -}-0o MOJHBIA CABHT (a3, UCTEITHBAEMBIH KaXABIM COJIH-
TOHOM, CKJIaJbIBA€TCS H3 NONAapPHHIX CABHIOB,

CnpaBeasiuBo Takxe yTBepKAeHHE (M B IV 4 s 00DBsCHIO HO-
yeMy), 4o (QyHKLHS, BHIpaxakuas ciBUTH (a3

_ N1 — N
Ap=2In M+ N2 l’

OfHA M TA Xe JJIA KaxXXAOro ypaBHEeHHs, BXOAAILIEr0 B HEPaPXHIO
Ka®. Moxere qu BH cefiyac coo6pasuTh, MOYeMy 3TO BEpPHO?

3f. BpeMeHHasi AMHAMHKA JaHHbIX PACCEAHHA H BJMSHHE MaJblxX
BapuauMii moTeHuManoB. B 3Tol yacTH s B NMepBYI0 OYepeAb XOuy
IIPOJEMOHCTPHUPOBATh BaM, KaK MEHAIOTCS BO BpeMeHH NaHHbHe pac-
CesAHHUs, €ClH (X, fae+1) M3MEHSIETCS B CHJY JIOO0rO H3 ypaBHEHHH
(3.9). Mu nauHeM co cayuasi, Koraa ¢(x, t) yaosierBopsier (3.52).
ITorom 51 xouy BHBeCTH (GOPMYJIEL, HO3BOJSIONIKE BHYHCAUTD HHQH-
HUTE3UMaJIbHble BAPHALMH JAHHHIX paccesiHus, NOPoXKAaeMble HHOH-
HHTE3UMaJbHBIMH BapHauMaMH Og mnoreHuuana. Muounureaumains-
HO€ H3MeHeHHe NTOTeHIHa/Na MOXKeT OBITh MPOHU3BOJALHEIM H HE JOJK-
HO YAOBJIETBOPATh KaKOMy-JAH00 U3 ypaBHeHu# (3.9). dtu dopMyan
BaKHBl AJ15:

(i) nmocTpoeHMs TeopHHM BO3MYLIeHHil B caydae, koraa q(x, f)
H3MEHSIeTC  COTJIaCHO  YpaBHEHHIO THNA -+ 6qgx | Gexx =
=eF(q, g ...), 0<<ek 1;
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(ii) nokasarteabcrBa (3.17), ycTaHaBIHBAIOUIETO CBSI3b MEXKAY
norokamu L"g U BapHaLHOHHBIMH MPOH3BOAHBIMH OT Hapnyy;

(iii) BoipaxkeHust ¢ u 6g uepe3 6asHc H3 KBaApaToB cOOCTBEH-
HBIX (GYHKUHH 10 aHajoruu ¢ npeobpasoanuem Dypse.

Bpemennasn dunwamuxa Oaunneix paccesanud. Hcmonnsys (3.53),
JIETKO BBHIUHCJUTH 3aBUCHMOCTb JAHHBIX paccessHus ot Bpemenu. [lep-
Basl 3a7a4a COCTOUT B BEIGOpe KOHCTAHTH C TakKuM crnoco6om, 4ToOH
HOpMUPOBKa COGCTBeHHHX (YHKLHH OKa3asnacb COBMECTUMOH ¢ ompe-
neneHusAMH GyHKHHA @(x, f; §) u $(x, ¢, ). Bcnomuum, uro mo
onperenenuo (3.58) ¢@(x, t; ) ~ e~ npu x—-—oo INpH BCeX f,
¥ Aas 3aroro Heobxomumo BHIGparte C = 4if3. AHasoruduyHo AJs

Y(x, t; t) caenyer BrOpath C = —4it® CuenoBartesbHo,
o = (g + 40 9 + (48 — 29) 9y, (3.91)
Py = (g, — 48 b + (48° — 29) V. (3.92)

Onsi HaxoxAeHHs npou3BoiHBIX 1o ¢ ot a(g, f), b(@, t) HcnoJib-
3yem npsiMo dopmyay (3.59) uaM ee acCHMNTOTHYECKUH BHJI IPH
x—>+oo. Nuddepenuupys no ¢ jgesywo uvactb (3.59), nonyyaem

(qx + 4i8) (ap (x, —T) + b (x, D) +
+ (482 — 2q) (@, (v, —T) + by (x, 2)),
a auddepenuupys npasyio —
anp (x, — )+ b (x, )+ a(g, + 4iL) v (x, — )+
+ a4 —2q) b (x, — 1) + b (g, — 4l%) ¥ (x, D)+ (48°—29) Py (x, ).

[TpupaBHUBaHHe ABYX 3THX BHIpaXKEHHH naer

Q== O, bt = 8i€3b. (3.933)
Ananoruunsie BbluucaeHus Aas (3.66) maior
b, =8il%b, = 8nib,. (3.93b)

3amerum, uro (3.93a) u (3.93b) cOBMECTHMBI B TOM CMBICJIE, UTO
ecau morteHuuan g(x, t) takos, uro b(f, {) HomycKaer aHaJuTHYE-
CKOe npojoJsiKeHue B §==C;, 10 (3.93a) tam coBnazaer c (3.93b).
C npyro#t cTopoHbl, NoicraHoBka B (3.91) acHMNTOTHYECKOTrO BHAA
p(x, ¢, ), T. e. a(g, t)e** 4 b (g, t)et*, rakxke naer (3.93a).

CyuiecTBeHHOE 3aMeyaHHe, KOTOpOoe HEeOGXOAHMO CHeNaTh, CO-
CTOHT B TOM, YTO XOTHl 3BOJIOLHS @ WM 1 3aBHCHT OT HEU3BECTHOH
BeJIMYUHBL ¢ (X, {) H BceX ee MPOU3BOLHBIX MO X, NaHHBIE PACCesTHHS
BKJII0YA{OT TOJbKO OTHOCUTEJNbHOE NMOBEJeHHE COOCTBEHHBIX (PYHKILH
B TOYKAX X = -=00, B KOTOPHIX H3BeCTHa ¢ (X, {) BMeCTe CO BCEMH
ee NPOH3BOAHBIMH (OHH Bce paBHHI HyJ0). C Apyroil cTopoHH, ecau
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OBl MBI pellai NMepHOAHYECKYIO 3ajauy Ha uHTepBaje 0Ty << L,
TO y Hac Obl He ObLIO B pacHoOpAKeHHH TAKOH TOUKH, B KOTOpOH
q(x, t) u3BectHa B JN060H MOMEHT BpPeMEHH, U 3TO AEJIAET 3BOJIO-
ILHIO HOBBIX KOODJAMHAT B 3TOH 3azaue ropasio 6ojiee CJA0KHOM.
[TocrosincTBO @ () urpaer ueHTpadbHYIO posb B Teopuu. Bo-nep-
BbIX, OHO O3HAayaeT HEH3MEHHOCTb BO BPEMEHH AHCKPETHHIX COG-
CTBEHHBIX 3HAUEHHH {r==ing, =1, ..., N. Bo-Bropnix, u3 (3.65)
u (3.69) MBI BUAUM, UYTO TaMWJIbTOHHAHBI Hynyy, n =0, 1, ..., u

o0

Macca S gdx ABAAIOTCS HHTETpaJaMH ABHIKEHHS. DTO CIPABELJIHBO

— 00
nast aoboro noroka u3 cemeiicrsa Ka®. Enuncrsennoe, ueM OTaH-
yaerca (Ka®); or (Ka®)gnt1, — 310, B coorBerctBuu ¢ (3.9) (ua-
IMOMHHM, 4TO f, BXoAsumee B (3.9), B 4 pasa GoJblie, yueM { B (3.52),
(3. 53)), 1O, UTO B IEPBOM cJyyae

by, = 2itb, (3.94)
B TO BpeMst KaK BO BTOPOM

b, ==2t™t'p, (3.95)

Z2n+1
Takum o6pa3om, xoTs1 B pU3HIECKOM IIPOCTPAHCTBE TPYAHO YBUAETh
pasHuLy Mexay norokamu ¢ n=1, 2, 3, ... (cpaBuure (3.15) wu
(3.16)), B mpocTpaHcTBE NAHHBIX PACCEsHHS HX pas3/vyke TPUBHU-
aJbHO ¥ CBOJUTCS NPOCTO K Pa3HBIM CrenmeHsiM § W §p B ¢asax
b(T, t) u be(t). Ilo sTOft NpHUYHHE J1ETKO pacCMaTPHBATH JHHEHHBIE
KoMOuHalU¥K 3THX NoToKOB. Hanpumep,

q,=0q, +Bq;, +vq,+ ...
naer a; =20, u
by==2i(ag® + B+ v¢"+ ...)0b,
by, = 2 (a2} + BE + & + - -) by

OnnuM u3 caeicTBHii 3Toro aABJseTcs GopMmysa, Onperensoulas
MHOrocosuToHHOe peuienue (3.88) cpasy aas Bcex morokos. Jlocra-
TOYHO HCMOJ/Ib30BaTh MOAXOAALYIO (a30Byi0 CKOPOCTb B X Bcnowm-
HUM, 4TO b, ==& "% == ¢~ ¥*4"_ Muorocoauronnas Qopmyaa AJIs
g(x, t;, ts ...) Kak QYHKIHH YHCTHIX NOTOKOB (3.9) 3amaercs
(3.88), (3.89) ¢

H,=2i(gx+ 0+ Tt 4 ...). (3.96)

Bausanue unpunureaumasvroix sapuayuli norenyuara. Crenyro-
mas Hana 3a4ava COCTOHUT B ONpejeNeHUd HHPHUHATE3NMAJbHBIX Ba-
pHalUi JAaHHBIX PaccesiHus, BO3HHKAIOIIHUX BCAEACTBHE HHPHHHTE-
3UMAaJIbHOrO H3MeHeHHsl moteHuuana g(x). Kak MBl yBURHM, 3TH
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(bopMyJiel BaXKHB C CaMbIX PAasHHIX TO4YeK 3peHHst. Ecin g noasep-
raeTcsi U3MEHEHHIO §—-g - 8¢, TO NPH BeIleCTBEHHHIX ((PUKCHPO-
BaHHBIX) [ Bapuauus ¥ (x, ) yAOBIETBOPSET YPaBHEHHIO

(O%)x + (8 -+ q) 8 = — 8q7p. (3.97)

Mel 3HaeM JBa JUHEHHO HE3aBUCHMBIX PelLIeHHsI OJHOPOAHOrO ypaB-
Henust P(x, ) u P(r, —C) u nostomy moxem pewmurs (3.97) Ba-
puanueil nocrosHubX. [Tonyuyaem

x

p =z b(x, =0 | 89 ()¥(y, Dy —
“+ o0

— b0 9@ eE Db —Ddy.

+ oo

Ycrpemasis x - —oo, noayyaem

oo

oa = —2:—§ S 0g ()b (x, &) o(x, §)dx, (3.98a)

-— 00

éb'——:%g | e vz Dolx, —yadx. (3.98b)

-0

N3 (3.98) naxopum

0

6 (L) = Eé—a,— { 8qw2 av. (3.99)

- 00

[Toayuuts dopmynsl 445 8%, U 8y, npolue Bcero, J0NycKas CyILecT-
BOBaHHE AHAJHTHYECKOTO NPOJOJIXKEHHS B § ==( Jlaxe eciu oHO
HepHMeHUMO, NoJIyueHHble (GopMynanl GYAYyT BEPHBIMH, TaK KaK He
MOTYT 3aBHCETb OT TOTO, SIBJASIETCS] JIH HOCHTENb ¢ KOMIOAKTHHIM HJIH
HeT. MaJjieHbKasi TPYAHOCTb COCTOUT B TOM, YTO [IJISl BEIIECTBEHHBIX
€ 6*(C)=Pp(—C). Ons koMmmaekcHbx ¢ npopomkenue b(f) B L =7=Cx
ILOJDKHO ynoBaerBopsatb b (Ex)b(—ELx) = —1, mockosbky a(f.)=0.
[Tosromy npogonxenune b* B §{ =1UC, ectb —1/be. §1 ocraBasio yu-
TaTeJlsM B KauecTBe yNPaKHEHHS [OKa3aTh, YTO

o= | oqus ax, (3.100)
a// 1 —y el 61b2
5I3k+( k +__)ﬁk(5§k=—7—-—% géq(————) dx, (3.101)
a Ce 2iLp0p o %/,
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rae B, = —1/b,a; u a;, ay, (0$*/0L), — 3To nepeas u BTOpPass mpo-

u3BoaHbe OT a(f) B TOuKe {, M HepBas npoussoaHas P2 1o § B L
®opmysaa (3.100) u3BectHa B KBAHTOBOH MeXaHHKE M BHIpaxaer
H3MEHEHHEe 3JHEpPTeTHUeCKOr0 YPOBHS KakK (GYHKUHIO Bapualuu IO-
TEHLHAJA.

Teneps M ucnonb3yem (3.98a) pas nokasarensctsa (3.17). He-
TPYAHO NOKa3aThb, 4TO Aas L, onpesenerHHoro B (3.12), BunosHsercs

(L — g2)(a(§ —1)=—;—q. (3.102)

Pewas urepauusmi, nojsydaem

o0

b ANl e
aw " 22@’”““"

]

[Toaromy, noab3ysace (3.98a), HaxonuMm

dlna 1 b 1 Il 1,
= o ~o\ TS L . (3.108
dq 2i§ a(g) 2t (l 2 Z..: 2 +e L ‘l) (3.103)

Tenepw cpaBuum (3.103) ¢ (3.65) u (3.69). IToayuaem

— ol (3.104)

10 ects (3.17), 1 37O OUEHb BaxKHAA (opMyJa, N03BOAAIOIAS HAM
BCE NMOTOKH 3allUCHIBATh B TaMHJBTOHOBOH (opMme.

B caeayooliem pasjene MH 3aliMeMcsi 3ajauedl O TOM, YTO IIPO-
UCXOJAUT NIPH BO3MYIIEHHH HHTETPHPYEMOH CHCTeMBl, H AJsi 3TOro
HaM MOpHAETCS CYLIeCTBEHHO HCIOJb30BaTh MATepHas] HACTOSLIEro
pa3aena. Ho cHauasa s xouy OTMETHTB Apyrylo ocobeHHocTh. Kak
MBI IOKa3aJau B pasf. 3d, B npeaene manwx g (ik/2n)p (k/2)— 310
npocro §, nmpeobpasosanne Pypre.or ¢. ITOT hakT U TO, UTO Ba-
pHalMd AaHHBIX paccesHust onpepenasiorcs mo (3.99), (3.100) u
(3.101) kak BHyTpeHHee NpOM3BeJjeHHe MeXAy 8¢ M KBaJpaTamu
co6cTBEeHHBIX (PYHKUHMH HJIH UX NMPOH3BOAHBIX, HABOAHT HA MBICJIb O
BO3MOXXHOCTH O6palleHHsi 3THX COOTHOIIEHHH W onpeseleHuH §g Kak
byuruun ot §(b*/a), 6Lk, OBk 3T0 M B caMoM Jesie BO3MOXHO. [e-
TaJH YMTaTeNb Moxer HaiTH B [75]. OTBer TakoB:

8q(x, H=— | 8(t"/a) 2L 28 gg 4

— 00

op? (x Z,) (atp’ (x 0

+2zz 86, +2;Z ety o (2 )ck' (3.105)
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HaGop npou3BoAHBIX 10 x OT KBaAPATOB COGCTBEHHBIX (YHKIUHUIH

09% (v, &) 9% (x, &)
i e L L SN

(3.106)

o6pasyer 6a3uc B Kaacce pynkuuii (3.63). Bam caeayer ¢ noMoumpio
(3.99)—(3.101) nmpoBepuTh, YTO €cau U3MEHEHNE §g OCYLIECTBAAETCA
COTJIaCHO BpPeMEHHOH AHHAMHKe KaKoro-qubo ypaBHEHHs H3 CeMeil-

crBa Kn®, to
5 (”T) =2 L ap, =0,
3 (3.107)
E‘ -«

a9?
5 (% §), & BemlecTBEHHO,

0B, = —2iL2"+1p,, 8=

Hro6nl y6eautbcss B 3TOM, CKa)KeM, NpH n == 1, 3amenure B (3.99)
1 o o

8q Ha — T(q” -+ 3¢%),, DpOHHTErpUPYHTE MO YACTAM H HCIOJB3YiiTe

JJIsl BHIUMCJIEHHs] MHTerpaja ypaBHeHHe, KOTOPOMY Y/OBJETBOPSET

($?)

B saxkimiouenue yKaxeM Ha Boamoxmocn: sanucu ¢(x) B BHAE

g(x) = Sye(c) ¥ (x, ) dc—4Z ViGeh? (5, Za). (3.108)

-0

Ypasuenue (3.108) serko nosyuaercsi u3

RV, 0= 2P [o(2edeed ),

- - (3.109)

rie P o6o3HavyaerT MHTerpaj B CMBICJE IVIABHOTO 3HauyeHHs, BHIUHC-
JieHHeM NpaBoil yacTu Aedopmalueii KOHTypa B nonyxpyr |g|= oo,
Im¢ > 0. U3 (3.27) umeem @pa—'—1 ~ ¢/2t24 ... mpu 1§|—>oo

3ameuarue. VI3 3TuX pesysbTaToB BHIAHO, UTO HHTErPHPYyEMHIE
TIOTOKH JIeXKAaT Ha GeCKOHeYHOM ceMeHCTBe MOBEPXHOCTEH

| R(E)|=const, g,= const. (3.110)

ITo anamoruu ¢ KOHEYHOMEPHBIMH T'aMHJIBTOHOBBIMH CHCTEMAaMH
MOXHO IpeacTaBJaTh cebe mepeceyeHne 5THX MOBEPXHOCTEN YPOBHS
(3.110) kak 6GeckoHeuHoMepHEIl TOp. Boamymienus o6uiero Buaa,
BHIBOAAIHME CHCTEMY M3 Kjacca WHTETPHPYEMBIX — KaK, HanpHMep,
BJIUAHHE NepeMeHHOH TayOHHBI (CM. CJeAYIOWHUH pasjien)— MOryT
NPHBOAMTL K H3MEHEHHSM TPaeKTOpHH KaK BAOJb, TAK Y MepleHaH-
KyJISIpHO NOBepXHOCTH 3TOrO Topa. M3 (3.105) Mul BHAHM, UTO H3Me-
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HeHHs!, He BRIBOJSIIIHE 32 Npejedrsl Topa, 06pa3yloT HEKOTOpoe Mpo-
CTPAHCTBO, HaTsIHyTOe Ha BeKTOpH 0¢?/0x, B TO BpeMs Kak HOp-
MaJIbHBlE K TOPY BapHallHH HATAHYTH Ha NPOH3BOJLHBIE 3THX BEJH-
9HH 10 L.

3g. Teopus Bo3mylleHui. YenuHeHHble BOJHB B KaHaJe MelJeH=
HO MeHsiiomiefica ray6unbi. B pasi. 2b Mel noayunau (2.16)

9 D
9:+ 6490+ Gooo =— 75 4 (3.111)

B KauecTBe MOJEJNH AJA ONUCAHHS AJHHHBIX BOJIH, PacNpOCTPAHSIO-
LIHXCSA BOpPABO IO KaHajy nmepeMeHHOH rayO6uHe. Ecnu oTHOCHTENb-
HOe H3MeHeHHe IyOHHH D./D MaJ/o no cpaBHEHHIO ¢ JJHHOH pac-
CMaTpUBAEMBIX BOJIH, TO 3aBHCAWMHA oT v napamerp I' =(9/4)D./D
MaJl, cKaxeM, nopsiaka o, rie 0 << e € 0 < 1. Moxer 1nokasarthbcs,
YTO TaKyl0 Ha BHJ HECJOXKHYIO 3aJauy MOXHO pellHTb B J00, Hc-
No/b3ysl CTAHAAPTHYI TEXHHKY TeOpuH Bo3MylleHHiH. OpHaKoO 310
He Tak. [Torpe6oBajioch OKOJIO jecATH JeT, 4TOGH NPOSCHUTb 60JIb-
UWIHHCTBO TPYAHOCTeH, CBA3aHHBIX ¢ ypaBHeHueM (3.111), u ero
CBfI3b C IIOJIHOM ABYXBOJIHOBOH 3ajauyell o BoJIHaX Ha Boje. A He-
KOTOpble BOIPOCH O CHX HOP OCTaioTCs OTKPHTHIMHU. [Tostomy 31O
NpeKpacHHH INpHMep AJs HIIOCTPALHH Pa3jMYHHX MOAXOAOB K
pelIeHHI0 BO3MYUIEHHBIX COJIMTOHHBIX ypaBHeHHH. PesyibTaThl, KO-
TOpBIE 51 HaAMepeBalch 0OCYAHTh, NIOJYYEeHBl B CEPUH CTaTeH ¢ MOUM
koJteroit JlsBugom Kaynom [45] m mo3xe ¢ mouM crylentoM Kou-
nedom KuukepGokepom [43]. Kapnman ¢ konsmeramu [46] HesaBH-
CUMO MOJIYYHJIH MHOTHE M3 3THX Pe3yJbTAaTOB IOYTH OAHOBPEMEHHO
C HaMH.

3ajaua, KOTOPYIO MBI PAaCCMOTPHM, TaKOBA: BOOGPa3uM yeJHHEH-
HYIO BOJIHY

q (8, 7) = 2n3 sech?n, (6 — 4dnt — 6), (3.112)

BXOAAIYIO B 06jacTh MeHsolelca ray6unsl npu 6 =t =0. (Ha-
IIOMHUM CBSI3b HOBHBIX KOOpPAHWHAT ¢, 0, T cO CTaphIMH:

x X
= ex _L( pie oy
0= t+eSD”2' ==\ Drax, X=ex

BO3BHILIEHHe N mnpomnopiuoHanbHo D2q, rae D(X)-— GespasmepHas
ray6una.) Hama wesns —onucate panbHellnyo 3sBoJiouuio. Jas
3TOr0 €CThb MHOTO CHOCOGOB, OJHH B 4eM-TO Jyullle APYFHX, HO HeT
eMHCTBEHHO BepHoro. B nyHkrax (i) u (ii) HuxXKe MBI onuieM Kak
npAMOH MeToJ BO3MYINEHHH, TaK H CBS3aHHHHA ¢ 06paTHOl 3anaued,
M yKa)keM HX NpenMmylllecTBa M HejocTaTKH. Meron, pasbupaemblil
B m. (iii), KoTOpHI#t 51 HA3BIBAIO METOJOM PA3yMHOTO HCHO/b30OBAHHS
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3aKOHOB COXpaHEHHs, s1 CYUHTAIO BecbMa YAOOIBIM, ec/H Y¥KE €CThb

HEKOTOpOEe NOHHMAaHHE TOTOo, 4Yero CJeAyeT OXKHAATh, — IOHMMAaHHE,

npuoGperaemoe nocpeactsoM Meroga (ii). B m. (iv) s Bkparue

ONHIy, KakK MOJb30BaThea (iii) AnA mpeojosieHuss HeCOOTBETCTBUSA
o0

MeXAy NOCTOSAHHBIM NOTOKOM Macch M = S D (x) U (x, t)dt B non-

HBIX JIBYXBOJIHOBBIX YPaBHEHHAX H BeJlHqHHOﬁ, coxpaHmomeﬁcﬁ
o

B OAHOBOJMHOBOM  NPHGAMKEHHH, W~ ‘s DM (x) U, (x, 1)di.
—00
B ynpaxHeHHX ecTb HECKOJbKO NPHMEPOB, HA KOTOPHIX BBl MOXKeTe
cebs1 NIPOBEPHTb.
(i) IIpamoii merod. CaMoe mpocToe, YTO MPHXOAHUT B TOJIOBY, —
9T0 HcKaTth pemenue (3.111) B Buae

g0, 1)=q0+oqV 4 ..., (3.113)

rae npeanojaraercd, uro ¢‘9 umeer BHA coautoHa (3.112) ¢ Toit
pasHuie#, YTO 1, mapaMerp aMIIUTYAB, SIBJISETCS MeIJIeHHO Me-
Hawomeidca yukuueit v (n=n(T), T =o01), a COOTBETCTBYyIOIIAsI
(hasoBas CKOPOCTb paBHA

0, =412+ 0 (o). (3.114)

Ucxops u3 3TOro, €CTECTBCHHO HCIOJIb30OBAaTh CHCTEMY KOOpAH-

HaT, ABHXKYIUYIOCSE BMeCTe C CONUTOHOM (E =0 — 9, s = T), B KOTO-
poit ypaBHeHHe Aas ¢! HMeeT BHA

af? — 41Pg) + gt + 690" + 6g0g) = — Iog® — g (3.115)

Kak Buaum, npu ¢ (0, t) obmero Bupa pemuts (3.115) no-
BOJILHO TPYAHO, IOCKOJIbKY HEACHO, KaK MOXHO Da3fenuTb nepe-
MeHHble (Meron (ii) aBTOMAaTH4ecKM NPHBOLMT K TAKOMY pasjeie-
Hu0). OAHaKO B JaHHOM ciyuyae, korga ¢ 3aBHCHT TOJBKO OT E,
pemenne Bo3MoxHo. Ecan Mul nuiem ¢(!, 3aBHcsllee TOABKO OT E,
HO He OT §, Torja ycjoBue pasjenauMoctd (3.115) comurcst K Tpe-
60BaHHIO OPTOrOHAJBLHOCTH NPABOHl YACTH PEHIEHHIO COMPSIKEHHOIO
ypaBHenHs LAV = —Vigee + 402V — 69OV, =0, y6riBatomero npu
§— oo, ExuncrBeHHBIM KaHaHAaTOM sABAsieTcs caMo ¢(©, [Tostomy
MBI oTpebyem, uTOOB

d 3 . ar 3 2
2 Sqm) 9= — 2L S g de; (3.116a)
OTKyla
ne= —=Tn. (3.116b)

5 A. Hsioann
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Ecau He TpeboBats (3.116a) u monycrurb 3aBucliMoctb ¢V or s, TO
TOrAa OHO OyAer JIMHEHHO pPacTH Mo s, H Ha GOJbIIHX PAaCCTOAHHAX
nopsaaka s=t=0(1/0) Oymer Hapymarbcsi pPaBHOMEPHOCTb
acHMNTOTHYECKOTO pasjoxeHus (3.113).

Tenepp Hafigem g():

gt = .6‘;7 {—1 + thng + sech?nE (3 — 3yt thnE + 21t —
— 2078 th )} + 5 (1 — th ) sech? ng.

Ormerum, uto ¢V —0 npu E— 400, 0OAHAKO B XBOCTE yelHHEHHOI
BOJIHHI, §—--—o00,

r
== (3.117)

T. €. PABHO HeHyaegol (moutH) KoHcraure. ¥BH! Pax (3.113) cxo-
JIATCS. HEPAaBHOMEPHO B XBOCTE yeAHHEHHOH BOJHHL. DTOT (akT OBl
BIepBHe OTKPHT H NOATBEPK/eH YHCIEHHRMH pacueraMH Jlei6oBH-
yeM u Pangensom [82].

Onnako Bnepeau euie xyauiee. [IposepHm TOUHHH 3aKOH coxpa-
HeHwus,

2 (q@ao=—1 { g0 a0, (3.118)

-~ 00 - 00

YTO NpeAcTaBiser co6ol 3amHCh 3aKOHA COXPaHEHHs NMOTOKA MaccChl
m== S D%4q do pns aBMxymierocss BnpaBo noroka. ($1 6yay moJb-

30BaTbCsl CTPOYHHIM m, YTOOH OTJIHYHTb €ro OT HCTHHHOrO NOTOKa
MaccH M B NOJHO#H ABYXBOJIHOBOH 3ajaue, AONycKalollel ABHXXEHHs
KaK BIpaBO, Tak W BaeBo.) Ecan g 6ausko K ¢, To JeBasg 9acTb

(3.118) paBHa (9/dt) (4n) =40 (——%I‘), B TO BpeMsi Kak IpaBas

yactb paBHa —I'(4n). [Tosromy (mycts I' << 0, D yMeHbIIaercsi) H3
JIOMOJHHTEJLHOH MaccH XKHIKOCTH, HakomisgeMoll B obsacTH Me-
HAOUeACa TMIYGHHH, TOJbKO 2/3 HIeT Ha POCT yeAHHEHHOH BOJHHL.
Kyna peBaercsa ocrajibHoe?

B TO BpeMs Kak TPyAHOCTH, cBsA3aHHHe ¢ (3.117), 6Bln 3aMe-
4eHH NpPH HCHOJb30BaHHH IPSIMOTO METOAA, TOJBKO YTO OMHCAHHAA
TPYAHOCTh OKa3ajiachb He3aMeuyeHHOM.

(ii) Hcnoavaosanue obparnoii sadauu pacceanus. Kak npeojo-
Jgetb JiBe 3T TpyaHocTH? B 1976 r. Hasun Kayn u s BHOB o6part-
JIHCh K 3TOH 3ajaye ¢ TOYUKH 3peHHA TeopuH pacceanus. HMaes co-
CTOSIJIA B TOM, 4TO B 3TOH 3ajaue eCTECTBeHHEe BCEro H3yuartb 3-
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¢dekTH Bo3MylleHHs, Npeo6pa30BaB BO3MYLIEHHHE YDABHEHHS K Me-
PEMEHHBIM NeACTBHE — yroJl HIH HOPMAJIbHBIM MOJaM TOYHO pelIae-
Mo# cucreMbl. Kayn [73] emre paHbiie mokasald, KakK BHIHCHBATb
3TH ypaBHeHHs JJs Bo3mymenHoro HYIIL. B 3tom mogxome mbl
npsamo npuxoaum K (3.99), (3.100) u (3.101). Becmomuum, uto ecau
8g nnn g; >BOJIONHOHUPYET B COOTBETCTBHU C JIIOGHIM YpaBHEHHEM
n3 Kn®-uepapxuu, nanpumep (Knd)s, xak B (3.52), T0 Bce unre-
rpansl BHYHCISIOTCS M COOTBETCTBEHHO jatoT 8i8%/a, 0 n 8it3b*/a.
Hna suuucnenns spdexra ot Bosmymenusi —I'g HCoJb3yeM Las ¢
TIABHEIH NOPAJAOK — OJHOCOJHMTOHHOE pellieHHE — U BHIUHCAHM CO-
OTBETCTBYIOUIMe KBaapaTh cobcrBenHbix dyukuuit. HOas uucro
OJHOCONUTOHHOro peurenus Mbl 3Haem H3 (3.110), uro (§,=in)
g =—4 &2 (x, €), u mosromy (3.100) npuoGperaer BHA &, ==
=N, == —(2/3)il', uto B TouHoctu paer (3.116b). Korma mMu Hc-
noab3oBanu (3.99) anst BHUACAEHHS] BO3MYLIEHHH HeNpPepHBHOTO
crnekTpa (HanmoMmHuMm, uto npH t=20 b*/a =0), MH NOAYIHIH, YTO
CHHTYJISIDHHH BKJAaR B oKpecTHocTd { =0 NpHBOAUT K NOSABJIEHHIO
HOBOTO TONS ¢, KOTOPOe AJISi MaNBIX PACCTOSIHUR HMEET BHA

I‘ e
T Ta e O < 9 < e)
4.6, 7) ={ i (3.119)
0 B IPYTrHX CJyuasx.

Taxum o6pasom, o6pasyercs mwenabd, pacnonararomufics Mexny
TeKYUIHM NOJIOXKEeHHeM cosuToHa O H 0 = 0. B ncxoaHHx xoopauna-
TaX OH HAXOJNHTCS MeXIy VeAUHeHHOf BOJIHOX W MeCTOM, A0 KOTO-
pOro MOXKeT PacHpoCcTPaHATbCA Hambosee NJIHHHAS BOJHA, BHIXOMS-
a8 M3 TOYKH Hayasa u3MeHeHHs ray6uHn. OH B TOUHOCTH HMeeT
BeqHUHHy To# wactH ¢, a mMenno (3.117), xoropas He yGuBaer
npu §—-—oo. Aro Tor mWenbd, KOTOpHA obHapyxuau Jlefi6oBuy u
Psuaens, o1HaKO OHH He OCO3HAJNH, B KAKOM CMBICJIE OH MMeEeT KO-
HEUHYIO TNPOTSKEeHHOCTb. XOTS wenbd MeILJeHHO MeHseTcs Mo
aMMJIMTY e, €rO MPOTAKEHHOCTb MEHSEeTCs CO CKOPOCThIO NMOPSAKA
eIHHHLBL. DTO 03HAYaET, UTO OTKJHK PElIeHHS Ha Me]JIeHHOe H3Me-
HeHHe TayGUHH He fganercs udcro aauabaruuecknm! U umenwmo
3TOT (AKT MO3BOJHN HAM YIOBJETBOPHUTH VCJIOBUIO COXPAHEHHS MO-
TOKAa Macchl B JOKanbHOW dopme:

a ¢ 9 D,
2 (qao=— 22 { qao. (3.120)

—c0 —o00

[MTockombky g, Mano u MeHsercs MemnenHo, u3 (3.111) wmu
9
OXKHJIAeM, yTo aqc/61:=—-T(DT/D) q., T. €. npocto 3akoH I'puna:
nocrosincrBo D¥Yg, BROJB npaBHX XapaKTepHCTHK 0= — {4
[T
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+ S dx/D"2, CnepoBateabHo, Jesast yactb (3.120) pasua ('BBe,U,eM

2 2.0)
oo e _ e
2 Yo+ L qa—m(—F)+ S 0@+ [ Feam=
2 ; 0

oo

=4n(—3311) v+4n2(——3%)—1“8 g, do =
0

=—7T §°qsd9——1‘§)ch9,

o0 0

T. e. npaBoii uactu. OTMeTHM peILalOIlyl0 pPOJb BTOPOrO uUjeHa
—(4/3)0I', Bo3HHKalOlIero BCJeICTBHe HeanuabaTHYHOCTH NOTOKa

(o6macte, 3anuMaeMas ge, 0 <0 <C0, MeHsercs He MeAJEHHO).
U neficTBUTENBHO, MO JOKAJAbHOMY JehHIHTY MOTOKA MAcCh MOXKHO
BHYHCANTh HauaJdbHYI0 aMIIUTYAY Weabda («HavyadbHaAs» O3HAyaer
aMINVIHTYAy 1IOCJIe €r0 BO3HHKHOBEHHS] HENOCPEACTBEHHO 3a Yenu-
HEeHHOH BOJIHOM); TakuM 00pasoM, BMeCTO TOro 4roGbl NPOBEPAThH
tdopmyay (3.120), MBI MOXKeM BOCMOJB3OBATbCA €10 JJSI HAXOMKAe-
HUA ge(0). ,

Meron oGpaTHOH 3ajayd CHJIEH C TEOPETHYECKOH TOUKH 3peHHS
TEM, YTO OH IEePEBOJAUT BO3MYILEHHOE yDPaBHEHHE B NPaBHJbHBIE KO-
OpAMHATH. B CymHOCTM OH paspeliaeT OCHOBHYIO TPYAHOCTb MNps-
MOTO MeTofa — KaK pasjenutbh nepemennnie B (3.115). Basuc, no
KOTOpOMYy caeayer pasaaratb ¢V—a3to (3.105). B arom 6asuce
(3.115) asromaruuecku pasdenfieTcs BHe 3aBHCHMOCTH OT CTENEHH
cnoxuocti ¢ (0, 7)!! Bosee Toro, GopMmyJssl, Moayyaloluecs AJS
3aBHCHMOCTH OT BpeMeHH Ko3(duineHToB pasnoxenus ¢’ mo stomy
6asucCy, a UMeHHO MOpOXKJaeMble BOSMYLIEHHEM Bapuauui b*/a, T
# Br, — 3TO B TOYHOCTH T€ Xe (POPMYJIBI, KOTOPHIE NOJY4alOTCs Pas-
noxkennem (3.99)—(3.101) B psa Teopuu Bo3MyilleHHit ¢ § = d/0r,
g: ={(9<)1 +(qz)» ((g)1— 310 «uHTErpUpyemasi vactb» (3.111),
a (g:)p— 9710 HacTh, cBI3aHHAA ¢ Bo3MyuleHHeM). Keaapartel cob-
CTBEHHHX (YHKUHA anmpoOKCUMHPYIOTCH OAHOCOJHTOHHLIMH BHIpa-
KEHUSAMH.

AroT Merol, OAHAKO, ¢jaab B NMPaKTHUeCKOM acmnekre. SIcHO, uro
Ha GONMBIIMX PACCTOSIHHUSIX NOPOXKIAKTCS HOBHE KOMIOHEHTH IO-
toka (koropuie nopsaka O (o), ogHako Hecyr O (1) moToka macchl).
[MosToMy nNpHGNUKEHHE OJHOCOJHTOHHBIMH COOCTBEHHBIMM (YHK-
UMAMH HEMpPHUMEHHMO Ha GoJbIUHX BpeMeHax. [IpHuMHA COCTOHT B
GHHTYJSIPHOCTH NONPABOK K coGcTBeHHHIM GYHKUuAM npH § == 0. Teu
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He MeHee B (3.100) MOXKHO NoOJb30BAThCA TAKUM NpubAHKEHHEM Ha
6oabiinx BpemeHax. OnHako, HecMOTpsi Ha 3TH cia6GoCTH, MOAXOL,
OCHOBaHHHH Ha oOGpaTHOH 3ajadve, JaeT KJIOY K PaspelieHHI0 OCT-
pPHIX H NMPHHUHIHAJLHBIX BOIPOCOB, CBA3aHHHIX ¢ 0aJlaHCOM NMOTOKA
Maccel, H YXKe TOJBbKO N0 3TOH NpHUYMHE 3aCayXKHBAET BHICOKOIi
onenku. Cefiuac s onmmy noaXoi, 00bLeNUHSIOMHA NpenMyllecTBa
noaxofoB (i) u (ii) W MO3BOJAIOIMIKI YCIEHMIHO paccMaTPHBATH pas-
BHTHe llejbda coMuTOoHa HA GOMBUIMX paccTosHHsAX nopanka O (o).

(iii) Pasymnoe ucnosvzosanue 3aKkoHos coxparenus. Ecau
3HaTh BCE TO, YTO MBI 3HaeM, TO 3TO, OKa3BIBAETCS, JYYIIHH METOL.
Mbl 3HaeM, 4TO 3aKOHH COXpaHeHHS TOuHHL. Mcnonb3ys 3akoH co-
XpaHEHHs 3HEPTrHU

a o0 00
2 S ¢?d8 = —2r S g2 de, (3.121)

a B JeHCTBHTEIbHOCTH JMI000H U3 OCTAJbHBEIX, MBI, 3aMEHAs ¢ Ha
MeIJIEHHO MEHSIOUIYIOCS OAMHOYHYIO COJIMTOHHYIO BOJIHY, HPHUXOLHM
K (3.116b). IlpnuuHa npaBUJILHOCTH 3TOH OmepalUdl B TOM, YTO JApY-
rHe KOMIOHeHTHl ToToka nopsaka O (o) no aMmiutyie u He 6oJblue
O(o~') mo nnune. IloaTOMYy eiUHCTBEHHAs COXPAaHSAIOUIASICS MJOT-
HOCTb, B KOTOPYIO OHH AAIOT BKJIaj NMOPSAAKA eIHHHIH, — 3TO NMOTOK
macchl. IlonpaBKu K 3HEPTHH M K BBICUIMM COXPaHSIOUIHMCS BeJH-
yuHaM He npesocxoasaT O(c). Bce 3aKOHBI coxpaHeHUS, HAYHHAS C
SHEPTMH W BHIIe, NAIOT OJHO M TO Xe IOBeJeHHEe 1), a HMEHHO
(3.116b). Temnepp MBI y:Ke 3HAaeM, YTO MEHSIOMIAsCs YyelHHEHHas
BOJIHA He MoXeT (BcrnomHuM, uro I'=(9/4)D./D < 0) Hectu no-
CTAaTOUYHYIO MacCy BOABI, YTOGH YJOBJIETBOPSJICS 3aKOH COXpaHEeHHs

S §°q‘de=—1‘ §°qd6 (3.122)

MOTOKA MAacchl, W HEeNOCPCACTBEHHO 3a YeAuHeHHOH BonHOH o6pa-
3yerca meab aMnauTyabl ¢ = —1I'/3n. Mpl MoxXKeM BBIBECTH 3TO
caenyiowuM o6pasom. IIpennonoxum, yto g(0, t) COCTOMT U3 yeaH-
HeHHOH BOJIHBL ¢s(B, T) ¢ 1, MelJEeHHO MEHAIOIUMCS B COOTBET-
crBuu ¢ (3.116b), u u3 xommoueHTH ¢.(0, T), pacnonarawuleiics

Mexay 0==0 u 6=0, T. e. TeKyHIUM MNOJIOXKEHUEM yeJIHHEHHOH
BoJHBL. TTOCKOJIBKY ¢, MEJNIEHHO MeHseTcs o § U MaJso Mo aMIUiK-
TYy/e, €ro 3BOJIIOUHsS IO T ONpelessieTcs 3aKOHOM ['pHHA, KOTOpHIH
npu I'=(9/4)D./D naer, uro dq./0x = -Tq, u uro D%%q, 3asu-
CHT TOJIbKO OT © M TO3TOMY IOCTOSIHHO BHOJb HAYLUIHX BApaBO Xa-
pakrepucTHK. Teneps ucnoibayem (3.122): (9/dt)4n+ ¢.(0) 8, =
==1(4n), u nestomy g.(0) =—TI/3n. Urobu noayuure g.(0, t)
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Besje, IOCMOTPHM Ha pHc. 4. Mu 3unaeMm, urto D%*q. (6, t) mocTosiHHO
BIOAb Tpaekropuu O = const. [Toaromy mpocaeayeM BOJb HAylLieH
BNPABO XapaKTEPUCTHKH, NPOXOAsILel yepe3 O K v, 06paTHO BILUIOTh
[0 ee mepeceueHds] ¢ TPAaeKTopuedl COJHTOHA. B arofl Touke MHI
3HAaeM ¢ H, CJIeJOBaTENbHO,

D9/4 (t<) (1; )

q: (®, T)zch
6
25,5
9=65(r) /|
1
P5(8, T) :( e
T A
i .
] 1
T 7
¢

Puc. 4. [suxymufics Bnpapo uueiid.

rie g. 3anaercsd Kak (QyHKUHs O WHTerpHpoBaHHeM H obpalleHHeM
(GOpMYJIH TPAEKTOPHU COJIHTOHA

91 == 47]2-

Ilasi KoHKpeTHocTH paccmotpum npumep. Ilyers —(9/4)D+/D = o,
T. €. mocTosfinHo. Toraa

1 = nee¥*",
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Tpaemopuﬂ COJIHTOHA HMEET BUJ

3 2
95 == % (84/36"5 - 1).

Hanee, MH 3HaeM, 4YTO Ha TPaeKTOpHH P;(0s, ts)

' __ G0 O -3,
9c (vs) = 3N () | Bne © ’

MH 3HaeM Takxe, 4TO
o(t—-1 0 ot —5/307
q: @, T)=¢ ( S)qc(Ts)=We € S,
0
4TO nocJje obpauieHus GopMysH TPAeKTOPHH COJHTOHA A8eT

—5/4
9 (6, 1) = e°f(1+ ) :
3n;

BHuncaHM Temepb NOTOK MAacChl, CBA3AHHBIA ¢ eabdhoM,
2]
m, = D4 (1) S q(®, ©)do.

0

Hcnoabsys 3akon I'puna, a MMeHHO, 4TO BJOJb XapaKTepUCTHKHU
0 = const,

DY (x) ¢ (6, ) = DY (1) q. (0=16;, ),

MBI MOXeM 3amHcaTb 3TO B BHAE HHTerpaja No Ts, lepeMeHHOM
BAOJIb TPAEKTOPHH COJIHTOHA, OT Ts = 0, T. e. TOUKH, HauuHas ¢ KO-
TOpOK rnyGHHA MeHsSeTcss, U A0 Ts=7 T. €. TeKYLIero MoJIoXeHHs
yeAHHEHHOH BOJIHHI:

T

SDQM (ts) qc (es, Ts) des de=

0

i
3Dy (Ts
= § D (5) (= e ey ) 4 () s =
= —3n, { D7 (x)) D, (v,) dx,,
0

H Tak Kak nD¥2 = D¥2=n, (mockosbky D= I) T0 m,=4n, —

—47]003/4(1:) Onnako TNOTOK MacChl, CB#3aHHHHA € YyeauHeHHOH
BOJIHOH, €CTh

mg = D% (1) - 4n (1) = 4nyD¥* (3).



136 laaBa 3

[TosToMy NOJHBIA MOTOK MAcChl, CBA3aHHBIA ¢ MAYILeH BIPaBO KOM-
IIOHEeHTOH IIOTOKA,

[o+]

m == mg + m, = S D¥4(7) g (8, 1) d6 == 4m,,

JIeACTBUTENBHO NOCTOSIHEH, KakK U Tpebyercss B COOTBETCTBHH C ypas-
HeHueM (3.111).

ITpexae yem pasobparbCsi C HECOOTBETCTBHEM MEXKAY NOTOKOM
Maccel B ypaBHeHHMH Ka®, onuchiBaiolleM TOJbKO PacnpoCTpaHsio-
I{Hecsl BIPABO BOJIHBEL, M NMOTOKOM B TOJHBIX YpPaBHEHHAX, NOCMOT-
puM, Kak BbIpa3uth uleabd uepe3 JaHHBIE paccedHuss. Bcemomuum
nepByio U3 dopmya cienos (3.70) mis macch:

0o N 00
Jgdo=4) m+5 {ma—1RP.
—00 1 ~00

o0

M3 (3.111) noayuaem, uro S gdd B TOYHOCTH COBIAAaeT

¢ 4n,(1/D)"*. ConutonHas KOMNOHEHTa pelleHHs gs, C KOTOPOH MBI

CBSI3HIBAEM COJIMTOH 1)), HMeer Maccy 4n;=4no(1/D)*% Ecau

1 > D, rny6uHa yMmeHbllIaercs; Toria, MOCKOJbKY BKJIaj HelpephiB-
(e

HOTO CHeKTpa (2/n)S In (1 —| R)di Bceraa orpHuaTeNeH, g, AOJIK-
0

HO OBITb Pa3/I0XKHMO HAa COJNHTOHBI AJIsl OCyliecTBJeHHA OaJsiaHca B
(3.70), nockosbky 1/D%* > 1/D3%2, lllenpd, UMEIOLMH B 3TOM CaY-
Yyae MNOJIONKHUTENbHYIO aMIIMHTYAY NMOPsAKa ¢ H AJHHY NOpsiAKa ¢,
Oyner passaratbcs Ha 60JbLIOE UUCJIO COJUTOHOB, NPEACTABJIEHHBIX
B cnekTpe HabopoM Touek Lp=ing, k=2, ..., N, maotHo pacmno-
JIOXKEHHBIX Ha oTpe3ke MHHMOH ocH Mexay {=0 u { =0 (io).
([Moaymaiite 06 ynpaxuenuu 3d(3) ¢ Q =90, L=1/0.) Ilocre-
nesHo, 3a BpeMma (1/6)In(1/c), conutoHnl, cocTaBisgioulde LIeab,
OTAENSAIOTCA APYT OT APYTa.

SI mymarw, 4ro TakHe CJO0XKHOCTH IpH aHaau3e 6e3006uZHOTO Ha
BHJ BO3MYLIEHHsI MOTYT BHI3BaTb YAUBJeHHe. XOTS 3TOT BONPOC AJiA
MeHsl MOJIHOCTbIO He $ICeH, YAaCTHUHAS MPUYHHA — B NPHHLUHIHAIBHO
Pa3JIMYHOM BJIMSIHUH BO3MYLIEHUS Ha «COXPAHSAIOUIYIOCH BEJHUHHY»

Squ,’l‘. e. ¢yHknuoHan Kasumupa, BO3HHKAIOUIHN BCJaeACTBHE BHI-
poxaeHHocTH cKoOku Ilyaccora (3.25), W Ha Bce ocrajibHbie HHTE-

rpaJibl JABHXKEHHS S g*dx, S (% g — q3) dx, ....
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(iv) Orpascennoui norox [43]. Ceituac mbl 3aiimeMcsa OTHCKa-
HHEM NOJIsl OTPaXKEHHOro NoToKa n—(x, £) u u_(x, ¢), NOPOXKAEHHOTO
B3aUMOJAEHCTBHEM  pacCIpOCTPaHAIOLIEHCS BIPAaBO  KOMIIOHEHTHI
n(x, £) # uy(x, £) c u3MeHeHHeM rJayOGUHHBL. MBI Bocnosb3yemcs
TOH Ke cTparerHed, uyto u panbume. CHayana BHIUHCAUM 4_ Ha
Hayluleli BIPaBO XapakTepucTHke 0. =0, A1 uYero paccMOTpUM

puc. 5.
v
(x,2.(x)
? Gq, =0
&
Pix2) P8
0
(@
o8 g
7%"
9.:0 [EAAES) Py, ty)
X

Puc. 5. Orpakenubifi MoTOK,

3aduxcupyem x, 0 << x << X, riae X — Tekylllee MOJOKEHHE CO-
jutoHa. TTocKobKy aMImIHTyAa OTpPaXKeHHOTO MOTOKA OKAa3hiBAaercs
nopsiaka O(oe), B 3TOM BBHIUHCAEHHH Mbl MOXKeM MpeHeGpeyn paa-
JHYHEM MEeXNY peasibHOi TpaeKTopHell conntoHa H 64 = 0. Kpome
1010, N-(%, £) U u-(x, {) yROBJIETBOPSIOT JIMHEHAHBIM ypPaBHEHHSM

n_,+ (Du_),=0, (3.123a)
u_p+n_,=0 (3.123b)

X

(em. (2.11), (2.12)) B TpeyronbHOl 06aacT IOCKOCTH (X, 1), H30-
OpaxenHoil Ha puc. 5. Ilycts £1(X)— Touka mepeceueHus BepTH-
KaJbHOH JIHKMHA x = const u Kpuso# 6, =0, a {_(x)— Touka mepe-
CeyeHHsi 3TOH MNpPAMOH C XAapaKTePHCTHUKOH, HAyIeH BJleBO WU

NpOXOAsilled uepe3 TeKyllee NoJoxeHue conutona (X, f). Torna,
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(-]
IIOCKOJIBKY S D(x)u(x, t)dt He 3aBHCHT OT x B IVIaBHOM HOPsAKe
—00

o e, 10
t_ (%) -
9 P}
wt S“D(x)u..(x, ) dt + —— D' (x) S DY (x)u, (x, ) dt =0.
+= o

(3.124)
BTOpOﬁ YJIeH B 3TOM YpaBHEHHH DAaBECH
"‘erxD_SM ,

rae m =(8/3)np, MIOTOK MacCChH MAYyLIero BNPaBO OTOKA, U He 3aBH-
cHT oT x. YpaBHenue (3.124) osmauaer, uto (Bcnomuum: df,/dx =
=1/4/D, dt_{dx =—1/4/D)

— D" (x)u_(x, t)—=DP)u_(x, t)+n_(x t)+n_(xt,)=

2 - 9 -
=7 noDxD 34 n_ (X, t__) —n_ (x’ t+) —_ ?nODxD 3,!4,

rae M 3aMeduan (Du-), ¢ nomowpio (3.123a). Briukras u no6as-
aasg DV2(x)u-(x, ty), uMeem

DE)u_(x, t,) = D7D, — - (n_+/Du),_+
+ 92 (n_++/Du),. (3125

Tenepp MB MoxeM BHOGPaTh x NMPOH3BOJNLHO GAM3KHM K ¥, H TOraa
t,—t_—1. B atom cayuae (3.125) naer Ham ABOsKyi0 uHpopma-
uuio. Bo-nepBbix, HEMOCPEACTBEHHO 3a HAYyIleA BNPAaBO KOMIIOHEH-
TOR

D(®u_ (% 1) =5nD""D, (3.126a)
U, BO-BTODPHIX,
2 (n_++/Du)=0. (3.126b)

ITocKoMIBKY T€ e pacCyXKAeHHs NMPHMEHMMB BHE 3aBHCHMOCTH OT
pACMONIOKEHHS HAYIIed BIPABO KOMIIOHEHTH BAOJb XaPaKTEPHCTHKH
0+ =0, MH noayuaem, uro u_(x, {) Ha 04 =0 ompenensercs mno
(3.126a) u uro (3.126b) BepHO BO Bcelt TpeyroJibHOH 06JacTH Ha
pac. 5. HeGoabuwoe suuncienue ¢ nomomeio (3.123) u (3.126b)
MOKa3HBAaeT, 410

G- (p )= em
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YTO O3HAYaerT, YTO KakK 1—, TaK U Du_ NOCTOSHHH BJOJb Xapakre-
PHCTHK O_.

OTH (paKTH NPOBEpAMHCh YHCAEHHO NpH pemeHnH (3.123) kak
sasaun I'ypca: sagasn y—, n— =0 Ha 0—-=0, u 0pH u_, 3aJaHHOM
u3 (3.126a) na 04.=0, HaxXoAATCH M-, U—.

ITosromy 3akon I'puHa He BHNOJHSETCS AJsI OTPAXKEHHHIX BOJH.
Ilpuunna cocTouT B TOM, 4TO 3aKOH ['pHHa cileayer u3 coolpaxe-
HHA TEOMETPHYECKOH ONTHKH, AJf CIPaBeJHBOCTH KOTODHX Tpe-
Gyercst MEAJIEHHOE H3MEeHeHHe XapaKTEePHUCTHK CPeAH IO CPABHEHHIO
C TODH3OHTAJbHHMH TpajHeHTaMH B BOJHE. 3Jecb ke Kak
(1/u-)0u—/0x, Tak u D./D ¥ME€IOT OJMHAKOBHIi MOPSJOK MAaJOCTH
O(oe). U3 (3.123a) sicHO TaKXKe, YTO aMIUIHTY/JA OTPaXXeHHOH BOJI-
HH nopsaaka O (oe). Oanako, MockoJabKy ee gauHa ~ O(oe)—!, oHa
MEePEeHOCHT NOTOK MAacChl MOpsiAKAa eIMHHIb, U MH cefyac ero BH-
YHCJIHM.

Ilyctb x == x;—3TO0 TOUKa, B KOTOPO# ray6MHA CHOBA CTaHO-
BHTCS MOCTOSSHHOA D;. Toraa nonHwei MOTOK MaccH yepe3 NPOH3-
BOJIbHOE CeYeHHe x JOoJIKeH OBITh paBeH NMOTOKY MacChl, NepeHOCH-
MOMY JABHKYLIeHCS BIIPaBO KOMIIOHEHTOH uepe3 ceyeHHe B TOYKeE
X;, TIOCKOJIbKY IIpaBee ee yxe HeT OTPaXKeHHs.

MH yxe MOJY4YHJH, YTO MOTOK, NMEPEHOCHMHEIl NIpAaBOHaNpaBJIeH-
HOH KOMIIOHEHTOH, paBeH '

—g— n,D'4 (x).

Teneps MBI mosyuaeM, 4TO MOTOK MAacCHl, CBA3aHHHI C OTPaXKeHHOMH
BOJIHOH, paBeH

% M (D;M — :Dl/4 (x))

paCCMOTpHM BBIpAXKEHHE

'y
D(x)u_(x, t)dr
ty(x)

W 3allHilleM €ero KakK HHTerpa’a Baojb Nyt 0,.=0 or x=x 10
X == X;, NMOJIb3ysiCb NOCTOSTHCTBOM Du_ BJOJNb XapaKTEPHCTHK 0O-.
OrmeruM, 4to {-KOOpAMHATa TOYKH P(x, f) HA pHC. 5 H x-KOMIIO-
Henra Py(y, t;) TOuKH, B KOTOpOH mnepeceKaioTcs HAyIAas BJEBO
x 14
-1 -
yepe3 TOuKy P xapakrepucTHka f - S D' (s) ds=ty+S D' (s)ds
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Yy
o . —1
¢ kpuso#t 0, =0, f, = S D~ (s)ds, cBsi3aHbl COOTHOIIEHHEM

x Yy

t4 SD"”2 (s)ds ==2 S D™ (s)ds.

[Tostomy

i
No —1/4 2 .
§ (? D" (y) D, (y)) 70 dy =

xf
2n 81
= § DM Dy dy =3 (D) — DV,

X

4TO H TPeboBaJOCh.
Uurarenio ciesyer o06paTHTbe BHMMaHHE HA I[IOCTOSAHCTBO MOJI-
HOro NMOTOKAa MAacChl yepe3 ceueHHe X, KOTOPHIH paBeH
2 1/4
3 non .
ITO 03HAyaeT, YTo Npu MajaoM Dj 66ablIast YacTb BOABI OTPaXKaercs
H JHIIb OYeHb HeOoJbLIasi pacnpocTpaHsercs Ao Gepera.

YnpaxHenua 3g

1. B HnxkenpuBeleHHBIX INpUMepax HaljauTe, KaK Hu3MeHAeTCHA
napameTp n, a Takxe ¢opmy wennda npu ycaoBuH, uro ¢ (x, 0) ==
= 20 sech? nx:

(@) ¢t +699; + Grex=0G,, 0<0<K 1
(b) qt+6q2qx+qxxx=0'4s <okl

Orserbl.
16m20t \

(a) "]=7]o(1+ z ) :

g. = 8':;0 ex p( —20% , 0<x<x,

¥ =4n%
(b) n = 1e*!

201
qc=_%r18____’ 0 < X < fv
M + 40x

7. e m?
Xg=n"
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2. Hcnosp3yfite 3aKOHB COXPaHEHHs
(7] * d * *
sr\agds, < (gt —gq,) dx
M HaijaTe, KAK MEHAIOTCS NapaMerTpH v, § cosurona HYII
g (x, 1) =2nsech 2y (x — %) exp (—2ifx — 2i5),
YAOBJETBOPSAIOIIETO YPaBHEHHIO
qs==1iq,, + 2ig’¢" — I'qg — Eeio!, ', EK 1.

[lokaxure, uro (En):=—TI'(&n). IIpeanonoxure, uro & =20. ITo-
KaxuTe TOr'Aa, 4To

Ny = —20'n + - aE sin (off 4 26), 5, = —2x"

IIpoananuaupyiite 3T ypaBHeuus: U HOKaxkuTe, Kak (asza yenHHeH-
HOI BOJIHBEI NPUBs3bIBAETCSl K BLIHYKAAKUIEH yacToTe wo. [1oapos-
HOCTH MOXHO Haiitu B [45].

3h. MHuorocosuTonHbie, PAUHOHAJbHbIE W KOHEYHO3OHHBIE pe-
wenus [25—29], [83—85].

Yro mor cobupaemcs deaaro. TlepBoil Hauieli sagaueii Gyaer no-
JlydeHHe MHOT'OCOJIMTOHHBIX pelleHHd A Kad-uepapxun HOBHIM U
NOy4YHTENbHEIM crioco6oM. IToaXxox 3roT nmoyuurened Tem, YTO OH
AEMOHCTPHPYET  eJHHYI0  CTPYKTypy  COOCTBEHHBIX  (pyHKIUHMIi
P (%, fory1; §), CBA3AHHBIX C MHOTOCONMTOHHHIM peLICHHEM. B IOA-
XOAsIEHl HOPMHPOBKE OHH HMEIOT BHJ NPOU3BEICHHS MHOTOUJIEHA
no §~! Ha MPOCTYIO 3KCMOHEHTY, H NMPH BBIBOAE POPMYJBI IS pelle-
HHS1 HENIOCPEACTBEHHO HCIOJb3yeTcs 3Ta CTPYKTypa. 3aTeM aHaJjo-
THYHBIM CHOCOOOM BBOAATCSA palMOHAJbHBE DEIUEeHHs], u4TO TPOsiC-
HfET HX CBA3b C MHOTOCOJIUTOHHBIMH, NPeJeJbHBM CAy4YaeM KOTOPHIX
OHH ABJIAIOTCA. B o6oux ciyuasx q(x, fye+1) 3anaercs dopwmydioi

d2?
q(x, tagr)) =27 lInt,

TA€ T-— 3T0 onpejesnnreab Matpuubl N X N, nocjie pacKpbiTHs IpH-
HUMalomui BUA (3.88). B mpegene pauuoHasbHOro pelieHHs ¢ siB-
JsieTcs TOJIMHOMOM.

Bropas u 66sbluas yacTth 3TOro pasjena NOCBALIEHA BBEIBOJY
KOHEYHO30OHHHIX, MWJIM HHAaye MHOTro(asHBIX, KBA3HIEPHOAHYECKHX
pelleHn#. DTO 3HAYHT, UTO ¢(X, foey1) SBJISETCA MepHOHYeCKOH
dynkuued N das 6;, i ==1,..., N, Kax)aaa u3 KOTOPHX JHHEHHA 1O

X " boers, 0,= 2, cijtj, ty=x. IlockonpKy ¢;; He 06s3aTeNbHO
HewyeTH. j
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COM3MEpLiMbl, ¢ JIHIUb KBa3HNEPHOAHYHO NO fpe41 H X. OAHO30H-
Hoe pewenue ypaBHeHusa Ku® ¢t + 6¢gx + gxxx = 0 HMeeT BHA
q(x, )=

=8+ @—penr{ A/ FL 0 — 2@+ B+ Wi —x0s 222,

$l pa3Gua BhlukC/eHHS, CBA3dHHHWE C MNOROOHLIMH pEIIEHHSMH, Ha
TpH srana. CHayaJla 51 MOKaxXy cBfi3b N-30HHOTO pelicHHs Cc He 3a-
BHCALLEH OT fop+1, R=0, ..., N, pUMaHOBOii MOBEPXHOCTHIO

2N
R:_ y2 = — ;I;](; (}\: -— }\:1).

- IloroM s BBeAy HOBHE KOOpAHHATH u;, j=1, ..., N, aexaiuue B
¢HKCcHpOBaHHBIX HHTepBadax (Agj-i, Agj), j=1, ..., N. Hx 3aBu-
CHMOCTb. OT fgp41, R =0, ..., N, onpeaenasemas ¢opmyJaoii (3.167),

1I0JIy4aeTcss M3 NPOCTOro i KpacHBOro BHYHCAeHMA. Ha ncpsuit
B3IJIA4 3TH ypaBHEHHs He KaXyTcsi Npolle NepBoHaYaJjbHBIX, H3
KOTOPHIX OHH OBlJiM BhiBeAeHH. OJHAKO HA TPETbEM 3Tale sl NOKaxKy,
KaK OCyULeCTBHTb OTOOpaKeHHe M3 PHMAHOBOH NMOBEPXHOCTH, HA KO-
TOpOH Jiexar uj, B HOBoe MHOroo0pasHe, HasblBaemMoe MHOrootpa-
3ueM SIkoOH, Tak 4TOOH HOBHE, COOTBETCTBYIOILHE W;, KOOPAHHATH
Ha MHoroo6pasun JIkoOH H3MEHHJHCh JHUHEHHO [0 BCEM BpPEMEHaM.
Pewenue aaa q(x, f3.+1) UMeET BHA

c+247 100, Oy ..., O,

rAe ¢ — KoHcTaHTa, © —a3rT0o ©-pyHkuus Pumana, a 0;=

= Z Clltli H KOHCTAaHTHI C, Cig MOTyT ORITh onpeneJieHnl. OrMme-
HeqeTH. J

THM, YTO pelieHHe cHOoBa uMeeT BHA 2(d*/dx*)Inv. 3pech v=
= Qelc/N ¥,

Mrozocoauronnsie u payuonasvrbie peulenus. Eciu BH CHOBa
nocMoTpuTe Ha (3.84), BW 3aMerure, YTO COOCTBEHHAs! QYHKUHs
P(x, ¢, ) KaK QyBKUHA [ HMeeT BHA MEPOMOPPHOi QPYHKUHH C IIO-
JI0CAMH B TOYKaX [ =—(fp=—ine, k=1, ..., N. M(I)vmno nepe-

HopMHpOBaTb P (x, ¢, §), ymHOXKaa (3.84) Ha ;‘N];[(g—}-iqk),

nocJe 4ero MOJYYHTCA NPOuU3BeJeHHe e%* HAa MHOTOYIeH creneHd N
no §~'. Tak kKaKk nepeHopMHpOBKa He 3aTparvBaer x u f, T0 Y IO-
npexHemy yiaosjaerBopsier (3.1) u (3.92).

Hcxoas u3 3THX HaBOAALUIUX cooOpaxKeHHUi, AaBaiiTe HCKATh MHO-
rOCOJNHTOHHHE pelleHHs cpasy JAJs Bcero cemedicrBa Ka® (3.9)
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(mepBnie TpH ypaBHeHHs npHBeleHH B (3.14)—(3.16)), orhickupas
peinenus ypasHeHHs (3.1) u cemeficTBa ypaBHeHu#t (3.3),

vy, = B0 — B¥p,, (3.128)
rage
BY—=_2 4+ BA*"'+ ... +B, (3.129)
B Bufe!)
(o c
__H(®) i 8 N
0 (x, by s, ... )= (1+'@'+"'+'ao”) (3.130)
(o
H=itx+ ittty + ... +it2r+ity, 4+ ... . (3.131)

Ilepenoc g:, = ¢, clofa He BKJIIOUEH; OH MOXeT OHITh BHOBbL BBe-
JeH TMoAcTaHoBKko# x - ¢; BMecro x. CoBmectHocTh (3.1) u (3.128)
rapaHtupyer, uto g(x, f3, ts, ...) Kak QyHKUHA f3, f5, ... YAOBJIETBO-
pser ypaBHeHusam cemefictea Ka®. IMoacranoska (3.130) B (3.1)
M cpaBHeHHe KO3()(HIHEHTOB NpH DA3JHUHHIX cTemeHsx [-! gaer
HaM coortHomenne Mexay Ci, C,, ..., Cy, ¢ OQHOH CTOPOHH, H ¢
M ero NpOM3BOXHHMHM N0 x — ¢ Apyroil. B camom gene, Cy, C,, ...
..., Cy—>310 nepBpie N UJEHOB ACHMITOTHYECKOTO pAa3JjIOXKEHHS
ans v(x, §), noayvaomuecss us (3.27). Bor nepsne npa:

=—2C,, Cy=Ci++. (3.132)

Tor daxr, utro Cyyr =0, r == 1, 03Hauaer, 4TO BO3HHKAIOIIHE B pe-
3yJbTaTe 3TOH TNpoOlLeAypH peltieHHs g(x, {3, ...) YNOBJETBOPSIOT
cucreMe OGBIKHOBEHHHIX AHddepeHunanbHux ypasHeHuir. [To3xke MH
BepHEMCSl K 3TOMY BONpPOCY B HAcTOsilieM pasjede. ,
TMockoaeky v(x, &) (x =(x, t5, ...)) ynosaerBopser (3.1), To xe
MOJKHO CKa3aTb U O JIHHEHHO He3aBUCHMOM pemenud v(x, —L). Ecau
MHl Bo3bMeM vU(X, §) npomopuuoHajsHHM P(x, T), onpeneseHHHIM
B pa3n. d, To v(Xx, —{) TMpHUMET BHJ ACUMITOTHYECKOTO Pa3JIOXKeHHS
aasg @ (x, §). Mbl 3HaeM, UTO B TOUKaX AUCKPETHOTO CHEKTpa § = ine,

k=1, ..., N, ¢ nponopunonajsno §. Onpenenum nosroMmy ¢GyHK-
uuu Cy, ..., Cy U3 ycnioBHus, uTO6GH B HECOBMAAAMOIIHX TOUKAX { =
=g, >0, k=1, ..., N, BHIOJHANOCH

v (X, i) =e "y (x, —iny), (3.133)

rae e "™t — xosddunuent nponopumonambroctd. Torma (3.133)
npeepamaercad B cucremy N ypaBHeHHi 1ass N HeH3BECTHHIX,

1) Takyio coBcrsennyio GyHKUMIO 4acTO Ha3HIBAIOT bopmanbroft  bynkunef
Befixepa—Axnesepa. — [Tpun. nepeg. '
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KOTOpasi JIerko MoxeT GHTb pemeﬂa B pesyabTare noayuum

qg=—2C,=2— W InW @, 6, ..., 0y). (3.134)
B srofi dopMysae IPH HEUeTHBIX
ch®, —ush6, miche, ...
W —det|] - : : . (3.135)

ch6y —myshby

IIpu uwerHeix N mepBefl croabel coctouT u3 sh@;, B ocrajbHBIX
croabuax nooyepegHo croAt to ch 6;, To sh 0;. ®asa 0; suneitna no
BCEM He3aBHCUMBIM NepeMeHHHIM H paBHa (H omnpeneneno B (3.131))

ejZH(ile)+"ljfj—_—"’l](x—fj)‘{"ﬂ?ts—’n?fs—F

YuraTesb MOXKET TEHepb JErkKo BHIUMCJIUTb HECKONbKO NEPBBIX pe-
wenuit. Qs N=1 (3.133) umeer Bug

F(1— D)t (14 G

oTkyna C,=m,th®,, g = —2C,, = 2qisech’®,, T. e. npexcrasaser
co60fi OTHOCOMUTOHHOE peHIeHHe.

Tenepy npousBeiem aeificTBus B ob6paTtHoM mopsiaike. Paccmor-
pum v(x, §), v(x, —C), 3ananneie B (3.130), u morpebyem, 4TOO6H
BoIOJHsIoch (3.133). Torna w3 Bcero NMpEABIAYIIErO CJAEIYET, UTO
takoe v(x, §) emuncrsenno (Ci, ..., Cy ompenensiioTcs 0JHO3HAY-
Ho). Takum o6pasoM, CyIIeCTBYeT OAHA H TOJHKO OAHA (YHKLSA
v(x, t), yrosaersopsmomas (3.130) m (3.133). S rTenepp yrBepx-
21210, YTO NMOJYYEHHAs! TakuMm obpaszom (yHKUHS v (X, ) YAOBJIETBO-
paer (3.1) u (3.128). ITpoBepum 3TO NPSIMBIM BHIUUCTEHHEM:

C ng
Uy + 20 = 2z§eﬁ( 7 ) .. G Q)N) -+

Cc
H lrx B Nxx
+e it "'+_(i§)"’)'

[Toatomy ¢yHxuHa @ (X), KOTOPYIO MBI ONpejenuM Kak
w(x, § =10+ (€2 —2C ) v=

d
—er(F+ 7).
(c)”
rae dj=Cjx+2Cit1x, j=1, ..., N, dyv=Cyy,, uMeer BUJ MHO-

rousena wo ¢! crenenu N. Oanako sce d;, j==1, ..., N, 10JKHbI
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paBHATbCA HYyJIIO, MNOCKOJBKY HHaue MOXKHO ObIO 6H J06aBHTH
w(x, t) ¥ v(x, §) u cymma v(x, t)4 w(x, §) yaosierBopssa Obl
(3.130) n (3.133). Onnako v(x, {) €IHHCTBEHHO H, CJeLOBATeJbHO,
w(x, {)= 0. Takum o6pasoM, v (X, §) yaosaersopsier (3.1) ¢ ¢ =
=—2C». B KauecTBe ynpa:KHeHHS NMOKAXKUTE C ITOMOLLbIO aHAJO-
THYHBIX PACCYXKAEHHH, UTO

Uy, —"T"v—(gz——"— v, =0,

O6parute cepbesHoe BHHMAHHe HA 3TH PacCyXAeHHs. AprymeHT
TAKOr0 POJA, HCNOJIb3YIOLIHE eIHHCTBEHHOCTh (YHKIHH, BHOBb U
BHOBb BO3HHKAIOT B CTPOHHOH TeopuH, cospaHHoit M. M. Kpnuese-
poM IS HAXOXKICHHS KOHEYHO3OHHBIX peuleHull cemeficrea Ku®.
PaunonanbHble pelleHHst BOBHUKAIOT KaK CHENUadbHBIA Npenesb-
HBII caydait mHOrocosuToHHEX. Cliefyer ycTpeMurs Bce &y K HYJIIO
COrJIacoBaHHBIM 00pa3oM, M K03(DGHUIHEHT NPONOPUHUOHAJIBHOCTH B
(3.133) cranosurca paBHbBIM (—I1)¥. TlpuuuHa 3TOTO CTaHeT Bam
SICHOH, €CJIM BBl MPOBeJeTe 3TH Bbluuc/aeHus. Bosemem N =1 u npu-
venum (3.133),
H(§1) Cy _ 2k H(=T) C,
(14 ) =R (1 - ).
Tenepr pasnoxuM BOaH3M [;=0. [Ina 6anaHca uieHOB Mopsaka

&' Heo6xomuMo, YTOGHI exp(2i¢,%,) > —1. 310 cooTBeTCTByET
casury ¢asel X =n/2C;. Ilepexons k npexeay & — 0, MBl 1OJYy-

yaem Cix+ 1 =0 wiu C) = —1/x = -—(d/dx)In x. CiefnosartennbHo,
=2 = — 2. (3.136a)

qHTaTeJIlo'npezmaraeT(:ﬂ IPOBEPUTL, YTO AJs N=2
2
=215 n (+* 4 31). (3.136b)

IpeneabHplil nepexoy yToMHTeNEH, HO HecaoxeH. N-¢asHoe pa-
LLHOHAJIbHOE pClUeHHe onpenensiercst Gopmyaol

q=2—c—1‘%ln Ty (3.137)

rae Ty Upolle BCEro MOJydaercsl MOC/JAeJ0BATeNbHBIM HPUMEHEeHHeM
npeobpasosanusg bakayuzna (4.107).

Koneunosonnoie peutenus u ux ces3e ¢ ukcuposannoii puma-
HOB0OU nOBepxHOCTo10. MBI Tenepb NepPexXolHM K KOHEYHO30HHbIM pe-
Wwenuam, CerHanbHbIM NpeleNbHBIM CJAYY3aeM KOTOPHIX SBAAIOTCS
MHOTOCOTHTOHHBIC peuichns. Hassanue e BO3HHKAO B TeopHpu
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ypasueHusi (3.1) ¢ nepHOAHYECKHMH IPAHHUHBIMH ycaoBuaAMHU. Ecau
3aJaHO NepHOAMYECKOoe IO X ¢(X) ¢ HHTEepBAJOM NepHOAMUYHOCTH
[0, P], To u3BecTHO, uTO cnekrp (Habop Takux [Z=)\, NpH KOTO-
pPHX MO KpaliHeil Mepe OfHa H3 cOOCTBeHHBIX QyHKUM# 3aaun (3.1)
MepUONMYHA WK AHTHIEPHOAMYHA) COCTOHT M3 AHMCKpeTHOro Habopa
A<M <A <<h<<hg...< Aoy << An ... (hoy A3, Ay, A7, Rg, ...
COOTBeTCTBYIOT NEPHOAMYECKHM cOOCTBeHHHIM (YHKUHAM, a Ay, Ag,
As, As, ...— aurunepuoguueckuM). 30HH (Agn-i, Aon), KOTOpbIE MO-
TYT MMeTh M HYJEBYIO JJIHHY, HAa3LIBAIOTCS 30HAMH HeyCTOUYUBOCTU,
NOCKOJILKY B 3THX 06JAacTsX COOTBeTCTBYyIomue 6J0XOBCKHe cO0-
cTBeHHHEe GYHKIUH, onpenensieMble YCIOBUSIMH

$aolx, =1, x=1x, 0<<x<<P, x, GHUKCHPOBAHO,
‘q)ﬂ: (x + P’ g) =P‘pi (x) g)y

IKCNOHEHIHAAbHO pacTyT no x (T. e. p, 3aBucaumee or §, no abco-
nmoTHO# BeauuuHe Gospmie enxnnHunsl). Ecau morenunan g(x) takos,
4TO JIMUIL KOHEYHOE UHCJIO 30H HEYCTOMYMBOCTH HMeEET HeHYJIeBYIO
AJHHY, TO OH Ha3biBaercsl N-30HHBIM. ITocKoNbKY KaXAHifi MOTOK M3
cemeiicrBa Kn® coxpausier cnekrp, q(x, fs, t5 ...) ocraercsas N-30H-
HHM MOTEHUHAJNOM NPH BCeX 3HAYEHHsX f3, f5 ... W, KAK MHl YBH-
N¥M, SIBJsIETCS TEPHOJHYECKHM MO BCeM BPEMEHHHIM MepPEeMeHHHIM
pemenneM. OGiee pemenue nepHoORUUYeCcKol 3a4auy BOSHHKAeT KakK
npenen N-3ouHOro ¢ N—-oo. Unrarenr MOXeT MOJAYYHUTh HONOJHH-
teasuyo undopmanuio B [29].

Knacec pemenufi, wccienyeMblii HaMH B 3TOM pasjele, BO3HHU-
Kaer npu ocaabnenuu TpeGoBanus nepnoaHuyHoct# q(x, f3, ...) mo
x ¢ GurcuposauunM nepuonoM P. BosHukaiollee B pesyabTare
N-3ouHOe pemeHue Oyner KBa3UNEPHOAHYECKHM IO x H MO BCEM

BPEMEHAM I3, ..., lovy. HauHneM MBI ¢ TOTO, YTO MepenuuleM ypas-
uwenus (3.1) u (3.128) cucremn B BHAE
vxz(:’f z"g) v=q", (3.138)
P iol aqy 9 igyl __ ¢+ 207
Vt . —l€3 8 —4 t q + 9 4 V - Q(B)V
T q ; iqt , 4« ’
Tty L——+7

(3.139)

U B obuieM caydae
Vigy, =Q% V. (3.140)

TMpeanonoXuM, YTO HaM HYXHO HAaHTH peuleHHe s

@iy =— 7 (@exe +6402), (3.141)
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T. €. ycnoBHs coBmecTHOcTH (3.138) u (3.139) B BHae g (X=x—ct3).
Iycts X =x—ct;, T =1t;, Toraa (3.138), (3.139) npuuumaior BUA
Ve=Q", Vr=(@Q¥+Q")V. (3.142)

Onnako MaTpuia KO3(QQHIHEHTOB 3aBUCHT TOJNbKO OT X, H MOXKHO
pemiuth ypaBHeHue no 7, paspensis nepemeHunle, V = Ue¥7, nocie
yero (3.142) maer

Ux=Q", (3.143)
gU=0QY+ ") U=0qu. (3.144)
Ycnosue comectHocTH (3.143), (3.144) umeer JakcoB BHJ
Qx=1[Q", Q] (3.145)
HJIH, TOCJIe PAacKpPHITHS,
9xxx T 699x — 4cqx =0 (3.146)
M JOMYCKAaeT PelleHHs
QU, D=U, DX, JU(X, Q) (3.147)

rae cBsi3b U ¢ Q) onpegensierca B (3.143). CaefoBarenbHo, xapak-
TEPHUCTHUYECKHH MHOrouJieH AJs Q He 3aBHCHT OT X H

R(y, Y)=det(Q—yl)=0 (3.148)

ABAseTca aare6panyeckodl KPHBOH ¢ NMOCTOAHHHMH 10 X Ko3du-
uveHramu. B nHamewm cayuae (3.148) umeer BuA

p=r+e, o=(7 °,).

R(y, C)=—x3—2cx2+x(kx_4ﬁﬂ_cq_02)+

(- (= ),

rae A =2 Ho us (3.146)

gyx+3¢°
N Lt

cq? 9E,
4 9 ""EZx

OTKyZa
Y= —A%—2cA2 — (E; + c) A + (Ey -+ cE)). (3.149)
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YpaBHenue (3.149) onpejensier pUMaHOBY TOBEPXHOCTb IEPBOIO
poia (TOMOJIOTHYECKH 3KBHBAJEHTHYI0O TOpPYy uAH 6yO0JauKy), KOTO-
pasi He 3aBUCHT oT X.

O6parHo, njo6aBum K (3.138), (3.139) ceasp yV=(Q®4-cQM)V,
TOTJA ¢ 3aBHCHT OT x U f3 TOJbKO B KOMOHHauu X = X — ¢f3 U BHI-
nonusiercst (3.146). Tlocmorpum Ha 3710 ¢ GoJiee obuiell TOUKH 3pe-
Hust U J06aBHM K crmucky (3.138)—(3.140) cBa3b

y =Qv, Q=(? _eh) (3.150)

N
Q=2 ty Q" Q‘Q""z(?’ ""h ) (3.151)
0 r T Iy

T/e Ugry) — KOHCTAHTH. Huddepennnpys (3.150) u  nosas3ysch
(3.138) u Tem, uro

Qy,, — Q1@ @ =0, (3.152)

ybexpaemcs, 4TO

v
(1)
2 tiorQbyy =0,

HJIn
N
6‘: tor 11qty, = 0. (3.153)

MoxHo cmorperb Ha (3.153) aBosiko. C ofHOH CTOpPOHBI, KaK AHG-
¢depeHHaNbHOE YpaBHEHHe B YACTHBIX IPOM3BOJHBIX MEpBOro Io-
pAnXa no x, f3, s, ..., fav4i, OHO O3HAyaeT, 4To g fABAAETCA (PYHK-
uueit or N ¢as, o6pa3oBaHHBIX M3 COOTHOMIEHHH

dx Ay v (3.154)

1 3 Uy 41

JUHEHHHX M0 x, f3, ..., foyt1. OAHAKO MBI MOXKEM CMOTpPETh Ha
(3.153) kak Ha HeqHHeHHOe aBTOHOMHOe OOBIKHOBeHHOe JHbdepeH-
IMajbHOe ypaBHeHHe Mo x mopsigka 2N 4 1; 3ameHum ¢ Ha

2r+1
0 OHgryy 0
Tr s = ox L0 (3.155)

rae oneparop L omnpenenen B (3.12). ITostomy N-30HHOe peuleHue
g(x, ts, ..., tan4+1) CO CBA3aHHBIMH coryiacHO (3.154) He3aBHCHMBIMH
nepeMeHHBIMH NpPHHEMAaeT BHJ aBTOHOMHOTO OGLIKHOBEHHOro AHQ-
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(epeHLHANBHOTO YPaBHEHHS HA ¢ KaK QYHKIHIO X:

N

Y. gy L7g = const. (3.156)

0

YpaBHenue (3.156) m3BectHo Kak ypaBHeHue Jlaxca — Hosuxosa.
[TockoibKy Bce IOTOKH KOMMYTHUPYIOT H coBMecTHH ¢ (3.1566), ypas-
HeHue (3.156) onuceiBaer ¢hopMy N-30HHOTO pelleHHs AJsi BCeX Bpe-
MeH fy, f3, f5, ..., tan—1. MBL BCKOpe YBHAHM, YTO 5TH BpeMmeHa na-
paMeTpHu3yioT ero pemeHus. Bojiee Toro, cBsi3aHHHIH C BpeMeHeM
tomy1, m = N, noTok

i}

tomer ™ Gx L™q (3.157)

MOXKeT ObITb 3aMHCaH Kak JHHedAnas KOMOHHALHS NOTOKOB qr, .,
=0, ..., N—1 (ti=x) ¢ nomowpio (3.156). ITosatromy N-30H-
HbIC pellieHHst — 3TO pPelleHHs! He TOJbKO JJIs HepBBIX N uJ/eHOB ce-
melictea Kn®, Ho u aus Bceit Knd-uepapxun.

Hosoie koopOunate. u ux 3asucumocTs or gpemenu. Kak xe Ham
MOJy4YuTh 3TH pellieHus? B merome oO6paTHOM 3ajayd MH OTIpaB-
JSAMUCh OT ypaBHeHus mo x (3.138) u nosywasu. M3 Hero JaHHbIE
paccesiHusi, 3BOJIOLHs KOTOPBIX BO BpeMeHH Haxoxauaach u3 (3.139),
(3.140). B nepuoaudeckoét o x 3agaue Mbl MOXKeM IIOHTH MO 3TOMY
JKe NYTH, XOTS1 1 yMKe YNOMHHAJ, YTO HAaHTH BpPeMEHHYIO AHHAMHUKY
S5THM CIOCOGOM 3aTPYAHUTENbHO, NMOCKOJBKY Y HAac HeT TOYKH 00
(x = Z=00), B KOTOpO# OblIO 6Bl H3BECTHO ¢ B JIO6OH MOMEHT Bpe-
Merd. OJHAKO NpH HcCael0BAHHH N-30HHOTO pelleHHs ¢ ocaabJeH-
HBIM Tpe6OBaHHEM NEPHOAMYHOCTH 1O x (KBa3HNEPHOLHYHOCTD)
yao6Ho HauuHatbh He ¢ (3.138), a c anare6panyeckoii cHCTeMBbl ypas-
HeHuit (3.150). Mul HeMeNJIEHHO MOJyYaeM YCJOBHE CyLeCTBOBAHUS
HETPHBHAJbHBIX pelleHui V:

2N
y2=detQ=h2+ef=——]_;I(I&—k,). (3.158)

Ypaeuenne (3.158), xapakTepucTHUECKHH MHOroujeH AJas Q, $B-
Jsiercst anreGpanyeckoil KpUBO# B (y, A) Y ONpeAessieT THOEPIJIHUIN-
THYECKYIO PHMAaHOBY MOBepxHOCTh poaa N. Onpepenuresb MaTpUILbI
Q — 310 MHOrouwneH mo A creneHu 2N - 1. Jlerko mpoBeputh, 4UTO
crapuid#i Kos¢pduuveHr paBeH —I1, ¥ MBI IOPEINOJOXKHM, UYTO €ro
KopHH A;, j=0, ..., 2N, BeulecTBeHHB. PUMaHOBa NMOBEPXHOCTb R
urpaer Ty e poJb IJs KOHEYHO3OHHBIX pelIeHHH, YTO H CIIEKTp
NSl HauaJbHOH 3anaud. [IepBHIM W BaKHeHHIUM ee CBOHCTBOM $B-
JsleTcsl ee He3aBUCHMOCTb OT X, f, f3, ..., T. €. OHa-— HHTerpal
nsuxenus. Uro6ul y6enutbes B 3ToM, npoauddepennupyem (3.150)
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no Jo60MY M3 BpeMeH H NOJYYuM

Qty,p, = [Q*"", Q] (3.159)

C pelleHHEM

Q=VQV~, (3.160)
rae Qo He 3aBUCHT OT x U fy, &3, 5, ... . [loaTOMY Xapakrepucruue-
CKHH MHOTOWJIEH Q JeACTBHTENIbHO SBJISETCS HHTEIPAsOM ABHKEHHS.
Kak cnencrBue, KOpHH Ao, Ay, ..., Aoy MHOTOWIeHa det Q — Takxke
HHTErpaJu ABHXKEHHS, U AAA ¢, NEPHOANYECKOTO N0 X, NPEeACTaB-
Jasi0T coGoft mpocroil ciekTp 3ajgaud (3.1) 4usA NepHOAHYECKHX H
aHTHIIEPHO]HYeCKHX IPAaHHYHBIX YCJIOBHI.

Jlajsee BBeAdeM HOBHE IlepeMeHHHe u;, j=1, ..., N, ABIsIO-
mHuecss KOpHaAMH f(A), (2, 1)-aneMenra Q (cm. (3.150)). (B namem
npuMepe (3.144) N=1, f=—MA-+ ¢/2— ¢ u ecTb TONBKO OLHO u,
paBHoe ¢/2—c.) Jlas1 BHISICHEHHS CBOHCTB 3THX NepeMeHHBIX HyX-
HH HeKoTOphle BHYHcJAeHHd. Ecan mu nepesesem (3.159) B TpH
ypaBHeHHS 144 HAg, ek, fr, BCHOMHHB, YTO

-0 _ (e e )
Q fe —h/’
TO AJIA MOJIMHOMOB i, e, f moayuum
hy= Qf + e,
e, -+ 2ite — —2hq, (3.161)

W pas ki, er,, [t, TONy4alOTCs YpaBHEHHS, H3 KOTOPHX HaM
HYXHO TOJIbKO NepBOe:

hiy, = exf — fre. (3.162)

Tenepsr HecJOXHHeE BHYHCJIEHHS NMOKasnBaioT, yto u3 (3.161) cue-
Ayer

PR tef=—fl, T R— G+ (3.163)

H TOCKOJIbBKY [ BCerja BellecTBEeHHO, e (u,)z%fﬁ (A=pn;) > 0.

Cle10BaTeNbHO, KODHHU [ JieXKaT MEXAY Age—1 H Mg, =1, ..., N,
H MBI IIEpEHYMepyeM HX TaK, 9TOOHI Aop—1 << fe << Agp, R=1,..., N,

N
HM=—{1M—WL (3.164)
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Tenepb, cpaBauBasi Koahduuuentel npu A?Y, nonyuum us (3.162),
(3.163), (3.164)

2N N
q=—;M+2Zw. (3.165)

IMposepum 310 anss N=1: p=¢q/2—c u g(x)=—ho— A —ho -+
-+ g(x)—2c; HO MHEI BHAeaH, YTO cyMMa KopHe#l paBHa —2¢, H No-
sToMy BHNoaHsercs (3.165).

Bce p; comepxarcs BHYTPH HHTEPBANOB (Agj—1, Agj) H ABHXKYTCA

NpH H3MEHEHWH X, f3, ..., lav41. Cefiuac ™Mbl Hafiiem 3Ty 3aBuCH-
moctb. [Tockoabky A% 4 ef nocrosnHo, TO
th’zk—l + eft%_l + etzk_]f= 0. (3.166)

Ipu A = p;, ucnoas3ys (3.162), noayuum u3 (3.166)
2h (P«]) (—efe (U])) + eft2k_1 (l’«;) =0.
Bcenomunas (3.164), umeem
Fropt () ==tz [T (0 — ),
u u3 (3.158)
2N 112
hu) =(TT 0 — u,)) :
[Tostomy

2N 172
(HMWWO

Wity == F 2
(u;
I, e

H MBI NOJyYaeM 3aBHCHMOCTb pu; OT fj ==X, f3, ..., foy—1. B uact-
HoctH, aast k=1 (f, =x)

, k=1,...,N, (3.167
oy () (3.167)

oN 1/2
(HUWWO(H)
0

= 3.168
Bix 1T i —wo ( )
i1
Has k=2, T. e. pns noroka Ka®d,
2N® 172
Hﬂrw) ,
3 o ] 3.169
hits = IT sy —m) ( 2 u!) ( )

i#]
M ¢ clefyeT BHPa3HTh uepe3 A; ¥ y; ¢ noMomsio (3.165).
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Orobpasicenue Abeas u3 pumarosol noBepxXHOCTU 8 MHO2006pa-
3ue {xkobu. Ha nepswiil B3rasaa ypaBHenus (3.167) BRIVISAAT yKac-
Ho. TeM He MeHee MBI cofupaeMcs I0Ka3aTh, YTO MOCJE HEKOTOPBIX
MaHHIYJALUA B HUX HAUHYT NPOSIBJATHCA NOPALOK H CTPYKTypa.
BHauaJsie 1 HalOMHIO, YTO IIPH PABHOM €NUHHIE Uoyt)

f=ufi+usfa4 ... Fvoyfy+Twsn (3.170)

raie
Fe=2""LO(—1) 4+ AF2L (=) + . 2L (=), 3.17))

B (3.171) L —aro oneparop (3.12), a LO(—1)=—I1L(—1)=gq/2.
OrmeruM, uto fo==¢/2—A. Kak 3T0 MOXKHO YBHIETb? 3aMeTHM,
YTO ecJId 3amucarh f-ypaBHeHHs (3.3) B BHAE CHCTEMBL C Uy =0,

() =(E 50

TO TOrAa fp,= B®"= B+ ... + By, rae B, onpeaenens B
(3.13). Kpome TOrO, MOCKOJBLKY

N
fm=—ga—w, (3.172)

TO CcpaBHHBas KO3(Q@HUHEHTH IpH pa3JHYHBIX CTENeHsX A, IO-
JyuaeM

Si=L(—1) 4 ugy_ L (—1),
—8y = L*(—1) + gy L' (—1) + ttoy 3L (—1),

(=" Sy == LY (=) F oy LY (=D + o L (1), (3.173)
rae {S,}r-1 — CHMMETPHUECKHE MHOTOUJEHBl OT KODHEH g

&=Zm,&ﬁ;MmeSWWM~w-Bﬂ®

U HaxkoHnel, yao6HO OLpeJeNUTh 10Cae10BaTenbHOCTh {A,} COOTHO-
HIEHHEM

u, \ ! A
(1 — lur g S 2” 3 ---+(—1)N;~'—) =y 2. @15)
0
Bor nepBhle HECKOJBKO:
A=1, Ai=upy_y, Ap=—ty_y+tiv 1,

A@ == ltzN_§ -— QUQN_lugN_a + ugN—l_g (3.176\'
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[Ipu stux onpesenenusix MoxHo o6paTuth (3.173) u noayunuthb
L(=1)=S8+ A,
—L? (=) =38+ A4S, + A,

3(—1)=38,+ A,S, + A,S, + A, (3.177)

('—I)N_] LN(_I):SV+ AlSN-l + e + AN'

OrMeruM, uto nepBoe ypaBHenue (3.177) copmapaer c (3.165):

2N

L Ugy_y = —20:7\,[, IIOCKOJIBKY A; — 3TO KopHHU h? -+ ef.

2

1

7 A=

Tenepp uccaenyem (3.167) u 3amuirem 3T0 ypaBHeHHE TaK:

duj 2fr (1)
= . 3.178
yw) T w—w fah-1 (3.178)
I=j

BBejeM 15 TOYKH THIEPIIUNTHIECKONH PHMAaHOBON NOBePXHOCTH R
2N

y?(x)=1;1<m — 1)

koopauHaTh (y, A). Ianee obpasyem N JIMHEHHO He3aBHCHMBIX
rosoMoppHHX AnGbhepenunanos Hal R

0 (1) = -’”—(-‘% §=0, ..., N—1. (3.179)
M3 (3.178) noayyaem
N
Zm ( i pidp i i zl: Hityy—y H2i-1
h) = Loyl L y (1)
N N
Bile (1)
=92 ) dlyy_y ) —ntl _—
,;l 2 ',; IT wi—wn

e

’

N N s —1;0 B1

_ w§ (pf 'L (=1 +p (=D + ...+ L (=D)

=2 ) dtui ), T
k=1 i=1 i i

§=0, ..., N—1. (3.180)
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Mu MOJNYUHIH 3aMeyaTesbHBA PE3YaAbTAT. BEJAHUYHHBI

N s
Ry (B
Y o) (3.181)
et (wy— )
i)
He 3aBUCAT OT X, I3, ..., larZ1, .... . [lO3TOMYy MOXHO JierKo npo-

uurerpuposath (3.180), nockoanKy qu>3=<Ps, Sdt'zk—x =lyp_1.
Hns noxasatenbcTBa HaM HYXXHO BOCNOJbL30BaThCs TE€M, YTO
N

al B3
Ig= ) ——d =8, v, o s<N — 1 3.182
‘ ,Z T o= = Seet < (3.182)
]
H YTO OCTABUIMECS YJEHH I0CAeA0BaTeNbHOCTH I, Iny1, ..., Toy—1
YAOBJIETBOPSIOT PEKYPPEHTHBIM COOTHOUIEHHAM
1N = SIIN—I;
Inyy=S8SUy—Soly_y,
[N+2=SI[N+]_S21N+831N—1! (3183)

N—1
12N-1=8112N—2"—S212N—3+ e +(""l) SN]N—I'
JloKasaTebCcTBO 3TOTO 51 OCTABJSAI0 UHTATENIO B KaUECTBE yNparkHe-
Hus, a (3.182) nokaswiBaercss paccMOTpeHHEM

1 S 25dz

25 N !
¢ [[e—m
I=1

rae C — GecKOHeuHOyZaJleHHAs] OKPYIKHOCTb.
HokasareabcTo ke (3.183) monyyaercs BHIYHTAHHEM COOTBET-

N
CTBYIOLIUX KpaTHHX 2° 11 (z—w), p=0, ..., r B3 4ucauTENH
1

2N+ pns obecneveHHs CXOAHMOCTH HHTErpaja mpu |z|—- oo.
[Tokasath cnpaBepauBocts (3.181) mpoile Bcero, BHUHCAAS He-
CKOJIbKO TIepBHIX BuipaxeHui. Hasa k=1

B (=1)

N

—_— 8. e

,-_Zl 11 (w7 — o) % N1
i

3 (3.128);
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ans k=2, nonbsysice (3.183), (3.182) u mepBEIM H3 ypaBHeHHuil
(3.177), noayuaem
i S+l ("‘1)+L(—1)H/ {’0’ S<N—37
~1, s=N-—2, (3.184)
(ry—po)
H ’ A, s=N-—1.

Has k=3, zamensa L(—1), L2(—1) us (3.177),

0, s<N—4,
‘ZV: B ED LD Dy ) o1, s=N -3,
=1 1];-I/ (g — 1) Ay, s=N—2,
—A,, s=N-—1,

(3.185)

NOCKONBKY ¥ —/Int1 4 Sily — Saln-1, ¥ Iy — S; paBHBL HYJIO BCJIEA -
creue (3.183). Tenepp xapTuHa sicHA, W MO MHAYKUHUH JErko MoKa-

3artb, uto (crpoku s =0, ..., N— 1, cronbust £=1, ..., N)
0 0 0... —1
0 0 A,
sk_z G ] PRCRED)

H (rj — w)
o=l .
—1 A Ay,
Teneps BepHemcst k (3.180) u mpouHTerpupyeM, mOCKOJbKY TeHepb

nepemenHsle paszpensiorcs. M3 npasoit yactu moayuaem

2t2k—|Msk! S=0, ...,N—l, k=l, ey N, t|=x.

JleByio uacTb, a HMEHHO ), O, (u;), mpounrerpupyeM OT (GUKCHPO-
: A~

BaHHOH TOYKH Ha pHUMAaHOBOH mnoBepXHOCTH pPo(y(mo), po) 4O
piy(wi), uy):

N P N
%o =) o )=2) tn Ma  (3.187)
=1 po k=1
®asu @s(p1, ..., py)— 3TO IPOCTO JUHEHHBIE KOMOHHALUHY X, I3, ...

ooy Lot
.y .

Onnako nonoxnure! Murerpans B sesoit yacru (3.187) neonso-
3HQYHO ONpeJeseHHl, NIOCKOJbKY He 3a(MKCHPOBAHBl MYTH HHTErpPH-
poBaHusi. Paccmorpum puc. 6 ¢ KOHTypaMu {a}y, {b,}{". Kouryp
4, OKpyMaeTr pa3pe3 MeXAy TOYKaMH BETBAEHHS Agr~1, Agr. KOHTYP
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Ke bs MPUXOAUT H3 —oo K pa3pedy (Ag—;, Azr), TAM HEPEXOAHT Ha
Apyro# JUCT ¥ Bo3Bpauaercsa o6parHo. [ToaroMy JeBrie uactH onpe-
JEJICHB ¢ TOYHOCTBIO 110 CYMM BHIA

N N

an S(Ds(uj)—l‘zmk S‘Ds(llj)-

1 ap 1 bk

&
a
- OO w A At
~ - — Ao A Az Az As ZA2,-1 '\Zr
— —— e & — -

6.
Puc. 6. Kouryps {a;}, {6;} Ha A-nmockocrw.

Yno6Ho cienyomum o6pa3soM HOPMHPOBATb 3aMKHYTHIE MHTErpaJsibl
10 UUKJIaM Qp: IOJOXKHM

N-—1
U= ; Crs0s
u BoG6epeM Cps Tak, 4TOGH
\ Un="0un.

an

Tenepr onpenenum dass 0,:
N PI

6 (p1, -, pN)"—'"‘Z S Ur(“'j):

i=1 po
1 u3 (3.187) mosyuaem

N—1 N
9r= ; Crsq)S=2kZ=:l t2k—lNrk’ (3.188)
C=(C,s),

rae N—oasro npousBenenue CM. Tlepennmem (3.188) kak 6 = 2N't,

rae 9=(0y, ..., On) u t=(4, ..., fon—1). Teneps, Korga MH npo-

HHTETPUPOBAJIM YPABHEHHs, HAM OCTAJIOChb BBIYHUCJIHTH BCEBO3MOXK-
HEle CHMMETDHYECKHE MHOTOUJIEHH OT wj, ompejensiiomue g, Lg, ...
..., LNgq, RoTOpbHIME MEI HHTepecyeMcsi. BOIPOC COCTOHT B cjefyio-
weM: 3aLaHbl

el’ 92, sy e”
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H Tpebyercd ONpejeauTb pi, Pa, ..., Pnv ') H, B YACTHOCTH,
RAY

N
1 H
Zl:uj=—2—q+7%:}»1.

Jl1s oTBeTa HA 3TOT BONPOC HAM CJeAyeT 06paTHTbCA K CBOHCTBAM
orobpaxeHusi, Hocsulero ums Abess,

Py - Py) =01 B .., By, (3.189)

u K ero obpamenunio. [TockonpKy Jio6ast nepecraHoBka naGopa
(1, ..., N) B moGoit yactu (3.189) naer te ke 8;, orobGpaxenue
ocymectsiasiercst U3 R X R X ... X R/Py, T. e. ©3 NpsAMOro npous-
BefleHHsd N HAECHTHYHBLIX DHMAHOBEIX NOBepXHOCTeH, NpodaKTopH3o-
BAHHBEIX [0 MOAYJIO Py (rpynnel nepectraHoBok N cHMBOJIOB), B CV,
T. €. B N-MepHOe KOMIIJIeKcHoe npocrpaHcTBo. IlockoJbKy mpaBas
YacTh 3aBHCHT OT NyTeH HHTeI‘pH]:]JVOBaHHH, K 0, MOXHO n06aBHTH

J100y10 TUHEeAHYI0 KOMOUHALYIO Z (nis U,+m; SU,), rue n;,
[=1 y b;
m; — ueasie. Hasosem

v, =B, (3.190)

by
u npumeM Ge3 NoKa3aTesbCTBa, 4TO (B,;)— cuMMerpuuHas mMatpuua
U ee MHMMas 4YacTh MNOJOXUTENbHO ompernesneHa [85]. Bcrnomuum

HOPMHPOBKY S U,=39,;. [lostoMy BO3HHKalOLas B pe3yJbTaTe TOU-
aq

Ka B CV onpezesieHa ¢ TOYHOCTBIO 10 HENOUHCAEHHON JHHEHHOH KOM-

6uHauuu u3 2N BEKTOpPOB:

(1 (0] [Bu]

J . 5" Bw
. y ey (') ] : ’ :

0 (1) B Buw

dtu 2N BekTOpOB NOpoxaaloT pemerky A B CV o~ R?M. Hanpumep,
npu N =1 KOMIJeKcHasi IJOCKOCTh [OKPBIBAETCS pEUIeTKOH u3
napaJjaesorpaMMoOB IE€PHOJOB, KaK H3BECTHO H3 TEOPHH 3JIJIHITH-
veckux pynkuunit, Takum o6pasom, (pi, ..., py) OIpelesieHa BHYTPH
N-MepHOro mnapaJjjenorpaMma NepHOJOB, BHYTPH KOTOPOLO JIEXKUT
To4ka (01, ..., Oy), u He MeHsIeTCs] TIPU ee 3aMeHe HA KOHTPY3HTHYIO

1) Dra 3apmavya HasbiBaeTcs 3ajaueil obpailenns Frobu. - [Tpum. nepea.
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TOYKY B JApyrom mnapasaaenorpaMme I€pHOAOB. CJIEILOBaTeJIbHO,
CHMMETpHYEeCKHEe MHOrOWIE€HH OT p; NEPHOAHYHBI IO BCEM 0z, #
y1l06H0 OTOXAE€CTBHTb NIPOTHBOIOJOXKHBIE I'PAHU TapaNJaeJorpaMmoB

nepuonoB. Temepp MBI BHAUM, 4TO TouKa (0, ..., Oy) XHBer Ha
N-mepHOM TOpe, Ha3mBaeMoM MmHO2006pasuesm Sxobu Xpupoi
(3.148).

KoneunosonHoe pemenue anas cemefictea Knd nosroMy 3kBuBa-
JEeHTHO JIMHEHHOMY @OTOKYy Ha MHoroo6pasuu $Iko6u. Pelunenue
g(x, t;, ...) BHpaxaeTcs 4epe3 PUMaHOBY O-OyHKUHIO

2
gx, fo, ) =225100@, 6, ..., 0) +c,  (3.191)

rape
N

; Bk]vkv,); (3.192)

=1

oo

N
0@®, ...,0)= D, exp (kzl%ivk(:)k—l-ink

Vi VeEZ s
31eCb Z-— MHOXKECTBO LeJIBIX YHCEJI, a C— CJI0XKHAsh KOHCTaHTa
[85]. OTmeruM Tecuyio cBsi3b N-30HHHX pemleHHH ¢ N-COJHTOHHBI-
md. OTMeTuM TakxKe, 4YTO <t-QyHKIHS, oONpeieisieMas N0 q=
=2(0d%/dx?)Inv, o KoTOpO# 5 yXKe BKparue rOBOPHJI H KOTOpas
Oyner naubosee BaxkHOH (yHKHMEH B OCTaBIIEHCS YACTH 3THX JeK-
UH#, AN KOHEUHO3OHHHIX IIOTEHUMAJIOB paBHA MNPOMU3BENCHHIO

O-dpyukuun Ha €7V,



[JIABA -MOYHKUMS, METO L XUPOTI,
CBOMCTBO T[EHJIEBE U MPEOBPA3OBAHME
4 BIKJIYHAA A1 COJIMTOHHbIX
YPABHEHMWA CEMEMUCTBA KOPTEBEFA
— AE ®OPUSA

4a. Beepenne. Jlo cux nop Mbl IPHAEPKHBAJHCL TOH TOYKH
3peHHsi, YTO KJacc 3a4ay, KOTOphe MH NHTaeMcs pellaTth, 5T0 Ha-
YaJbHO-KpaeBble 3a4aYyd. A HMEHHO, BO BCE€X ypPaBHEHHSX MH CYH-
TaJ{ x NPOCTPAHCTBEHHOH KOOPAHHATOH, a B KayecTBe T'DAaHHUYHBIX
YyCHOBHH paccMaTpHBAaJH NepHOAMYHOCTD WJH yObiBaHHEe Ha Oecko-
HeyHoctH. Tako#i noaxoJ BhHjeNsieT B KayecTBe IIEPBOOYEPEAHOH
3ajaul, a (paKTHYecKH Aesael HeOOXOAHMHM H3ydyeHHE aHAJHTHYE-
CKOl NpHPOAH (yHKIHH, ¢ KOTOPHIMH MH HMeJaH Aeso. Hanpumep,
MH OOHapyXuJH, YTO eclIH ¢(x, 0) yOnBaer AOCTATOYHO OHICTPO
HPpH X— =00 U YAOBJETBOPSAET HEKOTOPOMY HHTErpajibHOMY YCJo-
BHIO, TO AaHHBEE paccesiHus 00J1aJaloT ONpejeJeHHBHMH aHaJHTHYe-
CKHMH cBolicrBaMu. Ho B AeHdCTBHTENbHOCTH YPaBHEHHs, KOTODhIE
MBl H3yyaeM, SIBJAIOTCA <«MAarH4eCKHMH» H3-3a CBOHMX JIOKAJIbHBIX
_ CBOHCTB; Hanpumep, ToT PakTt, 4yto ypaBHeHHe Kn® uMmeer MHOroco-
JUTOHHBIE H pAlHOHAJbHHE MHOTONOJIOCHBIE pelleHHs, HHKaK He
CBA3aH C IPAaHHYHBIMH YCJIOBHAMH H SBJASETCS HPOCTO CIAEACTBHEM
BecbMa CHelH(PHYECKOr0 PaBHOBECUS, KOTOPOEe HMEET MECTO MEeXAy
pPa3/HYHBIMH YJeHaMH ypaBHeHHs. MlaMeHeHHe 3Toro paBHOBeCHs J0-
6aBJeHHEM UJIEHOB ¢ HJH ¢y HApyLIaeT MarHyeckKHe CBOHCTBA
ypaBHeHHus. HlaMeHeHHe rPaHUYHOrO YCJI0OBHA Ha GECKOHEYHOCTH MO-
XKeT cAesaTbh ypaBHeHHe OoJiee CJAOXKHBIM C TOYKH 3DEHHUS pelleHHs
HayaJbHO-KPaeBOi 3aJayM, HO He pa3pyllaeT ero CBOHCTBA JIOKaJb-
HOH MHTErpUpyeMOCTH.

[TosTtoMy B AaHHOH IJIaBe MH CTrapaeMmcsl COCPeAOTOYMTbCA Ha
TeX MeTojaX, KOTOpHe 3aBHCAT CKopee OT JIOKaJbHHX, YeM OT IJIO-
6anbHBIX CBOHCTB ypaBHeHHui. LleHTpasbHOH GHIYpOi B cHCKe Aefi-
CTBYIOULHX JIHL CJAYXKHUT tT-QYHKIMS, TFOTOBas Telepb NpeAbsABUTb
CBOM IpaBa H NOTpe6GoBaTh, YTOOH BeCh CBET OblJ HanpasJeH Ha
nee. OHa sBJseTcs Be3jecyliefl M BO3HHKaeT IOYTH B KaxXIAoH
ClieHe, 3a4aCTYl0 He3aBHCHMO OT HallUX IIepBOHaYaJbHBIX HaMmepe-
uuii. Ef, no-suauMoMy, OTKy/2-TO HM3BECTHO, HACKOJLKO OHa BarKHA.

4b. t-pyHKumMs. DTa MHOTOJHKAaaA (YHKIHS Obilla BHEPBHE OT-
KpbiTa XMpPOTOH KaK CPeACTBO MOPOKAEHUS COJHTOHHBIX pelleHHUH,
H ero MeToj Mbl fyaeM obcy:KaaTh B caenyloulem pasjese. ORHako
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ee NMOJJIHHHAsA 3HAYHMOCTb (M LEeHTPaJibHas Pofib B TEOPHH ColiHTo-
HOB) He OHJIa MOHATA A0 MOABJEHHS PaGOTH TPYNNbL U3 YHHBEPCH-
tera B Kuoro, Bkawoualomeir M. Caro, Musy, [3umGo, Kacusepy,
Hefira, 10. Caro [39], u # mosaraio, clleAyeT YeCTHO IPH3HATHLCS,
YTO JaKe cefiuac 3HaueHHe 3TOH (PYHKUHH He MOHATO A0 KoHua. Kak
caM JbSIBOJ, OHa MHOTOKDATHO MOSBJASETCH B pPas3jHUHEIX MacKax.
HHorpa ona saBasieTcs MPOCTEIM MHOTOWIEHOM (palHOHAJbHBIE pe-
mweHusa ypasnenus Kad), uHOrja — KOHEYHOH CyMMOH SKCHOHEHT
(MHOrocosHTOHHOE pemienHe). B ApyrHx ciyuyasix oHa CTaHOBHTCH
6oJiee CJ0XKHOI, ckaxem, O-pyHknueli PrumaHa (yMHOXEHHOH Ha
6e300uAHBIH KO3 (DHLHEHT) HAH KoppenasuuoHHO# ¢yHnkuue. 3By-
YHT HHTPUIYIOLLE, HE NMpaBjia Ju?

CHauasa Mbl MO3HAKOMHMCA C Hell KaK C NOTeHYUAAbHOU QyHK-
yued, Bropas Jorapupmuueckas NPOH3BOAHAS KOTOPOH IO3BOJIAET
BHIYHCIHTb BCE COXPAHAIOMIHECS INIOTHOCTH M NMOTOKH. PaccMorpum
cemeiicTBo notokoB Ka®

0
Uansy =35 L"4= 257 Busr. (4.1)
st ynoGcTBa MBl BBEJEM
X
W= S qdx. (4.2)
Torpa (4.1) umeer BuL
Wty, ., =L"q=2B,,,. _ (4.3)

CnenoBarenbHO, QYHKIHIO w (X, f3, ...) MOXKHO paccMaTpuUBaTh Kak
NOTEHUUANBbHYI0 (YHKUUIO AJs OGeCKOHEYHOH IOC/Ief0BaTeNbHOCTH
{L“q=28n+l};°. Cefluac H3BECTHO, YTO NPOH3BOAHBIE BCEX 3ITHX
(GYHKIH OTHOCHTENBHO PAa3JHYHLIX BPEMeH, a UMeHHO (0/0tamy1) L™q,
MOTYT GHITb 3aMHCAaHH KaK MPOU3BOAHBIE O x WM f; OT JOKAJbHHIX
BesuuH. IT03TOMy €CTECTBEHHO HCIOJb30BATh INOTEHIHANBHYIO
byukuuo t(f, f3, ...), oNpeAeJeHHYI0 GopMyJoi

a
w=2—0"tTlnT(th tQ, 13, ...), (4.4)

BMecTo caMoii w. TeM caMbIM Bbl BHIKTE, YTO

(7] 0 dnzt
—2 yrg=-Lo___OoMT
aty, ..~ 75 <o, ot
H, TaKuM 00pa3oM, Bce NMPOH3BOAHbIE IO BPEMEHH NOC/AEN0BATE/]b-
nHoctu {L"g} 3anaHbl 0OAHMM ypaBHeHHeM B (¢opMe 3aKOHA COXpaHe-
HHS MO OTHOLIEHHIO K BHICJEHHON NepeMeHHO! x. 3aMeTHM, OAHAKO,
YTO BHIpaKeHHe AJs MOTOKa, COOTBETCTBYIOLIEE CKOPOCTH H3MEHEHHUS
njaotHoctH Lg B notoke (Kad)s;, nanbosee yno6HO 3ajaTh B BHAe

2m+17"2n+1
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IPOH3BOAHOH OTHOCHTENBHOH BPEMEHH fgn41, COOTBETCTBYIOILEMY IIO-
T0Ky (n-+1) B uepapxun Ka®. dtuM nonuepkuBaercs ToT ¢akr,
YTO KOrAA HINYTCA peEilleHHs HMHTETpHPYEMOro ypaBHeHHs, NOJIE3HO
[IOHHMATb, YTO B AEHCTBHTEJBHOCTH HIIyTCA O6llHe pelleHHs AJs
BCeH MepapXHH NOTOKOB JaHHOTO ceMeHCTBa.

BnepBrie B JuTepatype s npuBedy (GOpPMYJy TeH30pa noToKa

0lnv
Fomit,oni1 =2 5——7—. 4.5
m n+l at2m+lat2n+l ( )
SaMETHM, B YaCTHOCTH, UTO
?int
an — 2 e —— 4.6)
6t10t2n+1 (

Jast Toro uro6u BHBECTH 3Ty (OPMYJy, MBI CHaua/ia BHITHIIEM
oblee ypaBHeHue ais Bcex B, Tak kak

1
Uty 41 =5 Be v — B0y, (4.72)
1
Uty =5 BY0 — B™uy, (4.7b)
rie
- B
Bin) = A" T’,_
0
HeTPYyAHO NOKas3aTh, 4TO
Bf) . — B, +B™BY — BB™ — . (4.8)
Tenepn onpepenum
B=lim 20
-—.n—)oo An

pasneauM (4.8) Ha A" W nmepefizeM K mpejeay A—> oo, CUMTAs
|A|> 1. Toraa

Bi,,.,,=BS"B— B"™B,. (4.9)
3anucwBas (4.7) B BHAe cHCTeMH IS BekTopa V =(v,, 0,)7,
Uy =10, U} = —Usx + iUs, MH HMeeM (A ={2)
Vi, ., =Q® IV, (4.10a)
rae
(2n+1) w _ BY B
Q¥+ = (iz;B - ——’2‘—) H+ (igB‘:’ — = — qB‘"’) E + B™F,

(4.10b)

6 A. Hsioana
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a H, E, F spasiorca 6a3ucom
I 0 0 n 00
(0-1) (o) (o)
st sl(2, C). Jlerko nokasath, UTo AJIs

Q<2n+1) =
Q=lim ~—— Z (4.11)
0

n=»oo ;2n+l
ypaBHeHHe (4.9) npuHHMaer JakcoBy (opMy C OOBIYHBIM MaTpHY-

HBIM KOMMYTaTopoM
Q,, ., =1QC"*Y, Q. (4.12)

[TpupaBHuBast KoMmoHeHTH A~™-1 B (4.9), MH HaxoAUM

dB
1
Tﬁ& = BOme+n+l+ .. ~+anBm+l_BOBm+n+lx_ . '_Ban-;-lx‘

2n+1
(4.13)

B kauectrBe npuMepa (RXOBOJIBHO TPYAHOrO) s NMpeAJAaraio nokasarb,
YTO NpaBasi 4acThb 3TOTO BHIPAXKEHHS MOXeT OHITh 3amHcaHa Kak
[IOJIOBHHA MPOH3BOAHOH MO x OT

l . 2m+1
F2m+l, 2n+l="2_ { Z sQ2m+I—sQ2n+I+s+

§=0
2n+1
"l‘ Z SQ2m+1+sQ2n+l—s}’ (4°14)
s=0

rae Tr(Q:Q;)— caen mpousBeieHusi MaTpul H Q; ompeieneHa ¢op-
mynofi (4.11). ScHo, uro BHpaxkeHne (4.14) cuMMMeTPHUHO OTHOCH-
TeJBHO 3aMeHH m Ha n ¥ Haobopor. IIpocras mepecTaHoBKa HHIEK-
COB /laeT HAM 3aKOH COXPaHEHHs AJis KaxAOro TEeH30pa MOTOKa:

a ' ad
S—Fomit,on41 =5——F 41=———F
»2n+1 2+ 1, 2841 2k+1, 2m+1-
at2la~:-1 at2m+1 0t2n+1
3Hast v Kak (YHKUHIO BpeMeH x =1, I3, f5, font1, ..., MH

3HaeM BCe O pelleHHAX Kaxaoro ujeHa ceMeficrBa Kad. B Hekoro-
pOM cMHBICJie (QYHKUHs T AeACTByeT KaK MOTEHLIHaJ, H3 KOTOPOro
MOTyT OHITh MOJY4YeHH BCE KOMIIOHEHTH M BC€ TpPajHeHTH G6ecKo-
HeYHOMepHOro BekTopa B orTHOcHTeNbHO Bcex BpeMeH. OHa Takke
HMEET . BTOPYIO HHTEPIpPeTalHIo, KOTOpylo MH Gynaem 0GCyXAaTh,
Korjia mepefiieM K npeobpasoBanusiM Bskaynaa. OpHako agis TOrO,
4TOOH PACYHCTHTh NyTh, OYEHb INOJE3HH CJAEAYIOllHe pe3yJbTaTH,
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KOTOpHe cOOcTBeHHHE QyHKUHH v (X, f3, ...) CTAaBAT B COOTBETCTBHE
¢ QyHKUUel T.

Pesyabrar, KoTOpHii 51 cefiuac npuBeny, ABAseTcs GOPMaabHHM,
NOoTOMYy 4TO OH Hcnojn3yer (3.29a), T. e. aCHMITOTHYECKOe Pasfo-
xenue v(x, f3, ..., §) B oKpecTHOCTH § ==oco. (B 3aBHCUMOCTH OT
NPHPOJH! CYLECTBEHHOH OCOOEHHOCTH Ha oo (opMaJsbHOE pasioxe-
Hue (3.29a) Moxer He SIBJAATbCS PABHOMEPHHM BO BCell OKPECTHOCTH
f=o00; OAHAKO MJIs CleNHAJbHBIX KJACCOB pelleHHHl, BKIwouas
MHOTOCOJIUTOHHBIEe penleHHsi, GpopManbHOoe pa3snoxenue (3.29a) ss-
Jasiercs psaaoM Jlopana nns § = co.) 3aBHCHMOCTh 2CHMITOTHYECKO-
FO pPa3JIOXEHHst OT BPeMeH I3, f5, ... obecleuHBaeTcsi 3aMeHOH 3KCIo-

HeHTH —itx B (3.29) Ha —i > {2 ¥, . MBr HAxOLUM
0

olx, ty, ...) ~exp(i 2 ¥y, ) e®, (4.15a)
rae
0.~y R (4.15b)
*T e '

(dns MHOroconuToHHHX pemenufi (4.15b) mmeer Mecto BO Bcex
ceKkropax [ == oo H, 3HauHuT, fABJfercs psnoM Jlopana. IToatomMy B
(4.15) MOXHO 3aMeHATb aCHMITOTHYECKHH CHMBOJ Ha 3HaK paBeH-
CTBA.) 3amuieM HHTErpaJjh TPex NepBHX ciaraeMbix (4.15b) B Tep-
MHHAX OyHKUHH 1.

Squ 1 1
W—zgzq+ws(%x+qz)dx+---

] 1 dInx 1
+ 2428 X

(DN(D()""

=Q)— ——

nt ——s
it oty ot ot

2 1 —0——L  Int-—
xS(qxx+3q)dx+12i§3qx+...-cpo 7z o, Inv

___1_a=1nr+ 1 Pl 1 dlnxt
2t?  of 6it3 ot 3igd at, 7
rae MblI HCIOJIL30OBAJHU TOT (baKT, qT0
X

2__ _ 6’1n1’
Gxx +3¢° = 4Sthdx—— 8 ot

IIpopomxenne sroro mpouecca (cM. AJsi J10Ka3aTedbCTBA pa6oty
Quaamku [86]) maer

D — (DO ~1n 'F(f%+1 —_—

(4.16)

1
W) — In 7 (f41).
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[TosTomy

_ T (fypyr — 1/i 2k + 1) E2RH
v(x, t3, ...; ) ~exp (I'Z§2k+lt2k+l) . (2k+l T{f )
0

2k+l)

(4.17)
Mut BBeneM omeparop

X@)= exp(i Z §2k“t2k+1) exp (Z —! 9 ) . (4.18a)

i@+ 1) oty

Oneparoppl 3TOr0 THNa HMEIOT TECHOE OTHOWIEHHe K 06beKTaM, Ha-
3bIBa€MbIM B JIHT€paType BEPLIMHHBIMH onepatopamu [101], [102].
Tenepp MBI BHAHM, UTO

0%, fy, .3 O~ s X Q) (4.18b)

naet HaMm ((popMasbHO) COOTHOLIEHHEe MeXAy OyHKuMed, Kotopas
nmopoxjaer peuenus cemeiictea Ka®, u co6CTBEHHBIMH QyHKUUSIMH
v(x, t3 ...; §). Dra vactHas popmysaa 6yaer UCIOIb30BATLCS, KOTAA
MH BBefleM B pa3i. 4f npeo6pasosanue Bakayraa.

4c. CHMMeTpHuM, 3aKOHbI COXPaHEHHsI W MHTErpajbl JBHIKEHHS.
PaccmorpuM yacTuiy elHHHYHOH Macchl ¢ KOODJHHATHHM BEKTOPOM
(91, g2) ¥ BekTOpOM MMIyJbca (py, pz), ABHKYULYIOCS B IJIOCKOCTH
noj AeHCTBHEM KOHCEpBATHBHOIO IIOJISI LEHTPAJbHHIX cual. [amMuib-
TOHHAH 3TOH CHCTEMBl UMEET BHA

H (g1 95 Py pz)=%(p%+p§)+V(«/4f+qg), (4.19)

U JABHXKeHHe 3ajaercss GopMyJIoH
2=JVH, (4.20)

rae z2=(q1, gz p1, p2), V—TpafHEHT O 3THM YETHIpeM IepeMeH-
utiv 1 J=(_§ o); snech / — enmununas matpuua (g ).

Jlanee, HHTYHTHBHO SICHO, YTO MBI MOIJM GH BHIGpaTh AJsi ONH-
caHHus ABHXKeHHA B JI0OOH cucTeMe oTcuera, KOTOpas MpeiCTaBJser
co00H NOBOPOT KOOPAHHAT 2 B IJIOCKOCTH Ha yroJx 0,

2’ =Rz,

R (M O) v ( cos9 sinB)

—\0 M) “ \—sin® cosb/’
u rie 0, KoTopas onpeje/sier BEJIMUHHY YIVIa BpPalleHHS, SIBJSETCS
npou3BobHOH. TTocKOMBKY Kak raMuibTOHMaH H, Tak W ypaBHEHHs

rae
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ABHMKEHHS HHBAPHAaHTHBI OTHOCHTEJNbHO NeHCTBHA TIpyNNH Bpalle-
HHA (910 O3Hauaert, uto H'(2'(2))=H(2) u 2’ =JV'H’), 10 undu-
HHTE3HMaJIbHOE HU3MeHeHHe 92'/00, BHuKCcIeHHOe NpH 0 = 0, y10BJe-
TBOPSieT JIHHEApu30BaHHOMY ypaBHeHuio (4.20). Uuratens Moxer
IPOBEPUTH 3TO caM. Jlas Manwix 0 q[=gq, -+ 6q,, 0/dp]==20/op,+
-+ 6(9/dp,), u nostomy §{=0H’/dp] npunumMaer BuL (4; 4 O4o) =

=((9/0p1)+ 6(9/0ps))H (uanomuuaem, uro H’(2’)= H(z)), uto
NeHCTBHTENbHO HMEET MECTO.

[TosToMy MOXKHO BUAETH, YTO CBOHCTBO HHBAPHAHTHOCTH TaMHJb-
TOHHAHA H YPaBHEHHH [BHKXEHHS OTHOCHTEJNbHO AEMCTBHSI TPYIIMBI
BpalleHUsl MOXKeT ObITh BBIPAKEHO MOCPEJCTBOM TOrO, YTO YaCTHAS
NpOM3BOAHAS pelleHHst 02/00|e—o, BHIUHCIAeHHAs mpu O =0, sB-
Jsercs pelleHHeM JHHeapH30BAHHOTO ypaBHeHHs. Kak MBI yxke Moj-
YepKHYJIH, JHHEeApU3alHs MOXET OBITh OCYLLEeCTBJIeHA OTHOCHTENbHO
JI000ro pelleHHs HCXOAHHIX ypaBHeHui# (4.20).

I'pynny npeoGpasoBanuii, mony [geficTBHEM KOTOPHIX TaMHJIBTO-
HUAH W YpPaBHeHMS [BHMXKEHHS He H3MEHSIOTCS, MEl HA30BEM CUM-
merpueil cucreMel. Kak MBI ynoMHHaJH, HEOOXOAHMOE U JOCTATOYHOE
yClOBHE TOTO, YTOOH [NEHCTBHE HENpephIBHOH Ipynnbl OBIO CHM-
MeTpHel, COCTOHT B TOM, UTO ee WH(UHUTE3UMAJNbHOE N eHCTBHE, H3-
MepsieMoe 31ech BHpaxeHHeM 0(2)=02/00|e¢—o, sBAsiETCS pele-
HHUeM JIMHeapH30BaHHHIX ypaBHeHHHA ABHXKeHHsA. O camoil GyHKUHH
0(z) MB Takxke GyneM rOBOPHTb KaK O CHMMETDHH.

CuMMeTpHH OuYeHb NMOJIe3HH. B raMHJIbTOHOBHIX CHCTEMAX Kaxk-
1asi CHMMETpDHSI CBS3aHa C HHTerpajoM ABHKeHHs (tTeopema Hé-
Tep), 6narogaps yeMy pasMepHOCTb CHCTEMBI MOXeT GHITh yMeHb-
ImieHa Ha JBa. B ynoMsHyToM IIpMMepe HHTerpaJ ABUXKEHHS, CBS-
3aHHBIH ¢ Tpynnod BpalleHHs, SBJAseTCSd MOMEHTOM KOJIHYECTBA
LBUXKEHHA., YTJIOBasi NepeMeHHasl, COOTBETCTBYIONIAs MOMEHTY KO-
JIHYECTBA JBUKeHHS (OJHA M3 ABYX NepeMeHHHIX AefictBus B (4.19),
apyrasi caM H), mMoXeT GHITH TaKXKe HCKJIOUeHa (OHAa CTaHOBHTCS
LUKJIHIECKON HJIH HECYIeCTBEHHOH B MaMHUJIBLTOHOBOM dopmannsMme)
IyTeM COOTBETCTBYIOILero Bei6opa koopausat. ITosromy, dukcupys
MOMEHT KOJHYECTBa JABHXKeHHS Hh, MOXKHO HafTH DeIyIHpOBaHHOE
ypaBHeHHe Da3MepHOCTH 1Ba. IleHCTBUTENBHO, B 3TOM CJyYae, HcC-

noMb3ys NMONSAPHEIE KOOPAHHATH r = (4% + ¢3)'2, monyuaem ypapHe-
HHe o .

" d

F—t+ 5 =0

M3 KOTOPOTO C HOMOIIbIO aHajMu3a Ha (Pa3oBOH IJIOCKOCTH JIErKo
ONMHCHIBaeTcsl OpOHUTANbHOE ABHKEHHE YacTHUBL. A HEKOTOPHIX MO-
TeHUHaJOB V nBHKeHHEe r(f) MoxKeT OHITH TOYHO BEIYHCJEHO B Tep-
MHHAaX M3BECTHBIX (PYHKLHH.
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Haes o Tom, u4to cumMMerpuss Moxer GHTb HCIOJb30BaHa AJd
yMeHblIeHHs Pa3MepPHOCTH MeXaHWYeCKOH CHCTeMH, GHJa H3BeCTHA
AaBHO [87]. Oanako B GOJIBIIHHCTBE KJaCCHYECKHX MPHMEPOB CHM-
MeTpHH OHJIH JOBOJLHO OYEBHAHHIMH M HMEJH IIPOCTHE FeOMETDH-
YeCKHe WHTePNpeTandu (ABHXEeHHe HHBAPHAHTHO OTHOCHTEJIBHO
CABHra HJIHM BpalleHHs). TakuM#d Xe HOpPeACTABIAIOTCH COOTBET-
CTBYIOIIHE 3aKOHBI COXPAaHEHHs, KOTOpPHIE HMEKIT COOTBETCTBEHHO
NPOCTYI0 (PU3HUYECKYI0 HHTEPNPETALMIO COXPAHEHHS HMOyJbca HJIH
MOMEHTa KoJiHuecTBa ABHXKeHHs. OJZHAKO B COJHTOHHBIX ypaBHe-
HHUAX JeJ0 OOGCTOHT He TaK npocto. S yxke obparHy Balle BHHMA-
HHE Ha TO, 4YTO MOCJe NePBBIX ABYX 3aKOHOB COXPAHEHHS YpPaBHEHHS
Kn® (xoTophie COOTBETCTBYIOT COXPAHEHHIO MAcCH (HJIHM MMNYJbca)
H 3HepruH) GecKOHeyHasl cepHs, CleAylolnas 3a HUMH, He uMeer Qu-
3HYECKON HHTepnperauuH. Ee He HMEIOT M COOTBETCTBYIOIIHE CHM-
merpuu. Ilo arToii mpuyMHe OHH HA3HIBAIOTCS CKPHTHIMH (MOAPasy-
MeBaeTcs: HEOYEBHAHHIMH) CHMMeTpHsiMH. B Hauase ri. 5 MH yBH-
UM, YTO OHHU CBSI3aHHI C JAefCTBHEM HEKOTOPHIX GECKOHEYHOMEPHEX
rpynn JIu. B cayuae cemefictea Kn® rpynna cumMmerpuu siBasercs
rpynno# Kana — Mynu, cootsercrsyloies rpajyupoBaHHoii anrebpe
JIn sl(2, C), aare6pe nerear mas sl(2, C). Tosxke B ri. 5 Mu
TaKXe OGCYAHM MeTOX DeAYKUHH IJIfA 3THX CJAy4aeB H MOKAaKEM,
Hcnonb3yst o6o6mennnit Mapcaesom u Befincrefinom [88] kaaccu-
YeCKHH MEeTOX PelyKUHH, 4TO CeMeHCTBa ypaBHEHMUH, 3axaHHbe ¢op-
mysaamu (3.9) u (3.49), ABAAIOTCA peAYKUUSIMH 3HAUHTEJbHO GoJiee
NpPOCTHX MOTOKOB Ha MHOroo6pasuu GoJbllell pasMepHOCTH.

Tenepr napakite ompesenuM M HIEHTHQHIUPYEM CHMMETDHH H
COOTBETCTBYIOIIE 3aKOHHI coxpaHeHus ceMefictea Ka®. Ha ocHo-
BaHMH NpEAbIAYLIEro NpuMepa MH Ha3oBeM ¢yHKunHIO u(u), O3Ha-
qaouyio v (U, Uy, Usx, -..), CAMMETPHEH CKAJSPHOTO ypaBHEeHUs

u; =Q (u), (4.21)

ecan u -+ ev(u) takxe ynosierBopsier (4.21) aas Bcex pemeHuit u
3TOrO YpaBHEHHS INPH MIPOH3BOJLHO MaJiOM g. IDTO 03HAyaeT, UTO
v(u) NOMIKHO YHOBJIETBOPATh JIHHEAPH30BAHHOMY BAapHAHTYy YpaB-
Henus (4.21), umeiomeMy BuJ

vy==Q (w)[v]. (4.22)
ITpaBas yacte (4.22) o603HayaeT NPOCTPAHCTBEHHYIO MPOH3BOAHYIO

(Opeme) or Q B TOUKe u MO HANPABJEHUIO V, T. €. Q,u -+ Quv.+
-+ ..., u onpelleaderca Kak

ll_%% (Q (1 + ev (w) — Q ().
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OrMernM, 4to JeBas yacTb (4.22) TaKxkKe MOKET GHITb 3alHCAHA B
BHle v’ (u) [Q], TaK kak

vtzvuut"l"vuxuxt'l‘ ---=UuQ+quQx+----

My uMeeM MHOrO KaHAHAATOB B KaYecTBE CHMMETPHH I/ TH-
NHYHOrO npeAcrasurens cemeiictea Knd (3.9)

a
Gtyy, = 2NB,y, =E'Lk » (4.23)

TaK KaK MH 3HaeM, YTO BCe NOTOKH (4.23) KOMMYTHPYIOT, H I03TO-
My g MOXKHO CYHMTaTb (PyHKHHeH GECKOHEYHOro YHCJa He3aBHCHMBIX
nNepeMeHHHX X = ty, &3, ..., fagq1, ... . TAKuUM 06pa3oM, MB MOXKEM
Anddepenuuposatb (4.23) 1Mo fy;4 M MNPHXOAHM K TOMY, YTO
0q/dts;y, yROBIETBOpSIET JIMHEADU3OBAHHOMY ypaBHeHHi0. CienoBa-
TEJIbHO, CHMMETPHUSMH BceX 6e3 HCKJIUYeHHs WieHOB ceMelictra Knd

ABISAIOTCA  Ogjp1 == 0q /0311, j=0, 1, 2, ... . Vpasuenue (4.23)
Takxe MOXeT OHTb OAHH pas3 INPOHHTErPHPOBAHO U Aaer
ow 3
= L"q.
at2k+l

C xaxno#fi CHMMeTpHell 0g;yy CBS3aH JIOKAJbHBIA 3aKOH COXPaHEHHS
a dw a d%lnt

ot of ot oty ot ’

2% +1 2/ +1 2k +19% 27 +1

IpHYEM HHTErpaliaMH ABHXKEHUS (KOTAa x paccMaTpuBaercss Kak
BBIJEJIEHHAS MepeMeHHast) SABJASIOTCS BHIPAMKEHHS

OSO a—‘:—]‘i—ldx= DSO Ligdx.

—o00; —o0

Hurarenb MOXKET NPOBEPUTh, UTO OHH SBJSAIOTCS WHTErPAJaMH [BH-
KeHUs; cnydali j = 0 npeacrap/seT NOMHYIO MacCy (HJIM HMIYJbC),
j =1-—9Hepruio, j = 2 nponopuucHaseH Neppoil CKPHTOH CHMMeT-
pHH [3, T. e. raMHIBTOHHAHY, TeHepHpYyIOIleMy ypaBHeHHe Kad.
(Onnako cnenyer ykasarb, uto yHKUHOHAN Hs OueHb NOJe3eH [pH,
AOKa3aTeJbCTBE YCTOHYHBOCTH yeIHHEHHHX BoaH.(cM. [126]). Byc:.
CHHECK HA3BaJl €r0 MOMEHTOM YCTOMYHBOCTH.)

'Cyluecrsylor TaKxe Apyrue cummerpun. OHH CBA3aHH C NPEo6-
pasosaHusAMH BsknyHna, kotopHe s 6yay obcyxnath B pasza. 4i.
IToka uTO paccMOTpHM ciIeayoILyio HAEI. IMycrs g(x, t, ts, ...; M,
Xo) ﬂBJIﬂe;‘CSI OXHOCOJIMTOHHHM pemieHueM cemedicrBa Kun® (3.9),
n=0,123, ...

g = 27n*sech®n (X — X+t 4+ ; (—l)k "]2kf2k+1)-
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Tak xak oHO siBAseTCS pelleHHeM MAJifi BCEX 3HAYEHW [apaMeTpoB
AMIVTATYH 1) H MECTONOJOXeHHs Xo, TO 0¢/0n u 0qg/0x, aBAsIOTCS
penleHHAMH ceMeHCTBA JHHeapH30BaHHBIX ypaBHeHuii Ki® u mno-
STOMY TakKKe SBJAAITCS CUMMeTPHsAMH. B uacrHocTH, OHM SBASIOTCA
pellleHHsIMH YpaBHCHHH, JIHHEaPH30BAHHKX BOJH3H TOXKAECTBEHHOIO
cocrosHua (au6o n =0, au60 X, = o0). [Ipeobpasopanuem BakiyH-
Aa siBjsiercs npeoGpa3oBaHHe, KOTOpoe IOPOXK/JAaeT HOBhlE H GoJjee
6orathie pellieHHst (B TOM CMBICJe, YTO Npeobpa3oBaHHe MOXKET JO-
06aBuTh JONMOJAHHTEJbHBIE KOMHOHEHTH K AaHHBIM paccesiHus, KOTO-
pBIX mpexzie He OblIO) H3 craphix pemenuid cemedcrBa Kn®. Onn
TaK¥Ke MOryT OHTb NOCTPOEHBI HENpepHIBHBIM CMOocO60M, HAaYHHAS
C TOXKIECTBEHHOrO COCTOSIHHS. JTO O3HAuaer, HampuMmep, YTO MHEI
MOXeM A00aBHTbL pelleHHe ¢ IPOU3BOJNBHO MaJbIMH 3HAYEHUSMH Na-
paMerpa aMIUIATYAH 1} WJIH [P CKOJb YrogHO GOJBIIHX pPAacCTos-
HHUAX TaK, YTo mapamerp b == exp(2nxp) OyZeT HACTONBKO MaJHIM,
HaCKOJMbKO MH 3aXOTHM.

[osromy B JlonoJIHEHHE K CHMMETDHSIM, CBSI3aHHBIM C NMOTOKAMH
(TpaHcAsLMS BpPEMEHHEIX KOODJAHHAT), CYUIECTBYIOT HENpPEpPHIBHEIE
CUMMETpPHH, CBSI3aHHBle ¢ Npeo6pa3OBaHHSIMH, KOTOpHE mpeobpa-
3YIOT OAWH THN pellleHHs B APYrodl HempepHBHHIM obOpa3om. B mo-
cJlefHeM pasjielie 3TOH IVIaBH, pasfl. 4g, A NOKaXy, KakuM o6pa3oM
o6a Habopa cuMMerpuil KOMOHHHpYIOTC B Buie ajare6pml Kama —
Mynu, cBsizaHHO#U ¢ anrebpoit nereas aarebpw sl(2, C).

4d. Paccka3 o npeoGpasoBanuax Xuporhl [34], [89]. SI BHOBB
HaANOMHIO, YTO B TVI. 1 s KpaTko ynoMsHyJ 06 OCTPOYMHOM METOAE
XHpOoTH AJIs1 HaXOXAEHHs MHOTOCOJHMTOHHHIX DelleHHH ceMeficTBa
Ka®. OcuoBHBasicb KakK Ha ¢opme, KOTOpyio uMmeeT N-CONHUTOHHOE
pelleHHe, TaK W HAa aHAJOrHYHOM Npeo6pPA30BAHMH AJs ypaBHEHUs
Broprepca, Xupora cBssan ¢ pewmeHueM g(x, f3) ypasHenus Ka®
dynkuuio tv(x, ¢3), onpenenesnyo Gopmyaoi

2
q(x, th=2-271nx. (4.24)

Kak MH BHAeNH B pa3f. 4a, 31oT BEIOOpP SIBJAsIeTCSt OU€Hb €CTECTBEH-
HEIM B TOM CMBICJIe, 4TO IIONHBEIA TeH30p morToka cemelicrBa Kad

MOXeT OHTb BHpaXXeH uepe3 OAHY CKaJsIPHYI0 PyHKUHIO.
Tenepp MH H3nOXuM (opmanusm XupoTH. ¥Y06HO ONpeneNHTh

q=w,. (4.25)
Torna ypasrenne Knd
g1+ 699, + quxx =0 (4.26)
nocJsie OAHOKPATHOrO MHTErPHPOBAHHS MPHHUMAET BHA
w, + 3w’ +w, =0. (4.27)
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KoHcranta MHTErpHpOBaHHs BHIGHMpaeTrcss PAaBHOH HYJIO B COOTBET-
CTBHH CO CBOACTBOM HHTepecyiollero Hac KJaacca pemtenuit. ([das
TOr0 4T06H YCTpaHUTh APOOHHIE KO3(Q(HIHEHTH B NOCHEAYIOIIHX
BHUHCJIEHHAX, s TNpoH3Bely MacumrabHoe npeo6pa3oBanue (3.9)
tony1 —>2279n11.) Teneps BHUUCIHM CJELYIOIIHE BEeNHYHHH:

1 Ty
TY="7
2 2
_1_ . Ty ™ Tx _ Tx _ Ty
74 v L
3
1 o Txxx _ 3T, Tyx 49 Tx
g9 = p= =
2 2 4
1 o Txxxx AT Thnx 3Ty 12Ty 6 Ty
9 Gxx = T T2 ) + 'Y T
3 12 72 vt
XX X xx x
? q2 = 6 T ].2 3 + 6?4"

3aMeruM, YTO €CJIH CJOXKHTb JBe NMOCJefHHEe BeJUYHHH, YTO B TOY-
HOCTH JaeT KOMOWHALHUIO JIUHEHHOr0 NUCIEPCHOHHOrO 4jeHa H KBaj-
paTHuHOH HeJMHeHHOCTH, BXoAsdwe# B (4.27), TO HCUE3aOT BCe
OTHOILEHHSI, COlepKallHe KyOHuecKHe uJeHH HJIH 4ieHH 6oJjiee BH-
COKOr0 MOpsIJKa U HX IPOU3BOJHHIE, NIOC]E Yero Ml HAXOLHM

2
Txxxx —4 TxTxxx + 3 Txx

T %3 3

1 1 3
2y — J—
2 (wxxx + 3wx) 9 Gyx + D) q2 -
ITosromy ypaBaenne Ka® nns HOBO#H mepeMeHHOH 1 NMPHHHMAET BH/L
' > J—
Ty — T,0, + T, — 47,7, + 372, =0, (4.28)

IMepBasi uHTepecHass 0COGEHHOCTh 3TOTO YPAaBHEHHSl COCTOHT B TOM,
4TO OHO KBaJPATHYHO IO T. 3aMETHM, 4YTO pelleHHe T == ] cooTBer-
CTBYeT HYJeBOMY MO0 ¢. Hazee nycrb

T=1 4 eftx D), | (4.29)
rae ¢yuruwus 0(x, {)= kx+ of -+ 0, nuHelina mo x u f. ®opma
(4.29) apasiercs TOUHBLIM pelEHHEM, eClH B3STh @ = —k3; Ko3pdu-

IMeHT NpPH BTOPHIX 'apMOHUKAxX e? aBTroMaTHuYeckH o6pailaercss B
uyab. I[TonpobyeM HcnbITAaTh aH3aLl

T=1+4 b 4 &%,

rae O, =k;x — k¥ 16, OH He sBJseTCS peIIEHHEM, IOCKOJBKY,
XoTs H ob6pamaiorTcs B HyJb Kosdduuuentsl npu e u €%, no
Koapdunuent npu e¥+% ocraerca. YGepem ero, noGaBuB B aH3al
3TOT UJIeH, YMHOXEHHbI Ha MOCTOSIHHYIO, BHGHPaeMyIo TaK, 4TOGH
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HCKJIOUATh KO3 duunent npu e+0:, xoTopuil BOsHHKaeT mo ABYM
NpHYMHAM: B pe3yJbTaTe KBaApaTHYHOH KOMOHHauuH €% u eb,
a Takxe 1 u e%+%: Koadpduuuentol npu e20:+8 e0i+20: y p200+20,
YyAeCHHM 00pasom o6pamaioTcs B Hyb. [[DHYHHY STOTO MBI CKOPO
yBupuM. ITosTomy npeacrasuaenne

T (x, t) =1 + et .+. ef: + esl+92+Au (4'30)
Aaer pemenne aas (4.26), ecau
12 = ki — ks 2
=(n7n) (431

B pasa. 3d MH yxe o6cyxnanu npupony peuenuit (4.29) u (4.30)
M HHTepnpeTHpoBaldH Aio(ky, k2) Kak ¢yHKUHIO (a30BoOro caBHra.
3nech k; = —2n;. B vacrHoctH, peirenne (4.30) Moxer GHTL no-
HATO KaK HEeJHMHEHHAd CyNepnosHUHs ABYX DelIeHHH ¢ aMIUIHTYAAMH

1 1
5k} u 5k} Ecam k} > k], TOo npH H3MeHeHHH { OT —oo 10 00

NepBHH HMIYJbC JAOrOHSAET BTOPOH, B3AHMOAEHCTBYET C HEM H IPO-
XOJUT CKBO3b BTOPOH HMIyJbC, aHAJOTHYHO TOMY, KaK 06CyKAAM0Ch
B 1. 3. [Tocne B3auMopeficTBHs GOJBIIHA HMIYJbC CABHraeTcs BIle-
pen Ha paccrosHHe —A o/ |ki| OTHOCHTENBHO MOJOXKEHHS, B KOTOPOM
OH Haxojuics Obl, ABUrasich GecrnpensiTCTBEHHO, MeHbLIMH cMella-
ercsl Ha paccrosinue —Ajy/|ke| Hasan. Hamomunaewm, uro Ay << 0.

Ecau ypaBHeHue 3anucaTh B KBaJDaTHYHOM BHJE, TO BCErAa Cy-
IECTBYET ABYXCOJHTOHHOE pemeHne. OJHAKO 3TO He TaK AJA TpeX-
COJIMTOHHBIX 'pelleHuH, AN KOTOPHIX :

3
=14 N T Okt Ak OO0t Ay Ay (4.32)
J=1 ISI <R3

B atoM cayyae aas Toro, uTo6H COKpAaTHIHCh KO3((UIHEHTH NpH
e%+0:46:  gospPuLHEHTH B HCXOLHOM KBajpaTHYHOM YpaBHEHHH
(4.28) nomxHH GHTH MOAOGPAHHE a6COMIOTHO TOYHO. 3aMETHM TakK-
Xe, 4T0 Ko3bouuuentn npu e +0%+0  npencrasasior coboii 3xcno-
HeHTY oT (GYHKIUH (a30BOTO CJABHra ABYXCOJHTOHHOT'O B3aHMOAE-
cTBHS. DTO CBOHCTBO cOXpaHsiercsi B obwiem cayuae, H N-¢asHEM
COJNUTOHHLIM pemtenneM aasa Knd asnsercs

N
T = ex 0 A ) 4.33

M]=ZO»1 P(IZ_‘,l B, ]+1<i;j<n T1L11.9] ( )

Paccmotpum ciaydaiét k2> k2> ... > kL ITpu u3MeHeHHH BpeMeHH

{ OT —oo 10 oo GoablIHil COANTOH NpHOGPeTeT (hasoBHIH CHABM,
COCTOSIMA H3 CYMMH (a30BBHIX CABHIOB, BO3HHKAIOUIMX NpPH MpO-
XOKAEHHH UM Uepe3 KaXkIblil CONUTOH. -
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Cefiyac 51 MOKaxy BaM, KaK CTPOHTb 3Th pemieHusi. Ho BHauaxe
s CKaxy O TOM, YTO N-COJHTOHHOE pellleHHe KaXJ0ro U3 YJIeHOB
cemeiictBa Kn® nmeer B ToyHOCTH Ty Xe ¢opmy. EnuHcTBeHHBIM
OTJIMUHEM SIBJSIETCS

8, (%, 15, L -+ +) —9i0=nzo(—l)"k§”+‘t2n+l. (4.34)

(51 cHoBa xouy MOAYEPKHYTb, UTO fonyy B (4.34) paBHH mpou3Beje-
HHIO 22" Ha fy,41, KOTOPHE ONpeeNeHH B pasi. 3b. D10 H3MeHeHHe
BHECEHO C TeM, 4TOOH HCKJIIOYHTh MHOXKHTENH 1, 2-2, 2%, .. ., 2-n
B (3.14), (3.15), (3.16), (3.22), BO3HHKAIOUINE B HHTErPaJbHBIX UJIe-
Hax aHaJoruynoro (4.28) ypasHenus ajas noroka (Ka®)qnys.)

3acay:xxuBaer BHHMaHHS, 4TO He Toabko (4.33) ¢ 0;, onpenenen-
HeMH Gopmyaoft (4.34), T. e. N-COJMHTOHHOE pellieHHe JJIs BCeX IIo-
ToKOB cemerictBa Kn®, Ho u ¢ynknus dasosoro casura A;;(ki, k),
H caM Pe3yJbTHPYIOIIHHA CABHI

1 1 ) .
6‘= Z _-l—k_l- Aii+ Z —l-k—iAii, l=l, “ ey N, (4.35)
N>T>1 i >zt

OHH H Te Xe JJs BceX ypaBHeHuH ceMelicTBa. DT0 06CTOSATENLCTBO
MeHee HHTEPEecHO, NOcje TOrO KaK MOHATO, YTO OHO ABJsercsd Nps-
MBIM CJI€ICTBHEM KOMMYTaTHBHOCTH IIOTOKOB H 4TO ¢ (X, f3, t5, I7,...)
siBisieTcst o6muM peweHdeM. [as Toro 4roGH YBHIETb 3TO, Ipes-
CTaBUM, YTO MBI HAUHHAeM C JBYXCOJHTOHHOrO pemlenus ¢(x,0,0,...)
cemeicrBa Kn®. Hccienyem sposionuio ABymsi crnocoGamu. Brua-
yajne BHOepeM 3ajaHHyI0 (opMy B KayecTBe HAYaJbHOLO YCJIOBHS
ansi (Kn®)s 1 paccMOTPHM 3BOJIIOMHIO 1O BPEMEHH f3 10 Tex IOp,
II0OKa He OCYHIECTBHTCA B3aHMoJeficTBHe. 3aTeM B KauecTBe Hauajb-
HOTO YCJIOBHSI BO3bMeM g (x, #3, 0, ...) H IpelOCTaBHM JOCTATOYHOE
BpeMs f; B noroke (Kn®d),;. Tak kak ckopocts ans (Kad),; rakxe
MOJIOXKHUTEJIbHA, JaJbHEHIIero B3aUMOAEHCTBUSI He NPOoucXoauT. Ha-
Jee obpatum mpouecc. Pesysabrupyromas gopma q(x, 3, 0, £7, 0, ...)
RONXkHA OBITb TOH K€, H MO3TOMY OJHHAKOBBIMH HOJIXKHH GHITH da-
30BHE CABHUTH, CBI3aHHHE C NOTOKaMH f3 H f7.

BrocneacTBHH MH 6yAeM 4acTo MOJb30BATHCS 3THM CBOHCTBOM,
HO BHayaJie 1 X04y MO3HAKOMHTb BacC C HOBEIM METOLOM, H300peTeH-
HHIM XHPOTOH, M NOKaXy, KaK CTPOHTb N-COJHTOHHEIE pelleHHs.
Xupora 3amerus, uto caaraemole B (4.28) GHUIH OYeHb NMOXOXKH HA
¢dopmyny Jleiibauua ana auddepeHIHpOBaHHS NPOUSBENEHHS. 32
HCKJIIOUEHUEeM 3HakKoB, (4.28) xo HeKOTOpOH cTenmeHH MNOXOXa Ha

92 at.
axor Ut o
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Xupora H3o6pes HOBHI omeparop Dy, onpejeseHHBIH Ha ymopsijio-
yenHo#l mape ¢yHKuuA o(x), 1(x) ciexrywmuM o6pasoM:

D,o-1v=Ilim oi o(x+e)t(x —e)=o0,T— o7,. (4.36)
e—>0 OF

D10 onpejesieHHE MOXKHO PAacIpPOCTPAHUTh HA GYHKIHM o (%), Xo, .. .),
t(x1, X2, ...) GECKOHEUHOTo YHCJa IepeMeHHBIX H Ha omneparoph 6o-

Jie€ BBICOKOTrO IIOpsJKa
n

a
0. a . or
Dx;Dx: ces Dx:" CT= 11 el,lglo e o(x,+e)v (x, —e,). (4.37)
Hanpumep,
DDyt - 1 =2 (ee; — T,7y),
DiDv-v=2(tv,,, —47,7, +372).

B srux o6osnauenusix ypaBHenue Knd® (4.28) npunumaer ouenb
KOMNAKTHBIH BHI
(DD + Di)T-v=0. (4.38)

Takxe ynpomjaercs BHUYHCJIEHHe MHOTOCOJIMTOHHBIX pemeHuil. Jjs
TOrO 4TOOH YBHAETb 3TO, IOCMOTPHM, KakK onepatopul Dy, D; aeiicr-
BYIOT Ha 9KCHMOHEHTH. JIerko nokasarb, 4TO

DFe* - e = (ki — ko)™ &%, (4.39)
Ja MHOroyJieHa o6l1ero BHIa

P (Dx’ Dt) eklx+ﬁ)lt . ektx'{'mzt =P (kl —_— k2’ 0, — (,)2) e(kl+ki)zx+(0)l+0)z)t.
(4.40)

B o6uiem ciyuae, ecii MB BO3bMeEM

0, = 20: (=1 R, - (4.41)
TO )
P(Dy, ..., Dy, )€ 1=

=Pk, —ky o, (=0 (B —EH), L) (4.42)

M3 3THX GopmMysT MOXKHO BHIAETb, MoueMy Ko3bduuueHTs npu 2%,
€209 081+20:  ojyyeHHBIE NIPH PACCMOTPEHHM ABYXCOJNHTOHHBIX pe-
uleHHH, aBTOMaTHYECKH OGpaTHIHCh B HyJb. CHauasla OTMETHM, UTO
B CJyYae KJacca ypaBHEHHH, ¢ KOTOPHIM MH GyleM HMeTb [eJo,
P(—Dy— Dy, ...)=P(Dy, Dy, ...), (4.43)

P(0, 0, ...)=0 (4.44)
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! P(k)==P(k, — K, k5, ...)=0. (4.45)

[TocaenHee ypaBHenue (4.45) BeIpaxKaer TOT (akT, 4TO AHCIEPCHOH-
HOE COOTHOIIEeHHe ISl COJIMTOHHOIO DelLleHHs

T=14¢e° O0=~Fhx 4 oify+ ost5+ ...

BBINIOJIHsIETCS NPH ©gr41 = (—1)7k%+1. Bosee TOro, OHO Aaer OAHO-
napaMeTpuueckoe CeMeiCTBO NOBepXHOCTeH, Ha KOTOPHIX ajrebpaH-
yeckne QyHKIHH x,X, + x{ uau B obuwem cayuae P(x,, x3, ...), oue-
BHAHBIM 06pa3om cBsi3aHHBEIE ¢ ypaBHeHussMH Xupoth (4.38), o6pa-
LIAI0TCS B HYJIb.
Bouiuncaum ¢yHKuHO dasosoro casura Ajq(ky, k) obuiero ypas-
HeHHusl
P(Dtl, Dta, . ) T-T—=— 0, (446)

BBIPAXKEHHOrO B NpejcTaBieHHdH XupoTH. P — MHOrodjieH OT CBOMX
aprymenToB. Bo3pMeM
T(ty, t3y b5y o o.) =14 €O 4 b2 - Oit0tAn (4.47)
2r+1 0 2 20
rae 0, = 2, (—1)" & T'tor 1. Kosddpuumentsr npu &°, &%, & u
e?01+2% pencrasasior coboit P(0) u nosroMmy pasHbl HyJ0. Ko3d -
GuUMeHT TPH TaKOM cJjaraeMoM, Kak e+ posHukarowuii npu
yMHoxenun €99 na €%, arto

P(ky+hky— by —k+ B — kS, ... )=P(k,, —F, ...),
KOTODHI TaKkKe pPaBeH HYJIO. E/IMHCTBEHHbIM He PaBHBIM HYJIIO cJia-
raembpiM sBjasiercsi e®+9: xoropoe uMeer KoabHUUEHT

P (k; — ko) 4 eMP (k; + ko),
rje 10 OnpeeaeHHIo
Pk, — k) =P (ky—hyy —R8 A, ..., (1) (k2 — K1), L),

(4.48)
Takum oGpasoM, B oblleM ciayuyae
An P (ki — ko)
i P A (4.49)

Tak kak ass ypasHenus (Ka®), (4.38) muorousen P(xl, Xgs Xg, o )
ecTh XX, + x{, 10

eAu —

ky— ko )’
ky+ ke

KpoMe TOro, Msl HMeeM MOIIHHBIA Pe3yJbTaT, COCTOSIIHUI B TOM, YTO
NOCKOJIbKY (Da3oBHiI CABHI KaXJaoro ujeHa ceMeficrea Ka® oaun

(4.50)
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H TOT XKe, TO WIEHH [aHHOrO ceMelcTBa XapaKTePH3YyIOTCs Bcei
.COBOKYNTHOCTbI0 MHOrousneHoB P (Dy, Dy, ...), o6aajamomux B A0-
noanende Kk (4.43)—(4.45) cmoiictBoM

(kl - k2)2 P (kl + ko) + (kl + k2)2P (kl - kz) =0. (4-51)

Hns toro uroOH NpPEACTABHTb 3TO YTBEPXKAEHHE B JOJIKHOM
KOHTeKCTe, JaBalire NPOoaHAJU3WpyeM cAejJaHHOe, Mu HauLIH, 4TO
BBeJeHHeM Mpeobpasopanns (4.24) ypaBHenHe Knd MoxHo 3amnu-
caTh B NpeJCTaBJIeHHH XHPOTH

P(Dy, Dy, ...)t-1=0, (4.52)

rae P(xi, x3, ...) = xixs + xf. Haaee s ¢(OpMyYJIHpPOBAJ yTBEPK-
IeHue, 4T0 OHO obaazaer N-COJHTOHHHIM pelleHHeM JJis MPOH3BOJb-
Horo N. EcrecTBeHHBIM 06pa3oM BO3HHKAIOT CJEAYIOLIHE BOMPOCHL:

(i) IlpuBoaMT JM KaxKAHH 4eTHHH MHOrouieH P(x;, x3, ...) K
nosBJeHHI0O N-coquToHHHIX pemeHufi npu N > 2? Ha ocHoBanuu
NOCJIEAHHX pacyeToB HaM H3BECTHO, YTO AJs Jioboro yerHoro P
MOXHO BCerja HafiTH JABYXCOJHTOHHOe pemeHHe. Ho Kak o6crout
aeqo aas N > 2? Orser orpuuaresned. MHorowieH P nonxen 6yner
YAOBJETBOPSATb KECTKHM OI'DAHUYEHHUSIM.

(ii) Moxno sn B yao6HO#H (opMe oXapaKTepH3OBaTb 3TH Orpa-
HHYEHHS M IOCPEACTBOM 3TOTO BHINHCAaTb BCe MHOI'OWIEHH
P(x1,xs,...), KoTOpHe pnonyckaioT N-COMUTOHHHE pemeHHA? MH
GyneM Ha3blBaTb HX Mro2ouseHamu XupoTel. OTBET MNOJOKHTE-
JeH. MBl MOXeM 3ajarb 0oJiee KOHKDETHHIH BONpOC.

(iii) 3apan MHorounen P, ckaxem x.x,+ x{. MoxeM Jan MH

(a) ompenenurts, uMeeT JH OH N-COJTUTOHHHE PEIIEHHs s MPOU3-
BoabHOrO N, (b) Ha#iTh B npeacraBJeHHH XHPOTH BCe APYrHe YIeHH
cemeficTBa U (c) HaHTH Bce ApyrHe MHOrouJeHn XHUPOTH, COBMECT-
HHe C 33/ aHHbBIM, M ONpeleNuTb, CKOJbKO HX cymiectByer? Ortse-
TaMu, no-suaumoMy, sBasiorcs JA, DA u JA. § nokaxy, Kak
MOZOHTH K [OKa3aTeJbCTBY, HO, ONHAKO, s TOKa He NPHAAJ] eMy
CTPOTOCTb HJIH NOJHOTY. §1 HoJKeH o6bscHUTE Gojiee NOAPOOHO, YTO
osnauaer sonpoc (c). Ecau 1 TaKoBa, 4TO yLOBJIETBOPSIET

(Dt,Dta + Dgl) T.1=0,

TO YJOBJIETBOPSIET JIM OHa APYroMy YypaBHEHHIO ¢ BecoM 6? 3ame-
THM, YTO MHOTOYJeHH XHPOTH OJHOPOAHH B TOM CMEICJE, YTO €CJIH
Dy,,,, MH NOCTaBHM B cOOTBercTBHE Bec 2k + 1 u GyaeM ckiaIajH-
BAaTb BeCa B NMPOH3BELEHHSAX, TO KAaXABIH 4Y/eH B ypaBHeHHH XHPOTH
UMeeT OflMH ¥ TOT e Bec. Hamnpumep, Bec, cBsa3aHHui ¢ (4.38), pa-
Bed 4. CyTh Bompoca cocToHT B caepywomeM. JlaHo, 4to t yAoBJe-
TBopsieT (4.38); KakuM 06pa3oM «IpHMeHHTb» onepatop - D2 k sroii

¢byHkuun? TIpoCTHM YMHOXKEHHEM 3TO CAENATh HENb3f.
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UYersepTHiH BONPOC, KOTOPHA MPHUBOAWUT Hac K BHISCHEHHIO CBA3H
BCeX Pa3JIHYHHX MOJXOJ0B, CTABHTCS CJELYIOIIHM 06pasoM:

(iv) CymectByer au ajare6pandyeckuil cmoco6 OGbsCHEHHS che-
I{HAJbHOTO BHAA MHOrouwieHoB XHpOTH? §l Hajewch, YTO 3TO TaK.
Yro s xoren 6H UMEThb, TaK 3TO OTBET Ha Bonpoc (iv), KOTOpH# KaH-
HHle OTPAaHHYEHHS CTAaBUT B COOTBETCTBHE ajreGpaMm, CBS3aHHHM
c s1(2). IIpuunna aToro 3akjiouaercs B Moed Bepe (UHTaTeJb yBHU-
JHT OPeANOCHJIKH 3TOMY B I'M. 5) B TO, 4TO JaHHOE CBOHCTBO SBJS-
eTcsl «06LMM 3HaMeHaTeJeM» BCeX «METONOB» aHa/H3a COJUTOHHHBIX
ypaBHEHH, BBeleHHHX B JaHHOH rJase. :

BepueMmcsi teneps K Bompocam (i), (ii) u -(iii). IIpeanosoxum,
yro P yposiersopsier (4.43)—(4.45), u Oyaem HCKaThb TPeXcOJH-
TOHHOe pemeHue 1as (4.51) B caenyrolieM BHAe:

T=1 + b + e + b + 9110+ 4n + e8s+0i+4q + 91 +0+4 +
+ eel+ez+ea+AuAss +A;3'

Ucnosibays ceoficrBa (4.43)—(4.45) u (4.50), y6expaeMmcs, 4TO
Bce cjaraeMele, uckitoyas ed+®+8  ymeior HyseBne KoaddunneH-
te. Kospduunenr npu e%+0+8  crpourcss us uernpex kpagpartuu-
HBEIX B3aUMOJEHCTBHH U UMeeT BUJ

Pize®P (ky — ky — k) -+ et At AP (k) + ky + k),
TAe P23 — HUKJIHUECKasi MepecTaHoBKa MHIeKcoB 1, 2, 3 n
P(kl+’k2+ k3) =P (k,—i— kytk,, —R}— R} —R3, B} RS- kg,. . )

DT0 BHpaxXeHHe TaKkKe MOXeT OHTb HepenHcaHo (¢ HCNOJab30Ba-
uuem (4.50)) B BHIE

P12sP (ko + ks) P (k; — ky) P (ks — k;) P (k, — k2‘ — k) +
+ P (kp — k) P (ks — ky) P (k; — ko) P (k; + ko + ka).  (4.53)

IMostomy ycioBueM Toro, uto (4.52) HMeeT TPeXCOJHMTOHHOE pelle-
HHe, ABASETCA PaBEHCTBO HYJIO BHpaxenus (4.53). Ianee, anajno-
rHYHBIM TYTEM MOXKHO NOKa3aTh, YTO YCJIOBHEM CYIECTBOBAHHS
N-CONMUTOHHHIX peuleHHH ypaBHeHHs1 (4.52) siBasercst ycaoBHe

N
;l 1P (21“ Pazkz) II>Ii P (ujk; — nik;) pypny;==0. (4.54)

l‘r]» »

Mu HaszoBeMm ero ycioBueM Xuporh. Bynaem rosoputh, uro ypas-
HeHHe, NMPHBOLHMOE K NpeAcTaBjeHHI0 XHUPOTH ¢ MHOroujgeHoM P,
ynosiaerBopAOmuM (4.54) (1 HEKOTOPHEIM [ONMOJNIHHUTENbHHEIM CBOI-
cTBaM, monobunm (4.23)—(4.25)), o6aanaer H-csolictéom. B uacr-
HBIX caydasix, Takux Kak (Ka®),, rae P==xx, 4 x{, MOXHO noOKa-
3aTh, uto (4.54) umeer Mecto, JloKa3aTenbCcTBO OOLIYHO MPOBOAHTCS
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no uHAyKOHH. OAHAKO MHE NPEICTABJSETCs SICHHM, YTO 3TO YCJO-
BHE BeCbMa HeyKJIoxe, HeyA0OHO H TPYAHO NOKa3biBaercs B o0lieM
cayyae, MO3TOMY II0JIE3HO HMeTh aJbTEPHATHBHBIH NOAXOI.

§I yrBepxnaaio, He HMes IOKa 3aBepIIeHHOTO [0OKAa3aTejbCTBa,
crenyioumee. PaccMorpum mHorowinen Pp(xy, xs, ...) ¢ 3aJaHHEM
BECOM H BHIUHCJIHM AJA Hero (QPyHKUUIO $a30BOro ciBHra
Pl —ky)

Pp(k +hky)

3areM BHIYHCIHM BCE MHOTOWIEHH Py, KOTOpPHE 00/1afa1I0T TeM XKe
(a30BHIM cABUrOM. 3a4acTylo HX GoJblie OJHOTO JJIS KaXKJAO0ro Beca.
Ecau cymectsyer no Kpalineit Mepe OJJHH Tako# MHOrouJeH J1Js Gec-
KOHEUHOTO pfla BECOB, TO CNPaBelJUBH TPH CJAEAYIOUIHX YTBEPXK-
AeHHS:

(i) P. siBasiercss MHOrOWIeHOM XHPOTH, T. €. AJS NPOH3BOJBHOrO
N o6nagaer N-COMUTOHHEIM peleHueMm (yzosaerBopsiomum (5.54)).

(ii) Kaxnawit Py nopoxnaer ypaBHeHHe XupoTh Pyt-t=0 B
ceMeiictBe Pi.

(iii) Kaxnoe ypaBuenue Pyt-1=0, coiepxaileecss B CIHCKE,
siBNsieTcss MHorouyjeHoM XHpotel (T. e. yaosiaerBopser (4.54) u mo-
aromy obyianaer N-CONUTOHHEIM PelleHHeM AJs NPOH3BOJbHOTO N).

[TpounmiocTpupyeM 3TH YTBEpPXJEHHS Ha HEKOTOPBIX KOHKpeET-
HBIX npumepax. B kauvecrse P, BumGepem xx, + x{. Toraa npeamno-

J0XHM, uto Pg nmeer caenylomuit Bun (u3 (4.43) crenyer, uto ao-
MYCTHMB! TOJbKO YeTHble 3HAUECHHS BECOB):

Py = x,x; -+ ax? + bx3x, + cx8.
Scuo, uto (4.43) u (4.44) ynosaerBopsiorcs. To Xe BepHO AJA

(4.45), ecnu
l1+a—b+c=0. (4.56)
Tenepb norpebyeM, yTo6H
(ky + ko) Pe (ki — ko) + (k) — k) Pg (k; + ko) =0
MMeJIO MECTO IJISI BCeX Ry, ko. JIeBYIO 4acTh MOXKHO 3amHucaTh B BHAE
2 (kl + k2)2 (kl - k2)2 {kf + k%)kg + k; +
+ a(k} 4 3k3k] + ki) — b (ki + k3) + c (R} -+ 6k1RS 1 £5)}.
[TosTomy pomosHuTENbHO K (4.56) MBI JO/XKHH BHOpaTh

a=—2c—1/3. (4.57)
CrenoBaTeNbHO, NOCKOJNBKY ¢ MPOH3BOJBHO,

Py=xyxs+ 6+ o (3, ) (0 + 1) (1§ — 262 — xix))  (4.58)

P L —

(4.55)
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npeiacraeaser co6oil ogHOMapaMerpHuecKoe ceMefcTBO MHOrouJe-

HOB XHPOTH C BECOBHIM 3HaueHHeM 6, Ga3HCHHIMH MHOrouJeHaMH
KOTOPOTrO CJyXar

3
P (x), Xy X5, ) =205 — 25 + 5 (B2 4 x3),  (4.59a)

P (x1, %y X5) =2} — 245 — xix,. (4.59b)
[MpeacraBnennem Xuporw pjaa (Kad®)s asasercs
P{)(D,, D, D, )7 v=0, (4.60)

v (4.59b) npeacrasiasier co6oi ypaBHeHHe, HaHJAeHHOE <«IpHMeEHe-
nueM» D} k

P4(D17 Dta)’r c1=0.

OrMernM, KaK BaXKHO pacnojiarath B 3ajlauye TPEMS BPEMEHAMH.
(Kn®); He mMoxKeT GHTb BHIPAXKEHO B NpeACTaBJeHHH XHPOTH TOJb-
KO B TepMHHaXx f; u 3!

S mpemocTap/filo YHTATENI0 YOEAHTHCS B TOM, 4TO

PO = x,x, — 5 x5 + = x5, (4.61a)
PO = x8 + 4x3x, + Br,x,, (4.61b)
PR = — x.x, + x,x5, (4.61c)
P = — x3x_ + x2x2, (4.61d)

rie PYv-v=0, r=1,2 3,4 P{v.v=0 spaserca npencra-
BiaeHueM Xupotn aas (Kad),. Py, r=2, 3, 4, asasiorca Tew,
YTO BOSHHKAeT B pesyJbraTe ,npuMenenus® D}, Df u Dj, k coor-
BercrBylomum KoMGunauuam (4,59a, b) u (DyDs + D) v -t=0.

[ToBTopsisi atoT mpomecc, HETPYAHO BHAETb, UTO AJISl KaXKAOTO
BeCOBOTO 3HaueHHsA Pgyy, M >> 2, cyliecTByer HECKOJIBKO MHOTrOUJe-
HOB XHpOTH. §I yKaxy Bam Jydmuil CIOCO6 MHTEPHpETAlUH 3TOrO
O CPaBHEHHMIO ¢ NMPOCTO «IpHMeHeHHeM Dj K (4.37)», Koraa Mu
BHOBb OyleM 0GCYXAaTb 3TOT BOMPOC B IuI. 5. S Takke NMpeasoxy

Haew noacyera 4YHCJIAa MHOrNOYJEeHOB AJSA KaxXI0oro BeCOBOrQo 3Ha-
YCHUS.

B kauecrtBe yhnpaxHeHH IipeaJararp 4YHTATeNd BBIYHCJHTHL MO-
CJI€10BATEJNbHOCTH, IPEACTABJASACMBIE MHOTOUW/IEHAMH

P=xx,— x5, (4.62a)
P=xx, -+ x5 (4.62b)

P u3 (4.62a) mopoxnaer cepmio Korepni — Casaan [104] u o6aa-
Aaer HeTPHBHAJbHBIMM MHOTOWIEHaMH INpH GeckKoHeuHOM HaGope
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BECOBBIX 3HaueHHH, KOTODHI He BKJ/IOYAET BCEX YETHEIX HOMEpPOB.
Moxere Ju  BH. ONpeJeNHTb, YTO OHH H3 ceOs TNpeACTaBJSIOT?
C npyroft croponn, (4.62b) He oGnamaer GecKOHEUHHM HaGOpPOM
MHOrouJIeHOB ¢ OJHOH W TOH ke ¢yHKUuHeH ¢da3zosoro cusura. Bosee
TOTO, IIOXOXe, YTO y Hero uX BooOme Her. IlosTromy oHO HMeer
TOJILKO ABYXCOJIMTOHHOE pellieHHe,

TakxKe OTKPHTHMH OCTAIOTCA CJAEAYIOmNE BONPOCH:

(i) MoxHO JH 0XapaKTepH30BaTb CBOHCTBA, HEOOGXOAHMHE AJs
BHIDaXKEHUs ypaBHEHHs B mpeacraBjeHduH Xuporh? Koab ckopo
ypaBHeHHe MpEACTAaBJIEHO B 3TOM BHAE, H3BECTHO, UTO OHO obJazaer
ABYXCOJIMTOHHHM pellleHHeM. IMeer JiM 0HO N-COMIHTOHHOE pelleHHe
NpH NPOU3BOJBLHOM N, 3aBHCHT OT TOrO, MOJKHO JIH Hality GeckoHeu-
HYI0 cepHi0 Py, YAOBJAETBOPSIOUIYIO YCJAOBHIO

PL(kx"“kz)PM(kl+k2)—PL(k1+k2)PM(k1—k2)='-0»

rae Pp—3afaHHHi MHorowreH. Jrta ¢QopMysa BecbMa copepxka-
TeJbHA, NMOCKOJbKY OHA BHPAXaeT TO, YTO OKA3HBAETCS YCJIOBHEM
KOMMYTHPYEMOCTH MHOTOWIEHOB H €CTeCTBEHHHM 006pa3oM NpHBO-
IUT K onpepeneHuio cko6ok Ilyaccona Ha MHoOroo6pasund MHOro-
YJIEHOB.

(ii) IIpeamosioxum, YTO MOXKHO HANTH JHIIL KOHEYHOE UYHCJIO
takux Py. BO3MOXHO /U 3TO uMaM, ecaud HalaeH oAHH Py, TO HX
JIOJDKHO CYILIecTBOBAaTh OeckOHeuHoe umcao? Ecam mnocrnenhee He-
BEPHO, TO 3HAUHT JIH 3TO, YTO IIPH YCJOBUH CyLecTBOBaHHA M MHO-
rowieHoB Py cylecTByioT N-COJHTOHHBEIE pelIeHHd BIJIOTL MO
N< N(M)?

4e, Cpofictpo Ilenaese!)
(i) Kaaccuueckuti cayuad. PaccMOTPHM cHcTeMy (DYyKCOBHIX
nuddepeHHaNbHBIX YPaBHEHHH

n

av A
=y —Lv, (4.63)

dz z—a
i= 1

rae V ectb m-mepHHH Bekrop, a A; ABAAITCA NOCTOSHHHMH
(m X m)-Marpuuamu. B o6meM cayuae ¢yHAaMeHTaNbHHIM pelle-
HueM ypaBHeHus (4.63) sBJsercsi MHOro3HayHast (YHKIHS KOMII-
JeKCHOM mnepeMeHHO#l 2. [leificTBUTeabHO, ecH MH o6ofiieM pery-
JNSpHYI0 OcOoGeHHOCTh B TOuKe a;, To mocie o6xoxa ® = @ (a; +
+ (z—a;)e?*™), npuueM ¢yHAaMeHTaJbHAS MAaTPHUA pelleHHA
(4.63) He paBHa @ (z); BMecTO 3TOro €e CTOJAOUH fABJAAIOTCA JHHEH-

1) Cmorpute Ha c¢. 197 mcropuueckoe 3amedyanue ob OCHOBOQoJarawile# pa-
6ote C. KopaseBckoif,
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HOoHl KoMO6uHauueir cronbuos @(z). Marpuua M;, cBA3HBaiomasn
D (2) u @(a;+ (z2—a))*™),
®(a; 4 (z—a) ) =D (2) M;, (4.64)

Ha3uBaeTCs MaTpuileli MOHOAPOMHH. MOXHO NOCTABUTH CJACAYIONIHI
Bonpoc. Kak MoxHO mpexctaButh A; B BHAe QYHKUHH NOJOXKEHHA
MOJIIOCOB 4, TakK, 4TOGH rpymnna (Jerko BHAETb, YTO OHH 00pasyloT
rpynny) MaTpHii MOHOADOMHH He H3MeHsajach? OOIHE OTBEeT Ha
stoT Bompoc 6ei1 gaH Illnesunrepom [90]:

n
04; _ [4r Al 04; _

Oa, a;,—a, 1 aaj

0. (4.65)
Oass m =2 juHeAHBIM ypaBHeHHeM siBAseTca cucrema 2X2, ee
peryJsipHeie OCOGEHHOCTH MOrYT GHITb JIOKAJH30BaHH B (HKCHPO-
BaHHHIX TOUKax 2=0, 1, co 1 0 Ha TOYKA z = s NOJABHKHA. Bool1e
rOBOpSl, CYHIECTBYIOT ABEHAALATh NOAIOHOYHHX [apaMeTpPoB — 3Jie-
MeHTOB Martpul Ay, j=1, 2, 3, HO Bce OHH MOryT OHTb BHPaXKEHHI
B TepMHHAX OJHOH (yHKUHH y(s), KoTOpasi yIOBJETBOPSIET ypaB-
HEHHIO

() ) v

— D (y — — 1 —1
— 2 LU (a—B g+ v g — 0 ) =0 469)

YpaBHenue (4.66) siBasercs HanGojee o6lHM ypaBHEHHEM BTOPOTO

nopsiika suaa
y” =R (y’ y,’ S), (4°67)

rie R — paunonajbHast QyHKIUMA NO y, y', aHAJHTHYHASA 1O §, KOTO-
pasi HMeeT cJaeAyiollee CBOHCTBO.

Csoticreo ITensese. Tlonmoxenue 060 aare6panyecko, Jora-
pHOMHUECKOH HWJIHM CyLIEeCTBEHHOH 0COOEHHOCTH pellleHHH ypaBHEHHS
He 3aBHCHT OT HaYaJIbHBIX YCJIOBHH. DTO O3Hayaer, 4YTO OT [POH3-
BOJIbHEIX KOHCTAHT MHTErPHPOBAHHS MOXET 3aBHCETb TOJNBKO MOJO-
KEeHHe TOJIOCOB.

VpaBHeHusi BToporo nopsika suaa (4.67) c Takumu cBoficTBaMH
(ycnoBust Ha R wu cBoiictBa IlensieBe) OBIIH H3YYeHH C HCUEPHHI-
paromeit mogpo6Hocreio I[Tennese u Fam6be [91]. CymecTByloT nsTh-
JecAT KAaHOHHUECKHX THIIOB ypaBHeHHH, KOTOpHE BKJIOYAIOT TaKHe
ypaBHeHHs], KaK y” =y, pa3pelllaeMbX B SJUIHNTHYECKUX DYHKHHUAX

H UMEIOHIUX BUI
Y =2 4cy—w, (4.68)
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M LIeCTh THIIOB yPaBHEHHH, peilleHHs KOTOPHX He MOryT OHTb BH-
paxeHH (HCKJI04Yas cnelHaJbHBE NpeJesibHHE CAy4yaHn) B TEPMHHAX
H3BECTHHIX ClelHaJbHBX (QyHKIHA. DTH 1IeCTb yPaBHEHHH Ha3BaHH
ypaBHeHusimu [lensneBe u ux peuieHns — TpaHcleHgeHTamu Ileniese.
Yyurarelp MOMXET HaHTH CIIHCOK 3THX ypaBHeHHH B paGore Aiinca
[92]. OBa ypaBHeHHd, KOTOPHE NOABJIAIOTCI B 3THX JEKIHAX, 3TO

BTODOE,
Grx=xq+ 2(]3 i (4.69)

H TpeTbe (mocje npeobpas3oBaHua 2z = e*),

(xuy)y = —shu, (4.70)
ypaBHeHus IlenJese.

Jlanee, Kakoe OTHOLIEHHE BCE TO HMMeeT K MOJHOCTbIO MHTErpH-
pyeMbiM AHuddepeHHabHBIM YPABHEHUSAM B YaCTHHX NPOH3BOAHBIX
Hwid, B 6osiee obiiell hopMe, K NOJHOCTHIO pPa3pelIUMbIM (PH3HUYECKUM
MojenssM? YIHBHUTEJNEH ciaelyIoIHH (akKT: oOHapyKeHO, 4TO HeJH-
HeliHble OOBIKHOBeHHHIEe AHbdepeHUHAaNbHbIE YpAaBHEHHs, KOTOpBIE
BO3HHKAIOT OUeHb €CTeCTBEHHBIM 006pa3oM B 3THX TOYHO pelIaeMBbIX
monensx, obnanator cBoiictBom [lenseBe. He Bepurcs, 4To6H 3TOT
takr OB cayualiHOCTbIO. BeposTHee, 4T0 CyHIeCTBYIOT TiyGoKue
BHYTPEHHHE CBS3H MEXJY TOYHO pellaeMbIMH MOJAEJSIMH H CBOMHCT-
BoM IlenseBe. B caenymouiem pasjene s JONOJHHTENbHO INPOKOM-
MEHTHPYIO 3Ty HAEI0.

(i) I'unoresa APC (A6noBnu, Pamanu, Ceryp). B 1977 r. AG-
nosuy, U Ceryp [93], [35] ormerunm, uro mocje TOro Kak Gblra
yCTAHOBJEHA TOYHASl Pa3pelluMOCTb YPaBHEHHUH

q: + qux + Gyxx = 0, (4.71)
Uy — 6020, + Uyyy =0 4.72)

(nmpu onpejeneHHBIX 'PAHHYHBIX YCJIOBHAX), MOXKHO TaK¥Ke DELIHTb
HeJHHeliHble OGBIKHOBEHHBIE AH(pdepeHHaNbHble YpaBHEHHS, NMOJY-
yeHHble HAJIOXKEHHEM pa3JHYHBIX CBOHCTB CHMMETPHH Ha 3TH ypas-
HeHus. Hanpumep, rajuneeBa HHBAPHAHTHOCTb O3HayaeT, uTo (4.71)
nuMeer pemienusi suga g(x, t)=f(X =x—ct), ynosierBopsioniue

ypaBHEHHIO
—cfx +6ffx + Fxxx =0.

MacmirabHass HHBApHAHTHOCTb O3HauaeT, YTo ecau g(x, f) ydoBJe-
tBOpsier (4.71), To To ke umeer Mecro s B2q(Bx, B%¢) wu, ecam
v(x, t) yroBaersopsier (4.72), 1o 310 BepHO H AasA Bou (Px, p3t). [o-

Jaras
vl 1) (3t)‘/3 f ( (31)"3)
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nocJjie OJHOKPATHOIO HHTErPUPOBAHHUS MBI [OJyYaeMm
fxx=Xf+ 2f3‘—'V, (4-73)

T. e. Bropoe ypaBHeHHe IlenseBe (4.69). B kauecrBe ympaxkHeHHs
A NONpPOLIY YUTATeNs 10Ka3aTh, YTO NPH NOMOILH NOAXOASLIErO Npe-
o0pa3oBaHHsA (NOACKa3Ka: B3TJAHHTE Ha npeoOpazoBaHHs Muyph)
pemenua ypasHenus (4.71) Buma g(x, t)=(1/(3¢)%/3)g(x/(3t)!/3)
yaosaersopsior (4.73) npu v=0.

A6noBun, 1 Ceryp ykKasajau, 4TO OJHONApaMeTPHUECKOe ceMeii-
cTBO pewenuit (4.73) mpu v = 0, y6LIBAIOIINX 3KCNIOHEHIHAJABHO IPH
X—-oco U ajarebpanyecku IpH x¥—>»—oo, MOKeT OHITh Haill€HO He-
MOCPEACTBEHHEIM NpUMeHeHHeM Meroja oOpaTHoil 3axauu. OcHoBa-
HHe /sl 3THX OTPAHHYEHHH COCTOHT B TOM, YTO MeTOJ oOpaTHoil 3a-
nayu Tpebyer, yToOnl pemeHus g{x, {) cTPeMHJHUCh K HYJIO Ha 06eux
6eckoneuHocTsAx. B pasa. bf (ili) a4 pacckaxy, Kak HckaTh ofllee
pelleHHe HaYaJIbHON 3ajnauyu AJs ypaBHeHusa (4.73).

Hanee, 3Has cneuuduyeckue cBoicTBa pelleHHH ypaBHeHus [leH-
JieBe W 3aMEeTHB, YTO Bce OOBIKHOBeHHble AupdepeHIHaNbHEE ypaB-
HeHMd, BBIBOJHMbIe H3 H3BECTHBIX IIOJIHOCTbIO HHTEIPHPYEMHX ypaB-
HeHui, o6JafaloT 3TUM cBoiictBoM, AGJoBHL H Ceryp, K KOTOPHM
Ha 3TOM 3rane npucoeaunugcss Pamanu [35], BEHICKasaaum mpenno-
JIOXKEHHE, UTO 3TO BEPHO BCerja: a HMEHHO, Bce OOLIKHOBEHHHBIEe AH-
¢depeHUHaJbHElEe YDAaBHEHHS, NOJYYeHHble H3 IOJHOCTbIO HHTErPH-
pyembix AuddepeHUHaNbHEIX ypaBHEHMH B YaCTHBIX NPOHU3BOJIHBIX,
ob6napnator cBoiictBoM IlenneBe. B HEKOTOPHIX C/IyYasix MOXeET IMO-
Hag0OHThCS HEKOTOpasi M300peraTesbHOCTh NPH BHOOpE 3aBHCHMOMH
nepemenHoil (cM. (4.70)). DospmiuM npeuMmyiiecTBOM 3TOH HAEH
ABJI€TCA TO, YTO OHAa AAeT NPOCTOH H KOHCTPYKTHBHHIH TecT Ha
HHTETPUPYEMOCTb.

ITpounsmocTpupyem ato Ha npumepe (4.73) ¢ v=20. Ilpeanoso-
KHM, 4T0 Xo sBJAsETCA TMOJIOCHOH CHHTYJApHOCTBIO dyHKunH f(X).
Tenepp MBI ZOJXHH NOCTPOuThb psf JlopaHa aas f B oKpectHoCTH X)

(=]

fH)= X an(X—X)" (4.74)

Jlerko moxasarb, 4TO ST TOTO, uTOGH (4.74) yIOBNETBOPSJIO ypaB-
Heamio (4.73), N pomxHo Guitb enuHuuei. [Toxcranoska (4.74) B
(4.73) naer cucreMy HeJIHHEHHBIX aJAre6paHYecKHX ypaBHEHHH

(nt+1D(n+2)a =0, 1+ Xoa, +
42 @@, j+k+i=n, (4.75)

Ik l=—

g nz=3(a.=0, n<<—1), K pelleAHI0 KOTOpOii MH Mepexoaum
METOAOM HTepalHi, BEpaXKas G,.p Yepe3 KoappuuueaTsl 6oee HA3-
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KOro mnopsijika. DT0 MOXKHO CJe/laThb TOJbKO B TOM CJyuae, eclH cy-
{ECTBYET COBMECTHOCTb NpH 3HAaYeHHAX n=—3, n =1, uto Heol-
XOJAMMO, NOCKOJBKY B KaXKJAOM cJyyae MH NOJYyYHM KO3(pOHIHEHTH
Gn+2 PABHBIMH HYJIO, €CJIH He OyAyT BHIOJHEHH YCJOBHS

a =1, (4.76)
a,+ Xa, +6a_,a; =0. (4.77)
MHu HaxoauM, uto aasa n=—2, —1, 0
a,=0, al:-%, Q= — a;' ; (4.78)
(4.76) u (4.77) mpu 3TOM YLOBJIETBOPSIOTCS BbIGOpOM - = =4=1.

ITocne atoro Bce a, onpenenensl OJHO3HAYHO, H HETPYAHO [10Ka3aTh,
YTO MOJIy4eHHBIH B pe3yJbTare psijJ CXOAUTCA AJsl AOCTATOYHO Ma-
abix 3HauyeHHi X — Xo 54 0. JlaHHOe ceMeHCTBO pelIeHHH HMeeT [Ba
cBo6oAHHX napamerpa Xo H @3, YTO H CJe4OBAaN0 OXHAATH, IO-
CKOJIbKY yYpaBHEHHe HMeJIo BTOpo# nopsaoK. Ecau 6H ycioBhe cos-
MecTHOCTH (4.77) He OBUJIO BHIIOJNIHEHO, TO B JIOKAJbHOE Pa3JioxKe-
Hue aas f(X) cnepoBano BkJIIOYHTH ciaaraemoe In(X — Xo), KoTopoe
o3Hayano Oul, uTO X, sIBJsleTCS TOYKOH BeTBJIeHHs pelleHHsA. Ecan
6Bl 3TO MMEJIO MeCTO, IOJIOXKEHHE TOUKH BeTBJIEHHs 3aBHCEJO OHl OT
HauaJbHHX YCJOBHH H ypaBHeHue He uMeso Onl cBoficTBa Ilenaese.
Boapwnm npeumymectsoM runoressl AFC sB/IsSeTCs1 NIPOCTOTa B
npuMeHeHud. Ee HeA0CTAaTOK COCTOUT B TOM, UTO AJIS TE€CTHPOBAHHA
Ha MHTErpUpPyeMocTb He0OXOAUMO INPOBEPHTb 6Ce OOHKHOBEHHHE
auddepeHnyasbHble YpaBHEHHS, CBS3aHHble ¢ CHMMETDHAMH AHG-
(epeHUHANBHOTO ypPaBHEHHs] B YaCTHHX MPOHU3BOAHHX. DBUIO OBl
Jayuyule, e 6Bl CyLIECTBOBAJA BO3MOXKHOCTb HENOCPEACTBEHHO H3Y-
yaTh M TECTHPOBATh CAMO HCXOJHOe ypaBHenue. [Iponenaem aro A
(4.71), ucnonp3yst pasiioKeHHe
a..a a_y
q(x, t)=( +(x_x°)+a0+a1(x—x0)+ ceey  (4.79)

x — x)?

Te xo H Bce KoahduuueHTH Moryr OHTh QyHKuusamu ot f. Iloacra-
HoBKO#H B (4.71) MH HaxoguM ypaBHeHHe

nin—1)(u—2)a,+6 2; ra,a; +
r+s=n—2

+a,3:—(M—2)a,_oxs =0, n=—2, (4.80)

KOTOpO€ pelllaeM MJsi @, BhHpaxas ero uepes d,—,. Haa n=—2,
—1, 0, 1 MH HaxomuMm a_p,=—2, a1 =0, ap=(1/6)xe, a;=0.
[Ipu n = 2 kK03 PULHEHT a; paBeH HYJIIO, HO TeM XKe SBJSETCS CyM-
Ma Jpyrux cjaraeMex B ypaBHenud. CienosarenbHo, az(¢)— mpo-
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1
u3BoabHas yHkuuda. Jas n=3 Haxoaum @y == 35 Xoy- Ecan

n==4, BHOBb PaBeH HyJI0 KO3 HULHEHT NPH @4, HO YPABHEHHE NPH
3TOM HMEEeT BHJ

24a, + 6 (2a4a, + 2a_,a,) -+ ay; — 2a5%0; =0

U YA0BJETBOpAETCA TOXAECTBeHHO. Bee mocaenyiomue g, onpenens-
lorcs oano3HayHo. [Tostomy ¢(x, f) HMeer JioKaJabHOE pelIeHHE,
KOTOpOe MOXeT OHTb 3alHCAaHO B BHJAe psapna JlopaHa ¢ TpeMms Ipo-
M3BOJIbHEIMH (PyHKUHAMU OT £, Xo(f), a2 (), as(f). Dror nmoaxon Gula
passur Beficcom, Ta6opom u Kapuupeitnem [96] u mozuduumpo-
BaH Kpyckasom. §I orchijaio untatens K ux pabore. B cymHocTH,
runoresa APC Gnsa MoaupHUHPOBAaHA TaK, UTO TENepb OHA O3HA-
HYaeT CyLIECTBOBAHUE JIOKAJILHOTO pasJjioxeHus (yskouun q(x, f)
B psaa Jlopana B OKpeCTHOCTH TexX IOBepXHOCTeH B (X, f)-MPOCTpaH-
CTBE, Ha KOTOPHIX OHA HMeeT MOJIOCHOE NOBeJeHHE.

To, uTo s XOTes 31€ech CAENaTh, — 3TO NPHUBJAEYb Ballle BHHMAHHE
K CBSI3M 3THX DPe3y/]bTaTOB C pPe3yJbTaTaMH INOCJENHEro pasjena,
IOCKOJIbKY 51 BEpI0 B CYyLIECTBOBAHHE HENOCPEACTBEHHOIO COOTBET-
CTBHA MeXay cBoiicrBOM XHPOTH H cBOHCTBOM IleHsieBe 3aJaHHOTO
ypaBHeHHs. B o6oux ciayuasx AJs TOro, uyToGbl COOTBETCTBYIOLLEE
CBOHCTBO HMEJIO MECTO, JOJIXKHO NPOHCXOAHTH HEUTO Maruyeckoe.
B nepBoM H3 HHX [0JKHA CYIECTBOBATb BO3MOXHOCTb, BO-NEPBHX,
3andcaTb 3aJlaHHOe ypaBHEHHE B NpeJCTaBJeHHH XHPOTHI H, BO-BTO-
pHIX, 0Ka3aTh, YTO NOJIyYeHHH MHOTOWJIeH NPHHAAJEKHUT KJjaccy,
AonyckawomeMy N-CONUTOHHbIE pelieHHs NpU NMPou3BoJbHOM N. D10
O3HayaeT, YTO ero Ko3b(HUHeHTH, YHacJeLOBAHHBIE H3 HCXOAHBIX
yPaBHEHHH, NOJKHB ObLITb CBSI3aHBl APYT C APYrOM ClelHaJbHBIMH
COOTHOLIEHHSIMH. DTO TaKXKe HMEHHO TO, UTO JOJIKHO HMeThb MECTO,
Korjaa npumensercs tect IlenneBe. KosadduuueHTh H0JXKHH GHITH
B TOYHOCTH TAKHMH, 4TOOH psanx (4.74) (uau (4.79)) G6ua psgoMm
Jlopana.

Ho Ha camom nene cBs3b Gosee rayGoka, 4yeM 310 npocroe
HabmojeHue. 3aMeTHM, 4TO

2

glr, h=—2-%+2

TXX
)

T

(4.81)

U MI03TOMY NOJIIOC BTOPOTO nopsiaka GyHKUuH ¢ (x, ¢) siBasiercs npo-
CTHM HyJieM Be3jecyiled tT-OyHKuuu t(x, f3, f5, ...). Hanee, Mu
3Haem, 4to (4.71) obnanaer GecKOHeuHOH cepHell palHOHAJBHBIX
pewennii (cM. pasa. 3h), coorBercTBylOmeH GeCKOHEYHOMY DALY
MHOTOCOJIMTOHHHX pelleHHH, W TpeGoBaHWe, NpeabsaBAsieMoe K P
ZJIsl CYL1eCTBOBAHHS TOTO M APYTOro, OAHO M TO XK€, a HMEHHO YCJIO-
Bue XupoTH (4.54). Paunonasbuble pelieHHsi onpeessioTcs BHpa-
’KEHHEeM T B BHAE KOHEYHOH MOJHHOMHANBHOH (DYHKUHH X =t 13,
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ts, ... sajauHoro Beca (x, x®- 12f; ...). YcjaoBus, npu KOTOpHX
MOXHO IOJIyUUTHh MOCJIEeL0BATEIbHOCTD KOHEUHBIX NOJHHOMHAJBHBIX
pelleHu#, SIBJASIOTCA B TOUHOCTH YCJIOBHSAAMH XHpOTH. Tenepp B3ris-
HEM Ha 3TO C TOUKH 3peHus cBoicrsa [lensese. Ecan v MoxeT GHITH
BbIpaXKeHa KaK KOHeYHBIH MHOrouseH x, f3, ..., TO SCHO, UTO OHa
JOMycKaeT INpeACTaBJeHHe B BHAe psifa Telsiopa B OKDPECTHOCTH
TOUYEK, Jexalmux Ha nosepxHoctd v=10. Ho ecau 1 umeer pasio-
)KeHnue B Buie psana Teisjopa BOJIH3HM NOBEPXHOCTH, rie oHA obpa-
mmaercs B HyJb, TO COOTBeTcTBylomas g(x, fs, ...) obGaapaer Jo-
KaJbHBIM pasjioxxkeHneM B psin JlopaHa BOJH3U CBOUX INOJIIOCOB.

[Ipeanosnoxenne, 4To T-QYHKUHS SBJASETCH AHAJHUTHYECKOH IO
Ka)/OMy M3 CBOMX apryMeHTOB, Bce elle MOMJEXKHUT J0Ka3aTelb-
crBy. Onno#t U3 TpyZAHOCTEH SIBJsETCS TO, UTO 3TO BEPHO JHIbL IJ5
onpeneneHHBIX KjaccoB peutenuil. Ilpexne Bcero Heo6XoxHMO
HaHTH yAOOHBIH cnoco0 MCKJAIOUEHHs1 BCeX TOUeK, Tle T H, cJIeLoBa-
TEJNbHO, ¢ UMEIOT ajre6panyeckue, JOorapupMuUUecKHe HJIH CYLIecT-
BeHHHe ocobenHocTu. Pasymeercs, sToT HabGop TOYeK (PUKCHPOBAH
H He 3aBHCHT OT HAYaJBbHBIX YCJOBHH.

Onnako a1 yGexnaeH, uto Tect IleHseBe coiep:xur OoJblie HH-
dopmalnuy, 4eM MPOCTO OTBET «Aa» HJH «HET» Ha BOmpoc 00 HHTe-
rpupyemoctH ypaBHenui#l. Xors paGora 10 CHX NMOP HOCHT MpeaBa-
PHUTEJbHBIH XapaKrep, CYIEeCTBYIOT BCe YKa3aHHS Ha TO, UTO TOYHO
TaK e, KaK B CiAyyae MHorowieHoB XHpoTH, cBolictBo Ilenuene
06yCJIOBJIEHO BHYTpPeHHel asre6panyeckKoi CTPYKTYpOH, Jexauied B
uX ocHoBe. JIpYyrHMH CJOBaMH, MOe NpPeANOJOXEHHE COCTOHT B TOM,
yTO HeKoTopas Bepcusi Tecra IleHseBe NMPHUBOAMT K TOH Ke caMoOH
anre6pandeckoit crpykrype (B ciyuae Kn®- u AKHC-unepapxuii ato
Gyner 6eckoHeuHOMepHas ajire6pa meress, cBsizaHHast ¢ sl(2)), Ko-
TOpast BO3HUKIA Obl IPU HCIOJL30OBAHHA MeTOAA YOJKBHCTA — DCTa-
6pyka, o6cyKAaeMoro B nepBoil yacTH T 5.

OnHaKo NMo-NpeXHeMY CYHIeCTByeT MHOTO J0CaXKJaolHX BONpPO-
coB. Kpyckan NOCTOSHHO MOABeprajg COMHEeHHIO HeO6X0AMMOCTD
ycrpaHenusi jJorapudmuueckofl m ApPYrux ocobenHocrefi. B camowm
Hesie, KTO cTajJ Obl OTpHUATh, uro ypaBHeHHe dy/dx = (y — o)X
X (y—B)(y —¥)... ABAsieTcs HHTErPUPYEMBIM (TaK JIH 3TOP) M TeM
He MeHee x KaK (QYHKUHS y HMeeT JorapudmMuuecKHe 0COGEHHOCTH.
Bosee TOro, 4HCJ0 KOHTPINPHMEPOB NPEANOJOKEHHIO, UYTO IIOJHO-
CTBIO HHTErpHpyeMmble AuddepeHUHaNbHHE YPABHEHUS] UMeEIOT CBOMH-
crBo [Tennese (Ha uTO YKashIBaJOCh B IlOcjeqHed cepuu crareit),
pacrer, ¥ camast nociaefHsist Bectb 3 Ilapmxka (rae paGoraer rpyn-
na Pamanu) coctouT B TOM, uTo TecT [leHueBe ymep! Xors 3TO
BHe BCSIKOI'O COMHEHMs, SIBJISIETCH TNpeyBeJHYeHHeM, TeM He MeHee
SCHO, YTO HeoOGXOAHMBI HekoTophie u3MeHeHHs. Kpyckan cpenan
npeanosoxeHue, 4To Tect ITeHJeBe — CIUMIKOM CHIbHOE YTBepXKie-
HHe, H OH CUMTaeT, 4TO HeoGxoxuM GoJiee TOHKHI TeCT, B KOTOPOM
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aHaJH3UPYeTCcsl IOBeleHHe YypaBHeHHst BOJH3H CHAHSHHS IOJIIOCOB
(T. e. «<HauXyAllee» CHHTyJAPHOE NOBeJeHHe ypaBHenusn). Ero uaes
HOBa, U 1 He OyAy NHTAThCA 3/€Ch ONHCHBATbL €€ A0 TeX Iop, MoKa
oHa He Oyner onmyGaukoBaHa. Maes umeer mo KpafiHed Mepe aBe
npuBJeKaTeabHue uepTH. [lepBas cOCTOMT B TOM, YTO OHA COLEPIKHUT
ucxoguelii tect IlenneBe B ciaydae, Korga oH npuMmeHHM. OfHako
foJiee BaXKHO TO, YTO OHA BeAeT B CepAle NPUDOLAB HHTETpHpye-
MOCTH (4TO TaKoe MOJHOCTBIO HMHTETpHpyeMas CHCTeMa?) H HeIo-
CPEINCTBEHHO CBSI3aHA C TOHKHMH CBOHCTBaMH, OTJIMYAIOHMIMMH 3pro-
AMYECKHE U HHTErpHpyeMble TOTOKH Ha KOMIAKTHHX MHOr000Opasusx.
(Hampumep, x' =a, y’ = npexacrasiaser co0oil HHTErpHpyeMBIH
norox Ha tope 0 << x, y << 1 (Ha KOTOPOM. CKJIEMBAIOTCS MPOTHBO-
MOJIOXKHBIE TPAHHIBI) TOJLKO B TOM CJyuae, €CJIH OTHOLUEHHE a H P
pauuonanpho. [Touemy? [IpuunuHa B TOM, YTO HA TOpE HHTErpaJ ABH-
xKeHuss C = Px — ay BeleT ce6A OUCHb HEPEryJsiPHO H B HEHCTBH-
TEJIbHOCTH HeH3MepuM, ecau o/f HppalHOHAJNBHO.)

4f. TMpeoGpasosanue Bakaynpa. LlenTpanpHas U IOCTOSAHHO MO-
BTOpAIOIIAsACSH TeMa MeToAa OGpaTHOW 3ajau¥ PACCesHusl COCTOHT
B TOM, 4TO paccMaTpuBaeMble HeJIHHEHHHIE yPaBHEHHsI BO3HHKAIOT
KaK yCJOBHS HHTErPHPYEMOCTH MepeoNnpeleseHHbX JHHEAHBIX CH-
creM. Mbl moKasaJH, KakuM o6pasom ypaBHeHHe Ki® u Bce wieHH
ero ceMeficTBa INPEJCTABJAAIOT YCIOBHS HHTErPHPYEMOCTH JIMHEHHBIX
ypaBHEHUH BHAA

vex + @@+ g%, 8, . 1)) v =0 (4.82)
u
Oty =(5 B +¢) v — BP0, (4.83)
3anuuieM napy ypasHeHuit Aasi ypaBHeHus Ka® (4t =t;3)
q: + 64qx + Grxx = 0 (4.84)
B BH/l€ CHCTEMBI
—1
Vx=( f 9 ) % (4.85)
H
— 4ig3 + 2iqf — 4r2q 4 2ig.L — g, — 2¢°
Vg=( g +2 95— qx éqfs qQ. Gex—2q ) (4.86)
— 42+ 2¢ 4if3 — 2iqt — q,
rae V=(v, = —uvx+ ifv, vy =10)7. Ilorepnure, NOKa 5 BHIMOJHIO
caefyiomue HeGosblue BHUACTeHHs. Onpeneanm
y=— (4.87)
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H HaiigeM
Ve =—2iLy -+ q -+ v, (4.88a)
ve = (— 8i® + 4iqt — 2q,) v +
+ (489 + 2iq.L — g, — 29°) — (29 — 4 v*.  (4.88b)

Yc/oBHEM HHTErPHPYEMOCTH 3THX ypaBHeHHH PHKKAaTH Takke sp-
asiercs (4.84). Nanee nmoJioxkum

= —Uy, ‘7 = ﬁxr
OTKyAa u(x, t) YAOBJAETBOPAECT YpABHEHHIO
—32+4u,, =0 (4.89)

(MBI IIOJIOXKHJIH KOHCTAHTY HHTETPHPOBAHHs PaBHOH HyJI0) HAH
(B 3aBMCHMOCTH OT TOrO, Kakoe { MH B3sJH B Hepapxuu Kad) co-
OTBETCTBYIOIEMY WICHY NAaHHOTO ceMelcTBa, NPOUHTETPUPOBAHHOMY
oauH pas no x. Onpenenaum & dpopmyJo

y—ig=

i—u

(4.90)

YrBepxnaercs, uro ecau u(x, ¢) ynosjersopsier (4.89) (unu aas
ApYruX { ApyruM ujienam cemeiicrea Ka®), ro (x, {) Takxe ynos-
Jgersopsier (4.89) (maM COOTBETCTBEHHO [APYrHM UJeHaM YyKa3aH-
Horo cemeiicra). Cefiuac MH JoKaxeM 310. OfHaKo cHavajia pac-

CMOTPUM JaJibHelIline caeAcTBHs 3THX yrBepxaenuil. IToacrasasis
(4.90) B (4. 88), HaigeM

“*+“_(“"‘) + 22 (4.91a)

o () (S e o

YpaBuennsa (4.91) NPEACTABIAIT OAHOMApaMeTPHUECKHi (c mapa-
MeTpoM §2) Habop COOTHOLIEHHH

RI (u, Uyy, ugs @, Gy, By, by %) =0, (4.92)

BKJIIOYAIOIHX i, 4 ¥ HX YacTHHe npou3BofHue. CooTHOMmEHUA 31ech
MeHbllle, 4eM nepeMeHHHX. Jlanee, HaM H3BeCTHO, 4To u(x, f) yaos-
aeropser (4.89). f npeanaraio yuraTeNio NPIMHME BRYUCJIECHHIMH
nokasatb, 4ro #(x, f) ToxXe ynoBierBopsier (4.89). Cymecrsyer
TaKXe Apyroe N0Kas3aTeJNbCTBO, KOTOpOe MO3BOJAsAeT ray6xke mnpo-
HHKHYTb B TECHHE CBSI3H Mexny ypaBHenusamn (4.91) u (4.85),
(4.86), (4.88). Hcnoassys (4.91a), MH MOXeM 10OKa3aTth, 4ro (4.91)
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MO2KHO TaKXe 3allHcaTb B BHAe COOTHOILICHHA

At —og, (551) 2 (FF) + @ -y, @t

Kotopoe ectb npocto (4.91b), rae nepectaBiieHBl MeCTaMu y H &.
[Tosromy ypaBHenust (4.91a,c) moxHo 3anucath kak (4.88a,b), rue
NpoH3BeJeHH 3aMeHbl y—>—vy, {—— H BMecto ¢ crouT 4. Ho me-
peMeHa 3HaKa y ¥ { He Hapyliaer yCJOBHH pa3peliMMOCTH, H IO-
stomy §(x, t) ynosaerBopsier (4.84) u a(x, {) ynoBmerBopsier
(4.89).

Mul HazoBeM Habop cooTHomwlenuH, moao6HHX (4.91), npeoGpaso-
BaHHeM Dakaynza. OHO NO3BOJISeT IOCTPOUTH CJQKHBIE pelleHHs
u3 Gosee mpocreix. Hanpumep, ecin MH BosbMeM u =0 H pemIuM
NnoJy4eHHYI0 Napy ypaBHeHHH mepBoro nopsaka (4.90) no x u ¢, MH
HaligeM i(x, t)= —2nthn(x—4n®f — x3), T =in. Has Goaee 06-
ero u(x, t) TpyAHee PeIIHTb ypaBHeHHe AJSA i, NO3TOMY CyIlecT-
BYIOT 3HAYHTEJbHO Jy4lIHe CIocoObl NMOCTPOEHHs pelleHHH# H3 CTa-
pHX, uem npsimoe pemenue (4.91). I BkpaTue nokaxy Bam, Kak
3TO JeJaercs.

Oznnako cefiyac s1 Xxouy BepHYTbCsi K IOHATHIO npeo6pa3oBaHus
Bskaynza. B Jautepatype 3TOT TEPMHH CYLIECTBYeT AJHUTENbHOE
BpeMs. OueHb TPYAHO HaHTH ero scHoe onpenesnenue. Onpenelnennue,
KoTOpoe st npHBeny, 6u10 nano Xanuo Pynmom [95] u ceitvac sis-
asiercst obmenpuuatHM. Ilycrte u(x, £) u @(x, {) ynoBnersopsioT
nuddepeHUHANLHHIM YPABHEHHSM B YACTHHIX IPOM3BOJHBIX

E(u)=0 (4.93a)

! D@)=0 (4.93b)
coorsetctBenHo. Torna HaGop cOOTHOWEHMH

R;((w), (@), €)=0, j=1,...,n, (4.94)

rie (u) u (&) oGosnauaroT HaGopH, HeOOs3aTEJLHO OJHHAKOBOM
AJIMHBI, COCTOSIIIHE U3 ¢, 4 W UX PA3JIHYHBIX YACTHHX NPOH3BOAHHIX,
Ha3mnBaercsl Npeob6pa3oBaHHeM DBaKAyHIA, e€C/IM 3TH COOTHOIIEHHS
rapaHTHpPYIOT caeaylomufi ¢axr: I ynosraerBopsier (4.93b) Bcs-
Ku#i pas, xoraa u ynosjiersopser (4.93a), u nao6opor. Ecau u u i
YIOBJIETBOPSIOT OLHOMY H TOMY K€ ypaBHEHHIO, TO Nepel 3THM Tep-
MHHOM CTaBHTCS NpHCTaBKa «aBTo». Habop coorHomenuii (4.91)
ABJIsIETCS aBTONPeo6pa3oBaHueM DAKAYHAA, CBA3HIBAIOIIUM pelleHHS
cooTBeTcTBYIOIMUX wieHoB ceMeiictBa Kn®. Ilepsas mosoBuHa 3THX
coorHomenuit (4.91a) cBaA3WBaer pemeHWs BCeX UNEHOB KaKAOTO
cemeficra. [IpeoGpasoBanne Muypsl

g(x, )=0%(x, {) —iv,(x, t) (4.95)
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CBA3HIBAET DelleHHs Kaxkaoro ujeHa cemeiicrBa Kad c¢ Kaxabim
qIeHoOM ceMelicTBa MOAHHIEPpoBaHHOTO KA®, MepBEIM HETPUBHA/b-
HBIM yPaBHEHHEM KOTOPOTO SIBJIfeTCs

v; -} 60?0, + v, = 0. (4.96)

U3 ypasHenns (1.12) ri. 1 (ypaBHeHHe, KOTOPOMY YIOBJIETBOPSIET
Kax/[Hi# u/eH COOTBETCTBYIOIIMX ceMeHcTB, cM. [96]) Mu 3Haewm,
uto ecau v(x, ¢) ynosaerBopser (4.96), 1o g(x, t), 3agaHHas coort-
HowenneM (4.95), yaosaersopser (4.84). C gmpyrofi cropoHsl,
q(x, t), xotopas ynosaerBopsier (4.84), moxer npusectd K v(x, f),
He 00s3aTeNbHO yaoBjaerBopsolell (4.96). [lelicTBurenbHo, pemle-
Hue (1.12) nmaér

x
v+ 602Ux + U, =4 exp (_' 2 S q dy) '

M MO3TOMY MBI He MoxKeM camo (4.95) HasBaTh npeo6GpasoBaHueM
Baknynna, eciu He AONMOJHHM HabOp COOTHOLIEHHI (B JAaHHOM CJay-
uyae Jo0aBJeHHEM OJHOrO COOTHOIIEHHSI) APYTHM COOTHOILEHHEM
(rakuM, Kak camo ypaBHeHue (4.96)), rapanrupylomum, uto v(x, t)
Oyaer yAOBJETBOPATh MOAMMDHIMPOBAHHOMY ypaBHeHnuwo Kad.
JLo3KHO GHITH CHO, UTO €CJAH MBI }KeJlaeM COXPAHHTb LEHTPaJb-
HOe NOHATHE O TOM, UTO ¢ siBAsieTcsl PyHKIHeH GeCKOHEUHOro yucJa
He3aBHCHMBIX IepeMeHHHX, To npeobpasopanne BskinyHna, kotopoe
B32HMOYBSI3HIBAET PELIEHHS LEeNOro ceMelcrsa, 06s3aTeNbHO JOJK-
HO GHITb GECKOHEUHHM PSJIOM COOTHOLIEHHH, BK/IIOYAIOUIUX BCE MPO-
M3BOJHHIe 1O BpeMeHH. MoXHO (OpMaJsIbHO BHIBECTH HX TOUHO TeM
Ke crnoco6oM, Kak Mbl noayuuiau (4.91b). Bosee GulcTpuiii u sJe-
TaHTHHH NyTh OpeACTaBJeH B pa3id. 5g, rae MH ONpeAessieM mpe-
obpasoBanne Baknynaa B TepMHHax HRefcTBHH Hal t-pyHKuHe.

BcrmoMHuM, uTo
Ux

v

H TaK Kak obe ¢pyHkuun u(x, t) u i(x, t) yrosaersopsior (4.89), o
MBI MOXEM 3aNHcaTh

u(x, )=—2-21Inv, &(x, )= — 22 In%. (4.98)

ITosromy ypaBuenue (4.90), XoTopoe onpenensier i, 3T0 IPOCTO
=1Tv. (4.99)

a

Heo6x0quM0 HMeTh BO3MOXKHOCTb 06paTUTh (GOPMYJaY; a HMEHHO,

mycTh
T=10(x, ), (4.100)
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rae 0 — pemende ypaBHeHHsa (4.82), B KOTOpOM ¢ 3aMeHEHO Ha {.
Ho n3 (4.91a) Mm MoxeMm 3anucathb
2

f=—q—2—%—2, (4.101)

u nostomy 1/v ynoBieTBOpsier
1 P a1l
(), +@+5=0.

BaxHo moguepkHyTb, 4to § B (4.97)—(4.101) sBAstercst KOHKpeT-
HBIM 3HaueHHeM NapaMerpa, XapaKTepU3YIOIIUM COJHTOH, Ha KOTO-
pHiii pemeHne § Ooraue, yem peleHue g. [ToatoMy Mbl ero o6o3Ha-
uum §;. B KauecTBe nmpuMepa s OCTABJIO YUTATENIO TOKA3aTh, YTO
ecad v(x, §)=uv;i(x) ynosnerBopsier (4.82) ¢ {=§ u ¢g=yq,
v(x, t) ynosaerBopsier (4.82), 10

(4.102)

¥ (x, §) = v, (x,

yaosaerBopsier (4.82) ¢ yuerom 3aMeHH ¢ Ha § (3aZaHHHM ¢op-
myaamu (4.90) u (4.92) unmu (4.101)). dror pesyabrat HpHHALIE-
xur Panneery [96]. CkoMOUHHpPYEM 3TH pe3yJbTaTHl C pe3yJbTa-
tamu pasj. 3d u onpexenum, 4To nenaer npeo6pa3oBanue bBakaynaa
¢ JLaHHBIMH paccesiHus. §I 6yay npuiaepxubartbcsi paborsl Paaiku
u Maxksoxsauna [96].

ITycre norenuuan q(x) obnagaer NaHHBIMU paccesiHUs

Slgl={R ), t(ImE=0); (& =in; v))_o}-

Iasi toro yrobm ¥(x, ) He uMena NOJIOCOB B HyJe U1(x), MBI
JOMKHEL norpeGoBaTh, YTOOH §3 Jexaja cjieBa OT CIEKTpa, CBs-
3aHHOTO ¢ ¢(x), B 3TOM caydae v;(x) He HMeeT HyJs Ha (-—oo, 00).
Bosbmem (mosarasi A = 0)

v (x) =A% (x, L) + Bo(x, &y).

[ToBTOpsieM, YTO HOCKOJBKY §; He NMPHHAJJIEXKUT CIEKTPY, CBs3aH-
HOMY ¢ ¢, @{x, &) u P (x, §1) AuneliHo He3aBuCUMH. Jlanee BriGepem
v(x, §) TakuMm obGpasom, uro J(x, {)=P(x, ), T. e. T(x, §) ~ el*
IpH X — oo JJIs1 BEHIECTBEHHHIX {. B KauecTse mpocToro ynpakHeHHs
npepjararm nokasatb, 4T0 v (¥, {) = (it —m) " (x, ¢), ecau B 5~ 0,
u paeHa (it m)~p(x, §), eciu B=0. Ecau B==0, to npu

X—>—00

P (x, ) >E Il a (@) efr + (— P e,
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yTo npd cpaBHeHHH c¢ (3.62) osuavaer, uro (HanoMHHM: R({)=

=00/a0)
GQ=27La@, F(—D=—b(—0 RO=TTA RO,

(4.103)
U CBA3aHHHM COCTOSIHMSIM OTBeuaer {;=in; npu j=1, ..., N, rze
¥i = +n7)/(m—n;)y; (opocro B3ar Buuer R({) B Toqxe t=
—m/), j=2,..., N u y, 3aBucur or A u B. AHaJoruudo, ecjH
$(x, D>a@e s+ gf L b(— et
YyTO 03HAuAeT
G (F) — B (7) = - __ M
ig)=alt), R(Z.)— +m LR@©), =7 v, (4.104)

[Tpu. 3TOM HOBHIX CBSI3aHHBIX COCTOSIHHA He 100aBUJIOCDH.

3ameTuM, 4TO NOCKONbKY (4.103) no6Gasiasier B CHEKTD CBA3aH-
HOe cOCTOsiHHe §) == in;, OHO TakKxXKe U3MeHseT KO3(pPHUHEHT oTpa-
KeHHs Ha (a30BHH MHOXHTeJ b, Ilag Toro yro6H § HMEJO Te XKe
INaHHBEE pacCesHus, YTO H ¢, HCKIIOYas f06aBjeHHe OJHOrO CBf3aH-
HOTO COCTOSIHHS, HYXKHO CHayaJjla NPHMEHHTb npeobpasopanue Bak-
ayuga (4.104) (rme B==0) u sartem npeo6pasoBanue DBakaynna
(4.103). Pesyabrupyioniee npeobpasoBaHne jaer § ¢ JaHHHIMH pac-

CestHHS _ ‘
S[a1={R©), L(AmT=0); ¢;=1in;, ).},

e y; 3aBHcur .oT BHGopa A u B B (4.103). 3ameruM, oaHako, 4ToO,
€cJIH HAauaTh ¢ OesorpakaresbHoro norenuuana R({), He morpe-
6yercs. HHKakoro (asoBoro caBura, o6yc/JOBIEHHOro npeo6pasona-
HueM DBa3kayHna, n106aBIISIOUIAM COJHTOH.

Janee B3rusiHeM Ha TO, KakK npeoOpas3oBaHue DBakayHna Bo3-
aeficreyer Ha v-OyHkuuio. ITOCKOIBKY MBI LIHPOKO NOJb30BaJIHCh
cootHomenusamMu (4.15) u- (4.18), 1. e. popmMasbHHIM pe3yJbTATOM,
KOTOPHI peasbHO NPUMEHHM TOJIBKO JJISI COJIMTOHHBIX H PALHOHAJb-
HHX pelleHHd (B 3TOM cJydYae acCUMITOTHYECKOE Pa3JIOKEHHE B
TouKe { = oo sBJsieTcsl pasjoxeHHeM JlopaHa), MH OrpPaHHYHMCSA
6e3oTpakaTeNbHHMH INOTeHUHaJaMH. § OCTAaBAAI YHTaTeNdio Io-
NHITKY paclHpHTs 06Jaacth npHMeHuMocTH opmya. Ias roro uro-
6ul 3anucath (4.99) B BuIe

T=ro(x, )=1(Ap(x, )+ Bb(x, — 1)), (4.105)

cHayana socnoJdyeMcs (4.18), rae v(x, §) sanucaHa B BuJe JH-
HeflHOl KOMOHWHALKH JABYX JIHHEHHO HE3aBUCHMHX peLIeHui
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$(x, §), p(x, —L), cBA3b KOTOPHIX ((opMasbHAs HAH aCHMIOTOTHYE-
ckasl) ¢ t-QpyHKuui gaHa gopmydoit (4.18), a umenso:

v =285y, —p=EEDT (4106)

rxe u3 (4.18) caenyer
a
X (g) exp ( Z §2k+lt2k+l €xp (Z i(2k+1) §2k+l )

Obopy1

Tak kax MH pemnsn B GoJblleH wyacTH 3TOH raaBH paboraTh C
224511, @ He C t2e41 (BCTIOMHHTE, UTO 5TO HCKJIOYHIO MHOXHTENb
1/22¢ nepes nmpaBofi YacTbio NMOTOKA fort; (3. 14)), 3anumem

X(C)——exp( Z§(2C)kf2k+1 eXP(Z z§(2k+1)(2§)2k . )

0top

Hcnonsayst (4.106), dpopmyay (4.105) MOXKHO NpENCTABHTH B BHAE
Tyos. = (AX (g) + BX (— C)) Terap.. (4107)

PaccMoTpHM HECKOJIBKO MPHMEPOB, YTOGH! [I0Ka3aTh, KaK BCE 3TO
pabotaer Ha npaktHke. CHauasa BO3bMeM 1o == 1. CjefoBaTe/bHO,

7= A%+ Be?, (4.108)
rae :

o0

0= ; i (L)% og gy, E = x. (4.109)

BuiGepeM A=oae~%%, B=qe't% TlycTsb {=in u — ifx,=0;
HasoBeM

Ty == 2a ch (B —_ Bo)
OJIHOCOJIMTOHHBIM pemienueM. [lanee,

Te= (A2X (&2) + BoX(— €2)) (A X (&) + B X (—t)).

B KauecTBe HECJOKHOro ynpa;xﬂemm NOKaXUTe, “4YTo

x@x@) = || e (.110)

Takum o6Gpa3oM, HCHONB3Ys OUeBHAHOE 0603HAUEHHE -

A a8 =B 2 g0 it 8 |12 g,
o= A4, Li+-Le &0+ AqB, §—§2| ¢ +

+ A B2l CI +§2 e‘_e-l _|_ BlBg gl _'*':gz |1/Qe—el‘92

KOTOpOe Mocje BBIGOpA eIHHHYHHEX Koatpq)mmemos NpH TepBhIX
TPeX cJaraeMbix H JejeHHs: Ha %1% nmpunumaer Bup (§; = in;,
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j=1, 2) NBYXCOJHTOHHOTO peUIEHHS

— p0i+6: —26, —20, .m_—ﬂ’_ 2 —291—202)
T )
HanoMHHM, 4TO 5KCIOHEHLHAJbHHH MHOMXHTENb, CTOSLIHA CIepeaH,
B KOTOPOM NOKa3aTeslb SKCIOHEHTHl JIHHEeH IO fyryy, R =0, 1, ...,
He Jaer BKJaja B moJe g(x, I3, Is, ...). DToT nmpomecc Moxer OHTb
MOBTOPEH.

[Ipexne yem 3aBepUIHTH 3TOT pasjen O npeoGpa3oBaHuAX Bak-
JyHJa, s XOYy PaccMOTPeTb ellle OAHO BLIYHC/IEHHE, NPHBOISIIEE
K (opmyne pas mnpeoOpasoBanuit DB3kiayHAa UJEHOB Hepapxuu

AKHC npu r =-—¢. Hanomaum (cM. (3.36b)), uto coorsercrByio-
el 3TOMY cJay4alo 3ajauyed Ha cOOCTBEHHBHIE 3HAUEHHS SIBJASETCH
v ity == qu,,
1x+.€ 1==4qUy (4.111)
Vo — LU= — qu;.
CaenoBareisbHo, y, ONpefeneHHas KaK Us/U;, YAOBJAETBOPSIET
Vo =2iLy — ¢ (1 4+ v%). (4.112)
Ecnu Mbl npuMeM
y=tg 2t 2, (4.113)
rae g =—(1/2)ux, § =—(1/2)ii,, T0o (4.112) npunumaer Bug
A, — = 4ig sin 2L 2 (4.119)

CoOTBeTCTBYIOLIHE COOTHOMEHHS MEKAY fry,, , H Uty MOTYT GHTH

Ha¥JeHH TPOCTHM Npeo6pa3oBaHHeM COOTBETCTBYIOUIMX ypaBHEHHI,
ONMCHIBAIOIHX 3aBHCHMOCTb U;, Uz OT BpeMeHH, K BHAY Pukkarh.
Jlerko mokasate, 4T0 €ClH ¢(X, fort1) = —(1/2)ux(x, tyzs1) (% Mo-
XKeT TaKxKe OHTh OTPHLATENbHHM, B = —] NPUBOAHT K yPaBHEHHIO
sin-Topaon, cM. [97]) ynhoBiaerBopsier NOTOKY fopp; B HEpapPXHH
AKHC, rae r = —¢ (3aMeruM, 410 B 3TOM MHOrOOOpasHH pelleHu#
AONYCKAaIOTCA TOJbKO HeYeTHHE MOTOKH), TO 3TOMY IOTOKY YAOB-
Jaerpopsier Takke §(x, fory1)=—(1/2)d.(x, ter+1). IloaToMy
(4.114) u cooTBeTCTBYIOLLIHE COOTHOINEHHS SIBASAIOTCA Npeo6GpasoBa-
HueM DBskiaynjia.

51 NpuBOXKY 5TH BLIYMC/IEHHsS BBHAY OYEBHAHHIX CBs3edl MeTona
HX BHBoJa c mnpeobpasoBanueM DBskayHaa ans uepapxuu Kad.
OnHako B 1. 5 Mbl ONATh BO3bMEMCS 32 3TH K€ BONPOCH C APYro
H Gojnee oblieil TOYKH 3peHHS, IPEHMYIIECTBO KOTOPOH COCTOMT B
TOM, YTO MOJHHIA Habop COOTHOLIEHHH, COOTBercTBylomux (4.114),
H QOpMYJI, CTABSAIEX B COOTBETCTBHE Uy, | H ft,,, , 3a/aercs Of-

HHM BHIpaxkeHHeM. Bojee Toro, Bet6op npeo6pa3osanus (4.113) mpe-
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Bpallaercsi B OYEBHAHOE CJEICTBHe. 3aTpyLHeHHe, CBA3aHHOE C
(4.113), cocrouT B TOM, UTO B TO BPeMs Kak JAJs pelleHusi ypaBHe-
HHsI PHKKaTH ecTecTBeHHO NOACTABUTb tg (CJAeACTBHE OTHOIIEHHSA
Yr12y: 1 + ¥?), 3apaHee HesiCHO, mOYeMy BBeJeHHAasi TaKHM CIIOCO-
6om & Oyner yAOBJNETBOPATb TOMYy e ypaBHEHHIO, UTO H 4. ITO
CTAHOBHTCSl TOHATHLIM JIMIIb HOTOM, IPH AaHAJH3e CHMMETPHH
(4.114) ¥ cOOTBETCTBYIOIUIHX BPEMEHHBHIX COOTHOIIEHHH.

4g. Mossaenne aare6pnl Kanwa — Mynu. B stoil rsiase Mbl BH-
auM, uto t-QyHxrumd, t(t, s, f5 ..., fogq1, ... ), CONEPIKUT BCIO He-
06x0auMyI0 HHpOpMALHIO O NPOCTPaHCTBE pelleHHH AJa cemeficTBa
Kn®. Ona mensiercs ofHuM M3 JABYX crnoco6oB. B mepeom ciyuae
OHA MOXeT H3MeHATbCA H3-3a MOTOKOB, KOT/Aa HEe3aBUCHMEIE Iepe-

MeHHBlE {fop,1}; 9BOJIOLHOHHDPYIOT, 3 (pyHKUHOHAJbHAs (GopMa T
ocraercsi npexnedl. Hanpumep, aByXcoquToHHOoe pemtenue (4.47)

=1 + 391 + eez + eel+ez+A|2

b= D = ()

3BOJIIOLLUOHHPYET NOJ JeficTBHEM NOTOKOB, HO IO-TIpeXHEeMy OCTaer-
csl ABYXCOJIMTOHHBIM peileHHeM. Bo BTOpoM ciydae, Kak MBI TOJBKO
YTO BBICHHJH B NIpeJblAylLIeM pasjelne, t-PyHKUHS MOXKET H3MEHHTHb
CcBOH (YHKHHOHAJbHHIH BHJ Ioj AelicrBueM IpeobpasoBanHus bak-
JIYHJa, B TO BPeM$ KakK MOCJA€e0BaTEeNbHOCTh HE3ABUCHMHBIX NepeMeH-

HBIX {fypp1}o COXpaHsiercsi HenaMeHHOH. Kaxknoe u3MeHeHHe siB-
JsieTcsi JeHCTBHEM TpYMNINB, B B KaXIOM cjayuyae HOBas ¢ TaKxe
yIOBJIETBOPSIET BCeM ypaBHeHusM ceMeiicrBa Ka®, 1. e. unu 6ecko-
HEYHOH II0CIe0BATENBHOCTH KBAaAPATHYHHIX YypaBHeHUH XHPOTHI,
HWJIH NOCJeA0BATEJbHOCTH

— 2 kg, Lhg=2-—2 _Inw (4.115)

qf - ox 9, q= oty at3k+1 " *

ITosTomy npocrpaHcTBo pemeHuii cemeiictBa Kad orobpaxaercs
COBMECTHBIM J€ACTBHEM IOTOKOB W mpeo6GpasoBanuit Baknaynna. HH-
dbuHHTE3UMAJIbHBIE CHMMETPUU (HOPMHUPYIOT GECKOHEYHOMEPHYIO rpa-
AyupoBaHHyI0 aare6py Jlu (aarebpy Kaima — Myau), usomopoHyio
LeHTPaJbHOMY pacuupenuio aareGpu nerensb sl(2, C); nocnenusis
o6o3Hauaercsa Kak sl(2, C). dror noxxoa passur B pabore Meiita,
HO3um60 v Musm [39]. JlaHnas Touka 3peHHs NPOTHBONOJIOKHA
MOAXOAY, Pa3BUTOMY B TVI. 5, B Kotopom uactb sl(2, C) wucmoansy-
ercs Kak (asosoe mpocrpaHcTBo. Ilepexon or nocieaHell KapTHHEL,
B KOTOpOI pelleHHs TpeACTaBAAOTCH KPHUBBIMH B ajare6Gpe Jlu,
K Npeabiaylleii, B KOTOPOH pelleHHs SBJASIOTCS TOUKAMU B MPOCTPaH-

7 A. Hbo%aa
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cTBe MNpejicTaBieHuid, T. e. tv(f, f3, ...), Bce eumle He paspaboraH
JIOTHUECKH B PAMKAX TEOPHH Ipynn JIu, OfHAKO A NONLITAI0Ch 06b-
€IHHUTb 3TH JBE TOUYKH 3PEHHUSI MOCPEACTBOM HEKOTOPHIX HABOASAIIHMX
Ha pasMHlNeHus popmya B pasn. 5j.

Ceituac MBI BepHeMCS K 3ajJaue HaxXOXKAEHHS M IPeJCTaBJICHHS
MHOUHHTE3UMaJbHEIX CHMMETPHH, COOTBETCTBYIOMIHNX IOTOKAM H Mpe-
o6pasoBanuaM bakaynna. CHauasna 3amMeTuMm, 4TO AedcTBHE NOTOKOB
Ha t(#;, f3, ...) €CTb NPOCTO AeHCTBHE TPAHC/ISLUHU APIYMEHTOB H
MOKeT OHITh IpefcTaBaeHo GOpMyJoH

o]
d
exp(Za2k+1—at—2k+—l)'c(t1, coey t2k+l ...)=
0

=T +a, ..., lopyy+ Gopyr) (4.116)

IpH NPOH3BOJILHEIX 3HAYEHHAX 4y, ..., Qget;. MIHOUHHTESHMANH
JAeHCTBUH 9TOH TPYNNBl INpPEICTABJISIOTCA MOCAELOBATEIbHOCTHIO

{0/0t341}0 - 3aMeTHM TaKXKe, UTO MOCKOJBKY BCE HHTEpECYIONIHE
HaC BEJHYHHH
93

ABJSIOTCSA BTOPHIMH JIOTAPH(PMHUECKHMH NMPOH3BOLHLIMH OT T-(QyHK-
UHH, TO MOXKHO YMHOXHTb T HAa 5KCIIOHEHTY, apryMeHT KOTOPOH JiH-
oo

HeeH 10 {fop,(}g, T. €. Ha exp > bop 41for+1 TPH IIPOH3BOJBHBEIX
’ 0

by, ..., bory1. MHdUHHTE3sUMANH 3TOro KJIacca CHMMETDPHH mIpel-
CTaBJIEHH TIOCPEACTBOM {fosy1}o - Jlaist Habopa 371eMeHTOB {0/0fyss }o
H {fy1}o remepupyior aare6py I'eiisen6epra

a
e ’ by ] =tu, (4.118)
) 3 v . .
[omr 3] =0 [tane fopsi] =0,

Eme pa3 HamoMHIO uuTaTeqlo, 4yTo 3Ta anareGpa sBJsgeTCs chef-
CTBHEM CHMMETPHH, BO3HHKAIOUIHX H3 IIOTOKOB H TOro (akra, 4To
CYIIECTBYeT KJIacC SKBHBAJEHTHOCTH tT-QyHKIHH, npuueM Bce (QyHK-
MM OJHOTO KJacca COOTBETCTBYIOT OJHOMY M TOMY XK€ PEIleHHIO ¢
cemeiictBa Kn®. Cefiuac nosesno nepefiTu Ha s3BIK Meroga ofpar-
HOH 3ajauu paccessHus. MBI 3HaeM, YTO THUI DEIIEHHS XapaKTepH-
3yeTcs «HAaYaJbHHMHU» NAHHEIMH pacCesHHs

SO={RE 0), Img=0; (¢;=1in, b;(0)=e""1)}.  (4.119)

[Toroxu MHHEHHO BO BpeMEHH H3MEHSIIOT AAHHBIE PACCESHHS, MeHss
TOJBbKO a3y KosbdHUHEHTA OTpaxKEeHHs H KOOPJHHATH MECTOHA-
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XOXJeHHsl X; coJuToHOB. M3Menenne 3agaercs dopmyJoi

S(t) ={R (€, 0)exp (2i Zo: §2"+‘f2k+1), Img=0;

(C, =in;, b;(t)= b, (0)exp (21' i:: §§k+1t2k+l))N}.

1

(4.120)

(Orcrynaenue. Mbl yxke yKasaJu Ha TO, YTO MeTOX oGparHoOi 3a-

Jayd mpeacrasgaser cofoit KaHOHHYecKoe npeo6pas3oBaHue, KOTOpPOe

CTapbiM KOOpPAMHATaM ¢(x) cONOCTaBJIsieT HOBHIE NEpPeMEeHHBIE THIA
Hericreue — yroa (cm. [13], [70], [75]):
2

p={p=—2m pO=—Zn(1—IRP},

1
q={g;=Inb;, ¢ §)=Argb (§)};
cooTBeTcTBYIOIKE CKOOKH Ilyaccona rakxke o6pasyor anare6py Ieii-

senbepra
{p]’, qk} =6]k7 {p (g)’ q (g,)} =6(§ - gl);

BCe OCTaJ/IbHBle CKOGKH paBHH HyJI0. 1 A0 cHX HOp He 3HAIO cHocoba
HAeHTHOHUKALHK NPH NOMOIUM TeopuH JIM 3TUX ABYX reiiseHOepros-
CcKUX auarebp, a Takxke He 3HAlO, ABJsETCS JH HAa cCaMOM JeJle OLHA
U3 HUX NPOsIBJIEHHEM JpYroil.)

IToroku coxpansior tTun pewenus. C Apyro#éf cTopoHkl, npeoGpa-
30BaHus Dak/aIyHIa M3MEHSIOT THI pelleHHs B TOM CMbICJE, YTO OHH
N00aBJISIOT HOBble KOMIOHEHTH K AaHHHIM paccesnusi. Hanmpumep,
HayHHAasA ¢ BAKyyMHOT'O COCTOSIHUS

S={R(, 0)=0, ImE=0; N=0},
MOXKHO TOCTPOHTb OAHOCOJHTOHHOE COCTOSIHHE

S={RE 0)=0, Img=0; ¢, =in,

(4.121)

b =exp (271’50 + Z (—1)k+1 7]2k+lf2k+1)} )
)

npuMeHnsisi npeo6pasosanue Bakaynaa
Thos == (AX (g) 'l" BX (_ g)) Teraps (4 122)

rae terap = 1 u X ({)— oneparop, 3agaBaemuiii (4.18). B npununune
MOKHO IOCTPOHTb BCE pelleHHs U3 BAaKYYMHOTO COCTOSIHHS HpeoG-
pasosanuAMH DBakinyHza, HO B HelCTBHTENBHOCTH aHAJIH3MPOBATh
MOXKHO TOJIbKO MHOTOCOJIHTOHHEIE pelieHus. ['pynna us Kuoro mpen-
[I0YUTAaeT CYHTATb MHOTOCOJUTOHHBIE DELIeHHS IJIOTHBIM MHOXKECT-
BOM B IIPOCTPAHCTBE BCEX DELIEHHi, HO OHH He NOSICHSIOT, B KAKOM

7*
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CMBICJIE CJeAyeT NOHMMAaTbh 3T0. O[HAKO B LENSX NPOJAOJKEHHS
Hawero oOCyXKJIEHHsl IIPUMeM 3Ty TOYKy 3peHus. JJasg MHorocos-
TOHHHIX DelleHNHA MOXHO nepenucatb (4.122) B BHAe

Tuos = (I + ﬁY (g)) Tcraps (4123)

rae p= B/A=e"™% onuceBaer HauaJbHOE NOJOKEHHE COJHTOHA,
KOTOpHIH MHI cobupaeMcs no6GaBHTb, a

R ~ 2 )
Y () =exp (—— 20 ) Rt ) ex ( - )
Zo: e b Z i(2k4+1) T oty

0
(4.124)

Coornomtenue (4.123) cnpapeayiiBo, TaK KaK BCerja MOXKHO BblAe-
JHUTb M3 T SKCIHOHEHIHAJbHBIH MHOXKHTENb, APIYMEHT KOTOPOTO JIH-
HeeH 1o BpeMeHH. HuTaTesio ciefyer A0KasaTb, 4TO

YOYE) 1= (f55) exp (— 2 ) (@ ) tml). (4.125)
) 0

3ameruM, B yactHOCTH, 4to Y2(§)1 =0, H NO3TOMy MOXKHO 3amH-
catb (4.123) B BuAe

Thos == €XP (BY (g)) Terap- 4. 126)

HHpuuuTesnManbHoe AeHcTBHEe (IIPH Xo—> 00 B CTAHOBHTCS MEHbIIE
4 MeHbllle) 3alaHO 6epuiunnoim oneparopom Y (§). PopmaJsbHO
Y () moxer OuITh mpejcTaBJeH Kak GeckOoHeuHHd psix JlopaHa

Y@= X Yyt

ITockonbky oneparoput Y (§), Y(Z’) He xomMyTHpyloT, Koraa
t+ % =0 (u3-3a TOoro, uro Muoxureab (% -+ &’)2 BXOXUT B 3HaMe-
Hareab (4.125)), x03bdHUIHERTH Y3k41 YAOBIETBOPAIOT HETPUBHAJIb-
HOMY Hab0opy KOMMYTallMOHHEIX COOTHomeHu# [39].

BaXHHM 06CTOATENBCTBOM sIBJSeTCA ciaeayiouiee. JlemoBcku H
Yunacon [102] nokasanu, YTO 3TH COOTHOMIEHHS COBMECTHO ¢ aurel-
poii T'efizenGepra (4.118) n3oMopQHel GecKOHEUHOMEPHOH IPaayHpo-
BaHHO# aarebpe Jlu (anrebpe Kaua — Mynu)sl (2, C)P Z, o6osua-
vaemoit AV, 1. e LEHTPANIbHOMY paCIIMPEHHIO JareGpsl merenb
ana sl(2, C). Kaxnaei unen B sl(2, C) siBiasiercss NPOU3BELEHHEM
rpajyHpyIOLIero napaMerpa A, YMHOXEHHOrO Ha 3JeMeHT H3
sl(2, C), koTopHiit MOKeT GHITh 3aMKCAH B MAaTPHYHOM MpEACTaBJE-
Huu Kak Al 4 eE 4 fF ¢ 6a3uCHEIMH BEKTOpaMH

i ). 20 0). - 0)



T-pyHkuus, meron XHpoTH, cBofictBo IleHjere 197

ITosToMy MHB HMeeM OAHMH OTBeT Ha Bompoc: «Kakoe oTHoumeHue
umeer sl(2, C) k Kn®?» Pemenns cOJUTOHHBIX ypaBHEHHH ceMeii-
crBa Ka® obpasyior opbury (Habop Bcex t(#, f3, ...)) BekTopa C
HanOOJAbLUIMM BECOM (COOTBETCTBYIOULEro T==1) B Ga3HcHOM mpel-

craBaenuu sl(2, C)® Z. Aare6pa neficTByer Ha pemieHHs Kak aJ-
re6pa cumMerpuil. AlbTepHAaTHBHAs TOYKA 3PEHHS,, B KOTOPOH a.-
re6pa HcmoJb3yercsi KaK (pasoBoe NPOCTPAHCTBO, M CBSA3H MEXKAY
3THMH JIBYMs TOUKaMH 3DeHHs NPHBEIEHH B IJI. 5.

Hcrtopuueckoe 3ameuanue. [Ipu ananusze ypaBHeHHH ABHKEHHS
BoJIUKa obuiero Buna KosaseBckasi o0Hapyxu/aa, 4To B ABYX 4acT-
HBIX cJydasix (Bonukd Dinepa u Jlarpanxa), mjas KOTOpHIX GhlIa
HU3BECTHA HHTETPHPYEMOCTb, pPelIeHHS COJAEpKaJHu 3JJIHINTHUYECKHE
O-bOyHKIHY U He HMeJH CHHTYJspPHOCTEH, KpoMe IOJIIOCOB, AJsA KO-
HeYHHIX KOMNJIEKCHBIX 3HaueHH#i BpeMeHd. OHa 3aHHTepecoBaJach,
MOXKET JIH 3TO CBOHCTBO (KOTOpPOe MBI cefuac Ha3hBaeM CBOHCTBOM
IlensneBe) uMeTb MeCTO AJSA BOJYKa 00Llero Buia. Brisgcuumaoch, uto
OTBET OTpUILATENeH, HO BO BPeMsi CBOHX McciefoBannil KoBaJsenckas
OTKpBLJIA HOBBIE THIBI COOTHOLIEHHH NapameTpoB (MeXAYy MOMEH-
TaMH HHEPIHH H T. A.), AJs KOTOPHX JAAaHHOE CBOHCTBO HMeEET MEeCTo
H ypaBHeHHst BosukKa uHTerpupyeMH. Ilosatomy KoBaseBckas 6ninia
IepBOi, KTO HcnoJb3oBas cBoicrBo IlenneBe. Uuraremo ciaenyer
osnakomutbest ¢ paboramu C. KoBaseBckoii, Acta. Math., 12 (1889),
pp. 177ff; 14 (1890), pp. 81ff. Cmorpure Takxe crarbio X. Mocuan
B pabote, uuTHpoBaHHo# B [39].



IJIABA CBA3YIOLWME 3BEHbA MEXAY YYAECAMMU
5 COJIMTOHHOHU MATEMATUKH

5a. OG6sop. B sToil riiaBe MBI H3y4aeM MaTeMaTHYECKYI0 CTPYK-
TYDY COJIMTOHHHIX ypaBHEHHH M NHTaeMCsl Pa3BUTh NMOAXOA, H3 KO-
TOPOro GOJBUIMHCTBO (€CJH He BCE) UYyAEeC COTUTOHHOH MaTeMaTHKH
BO3HHKAIOT KaK eCTeCTBEHHHIe ciaeAcTBHs. Kak MHHEUMyM MBI XOTHM
YBULETb HEKOTOPYIO OOINYIO HUTb, CBS3HIBAIOILYIO HX BOEAMHO. DTH
yyjzeca BKJIQYalOT B cebs:

1. BeckoHeuHOe YHC/IO JIOKAJBbHBIX 3aKOHOB COXDAHEHHS U CHM-
METPHH; MPHHALJIEKHOCTb OeCKOHEUHOMY CeMeHCTBY KOMMYTHPYIO-
UIMX IOTOKOB; FaMHJIbTOHOBY CTPYKTYpPY (HHOI'ZA CTPYKTYpHI).

2. DKBUBAJIEHTHYIO GOPMYJIHPOBKY HeTUHeHHBIX YpaBHEHHH B Ou-
JuHeHHO# (Gopme (ypaBHeHHs XHPOTH); v-OYHKIHIO, KOTOpas, pac-
cmMatpuBaeMasi Kak (QyHKHHS OGeCKOHEYHOTO 4YHCJAA He3aBHCHMEIX
nepeMeHHbIX, coAepXUT 6oratyio HHPOPMALHIO O MHOrOOGpasuu pe-
weHul; coficreo Ilennese.

3. CBaA3b ¢ JquHeHHOH 3ajayell Ha coGCcTBEHHBIE 3HauUeHHs; oGpar-
HyIO 3ajauyy paccesdHHs; H30CMEKTPaJbHYI0, H30PHMAHOBY NOBEpX-
HOCTb M M30MOHOJPOMHEIE Aedopmanuu; 3azayy Pumana — [uib-
6epra.

4. IlpeoGpasoBanus BakayHaa u lllnesnHrepa; BepIIHHHEIE Olle-
paTophl.

5. Uaeu Yonxksucra — Dcrabpyka W Haauuue GorarToit anreGpau-
yeckoil cTpykTypH; «uto obmero y sl(2, C) ¢ HYII u Kn®?»; no-
HSITHE DeIYKUHUH M CBSI3b CO CcXeMoil «oxeBaHus» 3axaposa — IHa-
6ara.

KaoueBble MOMEHTH Hallero HOBOTO MOAXOAA COCTOSIT B TOM,
4TO COOTBETCTBYIOLlee ()a30BOe NPOCTPAHCTBO, B KOTOPOM <«KHBYT»
(onHOMepHHIE O NMPOCTPAHCTBY) COJIHTOHHBlE YpaBHEHUS, SBASAETCS
aarebpoit Kana-— Myan (6eckoHeuHoMepHasi, Tpajy#poBaHHAsA aJ-
re6pa Jlu), u B TOM, YTO KaXKAYIO 3aBHCUMYIO NlepeMEHHYIO BaXKHO
cuutath (pyHKuHel GeCKOHEUHOTO YHCJIa HEe3aBUCHMBIX NepeMeHHBIX
(BpeMeH NOTOKOB f;), W3 KOTODHIX HM OJHA He BbLlAeJsercd Cpeay
apyrux. OHy U3 mepeMeHHBIX BAaXKHO BBIAEISATH TOJNBKO B TOM CJy-
yae, Korjia 3aBHCHMBIM TepeMEeHHBIM MBI NPHIHUCHIBAeM HEKOTOpoe
rnobajbpHOe NOBeleHWe B BHAe (YHKUHA OZHOH H3 HE3aBHCHMBIX
nepeMeHHbIX, DTO HMEeT MeCTO HalpHMep, €CJH Mbl XOTHM pelIMTb



CeasyolMe 3BeHbS MEXKAY UyNecaMH CONMTOHHOA MaTeMaTHKH 199

HHTepecylolilee HAC ypaBHeHHe C HAYa/JbHBIMH yCIOBHAMH. Pesyip-
TaThl, ONUCAHHLIE B 3TOH TJaBe, NOJYYeHH COBMECTHO ¢ MOHMH
kosseramu ['epmanom ®@aamkoit u Trogopom Patuy us Apusonckoro
YHUBEPCHTETA U ONyOJHMKOBAHH (MM CKOPO NMOSBATCS) B CEPHM CTa-
Teit B xkypHase Physica D [38].

JKenaTenbHO TakXe MNOHATH yAMBHTEJIbHBIE CBS3H MEXKIY COJIH-
TOHHOH MAaTeMaTHKOH H HeJMHeHHBIMH HHTErPUPYEMBIMH ypaBHe-
HHUSIMH B YACTHBIX NPOHM3BOJHBLIX C APYTHMH TOYHO peIlaeMBIMH MO-
JeNsIMA CTATUCTHYECKOH (U3HUKH, TAKHMH KaK MOAEIb B3aUMO/EHCT-
BHAl OGimxaimux coceneii Msaunra. B Hacrosmux JekKnusix f coul-
JIIOCh Ha 3TH mocjeanue aocruxenns [103], no He 6yny pa3suBath
ux nogpobuo. Huuero He Oyzer cka3aHO U 00 HepapxusX CONHTOH-
HBIX YPaBHEHUH C IPOCTPAHCTBEHHOH Pa3MepHOCTbIO, oJbliiell ueM
eIHMHHLA, HO HHTEpeCcyIoLleMyCsl YHTATeNIO CAelyeT 3HaTh O pabore
[39]; B sroii pabore rpynna u3 Kuoro obcyxaaer uepapxuio ypas-
Henn#t KI1 (Kazomues — IlersuamBuin). (CM. TakkKe ynpaxHeHHe
3b(5).)

IInaun rnasel TakoB. B pa3a. b Mbl moKaxeMm, Kak, OTHPaBJsASICh
OT ypaBHEHHS WJIH OT CHUCTE€MH YPABHEHHH, MOXXHO BBISICHHTB, SIBJISi-
eTcsl JIU OHO WHTErPHPYEMHIM, H €CJH Ra, TO KaK MOMXHO HaHTH
ajarebpanueckyio CTPYKTypy asoBoro mpocrpaHcTBa peuwenunii. M-
NOJMB3yeMHIH MeTOA sABJAETCS BAPHAHTOM METOAA YOJKBUCTA —
dcrabpyKa, KOTOPHH ClellyeT ero OCHOBHBIM HAEsM, HO CTpPeMUTCS
usbexatb TEPMHHOJOTHH AHdPepeHunaspHOH reomerpuu. B uacr-
HOCTH, MBI INOKa)KeM, 4YTO aire6pauyeckasi CTPYKTypa HepapxXuu

AKHC sBasercs usomopdHoit mojanarebpe aare6pu sl(2, C), a

HMEHHO aJarefpe merelb Z X_i;f, X_;&s1(2, C), accounnpoman-

Holt ¢ sl(2, C). Kak ykasniBail®T MHOT'HE BBIYHCJHTEJNbHBIE PE3YJlb-
TaTHl, NMOX0XKeEe, YTO 60J1eg NOAXOASIIER MOXKeET GQTb pacuupeHHas
anre6pa Kana — Mynu AP, cocrosmas ns A (s1(2, C)P Z) ¢ no-
G6aBnenueM autpdepenurasbHoro ujaeHa. OnHAKO ¢ HCNONL30BAHHEM
A% cBsazannl HEKOTOpHIE TPYAHOCTH, KOTOphle s1 OyRy oOCYXAaTh
B pasni. 5l.

Upen Yonksucra — Dcrabpyka 060CHOBHBAIOT BHIGOP (a30BOTO
npocrpancrsa. [locsie TOro KaK yCTAHOBJEHO H OCO3HAHO, YTO (Ha3o0-
BOe IPOCTPAHCTBO SIBJISIETCS] NPAMOH cyMMmoil AByX anarebp K, N,
B KOTOPHEIX OPTOTrOHaJbHOE jponosiHeHHe K1 ofHON M3 HUX sBJsieTCS
JBOHCTBeHHHIM (N*) Apyro#i IO OTHOLIEHHIO K COOTBETCTBYIOLIHM
06pa3oM olpexe]eHHOMY BHYTpPeHHEMY NDOHU3BENEHHIO, CYLIECTBYET
€CTeCTBEHHBIH TMyTb AJIs1 onpefenennsi cko6ok Ilyaccona u ramuib-
TOHOBBIX BEKTOPHHIX mosiell Ha K1 = N* Ecau nocnenHue mopox-
JnaloTcs QYHKOMSIME CIIelHaJbHOTO KJjacca, TaK Ha3biBaeMbiMH ad-
HHBapHAHTHHMHU QyHKUuAMHE Dy, cpa3y ke Bo3HUKaeT GecKOHEYHOe
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ceMeHCTBO KOMMYTHPYIOIIHX IIOTOKOB B JaKCOBOH ¢opme th=

=[Q®™, Q], rae Q sBJsAeTCs OOLWHUM 3JeMEHTOM B ()a30BOM NPOCTpaH-
cTBe (4BOHCTBEHHOM K OZHOH H3 nojaarebp), u Q) = myVd;, rie
V sABJaseTcA IpaiHeHTOM M sy — NpoeKuHed B mojanarebpy N. Bce
CBOHCTBA KOMMYTHDYEMOCTH SBJISIOTCSI aBTOMATHUECKUMH CJel-
CTBHSIMH OYeHb OOLIHX TeopeM. IDTOT MaTepuaJ COLEPKHUTCH B
pasa. bc. Pasgen Bkawuaer Takxke oO6CyXIEHHE TOTO, KAK COOTHO-
cAATCS NOTOKH M TaMHJABTOHOBH CTPYKTYpH!, BBeleHHEIE ONHCAHHHEIM
BHIIE COCO6OM, ¢ NOTOKAMH H F'aMHJIbTOHOBBIMH CTPYKTYpPaMH, KO-
TOPHIE BO3HHUKAIOT, €C/Id X ABJSETCS BblJeJeHHOH NepeMeHHOH, Kak,
HanpuMep, B cJyuyae, KOrja Mbl HauHHaeM C H3BECTHOM 3ajauH Ha
co6cTBeHHble 3HaueHusi V= PV, rae P — mHorounen no {. Hanom-
HUM yHTarteaio (pasia. 3c), 4To ecqaH P sABAsieTcss MHOTOUJIEHOM Iep-
BOH cTemeHH (IOCPEACTBOM KanuOGpPOBOYHOrO npeoGpasoBaHUs, CM.
pasi. 5g, MOXHO Bcerza cBecTH 3ajauy K BuAy (3.31)), To pesyib-
tratoM sBasercs uepapxus AKHC; ecnu ero crenmenn paBH2 JBYM,
TO noayyaercs: nepapxus HYIIIT [78].

B xoHnue pasa. Sc s npuBesy HeCKOJbKO YHpaXKHEHHI, B KOTOPbHIX
NpHMephl TaMHJIbTOHOBBIX BEKTODHHIX IIOJIell HA ABOHCTBEHHHIX MOJ-
ajare6pax JaHH B HHBIX KOHTekcrax. [lepBmle ABa mpumepa npuso-
AAT K ypaBHEHHMAM AJS NPOCTOTO IapMOHHYECKOrO OCLHJ/LIATOpPA H
uenouyke Toawl co cBoGoAHBIMH KoHUAMH. Tperu#t mpumep nokKaswl-
BaeT, Kak BKAOuHTh ceMmeficta Kai® u MKad B crpykrypy anrebp
JIn. HenocpencrBeHHBIM CcJIeJCTBHEM sBJIsieTcs npeoGpa3oBaHHe
MuypHhl, comnocraBJasiolee pelleHHs] JBYX ceMeliCTB.

B pasn. 5d Bl BocmoJsb3yeMcsl NMPEHMYILECTBOM CIIeLHaJbHOTO
BH/A JAKCOBHIX ypaBHEHHH M HeNOCPeICTBEHHO BHINIUILEM Bce 3a-
KOHBI COXpaHeHHs BHAA

-g—t (coxpaHsomasCa MJIOTHOCTD) = aix (motok),

rie x u t— aBa Jio6bx wieHa GecKoHeuHOro Hafopa nepeMeHHBIX
{t:}; Goxee TOro, MB MOXKEM NMPHUBECTH SIBHOE BHIpAXKEHHE AJS BCEX
COXPAaHSIOUUXCS IVIOTHOCTEH H NOTOKOB. DTU (OPMYJbl SIBISIOTCS
HOBBIMH.

Ha atom arane MOXHO AeficTBOBaTb B JIIOOOM H3 ABYX CleLyl0-
IIMX HaNpaBJeHHH; Kax/10e U3 HUX CBSA3aHO C UyJecaMu, MpHBeJeH-
HBIMH BHIIE 101 HOMepaMmH (2) u (3).

ITepBoe: 3amMeTHM, YTO 3aKOHH COXpaHeHUs 06.1aJal0T CTPYKTY-
poli, oTpaxkaiomie#i Tor $akr, 4To poTOPH Tpex GeCKOHEYHOMEepHBIX
BEKTOPOB DaBHHEI HyJlo. DT0 Hen36eXHO NPHBOZHT K MHICJAH O BBe-
JEHUH NOTeHyuaA08, KOTOpble SIBJISIOTCA Habopom t-¢pyHKuuit Xu-
poth, cocrosimium aas sl(2, C) u3 tpunrera {t, ~, p}. Ecau ypas-
HeHHs] ABHKEHHs IepenucaHbl ¢ 3THMH NOTEHIl JaMH B KauecTBe
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33aBHCHMHIX TePEMEHHHIX, TO BO3HHKAIOT Ousuxelinsie ypasHeHus
Xuportst. Kak MHl yXe yIOMHHAJH B TJ. 4, YCJAOBHS HaJHUHA MHOTO-
COJIMTOHHHIX pelleHHH 3KBUBAJEHTHH YCJOBHSIM, obeclneyHBaiOUIHM
cBoiictBo ITenuese.

Bropoe: 3aMerum, uTo ypaBHeHHA JlaKca MOXKHO pelinTh ¢op-
MaJIbHO NyTeM BBeJEHHsl BCIOMOraTesbHOH MaTpuun V, Q=VQ,V-,
rae Qp ABJasieTcss KOHCTAHTOH NpH BceX BpeMeHax. Marpuua V yaoB-
neTBopsier ypasHenusam Vi, = Q*V, apasiomumcs nocsexobaress-
HOCTBIO BCIIOMOTATE€JbHBHIX YpDaBHEHHH, YCJIOBHS HHTEIPHUPYEMOCTH
KOTOPHIX BO BceX Hepapxusax cBs3aHwl ¢ sl(2, C). JIioGoe u3s stux
ypaBHeHHH MOXeT GHITh BHIGPAHO B KauecTBEe «3aJZaul Ha COGCTBEH-
HEle 3HAUYEHUs1» BBeLEeHHeM IJ00albHBIX OTPAHHUYEHHH HAa NOBeleHHe
3aBUCHMBIX NEepeMEHHBIX @ KaK QyHKUHHR OJHOH He3aBHCHUMOH mepe-
MenHoi. Hanpumep, mMo:xkHO norpe6oBaTth, 4TOOH MATPHUYHBEIE 3Je-
MeHTHl (), He paBHBIeé KOHCTaHTe, CTPEMHJIMCb K HYJIO IpH CTpeM-
JIEHHH BHIJEJE€HHOH He3aBHCUMOH nepeMeHHOH K 4oo. IToatomy Bce
OCTAJIbHBEIE HE3ABUCHMEIE NIepEMEHHBIe HTPAIOT POJIH, NOJOOHKEIE Bpe-
MEHH, U HX MOXHO TPaKTOBaTh B paMKax ¢opmanu3ma HayajbHOH
3anauu. Hanpumep, B uepapxun AKHC ¢, u saBasercs BbigeseHHOM
nepeMmeHHol; B Hepapxun HYUIII, kK Koropo# mpunajijexar Heau-
HefiHoe ypaBHeHue llIpénunHrepa c NMpPOU3BOAHOH M MacCHBHAas MO-
ndenb Tuppunra, BhjeseHHOH nepeMeHHOR saBasiercs fp. C orpanuye-
HUSIMH HaA BHIJEJEHHYIO IIePEMEHHYIO CBf3aHO OMNpelesieHHOe aHa-
JIMTHYeCKOe NOoBeieHHe NOAXOASAIHEM 06pa3oM HOPMHPOBAHHOH MaT-
puun V, paccmarpuBaemoil KakK QyHkuus {, rpaayupyoulero napa-
Merpa B anarebpaunueckoit crpykrype Kama— Mynu. B uacrtHocry,
MOXeT OHTb BBEAEHO IIOHATHE H30CHEeKTPaJbHHIX IOTOKOB. ITa
Haes COBMeCTHO C OGCYyXKJeHHEM H30pHMaHOBOH NOBEPXHOCTH H H30-
MOHOAPOMHBIX NMOTOKOB H3Ji0O2KeHa B pasp. 5i.

CBsi3b MeXIy 3THM BTODHIM HanpaBjeHHeM H (QyHKUuaMH Xu-
POTH CHOBA ycTaHaBJHBaerTcd B pasi. e, Korpa, Kak H B IMI. 4 1714
ypaBHennii Kn®, Mbl nayuaem ¢opMaibHOE aCHMIITOTHYECKOE MOBe-
IJeHue MaTpuun V no {. OxkasnBaercs, YTO aCHMITOTHYECKHE PSIAHI,
KOTOpHIe BHaYaJje BEHIPAaXKEHH B TEPMHMHAX 3J1eMEHTOB Q, MOryT ObITb
nepenHcaHH B TEPMUHAX NOTEHUMAJNOB M AAIOT (opMajbHbBIE COOT-
HoweHuss Mexay V u {r, 0, p} ¢ MOMOLIBLIO NOAXOAAIHNM 06pa3oM
OTpefieJIeHHBIX «BEPIIMHHBIX® OIlEpPaTOPOB.

B pa3n. bg mm BBOAMM npeo6Gpadopanus Bskaynma. Ham noz-
XOJ siBJAfercs ovyeHb oGmuM. MH npocTto 3azaeM BOMpoOC: Kakue
npeobpasoBaHHd V CcOXpaHAIOT HeH3MeHHOH (opMy ypaBHeHHs

Jlakca Q,k=[Q("’, Q]? TloayuennHe KaauGpoBOuHBIE Npeobpaso-
BaHHA

Vios. = RVc-rap.S»
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B KOTOPHIX OCHOBHYIO POJIb HrpaeT R, HHAyHHPYIOT Npeobpas3oBaHue
DskayHna ans Q; AeHCTBHUTENbHO, COOTHOUIEHHE MEXKAY HOBOH H
crapoit Q umeer oueHb npocryio dopmy. OHa sABIsiercs anrebpaw-

YecKo:
-1
QHOB. - Rchap.R .

OO6cyxkaercsi HECKOJBKO NPHMEPOB W BBOAMUTCS fABa THMA Mpeol-
pasoBanuil Bakaynna. C nepBBHIM 4HTaTENb, BO3MOKHO, 3HAKOM; 3TO
TOT THI, KOTOPHIH n06aBasier COAHTOHH. [I0ono6HO BpEeMEHHEIM IO-
TOKaM, Takue npeobpa3oBaHust DoknyHaa sIBAAIOTCS HelpepbiBHBIMU
CHMMETPHSMH; 2 HUMEHHO, HOBEI€ COJIUTOHBEI MOTYT OBITH IIOCTPOEHEI
HenpepuIBHOH JAedopManueir crapbix. Bropo# Tun, HasbiBaeMblil mpe-
obpasoBanueM baknynna — lllaesunrepa, npexacrasdasier co6oil Heu-
to HOBOe. OH CKOHCTPYHPOBAH TaK, YTOObl H3MEHHTb MOHOIPOMHIO
¢yHIaMeHTaIbHOA MaTPHIH pelleHHst B TOUKe { = 0o, H IIpU NocJe-
JIOBaTeJbHOM IpHMEHEHUH NPHHHMAaeT BHJ Pa3sHOCTHOIO yPaBHEHHS.
dro npeobpasoBaHue COOTBETCTBYET JHUCKDETHOH CHMMETDHHU ceMel-
CTBA ypaBHeHHH# u 400aBJseT HOBYIO LEJOYHCIEHHYIO NMepeMeHHYIO
n K CIHCKY HE3aBHCHMBIX NMepeMeHHHX. Mbl yBHIUM, KaKum obpa-
30M (Kak QYHKHOUH OT n U f;) 3aBUCHMBHE NepeMEeHHhIE HepapXUU
AKHC yrnosaersopsitor auddepeHuuansHo-pasHOCTHOMY YPaBHEHHIO
uenouku Toawl.

Kpome toro, npeo6pa3oBanusi Bakayuna, Koropele n00aBJASIOT
COJIUTOHBI, MOryT OBLITb NepenHCcaHbl B TEPMHHaX <«BepLIMHHBIX»
onepaTopoB, AedcTBylOIUX Ha t-OyHkuuu {r, o, p}. OkasnBaercs,
4YTO BCIOMOraTtesbHble T-PYHKUUM p U ¢ MOTYT OBITh NOJYYEHEl NpH-
MeHeHHeM npeo6pasoBanuilt Bakaynna — Illnesunrepa X ocHOBHOH
T-QYHKIHH 7. B AeHCTBHTEJBHOCTH NOBTOPHOE IpHMeHeHHe Npeol-
pasoBanuss Daxnysna — Illnesunrepa paer mnoc/aef0BaTeJbHOCTb
T-byukuuit v(n, f, fe, f3, ...) AAR cemefictBa Henouku Toxml; a
uMeHHOo, tT(45, f|) sABJAFAeTCSI 3aBUCHMOCTBIO OT BpEMeHM fy JJIs
T-pyHKIUK Henoyku Toael (II0 cOCeJCTBYIOLIMM HapaMm KOTOpPOH Mo-
ryT GBITh BLIUHCJEHBl CMELEHUsI) B 45-M y3Je LEemouKH.

B pasnp. bh MBl BBedeM NOHATHE rpagyHpoBKH. OcHOBHAS Hlleﬂ
COCTOHT B TOM, YTO CYILIECTBYeT HECKOJBKO CIIOCOGOB pPasJ/oxkKeHHst
3ajaHHOi anarebpel G Ha jaBe nojaare6per K u N. Kaxnoe u3 Hesa-
BHCHMBIX PasJ/IOXKeHWH NPUBOJUT K pasHbiM HaGopam NOTOKOB. Pas-
JIMUHBIE PaB3JIOKEHHS MOXKHO HAHTH NpPU NOMOILH NPOLELypbl, Ha-
3BaHHOMN epadyuposxoll, Npu MOMOIIKM KOTOPOH BCeM GA3HCHBIM BeEK-
TOPaM CTABSTCS B COOTBETCTBHE Beca (COIJIACOBAHHEIE CO BCEMH
KOMMYTAUHOHHBIMH COOTHOILEHHSIMHM) M HPOH3BOJHTCA BEIOOD rpa-
Ayupyoumtero napamerpa. B cayuae sl(2, C) 6a3ucHEIMH BeKTOpaMH
apnsitorest H, E, F, onpenenenssle B (5.40) W 9KBUBAJIEHTHBIE CIIH-
HoBeiM Marpuuam Ilaynu, rpagyupyroumuii mapamerp — 3to &, 06-
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LUM 3J1€MEHTOM CITYKuT X = ). X_jgi, X_,= h_,H +e_E+ f_]p_

UHcs0 He3aBUCHMEBIX TPAAYHPOBOK CBA33HO C YHCJIOM HE3aBHCHMBIX
aBTOMOP(GU3MOB KOHEYHOrO NOPSAKA HCXOAHOH anreGpul. [as
sl(2, C), anemeHTH KOTOPOH MBI Pa3/IOXKHJH B 3JEMEHTH IBYX MOA-
aare6p K u N co cTelmeHsSMH MeHbHIE HYJS M GOJIblIE HJIH PaBHOM
HyJIO COOTBETCTBEHHO, CYLIeCTBYIOT ABe rpajnyupoBku. Ilepras, na-
3biBaeMasi OJHOPOAHON TPAaAyHPOBKOH, NPUBOAUT K MOSBJEHHIO IIO-
tokoB AKHC, Bropas, Ha3eiBaemas rjaBHOH TrpaiyHpoOBKOH, —K ce-
meiictream Kn® u mKn®.

B pasa. 5i ME BBOAHM BTOpPYIO FaMHJIBTOHOBY CTPYKTYpPY, BO3HU-
Kalollyl0 NPH H3MEHeHHH OlpellesieHUs] IOHSITHA BHYTPEHHEro Ipo-
usBefleHus Ha aJgrebpe. OkasbiBaeTcsi, UTO Takas CTPYKTypa Gousee
yro6Ha B pasf. 5j, B KOTOPOM MBI HOKAaKeM CHOCO0 NpeACTaBJIEHHA
ypaBHeHu# Jlakca th=[Q("), Q] B BHIE pEAYKIHH CYIIECTBEHHO

Gonee mpocToro noroka B (asoBoM NpocTpaHcTBe OoJblIell pas-
MepHOcTH. Peaykuua mocturaercsi HCNOJb30BAHHEM CHMMETpHi, KO-
TOPHIMU O6Jajaer cucreMa ypaBHenud. Mies, sexamas B ocHOBe
3TOTO, He HOBA. IlaBHO H3BeCTHO, YTO €CJH M-MepHas TaMHJIbTOHO-
Ba CHCTEMA HMeeT 7 < /M HHTErpasioB JBUKEHHS, HAXONSIIUXCH B
MHBOJIIOLIMH (S5KBHBAJIEHTHHIX B cuJly TeopeMh Hérep n cummerpu-
sIM), TO pa3aMepHOCTb (pa30BOTO NPOCTPAHCTBA MOKeT OHITh CHHIKEHA
oT 2m 10 2(m —n). Ecnu m == n, roBOp#AT, YTO CHCTEMA NOJHOCTHIO
narerpupyema. B pasn. 4¢ s nokasan, Kakum o6pa3oM JAByMepHYIO
CHCTEMY, ONTHCHIBAIOUIYIO JBHKeHHe NPHKpeNJIeHHOH K NPYXKHHe Mac-
CHl Ha NJIOCKOCTH, MOXKHO CBECTH K OJJHOMEpPHOH cHcreMe (OHHCHIBae-
Mol OOHIKHOBEHHHIM Au(depeHHHaNbHEIM YpaBHEHHEM BTOPOTG IO-
pfAlKa) C NOMOIUBIO 3aKOHA COXPaHEHHS MOMEHTA KOJIHYeCTBa /BH-
’KeHus, KOTOPHIH COOTBETCTBYeT BpalllaTeNbHOH CHMMETPHH, NPUCY-
medt 3anave. Hns ypaBHenuit KopreBera— ae ®pusa m Henunei-
Horo ypaBHenuss Ilpénunrepa HeKoTOpHE H3 GECKOHEUHOTO YHCJa
HHTETPAJIOB IBHXKEHHS AONYCKAIOT NMPOCTyIO (DH3NUECKYI0 HHTepIpe-
TallHI0, NMOAO0OHO 3aKOHY COXPAHEHHS MacCChl, UMIYJbCa, 3HEPTHH,
YMCIa YaCTHIL, IJIOTHOCTH TOKA W T. A., HO GOJBLUIMHCTBO TaKOH HH-
tTeprnperauuy He nmeer. [1o 370l IpHYHHE OHM HA3BAHHBI CKPHITHIMH.
OxaHako, Kak TOJIbKO MBI HAeHTHuIUupyeMm anarebpy Jlu G, xotopoii
OpUMHALJIeXAT peuleHuss ypaBHEHWH, MX CYIIHOCTb CTAHOBHUTCA W3-
BectHOH. Ecnm G — coorBerctylomas rpynna Jlu u K, N—noz-
TPYNOBL, COOTBETCTBYlomMe nopanre6pam K, N, To BepHO cieayio-
mee. Boablioe cuMIJIeKTHUECKOE MHOrOoGpasue, Ha KOTOPOM IOTOKU
SIBJISIIOTCS] HNPOCTHIMH (TaK e KaK AJs [epeMEHHHIX JeHCTBHE —
yroJi, MOJIOBHHA IlepeMEHHBIX KOHCTAHTHI, Apyras MOJIOBHHA MeHseT-
cs1 JIMHEeHHO cO BpeMeHeM),— 3T0 T*(@, KoKacarejbHOE paccioeHHe
G. I'pynnofi cuMMeTpuu, ¢ NOMOIIBIO KOTOPOH MBI peayuupyeMm ¢a-
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30BOe npocrpaHcTBO T*G, aBaserca K (abcTpakTHHI aHaJsor Kiac-
CHYECKOH TeopeMHbl PeAyKLHH, foOKa3aHHHH MapcaenoMm u Beifincreit-
HoM [88]), 3a KoTOpHIM ciaeayer (TpHBHaJbHAsL) PEAYKUHs no N.
PenynupoBaHHEM (a30BHM IIPOCTPAHCTBOM sBJAsercd N*, H UMEHHO
Ha HeM «XKHByT» peulesus Q ypasnenuit Jlakca th =[Q®, Q].

Dosee Toro, mpouecc peAyKUHH B NPHHLUHIE aeT HAM Cl0co6
pewuth ypaBHeHus Jlakca. KawouyeBoil mar cocTouT B TOM, 4TO 3Je-
MeHT g u3 G pasjaraercsi B IPOH3BeJeHUe k—!n, rae JeBblH u Ipa-
Bblil MHOXHTEJNH NpHHAAIexatr K u N COOTBeTCTBeHHO. ITOT Iar
asrebpanyeckH 3SKBHBaJeHTeH 3ajade Pumana —I'misbepra. Dt0
pasjioxeHue AaeT HaM elle OJHY NpPeKPAacCHYI0 BO3MOXKHOCTb OIpe-
genutb t-GyHkuMio. OHAa BO3HHKaeT KaK GeCKOHEYHOMEpHBIH ompe-
JAeJuTesb (MBI HaIOMHHM, YTO BHaudaJje OHA NOSIBUJIAch B KayecTBe
noteHuuana; cm. pasi. 4b, 56d). Bce sro gmemaercsa B pasa. 5j.
B KoHlle aroro pasjena M AE€MOHCTPHPYeM, KaKHM o6pasom ¢op-
MaJbHOE pellleHHe ypaBHeHHH Jlakca TakxkKe IPHUBOAHUT K aJTOPUTMY
npeo6pa3oBaHus pelleHHs OJHOro THHA B APYyroe H, B HacCTHOCTH,
KaK H3 BAKYYMHOIO COCTOSIHHA CTDOSITCSI MHOTOCOJIUTOHHBIE pelle-
HHA. DTOT aJTOPHTM OKA3HBAETCS HOJHHM aHAJOTOM CXeMBl <oje-
BaHus», npeanoxenHoi 3axaposnM u Hlabarom. OanoBpemeHHO
Mbl 06cynHM Takxke oToOpaxenue ()a30BOro MPOCTPAHCTBA COB-
MECTHHIM JeHCTBHEM NOTOKOB M nmpeobpa3oBanuft BakayHna, sasiasio-
MIMXCH HeMpephHIBHHIMH CHMMETPHSIMH ceMeHcTBa ypaBHEeHHMil, a Tak-
e mnpeo6GpaszoBanufi Baknynna — [llnesnnrepa, npeAcTaBisIOIEX
JUCKpeTHHEe CMMMeTPHH. B ciyyae riaBHO# rpaiyHpoBKH, MOPOXK-
nawpomeit cemeiictrea Kn® u mKa®, npu KoTopolt y COJHTOHHEIX
ypaBHeHHil CyIIeCTBYeT JHUIb OJHA T-QyHKUHsA, NpeobpasoBaHuit
Baknynna — llnesunrepa Her. B satom ciyuae, Kak MBl 06cyxaanu
B pasi. 4g, MOXHO NPOCJAENAHTb COOTBETCTBHE MEX/IY MNOSBJECHHEM
anre6per Kana — Myau B KauectBe (a30BOro nmpocTpaHcTsa, ¢ OJ-
HOH CTOPOHE], H B KauecTBe ajre6pbl CHMMerTpuil —c Apyro#. Jas
OLHOPOJHOH TPAaAyHPOBKH, B KOTODOH NPHCYTCTBYIOT IHCKDETHBHIE
CHMMETPHH, TOJHOTO COOTBETCTBHSI JOCTHYb 3HAUYMTENbHO TpPYyAHee.
B pasn. 5k MB mpHCOefHHsEeM K NOTOKaM th=[ka’, Ql, k=0,

INOTOKH, COOTBETCTBYIOLIHE OTPHIATENbHHM 3HAYCHHSAM BpeMeH [,
k<<O.

Hau6onee 3HakomMble NpUMEpPH INPEACTABIEHH YPaBHEHHAMU
sin-F'opoH ¥ MaccuBHOM Mojienbio TuppuHra. DTOT MaTepHasl fB-
JISIETCS. HOBBIM.

Haxronen, B pasa. 5] Mbl 06CyauM u3MeHeHHs, HeoOXoauMule,
Korna B KauectBe $a30BOro NpocTPaHCTBA BLIOHPAETCS pacliupeHue
aare6pnl nerenb. JLOMOMHUTEBHBIMH 3/€MEHTAMHU ABJSIOTCA IPOU3-
BojHas ¥ ueHTp. Ha mnose3HocTh BKJIOYEHHS BHEHIHHX 3JIEMEHTOB
CyILIeCTByeT MHOTO yKa3aHHH; HallpuMep, IPH MX HCIOJb30BAaHHH He-
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KOTOpHIe (GOPpMyJIbl CTAHOBATCS 3HAUHTENbHO OcMBicienHee, MMeeres,
O/IHaKO, CyLlecTBeHHOe 3aTpyAHeHHe. B TO BpeMms Kak camu ypasHe-
nust Jlakca, BUAHMO, NO-IIPEKHEMY HMEIOT MeCTO, NoHATHe ad-HHBa-
pHaHTHOH (YHKUMH, CTOJIb BaXKHOe B pasi. 5S¢, yrepsno. B HoBoi
aare6pe Takne QYHKIHH MOTYT JlaXKe He CyIHecTBOBaTh. Bo BCSKOM
cayuae, Mbl He CMOIVIH BHISIBHTb HH OAHOH. [Ipyroe pa3ouaposmuiBalo-
1lee CBOHCTBO CYLIECTBYIOICH TEODHH COCTOHMT B TOM, YTO OHA JO CHX
NOp He AaJjia BO3MOXKHOCTH ONPelesHTh T-(PYHKIHIO ¢ HOMOUIBIO aJ-
re6pel JIn. Mbl He HMeeM faxke HMKAKHX HJAeH OTHOCHTEJBHO MPO-
CTPAaHCTBA, B KOTOPOM oOHa cyllectByer. OHa NOSBHJIACH BIOJHE
€CTECTBEHHBIM NyTeM KaK NOTeHIHAJ H KaK ONpe/eJHTe]b MaTpHIB
Ko3(pGunueHToB 6ecKOHeUHOro Habopa JHHEHHBHIX ypaBHEHHH; ee
TaKxe MOXHO (OpPMAJbHO ONpele]HTh Yepe3 BCIOMOraTejbHYIO
¢ynkiHio V, ¢ moMoIlbl0 KOTOpOH pelaiorcs ypaBHenusi Jlakca, H
uyepe3 ee MPOM3BOAHYIQ NO { (KOTOpas COOTBETCTBYET HEHCTBHIO
NpoH3BOAHOH B pacuwiupeHHoOR aJarebpe). Ho 3to ckopee BhIUHC/IH-
TeJbHEE peaJsuH, YeM HeOOXOAHMHE KOHCTPYKIHH anare6pw JIu, u
OueBHJHA Heo6X0AHMOCTb GoJee IiIy6OKOro MOHHMAHHsSI 3TOrO 3aMe-
4aTeJbHOr0 00beKra.

B kauecTBe 3aKJIOYHTEJNBHOTO 3aMeYyaHHs 3TOro o63opa s BKJIO-
4YnuJ AuarpaMMmy, NpHUBeJeHHYI0 HAa pHC. 7, B KOTOPOH caejnaHa Io-
NHTKA JaTh HarJgJHYyl0 KAPTHHY B3aHMOOTHOIUEHHH Pa3JIHUHBIX CO-
JHTOHHBEIX YyJec.

5b. Moaxon VYoaksucra — dcrabpyka® [37], [77], [97].

(i) Bsedenue. llenblo 3TOoro pasjena GyAeT OTBET Ha BOIPOC:
SIBAAETCS JIH JaHHOe ypaBHEHHE MHTErPHUPYEMBIM, H ecJqH Ja, TO Ka-
KOBO eCTeCTBEHHOe IpeACTaBJieHHe, B KOTODOM HHTErpHpyeMoCTb
noutd oyepuaHa? IIpu oTBeTe HA 3TOT BONPOC NPHHHUMAIOTCS BO BHH-
MaHWe [Ba BeJyIIMX NPHHIHIA, NpHOOpEeTeHHble HA OCHOBAHUH JAecs-
THJeTHero onbita. [1epBHft COCTOUT B TOM, UYTO COJHTOHHEIE YpaBHe-
HHSl BO3HHKAIOT KaK YCJOBHSI MHTErPHPYEMOCTH JIMHEHHBIX CHCTEM.
Bropofi 3akmi0uaeTcsi B TOM, UTO KaXKJI0€ COJTUTOHHOE YpaBHEHHE IPH-
HaAJeXUT GECKOHEUHOMY CeMeHCTBY KOMMYTHPYIOIIHX MOTOKOB. []o-
3TOMY CHauaJjia Mbl JOJIKHE HOIBITATLCS HAIKCATE HEJHHEHOE YpaB-
HEeHHE KaK YCJIOBHE HHTETPHPYEMOCTH Naphl JIUHEHHBIX CHCTEM V=
=PV, V:=QV c nomoupio nojgxonsiuiero sei6opa P u Q. drtor war
NpHBeeT K BHIpaXKEeHHSIM AJSl 3aBHCHMOCTH P U Q OT 3aBHCHMOI me-
peMEHHOH HeJHHeHHOTO ypaBHEHHsI U MX NPOM3BOZHLIX, a TaKXke K
6eCKOHEUHOMY HaGopy KOMMYTAlMOHHHX coOTHoUIeHH . [lanbHefinine
orpaHuueHusi Ha P u Q BO3HHKAIOT U3 TpPeGOBAaHHS KOMMYTHpYe-

') Pasgen 5b [0BONBHO AJHHEH; NPH MEPBOM NPOYTEHHH MOMKHO O3HAKO-
MHThCSl C BEHIBOZAMH M IepefiTH K CleAylomHM pasjenaM. [IpoyTuTe Takxe KOM-
MeHTapHH B 3aMedaHun Ha c. 309.
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MocTH GeCKOHEUHOH MOCAef0BaTeIbHOCTH BO3MOXKHEIX Q. DTO BTOpOE
Tpe6oBaHHe NPSAMO NPHBOALUT K BeIOOpY anrebpnl Kama— Mynu B
Kauecrse (hazoBoro mpocrpancTBa. B cayuae uepapxuu AKHC oka-

Hemunedinoe ypasresue
8 YOCIINGIX MPOUIBT

Ecnte Hernr Tecmrsr
. (1) Nerrrese

(1) Yonrsucma-demetoyra

Eome da
He unmezpus- Ansetivau - Coass ¢ opyeumus
o e Pt o
cmpyxmype : pusur
] Pedymugus pewenud,
yp.‘},;”’”“" _lypasweruis Jlarca
Kca o
Qe =[a®, q] Cxema ,0desanus
il I Saxaposa—Llasema
Baxansi coxponenus,
nomox, eapuayuo
aMLITBIMOHO8S! -
L LITAITICHOS! CTIpYemY
Beederue cobemeernsix
Tormernuaarer, @yrxyuir V
T-PYHK UL Q=Vvev, Vi = ™"y
| - C
Mroeocomamon- Acumnmormuvecrcue Menod
Nernese HbIE peLLIERULS PAIONCENUA 8QLILLIHHEIXT obpamrort
Xupornst onepamopog - sadavu
Kamubposna, npeodpasoscrus

Bormynde u Wnesurnespa [~

Puc. 7.

3bIBaeTcsd, YTO MaTrpHUB Ko3()phHUHEHTOB SBIAIOTCA 3JeMEHTaMH
sl(2, C) 6eckoHeyHOMepHO# ajre6phl MeTelb, B KOTOPOH KaKAbId
6a3uCHBIl BEKTOD MOKeT OHITh BHIIHCAH KaK NPOU3BEJEHHE OJHOIO
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u3 6a3HCHBIX BEKTOPOB

H(I 0) E(OI)F(OO)
N0 —1)’ —\o 0/’ “\1 0
u3 sl(2) ¥ KOMIIEKCHO3HAYHOrO napamerpa {, BO3BENEHHOTO B Ife-
ayio crenedb. Ilonnas aarebpa Kama — Myau sl (2)=sl(2) +
+ CZ 4 CD copmep:uT UEHTP U NPOM3BOAHYIO, POJb KOTOPOi Oy-
ner o6cyx,aaThcsl B pash. 5l

Hackonbko nam u3BecTHO, 3aech BIepBHe GecKoHeunasi ajireGpa,
IIOCTPOEHHAs] METOAOM YOJKBHCTA — DcrabpyKa, NOJYUYHIa HHTED-
Iperanyo B pamkax noaxojna Kauma — Myan.

(ii) Heaunetinoe ypasnenue Illpéduncepa. PaccMoTpuM TepBYIO
napy HeTpHBHaJbHHEIX ypaBHeHuii uepapxuu AKHC

g =1i[2(qx — 2¢°r),

o= = i[2(r2x — 21, -0

IMonniTaeMcss HamucaTb 3TH ypPaBHEHHs KaK YCJIOBHE HHTErpHpye-

MOCTH
Pi—Q,+I[P, Q=0 (5.2)
napbl JHHEHHBIX ypaBHEHHH
Vy=PV, (6.3)
V,=QV. (5.4)

3aecb nox P u Q MBI IOHHMaeM MaTpPHLLI IPOU3BOJBHOTO NOPSAKA,
KO3(p(GHLUHEHTH KOTOPHIX 3aBHCAT OT ¢, r U HX NPOH3BOAHBIX. MH
MoxeM B3sitb (5.3), (5.4) B HenunefiHoMm Buue V.= F(V), V=
= G (V), B 3TOM caydae KomMyTaTop B (5.2) Gbl1 OBl OGIIEl CKOG-
Ko#l JIu, HO 10 CHX mop BO Bcex caydasx Gosee yao6HO GbiiIo Gpathb
JIMHEHHOoe IpeACcTaBJIeHNe COOTBETCTBYIOIEeH anareOphl.

Mbl nHayHeM ¢ mpocrefillero NpeoNOKeHHs, YTO P 3aBHCHT
TOJbKO OT g u r. Ecid 310 Tak, TO OHA JOJ/IKHA 3aBHCETb OT 3THX
IepeMeHHBIX JHHEHHHIM 006pa3oM, KaK NMOKA3HIBAIOT CJAEAYIOUIHE CO-
obpaxenuss. Ecau P=P(q, r), u3 (5.1) MbH wumeem P;=
=(i/2) Pg(qxx—2¢%r)— (i/2) Pr(rxx—2qr?), rvhe uHIeKCH 0603HAa-
YaI0T YacTHHE INpPou3BOAHBbIe. Jljs TOro 4YToGBl CKOMIEHCHPOBATH
3TH cjaraemble B (5.2), MaTpuna Q Q0JKHA 3aBHCEThb OT (x, rx, g, 1,
npuueM Q= Qqqx + Qr7x - qu%cx + errxx- Komnencanus use-
HOB C (@xx, 'xx TPHBOAHT K YpaBHeHHAM Qq = (i/2) Pq, Q, = —
—(i/2) P;, KoTOpHle IOCJE HMHTErpupoBaHus AaIOT Q == (i/2)P,q.—
— (i/2)Prrc+ Q(q, ). Torna Q,=({/2)P,q,, — (i/2) Pry+

+ (@/2) quqi—(i/Q) P_r:  IIOC WIEHb, KOTOpble MOTYT OBbITb
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JNULIb JUHEHHBIMH 1O ¢, rx. [IOCKOJBKY KOMMYTATOP COLEPHKHT Yile-
HH, camoe GoJpliee NPONOPUUOHANBHEIE §x, Iy, MBl JOJXKHB HMETb
paBeHcTBO Pgq = P,, =10, KoTOpOoe o3Hauaer, uro P (g, r) Moxer
uMers Bug —iH + gE + rF 4+ grG. OnHako, KaK MOXeT GHITh JIETKO
npoBepeHo, G KOMMYTHPYET €O BCEMH ADPYTHMH 3JeMeHTaMHu (Tak
KaK KOI(QQHUHEHTH NPH ¢%ryx, r2Gy U rgx— Gry AOJIKHB 00paTHTbCA
B HyJIb) H NO3TOMY NpHHAJJeRHUT HeHTpY. [To 310l mpUuKHHe OHA He
Jaer HHKAaKOro BKJaJga B KOMMYTAaTop ypaBHeHHs (5.2) u sBiasercs
IPOCTO NPOSIBJIEHHEM 3aKOHa coxpaHeHus P;=Q, (ypasHeHue (5.2)
6e3 KOMMyTaTopa), KOTOPHH B JaHHOM cliydyae uMeeT BUl (gr) G=
={(i/2) (rqx—r«qg)+G. Tax KaKk 3Ta HHGPOPMAUHA YKE COLEPKHUTCSA
B YpaBHEHHsAX, MH Oyaem G6e3 morepu OGIIHOCTH NPOCTO ONMYyCKAaThb
3TOT JIEMEHT.
ITo sToit MpuYNHe NPHHHMAaEM

P=—iH+4gE-+rF, (5.5)
n c yueroMm (5.1) ypaBneHnue (5.2) mpeo6Gpasyercs B

Qe=I[Q, Pl=5 (dsx— 2°) E— 5 (rx — 24r)F.  (5.6)

Tenepp pemunM ypaBHenue (5.6) oTHOCHTeNbHO Q; CHauaJa 3anuiieM
Q =(i/2)g:E—(i/2)r:F 4+ Q(q, r). 3aTem, cobupas noJHHe NPOU3-
BOJHEHIE MO Xx H3 KoMmMmytaropa, onpexeaum Q=gqE,+4rF,—
—(i/2)qrHy— iy, Tne Ho, Ey, F, 3ajann GopmyiamMu

[E, Fl=H,, [H, E]=2E, [H, F]=—2F, (5.7)

U —iH;— 370 NMpOCTO MOCTOSIHHAS MAaTPHLA — KOHCTAHTA HHTErpH-
posanus. ITosroMy BHIMOMHSIETCH PaBEHCTBO

Q=—ifls+ qE,+rF\+ 5 GE—5r.F —5arHy,  (5.8)
ofecrneynuBamwliee COOTHOLIEHHE
[Q, P]= — ig’rE + igr®F. (5.9)

IMpupasuusas Koadpduuuentsl npu ¢2r, qr?, g%, r?, qr, q, r, 1, MHl
HAaXOAHM, 4TO

¢°r: [Hy, E]=2E, (5.10a)
gr* [Ho, F]=--2F, (5.10D)
g*: [E, E]]=0, (5.10¢)

% [F, F|]=0, (5.10d)
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gr: (1/2)[H,, Hl+[E, F\] —[E\, F]=0, (5.10¢)
q: [H, El=I[H, EJ), (5.10f)
ri [H, Fl=[H, F], (5.10g)
1: [H, H]=0. (5.10h)

3aech HeOOGXOLUMBl HEKOTOPHIE 3aMeYaHHusl.

1. Habop xOMMyTaUMOHHHX COOTHelIeHHH He 3aMKHyT. Mx me-
pedeHb Oyner npuseleH B Tabu. 2.

2. Ha6op (5.10) comep:kut 3aMKHyTylo nopanaré6py sl(2) Ho,
E, F (cm. (5.7) u (5.10a,Db)).

3. IlosicHMM, B KAKOM CMBEICJI€ COJIHTOHHBIE YPABHEHHs COjepxkar
B3aHMHYI0O KOMIIEHCAHHIO HeJHHeHHOCTH (IpeACTaBIEeHHYIO 3]eCh
craraeMHMH ¢%r, qr?) v AucCnepcHH (Gyx, rxx). YpaBHeHusa (5.10a,b)
BO3HHKJIM KaK CJeACTBHe B3aMMHOH KomneHcauuu [— (i/2)grH,,
QE 4 rF] n —iq*E 4 iqgr*F. OgHako nocJelHUA YJeH BO3HHUKAeT
HeNocpeJCTBEHHO M3 HEJMHEeHHOCTH B ypaBHEHHH, B TO BpeMs Kak
OpeJbIAYIIHI SBASETCS pPe3yJbTaTOM HHTErPUPOBAHHUS IPOH3BEAEHUS
MHTErpajioB JIHHEHHBIX YI€HOB gxxE W ryxF ¢ gE + rF. Ecnn 6bl He-
JHUHEHHBIMH 4JeHaMU Oblau ¢%r2 u ¢2r3, HHUKaKoll GasnaHc He Obl OBl
BO3MOXE€H H €JHHCTBEHHO BO3MOXKHOH mapoid P, Q Onja 6bl TpH-
BUasbHAass mapa P ~ grG, Q ~ (rqx —rxq) G, BHpaxawouwas cy-
LlecTBOBaHMe (€AMHCTBEHHOTO) 3aKOHA coxpaHeHud. B stom 3akaio-
yaercd OJHO H3 peajbHHIX INpPenMyllecTs MeToAa YOJKBHCTA —
Acrabpyka. Heconuronnsle ypaBHeHHs 6BICTPO JEMOHCTPHUPYIOT CBOH
Hecoo6pa3HocTH!

4. CoraacHo ToxaecrBy $Iko6u, us (5.10e) caenyer

[H, H]=0 (5.10i)
u
[E, Fl=IE,, Fl, (5.10j)
H MBI ONIpeaesasaeM
[E, F|]=H,. (5.10k)

5. IMocaennue tpu ypasuenus (5.10f, g, h) onpeaensior H,, upo-
H3BOJIbHYIO KOHCTAHTY MHTEIrPHPOBAHMSA; OHH He JAIOT HHKAKOH HH-
¢opMalUl O TOM, YTO MBI AOJIXKHH pacCMarpuBarh B KayecrBe 6a-
3UCHBIX 3eMeHTOB H, E, F, c nOMOIIBI0 KOTOPHIX NOPOXKAAIOTCS BCE
ocrajbHble snemeHTH. Hanpumep, [H;, E]=2E| u, KaK MBl YBHAUM
npH cocraBienny tabauusl aas (5.10), [H, E\] =2E, u TaKk panee.
Onnako A, MOXHO HCHOJIB30BaTh [JISi HCKYCCTBEHHOTO 3aMbIKaHHSA
KOMMYTalMOHHBIX cooTHoweHu#. [Tosoxus H,={H, rae §— npo-
H3BOJbHAs KOHCTaHTa, yaoBjaerBopuM coorHouenuio (5.10h). Torna
[Hy, E)=C[H, E}=2E,, u (5.10f), (5.10g) mawor [H, E,]=2CE,
n [H, F\]=—2CF, coorBercTBeHHO. MH moJsyuaeM Taba. 1.
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Ta6auya 1
Ho E F H H, Ey Fy
Ho 0 2 | —oF 0 0 oE, | —or,
E 0 He | —2E, | —26, | o H,
| 0 oF, | eor, | —m, 0
H | 0 0 2tE, | —otF,
H, l | [ 0 %E, | —otF,
E, ' ‘ | 0 tH,
Fi I 0

dra aJII‘eﬁpa JOonyCcKaeT XOpoIlo M3BECTHOE NpeAcTaBJICHHE
H=Hl=§H0’ El=§E7 Fl=§F7

(3 2. w0 D). = 0)

HckyccrBeHHOEe 3aMBIKaHHE SBJISETCS CPENCTBOM, C NOMOILBIO
KOTOpOro YoJakBHCT U IDcTabpyk B KOHTeKcTe ypaBHeHHsi Kopre-
Bera — e Ppusa npumIM K BhHIpaxeHHO miasi P 1 Q, ¥ UMEHHO B
5TOM HaNpaBJeHHH AeHCTBOBaNM Nocneaywomue aBTopel [97]. Te-
Iepb MBI BHOBb 3aHMeMCsl HCCJIeJOBaHHEM TaOJHIH, He fesasi HHKa-
KUX NPEANOJNOoXKeHHH 0 3aMHKaHHu. B Tada. 2 yucjaa B MPaBBIX yrI-
Jax KJEeTOK O3HayaiT: | —TIo onpeneneHHio; 2 — HeNOCpeICTBEH-
Huil BeiBoA u3 (5.10); 3—caencrBue (5.10) u rtoxkiects FKoGu.

B kayecTBe ynpakHeHUMs! 1O NPHMEHEHHIO, TOXKIECTBa $IKOOH 5
Npeasaralo 4YHTaTeNi0 3aBEPLUIHTh 3aNOJHeHHe TAGJHIBL. 3aMeTHM,
4TO eCJH 3JEeMEHTH

[H, H]]=2X;,, j=1,2,..., (5.12)
pPaBHBI HYJIO, TO 3JeMeHTH Hp, E; F, DONUHHAIOTCS COOTHOLIEHUSIM
[pr Eq]=2Ep+qa [Hp: Fr]= —2Hp+n [Eqs F,] =Hq+r’

[H,, Hl=IE,, E;]J=I[F,, F,]=0

(.11)

(5.13)

(B Taba. 2 uunexc 1 mul csisniBaeM ¢ H). AnreGpa, onpenenennas

cooTHoLIeHHsAMH (5.13), siBAseTCcs TeM, YTO MHl HasuiBaeM sl(2), a
MMEHHO KaXJblil uJeH MOxKeT GHITb IPEACTaBJeH KaK NPOH3BeAcHHe

anementop  H,={"H, Eq=§"ET, F,=[F, rne H,E, F— o6a-
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Tabauya 2
H|E| F| H H, E, F, H. E, F, o,
2 2 2 3| 3 3 3 3 3 3
H, 2E | —2F 0 0 2E, —2F, 0 2E, —~2F, —4X,
1 1 3 2 1 3 3 1 2
E Ho | —2E1| —2E; 0 Hy —2E, 0 Hy —2E,
—2[EXi]
1 3 2 2 3 3 2
F 2F, 2F, —H, 0 2F, —H, 0 2F,
+2 [FoXi] =2X,
3 1 1 1 I 2
H ’ 2X, 2E, —2F, 2X, 2E; —2F, 0
3 3 3 3
H, 2E, —2F, 2E, — 2F;
+ [EX)] | - [FXi] +EX | = [FiX]
3
El HQ
+ Xy
Fy
H,
E,
F;
1,

3uc sl(2). OpHako HeNmoCPeICTBEHHO H3 HENUHEHHOro ypaBHEHHUs
HIpénunrepa camo no ce6Ge He caeayer, uro X; =0, j=1, 2, ... .
$I¢no, uto Takoit BuiGop coBMectuMm ¢ (5.13), oLHaKO He sABAsETCS
o6s3arenpubiM. [Ipuunna Toro, uro X; =0, j=1, 2, ..., cBA3aHna
CO BTODHIM ONpPEAENSIONIUM NPHHLHKIIOM, a HMEHHO TpeGOoBaHHEM,
yTo6H ypaBHeHHe (5.1) mpuHajexano GeckoHeyHOMYy Habopy KOM-
MyTHpYyOIHUX NotokKoB. OfHAKO, NpexAe YeM HAaJOXKHTb 3TO YCJIO-
BHe, MBI OyieM HcCIeNoBaTh anreGpy, reHEepUPYEMYIO n-M ypaBHe-
Huem nepapxun AKHC.

(iii) n-12 napa ypasuenuii uepapxuu AKHC. MoxHo 3amucarb
n-10 napy ypasHennit vepapxun AKHC B Buzne

qi, = bnx — 20,9,

Tt, = Cpx — 24,7, (5.14)
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rae an, b, 4 ¢, onpeneseHbl UTEPATUBHHIM 06pasoM H3

— 2ibg, = bsy — 2a4, (5.15a)
2ics, = Csx + 2a,r, (5.15b)
Qg =rbs—qcs, s=0,1,...,n—1, (5.15¢)
ay=—1i, by=cy=0. (5.15d)

Koncranra uarerpHpoBaHHS AJ1 @s BHOGpaHa HyJaeM. Mu npeamno-
JIOXXHM H 3aTe€M IPOBEPHM, YTO

1. qbs, rcs, qcs, gas, ras 4 a; GOYHKIHOHAJLHO HE3aBHCHMBI,
rbs = qcs + asx.

2. gbs ¥ rcs He ABNAIOTCS NMOJHBIMH MPOM3BOAHBIMH 1O X, HCKJIIO-
yasg s =2; B 3TOM cJayyae

9 . .
(), rei=(=),
Mb xotum BHOpaTh P, Q™ Tak, uro6m (5.14) ABAAIOCH yCJAOBHEM
HHTErpHPYEMOCTH
Q™ + [Q™, Pl = ptn (5.16)
napH ypaBHEHHH
Vy=PV, th=Q("’V. (5.17)

OﬂﬂTb 2Ke MOZKHO 050CHOBaTb Bbl60p
P=—iH+4 qE4rF, (5.18)
orkyaa (5.16) mpeacrasumo B BHIE
QY + [Q™, P] = (bux — 2, E+ (cax + 2a,5) F.  (5.19)
HeHOCpe}LCTBeHHO IIpOBEPALTCA, UTO MBI MOZKEM 3aNHuCaTh
Q™ = — a,Hy+ b E + r,F + Qn=D, (5.20)
rupe
QT+ [Q"Y, Pl=(bpo1x—20,-19) Es+ (o1 +2a,_1r) Fy. (5.21)

Has toro uro6sl u3 (5.20) nosayunuts (5.21), MBI JOJNKHH onpeje-
JIUTh

[Ey F]=110) [}1» E]=2E17 [H9 F] = 2F1; (5'22)

3ameruM, 4to [b.E + ¢.F, qE + rF]=—a.:Ho, u wucnoansyem
(5.15a,b) ¢ s=n—1. Kpome Toro, QyHKuHUOHANbHAS HE3ABHUCH-
MOCTb @,.g, d,r HajIaraer ycJOBHE

(Ho, E]=2E, [H,, F]=— 2F. (5.23)
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Haanee, ypasuenue (5.21) mpencrasiser co60ft NONPOCTy ypaBHEHHE
(5.20) B apyrux 0603HAYEHHSAX, IO3TOMY MOXHO NOBTOPHTDL MpoIece
H TOJYUYHTh

3
QM =Y, Q,+Q®, (5.24)

s=n
rae
Qs == aan—s + bsEn—s + can—s (525)

QY + [Q®), P]= (box — 2029) En—s+ (c2x + 205r) Fn—z (5.26)

CO CJAEAYIOLIHMY HAJMOXKEHHBIMH COOTHOUIEHUSIMH. ITo OonpeAcacHUIO
[H! En—s] = 2En—-s+l) [Hv Fn—s] = —2Fn.—s+1’ [Er Fn—s] = Hn—21
(5.27)

B TO BpeMs KaK KO3(GOHUHEHTH NPH Qp_sq, Qn—sl, Qn—s, qOn—s, rCn-s
DawT A S=~h, ...,

[Hy-s E}=2E,_s, [Hp_s, F1=—2F,_,
[H, Ho_s]=|E, Ep_s]=[F, Fp_]=0.
W3 sroro ¢akra, 4T0 rbs—s — Cn—s = Qn—sx, MBEl HAXOLHM
[En-s» F1=IE, Fp_s]=H,_. (5.29)

Hcnonesyst Toxaectsa SIko6H, onpenensieM, 4To IpH BCeX p -+ ¢ <<
<n—3

[Hp: Eq] = 2-Ep+q’ [Hp’ Fq] = —2Fp+q: [Ep: Fq] =Hp+q; (5303)
BCe OCTaJIbHBle CKOOKH 3TOro mopsiaka — HyJau. Ilpuunna, no xoro-
poil MBI HE MOXKEM NPOLOJKHTb TaOJHIYy, COCTOHT B TOM, YTO IIPH

$==2 MH CTaJKHBAaeMCsi C aHOMAaJbHBIM IIOBeJEeHHEM, ONHCAHHBIM
B npeamosoxenuu 2. Pemas (5.26), naxoaum

i0?
Q¥ =boE,_o+ coF g — ayH ,_s -+ % [E, E,_s] —
- % [F, Fys] 4 0,Eq s+ cFpy—iH,  (5.30b)

(5.28)

rje Ha HOBBIC 3JIeMeHTH HaJIOXeHBl ciaeayoliye OrpaHHYe€HHUA!

¢ [E, [E, E,_s]1==0, (5.31a)
P: [F, [F, Fy_]l =0, (5.31b)
q2f2 [Hpog, E1=2E,_» — (1/2)[F, [E, E,_s]l, (5.31c)
gr’: [Hu_g, Fl=—2F, ,+ (1/2)[E, [F, Fu_sll, (5.31d)

q2: [E: Eu-—l] + (1/4) [H: [Er En—2]] =0, (5316)
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r’ [F, Foo )l — (14 [H, [F, Foooll =0, (5.31f)
gr: — (Y2)[H, Hy_ o +[E, Fuuy] —[E,_y, F1=0, (5.31g)
q: [H, El=[H, E ], (5.31h)
i [H, Fl=I[H, F,_i], (5.31i)
1: [H, H]=0. (5.31j)

3amerum, yro ecad n=2, En g=Eq=E, Fp = Fy=F u (5.31)
coautes K (5.10). Tak ke Kak B ciyuae n =2, TOX1eCTBO SIK0o6H
npuBoAuT K TOMy, uro [H, H,5]=0 u [E, F,y]=|[E, F;]=

=|[Es1, Hpw1], r+s=n—1. TouHo Tak XKe, Kak IpH n =2, MH
MOXKeM GeCKOHEUHO PACHIHPATh 3Ty aare6py, onpenessis HOBhIE 3Je-
MEHTHI COTJIACHO MPAaBUIY

[H, EJ=2E,.,, [H, FJ=—2F,,,, |E, FJ]=H,,,, r>=>n—1.

ITonyuennas anre6pa GecKOHeUHOMepHA W colepkUT B cebe sl(2),
HO [O-IPeXHEMY OCTaBJseT HeoNpeleNeHHBIMH 3JeMEHTH

[fI’ Hj]’ ]>n — 17 [Ev En—2]’ [F’ Fn.—2]' (532)

(iv) Haxooscenue YCA06UA KOMMYTATUBHOCTU. Mubl BujenH, Kak
aobas napa ypasHenuit uepapxun AKHC, B3sitas usonuposaHHO,
MOPOXKAAET, NMOC/e GECKOHEYHOTO pacurupenus, GeckoHeunyio aare6-

Py, coxepxKamyio 51(2) B KadeCTBE COBMECTHOTO peIleHHs, HO
OCTaBJSIOULYI0 HeolpeleNeHHBIMH KoMMyTaTtoph (b.32). Jlerko 3a-
METHTb, UTO 3TO BEIDOXKIEHHEe yCcTpaHsercs TpeGOoBaHHEM B3aUMHOM
KOMMYTHPYEMOCTH NMOTOKOB. Ecau Mbl norpebyeM, uto6Hl g, r sB-
JSJIECh DEmICHHAMH IIepBEIX MIBYX Iap YpaBHEHHUH B HepapXHuu
AKHC, to nonoanurenpHo kK (5.16) npu n=2, 3 MBl JOJKHHI IO-

JYYHTb
QR — QY + [QW, QW] =0. (5.33)

DTH yCIOBHSI 03HAYAIOT, YTO 3JeMeHTH H,, E, F, yLOBJIETBOPSIOT
Tabauie KOMMYTAaTOpPOB, obwell aas n =2, 3; a UMeHHO, MBl Haxo-
auM, uro [E, E\]=[F, F1]=0 (ycnoBue, Heo6X0nuMOE NIpH 1 = 2,
HO He jasi n=23) u [H, H|]=0 (HanoxeHHOe HpH n==3, HO He
ais1 n=2). I[losromy tabauneit n =2, 3 asasercs sl (2), 3a uckJwo-
yeHHeM Toro, uro [H, H;] npu j = 2 Heonpegnenen. anee, Tpebys,
uTo6Bl KOMMYTHPOBAJHU n =2, 3, 4, HaxoguM, uro [E, E,], [F, Fs],
HeonpejeaeHHele tabauneli n =4, celfiuac, Tak xe Kaxk [H, H,],
JOJIKHHEL OBITH PaBHH HyJI0. B 061em cayyae ycJaoBHE KOMMYTHpYe-
MOCTH TIOTOKOB HMeEET BHJL

Qi — QY + [, @] =o. (5.34)
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IMpononxkas mpomecc, Ha n-M IIare MhB HaXOQHM, YTO BKJIOYeHUE
n-ro ypasHenuss uepapxuu AKHC B cemeficTBO KOMMYyTHpPYyIOIIHX
IOTOKOB Oo6pamaer B Hyab KoMmmyratop [H, H, ], ocraBuuiics He-
onpeneneHHBIM Tabauuel, obuied gas r=2, ..., n—1. Kommy-
tratopu [E, E,—], [F, Fn—], Take ocTaBlInecs HeolpeleJeHHBIMU
npu r =n, celuac paBHH HYJIO B CHJY TOTO, YTO OHH HyJIeBble AJIA
pacmupeHHnx Tabaun ¢ r =2, ..., n— 1. Ceifuac sicHO, 4TO B Ipe-
nene n— oo ajieMeHTH H, Hp, E4, F, yIOBJIETBOPSIIOT COOTHOMICHUAM

[Hp7 Eq]=2Ep+q’ [pr Fr]=_2Fp+n

(Eqy FA=Hqur [Hp Hl=[E, EJ=IF,, Fjl=0. ®*
KoMmmyraropsl sineMenta H SIBASIOTCA TeMH Xe, YTO U AJs Hi.

(v) Boisoder. Mu yBHaend, KaK [Ba BelylIUX NpHHUHUIA (T. €.
4TO COJAHTOHHBIE YpaBHEHHS INPEICTABJSIOT YCJIOBUS HHTErpHpye-
MOCTH CHCTEMH JIHHEHHBIX YpaBHEHHH M YTO Ka)KJoe H3 HHX IpHU-
HagjieXur OGecKOHEeUHOMY CeMeHCTBY KOMMYTHPYIOIIMX IIOTOKOB)
NPUBOAAT HAC K 3aKJIOYEHHIO, YTO €CTeCTBEHHBIM (Aa30BHIM IIPO-
CTPAHCTBOM, B KOTOPOM <«XHBYT» YpaBHEHHs, sBiasdercs aiare6pa
Kana — Myau. HeficrBurensso, (5.34) npencrasasier coboi ecTe-
CTBEHHYIO KOHCTPYKLHIO AJS BBIpa)KeHusi ypaBHeHu#t. B ciaenyio-
IIeM pasjeje MB YBHAHM, KakKuM 0o06pa3oM 3TH YPaBHEHHS MOTYT
OBITh TIPEACTABJEHH B JAKCOBOH ¢opme

Q:,=1[Q®, Q] (5.36)
IOCPEACTBOM aHa/ u3a 3BOJIOLHH Q=jlim t='Q" (rne ¢ — rpaayn-
>0

pYIOIIHE mapamerp).

Ha gannoM sTame Takxe JOJIXKHO CTaTh CHO, YTO MOXKHO ocJa-
6uTb TpeGoOBaHUE JHHEHHOCTH BCIIOMOTAaTeJNbHBIX ypaBHEHHH th=
=QWV. JluHefiHOCTh ABJSIETCA HPOCTO CJeJCTBHEM TOro ¢axra,
4TO MBI BCerja MOXKeM HafiTH JuHeliHOe IpejcTaBjeHHe aare6pel
sl(2). B nanHoM ciayyae OHO HMeeT BHL

10 0 1 (00
m=v(y V) E=v(y o) F=t(] o) &3

Mbl Morsim OBl HCIOJNB30BATh HHOE IpeACTaBJeHHE, HaIpUMep
tr(v3(d/dy), v(d/dy), d/dy), u HaliTH BMeCTO JIMHEHHBIX CHCTEM
(2X2) Vi;=QWV nocnenoBatenbHocTs ypaBHeHuii PHKKaTH AIst

p=01/0y, rae V=(3).

B 3akiioueHHe OTMETHM, YTO, XOTA I€JbI0 3TOTO pasdjgena siBJsd-
JIOCh TIOHMUMAaHHe CTPYKTYphl OECKOHEUHO pacIIMpeHHBIX aarebp, Io-
poxpaembx uepapxueit AKHC, Ha npakrtuke Gosee yno6HO CKOH-
CTPYHPOBaTb HCKyCCTBeHHOe 3ambikanue. OLHAKO cienyer CO3Ha-
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BaTh, YTO, CAeJaB 5TO, HeOOXOAHMMO IPOBOAHTb pPAa3jHYHE MeEKAY
1 0 1 0

3.JeMEHTaMH ?;(0 —1) H (0 _1) B TOM CMBIC/J€, YTO MBI PacCMaTpu-

BaeM HX KakK JIHHe#HO He3aBHCHMHe. ToJbKO B TOM ciydae, Koraa

¢a3oBoe NMPOCTPAHCTBO paccMaTpHBaercs KaK GecKOHeUHasl Bepe-
HHLOA TakKuXx 23ieMmeHdToB ((dopMajibHBIN CcTeneHHOH psx Q =

= )t (hH 4+ e,E + [,F)), xommyrarop [Q¥®, Q] (5.36) umeer
r=0 .
€CTECTBEHHYIO HHTEpNpETalHI0 KaK raMUJIbTOHOBO BEKTOPHOE MOJIE.

Ynpaxuenue 5b
HcneitaeM MeToz Ha ypaBHEHHH

qi + 6qpqx + Qxxx = 0.

[Tonoxkum P = gX; + X, (nokaxure, yro ecin P = P(q), T0 Py =
=0) u pewnm (5.2) oTHOCHTeabHO Q,

6
Q=—qusXi + g [X1, Xo] — P 1 gPH X, +

+L Xy, Xl 4 ¢ 1Xs, Xol + X.

(IToackaska: cHauana pewure A1 Q == —¢q.X1+ R(q, g<) u npo-
poskute R =q,[X1, Xo]+ S(g) u 1. n.) U3 (5.2) MB Haxomum,
NpUpaBHUBAsi YIEHH NPH OJMHAKOBHIX CTeNeHsAX ¢, uro X3 = 0, ecan
p#0, 1 nau 2. B atom cayyae X, u X, nponopuvoHa/bHH, U 3alUCh
ypaBHeHHsl Kak ycioBus paspewumocta (5.3), (5.4) mpocrto orpa-
XKaer TOT (AKT, YTO OHO MMeeT OUeBUAHBIH 3aKOH COXpaHeHHS.
C napyroit cTOpoHH, ecaud p==1, 2, TO BO3HHKaeT HETPUBHAJbHASA
aare6pa. B Tom cayuae, xorga p =2, Mbl MOXE€M pEIUIUThL KOMMYTa-
IJMOHHBIE COOTHOLIEHHs, BHIGUpas

= —4i*H, X,=E—F, H,=—iHL.

KakoBH BO3MOXHBIE pelleHHsl mpH p = 1?

5c. YpaBuenus Jlakca, ceasaunbie ¢ sl(2, C). Marepuan storo
paszesa BOCIPOM3BOAHT TeKcT ctatbu II B Hamell cepuu crared,
nocBsillleHHBIX aarebpam Kama— Myan d COJMHTOHHBIM YpaBHe-
HUAM. B mpenblqymux pasgenax Mbl BHAENH, KaKHM o6pa3oMm ecte-
cTBeHHOe (hasoBoe nmpoctpancTBo cucteMn AKHC cBsizano ¢ Gecko-

HeuHOMepHO# anre6poit JIu G =sl(2, C) $bopMaJbHEX PsAIOB
M
X=X X_#!, M upoussosbHO, HO orpaHHueHo, (5.38)

rae Kaxau# saement X_; npunaaaexur sl(2, C).
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Aunre6poit JIu siBAsIeTCS] 8eKTOPHOE NPOCTPAHCTEO, cHAGKEHHOE
KOMMYTATOPOM; B HalleM CJaydyae UM SIBJSETCH

X, Y1=3 5 X Vot (5.30)

Hna BHIYMC/AEHHH IOJIE3HO NPEACTaBJATh KakAHH X_; BeIpaxeH-
HbIM B BHJle (KOMILIEKCHOH) JMHeHHON KoMGuHauuu h;H + e_;E +
+ [~;F 6asucHbix snementos H, E, F, uMelolux MaTpuU4HOe Npe-

CTaBJiICHHE
() =) ()
=\o —1) F=\o o) F=\1 o) 640

rae [H, E]=2E, [H, F]l=—2F, [E, F]=H u Bce ocTajbHHe
KOMMYTAaTOpHl paBHH HyJdi0. Ha G MH onpegenum HeBHIPOKIEHHYIO
CUMMETPHUHYIO OHaHHeRHyo ¢opmy (dopmy Kmanudra uau BHYT-
peHHee NpoH3BeJieHue)

X, Vy=Tr(X Y)0=]Zk OTr X_jY s (5.41)
+ =

U NpU NOMOILK 3ToH onmepauuu G MOXKHO OTOXIECTBHTb C ee LyaJlb-
HOH ajarebpofi G*.

B ¢dopmyae (5.41) Tr(X_;Y_r) MOxKHO B3ATb B BHAE CJeAa NpoO-
M3BelE€HHS MAaTPHUYHHIX npeacrasneduit X_; u Y_p. (ITo-xpyromy
€ro MOXHO ONpeJe/MTh KaK cJel MaTPHL, NPeACTaBJSIOUIUX TpH-
COeINHEHHBIC AEHCTBHS 3THUX JBYX BEJHYHMH. DTH ABa ONpeleNeHUst
NPUBOAAT K pe3yJbTaraM, KOTOpHe NPONOPUHOHAMbHLI, HO He pas-
Hb.) Heo6xoammo rakxke mpoBeputh (opmyiy «obbema mapadie-
aenunena» (X, 1Y, Z]) =Y, [Z, X])={(Z, (X, Y]).

MBIl MOXKeM ONpeaesHTb 2paduenT KOMIJIEKCHO3HAUYHOH (YyHKUHU
f(X), onmpenenennoit Ha G*= G, caepyiomum o6pasom. Ilyctb
80X &=TxG aBnaercs 3JeMeHTOM KacaTelbHOro K (G IPOCTPAHCTBA
B Touke X. Toraa npousBojgHas no HanpaBJeHUIO

2 F (X + €8X) fomo

¢Gyukuny f B Touke X B HanpasiaeHHH 66X sBJAsiercss JHHEHHHIM
¢byHKunoHasoM Ha 86X, KOTOpPHIH MOxeT GHTh 3alHCAH B BHIE

(Vf (X), 8X). (5.42)

Vi(X) mbl HasoseM epaduenrom [(X) B X. B xauectBe mpumepa
nokaxure, 4ro Ve;=F_;, Vfi=E_; Vh;=(1/2)H_;, rne F_;=
= Ft/, E;=Et/ w H_; = Hg/.
Beenem nouatue ad-unsapuantnod Gyukuuu f(X), obnanamuei
CBOHCTBOM
[vi (X), X]=0 (5.43)
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nas Bcex X & G. I1o ypaBeHue BHpaxkaer ciaelykolyio uiewo. Ecan
g siBJsiercsl 3jeMeHTOM rpynnel JIu, cBsidaHHo# ¢ G, TO NIpHcoenH-
HeHHOe AefictBHe g Ha X, gXg~!, Koropoe ocyuiecTBasier oToGpa-
JKeHWe B HOBHIH sJeMeHT (J, OCTaBJsieT HeH3MeHHHIM 3HaueHue f.
OyYHKIHSA ¢ TAKHM CBOHCTBOM HA3BIBaeTCsl ad-ux8apuawTHou, DTO
cBOHCTBO MOKeT OBITh BHIPAXKEHO B BH/IE CJELYIOIEro YCJIOBUS:
445 Bcex Ye= G

0= ditf (e Xe=t) l~o=(V], Y, X].

C ucnosb3oBanneM GopMysan o6beMa napajuiejendnena OoHa O3Ha-
gaer, yto { [Vf, X], ¥) =0, U HeBBHIPOK/IEHHOCTb BHYTPEHHErO MpO-
u3BeaeHUsl NpuUBOANT K (5.43). lanee, paccMoTpuM

- { _Z:X—fgi } v={ i:: X! } (5.44)

npsAMOi cyMMO# KOTopulX sABJsercss G. MHoxecrBo N¥, nyajnsHOe
K N OTHOCHTEJbHO BHYTpeHHero npousseneHus (5.41) (MUHHMANb-
HBIf Ha6Op BCeX 3/J€MEHTOB, BHYTPEHHee NPOU3BEACHHE KOTOPBHIX €
JIOGHIM uJeHOM u3 N paBHO HYJIO), TaKXe SBJsSETCS OPTOTOHAJb-
HBIM jomonHeHneM K+ k K (Habop Bcex 3JeMeHTOB, BHYTPEHHee
npou3BelleHHe KOTOPHIX ¢ JIOOHM 3JeMeHTOM H3 K paBHO HYJIO):

0
K‘L=N'={ ZX_]CJ}.

Ono Gyner HamuM (a30BHM NPOCTPAHCTBOM, 3JEMEHT KOTOPOTO £
6yLy 3alUCHIBATb B BHJE

Q = ; (hrﬂr + e E, -+ frFr): (5'45)
rae Hr=§_rH, Er='—§_’E H F7=C_rF.
Hanee, na K+, paccMatpuBaeMoM Kak AyajbHoe K N, cyliecr-
ByIOT ecrecrBeHHBle cKoOku [lyaccona. Huas asyx dyuxuuii f(Q),
g(Q) va K+ onu onpezneasiorcst GopMyJon

{i9 g} (Q) == ([nNVf’ nNVg]’ Q)) (546)

rie my — OPOeKIus Vf(Q) Ha N. Hurarteno cienyer NpoBEPUTH, UTO
CIIpaBeNJIMBLL BA CBOHCTBA: aHTHKOMMYTAaTHBHOCTh, T. €. {f, &
=—{g, [}, u roxnecrso fxobu, {{}, g}, A} + {{h, [}, g} +
+ {{g, h}, f} =0. Kpome rtoro, kaxzgoit ¢dyukuuu [(Q), Q=K
COOTBETCTBYET 2AMUALTOHOB0 8eKTOPHOE noae

xp=— g, [1yVF (Q), Q] (5.47)
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910 0O3Hauaer, 4TO NMPOH3BOAHAs JIOGoH GyHkuuH g(Q) aia Q B
HanpaBJeHHU X; 3ajaercs BupaxeHueM {f, g} (Q).

[losromy pasa xaxnmod ¢yHkuuu f(Q) cyliecTByer NOTOK HJIH
BEeKTOpHOEe noJje. Eile oJHONH KOMIOHEHTOH, KOTOpas Heo6xoguMa
IJ1s1 TOro, 4ToOHl CcleaTh CHCTEMY NOJHOCTBIO UHTETPUPYEMONH, AB-
Jasercsi Ha6op ¢yHkuui {f;}, NPHBOASAUINX K KOMMYTHDYEMBIM BeK-
TopHEIM noasaM: {f;, fx} = 0. [Toatomy Kaxaas ¢yHKuusi u3 HaGopa
{f;} coxpaHsiercss BAOJIb BEKTOPHOTO IOJIsi, CBSI3aHHOTO ¢ J060H U3
HEX.

Kanauzaramu B 3TOT Kaacc sBAANTCA QYHKIHH, KOTOphle ad-HH-
BapuaHTHH. Teopema Apnepa-— Koncranra— Cumeca rsiacur, 4To
ecan f(X) u g(X) ad-ueBapuanTHele QYHKUHH, TO

() {I, g} =0 mna K+;

(ii) BexTOpHElE HOJIA Xf, Xg KOMMYTHPYIOT.

Hepapxus AKHC BosHuMKaer ¢ mOMOLIBIO 3TOIH TEOPHH H3 IIPO-
cTeHUX ad-vMHBAapHAHTHHX (QyHKIuUi

—0,Q=75(5"Q @, =0, ..., o, (5.48)

rae S* gpasiercs CIBHTOM

NEDIP EF DI i i

T. €. yMHOXeHHeM Ha {*. Uro6bl yBUAETb 3TO, 3aMETHM, YTO AJSA
Xed

VO, (X) = — S*X; (5.49)
an/I 3TOM ACHO, 4TO

[VD, (X), X]=0. (5.50)

Hanee, 3amerum, uro gasa Q = K+

th:: — :l'lZKJ_ [JINVCDk (Q), Q] == nK.L [nKV(Dk (Q): Q]; (5’51)
u3 (5.50)

Qr, =[xV (Q), QJ.
Tak kak [xV®, Q= K*, o

Qt, = — [V P (Q), Q]=1[Q", Q], (5.52)
rae
QH=mySHQ=*(Qu+ - + %’:—) : (5.53a)
npuyeM

Qr=hH+ e.E+ frF (553b)



220 FnaBa 5

dro B TouHoctH mnotokH (3.49) B wuepapxun AKHC. Caoiictro
ad-HHBAapPHAHTHOCTH [, OBIJIO BAXHBIM IIPH YCTPAHEHHH ONlepatopa
NPOEKTHPOBAHHH (Tx1) H3 KOMMYTAaTOpa.

ITonuepkHeM caefyoliHe MOMEHTH:

(i) 3apaHee He cyliecTByeT BHILEJNEHHOTO fz, KOTOpoe HeoGxo-
auMo OBlIo 6Bl Ha3BaTh x. B nmpexnlAyliuem aHaJu3e f; Urpaja oco-
6yl0 poJb; OHa fABJSeTcs He3aBHCHMOH NepeMeHHOH B 3ajaue Ha
cobctBeHHBle 3HAaYeHHss. Korga a3T1oT BHIGOpD clesaH, BO3HUKAeET
nepapxuss AKHC. Ho ecan B kayecTBe cHeKTpaJbHOH IHepeMeHHOH
x BhIOpaHa f;, B pe3yJabTaTe IOJyyaercs Apyras HepapXus.

UacTHEIM ciyuaeM 3TOH «HOBOH» HepapXuH, CBSI3aHHOH ¢ [y,
ABJSIETCS TO, YTO MHOrAa HasbiBaloT Hepapxueii HYIIIT; ona pkiio-
yaer HenuHeliHoe ypaBHenue Illpéaunrepa ¢ npoussonnoit. C npyroi
CTOpOHEI, KoTOpylo s 6yny obOcyxaath B pasi. Dk, oHa COLEpPIKHUT
MAacCHBHYI0 MoJesab THppHHra ToyHO TakK Xe, Kak uepapxus AKHC
conepxkutT ypaBHeHnHe sin-I'opron. Ho Ha camoM jene oHa BoBce He
ABJIsieTcs JeHCTBUTENbHO HOBOH Hepapxuefi; ypaBHenue (b.52), 3a-
NHCaHHOe B NOKOMIOHeHTHOH ¢opMe (5.55), He uamensierca. O6e
3TH HepaPXHH SIBJSAIOTCA 4YacTbio GOJNBIIOH HepapXHH, CBA3aHHOH C

sl (2, C): nepedpasupys Penbsipaa Kunnunra,

Cucrema AKHC
H Bca mepapxus HYIIIT
Kak cecTphl popxHe GJH3KH

(ii). Hecmorpsi Ha To utOo BHO6Op sl(2, C) Oua obyciaosieH
3aNUCHI0 HHTEPECYIOUlero HAC YPaBHEHHS B BHIE YCJOBHS HHTErpH-
pyemoctH, nocje TOro KakK 3afaHa G W ee pasyoXKeHHE Ha JBe MOA-
anre6pst K u N, MOTOKH BO3HHKAIOT €CTECTBEHHHIM o6pasom Oe3
CCBUIOK Ha KakKylo-THOO KOHIENIHIO BpPOJAe H3OCIHEKTPaJbHOH [e-
¢dopmanuu. Bce Te WAH HHBIE «H30» BBITEKAIOT KAaK eCTeCTBEHHBIE
CJIeCTBUS HAJOXKeHHs JONMOMHATEIbHOR CTPYKTYPHl aHATHTHUECKOTO
xapakrepa. Jlo cux nop éce ocyu,ecTéAsA0Cy 4UCTO aszebpaude-
CKUM nyTem.

(iii). IIpu mocrpoenun uepapxuu AKHC pasauunbie Qp Oblin
BHIpaXKEeHBI B TEPMHHAX ¢, r (34ech ey, f;) U HX OPOU3BOAHBIX IO X.
®opmyna (5.52) mpeacrapasier cOO0H NPOCTO CHCTEMY YpaBHEHHI
17151 GeckoHeuHoro HaGopa nepeMeHHbIX {h,, e, f,} Kak yHKuui
GecKoHeuHOro uucia BpemeH {f, fa, ...}.

(iv). To, uro Bce moroku uepapxuu AKHC xomMmytupyior, Tpu-
BHAJbHEIM 06Gpa3oM cjefyer u3 oOllel TEOPHH.

Yurateaio cileayer caMOMy IIPOBEpPHTh Caedyioliue (aKThi:

(a) ®p(Q) siBasoTcs KosddumHEeHTAMH IPHU ™ B panax

— () TeQ = (B ef), tae b, e, =33 (b 0 FT
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(b) Cko6kamu Ilyaccona pas h,, e, f, siBAsIOTCA
{hn es} = €ris {hn fs} = fr+s’ {en fs} = 2hr+s; (554)

OCTaJbHBIE CKOOKH PaBHBI HY.JIIO.
(c) ¥YpasHenus npas hy, e, f; MOTyT OHTbH NOJNYYeHH! JHGO H3
(5.54), anbo us (5.52) m uMelOT BUL

min(f—1, &)
e, = 2 ZO (hrej+k—r - erhl+k—r):
min(/—1, &)
fi,tk = —2 % (her-k—r - frh]+k—r): (5-55)
min (f—1, &)

hit, = ZO: (erfjihar — [rCjrr—r)-

Orcrona HeMeMJIeHHO clelyeT, uTo ho, €o, fo, h; He 3aBHCAT OT
Bcex f. BoibepeM ho =-—i, eo = fo=Hh1=0 B KauecTBe omnpeje-
JICHHS KAHOHMYECKMX ypaBHEHHH. 3aMeTHM Takxke, uto h%- ef He
3aBHUCHT OT fr U B COOTBETCTBHH C HAalIHM BHIGOpOM Hhy, ep, fo MOKHO
BHIOpaTh 3Ty KOHcTaHTy paBHo# —I. Otciooga h, omnpenensiorcs
KaK JuHeHHble KOMOHHAILHY NpoHu3BefeHuH ¢ U f. UuraTemo rakxke
clefyer nokasatb, 4T0 Bce Qp =h.H + erE 4 [.F moryr GuTb 3a-
MTHCAHHI KaK q)ymﬂmu or e;(q) u fi(r) ¥ ux NpousBOAHKX 1o x. Ha-
NpUMED, ey, ¢y, = —2ies, es, 1, = —2ie; — 2hee1, hy = — (i/2) eif1, oTKY-
na e;=(if2) e 1o e3=-—(1/4) (et, yr, — 2€if,). 3amerum ‘rakxe,
yTo ypaBHeHHs (3.42a) (o6o6maromue HYI) npencrasasior co6oi
npocro ey, 4, == —2ies u f1, 1, = —2ifs: Boslee TOro, MH MOXKeM TaKKe
3anucath Bce Qr, B = 3, KaK (GYHKIHH OT e, f,, ey, fo H HX NPOH3-
BOJHHIX MO f;. B KadecTBe clenyiomero ymnpaxKHeHHs YHTATEJIO
clleyeT 3amucaTh ypaBHeHHs IifA ey, fi, e, fo B BUAE ypaBHEeHHH
B YaCTHBIX NPOM3BOLHEIX IO {» ¥ f4. MOXeTe Jiu BH HaHTH COIJIaco-
BaHHYIO penykuuw (e,=f,=0, f, == ¢]), koTopas maer HYIII c
NPOH3BOAHOH

== iugs, = (Wu'), ?
(ITonckaska: BaM HeOGXOAHMO COBEpIIHTb Npeo6pasoBaHve BHAA
ey ~ uexp (ia S uu® dt2) )

(d) Cpssp Mexnay noiaxoxoM aiareGp Jlu v BapuauHOHHOH ra-
MHJIBTOHOBOH CTPYKTYpOIL.

[Tocne Toro kak BHIOpaHa x, CKaxeM f;, MOXHO PacCMOTDETHb
q)aaoBoe MPOCTPAHCTBO, ABJfAOMeecss AupdepeHuuasbHoll areo-
po#, cocTosled H3 MHOTOYJIEHOB OT €, ==¢, fi =r U HX IPOH3BOA-
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HEIX [0 x NPOH3BOJILHOrO HOpsilKa COBMECTHO C CHMBOJOM 0/0x,
KOTOpHIHl TpaHCQOPMHPYET g B §x, gx B gxx U T. A. OHO sABJAsETCA
(a30BEIM IIPOCTPAHCTBOM, KOTOpOoe HaHuboJiee 4YacTo H3ydYasoch
([40], [106]) u momyckaer cienylOMmUil raMUIbTOHOB NMOAXOA. Pac-
CMOTPHM

Helg, 1= 777 { hea @, 70 G 1o -0 dx (5.562)

¥ BapHalHOHHHI rpasuent Ppee

_ 8H,  OH:
VHk,‘—‘ 6q ’ or 3
rae
SHy 4 X, 115 05 Ohkss
d ~ k+1 Zo( b axs 9q'® (5.56b)

u 8H,/8r onpenenserca ananornyHo. Cumsosom g¢) oGo3Hauaercs
0%q/0xs. B 6H,/8g uuraTesp y3HaeT YacTHYI0 BapHAILHOHHYIO MpO-
H3BOJHYIO, T. €. '

.1 : __ [ d8Hg
lim < Hylq + edg, r]= | 25k 8q d.

IToroku (5.52) moryrt OHITH 3aNuCaHH B BHUAE

(q) — IVH,, (5.56¢)
r ty
ree J=(_} é) Haa nokasarenpctBa 3toro cM. [75]. CkoOku
ITyaccona aByx ¢yukuuit Flg, r], Glq, r] umeior Bug

{F, Gy=\IvF -vGax, (5.56d)

rie V— BapuauuOHHHI rpaguent. [okasatenscTBo Toro, uro Hg,
onpezenenHble (opmyaoi (5.56a), HaxomsATcss B HHBOJIOIHH TOJX
ZeHcTBHEM 3THX CKOOOK, Takxe npuseiero B [70], [75]. B pasn. 5d
51 PACCKaXy O TOM, YTO SIBJSETCSI raMHJIbTOHHAHOM H CONPSIKEHHKI-
MH TIepEMEHHBIMH, ecM B KayecTBe 0c0o00# mepeMeHHO# x BeI6paHa
t;, j > 1.

Cefiyac s1 xouy HOAYEPKHYTh ABa MoMmeHTa. IlepBBIfi cOCTOHT B
TOM, YTO COJHTOHHHIE IIOTOKH, MOPOXKAAaeMble B IOAXOAe MOCpen-
ctBoM anrebp JIu ¢ momorpio ad-uEBapUAHTHHIX GYHKIUA D, sB-
JAI0TCA OCOOEHHBIMM, €CJH TaKXe IOTpe6oBaThb, UYTOOH HMesa
CMBIC/ HHTEpPNpeTanusi ¢ TOYKM 3peHHs IuddepeHuUa bHOH anareb-
pe. OCHOBaHHEM 3TOMY SIBJASETCS TO, UTO €CJAH x HOJXKHA OBITh
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0co60H B TOM CMBHIC/E, YTO BC€ BEJNHUYHHL, NOROOHHE ¢y, f; U T. A,
MBI MOXeM MOHHMAaTb KaK (DYHKIUH HE3aBHCHMOH MepeMeHHOH X,
TO Ha K! [AONyCTHMHE TOJbKO TakKHe BEKTODHBIE MOJsI (COOTBET-
CTBYIOIIKE BHIOGODY -APYTHX HE3aBHCHMBIX NEPEMEHHBIX fp, fp 7= X),
KOTOpble KOMMYTHPYIOT C x =={;. JI09TOMy eclIH MHB XOTHM CBO-
6oxanl B BHOOpe JIO60Or0O {; B KauecTBe BHIAEJNEHHOH x, TO B KL MHI
JOJXKHEL BHIOpaTh TOJBKO T€ BEKTODHEIE MOJIS, KOTOphie KOMMYTH-
PYIOT C BEKTODHEIM TIOJIEM X®;, FEHEPHPYEMHIM TaMH/JIbTOHHAHOM
@,. B [39] namu noka3aHa TeopeMma, rJjacsuiasi, YTo eAHHCTBEHHBIMH
BEKTODHEIMU IMOJISIMH, YAOBJETBOPSIOIMIUMU 3TOMY YCJOBHIO, SBASA-
IOTCSl BEKTODHEHIE HO0JId, NOPOXKAAaeMble NIPH NMOMOIIHM BHIOOpA B Ka-
gecTBe FAMHUJIbTOHNAHA JHHEHHOH KomOuHauuu Op.

BTopoii MOMEHT COCTOHT B TOM, YTO B paMKax MoAaxoja anareGp
Jlu BenHYMHBI raMuJIbTOHHAHOB @, (KOTOpHE AJAS Habopa KaHOHH-
YeCKHX ypaBHEHHH MBI BeIOpanu paBHEIMH @g=1, ®O, =0, &k = 1)
He umelor 3HaueHus. C apyroil cropoHe], B noaxone IuddepeHuH-
aJbHOH anreGpHl 3HAYEHHS FAMUJIBTOHHAHOB H, BaxXHH. OHH fIB-
JISIIOTCS HHTErpajlaMi COXPAaHAIIHUXCS IVIOTHOCTEH, HHTerpaJbl JABH-
JKEHHsI KOTOPHIX MOTYT OBITb HENOCPEICTBEHHO CONOCTABJEHH AaH-
HBIM paccedHus (MapaMeTphl AJ HENPepPHIBHOTO CIIEKTPA H COJIHTO-
HOB) mnpu noMOINH ¢opmyas caena (cm. (3.70), (3.71), (3.72)
u [75]).

¥npascnenun u npumepst. Cefivac MH OOGCYAUM TpPH IpHMepa,
HCnosb3ysl anare6pandeckuit noaxof. IlepBuIM sBAsSIeTCS TapMOHH-
YeCKHH OCUHJVIATOP, BTOPHIM — KOHeuHast uemouka Toxw w
TPeTbHM — HOBHIH croco6 pasnoxenus sl(2, C), npu Kotopom ce-
mefictrea Kn® u mMKn® Bo3HHKaIOT ecTecTBEHHHBIM o6pasoM 6es
npuBJeyeHus: Tpe6oBanus fy = —1 uau f; = e;. B pasx. dh a mo-
Kaxy, KaK IpH pacCMOTPEHHH aJIbTEPHATHBHHIX TIPajyHPOBOK

s1(2, C) 310 HOBOE pa3JjioKeHUE MOSIBJASETCS €CTECTBEHHBIM 06Pa3oM.

Ynpaxuenusa 5c¢

1. Bosbmure G =sl(2, C), X=hH + eE+|F, (X, Y) =Tr XY.
Haiinure Takoe pasnoxenue G = K -4 N, uto Q, NIPOH3BOJBHHI 3J1e-
MmeHT npocrpancrsa KL, umeer Bug AH + eE. ExuncrBennas (c Tou-
HOCTBIO 10 YMHOXEHHUs Ha yucso) ad-wHBapuantHas ¢GyHruus @O —
ar0 —(h? 4 ef); npu aroM —V®{(X)==hH -} eE 4 fF. Tlokaxure,
4TO TAaMHJIBTOHOBO BeKTOpHOe moJsie Ha K 3amumiercss Tak:

Q =Tkl [J‘ENVCD, Q] == [RNVCD’ Q];

OTKyJla CJeLyeT
h=0, ¢é=2ke.
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JInsg MHHMHX A U KOMIJIEKCHBIX ¢ 3TO €CTh ypaBHE€HHE TapMOHHYE-
CKOro OCHHUJJAATOPA.

2. Paccmorpure anre6py JIn GecuunypoBrix n X n-MaTpHl

bl ay dl l
¢ by
€ €y . .

IR

. . * Quy

. Cn—-1 bn

¢ OObIYHHIM MaTpHuHBIM KoMMmytaTopoM; (X, Y) =Tr(XY). Bo3ss-
MHTE pa3JIoKeHHe

0 a, d] b] ]
—aq 0 Qo . d2 Cy + a; bz
—d; —a . . di+e cta .
X — 1 2 ) ) ) + i + 1 2 + 2 ) )
. o Qy_y . .
—a,1 0 Cn1tQn1 by
- K + N,

rie K—kococumMmerpuyHasi, a N HIXHeTpeyroJbHasi Marpuua.

X takxke Moxer GHiThb pasioxeHo B KL -4 Ni, rie KL — MHOXKe-
CTBO CHMMETPHYHBIX MaTPHL

bl a dl
a by a
dl Qy . .
Q= .ol ,
. . aﬁ-—l
Q1 bn
a N1 COCTOUT H3 CTPOro HHUIKHETPEYrOJbHBIX MATPHUIL
[ 0
O—q

eg—dy c;—a

Cn—1 ™ Qp-1 0
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K u N (B oranune ot K1) cyrb nopanreGpH.
1
D(a, b, c, d, e, ...)=—2—TrX2

— ad-unBapHanTHas QyHKnHA ¢ rpaguedtoM VO (X)=X. T'amuis-
TOHOBO BeKTOpHoe noJje Ha K1 3apaercs tak:

Q= —gs [1,VD(Q), Q] =751 [1xVD (@), Q] = [VD (Q), Q]-

TTosTroMy ypaBHeHHe ABHKeHHA ecTb Q =[B, Q], rae

0 a dl
—a 0 a
..__dl
B= ) . ) .
‘ . : Qp—y
—-a,,_l 0

OrmeTnM, 4TO ecaH MBI OTPAHHYHMCS TPEXAMarOHaJbHHIMH MAaTpH-
uamMu X (1. e ecimu d=e= ... =0), To MaTpHIa Q CHMMETpPHYHA
M TpexauaronasnbHa. [lanee, B = ngVOD(Q) n kommyrarop [B, Q]
TaKxe TpexauarosaspHe. CleloBaTeNbHO, TAMUJILTOHOB NMOTOK, IIO-
poxzaenuslii @, coxpaHseT TpeXAHAaTOHAJbHYIO crpykKtypy Q. Cie-
AOBaTENbHO, MBI MOXKEM C/eJ1aTh COIJIaCOBAHHYIO PeNYKUMIO K Tpex-
AHaroHaJbHOH (opMe W NMOJAYYHTH Gosiee MPOCTONl HAGOP ypaBHEHHH.
B KoMnoHeHTax OHH 3aHCHIBAIOTCS TaK:

: 2 2
br=2a—20;_,, r=1,...,n, a=a,=0,
dr=ar(br+l—b’), r=1, s ooy n-—l.

ITosiokuM

1 1 1.,
ar='§‘exp'§(ur_ur+l), br=_?ur'

Torza ypaBHeHHs NpeBpaTATCS B
fdy=e'r=17% — T r=1, ..., 1, Hy=-—00, U, =00.

OTH ypaBHEHHs ONHCHIBAIOT KOHeuHyio uenouky Toiw (cM. ympax-
Henre 2b(iv) B ra. 2), y Koropo# HyaeBas H (n - 1)-a gacTum
yAaJieHbl Ha pa3sHble 0eCKOHEYHOCTH. PellleHue 310 CHCTeMBl [AaHO
Mosepom B [98], a Koncraur [99] onmcan BechMa NoapoGHO ee
anreO6panyvecKylo CTPYKTYpY.

8 A. Hbio3n -
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3. Paccmorpure aApyroe pasnoxeHue aarebpm sl(2, C), G =
=K+ N, rae

M
N= ; X_jM 4 eE + hoH,
K= ]; (hH + eE 4 f,F) - 271 4 foF

C BHYTPEHHUM [pOU3BEJAEHHEM '), ONpeleNEHHHEM ¢ IOMOIIBIO
(5.41). Torna npousBoJIbHEI 2JeMeHT Q B npocTpaHcTBe K1 uMeer
BH[,

Q=foHl + foF + X (byH + e + FE) ™.

Jas Habopa ad-WHBapHAHTHHX (YHKUHH
@y = — (h*+ €f)s

rae h, e, f —paapl (BeKTOPH ¢ OECKOHEUHHIM YHCJIOM KOMIOHEHT),
a HHAEKC OTHOCHTCS K 4IeHy NpH A~*, Mbl IIOJIOXXKHM BeJHYHHBI
O, =1, ®, =0, £ 5= 1. 310 03Hayaer, 4YT0 MH B3dJH Ay =0, fo =1,
e; = 1. BH6op 3TOT aHaJoOrHueH CAECJIAHHOMY paHee B 3TOM pasjeje
BHIGOPY ho = —i, eg = fo ==0. Beanuunn

Q¥ = — myV®, (Q)

HMCIOT BHI,
k=1, —AF-+mH-+E,
k=2, —A2F 4 A(H + E+FF)+ hH + e,F, (5.57)

bk, - — ARF - 2= (W H + E + [.F) + . ..
+ A-r(hH + e, E+ [, F)+ ... -+ hH -+ e,E.

ITokaxkure, 4yT0 ypaBHeHHS

Qy, =[Q™, Q] (5.58a)

'} Mb yBuauM B paspa. 5h, 94TO 3TO pAa3nNoXeHHE COBEPLIEHHO eCTECTBEHHO
H COOTBETCTBYeT IyaBHo# rpagyuposke sl (2, C).
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UMCECIOT BHA
(1-1, k)
hit,=¢er+ rgl (erf1ra—r—Frrra—r) + ifz, (5.58b)
(I-L k)
ey =2 X (hejunr— ey ey, (5.58¢)

(I—1, &)
Foow=—2pe—=2 X (Afponer—Frhpin-) — 2byfe, (5.584)

raie ob6osnHauyeHue (j— 1, &) o3Hayaer, YTO CYMMHPOBATb MOIKHO
aunbo go j— 1, aubo no k.
SI npowy Bac yGeautbcst (2 B HEKOTOPHIX CayyasX AOKa3aTb) B
cleayoleM.
(i) TTocnenoBaTeNbHOCTL €; NOPOXKAAETCA MNOTEHIHAJNOM, IO-
CKOJIBKY
Oejyy _ Oepy

at,, 3,

[Ipeasuas To, 4TO HOJYUYHUTCS, S 3AMUILY

a dinv
ot

e,=— j=2,...

o,

.3 1 1 1 1
(ll) 62=—2—hl, t +§h%, flz?hl,tl—fh%'

ITepex moxasaTeabcTBOM B3IVISHHTE HA NepBoe cooTHoueHue. OHO
BaM 3HaKOMO?

Hokasareascrgo. U3 (5.58b, d)

b, =er1+efw i t,=—2he 1 — 2hfs,

YTO JaeT HaM

2hhy, 4, + eify, 1, = 20100 41 — 200 P41
HeG6oubioe BHYHCIEHHE TTOKA3HIBAET, UTO

hy, tht) = 2hiep 1 — 2eih .y + e, 1y
H, €CJIH 3TO BHIYECTb H3 IPEIBIAYIIEr0 PAaBEHCTBA, MOJYYHTCS
2 by g, — By, g, = —2ei[1, 1, = —2[1,4,, TAK KaK e =1.
1

—_ 1 2
CaepoBarensho, fi==3h, tk'_'?hp H H3 e, =h

l e 1 2
7+

N P f, moay-

YHM e, =

8+
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(iii) A~y Xax QyHKOHsA £, f; yAOBJIETBOPSE1 MOAUDHUMPOBAHHOMY
ypapHeHHio Kopresera — ne ®@pusa

1 1
h,, t2=ea+f2=h2.t.= (—Thl,t,t, + ‘gh?)tl’
TaK Kak

L s,

1 1
h2=_"2'f1,t1_h1f1=—Thl,t.t,_7 1

(iv). Caedcreue. Kak ¢yHKuus fy, fp, BEIHYHHA e YAOBJETBO-
1 1
pser ypaBHenuo Kan®, npuuem e, ==h, ,+5h ectb npeoGpa-

30BaHue MuyphL.
(v). SI ocraBnsito BaM JJist A0OKAa3aTeNbCTBA COOTHOLIEHHE

€ t, = €18h1j—1x + oo e — el — o0 —engey
Cmorpure (4.13)!
(vi) Nejy = ——%Me,=NLe,, rge L, M nu N onpenenens (3,6),

(3.12). dTo0 3Hauur, uTO

=TS st

=1 j=1
Takum obpasom, e;=— B;_; (HaIIOMHHM, uro By=—1, B,=¢/2, ...

ceey B,+l=-;—L’q).n OTCIOfA, a Takxke u3 (4.6) MBl BHAUM, UTO

MOTEHLHAN T, BBeIeHHHH NOCpeacTBOM e; = —(0/0¢;—;) (0/0¢)In T,
U B caMoM JeJe ecTb T-QyHKuus cemeficra Knd

(vii) 3amerum, uro pemenuem (5.582) siBaserca Q = VCV-,
C —nocrosaHHas Martpuua, a V ynoBJerBopsier

Vi, =QRV, (5.59)
[Tonyyus Q¥ ¢ momowpio (5.57), Mbl HaligeM anas V = (v, vg)?
Vix=ho +ev, e=1, vy=—Arv—hv,
"
0y (k) elk) Vg
()= (i ) (2)
rae

k=1

k k
h e f
E: I E: E: i
h(k)= Ak -A.T, e‘k)= A«k A_]]’ f(k)= )\.k 7.
0 1 0
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OrMeruM, 4TO KaK vy, TaK H U; YAOBJAETBOPAKT ypaBHenuio [IIpé-
AMHrepa C NOTEHUHAJAMH ¢==—2¢,=—h, —h} u h — h? coor-

BeTcTBeHHO. [lepenuuieM 3TH ypaBHEHHS JJIS NepeMEHHBIX

v=0;, U,=U;} ~,

(:) =(—x+(;zl,,+h% ;)(:)

- x
s o))
v, i —(f(k) + 2hlh(k) + hl, 1, h%e(k) hle(k) — h(k)) 0, .

1
O6patum BHHManue, 4T0 A® —he® = — el u uro s1H ypas-
HEHHsl CyTh B TOYHOCTH MaTpuyHas ¢opma (3.3).

H TIOJYYHM

5d. 3akoHbI COXpaHEeHHs, TOKH, NOTEHLHaJbl M yPaBHEHUS
Xupotsl. Jlanee xak HeMeJJieHHOe caeAcTBHe (5.55) mosmyuum

Ohypy  Ohyy,y Oejy1 __ Opyy Ofip1 _ e
at, 3t ; o, ~ oy o, o,

(5.60)

Dro o3Hayaer, 4TO PAAH h, e, f MOryT GHITh 3aNmHCaHH ¢ TOMOILIBIO
Tpex NOTeHIHaJoB. B yacTHOCTH, H3 CaMHX ypaBHEHHH H H3 COOT-
HOIIEeHUH

ety = —2i1, F1,4,=2ifps1
MHl 3HaeM, 4TO e; M [; BBHICTYNAIOT B DOJIH NOTEHIHAJNOB [Js BCEX
KOMIOHEHT COOTBETCTBYIOIHX BeKTOopoB. Ellle MH 3Haem H3 npe-
JNBLAYIIUX BHIYUCAEHUH, YTO BEJHUHHEI S h,dx siBAsIOTCS COXpaHAO-

LIMMHCS TJIOTHOCTAAMH, MO3TOMY hj41 OKAa3HBAIOTCA He TOJNbLKO IPO-
H3BOAHBIMH MO f; OT NMOTEHLHaJa, HO H NPOU3BOAHHIMH mo f. Ilo-
3TOMy MBI ONpeAeSHM HOBHIH noteHuuana t(f;, fp, ...) ¢ IOMOLIbIO

07] i dlnt
h’”‘=72(7T)' (5.61)
TO, YTO TEIEpbh HAM XO4YEeTCA NOoKa3aTb — 3TO, KOHEYHO, 4YTO
‘ it
F]k = w;a—tk- (5.62)

ecTb JloKaJabHas QyHKUUA OT (h,, €y, fq). YMecTHO Ha3BaTh Fj, TeH-
sopom Toka. B paGore [38] MH mosyuuiu sBHOE BHIpaXKEHHE AJA
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3T0# BeJHYHHH. OHO TAKOBO:;

i k
O L XL PG EL L

r=0 r=0
d
=tz Q" Q). (5.63)
OcHoBHaA Hies J0Ka3aTeJIbCTBA — HCIIOJAB30BATh (5.55), urobH me-

penucarb

oh :
i+1
af, Z (Efrris1—r—Fr8fsrs1-r)
1

KaK IPOU3BOJAHYIO 1O #). 3aMerbTe, HAIPUMEP, UTO
Fevipi—r=—(2) Forior t— 2y rF)-

IBa Bopaxenusa B (5.63) SKBHBaJIEHTHH, €cJH HOPMHpPOBATDH
psau h, e, f TakuM o6pasom, uro h? 4 ef =—1. B nporusHoM cay-
uyae OHM OTVIHYAIOTCS HA BEJIMUHHY, 3aBHCSALLYI0 OT TaMH/JIbTOHHAHA
®(Q). Uro6u COXpaHHTb CHMMETPHIO, 51 ompeaenio F;, Kak cum-
METPH30BAHHYI0 CYMMY, HO BO BCEX BBIUHC/IEHHSX MH OGyieM CUH-
1aTh, 4TO h% -} ef = —1, H MO3TOMY MEI CMOXKEM BHIYHCJHTbH TEH3OP
TOKA, HCIO0JIb3Ys JHIIbL OJHO M3 5TUX BHIpAXEHH.

Brniepsbie B sHTepaType MH NeACTBHTEJNBHO MOJYYMJIH BHpaxKe-
HHS JUI TOKOB BCeX COXDAHSIOUIHXCS BEJHYHH 110 OTHOIUEHHIO KO
BCEM IOTOKaM: oh 5 i

I+ :
oF, —E?FW (5.64)

HHTepecHO OTMETHTb, YTO TOKH €CTECTBEHHEE BCEr0 BHIPAXKAIOTCA C
TIOMOIIbIO NPOU3BOJHKEIX IO 8CeM BPEMEHAM OT €JHHCTBEHHOH (QYHK-
uud Invt(t, fy, ...). MHBIME cnoBamu, TOK MJs coxpaHsiollefics
IVIOTHOCTH h4 (MHTErpas KOTOPOH SIBJSETCS TaMHJIbTOHHAHOM MJIS
HYII) no orHomenuio K ¢, — noroky HYUI — nwaunyumuam o6pasom
BHIpajKaeTcs yepe3 NPOM3BOJAHEIE BTOPOrO MOPSIAKA MO fp H MO f3—
BPEMEHH JJISl COBEpPHICHHO JPYroro INoToKa, a He uepes MPOM3BO/-
HBIe 10 fy U x; a uMeHHo, (0/0t)hy =(0/0t)i/2-0%1n 1/dt:0t5. Ko-
HEYHO, MOXHO TaKxXe BHIPa3uTh 021n1/0%.0f; uepes ey, f; ¥ uxX npo-
H3BOJHBIE 110 f;, HO 5TH BHIPAXKEHHS HEe HMEIOT eCTeCTBEHHOH CTPYK-
TYpH U KpaHHe IPOMO3JIKH.

Ilanee npeanoyoxkum, 4o Ml BHIGpanu Apyroe £, (cKaxewm, f,)
B KauecTBe BBIAENEHHOH KOOPAHHATH X. DTO GHIO 6H YMECTHHIM,
HalnpHMep, NPH H3yueHWH HeJuHeHHoro ypasHeHus Lpénunrepa c
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HpOU3BOJHON. B aTOM cayuae 3aKOHH COXpaHEHHs CyTb

0 a
at] Fk2 - at2 Flkv

Fry — coxpaHsiiomiuecsi IVIOTHOCTH, @ COOTBETCTBYIOLIHE TaMHJIBLTO-
HHAHH NPONOPUHOHAJALHEL SFkQ dit,. B Tex ciayyasx, Korza B Kaue-

CTBe BHIAEJEHHOH KOOPAHHATH x Mbl GepeMm BpeMms {; (M TOTAQ ejir,
fi+rs r > 0,’MH BHpaxaem 4epes ey, €z, ..., €, 1, ..., [j H HX TpO-
H3BOAHBIE IO X ==1{;), COXpaHAOINHeCT IVIOTHOCTH CyTb Fg;, a ra-

MHWJbBTOHHAHBI — 3TO
2

TF1 S Frpypdty.

3aece g ynoMsiHy 6e3 J0Ka3aTesbCTBA (MHTEPECYIOLLHHCS YHTATENb
Moxer HaiiTu ero B [38]), uTo compsKeHHEIMH l'IepeMeHHbIMH fB-
JAIOTCS B 3TOM caydae He (e, f;), (e, fi-1), ..., (e; f1), a

@, 1) - @, T, tae &, fr— Kospdunmenth Hepell ¢ B dop-
MagnbHBIX PsAAax pasjoxKeHHH e/[Vi—h u [[4/i—h B6ausnu § = oo.
Hast j=1 1 2 conpsiKeHHHIMH NepeMeHHHMHU SIBAAIOTCA (e, fi) H
(e1, f2), (e2 f1) cooTBeTCcTBEHHO, HO NMpH OGOJBLUINX j OHH ApYyrHe.

Haxkonen, okasniBaercs,, yTo yAo6Hee HCIO/b30BATL ¢ H p, OHpe-
JeJIeHHBe COOTBETCTBEHHO KaK tey U tf;, B KauecTBe CKaJAPHHX MO-
TEHI[HAJIOB AJA PSAAOB e H .

Mu BHIHM, KaK MOXHO 3aMeHHTb TPOHHOH OGeCKOHeUHWH psj
ypaBHeHnuii (5.55) TpeMs CKaJsipHHIMH YypaBHEHHSAMH Ha IOTeH-
nuansl 1, ¢ U p. EcTecTBeHHO 3aJaTb BONPOC: KaKHM YpaBHEHHSM

OHH YZOBJETBOPSIOT? DTO MOMKHO BHUHCJIHTb HemocpeiactBeHxo. K3
(5.55) umeem

HY) ==

. de ae
—'2lek+1 == W}i— k + 2hk€] ,

4YTO O3HAYaeT

0 (_q_)__t_- ( )+ dint
ot, \v /) 2 awmkl el 5t of, |

TMosnyuaem
i .
OpT — 0T = Z (11T — O1Tp—g — Op— 1Ty + OTip_y),  (5.65)

-1

rie HHAeKC j 0603HaYaeT 9acTHYIO NMPOH3BOAHYIO no t;. Tenepp Bep-
-HeMcs1 K ¢opmynam (4.36), (4.37) pasm. 4c, rie ompefensiioTCs
oneparopn XHpoTH. YpasHeHHe (5.65)— 310 ApocTo

(Di,— 5 Di,Dr,_ ) o+ v=0. (5.66)
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Anasoruuno
(Dt,— 5 DiDs,_ ) o t=0. (5.67)
Tperbe ypaBHEHHE NOJNYYAETCH, €CIH 3AMETHTD, UTO
i 92 i
h2=_2__0_tf-ln T=— ;elfl
NEePeXONUT B
D}v - = —20p. (5.68)

M3 stHX ypaBHeHH# JIerKO BHIYHCIHTD MHOTOCOJHTOHHEIE DeLIEHHS.
Has 310r0 yAOGHO NPOH3BECTH 3aMeHY He3aBHCHMHEIX IepeMeHHHIX

Qitk-»tk

(3ameTuM, YTO HOBOE BPeMs YHCTO MHHMOE), MOCJE Yero ypaBHEHHS
XUpOTH NPHHHUMAIOT BHJ

(D‘k — DtlDtk—-l) oc-1=0, (5.69a)
(D, — Dy,Dy, Yp-v=0, {(5.69b)
D2t - 7= op. (5.69¢)

Hmewm pentenus B dopme

N N
v,op= 2 D, v)exp(le wH, + le v,H,+

By Vgm0, 1
1<r§s <NA'su'xs + 1 <r§s <N§,sv,vs T r.él B'su'vs)’
rie
Hr = Z gftk’ —r= - Z zftk’
p=f{ 1 com Zw=In,
0 B nmpoTHBHOM cJyuae,
Dp={ I, eemn Y =2 v+1,
0 B mpoTuBHOM cJiyuae,
Do={ —1, ecnn Yu +1=2Xw,
0 B nmpOTHBHOM cJaydae
H
from e =t =5, =4 — LR

4(Cr — o)
(5.70)
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JOns e, f, obmero Buma {, He CcBsi3aHa C &z Onuako ecau
fi=—e, T 2k=§;, rie §, — 3TO BeJHYHHA, KOMIJIEKCHO conps-
XKeHHad C (.

Kaxpoe u3 ypasuenuit Xupors (5.69) samuceiBarorcst B opme

P(D:)f-g=0, (6.71)

rae P rakoso, uTo '
P(0)=0, (5.72a)
P =0. (5.72b)

ITpu BriBoge (5.70) IIHPOKO HCNOJB3YeTCS] MPABHIO
P (Dt]) exp ( > a‘lk)tk) - exp (Z a‘z")tk) =
=P (o) — a’)exp (2. (aP + aP)£,).  (5.73)

Kak u panbuie, cauru ¢asm A5, A,s U B, OAHHAKOBH AJA

Kaxjaoro uwieHa uepapxuu sl(2, C). IlosroMy, Kak 1 B II. 4, MH
MOXeM ONpeleJHUTb BCe MHOTOU/IEHbl B 3TOH HepapXuH, KaK TOJbKO
3ajaHbl Bce caBuru ¢ase. Ha kaxmom ypoBHe (ypoBeHb— 3TO
CyMMa HHIEKCOB B ypaBHeHMsX XHPOTHI, HamnpuMep, YpaBHEHHE
(5.69a) mpuHamJEXHT YPOBHIO k) CyLIeCTByeT MHOro (mompoOyiite
BHIUHCJIHTD, CKOJIBKO HMEHHO) ypaBHeHuH XHPOTH, KOTODHIE COB-
MECTHHI JPYT C APYroMm.

Ynpaxuenune 5d
BBIyNCAUTL OXHOCOMIMTOHHOE pelleHHe, Koraa

f1=—-ei;

N=1, { = =Et—in;

H=2¢t, H=-—2X1Ck4,;

v==1+exp(H,+ H,+ By), o=—expf, exp(-—-%‘—‘- =—A4n;
q (ty) = '% = 2nexp (;——H‘ - i, ) sech (—————H' + f;‘ + Bu ) ;

1 5y . *
?(Hl"'Hl+Bu)=12(gf—§1k)tk+311/2;

1 r . *
5(H1—H1)=-—12(§f+§,k)tk.

5e. 3apaua Ha coOCTBEHHble 3HAYEeHMsi, ACUMNTOTHYECKOE pas-
JIOXKEHHe W BepliHHHble omepatopbl. Ilenp 3TOr0 pasmesna — BBeCTH
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co6cTBeHHYI0 QYHKUMIO V(fx; §) M DONYYHTHP HEKOTOpPHE €€ CBOH-
CTBa:

(i) ee acumnrToTHYECKOe pasJyioxKeHHe BONH3U § = o0o0; ‘

(ii) To, uro ¢asoBoe mnpocrpanctBo Q(fr) sBAseTCsT Op6HUTOIH,
npoxoasiel yepes sjuemeHt —iH;

(iii) pasnoxenue anxa {oV/og;

(iv) cBs3p Mexnay V u ypaBHeHHsIMH XHDOTHI.

Beedenue V(ty; t). Mu BuBesnn uepapxuio sl(2, C), ue BBoas
BCIIOMOraTeabHHIX NepeMeHHHX. Kak onu nossasiorcs B obmied
kapruHe? Orser oueHb npoct. ¥YpaBHeHue B dopme Jlakca

Q:,=[Q®, Q| (5.74)
TyT 2Keé no3BoJideT UCKaTh peme}me B BUAE
Q=VQv .. (5.75)

IMoxcrasass sto B (5.74), y6exnaemcss B ToM, uro Qo He 3aBHCHT
OT BCeX fr U UTO
Vi, =QWV. (5.76)

Koneuno, ‘BepHo H ofpaTHOe: KaK MH MOKa3HBaJH B pasi. 3c,
(5.74)— 10 ycnOBHe UHTErpHUpyeMOcTH ypaBHenuit (5.76). Xors
(5.75) ne pemaer (5.74) B fiBHOM BuZe, cama (opma 3alHCH B Ta-
KOM BuJe rnojesHa. OHa HaBOJAUT HA MBIC/b, YTO NMOTOKH (5.74) sB-
JSIOTCH PeAyKUHsIMH Oosee MPOCTHX NOTOKOB Ha GOJbIIEM MHOTO-
o6pasuu. [Tonpo6ro ME 06cyauM 3Ty uael0 B pasi. 5j.

Acumnrorudeckoe passoxncerue V 66ausu § = oo. Tak ke KakK B

cayyae uepapxun Kn®d, nosesno novckars opmajbHOe aCHMNTOTH-
yeckoe pasyioxenne aaa V(¢ fy, ...; §)

VN(I——-é—i—b'—E—E,—ﬂ)exp((—ingtk—}— $)H+9). (.77

rae P H ¢ — psas no obparHnM crenenam . Hmeror mecro cie-
AYIOUIHE DPe3YJbTAaThI:

— i !
e, = br + 5 Z “hmbn; (5.783)
mAnwr
muk("
i
fr =, -} '} Z hmen. (578b)
m+n=r

mn ok 0



Ceasymouie 38eHbs MEXAY YYAECAMH COMHTOHHON MATEMATHKH
OHu 3anucHBaloOTCA B KOMNAKTHON (opme
2ie=0b( — h),

2f=c(i—h),
rae( ho =—i, by =0)

(o] o (>
_N Ir
- gr ’ Q_ T
0 1 1
oo (o]
Cr
b=, % 7
1 1
B Kayecrne YIIpaxXHCHHAA A OCTABJSAIO HOKaSaTb, 4qTo

b (tg, §)=%el(k+ 2k§k) 31+,

ml@

g
1 1 _
¢ (tz, §)—-ff1 (fk - 2k§k)= . fies k=12, ...

Brnonnerno caenywoinee:

¢+ Y=Int_—Inr,

¢—Y=Int, —Inr,
rae

T, ("+2k§") 'r_=1:(tk—-5;:€—k, k=1, 2,....

MoxHo moKasaTh, 4TO

MH BBOZAMM ONEPaTOpPH

X, () =exp(i Zg"tk eXP(Z T )

x-©=exp (= iy e )exp(~ Y oo om

235

(5.79a)
(5.79b)

(5.80)

(5.81a)

(5.81b)

(5.82a)
(5.82b)

(5.83)

(5.84)

(5.85a)

(5.85b)

3amenanue. MB MOXKeM HA3BaTh 3TH ONEPATOPH <«BEPUIHHHH-
MH» onepaTopaMH II0 aHAJIOTHH C NOXOXHMH omnepatopamu Y (%),
BBeJeHHHIMH B (4.124) B cBa3u c <-pyHkumeii cemeficra Knd.
B Tom koHTeKcTe, ofHaKo, Korna omnepatop X (MM JMHEHHAs KOM-
6unauua X(§) u X(—=%)) npuMeHsics K T MJIH KOrZa SKCIIOHEHTa
or Y(f) npuMenssace K t, nmosayyanach apyrasi tv-QyHguus. Xors
Hcnosb3oBath Xi(f), X—(§) B BHuHMcAeHHAX, YTOOH TOJAyYaTh MHO-
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FOCOJIUTOHHBIE pellleHHs (Mbl JeJaeM 3TO B pasi. 5g)— BecbMa

npocras npoueiaypa, TPyAHO OMHCATb HPOCTPAHCTBO (QYHKUHIH, Ha

KOTOPOM €CTECTBEHHO AeHCcTBYI0T omepatoph Xi(f) u X_(§).
ByaneM o6o03HauaTh_4YacTH STHX ONEPaTOpOB 6e3 MHOXKHTeJei

exp (=i > tt,) nocpeactsoM X, (§) m—~X_ (Z) coorBercTBenHo. Te-
nepb, HCHOJb3YS 5TH Pe3YJAbTAThl, MOJYYHM

V~(1—%81+E+%f1_f‘)(1_§” X;T +1—2-H X:'r).

Ho
e+ Xyv=X,et=X,0 u [ X t=X_fir=X_p.
IToaromy

Veo| (5.862)
- X_p X.T
2F +

Onpeaenurenb 3T0H MaTPHIH paBeH eAMHMIIE, HOTOMY uTO H3 (5.84)
1 1 T,T be
detV =~t—,(1:+'r_ ——4?o‘+p_)-_—__.';_2_(1 ——)=1

ITosToMy oGpaTHast MaTpuua TaKoBa:

Xt ——2i—X+cr
vi=if . . (5.86b)
—-"2—§-X__p X___'l:’

Hy:HO npoKoMMeHTHpOBaTh, KaK GBUIH MOJIYYEHBl 3TH Pe3yJib-
ratH. Bo-nepBHX, Hy:KHO NMoAcraBuTh ausaw (5.77) B (5.76) u mpu-
PaBHATb KO3 (QHUHEHTH npH {7, —oo < r << k. Has r =0 (5.78)
1noJy4aercss JOBOJIBHO JIerko. B jomnosneHue ciaefyer JoKasaTb, 4TO
3TO TaKke BepHO NpH r << 0, NPH 3TOM NOSIBASIOTCA NPOH3BOJHEIE
oT P U @. JJIs 3TOro cieayer HCHOJBb30BATh yPaBHEHHS, KOTOPHIM
yIOBNETBOPAIOT h,, €, U f,. Bripaxenus (5.78) HOJKHH GHTb, KO-
HEeuHO, He3aBHCHMHI OT TOTO, KaKoe M3 ypaBHeHHH (KaKoe BpeMms f:)
MBI ucnonab3yeM. Ilpuroasarcs asa ypaBHEHHS

he=—% Y entatfuba (5.87a)

m+ne=r
HJIH

h=—i-—%(ec+fb)

Z (emcn - fmbn) == 0, (587b)

mine=r
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KOTOpO€ 3aNHCHBAaeTCs B BHIE
ec=={b.

Q npunadaescur opbure, npoxodaujeil yepes —iH. 3areM MH
NoKasblBaeM, 4YTO THIOHYHHH 3JeMeHT (as3oBoro npocrpancTea Q
JIeXKUT Ha opOuTe, NPOXOAsMied yepes —iH.

MBI XOTHM TO0Ka3aTh, UYTO

V(—iH)V'=q, (5.884)
HJIH, YTO TO K€ caMoe
QV =V (—iH), (5.88b)
rue
1
) I —5b
v=|, ebH+o (5.89a)
30 1

SIBJISIETCS JIEBHIM MHOXMHTeJNeM V B aCHMNTOTHYECKOM pPa3JfOXKeHHH
BO6M3H § = oo, T. e. HopMasbHO

V=Vexp(—i) t*H). (5.89b)

Tak kak npasne MHOXHTenH B (5.89a,b) xommytupyior ¢ H, Hyx-
HO NOKAa3aTh, YTO

1 i
(h e) bo=3b) (1 —3%f (—i )
f —h i 1 I 1 i)

2°¢ z¢

dro caenyer u3 (5.79), (5.87).

BruinumeM ypaBHeHue, KoTopoMy yaoBaersopsier V. Uz (5.76)
u (5.89b) mosyuaem

Vi, = QW + V(HZE). (5.89¢)

C 3THM ypaBHeHHEM MBI CHOBa BCTPETHMCs B pasi. 5j.

Sl Takxe oTMeuy, UTO €CJIM B KaueCTBE BHIAEJIEHHOH KOOPIH-
HaTH x 6paTth #;, To $a30BHM NMpOCTpAaHCTBOM Oyaer ajreGpa MHO-
TOYJIEHOB OT ey, €2, ..., €j, 1, ..., fj H HX IPOU3BOAHEIX IIPOU3BOJIb-
Horo mopsigka no x =+¢; HaGop {e;, ..., ej, fi, ..., f;}, ecau ero
paccMaTpuBaTh KakK ¢yHKnHio x=1;, mopoxnaaer ¢asosoe mpo-
CTPaHCTBO. A TakK KaK 3TH (YHKUHH B TOYHOCTH €CTh 3JEMEHTHI, CO-

i

nepxamuecst B Q) = hOH + eWE 4 fOF, tne  hV=¢ ) n2™"
0

(u amajoruuno omnpenenexu el), fN), To QU) MoxHO cumraTh da-
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30BuIM npoctpaHcTBoM. M3 (5.89¢) TunmnunHil ssemeHT 3TOro ¢aso-
BOTO IPOCTPAHCTBA TOT/@ 3aNHIUETCS TaK:

Q¥ — 17(_ iHt! _6‘1) vl ]7t117“, (5.89d)

3ameuanue. CnoBo opbura ynorpeGsieHO 3/1eCb CO3HATENbHO, H
B HEM 3aJ0XeH onpeneseHHbi cMHcl. Eciau Beaxuit snemeHT X
($a30BOTO MpPOCTPAHCTBA, KOoTOpoe siBIsieTcs airebpoit G*, nsoiict-
BenHodl K ajarebpe G, Moxer OHITb NOJYYeH KONDHCOE]HHEHHBIM
neficteueM X = gXog—1 (B MaTpHYHOM IIpeNCTaBJEHHH) 3JEeMeHTa
g rpynnu G Ha snaeMeHT X, npocrpanctsa G*, TO TOTAA MBI 3HAEM,
uto (pa30BOe NPOCTPAHCTBO SIBJAETCH CHMIJIEKTHUECKHM MHOroo00-
pasueM ¢ HeBHpOXIeHHOH 2-¢opmoii. Hampumep, ecin MH BO3b-
MeM X ==[; B KauecTBe BHII€JEHHOI KOOPDAWHATH, 4 B KayecTse
¢da3oBoro npocTpaHcTBA BO3bMEM INpOCTPaHCTBO nap er(x, fx),
fi(x, tz), T0 (pasoBoe MPOCTPAHCTBO — 3TO CHMIJIEKTHYECKOE MHO-

(=]

roo6pasue ¢ 2-popmoit S de, AOf dx  (cm [75]). Ilpu BHGOpe
x=1t; basonoe npocx‘paﬂ—cmo COCTOMT H3 Map COTPSKEHHHX (YHK-
unit @, I,), ..., (&, f1), onpenesennsix B pasa. 5d, a 2-popmoi
aBJseTCs

{ 2o+ ... +05 n0f)ar.

Moxno tpakrtoBarh (5.89d) xak yrBepxkaenue, uro (as3oBoe INpo-
CTPAHCTBO — 3TO OpPOHTA KONPHCOEAMHEHHOTO AeHCTBHS, NPOXOAS-
mwasi uepes ajemMentr —iHG/ —0/dt; (A. Pefiman; uacrtHOoe c006-
IIeHHE).

Ynpaxuenue 5e (8ascroe)
Pacemorpure ypasuenus Jlakca (5.58a) u3 ympaxuenus 5c(3).
Onu Tak¥ke pemaiorcs ¢ nomomsio V(£ A), ecian IOJOXHTD

AQ=vev, (5.90a)
rae C He 3aBHCHT OT f, a V yRoBAETBOpSIET
Vi, =QRV, (5.90b)

Q™ zanaum B (5.57) C B (5.90a)— 3to (—iHg), ecaun B3ATh

L (Pl =D ol D
Vo= — —; , (5.90c)
1/2 Uy (tkr - g) 3 (tky g)
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rae t2=A, u(t,, {)—3ro v, ynoeaersopsiomee (3.1), (3.9)
(B pasa. 3b Bpems, o6o3Hauaemoe Kak £, B (5.58a) u Brmre, 06o-
3HAYAJM0Ch fop—1), C ACHMITOTHUECKHM pa3jIOXKeHHeM, 3aJaHHHM B
ynpaxsenun 3b (iii)

v (b, §)~exp(i§ Zh"“tk)r(xi—%. ty— 3—:5 ..-). (6.90d)
!

t(f, ta ...)—310 1-pynKuus cemeficrea Kn®. Uuraremrr moxer
nposepurb (5.90a) B BakyymMHOM caydae, Korga ¢=0. Temeps
(5.90b) MoxHO 3amHcaTh KakK

V=V exp (— i Zl; g%-ltkﬂ) , (5.90e)
raoe
Vi, =QWV +V (iHE# "), (5.90f)

WM, pas3peuiasi OTHOCHTeJIbHO Q(A),
V=V (—iH* )V -V, VN (5.90%)

Uunrartenb AOJNKEH TaKXKe 3aMETHTb, UTO €CJH B3AThb

V:—Lﬁ(—lﬁ; _li/c)’

1o ypasHenusa (5.90f,g) ans U OGyayr OTAMYaTbCS JIMIIbL 3aMeHOH
—iHE?*~! na X\*, rne X =—F + E/A\.

Hanonetiwee 3amewanue. ®opmyan (5.88a) u (5.90a) BaxHH,
160 OKa3BBaercsi, YT0 C HX IIOMOLIbI0 YCTAaHABJIMBAETCS CBS3b
MeXAy ABYMsl DOJISIMH, KOTOPHE HIDaeT B HalleM H3JOXEeHHH aJ-
re6pa Kaua — Myau A{Y. Unrarenr nmoMHMT, 94TO B pasi. 4g MH
o6cyxaanu, KakuM ob6pasom aare6pa A{) BricTynaer B ponn cum-

MeTpHi U Kak peumeHus t(f,, 3, ...) COJNHTOHHHX ypaBHeHHuH ceMmeil-
crsa Kn® o6pasyior opbuty, IpOXoAsLIyI0 Yepe3 BEKTOpP CTapILlero
Beca (t==1) B HexoropoM GasucHom npesncrasiesun A(V, opbury,

onpefensieMyl0 KBaJApaTHUHHMH ypaBHeHusimu Xupoth. C papyroft
CTOPOHBI, B HacTosIlell rase sra aarebpa spasercss (pasoBeM mpo-
crpancreoM. B pasa. 5j mu yBuaum, uto dopmyar (5.88a), (5.90a)
€CTECTBEHHO BO3HHKAIOT KaK KONPHCOEAHHEHHOe [eficTBHe <«rpyi-
ne» Kanma— Myan Ha crnenuajbHHEA 3JMeMeHT e (KOTOPHIH ecTb
au6o —iH, nu6o X =—F +(E/t)). B nocaenyioumeM nojpasiene
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MHl TaKXe YBHUAUM, KakK (5.88a) comepkur ypaBHeHHS XHPOTHI.

Bewpasicenue Oan §(0V/0C). B pasa. 51 MH o6bacHUM, moueMy
oneparop D =7{(09/0) sABAseTcs BaXKHHIM 3JIEMEHTOM TEODPHH B Le-
joM. TToaTOMy CTOHT BHIYHC/IHTH

- 1 4 al
OV = (= o= g ) 5 (B —iF).
(5.91a)
N3 (5.91a) mompoOyfite moKasaTs, 4To
(P~'DV, —it'H), =9-(;—;‘ji. (5.91b)

Unen —it/H —ato V®;(—iH), rpaguesT ramuibToHHaHa @;, BH-
yncaeHHbIH B Touke —iH. Ypapuenue (5.91b) siBasiercs To#t ¢op-
MYyJIOH, C TIOMOIbIO KOTOPOH HccaenoBaTean u3 KHOTO onpenessior
v-¢yuruuio [39]. Ilpu nokasareascrse (5.91) MH HCIOJIB3YeM Cile-
pylomne (GakTH:

f(k+2k§k) (Z‘ 2§f at; )f(k+2k;k

Db=— —-—e(tk+ 2kc’°)
Do=—f.=—f(t— 57%)
R

a rakxe (5.79) u (5.84).

Cesa3p ¢ reopueti Xupore.. IaBaiite nonpobyem B3IVIAHYTb IIO-
apyromy Ha dopmyay (5.89) u sanumem ee B BHIE

(h e) Xt §X° _
Pt txy  xe

i
o Xop X, 0 ¢

4
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YTO IPUBOAHT K YEThHIPEM COOTHOHIEHHSIM:

(+hX t=— -2% eX_p, (5.92a)
5 (L ih) X yo=geX, v, (5.92b)
5 (L ih) X_p=CeX 1, (5.92¢)
(+m) X, 7=— i iX,o. (5.92d)

Hapaiite cHoBa nokaxeMm (5.92b) cmoco6oMm, mOMOrammuM Ha-
yuuTbes oGpamaThcs € BEPIIHHHBIMH omepatopamu. Kosb ckopo
0 =e;T, TO TaKkKe BepHo)~( c=X,et=X,eX 1. B cuny oue-
BHIHOTO CBOHCTBA ONeparopa CABHrA 3TO PaBHO CbX,,_T——-(QleC/(l—
—h))X+1 Y MHOXeHHe Ha exp( Zg ty) naer (1/2)(1 + ih) Xy0 =
=TCeX v, uro ecrb (5.92b). Ho atu ypaBHenua Ttakxke ABISIOTCS
ypaBHeHusimu Xupotsl. Pasmoxure (5.92b), ucnonabsys

9?2

—(l—l— h)'—l_—z;,k WIHT,

. i de; _ o, i 1 o, v—o7,_,
Le=e+ - g'c—k_l TP ~+ 2 22: 1 D)

T

u
> [ 1 i 1
X+U=U+é01+?‘(%02——50'11)+

Ly : ,
+—;s—(—é'0'3“'8‘0'12—ﬁ0111)+ .

Hanomunaem uurartesio, uTo HHXHHE HHIEKCH Y 1, G, p 0603Ha-
YaloT YacTHhle npoussoAunle. Koadduuuent npu -2 ecrs

(D,Z——?Dh) o-1=0.
Kosdduunent npu 3 BKaAOYaeT ypaBHEHHS

(D,, —+ DtlDt,) o-1=0

(D, +5D5) 0 v=0.

Pagenctsa npu cremeHsix Gosiee BHICOKOrO NOPSAKA, NMO-BHAHMOMY,
AAIOT BCE OCTAJIbHBIE YPaBHEHHS

P(Dtk)()"17=0

nepapxuu XupoTH. §I He uMel0 J0KA3aTeJbCTBA ITOrO (aKTa.
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Hpyro#i Gonee MowHHE cnocol BhHBOAA BCeX ypaBHeHui#t Xu-
POTHI COCTOMT B HCIOJb30BAHHH TOX/IECTBA

1 - .
B\ VY OV x—y; 9dg=1, (5.93)

2ni
c

rae KOHTYp C —3T0 Kpyr BO/H3H [ == 0o, ODHEHTHPOBAHHHIH IpPO-
THB 4acoBOR CTpeaKd, W X ==(xy, Xy, X3, ...), {(x;==1;). [lono6Hasn
¢dopma 3anucu Geiia npepsoxena [e#rtom, Jsnmbo, Kacusapoi,
Muso#t [39] nns uaenos nepapxum KII. 51 Haxoxy ux noxasares-
CTBO CJHLIKOM CJOXHHM JAJs NOHUMaHudA. Jlyuinii cnoco6 paccMmoT-
pennsi (5.93)— o6paTHTbCs K cOO6paxeHHaM aHAJIHTHYHOCTH M CUH-
tath, 4To (5.93) BHIpaxkaer NMOJHOTY COOCTBEHHBIX COCTOSIHHH IJIsi
V,=QWYV. Ias ob6CyXneHUsT 3TOTO CBOACTBA UUTATENIO CJAELYyeT
IIPOCMOTPETh TPeTb0 PaGoTy M3 YKAa3aHHHX B JHTepaType Mo HO-
mepoM [23], mpunoxenue 6.

B mo6om caydae (5.93) rosopHT HaM, uro §—!-KoMmoHeHTa
V(x+y; t)V-1(x—y; t) ects enunuua. Mcnoawsys (5.86), (5.87),

nosydaeM
X+tr —-LXto
Vix+y =‘_‘;l+_(l 2L Tt ),

Xit L Xio
viax—y=—- , % |
T -——2‘Z‘X_.p Xt

rue BerHHﬁ HHIEKC BEPHIMHHOTO oneparopa O3Havaer, 4YTo apry-
MEHT CABHHYT Ha NJIOC HJIH MHHYC Y, T. €.

Xtv=exp(— i (% +y)—i?(x,+y,) ... ) X

X (x1+y1—’2£€" x2+y2""74%2“': )
Takum obpasom,
V(LB YV x—y t)=
( XeXit— -‘é,—xi oXZp —-(XToXZt— X;axir))

2z
2—‘; (X*oX7t—XteXTp)  XitXTv— % X*oXio
$I mpennaraio BaM pasyIOXHTb Ka}kﬂmﬁ ynen npu 1/¢ B pan Tei-

nopa o y =(y1, y», ...). BH o6Hapyxure, 40 KO3 (HHIUUEHTHl NPU
s ys, yi HETPHBHAJbHBL, M, MPHPABHHBAA HX HYJIO, MOJYYHTE

ypaBHeHHst XHPOTHI.
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B kauectse npumepa s pasnoxy MaTpHuHHI snement (1, 2). On
TaKOB:

. ) i i
exp(2£Z§ !/k)“(xk‘l'yk + W)T (xk_yk_—éik_)_
. k i i
—EXP(—QZZC yk)(f(xk—!/k-i- W)r(xk_i_yk_ k)
Mel niem komnowenty . BTopoit unen mosmyuaercs M3 HepBOTO

3aMeHOH y,—> —y, [losToMy Bce uerHbie NO y WieHhl ABTOMATH-
YecKH o6pamaloTes B HYJb (4% YUy yys v T. 1.). Bo-mepnuix, He-

CJIOKHOE€ BHIYHCJEHHEe NOKA3BIBAET, 4TO
2 i i

o x,+ —)r(x — ———):
( e Y+ oktF Yk Sy

=G(xk)7(yk)+2(yk+;I:_t?)Dko"T“I‘
k
+§Z(yk+;§;—k)(y,+;;§—,)0k0,o-r+

1 i I I, ST
g7 2 (v + g) (91t 57 ) (90 7+ ir) PaD Do - 4
+ ..., »
rae D, — oneparop Xupotn (4.36), (4.37). YMHOXbTE 5TO BhHIpaxe-
HHUE Ha exp (26 Z ;kyk), BO3bMHTE KOMIIOHEeHTy {0, 3aTeM 3aMeHHUTE
Yr——Y, 1 BHIUTHUTE NOCJEHEe BHIPAXKeHHe M3 npeibiayuero. Ha-
XO[MM ciefylollee:
Y Dl - Dl’
1 i
Yo 5 D2 -7 D%,
i 1
Ys: = Dy— 4 DiDy 4 o7 Di,
2 3i 1
y%: ?Dii -9 D1[)2 —KD‘?
IIpupaBHAB HYJNIO 5TH BHIPAXKEHHs], NOJYIHUM
(DQ—gD“,’) o-1=0,
(Da—%DIDg)O' * T=0,

(Dy+ 5 DY) o-t=0.
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Uuraresp MOXKer pPa3BHTDb 6onee NPpHUXOTJHUBLIE o6o3HavyeHUss H TIo-
JYUHUTb BBHIpAXKCHHA AJsI MHOTI'OUYJECHOB XHpOTH 4yepe3 MHOT'OYJICHHI
mypa pﬂ(xl) Xoy «» )

00
ekntin ... — ; k”pn (%1, Xgy «.2).

MoXHO TaKKe NOJCUMTATh, CKOJBKO ypaBHeHHH XHUPOTH Ha Kax-
IoM ypoBHe [39]. YDOBHIO n NPHHALIEKHT TAKOE Ke UHCJAO ypaB-
HeHHH N,, CKOJbKO CYLIeCTBYeT pa30HeHH LeJIOTO YHCHAA 11 B CYMMY
HEUETHHIX LeNHX uucenx n -+ na+ ... + n, Kaxmgoe ns << n.

5f. HM3ocnekTpaJjbHble, COXPAHAIOLIHE PUMAHOBbI MOBEPXHOCTH H
M30MOHOAPOMHbIE AedopManuu.

(i) Hsocnexrpassueie depopmayuy. BIoTs 10 HACTOSILETO MO-
MEHTa B 3TOH IJaBe BCEe pacCMOTPeHHe ObLIO JIOKAJbHBIM B TOM
CMBICJIE, UTO B Hauled HHTepnperanuu ypaBHeHHus (5.52) onuceiBanau
3BOJIIOUMIO TOUKH Q B OeCKOHEYHOMEPHOM IPOCTPAHCTBE B O€CKO-
HeyHoMepHOM BpeMmend t(f, f2, ...).

B sToM pasiene MH ofGpaTtuMcs K 6oJiee TpagHIHOHHOMY MO~
X0y, B KOTOPOM OJHA M3 HEe3aBHCHMBHIX NEPEMEHHHIX BBHIIEJNEHA.
Eciau B KauecTBe TaKOBOH MHB BO3bMEM f{; B 0603HAuUuUM f{; = X, TO
B pe3yJbTaTe NMOJYYHM yDaBHEHUS

€1, f]=e1. 1, (el’ fl) C1x» flxv .o ‘)’ (5943)
ooty =Fu €1 Fis €1es Fies -+ ) (5.94b)

nasniBaemble nepapxueit AKHC. Ecan xxe Mbl BHGepeM £, TO ypas-
HeHusi cocraBar uepapxuio HYIIIT (nenuuefinoe ypasuenne LIpé-
AMHTepa ¢ NpousBoAHOH). Kakylo 6K He3aBHCHMYIO NePEMEHHYIO MBI
Ob He BBHIAEJNWIH, B AajbHeHiieM craBuTca 3agaua Kowwm ¢ rpa-
HHYHBIMH YCJIOBHSIMH Ha —o00 << x <C 00 C 3aAaHHBIMH I'PAHHYHBIMH
ycaoBuamu e(x, 0), f(x, 0), xoropee ycTpoeHH Tak, 4To6Hl BCe Be-
JUYHHH, BXOASIIME B MeTon oOpaTHO# 3anaud, OBIJIH HOAXOASIIHM
o6pasoM ompeneneHn. MoxeT OHTb TaKXKe NOCTABJEHA NepHOLHU-
yecKasi 3ajauya Ha KOHeUHoM HHTepBaje. Paccmorpum (5.94) Ha
—o0 < x << 00 H INpelmnoyoxuM, uro ei(x, t;), fi(x, ¢,)—0 npu
x— o0, Ilycts V — dynmaMenTanpHOoe MaTpPHUHOE pelleHHe MJIS

V,=QWV, (5.95)
U TaK Kax e, f; >0 npu x— d4-co, MH MOXeM HOpMHpoBaTth V Ta-

KuM 06pa3om, uToOHI
e~it* 0
V— VO = ( 0 eiﬁx)
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npu x—»-—oo., Tak BHOpanHOoe V MH 06o3nauum (@ co croabuaMu

o =(91, P2)T 1 —@ =(—qy, —@2).!) dra HOPMHPOBKA HPUBOAUT
K M3MEHEHHIO BPEMEHHOH 3BOJIIOIHH:

@, =Q"® — @ (Vi'ef'vo), j>2, (5.96)

rae Q) — sto acumnroruka Q) mpm x—»+oo. Jlerko nokasars,

YTO JONMOJHHTEJbHEH UYleH B NPaBOM YacTH HE H3MEHHT YCJIOBHH
uHTerpupyemoctu. Ilpu mepekpectHom auddepennupoanuu (5.96)
u (5.95) uam ke AByX pasHHIX ypaBHeHHH u3 (5.96) mocaennue uie-
HH B (5.96) aBTOMarHueckH 06pauIalOTCs B HYJb.,

Hanee, ecin W sBasiercss GpyHAaMeHTAJbHEIM MATPHUYHBIM pellle-
nveMm (5.95), rakuM uro W— V, npu x— o0, 70 Torna ® u ¥
CBSI3aHHBI NMOCTOSIHHOH (MmO Xx) MaTpuuei

— a(g,t) _5(§)t) P n_
AG=s¢ 4 ac tj)), aa+bb=1, (5.97a)

pasHoit W-1®. IIpu x— 40
D>V AR, ¢)). (5.97b)

Mu nasniBaeM A (T, £;) marpuyeil pacceanus.

3aech H najnee s Gyay Hcnosab3oBaTb 0603HAaueHHs H3 PaGOTHI
[23], u uurareno cienyer 3arsSHyTb B Hee, €CIH €My HHTEPECHHI
noapo6nocta. CTporo rosops, MaTpuua, HasbiBaeMasi MaTpuueH
paccesiHHsl, CBA3LIBAET COCTOSIHUSA @ (¥, T) (T. e. nepBHi cronben D)

u P(x, T) (Bropoit cronben W) c COCTOSHHAMH —@, P, T. €. COOT-
BETCTBEHHO CO BTOPHIM M nepBHIM cronbuamu @ u W. ITpuuuna co-
CTOMT B TOM, YTO NlePBOE COCTOSIHHE OTHOCHUTCS K HCIYyCKaeMoMy, a
BTOPO€ — K NMPHUXOAALIEMY H3JyueHHI0. B kKauecTBe ynmpaXXHEHHUS IO-
KaXXHTe, YTO

b

1
@ — =@ VS, rre S=|; |
a

a

Bpemennds saBucumocts A (g, ;) Haxomurcs C MOMOIIBIO NMOA-
cranoBku (5.97b) B (5.96):

Ay =[V5'Qi've 4] (5.98)

B 3THX HepapXusiX MBl CUHTAEM, UTO
—1 (i) o
Vo Q'Vo=—1it'H.

) @, He 0603HauaeT QYHKUHMY, KOMIUIEKCHO COMpPSIXKEHHOR K ().
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B uacrHocTH, (5.98) HMeeT JIaKCOB BHJI, ¥ QUASOHANbHbIE IAEMEHTbL
a(t) u a(t) marpuyor A cyro unteeparsl deuscenus. Jlanee MOXKHO
oo

NOKa3aTh, YTO NpPH 3aJaHHOM HHTerpaje S (lerl, 1F11)dx < oo Be-

-0

a@Q =W ¥, aQ=Ww(@ ¥

MOXKHO aHaJUTHYECKH INPOAOJIKHTh COOTBETCTBEHHO B BEPXHIOIO U
1
HHXHIO noJyniockoctd §. Ho ecau Im¢ >0, 10 @ (~( 0 )e—’c")

Q0 ,
3! w(N(,)e‘E") SABJASIOTCSA €AUHCTBEHHBIMH peIIeHHsIMH, 3arTy-

XalolMMH B —00 U B -}-00 COOTBETCTBEHHO. 3HAUHT, €ClH §; TAKOBO,
uro ¢(x, §;)—>0 B x =00, 1O

(p(x, ;j):QIlp (x’ gi)

u a(f;)==0. Anasoruuso, HyH Z, dbyukuuu a(g), Im?:;, < 0, nopox-

JaIoT CBS3aHHBIE COCTOSIHUS @ (X, é,) u P (%, Z};); o(x, )= 5,\]: (x, ).
[TosTromy cnexrp ypaBHeHus (5.95) coxpaHsieTcs mnoj JAecT-
BHeM JI0060ro moToKa 3Tofi HepapxuH. Kak H B H3yyeHHOM paHee

caydae Ka®, co6crBeHHRE 3HAYeHHs §;, §; CBA3aHH C COJIMTOHHOH
yacTbio peilleHus. J1 Takke oOTMedy ¢akT, KOTOPHIH MHOro pas
HCHOJIb30BAJICA MNPH IMOCTPOEHHHM COJHTOHHHX pelleHu#d (Kak B
pasa. 3h wiau B caeayiolleM pasaeie o npeo6pasosanusax bsxays-
Aa). OH cOCTOHT B TOM, YTO JJIs1 COGCTBEHHBIX 3HauUeHHH {; cTOOIE!
(9, P) dyHIaMeHTANBHOTO MAaTPHYHOTO PeLIeHHs NPONOPUHOHABHEL.

JIUYHUHBI

B rex cayuasix, korga f, = —e}, f=—e (r=—4¢", —g8[23]),
HMeeTcsi HeKoTopoe ympoulenue. B wacTHocTH, B TepsoM cayuae
Z,,-—Q,, a B IOCJeAHEM & = —{, B uacrtHocrn, ecan fi="—¢

BellleCTBEHHEl, TO coﬁcmeﬂﬂme 3HaYeHHUs 4yHCcTO MHUMH (§; = inj)
(comuTonbl, KHHKH) WaH nosBAasiorcs napamu (G, —C)) (6pusepn
HJaIH GHOHH).

OGparHasi 3ajaya paspeliaercsi CTaHAApTHO, MU MHl INPHBEAEM
31ecb KpaTkuii 0630p pesyabraTtos. [Togpo6HocTH YHTaTeNb HaHAET
B [23]. Uto MHB XOTHM CAeJaTbh — 3TO BOCCTaHOBHTb @ Hau ¥ mo
NaHHEIM paccedaHus.. 3Has 3TH (YHKUHH, MH noayyum QU), u B
gacTHoCTH Q) =e,E + fLF. Jlerue Bcero HaiiT Q;, BBIYHC/IASA uYJe-
HH pasaoxenus @ u W wiau 1/¢ B6n3n §==oco (CM. NpeRHAyIIHIH
pasgen).

Paccmorpum  ¢yuxumio (¢ (&) /a(E))e’s*, mepomopduyo mnpu

Im & > 0, c acumnroTuxoi ((’)) npn §—oco. C dynruueit (&) e,

o . 1
ananutHyeckoil mpu ImE << 0 u wMmelomedi acCHMITOTHKY (0) npu
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|E]—> o0, ona cBasana nocpencrsom (b(E)/a(E))¢(E)e* (mompo-
CTy BHIHIIHTE ypaBHEeHHe MJs NepBoro crojabua M = WA) na se-
mectBeHHoH ocu. ITosroMy MBI XOTUM peliuts 3adady Pumana —
Turvbepra: HaliTH (QYHKUHMIO, aHAJHTHYECKyI0 NPH Bcex E, ‘uMelo-
ILYIO JIHIIb KOHEYHOE YHUCJO MOJIOCOB, C 33JlaHHHM NOBEJEeHHEM NpU
E— oo W 3a/]aHHHIM CKaYKOM Ha BelllecTBeHHOH ocu. Jlna pemenus
3TOM 3ajaud MBI paccmarpuBaem npu Imf << 0

(o]

o (8) '™
| soe=p

— 00

H BBIYHCJASEM 3TOT HHTErpajJ ABAXKIbI, CHavYaJa 3aMblKasg KOHTYD

IIOJIYOKpYKHOCTbIO § ==o0o, ImE > 0, a 3areM 3ameHnsisa ¢ Ha ayp +
-+ by ¥ BBIYMCJHSIS TMEPBHIH HHTErpaJ, 3aMBIKasl NyTh HHTErpHpOBa-
HUSl B HHXXHeH nonynnocxocm [Tonyuaercs

B 9= )+Z; Z, Vet + 5 l;’?—é’%d@,

rae b, =% (L), v,=b,(a)”", =(da/dt) B L=, j=1,..., N,

N —uucno nyne#t QyHKHHH a(tj,). Cnenys aHaJIOTHUHOMY peUENTY,
MBI MOXeM HafTH JuHeliHoe 10 1 YypaBHeHHe Mis (L, x)e &~
(Im¢ > 0). Mmenno Tor ¢akr, yTo CKaykKH NpPH nepexofe yepes

BELECTBEHHYIO OCb { JIMHEHHH 1O +p ¥ ', U NO3BOJISET JHHEapH3o-
BaTh 06paTHYIO 3ajauy.
Ecnu MBl HMeem Aeso ¢ 6e30TpaKaTeJbHBIMH MOTEHUHAJNAMH, TO

b=2>5 =0 u ypaBHeHnus Ha ¢, P, P, ‘cb TaKOBHI:

B Detr= g )+ZM” . ImZ<0,  (5.99)
P vette—(1) - Z“’f ;!'x, Img>0,  (5.99b)
b @R et=(_1)— Z P " tmp<o, %
X (< x)e“"( )+Zﬂ’:’e€] . ImZ>0, (5.99d)

rae ﬂ]=b, (aj)_ , ﬁ,zbi (a;). Myers t=¢, B (5.99a,¢) u =g,
B (5.99b,d); Torma nosyyenHble JIMHehHBle ypaBHeHHs Ha 1, 15;
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Jerko pematorca. Onpenennresab MaTpHIH KO3(pdHunHeHTOB (C TOU-
HOCTBIO A0 SKCIOHEHIHAJbHOTO MHOXHTeNs ¢ JHHEHHO# no f, ¢a-
30i1) ecTb T-QYHKLHSA.

Yurareno caeayer pasoGpaTb OXHOCONHTOHHHEIA cayuad, Koro-
pHH COOTBEeTCTBYeT nape {y, Cl Ecau r = —¢*, To§ _g,, H peme-
HHS TAKOBHI

e,=2nsechBexpip, [, =—¢,
rae

0=1, (¢F — ") te + 2nxo,
o=—2 4+ tr 4+

H 3ajalolliye HAavaNbHOE MOJOXKEHHE IapaMeTpH Xo, Qo CBS3AHH C
ko3 dunuenramu b, I;;=b;.

A Temepb MHe xouercs, yTOGHl BBl 3aMOMHHJIH CTPYKTYpY dyHAA-
MEHTAJIbHOH MAaTPHLH peweHuii. 3aMerbre, 4TO KaXAHBH croJiber
P M P HMeeT KOHEUHOE UHCJIO He 3aBHCAIUX OT X, fx, k=2,
IOJIFOCOB. MBI BOJIbHBI TepEONpPelesUTh Q)YHﬂaI\IIIveHTaJIbHYIO COJIMTOH-

HYI0 MaTpHIly, YMHOXas pelleHue { HAa C‘”H(g—g,), H B 3TOM

caydae Pe't* umeer BHL
n
RY 1
(o) + X 7w Ce
o -

IMono6HBEIM 06pa3oM MOXKHO IepeonpefesuTh NPou3BeLeHHe Ppe—ib,
yT06bl OHO HPEBPATHJIOCh B MHOroOWwIeH cremeHH N mo oGpaTHBIM
crenensam . Takas HOpMHpPOBKa jOCTHraercss yMHOXKeHHeM V cmpa-

Filt) o
Ba Ha ( By ()

Haoéopor KaK 3TO J1e]1aJI0Ch B I'VI. 3, MOXKHO NOKAa3aTh, YTO €CJIH
MBI BO3bMEM

V= (“l’ u2)T

u, (o) = bu, (a) (5.100b)
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s a= (g, ..., &y o ve oo iﬁ), b=(by, ..., by, by, ..., Bﬁ),
TO CTOAOLE MaTpHUH V yAOBJIETBOPSIOT COOTHOMEHHIO
Vi =QuV. (5.101)

duemenTH Matpul QW) cBasasu ¢ Cyz, Cgp H Pa3jMYHHMH HX NPO-
usBonHmMH. Hanpumep,

x X
cumlen —£e). onm (o 20

(cm. pasg. Se). Murerpupyemoctb (5.101) rapantHpyer, uTo € H fi
yaosaerBopsiior nepapxuu AKHC.

JlokasarenbcTBo mnpeanmoJioxkeHHs, yto u3 (5.100a,b) caenyer
(5.101), BmITeKaer u3 cooOpaKeHUH e€NMHCTBEHHOCTH, KOTOpHIE
Onutu onucaunnt B pasi. 3h B cBsidu ¢ cemeiicrsom Knd. Bo-nepsuix,
3amerpTe, uto 2(N 4 N) ypasuHenu#t (5.101b) eauHCTBEHHBHIM 06-
pasom onpenensiior Cyz, Cg, Kak GyHKUHH x, {;, j == 2. 3aTem pac-
CMOTPHTE BEKTOPHbIE BeJHYHHBI

u; = (v + o) — €vje,  Ujor — iL0p — Frop)’

c vi=(vj1, vj2)7, j=1, 2. HecloxHHe BHYHCJIEHHA MOKA3LIBAIOT,
YTO 3TH (PYHKIUHMH HMEIOT aCHMITOTHYECKHE Da3JIOXKeHHs

N N
Y hd N
1 1

H, KpoMe Toro, u;(a)= buy(a). Hrax, Bekropa vi-u;, v2+ u
yAoBJerBopsiior BceM ycaoBHaM (5.100), (5.101). Ho Bextopa,
YIOBJIETBOPSIIOIHE 3THM YCJOBHAM, €IHHCTBEHHH (MHB MOXeM B
ABHOM Bue BHUMCIUTE Cjp, C2p) H, ciienoBaTeNbHO, U= up=0.
ITosTomy Bekropa v; u vy yaosiersopsior (5.101) gas j= 1. Jloka-
3aTeJNbCTBO AJisl APYTHX f; aHAJOTHYHO.

(ii) Hdegopmayuu, coxpansaroujue pumanossl NOBEPXHOCTL.
B pasz. 3h a mokasajy, Kakum o6pasoM KOHEUHO3OHHHIE pelIeHHs
cemefictrBa Kn® cBA3aHBl ¢ He3aBHCSAIIMMH OT BPEMEHH PHMaHO-
BEIMH NOBEPXHOCTSMH, NOSTOMY JAOCTATOYHO KPAaTKOTO HANOMMHA-
Husg. PaccmarpuBaercsi cBs3b

n
le wVy=yv, (5.102)
RobGasieHHast K nepeudio (5.76). OHa moxer 6HTh 3amucaHa Kak

(i:: u; QU — y) V=0, (5.103)
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T4dK 4TO HeTpHBHaJIbHOG peumieHue CyHIECTBYET TOJIbKO KOriaa
n
det (2 1, QU — yl) =0. (5.104)
i

Ypapuenue (5.104) sapnaer aare6pauyeckyio KpuBYIO (s sf(2, C)
TUNEPIJJIHITHYECKYIO)

y?=det (ﬁ:: u,Q(”) . (5.105)

ITepekpecrHoe audpdepenuuposanne (5.96) u (5.103) noxkasmBaer,
n

uro P=, u,QY) ynosseTBopsieT ypaBHEHHIO
1

Ptj= [Q(j)) P]: (5.106)
KOTOPOE O3Hauaer, YT0 P MOXKHO 3amHcaTth B BHAE
P=VPyV™ Po=0. (6.107)

CiepoBaTesbHO, XapaKTePHCTHUeCKHH MHorouJeH ans P paeen
det(Po—yl) u nosroMy OH He 3aBHCHT HH OT KaKoro BpPEMEHH.
Kpome Ttoro, us coBmecrdHoctu (5.102) u (5.76) moayuum (nocra-
TOYHO NMEPEKPeCcTHO NpoAu(¢epeHunpoBars No f, U HCIOJb30BATDH
QN+ 1, Q)= Q)

n

Zl:,ujQy?:O, k=12 .... (5.108)
Takum o6pasom, (i) os3nauaer, yro Kaxpaoe Q¥ —aro ¢yHKUHA
Jullb (n-—1) JuHeHHBIX KOMOMHAUMMH fy, ..., fs, @ (ii) o3Hauaer,
yT0, B yacTHocTH, Q) ynoBaeTBOpsier OGHKHOBEHHOMY AHbdepery-
aJbHOMY YPaBHEHHMIO MO f; =X, NOTOMY 4YTO ey, ¢ H [i t; MOXHO

3anucath KaK GYHKUHMH e, fi U MX NPOH3BOAHHX MO f#;. Koneuno-
MepHOe MHOroo6pasue pelleHHil 3TOro ypaBHEHHUs JIEBOMHBAPHAHTHO
OTHOCHTEJIHO BCeX NOTOKOB BO Bcell mepapxmm Q= [QY), Q). 3ro
03HAYaer, YTO pelleHHe ypaBHEHHs

n

Zl u,Q;y =0 (5.109)

B MOMEHT BpEMEHH, PaBHBI HYJIO, €CJIH eMy MO3BOJIHTh 3BOJIONHO-
HHPOBAaTh B CHJY JII0O0T0 BPEMEHHOro NOTOKA3, OCTAHeTCs pelleHHeM
(5.109). YpaBHenue (5.109) uacro HaswBalOT ypaBHeHHeM Jakca —
Hosuxosa. Pemenns (5.109), KakK ¥ HX 35BOJIOIHA IO BpPEMeHaM,
MOJXHO NOCTPOHTb B SIBHOM BHJE, H MBI NOKa3aJH OAHH H3 CIOCO-
60oB cpenatb 3to B pasa. 3h. Dra 3amaua pemaercs B abeseBHX
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GyHKIHAX. MeToa NOCTPOEHHs], HCNOJIb3YIOWIHA TEOPHIO PHMAHOBBIX
HOBerHOCTeﬁ R C€IHHCTBEHHOCTDH o6nanalonmx ONpeAeJEHHBIMH
cBoiicTBaMH (QYHKLMH, 3alaHHHX HA 3THX NOBEPXHOCTAX, OB AaH

H. M. Kpnuesepom. I He Gyay 34ech OOBSICHATb €r0 H/JEH H BMECTO
3TOro peKoMeHAylo yurareaio pabory [28].

(iii) Hsomonodpomnsie OJegopmayuu. IIpesnoJoXUM Temeps,
yto BMecTo cBfisH (5.102) cBs3b

Ve = le ity (5.110)
HaJIoXKeHa Ha Habop ypaBHeHHH
Vy=QW, j=1,...,n (5.111)
YcaoBre HHTETPHPYEMOCTH Tenepb TaKOBO:
n
2, it Q0 =10 — kQW,

YTO MOXKHO I€penucatk B BUAEC

n
Zl jtiPy =1tP,, (5.112)
rae

Q’*’ -
=2QL", Q=hH+eE+[F.
0

Koaddunuent npu 1/¢ naer

n
(xQ)x + X Q1,4 =0, (6.113)
yto ectb aHajsor (5.109). Drto osnauaer, uro Q;— ¢pyHKuUHA BHUAA
X
- ey ——— 114
Q‘(@t e (nt,.)‘f") (6.119

¢ n— 1 ¢asoil.

Tenepr mnosicHuM, noueMy Mu BuiOpaau cBsdb (5.110). Hnes
COCTONT B TOM, YTO TakKas CBsi3b OTpa)KaeT MacmralbHyi0O MHBapH-
aHTHOCTb, KOTOPOH 06/Ialal0T HEKOTOpHE ypaBHEHHs B 3TOH Hepap-
XHH, — B TOUHOCTH TaK Xe, KaK BHIOOpP KOHEUHO30HHOH CBSI3H OTpa-
XKaeT TPAHCASIUHOHHYI0O HHBADHAHTHOCTb YPABHEHHS (MOXeT ObiTh,
BaM 3axouercsl BepHyTbcs K pasa. 3h). Jlasa Goabiied KOHKPETHOCTH
s cocpenorouy BHUMaHue Ha uepapxuu MKad — noamuoxecrse
MepapxXHu ypaBHEHHH

Q, =1[Q®, Q], -(5.115)
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KOT®pOEe TMOJyYaercsi, €CIH MOJOXKHTb fi==e;=¢ U 3aMOPO3HUTb
BCE MOTOKH 110 YETHHIM BPEMEHAM fon.
[TepBhie TPH uJieHa IOCAELOBATEIbHOCTH CYTh

gt ={qx, (5.116)
1
9, = — 7 (9 — 54°0,),, (5.117)
1
9t.= 16 (qxxxx - IOquxx - Iqui + 645);:; (5' 118)
OHY COOTBETCTBYIOT
QU — ( —i% q (5.119a)
q &)’ '
. iq? i 1
_'lgs_'lq_g €2q+igx'_f( xx_2q3)
3) = .
Q §2 thx - _(qxx qS) l§3 + == lq ke

(5.119b)

Briuncienue Q®) s oCTaBMsI0 YHTATENI0 B KauecTBe YINpaxKHEHHs.
3amerbre, uto (5.117) o6namaer macmiTaOHOH HHBAPHAHTHOCTDHIO,
T. €. ecnd ¢ (x, t) aBasercs pemenueM (5.117), To Bg(Px, b%s) Toxe
sBJsercs pemeHneM. Pemenune §(x, {), HHBADHAHTHOE OTHOCHTEJBHO
MacmtabHoro npeo6pasoBaHHs, HA3HBAETCA AaBTOMOJEJNBHHIM, H
3TO 3HAYHUT, UTO

55 B9 (B, Bt lpmr =0,

WIH
q -+ xq, + 34394, =0, (5.120)
yro coBnagaer ¢ (5.113) npu n = 3. Hrak, q(x, {;) uMeer BUL
g (5, 1) = ),,3 H(X=gm)- (5.121)
Y106HO 3aMeHHTb MepeMeHHEE B
Ve=QWW, V¢,=0Q0V (5.122)
Ha NepEMEHHbIe
X
—— = 123
(3ts)l/3 , T t3’ (5 12 )

yTo6H OTPA3UTh CTPYKTYpy Koadduuuento Q) n Q. Mu BHauM,
uro V(x, t3; §) upeoGpasyercs NpH H3MeHeHHH MacmTaba Kak
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W (X, &), rae §=75(3%5)"3 n uro ypasmenus (5.122) npespama-
I0TCs B

WX=(_fi§ ifg)w, (5.124)

— B —iPE—iXs P+ ify2 v

EW, — .
Ef—&fx/2+v & +iP5 +iXt

W. (5.125)

Ycnosue unTerpupyemoctu aast (5.124), (5.125)— sto
fxx=4Xf +2* —wv; (5.126)

ecqid ¢ 3ajaHo Bepaxenuem (5.121), ato coBmagaer ¢ mpouHTErpH-
poBaHHEIM N0 X ypaBHeHueM (5.117), npH 3T0M v — KOHCTaHTa HH-
TErpupOBaHHS.

Boipaxenue (5.126), onuchBalollee aBTOMOJENbHOE pelIeHHe
ypasHenust (5.117), ectb ypabHenue IlensneBe Broporo poma (cMm.
[35], [36] u pasn. 4e). D10 HenuHeliHOEe HEaBTOHOMHOE ypaBHEHHe,
JIeBOHHBAPHAHTHOE OTHOCHTENIbHO MNOTOKa. Hanpumep, srGepere
¢pynkuuio f(x), ynosnersopsiomyio (5.126). Bosemem f3; =1/3.
ITosposbTe pewtenuo q(x, #3) Buma (5.121) 3BOMOUHOHHDPOBATH B
cuity (5.117) na unrepBane 1/3 << t; << t. Toraa g(x, t) npu t;=1¢
Oyzer umerb BHA (5.121), rae f(X) cHoBa sBasercs pemeHHeM
(5.126), Toapko X — at0 Temepn x/(3f) 173,

Mu nenaem Gostee ofliee yTBEpPKIEHHE: KIACC COBMECTHHIX CO
cBasbio (5.110) pemenufi nMeer MHOTO(A3HYI0 aBTOMOJENBHYIO
CTPYKTYPY H YJAOBJIETBOPSIET ABTOHOMHOMY HEJHHEHHOMY OGHIKHO-
BEHHOMY JuddepeHunanbHOMy ypaBHeHHIO IO x, umeHHo (5.113),
¢ KoapdunuenramMy, 3aBUCAIUMY OT x, fy, ..., t, Ilanee, MHOrooG-
pasue pemleHuH JIEBOMHBAPHAHTHO OTHOCHTENLHO IIOTOKOB Q‘»f/’

j=1,...,n B TOM cMbcae, yro pemenue (5.113) B MomeHT
£, ..., { npu 3BOMONMH B CHIy NOTOKOB Q tp =2, ..., n

A0 BpeMeH fy, ..., f, cHoBa Oyaer ymoBaeTBopsith (5.113), ToabKo
19 .., 9 Hajo 3aMeHHTb TEKYIIUMH BpEMEHAMH fo, ..., f, On-
HaKO B OTJIHYHE OT KOHEYHO3OHHHIX DeLIeHHH, 9TH pellleHHs He SB-
JSIOTCS, 1 3TO NOJYEPKHBAIO, JIEBOHHBAPHAHTHHIMH OTHOCHTENBLHO
BBICIIHX MOTOKOB Qy ¢, /> n, manHo# mepapxum.

Teneps mpo o, KaK MOxKHO pewnts 3anauy Komn ans (5.126)
npu 3aiaHHBX f ¥ fx B Touke X = X,. B meroge o6parHoi 3ajaun,
KaK BB IIOMHHTE, MBI CKOHIIEHTPHPOBAJM BHMMaHHMe HA 3ajade Ha
COGCTBeHHBIE 3HAYEHHS

V. =Quy
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M HCIOJB30BAJH BTOpoe ypaBHenHe (5.122), uro6m onpenenutsb
BPEMEHHYIO 3BOJIIOLHIO AaHHHIX paccedHusi. s peuieHHs: oGbHIKHO-
BEHHBIX HeJHHEHHHIX aBTOHOMHEIX yDaBHEHHH, CBA3aHHHX C KOHeu-
HO30HHBIMH PpENIEHHSAMH, MBI COCPEJOTOUHJIH BHHMAHHE Ha CBSA3H

(X u, Q) —yl) V=0

U HUCNOJIL30BAJHM 3a1auy Ha cOOCTBeHHBle 3HAUEHHS H APYTHe ypab-
HEHHS Vt!=Q(”V B KayecTBe BCIOMOraTeJbHHX YpaBHEHHH s

ONpEAeJIEHHsI 3aBUCHMOCTH u OT x H #; (cM. pa3a. 3h).

37ech MB CHOBA COCPeJOTOYMMCS Ha ¢Bs3H (5.125) u ucnoJb-
syem (5.124) B KayecTBe BCIOMOTAaTEJbHOTO ypaBHEHHs. YpaBHEHHe
(5.125) BHIMIAAMT CJ0XKHO, HO €CJIM €r0 PacCMATPUBATh KakK (YHK-
HHI0 OT E, OHO B JAEHCTBHTEJILHOCTH OYeHb mpocroe, K60 Bce K03d-
¢buunenTh paunonaspHsl 1o & EcTb ABe ocobble TOUKH, OfHA pe-
rynspHasa (§ ==0), Apyras — HeperyJsipHas TOYKa TPETHEro MOPSiJ-
Ka (§==o00). 3 reopun o6bKHOBEHHHIX NH(DEpeHLHANBHBIX YPaB-
HEHHH H3BECTHO, YTO CTPYKTypa (yHIaMeHTaJbHOH MATPHUH pelie-
HHH NOJHOCTbIO ONpejesseTcss CBOHM INOBeleHHeM BOJH3H OCOOHIX
TOYeK. B 4acTHOCTH, 3TO NOBefeHHe XapaKTEePU3YETCS MATPULAMU
MOHOOpOMUY, ONUCHIBAIOLUIMMH, KakK MeHsercs (yHEaMeHTaJbHas
MaTpHUA pelleHUH NpU 06Xoxe BOKPYr 0coGoif TOUKH.

Oxono & = 0 ypaBuenue (5.125) umeer pemenue puna

-V

- 0

D X)=DE X)( ) (5.127)
0 &

rae @ aHajaWTHYHA N0 & (AJd MOJYUEJIHX v B pelleHHH 06uiero

BH/AA, KaK NPaBuWIO, BLOOABOK NMOABJAAIOTCA Jorapudmel). Marpuuna

MOHOApOMHUH J, cooTBercTBYIomasn & =0, ectb

O (Ee™™) =D )/, (5.128)
U J HMeeT BH/[

e—2ﬂiv 0
I= ( ol gl gl ) ’ (5.129)

riae J, MPUCYTCTBYeT JHMIIbL ecau v moaynenoe. Has v=1/2, J, =
=2(fx+ 2+ 2X)e2#, uxy ={f 3amersre, uro Jix =0.

B6ausun E=o0 (5.125) umeer ¢opmanbHOe dyHIaMEHTAJIbHOE
pelleHHe

~ ~ -9 0
Te0=60(; ). (5.130)

o0

rae 0=iX+it}/3 u ¥= Z c,C"’ — dopmaabueiii psap JlopaHa.

0
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B kaxjom cekrope Sj, (5/3) (j— 1) << Arg§ << (n/3)j, cymecrsyer
Hacrosiiiee peutenHe ¥;, pas kotoporo (5.130) saBasiercs acuMNTO-
THYECKHM pasiioxkeHHeM B S;. OfHako npH 00XOAe BOKPYr oo MH
craiakuBaeMcs c sisaeHneM Crokca. A HMeHHO, IPH mepexoje Of S;
K S;, kKorga Arg§ =x/3, aHaJHTHUECKOe MNPOAOJKEHHE ACHMIITO-
THYECKOTO pasjoxeHHs B S; He sABaseTcs 0oJjee aCHMITOTHYECKHM
pasioXKeHHEM aHAJHTHYECKOTO NPOAOJIXKEHHs HACTOSIIEro pelleHus.
IIpuxoputcsa yMHOXaTh Hacrosimee pemlenne ¥ Ha «marpuun Crok-

ca» BHJA
1 75 1 ’ ( ) )

yToOH MOJYYHTb HOBOE pemlenHe W;, acHMOTOTHYECKOE Pas/IOKEHHE
KoToporo B S; ectb (5.130). Ilpoucxoaur ciepyiomiee: «peleccHB-
HOe» pellleHHe B S; (T. €. peuleHHe, NponopuHOHaJbHOE €9, KoTopoe
yOBBaeT 3KCNOHEHIHAJJbHO) CTAHOBHTCS JOMHHAHTHHIM pelLieHHeM
B Sy, HO oIpejelieHHOe KOJIHUeCTBO (@), MHOXUTeb CTOKCa) pelec-
CHBHOro B S; peleHHs cjelyer A00aBHTb K JOMHHAHTHOMY B 3TOi
obGaacTH, 4YTOOH HX KOMOHHauMs OblJIa PEUECCHBHA B CJELYIOILIEM
cekrope. PynnamenTadbHule peileHns W; ¢ acCHMITOTHYECKHM pas-
JgoxenneM (5.130) B mecTH cexropax B6AH3H GECKOHEYHOCTH CBS-
3aHH COOTHOIIEHUSMH

III].’.I == ‘\‘!li'i_A], (5.132)

T/ie HeHyJieBHE HelHaroHaJbHbe 9JMeMeHTH B A; (MHOxuTeNH CTOK-
ca) uepeayloTCa OT yria K yray. Ideraau npopaborann B [36].

Ha6op marpun J, Aj, ..., Ag BMecTe co CBsi3yioLiell MaTpuiei
A, KoTopasl yCTaHABJIHBaeT CBsi3b MeXAY (YHAaMEHTaJbHEM pele-
Huem @, onpejnejeHHHM 06pa3oM HOPMHPOBAHHHM B £ =0, u ¥,
® = ¥\ A, sanaor dannele monodpomuy. (BenescTsue cuMMeTpHil
NpH 33aJlaHHOM v CPeJH BCeX 3THX NAHHHIX eCTh TOJbKO JBa He3a-
BHCHMBIX I1apaMeTpa, COOTBETCTBYIOLIHE HEH3BECTHHIM [ M fx.)

Tenepp MH MoXeM cQOPMyJNHPOBATh 3aMeYaTeJbHHE Ppe3yJb-
tat. Koxb ckopo f(X) mensercs coraacHo (5.126), Bce atu Marpu-
ubn He saBHcAT ot X. Otciona TepMuH usomondpomnas Oegopma-
yus. Pemenne (5.126) moxHO moayuuTb Tak. Ilpu saganHmHX f, fx
B X =X, BHUHCIHM JaHHBE MOHOAPOMHH. 3aTeM HPH HEKOTOPOM
Apyrom X mpH 3ajaHHHX 3THX AaHHHX u 0 =itX 4 i®/3 moxHO
BOCCTaHOBHTh W) M, CJIELOBATENbHO, KO3(D(DHIHEHTH ee (opMmalib-
HOrO ACHMINTOTHYECKOTO DasjioKeHHs, KOTOpHe 3aBHucAT oT f(X) u
fx(X). Tlostomy moxHo Ha#ith f npy Bcex X. Jleranu mpouenypH
ofpailenus ¥ HEKOTOPHE CBeJEeHHS O pellleHHH AaHH B [36].

1 3aKoHYy 3TOT pashen 3aMedaHHeM, 4To oneparop td/df ouens
BaXeH BO BCEH TEGOPHHM B I€JIOM, a HE TOJBKO B CBA3H C aBTOMO-
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AeabHBIMU pewleHussMH. Hexoropble 3aMeuaHHsi 0 ero poau Gyayr
AaHHl B CJIEAyIOLeM paszele.

5g. Kaaubposoynbie npeoGpa3osaHus u mnpeolGpasoBanus bBak-
JyHaa. Mbl HayHeM c TeopeMBl, yTBepXKaawlnei, uTo NOH Hei-
cTBHeM npeo6pa3oBaHui

Q¥ —>RQ¥R™ + Rth-1 =Q%, (5.133)
Q—>RQR'=0Q (5.134)
ypaBHEHHE
Qg;k) — Qg;) + [QD, QW] =0 (6.135)
H €ro mpejei
Qi =1Q®, Q] (5.136)

coxpaHsiior cBoit BuA. JlokasmBaercs 1o HemocpeacTBeHHO. Takoi
BHIOOp mpeo6Gpa3oBaHus MOTHBHpPyeTcs TeM, uro (5.135) u (5.136)
CYyThb YCJOBHSl HHTETDHPYEMOCTH TIOC/IEeJOBaTEIbHOCTH YpaBHEHHH

Vi, =QBV, (5.137)

u ypaBHeHusi (5.137) coxpaHsior cBOH BHI NnpH Npeo6pasoBaHHH
V>RV =W, (5.138)

ecau BHOoJgHsercsa (5.133).
KpoMe Toro, uHorza Tak:xe OhlBaer M0JIe3HO HODMHpPOBath V,
ao6aBJjsisi wieH B npasyio uactb (5.137):

Vi, =QWV + VN®, (5.139)

Ycaosue unrerpupyemoctd aas (5.139) ects B TouHOCTH (5.135),
ecau porop GecKoHeuHOMepHoro BekTopa N(¥) paBeH HyJ0, T. €.

N =N, (5.140)

(5 mamomuio, uto MH BHOpamu N =0, N® = [{*H npu k= 2,
yToOH OHITb YBEPEHHHIM, YTO ACHMNTOTHKAa V B —oo0 HMEET BHA

e~k 0
VO = ( O eiCx )

(cm. pasg. (i)). Mo6asnenne HOpMHPOBKH N(*) BHIOJNHAETCA INpe-
ob6pasoBaHuem V

V—>RVS=V (5.141)
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H JIETKO IIOKa3aTb, 4YTO

NP =875y, (5.142)
Ycaosue (5.140) Torza BHINOJHSAETCS, €CIH
[N®, ND]=0. (5.143)

OG6paruTe BHHMaHHe, YTO npeobpasoBaHue (5.134) matpunn Q He
BKJIOYaeT S. DTO NPOUCXOAMT NOTOMY, YTO yMHOXeHHe V cmpasa
IpoCcTO CBOAUTCS K 3ameHe Oasuca croabuoB V. IlpeoGpasosanue
(5.141) ¢ ycaoBuem (5.143) Bmecte ¢ (5.133) u (5.134) nasuBaercs
Kaaubposouneim npeobpasosanuem. Ho Barasiaure Ha (5.134). Mu
3HaeMm, uTO ecau Q yaosJerBopsieT (5.136), To u @ = RQR-! ynos-
JaerBopsier 3ToMy cooTHomeHHI0. Ho ypaBHenue (5.134) ects mpocto
GeckoHeyHHI Habop cooTHOmIeHHH Mexay nepemenHumu {h,, e, fr}
B Q H COOTBETCTBYIONIHMH NepeMeHHHMH {A,, &, f,} B Q. Cuexo-
BaTeabHo, (5.134) ecTb aBTONpeo6pa3oBaHue Dakaynzaa wMexay
AByMs! NPOH3BOJILHBIMH WIEHaMu Ha0opa WHTETPUPYEMBIX ypaBHe-
Hu#l, accounupoBanHux ¢ sl(2, C).

Ho cux nop MH Huuero He cxkasasau Opo R u S, kpome TOrO, 4TO
OHH JOJKHB ObITh OO6patumbiMH. Kak ux caenyer Buibupath? Mu
yKe OTMETHJIH, 4TO S He HMeeT CylllecTBeHHoro 3nauvenus. [Toaromy
BCE 3aBHCHUT OT TOr0O, KaK MHl BhGepeM R.

Bo-nepBuix, 3amerbTe, 4r0 R 0O6Jjajaer Jerko BLIBOAMMBIM U3
(5.133) coficTBOM

0 det R=(Tr Q® — Tr Q™) det R=0,
k

n6o Tr Q%) He 3aBuCHT OT f;, a u3 (5.134) 1O Xe ciepyer aas
Tr Q®. Tlostomy det R He 3aBHCHT OT f; H MOXeT OBITb JHLIb QYHK-
uuedt T. Ilycte a—Hyap detR, B NpeANoOKHM, YTO 3TO He HYJb
det V. Torpa detV (a)=det R(a)det V (¢)=0 u cronbuwm V  JH-
HefiHO 3aBUCHMH npd { = a. Tenepb, BCIOMHHAS 006CYKIEHUE B KOH-
e yactu (i) npeamlayuiero pasgena, Mbl BHIHM, YTO 3TO B TOU-
HOCTH yCJOBHe Haauuusi y ¥ CBA3AHHOTO COCTOSIHHMS B TOUKe o. M
3HaeM, 4To Ao6aBjeHHe Naphl CB3aHHBIX COCTOSIHUH B a, & COOT-
BercTBYyeT J06aBieHuio conautona. C japyrofi croponn, ecau det R
HUMeeT NOJIOC B ¢, TO MBI BHAUM, YTO obpaTHOoe npeobpasoBaHue
V == R-'V co3paer HOBy10 dyHIaMeHTaJAbHYIO MaTpuuy V ¢ aomoJ-
HUTEJbHBIM CBSI32HHBIM COCTOSIHUEM, [1apaMETPU3YEMEIM .

Hrak, Hyau det R cooTBercTBYIOT CBSI3aHHEIM cOCTOstHUsIM V, He
copepxkamumces B V. [1apa cBA3aHHEIX COCTOSIHHI COOTBETCTBYET AO-
6aBJjeHu0 coOJUTOHA. DoJsee choxHble (YHKIHOHANbHBIE (HOPMHI
det R coorsercTByIOT f06aBiieHHIO 60Jjiee CJIOXKHBIX peeHHuH, YTO
BHXOAMT 3a paMKd 3Tux Jeknui. OpHako ecTb ApPyrofl npocToi

1/,9 A. Huiosan.
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Knacc npeobpasoBanufi bBakayspaa, coorBercrBylominx detR =
= constant. Dty npeobpasopaHusd, MEHAKOLIYE MOHOAPOMHIO yHAA-
MEHTaJIbHOH MATPHIB pellleHHA B § = oo M H3BeCTHHE KakK Ipeod-
pasosanus Ilaesunrepa [125]. OHu urpaloT UEHTPAJBHYIO POJb B
TOH HCTOPHM, KOTOPYIO A cefiyac Xouy pacckasaTb.

JaBaiite o6paTuMcA K KOHKPETHHIM CIy4asiM, HIJMIOCTPHPYS 3TH
HlieH HecKoJbKUMH IpuMmepamu. HenocpeacrBenHas ueab 3Toro
pasjiesa — BHIHKcaTh (GOPMYJB, BHpaxawliliue HOBHE T-QYHKHHH
T, 0, p 4yepe3 IpexHue 1, 0, p. Ho, KaK MH yBHAUM, Jyullle pac-
CMaTPHUBaThb KaXJBIH TAKOH TPHIJIET B KaueCTBE TPEX CJELYIOLIHX
JAPYT 3a APYroM WieHOB GeCKOHEYHOH HOCJIeNOBAaTEJIbHOCTH.

ITepBrfi nmpuMep XOpOIIO H3BECTeH (XOTs, BO3MOXHO, BH He
BCTPEYAJIHNCh C H3JOXKEHHBIM BHIIIE NOAX0JOM) H COCTOMUT B IOIBITKE
00aBUTb K PeLIeHHI0 Q OAHH JONOJHHUTENbHHEIH cONUTOH. SI BHOBB
HaNOMHIO, 4TO BCSl MHpOpDMalHs O COJHTOHE COLEPIKHTCH B CTPYK-
Type (yHAaMeHTaJbHOH Marpulbl pemeHui. Ee cronbuel crazo-
BATCA JMHEHHO 3aBHCHMBIMH IIPH 3HA4YeHHSAX {, COOTBETCTBYIOLLIHX
coauToHHBIM napamerpam. C nomompio npeofpasoBaHust 6asuca,
JeHCTBYIOIIEro Ha CToJ6uB V IOocpeAcTBOM S, 3TOT KpHUTepHi
MOXKHO c(hOpMyJHpPOBaTh B BIIOJHE 3KBHUBAJEHTHOH ¢opme, ecau
norpe6oBath, uTOGH NepBHE crosbenl B RV obpamajcs B HYJb NPH
t=~_1, a BTOpOd B cOnpsiXKeHHOH Touke {;. BcnmoMHuM KpaTkoe 06-
CyKJeHHe 3afa4YH paccesHus A/ 3aJaud Ha cOOCTBEHHHIE 3HAUYeHHsA
3axaposa — [Ila6ara B pasa. 5f. s r u ¢ obiero Buaa co6CTBeH-
HHle 3HAuYeHUs NOABJAIOTCA NapaMH, {, {—HyJH COOTBETCTBEHHO
a(t) u a(t) B Bepxueit u nuxHel nonynnockocrax. Ecan fj= — e
(amn r=—¢q*), o {=C*=E—in u n U §— aMmauTyaa u CcKo-
poctb orubarouieil coauToHa. B wesasx Hacrosuiero o6CyxKaeHNs MBI
BO3bMEM 7 ==—¢q W B 3TOM cJjayudae §; =i, §; = —in. Bruluncienus

YIPOINAIOTCS, U Pe3yJbTaT YHTATENIO yKe 3HAKOM H3 pasn. 4f. ITo-
JIOXKHUM '

r=(HOFe §+§_a)’ V=(11;: 1122)

HeTPYIIHO I10KasaTtb, 4TO YCJOBHA TOroO, 4TO

R(V“)—o =i R(VQI)—O o= —i
V21 - HpH g—“ Tl: V - Hp - N,

22

NPHBOAAT K CJAEAYIOIIUM 3HAYEHHAM a, b, ¢, d:

a=in— ke, b=c=T70, d=0, (5.149)
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rae (BcooMHHTe 0003HAaYeHHs, HCNOJb3yeMble B pasj. 4f)

Vaulim) __ Ve(—in)

Y=Fi@m T T Ve in) (5.145)
ITocnenHee paBeHCTBO CIPAaBelJIHBO, INIOCKOJBKY H3 pasfd. 5f Mul
aHaewm, uto eclu Vi(x, §), Vao(x, [)— pemenune ypaBHeHu#t 3axapo-
Ba — lla6ara, 10 Vao(x, —C), —Vi(x, —C) Toxe siBAsIOTCSH peire-
HHAMH, ecad r = —¢. Beiuncaus R, paBaiite ucrnoab3yeMm mpeoGpa-
soanue bakuynna( 5.134) nas BHIYMCIEHHS HOBBIX psSIiioB R, &, |
yepe3 craphe A, e, f.

HecnoxHble BHUNCAEHNS NOKA3LIBAKOT, YTO €CJIH

R(CE ) e=(F ) a=(F )

o €5.134) MoxHO 3anHcaTbh Kak

"—hl l a(h—h)+b(f — @)
J

e—e a@+e)—bh-+n|. (5.146)
f—f) (=af+n+ot+h
Benomunute, uto hy=Hhy—=—1i, ey=fy=28y=f,=~h =h,=0.
Briuncasas koadduuuenTsl npu % MBL NOJYYHM
2 —-e1=2ib=—l~%, (5.1472)
5 . — 4
Fi— = —2tb=—@-'-\‘,%?-, (5.147b)
OTKyJa BHAHO, UTO IOCKOJBKY f; = —ej, TO fi= —&;, T. €. MH
ocraeMcst B kjacce pemenufi. Ilycte ey = —uy/2, & = —ii./2 u
vy =1tg(u + i) /4, orkyna u3 (5.147a) umeem
U, — i, =4nsin—5— u+u (5.148)

— OnpejieIeHHO 3HAKOMHIA pedyabraT (cM. pasa. 4f). Kospouunen-
Thl IPH BHICLIHX CTENEHsX { JAalOT COOTHOLIEHHS! MeXAy fs, &, [s
u hs, es, fs. BecnoMuHas, uro es =(i/2)0de;/0ts_;, MBl OJyYUM BCe
COOTHOILUEHHUS Bamy}ma nas notokoB cemeiictrea MKan®. B stom
npuMepe Mbl, KOHEUHO AOJKHB 3a(HKCHPOBATh fon, =1, 2, ...,
#60 B NPOTHBHOM CJydYae MH He COXpaHHM Kkjacc f; = —e;. Ilo-
5TOMY BRIpAXKE€HWs, NOJYYEHHBIE C NOMOLIbI0 BHYHUCAECHUN K03dhdu-
IHeHTOB INPH HEUYeTHHIX CTENEHAX {, YAOBJIETBOPSIOTCA aBTOMATH-
YecKH M He QAT HaM HOBHIX COOTHOWeHH# Bakaynaa.

OHu HrpamT OLHY BaXKHYIO poJib. BB MOXKeTe CIPOCHTh, MOYEMY
s cMor BHGpath y =tg(u 4 &) /4. Ctporo roBopsi, 3T0 COBCEM HeE

1}29*
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cjelyer U3 TOro, 4ro f pacckasas. QJHaKO, ecjd BH B3IJISTHETE Ha
ko3 dunnentn npu §~! B (5.146), BH o6HApyXKuTE, YTO

8 —ey;=al(é + e). (5.149)

Teneps nponuddepenunpyiite (5.147a) mo x Win #, ¥ yMHOXKbTe
ga i/2. ITonyuntcs

&y — ey == i1 CO0S Oy,

T1€ MBl BOCIIOJIb30OBAJHCh TeM, 4TO e =(i{/2)0de1/0t;, H NOJOKUIH

v =1g(9/2). Tenepp BCOMHUM, Y9TO @ = —i1| COS ¢, U MOITOMY
éite=—q,
HJIH
i +
u > u =q).

[Tostomy BBenenue y=1tg[(u - @)/4] coBepiIeHHO ecTECTBEHHO.
Jr1o He PoKyc U He obMmaH!

Bropoii npumep wuamioctpupyer npeoGpasosanue Illnesunrepa
[86], [125]. Ha stor pa3 mMu BEGHpaeM R TakuM 06pa3oM, uTOGH
acHMIMTOTHUECKOE DPa3JioKeHHe (PyHAAMEHTAJbHOH MATpPUUBI pelle-
Huit V uMeso KaHOHMYecKHH BuA, 3ajaHHH (5.77), HO K TOMY Xe
YMHOXKEHHBH Ha MaTpHLY

—9it
(%)
2u¢

KOTOpasi MEHsIeT MOHOAPOMHIO B § == oo,
Chavasa nosBosibTe IPHBECTH OTBET H H3YUHTb €I'0 OTpaHuye-
nus. Kax naiitn Hy>KHOe R, s pacckaxy nocie. Bosbmem

. d
—2if ——=—Ine, e
Ra( t e ‘). (5.150)
I 0
Kanonuueckuit sug V ectb
Xt —<X.,0
- 2 +
v=1{ | ¢ , (5.151)
_EC—X_p X+'l7
H, KaK A cKasaJj, R 6uia BrIOpaHa Tak, 4TOGH
N L —2ig
V=RV=VC( 1 ) (5.152)
2L
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3pmech V. oGosnauaer 17, HOPMHDOBAHHYIO YMHOXXEHHeM Ha 3aBH-
csiulee ot § npeobpasoBaHue, ¢ TeM YTOOH AOOUTHCS KAHOHHYECKOTO
Bura (r. e. (5.77) u (5.151) c sameHo# 1, 0, p Ha T, &, p). Tak xax
detR =“"1, TO elf1=l.

Ho us (5.152) u (5.151)

=2
R=Vc( 1 )V“z
2
1

—2UE_ T, +ghy Bup_ O F — Gyt
-_-é( ¢ ¢ . (5.153)

(13

|
Pty — '4_;;'2‘17+p—- 2@ (°'+9— — AT

rae 1. =1t -+ i/2kC%), p_=p(t, —i/2kCF). Bce 3KcnoHeHIH-

aJIbHbBle MHOXKHUTEJH PR L L X4+ u X_ coxpamaiorcs. Temneps,
cpaBuuBas (5.150) u (5.153), MBI HaXoAHUM

o.p_ =TT, (5.154)
~ | ¥ o~ o~
p_1:+——4—§71:+p_=flrr=pr. (5.155)

Ho f|=e1"1(detR==——I) 03Hayvaer, 4TG
po = 17. (5.156)

Mbl  Haxoaum  (BCIOMHHAs, HYTO 1T4T- — 04P-/45% = 1> u3-32
detV =1)

fT=0, p=v7 (5.157)
M, PaCKphIBas BHIpaXieHHe
. |
0’.’.1:_. - _4"?' 0+T_,
noayyaem
~ 1 2
6= — §?Dt10 -0, (5.158)
rae D; — onepatop Xuporh. 3anuckBas (5.151) B TepmHHax ey,
fi ¥ BOcmoAb3OBaBIIMCH TeM, 4O e,f, = — T,,/T+ T}/, HaxoauMm
(HuXHHE MHAEKCH — 3TO NPOM3BOJHEIE 1O f; == X)
e
~ X
el——-——elm—{—e—l + é¥f,. (5.159)
Kpowme Toro,
5 1
i = (5.160)

9 A. Howsan
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Tenmepr paBajiiTe mpeicTaBUM, YTO HAM 3aXOTeIOCh NPHUMEHHTb 3TO
npeobpasopanne bskaynna — llnesunrepa wMuoro pas. Ilycrsb

(éh f1)=(qn+h rn+1) H (el» fl)z(qn: rn)-
Torﬂa [oCJIEOBATE/ILHOE [IDUMECHEHUE HpeoépasOBaHHH BaKﬂyH-
Aa, MEHAKWEro MOHOAPOMHIO V Ha MHOXKHTEJb

—9it
(%)
2T

AaeT NOCJACAOBATENbHOCTD

2
Gn
Yos1= "o+ 7, T G0 (5.161a)

i

rn+l:=a'

(5.161b)

ITyers g, =e"“», Torpa r,=e “n-1 u (5.161a) ectb
Upyy ==€"n " "n—t — glnt17%n, (5.162)

Ecau Mbl 0603HauuM x = if, 3r0 GyAyT ypaBHeHHs Henouku Toxm!
Mrak, MBI uMMeeM 3aMedaTeJbHHI pe3yJabTaT, 4TO Lenouky Toawl
MOXHO PeLIHTb MOC/IeL0BATENbHbIM NPUMeHeHHeM NpeoOpasoBanuil
bBskaynaa onpenesensoro Buaa K uepapxuu sl(2, C).
MoxHno He 106aBJiATh, Y4TO ypaBHEHHsT XHPOTHl JJIS LENOYKH
Toan — ato
Tn=0n—1r On==Tp-y

u (TaK Kak x == {; == if)

1 2
"—";’Dto'n—l * On-1.

1 2
—-—:Dth—x On—1 == 55~

On = 2Tn
Ananorust ¢ uenoukoit Toael Imosie3Ha MOTOMY, YTO OHA IO3BOJISIET
caefyromuM o6pa3oM HarJdsiAHO TNpeAcTaBuThb AeictBue R. Iony-
CTHM, YTO MH cyHTaeM Ttpumier {p, T, 6} T-OYHKUHMAMH LENOYKH
Tonbl, CBA3aHHBIMU C MOJOXEHUAMH n— 1, n u n4 1, 1. e. 1,1 = p,
Tan =1, Tnt1 = 0. [1o npaBuaaM Aas uenodku ToAwnl T-QyHKUHHA B
TOYKe 71 -+ 2 3ajaercsi BHIpaXXeHUEM

1 2
Th+2 = gg - Ditper s That

Japaiite npumenuMm R. Dyayuu marpuieit, R He geficTByeT Heno-
CPeICTBEHHO Ha cKajsippl. Mbl 6yneM nmosroMy ob6o3Hauath GYKBOI
R ee adpexruBHOE neiicTBHe:

Rp=t1=R: 71, =1,
Ret=0R 1, =1Tpy1.
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TlpumeHsss R X o, NOJy4YUM
1 2
R-G=—-—21—Dflc-6,
YTO 3KBHUBAJIEHTHO

1 2
R- Tosl szﬂﬂH * Tnt+i1 = Tnt2.

Heiicteue R ua ¢yHKIHIO T,y 3amaHHyio dopmyaoi (1/21,) X
2

X Ditp_1+Tn—1, COCTOMT B CABHIe HHAECKCOB Ha eIHHULY H

naer t,_,. Hrak,

R{ v Taets Ty Tugts - }’“{ s Tns Tagls Tagos oo } (5163)
[TostoMy syullle BCero cuuTath, YTO R JeficTBYeT He Ha TPHUNJET
{p, 7, 0}, a Ha mocaeROBATENBHOCTD {T,}"

Hakonen, s pacckaxy, KakK BHYHCISTb MAaTpuilbl R, KOTOpHIE
M3MEHSIOT MOHOAPOMHIO B § = co. [Tonpocty BosbMeM

1 a,
=z U+ Y % +a U~ H)Z +EZ +F Y ¥
| (5.164)
rle CyMMHPOBATh Hano Ot 0 A0 oo, M BHINMIUEM YpaBHEHHA

RQ=QR.

Has koadduuuentoB npu " HaAXOAUM

2oy By — By )+ by ey — €80} =0,  (5.1652)
8 (hyey — Rpy) — cren_y + b fne} =0,  (5.165b)

{o (eper —&_p) — b, (R, + Hn—r)} == 0, (5.165¢)

s oMs oM =

; {6, (fn—r - fn—r) +c, (hu—r+ En-—-r)} = 0. (5. 165d)

Yro6bl H3MEHHTh MOHOAPOMHUIO V HAa MHOXKHTENb

(—Qi; 0 )
{ .
0 2z
NOHLeM peunleHHe, s KOToporo 6, =0, a, B, Y, — HyJaU TpH
r=2mu Bo=yo=0. Tenepp peminm ypaBHeHHs H HafigeM
0y == constant = —2i, a, = 2ieyfe,,

g Bi=e, Y1=f1-
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Hec/o:KHBle BBIYHCHEHHS IIOKa3HBaT, 4TO

~ i 62
hooy=hy 1+ DRI [ Iney,
H 3TO Aaer

T=1e, =0,
Hpyrue cootHoulenus (5.157) n (5.158) TakKe BHBOAATCS NPSIMBIM
Bolunc/IeHneM. [loBoas uTOrH, MBl BocnoJb3yemcst Gosee yA0GHBIMH
obo3HauenusiMu. Ecan

Vo>V,=R,V (5.166)
c
-Qig——%ln e e
R+= 1 B (5167)
fH— 27 0

TO ACHMIITOTHYECKOE pasJjozKeHue V+ HMEeT BUJM

i .
| X_ 7, —EX+p+ —2iz 0
Vi~—\ . o L | (5.168)
+ 2_CX—p+ X, v, 2
rie
1,=0, p, =T, 0+=—2LTD§IG'0. (5.169a)

B repmunax uenouku Toiabl 370 3anuiiercs Kak
{ o Tt oo Tows - 3o ={ 1) Ta» Tnsts Tuyas ..} (5.169D)

3aMerbTe, UTO NOCAEAHEE YpaBHeHHe coryacyercs ¢ (5.67), TpeTbum
ypaBHeHHeM B NOCJe10BaTeNIbHOCTH XHPOTH AJ4 T, 0, p, IOTOMY UYTO

2g -0 =D . —_— _
Dic-o=Djv -7, =—200, =—20,7.

+ +

3ameTuM TakxKe, 4TO ONpeJENUTENb R NOCTOsIHEH u pasBed —I1.

M3 (5.166) MBI HaxoouMm, YTO KOMIIOHEHTH (U4, Hpi) CTOJOLA
V4 CBSI3aHBI C COOTBETCTBYIOLIUM CTOJOLOM B V (HAmOMHHM, 4YTO
e, =i/2e,, +,) COOTHOUIEHHSAMH

. , 1
u1+ — £—2l§ + 2 z—f) uy + ey, “2+ = ?l"ul. (5.170)

HdyaabHoe npeo6pasoBanue
VoV_=R.V (6.171)
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0 1
f1
R_= " (5.172)

fi 2 —2i4

H3MEHsIeT MOHOAPOMHIO V B TOUKe { == 0o HA MHOXKHTEJb

1
(7 )
21t

TO €CTb
X v —LX o 1
- X0\~ 0
Vo~ , - ( 2 ) (5.173)
X P X,v_ 0 2
H
T_=p, o_=1, p_=—oD2p-p. (5.174a)

B rtepmuHax uernouku ToAwl 3T0 3amuuiercs Kak
{ o Tucly Tos Tngts «-Jo=% 00, Tn_a, Tu_i, Tpy «--}. (5.174b)

Croabusl V_ cBsi3aHbl cO CTOI6UMAMH V COOTHOUIEHHSAMH

w=ptn o=+ (20— 202w (5.175)

Uuraresnio cJjefyer NOJYYHTb YpaBHEHHs, aHajoruunbie (5.161).

Cefiuac MB HaMepeHBI HCIIOJb30BAaTh NpeoGpasoBaHus DBakayu-
na — lnesnnrepa, yro6ul BEIMHCaTh (Gopmyay BskayHia miast jgo-
6aBJIeHHST COMUTOHOB. [IpUMeHsq Ty K€ CTPATErtio, UTO H B IEePBOM
npumepe, Mbl norpeéyem, uto66l R = R, 6bl0 BEIGPAHO TaK, UTOOB!
OJHH H3 ABYX croabuoB V.= R,V umen Hy b B § =a. Ecau B3sTb

RL:(_ZiiJr'a Z) (5.176)

ca,b,ocd, Heslasnc;xm,nMn oT §, TO 3TO O3HAayaer, UTo
(—2io+ a) u; + buy =0, cu;+ du,=0. (6.177)
M3 npeo6pasosanus BaknyHna

~

RQ = QR!
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KOTOpO€ B KOMIIOHEHTAaX 3aNHChIBA€TCA B BHIE

—2it (h — h) = bf — &c, (5.178a)
(—2it4-a)e=b(h+ h)+éd, (5.178b)
(=2 +a)f=c(h+h)+[d, (5.178c)
ce=Ffb—d(h—h), (5.178d)
MBI NOJyyaeM, BBIYHCASA KOIPOHUUHEHTH HPH CTENeHSX {,
% e,=ho,
Fl =,
—2i (hy — ko) = e\f | — &f ),
» ( 2 2) ) lfl lfl (5179)
7 —2iegtae =eéd,
“‘21% + afl = f,d,
éf = flel-
Uz (5.177), (5.179) umeem
T u
fi=— —,,—f,
= ( 2ie, + 2ae, —e;—jﬁ—a
H
—2i (hy — hy) =e,f, + ( —%iey + 2ice; — €] 2= ) 6x3 = nu,

YTO NOJIYYEHO IOCJ€ HEC/MOXKHBIX BBIYHCJIEHHUH, HCIOJNb3YIOLUINX ypaB-
HEHHs, KOTOPBIM YAOBJIETBOPAIOT Uy U Uz, & HMEHHO

Uy = — iCuy + eytty, gy = ilus 4 fu,.
Tak kax fi, =(i/2)0%In1/0t,0ts—1, TO 3TO HaeT HaM
T =u,. (5.180)

Mul Takxke HaiBgeM

5: fﬁ:’:‘—‘: —du—sz T = — dTUQ. (5,18[)

Musl BcKope MmoKa)em, 4to d J0JKHA GBITh KOHCTAHTOH; HaM YA0OHO
BoIGpaTh ee paBHOi — 1. OKOHUATENBHO

== Tey —~t == Tely . (@) = oty (@) =740y (). (5.182)
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Kaxko#i 3ameuarenbHblit pesyasrar! Hannuo 6/1u3Koe cX0ACTBO MeXK-
ay ¢opmyaamu (5.180) u (5.182). Pasuuua B TOM, YTO HOBas ©
3ajlaHa B TePMHHAX CTapHX T, 0, P H U1, U, KOTOpHIE GBIIH NOA-
BeprHyTH mioc-npeo6pasoBanuio Ilnesunrepa. Paccmarpusas
cHoBa (5.181), mu Hadizem u3 (5.175)

0 =Ty =tf i _ =pu_ =7t_u_. (5.183)

CuoBa ¢Qopmyna umeer tor ke Bui, uro u (5.180), TosbKo OHa
npuMenena K (t, 6, p) H (41, uz), KOTOpble OBUIH MOLBEPTHYTHI
MuHyc-npeo6pasosanuio Ulnesnnrepa.

[Tpuunna, mo KoTOpO# d ABASETCS KOHCTAHTOH, COCTOHT B TOM,
yro det V= —2id({ —a). Tak KaK 370T onpegesuTesh K TOMY XK€
ABJSIETCS BPOHCKHAHOM (YyHAAMEHTaJIbHOrO pellenus Anisi Habopa
ypaBHeHHH Vt —=Q®WY, OH N0/KEH GHTL He3aBHCHM OT BCEX Bpe-

MEH f. Bb160p d =—1 penaer acHMNTOTHYECKOE pa3JOKeHue JJIs
V nopo6HBIM acCHMOTOTHYECKOMY DPAasJOXKEHHI0 AAst V, 3a HCKJIO-
ueHHeM MHoxHTeNs 2i({ — a) B mepBoM croabue. Urtak, B pesy.Jib-
TaTe NpUMeHeHHsS

—2it + %ia — e, :—]’(u) el

R, = (5.184)

uza——fl —1

K V noayvaem V, nmpu Bcex R yAOBJIETBOPSIOWLYIO VLt =QPV,

¢ QP =RQ™R™' + R, R™", u

RQ=QLR; (5.185)
KpPOME TOTO,
L =1, (@)
oL = s (0) = v_u,_ (0),
O = oy, (@) =7 Uy, (). (5.186)

Bekrop u; oGo3Hawaer TOoT croabey B V, IS KOTOPOTO COOTBET-
CTBYIOLIHH cToJ6ert B V. paBeH Hyai0 npu {==a. Torxa u;—3rto
apyroii cronGen. Ilpu momomu nmoaxoAasimiero JuHe#HOro mnpeobpa-
30BaHUsl Mbl OyaeM, KaK NpaBHJO, AejaTh TAK, UTO JIeBHIH croJbely
B V. 6yler uMeTh HyJb; OTCIOJA H yrnoTrpebiaeHue HHAeKkca L.
Tenepn, TOCKOJBKY NOC/Ie NpUMEHeHHs maoc (MuHyc) mpeobpa-
zoBanus Hlnesunrepa vy =06 (1-=p), 70 MBH MOxkeM OGO3HAUUTD
o,=17,; (p,=1-1). Torna ecrecrsenno nepenucatb (5.186) (oGo-
3Hagas t=r1p) TakK: '
T ="1_th-(a),

Tor, = Toty (@), (5.187)
Top =Ty (a).



268 I'nasa 5

CienoBaresibHO, NpeobpasoBanue Baknynna, nobasisioniee cBs3au-
HOE COCTOsIHME NpH { = a, MoxkeT ObiTh BHPAXKeHO B MpocTod ¢op-
Me, anasoruusoli (4.99) nas cemeiicrsa Ka®, aasa Koroporo 3agaua
Ha coOCTBeHHBIE 3HAYEHMs sBJseTcd cKaaspHodl (ypasHenue IIIpé-
AMHrepa), a He MATPHuYHOH 3ajgaved. I'maBHas tT-OYHKUHS Ty mpe-
obpasyercss B TOUHOCTH, Kak (4.99), a Bcnomorare/bHble T-OYHKIHHU
1-(p) ¥ 1+(0) npeobpasyorca NOAOOHHIM e 06pa3oM Mnocje NpH-
MEHEHHSI COOTBETCTBEHHO MHHYC- M IJIIoc-peo6pasoBanuii bB3k-
AyHaa — llnesunrepa.

Hecnoxto Bupasute (5.187) uepes omeparopet Xy u X_, nefict-
BYIOIlHE Ha NpEeXHHe T, O, P, HOTOMY YTO HAaM H3BECTHO, KaK BhI-
paxkaercsd u (o) yepe3 3TH BEJHYMHHL. BCNOMHUM, 4TO KaHOHHYECKAs
¢dopma V 3anasanace B (5.86) dopmysoit

. X_v — —2—2—X+or
V~=1 . (5.188)
—2EX_p D, 1
V_ u V4 MMeIOT aCUMITOTHYECKHH BUJ
1
o ?iEX-T" X.o_ ,
T 1 . (5.189&)
— Iz X_p_ 20X, v_
"
. 1
| —2itX T, —-4—€,-X+o+
— ) (5.189b)
* X py sit X474

cootBercTBeHHo. ClenoBaTeNbHO, €clii B KauecTBe (uj, Up) B3SThb
JUHeHHyI0 KoMmOuHauuio crojabuos V B (5.188), To B Kauectse
(41—, ug-) 4 (W14, usy) Caenyer B3aTbh Ty e KoMOuHaumio (5.189a)
# (5.189b) coorBeTCTBEHHO.

Ipumep: nocrpoenue 00HOCOAUTOHHO20 pewtenus. IIpuMeHUM
ONMH pa3 3To npeoOpa3oBaHue, HAUMHAA C TPUBHAJBLHOTO pellleHHS
1=1, 6=p=0. Ilyctb (u, up)— nuneiinass koM6uHaHsg u3 A,
YMHOXEHHOTO Ha MNepBbill, U B, YMHOXKEHHOr0 Ha BTOpOH cTo/6el
marpunkl V. Torpa
pL=T_ = — ;—jaX_ (@ -t_4+BX,(®)o_=BX,(a)-1 (5.190a)
(MOTOMY UTO T— = p ecTb HyJb I O_=1=1),

TL=T0L=AX_ ((l) * l (5.190b)
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oL =1, =0. (5.190c¢)
CuemoBarensno, p,==Bexp(i Y, a*,), v, =Aexp(—i Y, o¥t,),

0, =0. JTO COOTBETCTBYyeT PELIEHHIO

e=0, f=2exp (QiZaktk) (5.191)

Hepapxuu ypaBHEHUH.

TouHO TaK Xe MOXHO CO3JaTh HyJb ompejenuress RV B Touke
{=a, ecau NpUMEHUTb

1 &=r@
Rp= U (5.192)
fi 205 — 2ia — fé,
K V. CooTBeTcTByIOIIHE BEJIHYHHBI CYTh
TR == Tog = Toty (@),
PR=T_p="1T_ly_ (@), (5.193)
OR=TL R=T Uy ((_1).

CHOBa 51 HaNOMHHAIO YMTATENIO, YTO €CJAH MBI BO3bMEM B KauecCTBe
(41, up) JIHHeHHyIO KOMOHHAINIO CTOJGIOB KaHOHHYECKOH MaTpHIHI
V, sapannoit (5.188), To B KauecTBe u_ W uy CIAEAyeT B3ATb Ty ¥XKe
JuHeiHy10 koMbuHauuo croabuos (5.189).

Tenepb npumennm (5.193), rae HexoaHsle 1, 1o, 74 (p, &, 0) 3a-
npannl (5.190). Hecnoxuble BHUMCIEHHS TOKA3HIBAIOT, UTO

X, @ X, @) )=

(1) e (D) (it )
X @ X_ @) (t)= (5.194)

(1 _ & 2exp(i2(§k—§,k)tk)f(fk+ﬁ—“Wig’_’a— ’

rj€ Mbl HCIIOJIB30BaJIH TOXKAECTBO

exp(i}lj Qi'; )_—_(1 'Sg' )* " (5.195)

Mu Bo3bMeM B KauecTBe up B (5.193) caenyiouyio JuHEHHYIO KOM-
Gupanuio: C, yMHOXKEHHOe Ha INepBHIH, mic D, yMHOXKEHHOE Ha
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Bropofi croaben marpuun V. Haxomum (Mu omyckaeM umzekc R
V1,0, p):

=(1 —%)II2DAexp(—iZ(ak—&k) te) X
X (1 + o2 exp (26 ) @ —a91)).
o= (l — %)W CAexp (—-iZ(ak— a*) i‘k) exp(—2i Z &ktk),

p= (I — %)”2 2iaBD exp (— iZ (o — a@*) tk) exp (2i Z a"t,a) .

(5.196)
10 oanoconutonnoe peuende uepapxuu AKHC. Ecau Mm pac-
CMOTPHM ClelHaJbHBIH ciayvyall r =—q* T0 @ =a* u npu Bubope
Cc . 9, B .
o = 20'eel®,  — = — je¥e=10

ypABHEHUS TAKOBH:
e, = —2nsech (i 3 (@t —a e, + 21]xo) X
Xexp] =i (o, +ap)t,+i(o+3) ),
f, = 2n sech (i Y (@ —atyt,+ 2nx0) X
xexp{zZ(ak+a;)tk—i(cp+g)}. (5.197)

YuraTenao ClIeiyeT TaKxKe NPOBEpPHTh, 4TO (opmyarl (5.196) sksu-
BaJIeHTHH ¢opMyJiaM, KOTOpbIE MNOJY4YalOTC H3 MeToAa XHpPOTH
(5.70). Oun He cOBNAZAIOT B TOUHOCTH, HO OTJHYAIOTCS JHIL KCNO-
HEHIHAJbHBIMH MHOXHUTENSIMH C JuHeAHO! mo f, ¢asoll, Kotopue
HE HTPaloT POJIM HHM IPH BHYHMCJIEHHHM OTHOILEHHH 0/T, HH NPH BH-
UHCJIGHHY BTOPHIX JOrapuMUUECKHX NPOH3BOAHBIX.

3aMerbTe, 4TO B TOYHOCTH, Kak B cayuae Kad (cm. pasa. 4f),
caABUrH (Hassl NOSBJASIOTCS B BUAE MHOXKUTEJEH NMPH TOCTIEL0BaTeNb-
HOM NPHMEHEHHH BEPIIHHHBIX ONEPaTOPOB.

Urak, B pesyjbprate KanuGposouHoe npeobpa3oBaHue

V_)RR(&N) RR(&I) R, (aN) RL(aI)V

no6asasier K pemenuto uepapxun AKHC cBsizanHoe cocrosiHue
(N, N}, xotopoe npu N = N apaserca N-COJHTOHHBIM COCTOSHHEM.
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B kauectBe 3aK/NIOYMTEJbHOrO 3aMEUaHHA B 3TOM pasjefe HC-
clefyeM JeHCTBHE MOBTOPHBIX npeobpasoBanuil Bskaynma — lilae-
3MHrepa Ha TOYHOE PEeLIeHHe B BHJE CBA3AHHOrO coctosinus (N, N).
[Ipeanosoxum, MBl HOpMHPOBAJIH pellleHHe V Tak, 4To GHO 3amicChl-
Baercs B ¢opme (5.100a).

B wacthocTH, 7! BO BTOPO# KoMIOHeHTe BeKTopa V, u B IepBoii
KOMIMOHeHTe BeKTopa V; paBHBI COOTBETCTBEHHO (i/2)f; u —(i/2)ey,
rie nociaefHHe Kak QYyHKUHH OT x MMEIOT (OPMY pellieHHs, OTBe-
uawlero cBA3aHHOMYy coctrosiiuio (N, N). Ilpumenum Ry, nuawoc-
npeo6pasoBanue lllnesunrepa. Ho us onpenenedus miroc-npeoGpa-
sosanusa lllnesunrepa Mbl 3HacM, U4TO ero AeACTBHE COCTOHT B H3Me-
HEHUH MOHOAPOMHH V B TOUKe [ = 00 Ha MHOXHTENb

(——2i§ 0 )
1 .

910 o3Hauaer, uto HoBoe V mmeer Bua (—2i¢V,, (1/2i)Vs), rae
V; 1 V, sanansl (5.100a) ¢ Bekropamu C;z, Csz, 3aJaHHBIMH TOYHO
TEMH e BblpakeHHSIMH, KaK H NpexJje, The pslas e, f, h 3aMeHeHbl

HOBHIMM psaaMmu &, f, h, NOJy4eHHBIMH TNocJae npeo6pasoBaHus
Ilnesunrepa. Yurartean MoxKeT NPOBEPHTH, HAPHMED, YTO NPOUCXO-
IUT C BEKTOPOM

X

l+-2%ge1f1+.-.+1‘—

Vi= i T
L T2
2?a.l°1+.-.

NpH yMHOXKEHHH Ha

R, =
+ L 0
e
Haxogum
x ’
i i 0 T
1 +2—§Se,f1—2—§5—lnel+ e +N—l+]
R+V1 == —'2l§ 1 , C
i L + T,
2€ e C,N+l
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Bcriomuure, uto f{ = 1/e;, U npoBepbTe, 4TO

Nal -
')
e
g
~
—
[
[

7]

A
—
=
Q

s,
[
53
[
A
S
—

« o+

1
+—§.S (h2"—'h’2) dx — 2§ at 11'161 2§ Selfb

Henoanaysa Ay — ks == (i/2) (dz/atf) Ine (cM. HempoHyMepoBaHHOE
ypaBHenue nocje (5.165)). C apyro# cropoHH,

i - S
1 —2—€el+ +—€-ﬁl_:l-
BRI s )
(V-1

[TosroMmy HOBasi mMaTpuua V COOTBETCTBYeT pelleHHIO &), f;, OTHO-
cauleMycs K cBa3aHHoMmy cocrosHuio (N 4 1, N—1). Hocne N npu-

0
MeHeHHH Ry BTOpOH crosnbell HOBOH V umeer BTOpoi cronbel ( 1)

YTO O3Hayaer, 4TO HOBOE ¢;, KOTOpPOe Mbl Has3hiBaeM ¢y (mepsoe

€1 — 3T0 ¢, BTOpOe &; = ¢ U Tak jaJjee), ectb HyJb. Ho u3 (5.161)
MBI 3HaeM, 4TO II0C/eJOBaTeJbHOE NpUMeHeHHe N mpeobpa3oBaHHH
R, naer pemenne AJa uLenoykd ToAE MeXAy TOYKOH, NOMeueHHOH
HyJeM, U TOUYKOH, KOTOPYIO MBI Ha3biBaeMm N.

CrnenoBaresbHO, €CJH g§-—3TO pelIeHHe, OTBeuamolllee CBsi3aH-
HoMy cocrosanuio (N, N) nepapxuu AKHC, 10 aBHXKeHue moMeyeH-
HOH HyJeM TOYKH B LENOYKe 3a7aeTcsl NPOCTPAHCTBEHHOH (opmoii
pewrenusi gq. Ilanee, Touka, momedyeHHass N, OyAeT HMeTb peuieHUe
g% =0, XoTopoe O3HayaeT, uTO uy, ONpejeJeHHOE C [OMOLIbIO

eXp U = g+, PABHO —©OO. [TosTomy mocsenoBarenbHOE TPHMEHEHHE
N N

miaioc-npeo6pazopanus lllnesuHrepa K CBSI3aHHOMY COCTOSIHHIO
(N, N) naer mocjefoBatejbHOCTE ¢r, 0 << 7r << N, go =g, npuuem
¢dopMa mocnegHero peuleHust Kak (YHKUUS x ONHCHIBAET [ABHKEHHE
BO BpeMeHH TOUEK ¢ HOMepaMH OT HyJss 00 N B KOHEUHOMH Ilemoyke
Toael co cBOGOJHBIMH KOHLIIAMH.

Ha6op nudodepeHunanbHo-pa3HOCTHHX YpaBHEHHH, acCOMUHPO-
BaHHBIX ¢ sl(n+4 1, C)-noTokoM nOCpeACTBOM MNpeo6paszoBaHus
Hlne3unrepa, eule He BBIYHUCIEH.

Mzul onsiTh BepHeMcs K TeMe npeoOpa3oBaHuii DakayHga B KOH-
ue pasf. 5j. Tam st moKaxy, KaK OHH COOTHOCSTCH CO CXEMOH «Oje-
BaHHss» 3axaposa — Hla6ara ¥ ¢ METONOM pELYKIHH.

5h. 3ameuanue o rpagynaposke. B obmem cayuae anre6pa Ka-
ua — Mynu A" moxer 6HTH OnpejeneHa 3agaHHeM LIECTH NOpOXK-
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ARIOUIMX 3J€MEHTOB Do, P1, qo, 1, o, 1 (A1 ajare6pH, accOUUHPO-
BauHoit ¢ sl(n-1, C), nam 6o morpe6oBanocy 3(n- 1) rTakux
3JIEMEHTOB) H HX KOMMYTaTOPOB CJIEAYIOUIHM 06pasoM:

[q9:, r)]=04p;,

[pis p)]=0,
[pi, 91 = A4,
[ps, rjl=— Ayry,
adq, g = ad, “r; =0, (5.198)

o 2 -2
rae A;; — 3To 3jeMeHTH 06o0menHo# Marpuun KapraHa (_2 2)
anre6psl AV, mo moBTOpAONIMMCH HHJEKCAM HET CyMMHDOBaHHSI.

BripaxeHue ad:]:A”qj osHauvaer |4, |q;, ---, [9;» q;]]], rae xom-

MyTatop npumensierca 1—A;; pa3 (B HaweM ciayuae TPH pasa),
T. € [gi (g5 [9i q;]1)1]1=0, i 7= j. Hanpumep, paccMoTpuM 0TOXJe-
CTBJIEHHE

Po Pt 99 41 Ty N

—H+Z H Ft E Er' F.

IIpaBuna xommyrupoBanus (5.198) corsacoBaHH ¢ TNpaBUJIaMH,
yCTaHOBJEHHbIMH 1asl X; = hiF; + ¢;E; + [iFj npu H; ={/H,E; =
={/E, F;={"/F. 3amerbre, YTO 3JEMEHT po-+ p1 =Z KOMMYTH-
pyer co BCeMH APYTHMH; OH Ha3nlBaerTcs LeHTpoM. OOpaTure BHH-
MaHHe, KaK IOPOXKAAIOTCS HOBBIE 3jeMeHTH;, H; unu tH mnosyua-

eTcsl ¢ MOMOMIbIO [g1, qo]; Fo uau {~2F c noMoubio ——;-[[ql, 9ols qo]
M TaK jJajee. UuraTeqb MOXKET NPOBEPUTb, YTO NOCJTELHEE YCJIOBHE
u3 (5.198) ynosnersopeno.

Korna uentp Z poGasnern k 6Gasucy nereas {H;, E;, Fi}3% ..
HOBBIH HAOOD HA3HIBAETCSI UEHTPAALHbIM pacuiupenuem anrebphl me-
rean sl(2, C).

Kaxnomy mopoxpamllieMy 3JeMEHTY MBI XOTHM INIPHIHCATb BeC
W rtak, 4ro6bl 3TO COTJIACOBHIBAJOCH C IIPaBHJIAMH KOMMYTALUH

(5.198). Hampumep, MBI Morau 6Bl ciejaTh 3TO CJAEAYIOIIHM CHO-
cobom:

(5.199)

Po Pr Go 1 rg
o 0 1 0 —1 0O

[TpunsB npaBuJ0O, YTO BeC KOMMYTAaTOpa €CTh CyMMa BECOB BXOAS-
IIHX B HEro 3JeMEHTOB, MBI 3aMeyaeM, YTO NpPUIHCBIBAHHE Be-
COB — JefCTBUTENbHO HENPOTHBOpEUHBAasi MpPONEAypa; HampuMep,
W([gq, n])=0=W(p,). CpasuuBas oroxnecraiaenne (5.199) c

(5.200a)
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(5.200a), noayuaem BbIpaxkeHHe AJsl 3KBHBAJEHTHOTO IIpUOHCHIBA-
HUsl BECOB B cJayuae Hauero 6asuca:
H E F ¢
0 0 0 1

SaMeTbTe, g0 KaxXA0€ U3 cJjgaraemMnix
hH;+e;E+ [iF;

UMeer paBHBIl Bec. ITO Ha3blBaeTcst OJHOPOJLHON TPalyHPOBKOH.
Ho ecrp jpyrie BO3MOXKHOCTH. PaccMOTpuM npHIHCHIBaHHE
BECOB

(5.200b)

Po P 9o g Iy r
O 0 1t 1 -1 -—1

KOTOpOe MO2KEeT OHITh JOCTUTHYTO TeM XKe OTOXKAECTBJICHUEM
(5.199)

(5.201a)

Po Pi 90 4 ry ry
0 0 11 —1 -1 (5.201b)

—H+Z H Ft E Et™' F
Ho Tenepr MBI mpHunuchBaeM Beca
W(H)=0, W(E)=1, WEF)=—1, W) =2 (5.201c)

H, E, F u rpafyupyouemy napaMmerpy &.
Kak cBsizansl aBe rpaayupoBku? PaccMmorpuMm otobpaxeHue,

JdeHcTByIOIlee Ha 3JeMeHT ofmero Buaa X () = > (hH < e;E +
-+ f,F) ;" asre6pot s1(2, ©),

x@-(" A_l)X(w(’ ) (5.202a)
B KOTOPOM MBI OTOXAECTBJAseM KO3(Q(HIHEHTH NpH hj, e;, fi:
Ht ' > HA Y, (5.202b)
Et™!— BT (5.202¢)
Ft=l» FA~¥-1, (5.202d)

Hcnoab3yeM 3T0 OTOMXKAECTBJIEHHe, YTOOH NpUIIHCATL HOBHE Beca
H, E, F, T B JeBo# 4acTH NPH YCJAOBHH, YTO B NMPABOH uYacTH Beca
rakosel: W(H)=W(E)=W(F)=0, W(A)=1. {cno, uro Beca
HOMKHH coBnagath ¢ (5.201c). ¥ He yAUBHTENbHO, YTO CYIIECTBYET

u3oMoppu3M MeXAY AByMs siaemenramu si(2, C), naxe HecMOTpPsA



Caasyiomue 3BeHbs MEXKAY UYHAECAMH CONMTOHHOH MaTeMaTHKH 275

Ha TO, uTO GasHCHBIE BEKTOPH H T'PaAyHpYIOUHA napamerp HMEIOT
ApyTHe Beca.

Ho xak 310 orsMuHe MOXKeT NMOBAMATL HAa AMHaMHKY? Jleno B
TOM, YTO Pa3Hble TPAJyHPOBKH IOPOXKAAIOT PA3JIHUHBIE PA3JIOKEHHS
aare6pul. B mepsoit rpanyuposke unenwl hoH, eoE, foF Bce umeror
OHMH Bec, UMEHHO HyJb, H TMO3TOMY Hpunucadsl K N. OHH Takxke
npuHajiexanu mpocrpaHcrBy N* =K', Kortopoe 6bl10 (ha3oBHM
npocrpanctsoM. Bo BTOpoi#i rpasyupoBke unens eof u foF npunan-
Jexar pasHbiM nojajire6pam, NepBblii HMeeT BeC €JHHHIA U MPH-
HajJaexur N, B To BpeMsi KaK NocjaeiHu#l umeer Bec —1 1 nosromy
npunucad X K. Tenepp BCOMHUM, 4TO 3TO B TOYHOCTH Pa3JOXKEHHE,
HCIOJIb30BAHHOE B TPETbeM NpHMepe B KOHIE pa3f. 5¢, a HMEHHO:

-M

N = Zx (hH 4+ e;E + [,F) E b hH - eE, M IPOU3BOJbHO,

K=Y (h)H + e;E+ [;F)T + foF.

3ameTuM, YTO BCe 4JaeHHl B N HMEIOT Beca, 00JbliMe WIH paBHBIE
HyJI0; wieHsl B K UMelOT Beca, MEHbIIHE WIH paBHEE — 1. DeMeHT
obmlero BHAA, NpHHaAJIexamui ¢aszoBoMy npocrpancrey K-,

Q=thoH +IoF + X, (hyH +e;E + ;F)L™,

MOKeT OBITb 3anucaH B GoJee nmoaxoasaumen gopme,

Q=X+ Zh;Zw + Z%(- Fr+ e Xopr +
i=1 i=1

+ Z‘é‘(ff‘l‘ejﬂ) Yori1e (5.203)

i=1
B (5.203)
ZQ] - Hg_],

X21+1 = (— F+ %) g_i:
Yoo = (F -+ ‘g“) C_]:

a HUXHHe HHAeKCH 0003HAaYalT o6paTHble Beca KaXKIOTO WIEHa.
Yurarenp Takxke BCHOMHHT, 4T0 B pasj. 5c(iii) mbt Gpanu ko =0,
—fo==e; =1, u 9TOT BHGOP GBI COTJIACOBAH C BBEJEHHEM BpPEMEH-
HbLIX MOTOKOB,
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B 10 Bpemsi KakK nepBas rpajJyHPOBKA €CTeCTBEHHO IIPUBOJMT
K cemeiicTBy HenuHelHwix ypaBuenuit Ulpénunrepa (HYI), Bropas
rpajyupoBKa CTOJIb e eCTeCTBeHHO NPHMBOLHUT K ceMelictBam Kad
u MKa®. 1 cosHatenpHOo ynoTpebJsio CJI0BO «ecTecTBeHHO». CeMeli-
creo HYUI, xoueuno, cogepxur B cebGe cemelicrea Kan® u mKn®,
HO, uTOGHl HX BBIAEJNHTh, HAJO HaJaraTb OrpaHHYeHHs Ha (has3oBoe
npocrpancteo (f; =—1 maa Ka® unu fi = +e; aaa mKa®). Bo
BTOpO#i FpaiyHpOBKe 3TH YPaBHEHHst NOABJIAIOTCA 0e3 HaJ0XKeHUs
Kakux-n1u00 cBsAsedl. ENHHCTBeHHAsl HaJOXEHHasd HaAMH CBA3b (KO-
TOpast BHIIVIAAHT HECKOJbKO IPOH3BOJBHO)— 3TO BHIGOD ho=0,
aHaJOTHMYHBIHA BHOOPY ho=-—i, ey=fo=0 B ypaBHEHHsX, CBSI3aH-
HBIX ¢ epPBOil rpagyupPOBKOH. DTOT CPABHUTENbHO HeGOJBLION mpo-
M3BOJ MOXeT OBITh YCTPaHEH, ecJH HCHO0Jb30BaTh (ha3oBoe IIpo-
crpaHcTBo & -4 K+ Bmecro K1, rae & — OTMeueHHBIH 3J€MEHT, BHI-
OpaHHBIi (C HEKOTOPHIMH OTpaHHuYeHHAMH) B ABoficTBeHHOM K K
npocrpaucree K* B pasnenax 5i, 5] Mul emle BCTpeTHMCs ¢ 3TOH
HjeeH.

B kayecTBe 3aKJIIOUHTENBHOTO 3aMeuyaHHsl K 3TOMY pasjesly Mbl
YIOMSIHEM, YTO BCEe He3aBHCHMBbIEC CIHOCOOH TI'pajyHPOBKH aare6pel

nereab sl(2, C) onpeneasiiorcst aBromopdusmamu sl(2, C) xouey-
HOTO TOpsiiKa. ABTOMOpPGH3M ¢ KOHEUHOIo MOPsAKAa ecTb oToGpa-
xeHue Ha anarebpe, coxpausioimee ckobky JIu, 1. e. [0(X), o(Y)]=
=o([X, Y]), X, Y=s1(2, C), Takoe uro ¢™ paBHseTcs eAMHHILE
npH HEKOTOPOM LiesoM m. Bcee Takine oTo6paKeHHs CyTh Nnpeo6paso-
BaHus nojobus o (X)=aXa-! nas wekoroporo a B sl(2, C), am =1.
Ias s1(2, C) 3aMertbTe, uto npH a = H ¢ JAeficTByeT Kak JnHelHOe
npeo6pasosanue Ha npocrpanctse H, E, F u pasbuBaer ero Ha J1Ba
noanpocrpaucrsa o (H)=H, o(E, F)=(—E, —F). 3aMeTbTe, 410
B (5.203) snementsl H u E, F NOABJAAIOTCA KaK COOTBETCTBEHHO
YyeTHHIE H HEYeTHHIE CTENMEeHH B3BEUIUBAHHS.

5i. Bropas ramMuJbTOHOBa CTPYKTypa. §I HauHy ¢ HaNOMHHAaHHA
yuTaTegqlo, uTO TaMHJABTOHOBA CTPYKTypa, BBEJEHHAsh B HauaJe
pasi. 5¢, ¥ BapHAllHOHHAst TaMHJIbTOHOBA CTPYKTYpa, BBeJeHHAs
B pasa. 3b u ¢ nomompio (5.56), (5.57) B KoHLe pasi. 5c, cosep-
HIEHHO PA3JNYHb. BCIOMHHUTE BapHALMOHHYIO FaMHJILTOHOBY CTPYK-
TYpy, BBeAeHHYI0 B pa3d. 3b aias uepapxun Ka®, a umeHHo
8yt 1 0Hn_1

qt2ﬂ+l = 50 — T dq ’ (5.204)

rie N u M sanawtca (3.6). IIBe cUMIJIeKTHUECKHE CTPYKTYpH N
1 M noKaJbHH (XOTS TAaK¥XKe BBIPOXKIEHBI) B TOM CMBIC]IE, UTO NpH-
MeHeHUe JI060f M3 HHX K 3JeMeHTY (asoBoro mpocrpaHcrsa (T. e.
K s/eMmeHTy AubdepeHUHANbHOR anre6ph, cojeprkalled g u BCe
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NPOU3BOJAHBIE g O X) He BHIBOAUT 3a NPELeNH 3TOro (ha3oBoro mpo-
crpancrBa. C Apyroit CTOpOHH, BapHAIMOHHAS FAMHJIbTOHOBA CTPYK-
typa nias nepapxun AKHC, okasmiBaercs, He HOMycKaeT BBefeHHS
ABYX JIOKaJIbHBIX CTPYKTYp. B pasa. 5d mur mokasanu, uro (¢ = e,

r=f1)
(‘i)t — " ( _i), (5.205)

n

1 B [75] 6blIO MOKA3aHO, UTO 3TO MOXKeT OHITh 3amHcaHo Kak JV H,,

rae 1
8 8 0
Vz(ﬁ’ o) J=(—1 o)

u H, ABJseTcss MHTErPaJOM [BHXKEHHS, IPONOPLHOHANLHBEIM KO3(-
¢unuenty npu {—" B aCHMOTOTHYECKOM pa3noxeHuu In a(f) BOausu
=00 (cm. pasn. 5I(i)). Onmeparop L Gbli1 BEIHCAH B pasi. 5d, u
xorst (5.205) moxkHO 3anucath B dopme

q
(f)t =JLVH, =JLVH, , u 1. 1.,
n
*

HO CUMIIEKTHYecKHe onepaTopbl JL, JL? u T. A. 6osee He SIBJASIOTCS
JIOKAJbHEIMH, OHH BHIBOASIT HAacC 3a Tpejessl UCXOLHOro ($pa3oBoro
IIPOCTPAHCTBA, KOTOPOE BapHallMOHHOH TaMHJbTOHOBOH CTPYK-
TYPBI COCTOUT H3 ¢, r H YOH3BOAHBIX BCEX NMOPSIKOB IO X.

[TosToMy MHTEpecHO, yro TaMHJIbTOHOBO OIIHCAHHE, CBA3AHHOE
¢ ajare6pauuecKUM MOJAXOJOM pasf. 5¢, BIOJHE €CTECTBEHHO MO3BO-
JIsleT BBECTH JBe JIOKAJIbHbIe CTPYKTYpPHL. BTOpYIO CTPYKTYpPY MBI IO~
JY4uM, ecu onpefaenum ¢dopMy KuiuHra uid BHyTpeHHee NpPOU3-
Bepenue (X, Y> Ha G Kak koadduuuenr npu ¢!, a e npu g, B
BblpaXKeHHUH [Jd caena npousdpenerus XY. A1y dopmy MH Gyaem
o6osznauath (X, Y>—;. Ec/id MH Tenmepb YyTOUKY MOAYyMaeM, TO MOH-
meM, ytro K+ = K (u tak ke N+ = N). Kak u paubiue, cymecrsyer
ecTecTBeHHAsi TaMHJIbTOHOBA CTpyKTypa Ha KL, Kortopas mepeHo-
curcst Takxke Ha Kt -+ g, rie € — QuKcHpoBaHHBIH 3jaement G. Mul
BRIOHpaeM 3J1eMEHT & TaKuM 00pa3oM, uTolbl OH COJepKajcs B
opToroHajbpHOM ponosaHeHuu Kax K [K, K], tak u ¥ [N, N]. On
HECOMHEHHO TpPHHAJLJIEXKHT K TOCJAeAHeMY, IIOCKOJbKY HamHCaB
e + KL, Ml yKe yKa3nBaem, 4To ¢ He npuHaaiexur KL. [Tostomy
OH [OJKeH INpHHaAJdexaTb N1 WU OpTOrOHaJBLHOMY AOMOJHEHHIO K
[N, N]. 310 Moxer GwITh, TOMbKO eciau &= XE° Ttak kak [K, K]
COMEPKHT JIHIIb YIEHH TP, p << —2, a [N, N] comep:KuT Julib uje-
HB §P, p == 0; (HOBoe) BHYTpeHHEe NPOH3BELEHHE g C TEM W APYTHM
paBHO HYJIIO.
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Ec/iu g yAOBJIETBOPSIET 3TOMY ycJ/10BHIO H ecid @ — 3T0 ad-HHBa-
pHaHTHasi ¢yHKuHs Ha G, TO raMHJIbTOHOBO BeKTODHOe HOJe 3a-
Jaercsl ¢ NOMOLIbIO

xo (X + &) = [nxVD (X + &), X + &]. (5.206)

Bosee toro, ecniu @ u ¥ — nee ad-unBapuaHtHble QyHKUHH HA G,
TO OHH HAXOAATCS B HHBOJIIOLHM 110 OTHOLIEHHIO K cKoOke Ilyaccona
na K+ + e Jdas namux Leael Mu GepeM

e=—iH7; Op=—+(S"X, X)=—+(S""'X, X)_,. (5.207)

rie Haaekcel 0 U —1 o6o3navaior, Kakoe BHYTpeHHee NTPOU3BeJCHHE
Mu BuOupaeM. Torma @py;— 3TO TaAMHJILTOHHAH, NOPOXAAIOUIHHA
NoTOK BROJBL fr. Torga ans P e KL= K noroxu 3anawrcsi ¢ Io-
MOILbIO

Py, = — [ VD, (€ + P), e+ P] =
= [nyS* (e + P), e + P]=[Q"), e} P]. (5.208)

D10 B TOYHOCTH Te Ke ypaBHeHus Jlakca, yro m (5.52), eciun
e+ P=Q.

OcHOBHBIE Pa3NHuYus MEXAY ABYMS NOAXOJaMH, CBA3AHHBIMH C
ABYMsI TaMHJIbTOHOBBIMH CTPYKTYPaMH, TaKOBHI: (i) raMHJIbTOHHAHBI
CABHHYTHI; (ii) aJieMeHT {° KOTODHIH IOCTOSHEH BCJEACTBHE Xa-
pakrepa LeHCTBHs NOTOKOB B NMEPBOM MOIXOJE, ¢urcupoBan pas u
HaBCceria BO BTODOM. B nawe# nepBoi rpagyHpoBKe g==—i
TOrAa KaK BO BTOPOi TPaiyHpOBKe, BBE/ICHHOH B pasf. 5h, 6=
=-—F + E/t. Boi6op BTOpOi#l raMHJIbTOHOBOH CTPYKTYPHI 03BOJISIET
H36eKaTh TOrO, YTO BHITJASAMT KaK JOBOJILHO NPOH3BOJIbLHHIH BHIGOD,
BpOAe eo=fo=0 B pa3a. 5¢ u ho=0 B pasn. 5h. Tem He MmeHee
X0Uy MOJAUEPKHYTh, UTO MEXKAY STHMH ABYMSI CTPYKTYpamu HeET Cy-
IECTBEHHOH DAa3HHIB, HET TaKXKe 3HAUUTEeJbHBIX NPEHMYINECTB HC-
NOJNb30BAHHs OJXHOH CTPYKTYPbl BMECTO ADYTOH.

B crepyioutem pasjene, B KOTOPOM MBI oécyumw Npouenypy pe-
IYKUHH, MBI OMb3yeMes nepBon crpykrypo#t, rae Kt=N?*

(X + 2 X,g’) K'=N1 ( = Z X-;’) ¥ JIeMeHT g, NIPHHA/JIe-

Kalui K* ectb —iHC. XapaKTepHuM 3J1eMeHTOM Hamero $a3oBoro
MpOCTPAHCTBA Temepb OyAeT HCMOJAb30BaHHAs paHee maTpHua Q,
YMHOXeHHas Ha {:

—IHLHQ+ L+ . =,

rae Q, Qi, Qy M T. . B TOYHOCTH TaKHe, KaK paHblIe,
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5j. Meron o6partHoi 3axaud M 3ajpada Pumana — I'uiabOepra,
anre6pauyeckuii moaxoa. 51 HajelCb, YTO K HACTOSIEMY MOMEHTY
BH yxe yOequiuch, 4TO 0coOnle CBOHCTBA, KOTOPHIMH HajeleHH
HHTETPUPYEMBIE CHUCTEMBI, SBJSAIOTCS IO CBOEMY XapakTepy aJre-
OpanyeckuMH. I103TOMy yMecTHO COPOCHTb, CYIIECTBYeT JIH ajre-
Opanueckasi aHajorus Mmeroga o0paTHOH 3ajaud Wid 3agaun Pu-
maHa — ['uib6epra. Ona cyuiectsyeT. OCHOBHasi Hjiesi B TOM, 4YTO
ypaBHeHHe Jlakca (5.52) siBasgercs peiykuHeH 6oJiee IIPOCTOTO IO-
TOKa Ha 060JbllleM MHOTr006pa3uH, HpHYeM peAyKUHs OCYILeCTBJIs-
eTcsl IIPH IOMOLIH HWHTErpasoB ABHKEHHs1 6oJiee NMPOCTOTO NOTOKa
H COOTBETCTBYIOLIMX UM CHMMETPHH C HeJbl0 MOJYYHTh MeHblilee
¢dasoBoe mpocTpancTBo. 3a MeHblee ()a3oBoe NPOCTPAHCTBO MNPH-
XOAHTCA [JATHTb TEM, YTO IPOCTOH IOTOK YK€ He BHIFVIALUT CTOJb
HPOCTHIM.

B pasa. 4c 4 orMeuaJ, 4TO KaXKJ0H CHMMETPHH FaMHJIbTOHOBOH
CHCTEMBI OTBEYaeT MHTErpaJs jABu:KeHus (reopema Hérep) u Haobo-
por!). Xopoio u3BecTHHE CHMMETPHH, BPOJe MHBAPHAHTHOCTH ra-
MHJIbTOHHAHA OTHOCHTENbHO TPAHCASUUHA HJIH BpalieHHH, NPHBOAAT
K 3aKOHAM COXDAaHEHHs HMIYJbca W MOMEHTA KOJHUECTBAa JBHXKe-
HHsl. I'pynna CHMMeTpHH COOTBETCTBYET BEKTOpaM HMIYJbCa H MO-
MeHTa KOJIMYECTBA [ABHXKEHHS, KOMIIOHEHTH KOTODHIX ABJAKTCHA WH-
TerpajaMu JBHKEHHs U KOTODble HAXOMAsTCs B HHBOJIOIHH APYT C
APYrOM OTHOCHTEJbHO cKOOKM IlyaccoHa Ha AHH2MHUYECKOM MHOTO-
o6pasuu. Teopema TaKoBa: ec/H CyHIeCTBYeT 1 HE3aBHCHMBIX CHM-
MeTpH# M, CJeJOBaTeNbHO, #© MHTErpajioB ABHXKEHHS B HHBOJIIOLHH,
T0 2n U3 2m NepeMeHHBIX ()a30BOTO NPOCTPAHCTBA MOKHO HCKJIIO-
uuTh. Ecim n=m, TO (a3oBoe NPOCTPAHCTBO DPEAYUHUDPYETCs [0
OJHOH TOYKH M JBHKEHHE TOJHOCTbIO HHTerpupyemo. Takas cu-
cTeMa Ha3LIBAETCHA HOAHOCTbIO UHTe2pupyemowl. dra Kaaccuueckas
TeopeMa GblIa HccefoBaHa B Gosee obuiefi nocraHoBKe MapcaeHom
u Beiincreiinom [88], a npouecc HCKIOYEHHS MepeMeHHBIX C TIO-
MOLIbI0 CHMMETPHHl Ha3BaH peaykiueil. I'py6o roBops, Meron co-
CTOUT U3 HecKOJIbKHX 1aros. UTo6wl mosyuuth 6osee noJiHoe Npen-
cTaBJIeHHe, YHTATeNII0 cleayer nouurartb KHUru AGpaxama u Mapc-
nena [84], B. U. Apuoabna [105] u HoByio Kuury Mapcuena,
Partbio, Beitnerefina, Imuara u CneHncepa.

[Tycth HAM naHO CHMIUIEKTHYECKoe MHoroo6pasue P ¢ rpynnoi
cumMerpuit G, aeifictBylomeit Ha P KaHoHuuecKMMH npeoGpa3oBa-
HUAMH, T. e. AelicTBHe G coxpausier 2-gopMmy o Ha P. Ilyete G —
anre6pa Jlu rpynnet G, a G* — npocTpaHcTBO, ABOMcTBeHHOe K G.

1) Peub uAeT O CHMMETPHAX, COXPAHAIOMIHMX raMHJAbTOHHaH. Ecau ke noHH-
MaTh CHMMETPHIO KaK YpPaBHEHHe, KOMMYTHPYIOIlee C HCXOAHHIM, TO COOTBET-
CTBYIOIIHX HHTErpajoB ABHJKEHHS MOXET H He CyllecTBosaTh. ITpuMepom moxer
cayxuTh npeobpasosanue nomobus. — Ipun. nepes.
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Torna orobpascenue momenrog J, NpuUIHCAHHOE K TOYKE MHOro0G-
pasus P, npunumaer 3HaueHue B G¥; a UMeHHO, J eCTb BEKTOp, NpH-
HajJexalwnil G*, nepeunc/sOMMA Bce HHTEerpaJbl JBUXKeHus. Ha-
6op ypoBHe#l J=!(u), T. e. Hab6op ToueK p B P, Aas KoTOphHX J(p)=
==, fBJsdeTcss MHOroo06pasueM H HHBApHAHTEH OTHOCHTEJIbHO KO-
NPHCOEAMHEHHOr0 JAeHCTBHA NOATPYNIel H30Tponuu G, rpynns G;
a uMeHHo, G, — 310 Habop g & G, TakoH YTO (B MATPHUYHOM Hpej-
craBieHun) gpg—!==p. Torza rteopema Mapcaena — Belincreiina
yTBepaKJAaeT, yTo pakropnpocrpalcTBo Py = J='(p) /G, — 310 cuM-
IJIEKTHUECKOE MHOroo0pasue co CBOEH CHMIJIEKTHUeCKoH ¢dopmMoi
®,, MHAYUHPOBAHHOH ®. P, —3T0 peiyuupoBaHHOe (a3oBoe INpo-
crpancTtBo. Kpome rtoro, eciin @ — ¢pyHnkuusa 'amuiabToHa Ha P, uH-
BapUaHTHAas OTHOCHUTENbHO AeficTBUs (G, TO OHA HHAYLHPYET FaMHUJb-
tToHHaH @, Ha P, Ecam F;—InoTOK raMHJbTOHOBA BEKTOPHOTIO
noss, coorBercrByomero @, To Hu3-3a Ad*-3KBHUBapHaHTHOCTH J
(Ad*-3KBUBAapHAHTHOCTh O3HAYAET, YTO I (g-p) = Ad;_lj (p)==

=gug~!,rae g-p obGosnauaer jgeficteHe G Ha P) HabGop ypoBHe#

J-'(u) uHBapuaHteH OTHOCHTeNbHO F; u F; MHAyuHpyer moTok F¥
CHMILIEKTHYeCKUX Au(pdeoMoppH3MOB Ha pelyHHPOBAHHOM MHOTO-
obpasuu P,. Bropas wuvacts Teopems Mapcaena — Befincrefina

yTBepKaaeT, uto F¥ sBJsercs MOTOKOM TaMHJbTOHOBA BEKTOPHOTO
10Jis, coorBercraylomiero @y,

Mkmr 6yaeM HCHOJb30BAaTh TaKxKe BTOPOH THN pelyKIHH, Hyacco-
HOBY peaykuuwoo. Ecam 3azaHo cumniekrayeckoe MHoroo6pasue P
¢ KaHOHHYEeCKOH rpynmoit cummerpuéi G, to (akropMmHOrooGpasme
P/G nmeer ecrecTBeHHYI0 CKOOKy IlyaccoHa, HHAYLHPOBaHHYIO
ckobkoit ITyaccona na P. BoJsee TOro, raMu/JbTOHOBH BEKTOPHEIE

noJsi, coorsercrByompe ® Ha P u @ Ha P/G, O([p])=D(p)
([p] —3T0 KAacc p< P ua P/G), cBs3aHbl NPOEKTHPYIOUHM OTO-
6paxenuem P—- P/G, KOTOpOe, ec/ii OHO KaHOHHUECKOe, COXpaHseT
ckob6xu [lyaccona.

B Hawem caydae Mt GepeM B KauecTBe MCXOJHOrO MHOrooGpa-

sus T*G, KokacaTeqbHOe paccjoeHwe rpynnsl G, T. e. rpynnsl JIu

anre6pel merens G =sl(2, C). (ITox atuM s uMel0 B BHAY, 4TO
KaXKAbli ajeMeHT G sIBJsIeTCSl SKCINOHEHTOH exp {f HEKOTOpOro 3Je-
meHta § B aJgarebpe. [locienyiouipe paccMOTPEHHsl, CBSI3aHHHE C
npeobpasoBanusaMu bakaynga — lllnesunrepa u3 pasa. 5g u 06-
cyXjaeMble B pe3loMe 3TOr0 pasjena, HAaBOAAT HA MBIC/Ib paclIu-
puth rpynny G, BKJIIOUHB B Hee HEKOTOpbIe AMCKPeTHHIE CUMMETPHUH
B JONOJIHEHHE K HENpEepPEIBHBIM, HAMOJA06HEe BKJIOUEHHS OTPaKeHHS
npu nocrpoernu O(3) us so(3). Ho Hacrodulee onpejenenie yaos-
JIETBOPUT HAUIM HacymHele uenn.) Muoroo6pasne T*G saBasercsd,
€CTeCTBEHHO, CHMIJIEKTHYECKHM H COCTOMT M3 6a3ml G, Haj KaxXaoh
TOYKOH g KOTOPOH BHCHT CJIOH, T. €. NPOCTPAHCTBO, JBOHCTBEHHOE
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K KacarteJbHOMY NpOCTPAHCTBY B Touke g. Ha si3nike Kaaccuyeckoi
MexaHHKH, G — 370 Ha60p KOOPAHHAT ¢, KaCAaTeNbHOE NPOCTPAHCTBO
B TOUYKe g-—3T0 HAabOp CKOpOCTeH §, a CJOi — 3TO IPOCTPaHCTBO
UMIYJbCOB p. Besakuil snement g rpynnel G MoXkeT GHITh €IUHCTBEH-
HBIM 00pasoM pasjoxeH B IPOU3BeleHHEe (aHaJoOr 3ajaux Puma-
Ha — 'unsGepra)

g=#k"'n, (5.209)

rae k W n— 9KCNOHEHTH OT 2JIEMEHTOB, NMpPHHALJIERKALIHX NOAAJ-
reépam K 1 N COOTBETCTBEHHO. 3aNHCh JIEBOTO MHOXKHTEJIS B BHIE
oGpartHoro BriOpaHa u3 coobpaxenuil yro6ersa. I'pynmoit cummer-
pHH, ¢ MOMOLIbIO KOTOPOH MBI OCYILECTBJsEM peiayKuuio Mapcie-
Ha — Beiincreiina Ha ¢asosoM mpocrpaHcrBe T*G, Gyaer K— noa-
rpynna, coorsercrsyromas K. PenyuunposasHelM MHOrooGpasueM Oy-
ner N X (e 4 N*), rie e — 370 eIMHCTBEHHEIl OTMEUEeHHBIH 3/JeMEeHT
B K*, korophiii Bckope Gyner ykasaH. Toraa TpuBHaJbHOe NpHMe-
HeHHe IIyaCCOHOBOH DEAYKUUH C MNOMOIbI N peayuupyer Haiue
MHOrooGpasue 1o e+ N* ¢asoBoro mpocrpaHcTsa pasi. be. Bpe-
MeHHbIe MOTOKH B & + N*, mopoxaaeMble onpeneneHHbME B (5.48)
ramuiabToHHaHaMu @;, MOryT ObiTb «NPOHHTETPHPOBAHBI» H JAAIOT

Qt) =k (t)(— i k™' (t)), (5.210)
rae K—'—ueBbil MHOXHTENb B pas3/ioxeHuu sjaementa g(t;). Mmu
YBHAHM, 4TO g(f;) OYeHb IPOCTO 3BOJIOUMOHHDPYIOT BO BpeMeHaXx,

g(t;)=exp(—i Y t't;H) g, (5.211)

rae go==k~'(0) u Q(0)=~£(0) (—iH)k~(0).

Mpel npoenaeM 3Ty NpoUEAypy 3a MSATh IIAroB, Bo-mepBbX, Mbl
TpHUBHANU3YyeM pacciaoedHe T*G, npeacraBuB ero kKak G X G*, u 1o
CPEACTBOM 3TOTO HaleJHM ero KoOpAHHaTaMu. Bo-BTODBIX, MBI BO3b-
MeM HaIlH HCXOAHBIE TraMHJIbTOHHAHBI (D; M3 pas3ix. 5S¢, KOTOphie
Ad*-unBapuaHTHE Ha G*, W paclIMpUM HX ONpeje/cHHe Ha BCe-pac-
cioende T*G. MEpl 3aTeM HCIOJIB3YyeM E€CTECTBEHHYIO CHMIJIEKTHUe-
CKyI0 CTPyKTypy Ha T*G, uro0Bl ONpeNeNuTh MOTOK, OPOKACHHBIH
®@;. ITotok na T*G Gyner OueHb NMOXOAHMTH HA NOTOK, AEHCTBYIOLIHil
B cuily (5.98) Ha MaTpuLy paccesiHus. B-TpeTbHX, Mb HalfeM [OTOK
Ha pelylUHpPOBaHHOM MHOroo6pasun N X (&4 N*) (N—310 moa-
rpynna G, accouuMpoBaHHasi ¢ nojanre6poit N, a N* 1BOIHCTBEHHO
K N) ¢ KaHOHHYeCKOH CHMIJIEKTHYECKOH cTpykrypoil. Toraa myac-
COHOBA peaykKuusa K & 4 N* TpusHajbHa. TUNHYHBIA 3J€MEHT BTO-
poii komnoHenTht B N X (e -- N*), KoTophiil ecTb mMarpunma Q (cM.
(5.45)), nmomHoxKeHHast Ha [, Gy/eT 3BOJIOLHOHHPOBATH COTVIACHO
(5.210) n ynoBnersopsaTh ypasHenuio Jlakca (5.52). B-ueTBepThix,
MBIl OTOXJecTBUM k(#;) u3 (5.210), o6paTHy0 CTeNeHb JIEBOTO MHO-
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XKHuTeas ajemeHra g(f;), c¢ marpuuedi V (f;), onpemeneHHod B
pasa. be.

Hakouen, Ha nsatom mare Mbl o6CcyJHM, KaK PeIIHTb ypaBHEHHE
Jlakca (b5.52) aare6pauuecku. Haubosee BaKubI miar, Kak Mbl
YBHJHM, — 9TO Das/IOXeHHe IPYNNOBOrO 3JeMeHTa g B k~'n. 3ro
pasnoxeHHe H ecTb ajrebpandeckas aHaJorus 3ajauyd Pumana —
I'anbbepra, KoTOpas, Kak Bbl IOMHHTe, SIBUJIACh TJIABHBIM I1aroM NpH
NOCTPOEHHH (yHAAMEHTaJbHOH MAaTpPHUH pemieHUd @ M3 JIaHHBHIX
paccesiuua B pasi. 5i(i). Halas &k, MBl mosyuuM peuieHue ypasHe-
nuil Jlakca. M3-3a Toro 4ro st waru TpeGyiOT BBEIECHHS LEJIOTO
pAAa HOBHIX MaTeMaTHUECKHX HJefl u 0003HaueHHH, s1 NONHITAICH
06CyAuTh pe3y/abTaThl Ha f3bIKE, yXKe 3HAKOMOM YHTaTeIsiM 3TOH
KHurd. Yuraressi, KOTOpBIH 3auHTepecyeTcs AajdbHelllIUM H3YUYeHHEM
JeTaJel, 1 OTCBI1AI0 K YeTBePTOH cTaTtbe U3 Hauiedl cepuu «Anrebpa
Kana — Mynu u connToHHBle ypaBHeHus» [38].

$I xouy oTMeTHTD, YTO 3aMedyaHHe o ToM, yto noroku AKHC sg-
JSAI0TC peAyKUHAMH 0oJjiee HPOCTHIX IIOTOKOB Ha GOJBLIHX MHOTO-
o6pasHsx, He sBJAETCS BBeACHHOH HaMH HOBHHKOH. I couutoch Ha
cratbu Pefimana u CemenoBa-Tan-lllanckoro [106]; atu ugen Tak-
Ke BecbMa O6JM3KM K HJesAM, KOTOphle HCmosb3oBaiu KoctaHT,
Kaxpan, Crepubepr [100], Mosep [107] B cBs3u ¢ menoukoit Toxs,
cucreMamu Kasonxepo u Mosepa — CrosepsieHaa; OHU TaKKe TECHO
CBSI3aHH CO cXxeMoli ogeBaHusi 3axaposa — lllaGara [108]. Mm
(®nawmka, Parbio W aBTOp) BIepBBIE BKAIOUYHIH B OOMIYI0 KapTHHY
IOTOKH, KOTOphleé COOTBETCTBYIOT OTPHIATEJbHEIM BpeMeHaM fp,
k<< 0 (moroku ypaBHeHus sin-Ioppon). §I 6yay sto obcyxaartb
B clIeaymolleM pasfene. A ceiiyac 51 xouy nonoapoGHee paspaboratsb
IIarH OT NepPBOTO A0 NATOrO.

Illaz 1. Mu ocymectsasieM (NpaByl0) TPHBHAJIM3ALMIO paccjoe-
Husa T*G, oroxpectBass ero ¢ G X G* rae G* — npocTpaHCTRO,
JBoiictBeHHoe K anrebpe Jlu G =T.G, T. e. K NIPOCTPAHCTBY, Kaca-
TeJbHOMY K G B efuHHIe 3ToH rpynnsl. OToXIecTBIeHHE IIPOU3BO-
auTcst caenylomuM obpasom. BepeM kpusywo ef, &< G, npoxons-
Iy Yepe3 eIUHHLY rpynnel G, U 6epeM ee KacaTeJbHBHIH BEKTOP
(d/dt)e'®|:—o B 3TON TOuKe. [lepeHecéM KacaTesbHBII BEKTOp C MO-
MOUIBIO NPABOTO JEHCTBHUS g U Ha30BeM 3TOT saeMeHT T.RgE B mar-
pHYHOM IIpeacraB/eHud, Koraa § = sl(2, C) u onpenenurens g pas-
Hsierca enuuune, T.Rg E—aro npocro Eg. 3areM MBI 3ajxaeM AN
9JIEMEHTOB Mg & T*G, Jexalmux B ¢jIoe HaA g, KOOpAHHATH (g, W),

n < G*, rae
<u') §>=<u’gy TeRgE), (5.212)

a (-, ->—>310 cnapusanue Mexay G u G* TlpaBas yacTb MOXKer
6uith 3anucaHa Kak (T*Rgug, E), oTkyda = T*Rgug; T. €. p fABJSA-
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ercsa 3meMeHToM G*, cj10s1 B €IMHHIE, KOTOPHI NOA LeficTBHEM Impa-
BOTO IIEpEHOCa C NOMOUIbIO g MEepeHOCHT (e, u) B pg.

Illae 2. Tlycrs @ () — Ad*-unBapuanTnas ¢yHKuus na G*, 1. e.
@ (g~ 'pg)=®(pn). Kak BH moMHHTE, B pa3l. 5C MBI OYeHb CKOpPO
oToxiecTBHJIH G* ¢ G, H60 Ha caMmOM G MOXHO OBIJIO BBECTH BHYT-
peHHee npouaselenue. B srom cayuae @ (X) 6eta Ad*-unpapuanr-
Hoit Ha G dyuKuueit, ecnn @ (e?* Xe—t¥)= O (X) nna scex X, Y= G
M BelleCTBeHHHIX f. DTO ycJOBHe BHIpaxaJjoch Kak [VD(X), X]=0.
31ecs Takoe ke o6o3HaueHuwe pacuindpoBHBaercs Tak: @ — 3TO
Ad*-unuBapuanrHas ¢yHkuus Ha G*, ecan @ (e~**Xet’)= 0 (X) pas
Bcex X = (G*, Y= G. Mu pacunpsem @(p) Ha TG cienyowum
obpazom:

D (ng) = D (). (5.213)

Tenepr moxkHO pabGoraTh ¢ NMOTOKOM, 3aiaHHBIM Ha T*G; geranau
aaue B [38, IV]. DT0o npocro mpsiMonubefiHoe NBUKEHHE

=0, (5.214a)
§=T.R, 5 (5.214b)

KOTOpO€ B MATPUUYHBIX 0603HaquHﬂX 3alUcbIBaeTCsI B BUAE
g=35ra (5.214c)

3neck 8@ /8y, aneMent U3 G, — 3710 rpafuent @ 1mo p, 1. e. DO (pn) =
={8D /0, uy, rae D®(n)— npoussouass Ppeme @ no p. Hnre-
rpupyst (5.214), moayuyum

B = Uy, (5.2152)
e
g ==exp (t—éu_o) Zo- (5.215b)

O6parnre BHHMAaHHE Ha CBA3b C BPEMEHHLIM IOTOKOM AJs TlepeMeH-
HbIX HeiictBHe — yroJ. [lepemeHHBle nefcTBHS (HOBBIE HMIYJbCHI)
eCTb HHTerpaJbl JABHXKEHHs, TOTAa KaK apryMeHTbl HOBBIX KOOPMH-
HaT, YIJIOBHle IlepeMeHHBe, MEHAIOTCS JUHEHHO 10 BpeMeHH. DTO B
TOYHOCTH MOAOGHO MOBELEHHMIO NAHHBIX paccesHus B (5.98). Bes
norepu OOIIHOCTH MOXHO B3fiTb —iH{ B KauecTBe MaTPHUUYHOrO
npeiacraBaeHds mas po. Janee, ecin @ (p)— 310 @My, T. e. LI+
KOMNoOHeHTa B pasnoxenun — (h? -+ ef), To ato Ad*-unpapuantHas
¢byHkunA, n no oTHoweHHIO K dopme Kunamnra (-, -

80;_,

g
e = — iH. (5.216)
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Ilanee, kKak (yHKIHUS BCEX BpeMeH
g=-exp(—i X t'tH) g (5.217)

Ulge 3. Teneps noBeneM A0 KOHUA CHMIVIEKTHYECKYIO DEAYKIHIO
paccaoenuss T*G ¢ nmomompl K M 3/eMeHTa &, NMPHHAaLJIeXKaUlEro
K* = KL. OxasnbiBaercsi, 6ojee yI06HO HCIOJNb30BATH IEPBYIO Tra-
MHJBTOHOBY CTPYKTYPY H BBIAe/NeHHBbI 3JeMeHT &, paBHBH —iHE.
1 He Oyay npojeibBaTh BCe BHIUHCAEHHA NoApPOOHO, a NPOCTO
BKpaTile U3JI0KY pedynabrarhl. [list 6oJiee moaApobHOro 06CyXKAeHHS
yuTaTeNMio cienyer obparurbes K [38, IV].

Kax yxe GblJI0 yHOMSIHYTO, MBI TPHBHAJH30BAJH TG, B3ss
ero B Buge G X G'. Ilycth ¢ — oToGpakeHHe, KOTOPOE IPHIHCH-
BaeT KOOPAHHATH (g, W TRgug) SeMeHTy i, B T°G. K — 510
rpynmna CcHMMeTpHH, C TOMONIBIO KOTOPOH ME 6y11eM penyunupo-
BaTb_T*é. K necteyer caesa Ha T°G, M B TPHBHAJH3AUMH IS
keK .

(k, g, ) —>(kg, Ad,_1p), (5.218)

YTO B MATPHYHOM NPEICTaBJICHHH eCTh (kg, knk='). Orobpascenue
MmomenTos st jaesoro peficreua K nHa T*G

I: T'G— k'
3aMHCHLIBAETCS B KOOPAHHATAX B BHJE
b= 1k, (5.219)
TIe W |x O3HAYaer, 4TO | == T:,Rgp,g IOJIXKHO JexaTth B K* 1 noaromy

AOJXKHO ObiTh orpanuueHo Ha K. Ecau mbl oroxiectsuM G* ¢ G,
K* ¢ Ni, 1o 3T0 03Hauaer, YTO BHYyTpeHHee NpOM3BeleHHe u|g C
n06kiM aieMedToM N ecth Hyab. [Ipu TpuBHManu3auuu orobpaxe-
HHe MOMEHTOB €CTh

T=1T1-9=':(g, p)—>plk- (5.220)

Tenepb BBeneM Haﬁop ypoBHel J-1(e) ans snemeHTra g, NpHHALIE-
xamiero K* =N+,

TN e)={(g, Winlk=¢e},
YTO H3-3a OTOXKIAECTBJIEHHA G* H G MOKHO 3allUCaThb Kak
T e)=G X {e+ )}, (5.221)

rae v — 310 Jiobo# snement Ki. :
3areM Mbl oupeaesHM NOATPYNNy H30Tponmui K, sjaeMeHTa €.
MoXHo 1oKa3arthb, 4To 370 ecthb K. Baxuo, uto & BBI6GpaH Tak, 4To
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: 71 I o
elg x=0. Torna B J (e)/K, BCAKUH 3jeMeHT (g = IS—In, e-4v)
Habopa ypoBHeil J-'(e) 3KBHBaJeHTEH NpH AeHCTBHH K 3/JeMEHTY,
y KOTOpOro nepBasi KOOPAHHATA JIEXKHT B N, T. e.

(£7'n, e4+v) ~ (n, 1.

S1 yxe roBopuJa, uto yAoOHO mucath g Kak k~'n. Ho uro takoe A?
Uro6nl oTAenuTb kE~! OT k~'n B mepBOM 3JeMeHTe, eCTECTBEHHO IO-
aeficrBoBath k£ Ha (k~'n, e +v). Ho MH yxe 3HaeM, uro jeficTBHE
3TO TaKOBO!

k(k'n, e+ v)=(n, Ad,_1 (e + ). (5.222)

HerpyzHo nokasaTh, uTO Ad;_l(a—l— v) TaKXe [NPHHANJENKHT
¢+ N*. B marpuunbix o6o3HaueHusx aro k(e v)k~'; scHo, uro
KaK k, TaK H k~! MOryT OLITb 3allMcaHBl B BHAE PALOB IO CTCIEHAM
C~/, HauuHasa ¢ eJUHUNB HpH j =0, U TaK KaK ¢ -+ v NPHHAMJIEKHT
e+ N* 10 k(e 4 v) k! ToxXe NpUHAAJIEKHUT &+ N*.

[Tocnenusass (myaccoHOBa) peAyKLHsA, OCyllecTBjasieMas c IO-
MOLUBIO IPABOro JAefcTBHA N, nonpocty yGupaer rpynmnoBOH 3JeMeHT
n u3 N X (e N*). H3-3a toro, uro pefictBhe K KOMMYTHpPYeT C
npefictBueM N (OHHM AEHCTBYIOT C Pas3HBIX CTOPOH) M N ocraBiasieT
J-!(e) HeH3MEHHBIM, TO 3Ta PeAyKUHsl TpuBHAJbHA. CJlef0BaTEJbHO,
3]eMeHT OOGILero BHAa B peAyLHPOBAHHOM (a3oBOM HPOCTPAHCTBE
e+ N*=¢ 4 KL 3anaercs dopmyaoit k(e 4 v)k.

BpeMennsie noroku k u e-+v 3apnaiorca (5.215a) u (5.217);
a  HMEHHO, k~!(#;)—3T0  JeBHH  MHOXHTEeNb  3JEeMEHTA
exp(—i D, t,;fH) g0, A &-v—HHTerpaJ ABHMXEHHs, BHIOPAHHBIN
HaMH B BHAe & = —iH{. CieloBaTe/qbHO, IBHKEHHE TOUKH W, KO-
TOpylo MH o6Go3Hauanu {Q(#), B peayuupoBaHHOM (a3oBOM Tpo-
cTpaHcTBe g 4 N* Gyner (mocie BoiGpachiBaHUS MHOXKHTeJs §) Ta-
KHM:

Q) =k () (— iH) k™ (). (5.223)

Llge 4. Ceituac noJe3HO OTOXKAECTBUTH aJeMeHT R (f;) ¢ sneMeH-
TaMH, KOTOpble HaM y»Ke BcTpeyasuch. Ilociae HeCJOKHBIX BLIYHCIE-
Hu#A nepenumem (5.223) B Bule

Q= [k k™", Q) (5.224)
Ho us (5.217)
gy, = — it Hg = — k_lkzik_ln + ks,
YTO 3alHCBIBAETCAd TAKXK€ B BUIe
Up(—i)k'= — ktl.k" + e 0! (5.225)



286 Fnasa 5

Kaxnanifi uned B (b.225)— sro asement (. Bo3bMeMm npoekuuio Ha
N u Haljgem

g = 1;[ te(—iH) k' = I;I.C’Q t)=Q" (5.226a)

B corqacuu ¢ (3.48) u (5.52). CaenoBarensHo,

k;]=Q‘”k + k({HET). (5.226b)

Tenepp BcroMHuUM coOcrTBeHHY0O GyHKuuio V u3 pasa. 5e. Uro6wl
BBIUHCJHTD €e aCHMNTOTHUECKOEe pa3JioXKeHHe, MBI 3allUCajH ee Kak
Vexp (—ingt,H), rae V ynoBnerBopser (5.226b). dakruuecku
. -1 i’ . 7 —1

(cM. (5.88)) Q=V (—iH)V ==V (—iH)V™', noroMy uto 3KCHO-
HeHlHaJbHBH MHOXHUTENb B V KoMMyTHpyeT ¢ H. [loatomy anemeHT
k— 310 npocto V, 1. e. JieBHIl MHOXHTeNb V, 3alucaHHHN B BHIE
aCHMIITOTHYECKOr0 pasJioxeHusi BOMH3HM { == oo. 3aTeM IOCMOTPUM
Ha coorHoweHHe (5.224). D10

Qt] = [Q(”: Q] (5.227)

— ypaBHeHue Jlakca (5.52) ana cemeiicrsa sl (2, C). Hrak, BpeMen-
Hble MOTOKH 3jaeMeHTa {Q, nmpHHajajexaumero g - N* mnojdyueHHHe
KaK pelyKUHH JHHEHHHX NMOTOKOB HAa T*G, Te Xe caMble, 4TO H
onpefesieHHble C NOMOLIbI0 TaMUJIbTOHOBHIX BEKTOPHBIX IHOJell B
pasza. bc.

IHlge 5. Kak nam «pewntb» (5.227)? Ilpu 3aganHom Q(0) BHI-
yucaum Marpuny k(0), KoTopast onmpefensieTcsi ¢ NOMOLIBIO

Ad’ (—iH)=0Q(0), (5.228)

~'0)

T. e. k(0) (—iH)k1(0)=Q(0). Umenno ToT akr, uro MH BCeraa
MoxkeM Ha#itu takywo k(0), ans roropoit matpuna {Q(0) 6yaer no-
no6ua —iHE, u nosBossier HaMm B3sATb € = —iH{ 6e3 norepu ob1-
HocTH. Mpl moxem Takxke B3sith n(0)==1; ompepesenHasi Takum
obpazom Marpuua k(0) He OyieT efMHCTBEHHOH, TaK KaK OHa MoO-
JKeT OBITP YMHOXEHA CHpaBa Ha J1060H MHOXHUTENb, KOMMYTHPYIO-
muit ¢ H. Ho arto He BaxkHO. Ml MoxKeM B35Th 06yi0 £(0) B 3TOM
KJacce 3KBHBAJEHTHOCTH, TAK KaK KOMMYTHpYIomuii ¢ H mnpaBmiii
MHOXHTeNb Marpuusl k(0) mnpeBpaujaercss B JeBblH MHOXHTENb
matpuusl 271 (0) ¥ N03TOMY KOMMYTHPYET TaKXe ¢ BPeMEeHHOH 3a-
BUCHMOCTBIO g (cM. (5.229) Huxe). ITostoMy 3TOT MHOXKHTENb MO-
OpOCTY BKJIOYAeTCS B MpaBH MOCTOAHHBIA MHOXKUTENb NpH k(f;),
H NO3TOMY OH He BHOCHT BKAajaa B Q(#;) NpH BHYHCJIECHHH C TO-
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Moliblo (5.223). Unraresb MOr y»Ke 3aMeTHTb, 4To Martpuua k(f;),
KOTOPYIO MBI Olpele/Isiyid KaK

i I —5b
7iy=| v+
?C 1

y#e uMeer NpaBbil MHOXKHTENb, KOMMYyTHPYolui ¢ H. Tlpn Bhiunc-
JI€HHH Q=I7(— iH) V! sror MHOXKHUTeJb, COLepKAMUil HeJOKab-
HBIC WJIEHDl, Hcue3aer. BCOMHUM, 4TO 3TH HEJOKAJbHBIE UJEeHHl BHI-
paxaiTcsa uepe3 JiorapuMuueckue IPOU3BOAHBIE OT T H NOITOMY
SIBNAIOTCSA HHTerpajamu or A, e, f,— KoopAaHHAT B (a3oBoM Impo-
CTPaHCTBE,

Pemenne (5.227)—s3t0 (5.223), rae k— Beauunna, obGpartHas
JIEBOMY MHOXKHTEN0 B

g=-exp(i 2 ¢'t,H) k™' (0), (5.229)

KOoTOpasi MoxeT OHTb Bbl4HcaeHa. PaKTOPH3aLHsl — 3TO He BCerja
npocrasi 3ajaya, d y MeHs HeT J0Ka3aTeJbCTBA, YTO 3ITO MOXKET
6uTh caenano. IlepenuceiBas (5.209) kak

kg =
H Oepsl 3aTeM npoexkuuto Ha K, nosyuyaem
Il kg=0. (5.230)
K

OTH ypaBHeHHH 3KBUBaJeHTHB (5.99). as N-COMHTOHHOrO pelie-
Hus ypasHeHHs (5.229)—3TO cHcTeMa HEONHOPOAHBIX JHHEHHBIX
ypaBHeHu# nopsgka 2N. OxaswiBaercsi, yTo MaTpuield KoadPumrel-
TOB JJist Hee cJAyXHT N-coautoHHas t-yHkuus, v u3 (5.70). B cay-
yae obulero peleHHsl CHCTeMa JIHHEeHHHIX VpaBHEHHH uMeeT Gecko-
HEYHBIH NOPAJOK, H ONpelenuTeNb MaTpHIbl KO3()PHIUHEHTOB, KOTO-
pPHIA U ecTb T-QpyHKUHSA, TOXKe GECKOHEUHOTO MOpsAKa.

[TosToMy y Hac ecTb BTOPOH CHOCOG BBECTH H ONPEHEJNTh
t-pyHKuU0. BermoMuuTe, 4TO BIEepBHIE MBI BBEJIH ee B pasi. bd Kak
noresyuas. 3pecb 3TO ONpeLeNHUTe]Nb GECKOHEUHOro mopsjaka, Io-
pOXKAeHHBIH pemeHdeM 3anaun Pumana — [uabGepra. Hanmomuum
(cm. pasn. 5g), yTo BcnoMorare/bHble T-OYHKIHH O, p MOTYT OHITH
NOCTPOEHBl M3 T ¢ NoMmolbio npeobpasoBaunit Bskayrna — [lie-
3UHTEpa.

[To3BosbTe nokasath, Kak BeMonHsercs (5.230) B cayuae mpo-
CTOro npumepa. ITOT NPHMEP COOTBETCTBYET MNpOCTEHAUIeMY BHAY
cBsi3anuoro cocroanua (N, N), omucaHHOMy B pasi. 5g, a HMEHHQ
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N=1, N=0. Torna us (5.99a,b) (s HOpMHpYyIO coOCTBEHHBIE
(GyHKUMH TaK: 1I;~((1))e“"9, 1b~(?)e”’, x— -+ oo, 9=Z§"t})

- . 1 .
86 ) eo=( o )+ e e,

V(& t)e 2((1)) 6, =) i,

OTKyZAa Y, = (?) et®, Urak,

1 0
. i .
E=Vexp(i L t't;H) =] ye2i® e
g— gl
MoxHo Hafitu f(f;), BCIOMHUHAA, YTO NEPBBHIH YJEH ACHMIITOTHYE-
CKOTO Pas3JioKeHHs MaTpuyHoro snemedra (2, 1) B k& ectb ifi/2C, rae

Fi(t)) = —2ive®.
3amerum, uwro f, = 2iy (2ig]) e = (—if2)/='[, , 4, THE

I t...1, 0003HaYaeT NPOH3BOLHYIO MOPsKaA jor fp mo th=x,; e,
a IMOTOMY H e, CyTh TOX/JeCTBeHHBle HyJH. TaKOBH YypaBHEHHUs
Jlakca B 3TOM cayuae.

Hasaiite mposepum, 4To Npoekuus kg Ha K paBHa Hymo. Pac-
CMOTDPHM

e’ 0
kg=k(t,)e"ieﬂk_‘(0)= Q2i(0i—0) __ B

Ye;e =3 e;e

Ber 3amerure, uTO IOJKOC B §; MOXKHO yAadHTb U 4TO Rg pasJa-
raercst B psin Teiisiopa okoso §. [osromy kg npunannexur N. [a-
Jee, AaBajiTe NPOBEPUM TaKkKe
—1 0 ;
. —1 .
Q=rkU)(—iH) ' kt)=\ =2y 40 . |=—iH+ %

—eh E—=&

=4
Ho mbl 3naemM, uto

oo

> fy 1 i fl,t,
f= ——:-——fl—-—' —_— T
Zl gi z 2 z C]-H

1

—_—
I
o
|
e
=
~n
™
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Tak kak e = 0, 10 h? = —1, unu h = —i. Urak, (5.223) ecrs
Q=—iH+ OE -} |F.

Euwe o npeobpasosanusx bakaynda; cxema «odesanus» [108]
3axaposa — [llabara. Tlonesno 3ameruts, uro Buj (5.223) Becbma
nanomunaer (5.134)

Q=RQR™

Aas npeobpasopannii bskaynaa. Taxxke (5.226b) B Tounoctu cos-
najaer ¢ (5.133), ecau BMecro k£ Hamucath R. HeficTBUTENBHO, UTO-
OBl 106aBUTb OJHO CBSI3aHHOE COCTOSIHME B TOYKe { ={; K BaKyymy

Q)=—iH, V{(, t)=eH

cB=) ¢it;, mbl ucmoabayem (5.184):
1
RL:( —2iC—8) 91=0)y

fi=—2iye?t 1
YTO MOXKHO HOPMHPOBATb H IOJYUYHTh
ro1 0
R= ve‘zie,
§—¢,

Uurepuperauus (L —E,) ' Kak 20: (£{/g'+") osmauaer, uro Takoe R
B TOYHOCTH umeer ¢opmy [+ Z R,g". [TosatoMy R MoxHO 3amu-
1

o0
CaTb KaK 3KCHOHEHTY OT 3JIeMeHTa ZX,;'j nojaarebpel K wu,
1

c/eoBaTeNbHO, R npuHajiexur K. Uurareaqio cieiyer cpaBHUTH
3TO €O CTPYKTYypo# R, Hcnosap3yemoli B npeo6pasoBaHuu DBskayH-
na— lllnesunrepa u He uMeloweH 31of GOPMBHL

[punuunuanbuoe pasauuue mexay (5.223) u (5.134) cocrowr,
KOHEYHO, B TOM, YTO [€PBO€ COOTHOILIEHHE TOBOPHUT HaM, KaK Ha-
yasibHoe cocroauue @(0),

Q(0) =k (0) (— iH) " (0), (5.231)

SBOJIIOLHOHHMPYET MOA AeficTBueM Habopa MoTokoB {f,};°, Toraa Kak
nocyeHee CBA3bIBACT ABA PA3HBIX THNA pelleHHH Npu GUKCHPOBAH-
HOM Habope 3HaueHuit f,, k=1, 2, ... . Tem He MeHee OHH TECHO
CBs3aHBl, H f cefiuac MOKaxy ¢ nomoutpio (5.231) u (5.223), uro

MBI MOXKeM OlHCcaTh npeoépasoBaHHe B3KJIYH118 Ha A3BbIKE€ METOHa
PeLyKUHH,
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HaBajite HayHeM, HaNpuMep, ¢ BAKYYMHOTO COCTOSIHUS (/Jisl HEro
MH HcIoJb3yeM uHaekc 0)

Q0)y=—iH, V,0,70=1,
KOTOPOE 3BOJIIOLHOHUPYET MOJ AeficTBHEM MOTOKOB KaK
Qt))y=—IiH, V(t;, [)=e%,
C Apyrofi cTOPOHBI, €c/ii Mbl HAYHEM ¢ HAYaJbHOTO COCTOAHHSA

—H 2V
Qlt)=—iH — 52 F,

TO €ro BpeMeHHas 3BOJIOLUs OnucBIBaercst hopmysoin

. o _ 2ive2191
Ql(t])_' iH g_;l F;

rae 0, = ; ¢it;. Coormercrayiomas coGcTBewHas Matpuua V, ects
Vi=V () e =k (t) e,

rae k(t;)— aro BejuuHMHa, o6paTHAs JIEBOMY MHOXHTENO B PasJo-
XKEHHH 3JeMeHTa :

e—iGHk—l (0),
KoTOphifi 1 0603Hayal0
(e—ZOHk-—l(O)) .

3aMeTbTe, YTO 3TO TaK¥Ke paBHO
—i0H ; —1 iOH
(e7 =1 (0) "),

noToMmy uTo e mpunagnexur N, a 1060 37eMeHT N MOXHO yMHO-
XKHTb CIpaBa NOJ 3HAKOM HHXKHEro HHAEKCa MHUHYC, T. €.
(B~'an )= (k~'n)_. =k~

3tn HabnoneHUs NOACKA3LIBAIOT AJTOPHTM IIOJYYEHHS HOBBIX
peLieHH#l ¥3 BAKYYMHOrO cocTosiHusl. BosbmeM ssneMent £—1(0), npu-
Hagnexaiiuidi K, KOTOpHIH, KaK s YIOMHHAJ, CBS3BIBAET [Ba THINA
pelleHHi B MOMEHT BpPEeMeHH HyJb (34eChb 3TO OJHO CBSI3aHHOE CO-
crosiHHe u BakyyM). O6pasyeM npousBejeHue

—10H ,—1 ; iOH
(e= k=1 (0) ")
H 06paTUM €ro JieBblii MHOXHTENb

{(e—iOHk—l (0) ezeﬂ)_}—l‘
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I, —i6H 5 — [ iOH -1 —i0H
1 {(e ‘ l( )et )_} € ’

COOTBETCTBYeT pelleHHI0 Q(#) C ONHHM CBSI3aHHEIM COCTOSIHHEM.
910 B TOUYHOCTH a/ropuT™M ojepanus 3axapoBa — Illa6ara [108].

Yro mosayuurcs, ecim MB NPUMEHHM 3TOT aJrOPHTM CHOBA?
1 nompowy Bac mokasaTh B yHNpaXKHEHHH B KOHIle 3TOTO pasjena,
yTOo

{(Vlké—l (0) Vl—l)_}_] Vi— {(e—ieré-l (0) kl—l 0) eieH)_}—‘ e—-iOH’

a 3TO YKa3hIBaer, 4T0 JaHHOe [eficTBHE 06jajaer IPyNIOBHIM CBOH-
creoM [40], [106].

Pestome. B 3aknouenne 31oro pasfena s Xouy CA€NaTh HECKOJb-
KO BaXHBIX HaO/oLeHHA. Bo-nepBrX, 1 HaNOMHHAIO YHTATEJIO, UTO
XapakrTepHuii sjaemerT Q(f{;) (aszoBoro mpocTparHcTBa 3ajaH ¢ No-
Mouipio (5.223):

QU)=k () (—iH) k™' (1)),

rae k({;) Bouucasercss Kak (exp(— iBH)k—l(O))_I. duemenr k' 0)
ompefessieT THN pelleHHs, T. e. OyJeT JH 3TO peueHHe OAHOCOJIH-
TOHHBIM, JBYXCOJIHTOHHHIM, CBA3aHHBHIM cocrosiineMm (1, 0) u T. m.
MoxHo cuurath £~'(0) aHa/JOroM JaHHBIX paccesiHHsl B HYyJeBOH
MoMeHT BpeMeHH. Kosib CKOpPO THI pellleHHs ONpejesieH, MOTOK Beed
NOC/Ie/0BATENbHOCTH BpeMeH {f,}; OTOGpaXkaer ero Ha HEKOTOpoOe
MOJAMHOXKECTBO (pa30Boro npocrpancrsa. B cienyiouiem pasgesne Mbl
YBH/IHM, 4TO ONEpaTop NoToKa J/0f, MOXKHO CBA3aTh C JEMEHTAMHU
—iHC*, k = 0, anreGpu sl1(2, C). DTy s1eMeHTH BMecTe C 3JeMeH-
ramu  —iHCk, k<0, oOpasyior nonanre6py TeiisenGepra B
s~l(2, C)+Z, 1. e. B anare6pe nerens sl(2, C), NonosHeHHO#H ILeH-
TPaJbHBIM 3JIEMEHTOM.

C npyrofi CTOPOHHI, Nepexoj OT OJHOTO THNA pelIeHHi K APY-
romy (npu QUKCHDOBAHHBIX 3HAYEHHMSIX fr) OCYLLECTBJISiETCS MPeos-
pasosanuem bBaknynpa. Cefiuac MH MOJOULIM K OYEHh BAKHOMY
Bonpocy. Ilns moaxosa aToro pasjgena NPULOJHH JIHIIb TAaKHe Npe-
oGpasosanua Bskaynna (5.134), B KoTOpBIX

< 1
R=1+Z€—,c,.
1

Ipuunna B TOM, UTO /151 TOTO, YTOGH R COBMA/AAJO C &, OHO JOJXKHO

o0
3alMCHIBATHCA C TOMOLIbIO 3KCNMOHEHTHl OT 3JIEMEHTa ZD,Q".
1
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[IpeoGpasoBanus bakaysna, oTHOCAILHECA K 3TOMY KJaaccy R, BKJIIO-
yapT npeobpaszoBaHus, A006aBJAdIOIIME CBA3AHHHIEC COCTOAAHUSA H CO-
JIUTOHBI, HO He BKJIOUaioT npeobGpasoBanuss bBakaynpa — Hlaesun-
repa. JDTH NOCJHeJAHHE OTHOCATCA K JAHCKDETHHIM CHMMETPHAM, H
COOTBETCTBYIOIIHH 3JEMEHT PYHNIB g He MOXKeT OHThb IIPOCTO Npej-
CTaBJeH KaK Ak~!n, HO ROJXKEH BKJIOYATb B MAaTPUYHOM IpEACTaB-
JIeHHH CpPCAHHI 3JeMeHT, ABJSIOLIMICS JAHAarOHAJbHOH MAaTpPHIEH.

[TosToMy MHOroe HyXKHO ellle cieaaTb. Bo-mepBhHX, caelyeT Io-
HATb, KaK paclidpuTh rpynny G, yro0Hl BK/IIOYUTb B Hee JHCKperT-
Hble CHMMeTpHH. BO-BTOpHIX, XOTeJnoCh OBl MMETb TEOPHIO, NMOA00-
Hylo teopuu cemelicrea Ka®, koropas obcyxianach B pash. 4g.
3necp anasoruei (b.223) asasercs (5.90)

Q=~kXk™, k=D, (5.232)

rie X=—F+ E/)\ u U 3anano B (5.90). ®a3oBoe HPOCTPaHCTBO
LIeJIMKOM HOKPHIBA€TCS C IOMOIUbIO NPHCOECAHHEHHOTO AEHCTBHS IO-
TOKOB M npeobpasoBanuii bakaynaa. ILMCKPETHHIX CHMMETPUH HeET.
He cocraBur GoJbioro Tpyha YyCTAHOBUTh MNPSAMOE COOTBETCTBHE
Mexay ¢popmynaofi (5.232) u cOOTBETCTBYIOUIHM NMOBEAEHHEM T-QYHK-
uwu t(t, t2, t3, ...) MOA HeficTBHEM NOTOKOB M NOJ AEHCTBHEM IIpe-
o6pasoBanuil Bakaysna (cMm. ynpaxueHue 5j(2)).

B nameli curyauuu (asoBoe NPOCTPAHCTBO pa3jefieHOo HA AH-
CKpeTHBble YAaCTH, Kax1asi U3 KOTOPBHIX IOMeYyeHa MOHOAPOMHBIMH
cBoiicTBaMH V B TouKe § == co. B Kaxj0il yacTy NoToKu u npeobpa-
30BaHHs D3akayHaa, f06aBafIolHe COJNUTOHL K CBA3AHHBIE COCTOS-
Husl, AeHCTBYIOT KaK HenpepbiBHble CHMMeTpPHH. YToOH nepeiTd Ot
OZIHO¥ yacTH (ha30BOro NPOCTPAHCTBA K Apyroi, rpebyerca npeobpa-
soBanue Bakiaynna — lnesunrepa. Tenepp BcmoMHuM u3 (5.169b)
u (5.174b), uto neiicrBue mnpeoGpasoBanus Baknynaa — llaesnn-
repa MOXKHO TPAKTOBaTh KaK CABHI OecKOHEYHOH B 00e CTOPOHBI
110CJI€/10BATENBHOCTH

{"'7 Tfl-—h T"m Tn-}-ly "'}1

COOTBETCTBYIOILEH COCTOSHHIO Lenouky ToAbl mpH JOOBIX 3a4aHHBIX
3HAUEHHSX BpeMeH [,. BBejeHHBle paHee MOTEHUHAAB P, T, G MOLYT
6bITh JI060H TPORKOM CTOSILLMX APYT 3a APYFOM WJIEHOB 3TOH IoCJe-
JLOBATEJNbHOCTH, W 3TOT TPHUIJIET OYyAeT YAOBJETBOPATbL CEMENACTBY
ypaBHeHUit XUPOTH H COOTBETCTBOBaThH pemieHuio nepapxuu AKHC.
[Moxoxe, uro ananor t-QyHkuuu cemeiicrsa Kad —sto He oaHa
(GYHKUHS WIH TPUIJET, HO OecKOHeUHas MOC/HEL0BATENbHOCTD.
Ecau 310 AefcTBUTENBHO TaK, TO T-QYHKUHIO HYXKHO CUMTATbL HE
npocro GyHKUHell GeCKOHEYHOrO uHC/1a HempepHBHBIX BpEMeH, HO
Takxe QyHKuueH Lesoro uucaa n. [TOTOKM MEHSIOT HenpephIBHBEIE
spemena. [Ipeo6pasoBanuss DakiyHna MeHslOT Xxapakrep T, MHepe-
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BOJSIT BaKyyMHOE COCTOSIHME B OJHOCOJIMTOHHOE M T. I., HO COXpa-
HAIOT HeM3MeHHEMH n u {f;};- IlpeoGpasosanus Bakaynga —
lUlnesunrepa MeHSIOT AHCKPETHyIO NepeMeHHylo. Kakas rpynna
CBsI3aHAa C 3THMH JAeHCTBHAMH U KaK HH(QHHHTE3MMaJbHEE AeiCTBUSA
cBsA3aHbl ¢ anare6poii Kama-— Mynu? Kak BRIGOp I'DafyHPOBKH YKa-
3LIBAET Ha HEOOXOAMMOCTb IHCKPETHHIX CHMMerpuii? B ruapHoit
rpaayupoBke B sl(2, C), xotopasi xaBaja Ham (ynpaxHenue 5c(3))
cemefictBo Ka®, Obisia Jullb OfHA T-PYHKIHSA H He OBUIO JHCKpeT-
HBIX cHMMerpufi. B onHOpOIHOH rpaayupoBKe OB GeCKOHeYHBIH
Ha0op JHCKPETHHX CHMMeTPHH U T==1(n, f;) KakK QYHKUHI n U f;
yAOBJETBOpsANA ypaBHeHHsIM uenouku Toxasl. AnreGpa neresb, CBs-
3annas c sl(r, C), r > 2, Moxer umerb Gosee uem oxuH HAGOp AH-
CKPETHBIX CHMMETpPHH, B 3aBUCHMOCTH OT rpaayuposku. Kakum nuod-
(hepeHINaJbHO-PA3HOCTHLHIM YPaBHEHUSM OHH YHOBJeTBOpsOT? Ha-
npuMep, ecian OH T 3aBHCeJAa OT ABYX HAMCKDETHBIX IepeMEeHHBIX
m, n, TO JOJIKHB JH <pelleTOUHBIe» yYpaBHEeHHs, KOTOPHIM y/0BJIe-
TBOpsier t(m, n, tr), HMeTb KaKoe-HUOYAb OTHOLIEHHE K CTATHCTHUE-
CKOHl MexaHHKe?

HMpesa, uro Ba)KHO NO3BOJHUTb T-PYHKLUUH 3aBHCETb OT OHCKPET-
HHEIX NlepeMeHHBIX, BOCXOAUT K pabore dsum60 u Musb [125]. Yu-
TaTeN0, KOTOPHIA XOYeT y3HaTh O HOCJAEAYIOLIEM Pa3BUTHH, CJHEAyer
NOCMOTpPETb TOM 2 HOBOH IUNPHUHTEPOBCKOH cepuH, rae ony6JHKO-
BaHH JokJaAb KoHpepennuu Research Institute of Mathemalical
Sciences (RIMS), nposenennoit B Kanudopuuiickom yHHBepcHTeTE
B Dapkaun. HasBanue 3toii KoHpepenunu «Bepiminnneie onepatoph
B MaTeMaTHkKe U B (pU3HKe».

YnpaxHenus 5j
1. ITokaxure, 4TO NOCAENOBATeNbHOE NPHMEHEHHE <«OAeBaHUS»
3axaposa — [llabara sBasieTcss rPyNnoBOH NpoleLypOH.

Orser. Ilyctb V1={(V0gVO_1)_}»l Vo paccMoTpuTe
Va={(Vvivi') }vi=

-1 _ - -1 _
= {VeaVi ) VeV (VogVa ")} (Voevi) vy

[TepBHfi MHOXKHTENb cleBa B GUIYPHOH CKOGKE yXKe TPHHALMCKHT
K u mostomy MoxeT GHITb cJeBa OTOpOLIEH; Ioc/ie B3sTHA 06part-

_n~1
HOM CTelleHH OH OKa3hIBAaeTcsl copaBa H COKpalllaercs ¢ (VOgV0 1)_ .
Torma MB UMeeM

Vo= {VohV5' (VogVs") Y Vo
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Ho wus-3a (k"ln)_=(k_lnn')_ MBI MOXEM YMHOXUTh HOJ BTODPHIM
—1
ungexcom muuyc Ha (VogVo )+. ITostomy

— _ —_ _in—1
Vohvs' (VogVs ")} ' = (VohgVa") ',

2. Benomunm, uro B (5.90) MBI BHIpaxkanu ajeMedTt ($HaszoBoro
npocrpancrBa Q= lim Q®/A* ¢ marpuueit Q®¥), sanaunoil B (5.57)
k->»o00

B ympaxHeHHH 5c(3), Kak
AQ=V (—iH)V ' =UXAU~". (5.233)

B uacrtHOoCTH, 3aMeTHM, 4TO B IVIaBHOH rpaayupoBKe pasa. bh, ko-
TOpasg IOPOXKAAeT pasJjokKeHHe, HCIOJb30BAHHOE B YIpamKHEHHH
5c(3), marpuua X\ npunamaexur K* a U, Kotopass IMEeT aCHMITO-
THYecKoe pasnoxeHue I -} unennl Beca (—1) Wiy MeHblle, SIBASETCS
3KcnoHeHTO#l oT ajementa K. Marpuua U moxer GbITh BhHIpaxeHa
B TepMHHAX t-QpyHruun Kad:

N 1 Ty To _é‘(""—- —Ty)

U=+ ,
\— it =) + 3 () Tt (=)

rae v« =1(lr 2 i/(2k—1)t%-1), k=1, 2 ... . Tenepr untepnpe-

THpyeM ypaBHeHue (5.233) (KOTOpOe ecTeCTBEHHO BO3HHKAeT, KOTIa
MBI paccMaTpuBaeM aJjarebpy kKak (a3oBoe NMPOCTPAHCTBO, a MOTOKHU
KaK KpHBble B 3TOM NPOCTPAHCTBE) B KauecTBe ypaBHEHHs, U3 KO-
TOPOTr0 MB!I Y3HaeM, 4TO NMPOHUCXOAMT ¢ T-dyHKuuell. Bo-nepBux, no
aHaJOTHH C TOCJAeNHHM [OAPAa3fesNoM pasl. S5e INOKaxKHTe, UYTO
(5.233) comepxur ypaBHeHust XupoTH A3 ceMelicta Kn®. Bo-Bro-
pHIX, Hcnosb3ysd (5.233) u oOBACHEHHYIO DaHee CXeMy OJeBaHHUSA
3axaposa — Illa6ara, nokaxure, uro dopmysaa RoOaBJIEHHS OLHOTO
CONUTOHA K BAKyYyMHOMY COCTOSIHHIO MOXKeT OBITh 3amHCcaHa Kak
T eXp | pY (€)1, rme ﬂ—exp(—anO) {=im u Y(f)—oaro Bep-
LWHUHHBIHA onepartop (4.124).

5k. Tloroku ypasuenus sin-F'oppon. B paszx. S¢ mel BBean ypas-
HeHHe Jlakca AJ151 MOJIOXKHUTENBHHIX BpeMeHHHIX (fx, k= 0) moro-

kKo (5.52) o, Q]

rge Q — sT0 jlim 1/2H QM u

e=p(Q++ o+ o).
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Atu ypasHeHua Jlakca ecTb yCJIOBHS HHTETPHPYEMOCTH JJd
Ve,=QWY, £>0. (5.234)

Ho usBectro [23], uro nmotoku ypaBHeHHs sin-[opion moayuarores,
ecau BKMIOYHTH B (5.233) HOBHIE ypaBHEHHS, COOTBETCTBYHOILIHE
k < 0. Hanpumep, npu k= —1

QY =+,
U COBMECTHOCTb ypaBHeBu# (5.234) npu =1 u npu k= —1 naer
o, — @ +[Q", @] =0,
IlpupasHuBanne Ko3(h(HUHMEHTOB NpPH CTENeHsX { Aaer
Qot__1 =0, Ql, g T [Qo Q_il, Quie=[Q1, Q_i]. (5.235)

Hecnoxnble BBIYKHCAEHHS OKA3bIBAIOT, YTO 3TO ypaBHeHHe sin-Top-
noH. Ilycte Qo =—iH, Qi=¢qE+rF, Q-1 =h_H + e_E+ [_,F.

Haxonum
q9_, = 2ie_, (5.236a)
ry_ == 2if_,, (5.236Db)
h_,=qf_,—re_, (5.236¢)
e_1x=—2qh_,, (5.236d)
[ =2rh_,. (5.236¢)

Tenepp MOCMOTPHM Ha ypaBHEHHS, KOTODHIM YAOBJNETBOPAIOT KBaj-
paTHYHbIE NPOU3BELEHHUS:

= —i Qb+ PiPa), e=2ipp, [=—2ipyps, (5.237)

rie P Hu 1 —BeKkTopHHe pemenus (5.234), ompexeseHHEE B
pasza. 5i(i), ¢ TeM oTJAHUHEM, YTO IIPH X—>-}00 OHH HOPMHPOBAHH

Ha aCHMIITOTHKY
0 o0
P~ ( i )exp(i Z;’t,).

(5.238)
- 1 i
¢~(0)exp(—i ngt,).
Haxoaum -
hy=qf —re,
e, + 2ite=—2qh, (5.239)

fx — 2i¢f = 2rh.
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3amerbTe, uTO ecad pasjararth (5.239) B6aM3H { = oo,

h— Zg,, e=Y . f_zg, (5.240)

TO B TOYHOCTH MNOJIY4YHM A, e, [ B

_ hrH+erE+frF
Q= Z %

0

Tenepb pasnoxum okojo §==0. OrMeruM, 4TO NepBHE YeHH YAOB-
JIETBOPSIOT B TOYHOCTH TEM XK€ yPAaBHEHUAM, YTO H h_y, e—y, f-1. ITo-
aromy (5.236a,b) cyts

G =—400 | _p T ==l (5.241)

Dasi npocrorsl  Bo3bMeM g ==r==(ux/2). Torxa ,=sh(u/2),
P = ch(u/2), 1 = ch(u/2), ¢ = sh(u/2) (rme tpebyercs, yToO6H
u—>0 1npu x—-+oo), orkyaa (b5.241)—3To mpocTO ypaBHeHHe
sh-Topaon

ugt_ = —4shu. (5.242)

AHaJIOTHYHO, €CJH MH BO3bMEM ¢ == —7 = —U,/2, MH OOHapyXHM,
uro (5.241) paer ypasHenue sin-I'opaon. B atom ciyyae MH MoxeMm
MO3BOJIHTb ¢ OHITb JIOOBIM YHCJIOM, KPAaTHHIM 7, OPH X — 4=c0. Mpul
MOXKEM NpOAOJKHTb. HeTpynHo mokasaTtb, YTO ec/d B3ATb

Vi_,=Q =(zQi+7Q)V, (5.243)

TO TOrja
. @ - . 0 <
Qo= bibi],_ e, =2 Wobrk-o  (5.244)

[Tepexpectroe audpdepenuuposanne (5.243) u (5.233) ¢ k=1 naer

Qot_, =0, (5.245a)
Quir_, = — [Qo, Q-2], (5.245b)
Q-1:=1[Q;, Q-1], (5.245¢)
Q_2x=[Q1, Q_a] + [Qo, Q_4]. (5.245d)

3amernre, uro (5.245c) coBmajgaer ¢ TperthbuM ypasHeHHeM (5.235),
U 3JeMEeHTH A_y, e_g, f—g MATPUOH Q- = h_oH + esE 4 [_oF ynos-
JIETBOPSIIOT TEM XK€ ypaBHEeHHsM, uTo u 0h/0C, Oe/0C, 0f /0t B Touke
t=0.
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[Tocne sTux BHUMCJHIEHHI BBINHIIEM ypaBHeHue Jlakca

Q, =10, Q], (5.246)
o — { 2k (Q+ —Qg-— + o+ —g% , k>0, 6247
Qo +2Qe+ .. +27¥7'Q), k<O
H
Q= lim %”-. (5.248)

Ecau Mu Bo3bMeM j—- 400 B (5.248), MBI NOJy4YHM 3HAKOMHIN dJie-
MEHT

- Q

i .
Q::Z?-, Q0==—1H, (5.249)

0
T. €. 3JeMeHT o6mero BHZA (asoBoro mnpocrpaHcrsa N* = KL
(B mepBOil raMUJIBTOHOBOH cTPyKType) MaH —iH 4 K1 (Bo BTOpO¥

raMHJIbTOHOBOH cTpyKType). C Apyro# CTOPOHH, NMPH [—>—oo MHI
HMeeM

Q=3 0.t (5.250)

4TO SBJASIETCSt 3JeMeHTOM obmiero Bupa B K* = N1 Bo BTOpOH ra-
MHJBLTOHOBOH CTPYKTYpe.
Tenepb BcmoMHEM, uTO ypaBHeHus Jlakca GopMasbHO pemIaoTcs

¢ TOMOLIbIO
Q= V (— i)V~ — ( — £ (r%e + bre) 201y ) (5.251)
— 2ipypy £ ($1pe -+ V1o) ’

rae )

Ve (‘[’* b ) (5.252a)
b Py
C acCHMITOTHKOM

V ~exp (— iy gft,H) (5.252b)

npu §{ — oo, (O6paTHTe BHUMAaHHUE, YTO CYMMHPOBAHHE B SKCIOHEHTE
BKJIIOYaeT OTpHUAaTe]bHHE CTeleHH M BpemeHa.) Temepb oTHocH-
TeJbHO JIErKO NOHATb, YTO ACHMITOTHYECKOe pasJioxenue (5.251)
BOJIM3H § = oo — 3T0 B TOuHOCTH (5.249).

10 A. Her v 1
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YnpaxHenus 5k
1. TTokaxkure, uTO

—-——--—248 dyr - —-2qS dyq -
1 : x
L=+ . , - , (5.253)
2rder- —a—x-—{—Qrdeq-
L x x A
rorma A e =2ipP1, [ = —2ipsps (nanomunalo, uTO € =g,

fi==r)

o)) o

Hanee, Mbl 3Haem u3 [23], uro moroku (5.246) nmpu &2 = 0 moryr
OBITb 3allHCAHBEl B BUAE

(o=w(5)
Ho n3 (5.254)

()= %(—f1)+2€”+' (%)=
() Z e _'(fl :) (6:260)

Il

Ho us (5.55) Mbl 3naeM, uto e s, = — 2ie,yy, [i, ¢, = 2ifns1> 4,
TaKHM 00pa3oM, IIpaBble YAaCTH — 3TO B TOYHOCTH ¢ U f, OIpefeseH-
HEle B pasf. 5c. Benuuuna b = —i(P;¥he + P1¢e) 3anaerca h2 -+
-+ ef =—1 B TouHOM coraiacuu ¢ pasz. be. [Tostomy acumnrorHue-
CKoe pa3sJoxeHHe (b.2501)—»3TO 3HaKOMOe BhIpaXeHne Q=

0

-~r
0

Hanee, pasnoxuM Marpuly Q, 3anaHnyio ¢ nomoupio (5.251),

BOu3n { = 0. Mu nonyuaem Z Q_,_;t/, a yacTHHI¢ CYMMBI, TOMHO-
0

JKeHHHle Ha {7, —ar0 marpuun Q) B (5.233).

Kak Bce 3ro cBfI3aHO ¢ TeM, 4TO MHl AeJaJd B NOCJAeLHEM pas-
nene? BCHOMHHMM, YTO MOJIOXKHTEJbHblE MOTOKH BO3HHUKJIH IIPH pe-
LYKLHH MPOCTHIX NMOTOKOB

i =0, g_ﬂﬂg (5.257)
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Ha T*G cHayaJja c NoMOIlbI0 cuMMerpuil K B peaykuuu Mapcaena —
Beifincrefina k N X(—iH{ 4+ K') n 3aTeM ¢ NMOMOMIBIO TpPHBHAJb-
HOH myaccOoHOBOH peaykmum kK —iH{ 4 K+. Ha peayuuposas-
HoM (a30BOM INpOCTPaHCTBe NOTOK OB 3aAaH ¢opmyaon (5.210)

QUt)=k(t) (—iHY k™' (t),

¥ s NIOKa3aJ BaM, u4To Matpuua k(f;) — 3To JeBHH MHOXHTeab V
B aCHMITOTHYECKOM pa3jioKeHHH V BONH3HM [=oo, T. e

V~TVexp (— i) ;ft,H) : (5.258)

OHa Oblia TakXe MaTpHlleH, 06paTHOH K JIeBOMY MHOXKHTEJIO, NpH

(hakTopH3aUHH
g=exp (— iy, {;’t,H) go== k" 'n.

Hpennonox(nm Tenepb, uTO BMeCTO (akropusaunn G B BHAE
1
KN (g=#k""'n) M daxropusyem G B Bume NK (g—n k). Torxa
TOYHO T€M Xe Cnoco60oM, Kak U B pasi. dj, Mbl HaliAeM, YTO 3JE€MeHT
Q Ha peayuupoBaHHOM ¢aszoBoM npocrpaHcTBe —iH 4 N1 3anaercs
dopmysoi
Q(t)=Ad,-1(—iH)=n(—iH)n™, (5.259)
rie n(t;)— 310 JeBHH MHOXHTENb B Pa3/oXKeHuu | BOAU3H § =
00
ITpaBeIil MHOXKHTENb — 3T0 eXp (—- i Z LR H ); OH KOMMYTHpYeT C
- 00
—iH,

[TosTOMy MOTOKH MOJIOKHTENbHEIX BPEMEH f;, HAXOAATCSA PELyLH-
poBaHHEM 60JIbILOTO ¢asosoro mpocrpancrsa T*G ¢ HOMOUIBIO Je-
Boro JeictBusi cuMMerpuil K (pexykuus Mapcaena — Beifincreiina),
3a KOTOPBIM CJeflyeT TPUBHAJbHASI IyaCCOHOBA PEAYKIUHS B Pe3yJb-
TaTe npaBoro jelicrBus cuMMerpuit N. IToToku oTpHIaTe/NbHBIX Bpe-
ME€H {, HaxoAATCA C NOMOIIBIO AyaJbHOH NpoUeAypH, T. €. ¢ IOo-
MolIbio (aKTopH3aILHU G = NK.

3amenanue. §I xouy NOAYEPKHYTb, YTO IIPH OTOXKAECTBJAEHHH

k(t)) ¢ V(t;) Mn uMeeMm B BUAY, uTO B KauecTBe V Gepercs JeBHIil

MHOXHTEJb B (OpPMAJbHOM ACHMNTOTHYECKOM DasjioxkeHud V
[=+]

B6IM3H § = 00, a He caMa (yHKmHus V ¢, D=V, Dexpi > ¢t H

Ananornuro, o6paTHHI JIeBBII MHOXUTENb B LBOHCTBEHHOH (akTo-
pusauuu n(#;) OTOXKAECTBJAsETCH: ¢ (OPMANLHEM pasjoxkeHHeM V
B6m3u §=0. Tak kKak {=0 crTaHOBHTCS HeperyJaspHOHd ocoGoi

10*
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TOYKOH NIPH BKJIIOYEHHH OTPHLATEJbHHIX NOTOKOB, TO 3TO pasjoxe-
H¥e He o0g3aTeJbHO DAaBHOMEPHO INPHTOJHO BO BCeX CEKTOpax
okpectoctd ToukH { =0. Ecau 6o Ham OblJa H3BecTHa NOJHas
aHaJIUTHYECKas CTPyKTypa ¥V Kak QyHKUHH {, TO MBI MOTJIH OBl CBfI-
3aTh £ ¢ n ¢ nomoumlpio ¢yukuun V. Ho ¢ aareGpaunueckoil TOYKH
3pEHHs] MBI €€ He 3HaeM M JOJXKHBI CUHTaThb ACHMITOTHYECKHE Das3-
JdoxeHuss V B6ausu {=oo u { =0 He CBA3aHHEIMH Mex]y co0ok;
k—! — 3T0 TMPOCTO JeBHH MHOXHTE/b 3JeMeHTa g ==e g, ecnu g
¢dakropusyercss B BuAe k~'n’, m n—3TC ero JeBHH MHOXHTENb,
ecnd g daxropuayerca Kak n—'k’. Sl ucnosib3ylo IITPHXH Yy NPaBHX
MHOXHTEAEH, 4T06b MOJYePKHYTh, 4TO n(k) B nocaeiHell (nepsoil)
(aKkTopH3aLUKU — 3TO He NMpaBHIl MHOXHTeab n’ (k') B mepsoii (mo-
crenneit) ¢daxropusanyu. Tem He MeHee MHTepHperauus k U n B
trepMuHax V Kak QyHKUHH { Bce xKe NOJIE3HA.

Mul Temepp HCHONB3yeM NpPSMOH MeToA, YTOOBI NOKa3aThk, 4YTO
nBa Ha6opa NMOTOKOB, OTHOCALIHXCS K IOJNOXHTENbHHM H OTpPHIA-
TEJILHHIM BpPEMEHaM, KOMMYTHPYIOT MeXAy co6of.

PaccmoTpuM pasnoskenue

G=K+N, (5.2602)
G >~ G=KL+ Nt (5.260D)

rae Q= Z Q"K' u Q=Y Q_¢ =N*, a Buyrpennee mpo-
0 1
usBefienne BhGupaeM B BuAe (X, Y)=Tr(XY),. 3amerbre, uTO

sgech Q ecTh §, YMHOXEHHOEe Ha Da3jiokeHHe B pAj 10 [ BhHpa-
weHust Q=V (— iH)YV ™! oxoso £=0. [lasee, MB 3HaeM, 4TO IJS

k=0
Qs = — [y V@, (Q), Q, (5.261a)
Qs = — [y ®: (Q), Q] (5.261b)
uaaas k<< 0 )
Qs = — [k VD, (Q), QI (5.262a)
Qs = — V@1 Q) QI (5.262b)
BcnoMHEM, 4YTO
VO, (k) = — 5 (S*X, X), (5.263a)

rae S*X=¢* Y Xt u
v, (X) = —S*X. (5.263b)

Kak u npexne, ®,(X) ad-unBapuantHa Ha G, anrebpe merenp ad-
rebpu sl(2, C).
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o0
2. TIpoBepbTe, 4TO €CoH MH YMHOXHM Q= ), Q_,¢" Ha gt
1

npu k<0 u yAepXKHM JiHImb WICHH, AJs KOTOPHX 7+ k — 1 <
< — 1, MB noayuum Q‘k’=§k (Q_+ ... —i—Q_k;‘k"l),
Onpenennm Ha G* ~ G raMHJIbTOHHAH
'lpk (X) = (Dk (“KLX) (5.264a)
"
% (X)=0,_, (ﬂnJ_X)» (5.264b)

rie X=Q Q, Q=K+, Q e Nt. Torna (5.262) mMoxHO 3amucaTh
Kak

Xg,=— [V, (X), X], k=0 (5.265a)
i (5.262) Moxer GHTbH HepeNUCAHO TaK:
Xy =—I[vu (X), X], 1<0. (5.265b)
Yro6ul nokasarte (5.265a), MBI XOTHM IOKa3aTh, YTO
' Vb, (X) = m, @, (7,1 X). (5.266)

Hoxkasarenscrso. Ilo onpeneneHuio
74 d 74 d
Vo, (X), X) =7 b (X + X)) |,_ =57 Dy (gL X + tng1 X') L_0=

= (VO (mi1 X), fs X') = (0, VD, (g1 X), s XY=

(Tak Kak BHyTpeHHee NpoH3BefeHHe sieMeHta K c anementom K+

€CTb HYJIb)
= (1, VO, (741 X), X’),

TaK Kak gy X =X’ —m, K’ u BHyTpeHHee npousBeienHe sie-

menta N u ssiementa N1 ects Hysap. Orcioga caeayer (5.266).

[Tpx mOMOIIM AHAJOTHYHHX BHUMCJIEHHH MOXHO J0Ka3aTh, 4TO
NIOTOKH, IIOpOKAaeMbie ramuiabroHHuaHaMu $x(X), =0 u y (X),
<< 0, HaxoAATCs B HMHBOJIOUMH OTHOCHTEJbHO cKOOkH Ilyaccona

{wk’ xl} (X) = (X: [V“pk (X)’ V¥ (X)] >

3. (i) Hoxaxure, uto {¥r, 1} (X)=0 (cm. [38, VI]).
(ii) TTokaxure, ucnoansys (5.236), uro

i 0%lnt
hoy=3 ot 0ty
3amersre, uTo e_,=(i/2)ey;_,, [_,=—(/2)f,:_,- Tloraxure,
yTo, BOOOILE TOoBOpSA,
, h __ i _d'lnx
=S 2 gt ot.s
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i i
Es=g3CLt_g f_s = —7f1, t_ gt

(iii) KakoBu ypaBHeHHsi XHPOTH /Il OTPHIATENbHEIX BpeMEH-
HBIX TIOTOKOB?
~ aq
51. Pacmupenne sl (2, C) xo A¢ ), TTosBosbTe CHAYAIA HATOMHHTD
OCHOBHbBIe HJAeH 3TOH raaBbol, Mwu Gepem asre6py mnerens G =

-N
={X =D, X,;‘l, X;=sl1(2, C)} anre6pu sl (2, C), Ha KOTODOH
“+o0
Mbl ompeznensem dopmy Kummunra (X, V)= ;OTr X;Y.. G pas-
jtE=

Jaraercss Ha ABe nopajrebps, G = K- N, ¥ ¢ noMOlIbI0O BBEAEH-
HOH Ha G ¢opmn Kunnuura psoiictBenHoe K N mpocrpaHcrso N*
OTOXKJECTBJAETCS] C OPTOTOHAJbHHIM JononHeHHem K1 x K. Kt
HMEeT €CTECTBEHHYIO IyacCOHOBY CTPYKTYPY, M MOIKHO BBIIHCATb
raMWJIbTOHOBH BEKTODHEIE NOJIsI, MOPOXKAeHHEe QyHKUHKeld @ Ha K.
CymectByer crenuaJbHbIi Kaace GyHKUUH, ad-HHBapuaHTHBE QYHK-
uuH g, KOTOpHE ABJAAIOTCH KO3 OHIHEHTaMU NIPH {—* B pasioxe-
Huu — (1/2) TrX2, urparonine ocobyio poss. M3-3a cpoiicra ad-un-
BapHAHTHOCTH TaMUJbTOHOBHE BEKTODHBIE MOJS

Qpp=— 71 [ty VD (Q), QI Q=KL (5.267)
npuobperanot opmy Jlakca
— [V D, (Q), Q], Q=K+, (5.268)

B paspgenax 51] MB COWIH YAOGHBIM pacWHputh (asoBoe npo-
crpancreo KL 1o e+ K', rie e & K* = N1 —5T0 BbI/Ie/ICHHbII
3jeMeHT B ajrefpe, ABOACTBEHHOH K aJjreGpe I'DPYNNbl CHMMETPHH
K. TIpocrpanctBo ¢ 4 K1 Takike uMeer cko6ky Ilyaccona mpu .Jio-
6oM e =G, ¥ MJIS Tex e, KOTOPHE NPUHANJIENKAT OPTOTOHAJbHBIM
nononuenussMm KommyraropoB [K, K] u [N, N] (nmociexnee oue-
BHIHO BCJAEACTBHE TOTro, 4TO & & K1 U mostomy ¢ & N1), Mb nmeeM
Habop KOMMYTHDYIOLIMX IIOTOKOB

(e + Q) = — [y VD, (e + Q), e+ Q. (5.269)

Jlio6oh asnement Bupa (aH + bE 4 ¢F)T MOXHO B35Thb B KayecTBe
€, B cJyyae OJHODONHOH rpagyHpoBKH MH BHOHpaem &= -—iHE.
Tenepp uHrartenio cieayer npoBeputb, uro (5.269) B TOYHOCTH TO
Xe camoe, uro (5.268), eciu MB BHIOHpaeMm ho=—i, eo=7Ffo=0

B (5.268) u cuntaem, uto Q B (5.269)— 310 Z QY™ Q =hH+

+eE +frF Ins npyro# rpaayHpoBKH, KOTOpy}O ME HCHOJIb30BaJH
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B TpeTbeM NpuMepe B pa3a. 5c, MH GepeMm aiemedt ¢ = —F{ -+ E
(xorophiii uMeer Bec 1).

[Touemy BooOule HEOOXOAMMO BKJIIOUATh KaKHe-TO HOBHE 3J€-
MeHTH B aare6py? K HecuacTtbio, B HacToslllee BpeMs 5 3TOTO He
3Haw. O4eBUAHO, OJHAKO, YTO TEOPHS B YeM-TO He 3aBepiueHa. He
HaHJICHO eCTeCTBEHHOro cmoco6a BBeAeHHS T-QYHKLUH B paMKax
teopun JIu. Bosee Toro, HekoTophie ¢dopmyJbl, Hanpumep (5.63)
IJIs TeH30pa TOKa, NO-BHAMMOMY, TpebylOT BBeJEHHst omepaTopa
td/dg. Jaunee, Tak Kak mosiHas HHTETPHPYEMOCTh ypaBHeHu# Jlakca
03HAY4eT, YTO MBI C OMOLIbI0 KaHOHHUYECKHX IpeoGpa3oBaHuil Mo-
JKeM CBECTH CHJBHO B3aHMojeHcTByiomylo cucremy (5.268) k He-
B3aMMO/EHCTBYOIHUM TFapMOHHYECKUM OCHWIISTOPAM, TO CJELyeT
OXHJaTh NOsiBJAeHUs aure6psl [edizenGepra. Ho He cyuiectsyer
nogaare6pnl sl(2, C), Kotopas sBasercs anare6poit [eiizenbepra.
Tpebyercst fONONHHUTEJIbHBIA 37€eMeHT — LEeHTP Z.

Paccmorpum nosromy pacuiupeHHyio anare6py

G=G+cz+dD, D=§7}§—. (5.270)

Ham nyxHO 3aj1aTh npaBuiia KOMMYTHDOBAHHS U B3SITHSI BHYTDEH-
HEro MpOM3BEJEHHS, CBA3aHHBIE C BKJIOYEHHEM HOBBIX 3JIE€MEHTOB.
Ouu rakoBH (X, Y= G):

[Z, Bce uto yroamo] =0, (5.271a)

-N
[D, X]=¢ % — ; —ixg, (5.271b)
[X’ Y]=[X’ Y]~+<[D’ X], Y)OZ' (5'271C)

B (5.27Ic) [X, Y]™ o6osnauaer KOMMyTaTOp 1O CTAapHIM NPABHAAM
sl(2, C); nanpuwmep, [H, E] ~ = 2E. Hosui#i uien — 310 (DX, Y)oZ.
HoBoe HeTpuBHaJbHOE MPABHIO BHYTPEHHETO yMHOMKEHHS eCTb
(Z, D)=1; (5.272)
OHO HEOGXOIHMO, YTOGH BHINOJNHSJICA 3aKOH 06beMa MapaJiieseny-
neja
& Y, ZI)=(z, [X, Y])=(¥, [Z, X]) (5.273)
AJISL X, 7 Z<=G. IIposepre ero, mampumep, aas X =D, Y=
=Z=Yea.
HaBafite paccMOTPHM HECKOJBbKO mpuMepoB. Ilyers X < G;
N
BeuHcaEM [V, (X), X]. Onate VD, (X) = — StX=— ), X_Litk,

X_;es1(2, C), Ho o6paTuTe BHHMAHHE, YTO H3-33 AOMOJHHUTENbHBIX
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YJeHOB, MPOMNOPUHMOHANBHBIX HEHTPY B (5.27lc), KoMMyTaTop He
uyiab. Ilostomy ¢ynkuun @,(X) O6osbuie He sBAsIOTCA ad-HHBA-
PHAHTHHMH, U MHEl TepsieM OJHYy H3 OTNPAaBHHX TOYEK HCXOAHOH
TeopHH. TeM He MeHee MOXKHO IIPOBEpPHTb, NPOCJEJHB 3a BCEMH
IEeTajIAMHU, YTO eCJH

Q= ZOJ (h,H + e, E+f,F)t" +cZ +dD,

TO ypaBHeHHs Jlakca th=[Q‘k), Q]” ocraHyTcs CIpaBeNJHBRIMH

H ¢ H d— KOHCTAHTHL.
Jlajee BBIYHCAUM KOMMYyTatop rpaiueHToB oT (M, @y, T. e.

raMuJIbTOHHAHOB AJIs1 MOTOKOB f, M f; Ha S1(2, C). MH BbuHCAsIEM
rpajHeHTH B BHAEJEHHOH Touke & = —iH{ npocrpaHcrBa K*, T. e.
VO, (—iHE) = —iH¢*. Mu Haxonum

[V®,_ (— iHT), VO,;_, (— iHD)] =[— iHLk, — iHL | = — 2k8;4, oZ.

IToaToMy mocJiefoBaTeNbLHOCTD {V(Il'k_,(——ng)};":_c0 OPOXKAAET

noaanare6py [efizenbepra B A", u Mb MoxeM BBecTH npen-
cTaBJieHHe

. a
— Ry
IHEE 5= k>0,

— iHY —2jt_;, |<0.

Yurarelio TaKke CcJeiyeT INPOBEPHTb, YTO I[OCAEAOBATENbHOCTh
{V®;—1(e)}, rae e—5T0 BhiAeJeHHHH 3jeMeHT e¢=-—F{ 4+ E B
aJbTepHATHUBHON TpajyHpOBKe, TaAKXKe NOpoxjiaer nogajire6py I[ei-
senGepra. Tor ¢akr, uTo BceM ynpasasiomas ajirebpa A" umeer
nopanrebpy I'eiisenGepra, y6enurenes, 160 Mbl 3HaeM, 4tro ajareGpa
cko6ok [lyaccona mexjny HaHHBIMH paccesiHHs — 3T0 ajre6pa [eit-
3enbepra. Hurarejb NOMHHT, YTO OCHOBHAS Hiess MeTOoAa oOpaTHOH
3a/laud COCTOMT B Nepexojie OT CTAPHX KOOPAHHAT ¢, 7, Gx, Ix, - - -
U T. A. (B HamieM OGCYXKJEHUH MHl CUHTAEM x BHILEJEHHBIM BpeMe-
HEM) K HOBHIM KOODJAHHATAM THHA [eHCTBHE — YroJ, KOTOpHe IpH
= —¢q* CyThb

P=(%ln aa’ (§), & memecrsenno, 2if,, 2i;, k=1, ..., N),
q=(Inb(), Inb,, Inby).

B [70] nokasaHo, yTo MO OTHOILIEHHIO K CKOGKe

o0

8F &G 3F oG
(F, 0= (57 % — 5 5¢) &

—00
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okasmiBaercsi, uwto {p;, ¢;} =10y, {pi, p}=1{q:;, ¢;}=0, u nmas
Bemecrsendnx E, & {p(E), ¢E)}=06(E—¥), {pE), pEN=0,
{gE), g(&)}=0. S eme He 3HaI, KaK OTOXKIECTBHTb STy NOX-
anre6py [efizenGepra c TOH, KoTopast HOPOXKAAETCS NOCTIELOBATEND-
Hoctblo {— IH{*}T , HO Bepio, YTO OJIHA SBJIAETCH INPOSIBIEHHEM
JIpYyTOH. A

B jomosinenue s Xouy OOpaTHThL Baille BHHMAaHHe Ha psj CUTya-
HHH, KOrja Ba)kKeH 3JieMeHT Cc npoudBojHO# {d/dl. Mmb 3Haewm, uro
npu TpeThbeM onpefeneHnn t-Qysxuun popmyna (5.91b) mmeer Bun

(V“lDf}, — i§’H>(, = _a?t—. InT.

Mm Takxe oTmeuasd, uro ¢opMmyay AJsl TeH3opa TOKa Fj, Jyuile
BCEro 3amHCBIBATb B BHAE

Fip={ID, nyv D, Q)], T'Q,

rae Q=2,Q,t™", Qo= —iH u D=1{d/d;. Uurateab ysHaer 5TOT
0

KO3(pPUIHEHT KaK AOMOJHHTENbHBIH YJeH, MPONOPIHOHAJIbHEN IeH-
TPy Z, KOTOPHIH MOSIBASETCS B KOMMYyTaTOpe

[ex VO, (Q), E7Q]

U KOTOpHI{l OonmucHBaJ G BPEMEHHYIO 3BOJIOLHIO 3jieMenTa {/Q mox
JeHcTBHEM NOTOKA fp, ecau On §/Q npuHamiexan Ki. B obmem
clyuae, KOHeuHO, 3T0 He TakK. OIHAKO Ha YHCTO (GOpManbHOM YpOB-
He, €CJH 3alHcaTh BPEMEHHYIO 3aBHCHMOCTb s §/Q 4 ¢;Z + d;D,
TOTZa

’a%; Q-+ ¢;Z +d;D)=[QW, TQI™ + FuZ.  (5.274)

1o 03HauaNo OH, YTO d; SBJAETCA KOHCTAHTOH M YTO ¢; — 3TO rpa-
nuent Inw, r. e. dIlnt/0f; 3amerbre, B YaCTHOCTH, YTO B Cjyuae
j==0, xorma dopmyna (5.274) JeHCTBHTENBHO BBIIOJHAETCH,
dlnt/dt, =0. D10 OTTOrO, YTO 3aBHCHMOCTb BCEX BEJHYHH €, fr

OT to SKCIIOHEHNHaMbHA; e (o, 11, ...)=e; (L, ...) e 2, fi{ty, &y, ...
)=Ff (¢, ...)e%h, Torma u3-3a TOrO, 4TO h, BHIUHCASETCA U3 [~'-
KOMIIOHEHTH ypaBHeHust A2 - ef = —1, Bce GyHKHMH h, (H, cllelOBa-

TEJbHO, T) He 3aBHCAT OT fo.

Haxkonen, s xouy, 4yTo6H BH 06paTW/i¥ BHHMAHHE, KaK BaxKeH
oneparop §d/dt BMecTe C¢ ero NpoM3BeIECHHAMH Ha CTENeHH § AJist
MOCTPOEHHUS TOYHO PellaeMHX HeaBTOHOMHEIX ypaBHeHHH. DTH ypaB-
HeHHs TaK¥Xe SBJSIOTCS eCTECTBEHHOH Hepapxue# Jjs AV, wo
COBEpIIEHHO OTJHYHH OT TeX, YTO MBI yXe BHAeNH. B HEKOTOpHX
npefeJbHBIX CJAy4asix TO Te ypaBHEHHs, KOTOpPHE MOJYYHIHCh Obl



306 I'naBa 5

npu moucke o6GaajamoUINX MacITa0HOH HHBAPHAHTHOCTBIO pelIeHHH
npeisayefi uepapxuu. Uurarenio ciaeiyeT BCIHOMHHTB O6CyxKiIe-
uve B pasn. 5f(ili). Mu Haiizem OAMH W3 IpocTefMIMX NIPHMEPOB
3THX HOBHIX NMOTOKOB, €CJH PAaCcCMOTPHUM YCJIOBHE HHTEIDHPYEMOCTH

nape ypaBHeHHH
»=QWYV, (5.275a)
Vit Ve=Q®¥+xQM) V. (5.275b)
B pesyabTare nepekpecTHOro AH(QepeHUHPOBaHUS NOJyYaeM
QP + £ Q@ — Q) — (xQU), + [QV, Q9] =0,

rae [-, +]7 ecrtb craphil MAaTpHUHBIH KOMMYTaTop anareGpul

sl(2, C). Unen §(d/dt) Q" coxpamaercst ¢ wieHoM 1-Qp u3 (xQ1)u,
H ocraercs

Q — (@), — QP + [— itH +Q,, Q] =0.

10 ypaBHEHHE YAOBJIETBOPSETCH B TOUHOCTH IPH HAIEM NMEPBOHA-
yanpHoM BhIGope Q®) = —iHE3 4+ QL2+ Qt + Qs, Qr=h.H +
+ e.E + [F. TlpupaBuuBas Kospduuuentsl npu §° Mb nosyuaem
9BOJIIOIHOHHbIE YPaBHEHHUs

9: — (402) + 5 (Guxs — 64rg.) =0, (5.2762)
ry — (xr), + 71— (ryyy — 6qrry) =0. (5.276b)

Y 3THX ypaBHeHHH €CThb HECKOJBKO YepT, Ha KOTOpHle cTOMT o6pa-
TUTh BHUMaHHe. Bo-lepBbHIX, KaK yXKe YIOMHHAJOCh, OHH OTPaXKaloT
Mmacutabunie cumMerpud, npucymue nepapxun AKHC, nekoropbie
JleTalqH KOTOpHIX o6cyxkaanuch B pasa. 5i(iil). Jlerko mposepurs,
yTO ecyu 6B MBI HamucaJu npasylo uactb (5.275b) B Bume 3£3Q®)
BMecto Q®, To Tpermit uiren B (5.276a,b) mpesparuaca Obl B
— 3f3q;, u — 3t3r; COOTBETCTBEHHO, H H3 ypaBHeHHUH cienoBao Obl,
yto ¢ u r cyTb QyHkuun ot X ==(x/(3t;)!/®) u T = xe’. Ecau Mul
norpe6yem, uto6Hl g U r OBLIH HE3aBHCHMBL OT f, MBI CHOBA NpPHAEM
K aBTOMOJEJbHBLIM PelLIeHHsIM TOTO XKe THMa, YTO M 06CyXAaBlIHecs
B pasa. 5f(iii). Bropas unTepecHas uepra-— 3TO NPHPOJA 33aKOHOB
coxpaHenusi. bes ulneHoB (xq), M (Xr), OHH 3aJalOTCS BHpaxe-
HUSIMH

o <) : .
st Fu=7Fp i=12, ..
Hanpumep,
a a a o 1
a7 Fu=— 37 ar =37 Far= 57 7 (1Gex + 4 xxs — 14 — 3¢°r%).
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Ho uro takoe —r(xq)x— q(xr)x? D10 mpocro HpoOHW3BOJHAS OT
(—xqr-{—dlnr/dx) no x, u, TaKuM o6Gpasom,

9qr _ 0 9
- aqtr = { (rGux + qrox — 19 — 3¢°r%) — xqr + T In 17} ,
HJIH

__oF a1l

at”'_ (Fl3+xF11+ ”).

Onsite nmosiBnsiercss rpafueHt ot Int. JlaBafite ucciaenoBaTh JAalib-
mre. Paccmorpum Flz = —2ih3 =1i/2(rqx—r«q).

OF ;s 6Faz
F +3

) (I‘ (xq)xx =+ qx (xr)x —4q (xrxx) (xq)x) =

+ 5 ( (rqe —r@)x+3(rq, —r.q) =

6F a?1 al
2 4 g 5P+ 2 55 = 2 (Fo+ 5P+ 2 955).

Ho ecnn Mbl cobupaeMcsi BBOAUTb BpeMsl f, H CUMTATh €ro He3aBHU-
CHMO#i NepeMeHHO#, Mbl AOJKHBE GBITb YBEPEHEl, 4TO MOTOK f, KOM-
MYTHpPYET ¢ noToKoM f{. UTo6Hl o6ecneyuTb 3TO, HaM HYXKHO npuba-
BUTb wieH 2¢Q® x npaBoit yactu (5.274), KOTOpHIl He MOPTHT COB-
mecTHOCTh (5.275a,b); oH npocro 3KBHBaJeHTeH BHIGOPY h2 4 ef =
=—1-4 ¢!+ ... npu moaxoasuem Bebope c¢;. Paccmorpum

aF 32

== QWV, (5.277a)
Vi, =QWV, (5.277D)
Vit V= (Q® + 26,Q% + xQW) V. (5.277¢c)

ITepekpectHo nuddepennupyeM (5.277a,¢) W HAXOAUM IOCTE He-
CJIOXKHBIX BBIYUCJIEHUH

Qi — (xQp)x — 26014, + [Q1, Q] =0, (5.278)
rie MBI HCTIOJb30BATH COBMECTHOCTD
Qi — QP 4 [QM, Q¥ =0 (6.279)

(5.277a,b). U3 (5.277b,c) MH uMmeeM
QP — iHE +Qt — QP — 2,0 — 20 — Q) +
+ 199, Q¥ + 1QU] =0.
Hanomunm, uro QP =QP —[QV, Q®] n Q¥ 4-[Q¥, Q¥]=Q®¥.
Torna umeem

QP — QL — 21,0 — xQP — Qff =
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Bruncasis Ko3(phuuHeHTH NPH cTeneHax {, noaydyaeM

& Qi — (xQi)x — 26Q1,, — Qu, =0,

8 Qo — xQoy — 2(fsQu)y, — Qo = 0.
Hurareao ciaelyeT NPOBEPHThb, UTO MOCJAELHHE YPaBHEHHS [AEHCTBH-
TeJIbHO COBMECTHHI.

IToaBoast HTOTH, MBI OTMEYaeM:

(1) Bxmouenne HOBHIX 6a3HCHBIX 37aeMeHTOB {d/df M Z B (aso-
BO€ IPOCTPAHCTBO NPHBOJAUT K HOBOMY KJaccy IOTOKOB, M 3TH NO-
TOKH HEaBTOHOMHEIL.

(ii) Moxer okasaTbcs, YTO B AONOJHEHHe K MepeMeHHHM ¢a-
soBoro mpocrpanctBa (k. e, fr) clefyeT TaKKe BBECTH B KauecTBe
3aBHCHMBIX IIePeMeHHBIX {; U 0Int/0t;, j=1, 2, ..., NOCJAEAHIO B
KayecTBe Koa(p(duiHeHTa NpPH IEeHTPE.

(iii) HoBrle noToKH HMeIOT TaKXke GeCKOHEYHBIA HAGOp JIOKaJb-
HBIX 3aKOHOB COXPAHEHHSI H CHMMeTpHH, ecau cuyurate O lIn<t/df;

HOBBIMH JIOKAJIBHBIMH NEPpEMEHHBIMHU. HanpuMep, TakK KakK
x=t
alﬂ 'r/@t, = — 9 h]-}-l dx’ MBI MOXKEM CYHUTATH HOBYIO II€PpEMEH-

HyI0 HMXHHM MpeneJoM HHTerpupoBanus. Iloxoxe, uro 3TH cuM-
METPHH COBNARAIOT C CHMMETPHAMH, npeisioxeHHHMH Yenem, JIu
u Jlunom [122], xoTst 51 He npoBepsia 3TOro. §I orMeuao, uTO aj-
re6pa, KOTOpPOH YAOBJETBOPAIOT 3TH CHMMETPHH Gn, ONpelesiercs
COOTHOUWIEHUSIMH [Om, On]=(m — n)Omsn—1. OOGpaTHTE BHHMAHHE,
YTO 3TO B TOYHOCTH aJjreGpa Bupacopo, KOTOPOH YyAOBJETBOpSiET
NOC/eA0BATEIbHOCTb 0, = —§"d/dE.
(iv) Mos runoresa: 3jeMeHT

Q-+ 2+ (— g

Wrpaer BaXKHYIO POJb BO BCeH TEOpHH.

Hrak, 5 ocTaBJsio BaM MHOXECTBO OTKPHTHIX BonmpocoB, §1 Ha-
Jel0Ch, YTO HAMEKH M MNpPEIJOXKEHHS 3TOr0 pasjesna pas3ipasHAT
Bac, KaK H MeHsd, H, 6ojiee TOro, BH clenaere YTo-HUOYIb Ha 3Ty

remy. JKenaio yraum!).

1y Hpumewanue nepesoduuxos. HasepHo, Kak pa3, KOrAa NHCAJHCh 3TH
crporu, Mt (A. O. u E. IIl) cpenann nepsyio pabory [5* 6*] u3 cepun pabor,
NOCBSIIEHHHX HEKOMMYTATHBHHIM CHMMETPHSIM HHTerpHpyeMmeix cucreM. Jlanmee B
[7*] nns HeomuoMepurix (2 1)D ypaBRennit 6HiH HafieHBI CHMMETDHH, OIH-
chiBaeMble omepatopamu §7(d/dl)™ u coorsercTByiomue uM L—A napo. B [8%],
B JACTHOCTH, OLIIO AHOHCHPOBAHO, KaK 3TH CHMMETPHH ONHCHIBAIOTCH B TePMHHaX
0-3aflaud H ¢ TNOMOIILIO BepiuiuHHOTO omneparopa. IloxpoGHocrtH, cBoficTBa (ra-
MHJIBTOHOBOCTD, 3aKOHBI COXPAHEHHS) Y H3JIOXKEHHe C JDYTHX TOYeK 3peHHA (CBO-
Goaune (PePMMOHH, TPACCMaHHaHB H TPOY.), a TaKKe KpaTKOe H3JIOXKeHHe
cynmepcaydast cM. B [9*]. Bce CCHUIKM OTHOCATCS K CINHCKY MOMOJHHTENbHOM JH-

TepaTypH K I 3.
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3ameuanue. §1 He xouy, 4ToOBI MOCJe NPOUTEHUS pa3d. db y uH-
Tarteds OCTajoCh BleuatjeHde, OYATO MeTOA YOJKBHCTA — ICTA-
6pyka AaeT HeCJOXHBIH CNOCO6 HAXOAUTH JTAKCOBO MPEACTABJIEHHE
LJIS HHTErPHpPYeMBIX cHeTeM. MHOroe 3aBHCHT OT CIIOCOOHOCTH yCTa-
HOBHTb 3aBHcHMocTb P B (5.3) OT KOOPAHHAT ¢, Gx, Gxx, ... HA Qa-
30BOM IpocTpaHcTBe. B camoM jene, s 3Ha0 HECKOJbKO NMPHMEPOB
KOHEYHOMEDHBIX HHTEPHPYEMBIX CHCTEM, A KOTOPBIX H3BECTHHI
BCE HHTErpaJjbl ABHKEHHsd, HO AJA KOTOPHX He Hai/eHa JaKcoBa
napa. Hamnpumep, f mpeasaralo uuTaTe/Nl0 pPacCMOTPeTh CTAIHO-
HapHOe ypaBHeHHe IJsi IOTOKa fs cemeiicrea Ka® ¢, .. -+ 5¢% +
+ 10gq,, + 10g° =0, mpo KOoTOpOE HAM H3BECTHO, YTO OHO IAMHJIb-

TOHOBO C KAaHOHHYECKHMHU KOODAHHATAMU

1 1
P1={y, ql=f(qxx+3q2)’ p2='2—qxxx+qqxa q9=4q,
¢ TAMUJALTOHHAHOM
i 1

H=p,p, + 7 r} — 2414, + 5 9,93
)41 BTOprM I/IHTCI‘paJIOM JABHXKEHUS

i 1 2 1 1

G=—+(p,+5ra) +5 95— 200+ 594

B uEBOMIONMH. H nmopoxaaer norok x, G —noTok f3. 3Has ypaBHe-
HHe H COOOUIEHHYIO Bhilie HHOOPMALHUIO, MOXKETe JIM Bhl, HCMOJb3Ys
merox Youksucra — Dcrabpyka, MoKasaTtbh, YTo ypaBHeHue Jlakca
ectb Qr=[QW, Q], T. e. ycioBue coBMecTHocTH AaAg yV =QV,
V.=QMV, rae

QW= —itH + gE — F,

Q= (8B — 5 B.) H+ (— 5 Bux+itB,— qB) E+ BF,
B=—0'+ 40— (ge+ 34
Jlpyro#i mpumep (B KOTOPOM s ellle He 3HAK OTBETA) MOPOXKIAETCS
H = P+ P+ 4+ 203
CO BTOPHIM HHTErPajiOM JBHKEHHs

G=q}+ 4495 — 4p79, + 4p\po4,-

TpyAHOCTs B TOM, YTO Y HAac HeT XOPOILIEro peuenta AJs BBIYHCIIE-
gus 3aBucuMocTH Q, Q) oT XOOpAHHAT, B KOTOPHX 3ajaHa UCXOJI-
Has 3ajaya.
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OaHako g He Xouy, YTOOR MO€ 3aMeyaHHe 3BYYaJO CJHIIKOM
eCCHMHUCTHYHO, NIOTOMY YTO HMHOIAA 3Ta cXeMa JeHCTBHTEJNbHO pa-
6otaer (0COGEHHO €CJ/IM HCIOJb30BATh NaHHBIH METOL BMeECTe C HH-
dopmannedi, nonyyeHHo# M3 Tecra IleHseBe), W TOraa oHa HMeeT
TO KPyHNHO€ NPeHMYUleCcTBO, YTO YKa3LIBA€T KOOPAHHATH, B KOTO-
PHIX HHTerpaJel ABUXKeHUs paspuenasiiorcsi. Hanpumep, B mepBoM npu-
BEJIEHHOM BHIILIe IIpHIMepe BO3bMEM

. B=— (@ —p) € — no)
H Hafizem
=—8§" e +2(”1x ugx)(uz_p‘l)’
YTO pasjeisiercs CaAeAyIouuM 06pasoMm:

H 1
TR b (W T k) L
H 1 a
=—”g"'—3'”2'"'1(“’2 ”1)2”2:: s

a ato coBnajaer ¢ (3.168) u, KaK MH MOKa3ajay, HHTErPUPYETCs C
noMoLlblo oTo6paxenus Abens.

[TosToMy yMecTHO 3aaaThCsl BOIPOCOM: HMEET JIM TaMHJbTOHOBA
cucrema, uHTerpupyemas no Jluysuanaio (N HHTErpasoB JBUIKEHHS
B UHBOJIIOLHH), SKBHBAJEHTHYIO POPMYJUPOBKY C NMOMOUIbIO JIAKCO-
BOH Mmapwl, ¥ €cJU HMeeT, TO KakK ee MNOCTPOHTH?
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